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Abstract
Dominating set and its variants have been studied extensively in the literature and are
of broad and current research interest to many researchers due to its wide range of
applications, including, but not limited to, networks, VLSI, clustering, map labeling
and coding theory. In this thesis, minimum dominating set problem and some of its
variants, such as minimum connected dominating set, minimum liar’s dominating set,
and maximum (weighted) independent set problems are studied on unit disk graphs.
All the aforementioned problems are NP-hard on unit disk graphs. The high time
complexity of the existing polynomial-time constant factor approximation algorithms
motivated us to study these problems and design faster approximation algorithms and
approximation schemes. The approximation algorithms and approximation schemes
presented in this thesis outperform the existing algorithms in the literature in terms of
time (space) complexity.
Firstly, we study the geometric minimum dominating set (GMDS) problem, defined
as follows:
Given a set P of n points in R2 , find a minimum cardinality subset P 0 of P such
that each point in P lies inside the unit disk centered at some point in P 0 .

The GMDS problem is a restricted version of the minimum dominating set problem. We first present a simple O(n log k) time 5-factor approximation algorithm for
the GMDS problem, where k is the size of the output. Next, we present 4-factor and
3-factor approximation algorithms in O(n6 log n) and O(n11 log n) time, respectively,
which improve the time complexities of the best known results by a factor of O(n2 ) and
O(n4 ), respectively. We also present

14
-factor
3

and

45
-factor
13

approximation algorithms in

time O(n5 log n) and O(n10 log n), respectively. Finally, we propose a two-level shifting
lemma. Using the two-level shifting lemma we present a 52 -factor approximation algorithm and a polynomial-time approximation scheme (PTAS) for the GMDS problem.
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Secondly, we study the minimum connected dominating set (MCDS) problem on unit
disk graphs, defined as follows:
Given a unit disk graph (UDG), G = (V, E), find a minimum cardinality subset D
of V satisfying, (i) D is a dominating set of G, and (ii) the subgraph induced by
D is connected.
We present a constant factor distributed approximation algorithm for the MCDS
problem (in view of the given UDG represents a homogeneous wireless ad-hoc network),
which runs in O(∆) time, where ∆ is the degree of the given UDG.
Next, we introduce a variant of dominating set problem in UDGs and we call this
problem as the geometric minimum liar’s dominating set (GMLDS) problem, defined as
follows:
Given a set P = {p1 , p2 , . . . , pn } of n points in R2 , find a minimum size subset D
of P satisfying the following two conditions: (i) for each point pi ∈ P there exist
at least two points in D which are at distance at most one from pi , and (ii) for
every distinct pair of points pi and pj in P, D contains at least three points from
the closed neighborhood union of pi and pj .
We prove that the GMLDS problem is NP-hard. We propose
(for 3 ≤ k ≤ 183), and
63
-factor
2

846
-factor
k

63
-factor, 732
-factor
2
k

(for 3 ≤ k ≤ 282) approximation algorithms. The

approximation algorithm runs in O(n log n), where as the running time of the

other algorithms are O(nk+1 ∆) for their respective k. We also propose a PTAS, which
1

1

runs in nO( 2 log  ) time.
Finally, we study the geometric maximum independent set (GMIS) and geometric
maximum weighted independent set (GMWIS) problems, defined as follows:
Given a set P of n points in R2 , find a maximum cardinality subset P 0 of P such
that the points in P 0 are pairwise independent. In the weighted version, we are

given a weight function w : P → R+ and the objective is to find an independent
set P 0 of P that maximizes the sum of the weights of its points.
x

TH-1727_126123018

We propose a 2-factor approximation algorithm for the GMIS problem. Our algorithm runs in O(n2 log n) time and uses O(n2 ) space. We also propose a PTAS for the
same problem. The running time of our proposed PTAS is nO(k) , where k is a positive
integer. For the GMWIS problem, we propose 2.16-factor and 2-factor approximation
algorithms. The proposed 2.16-factor approximation algorithm runs in O(n log3 n) time
and uses O(n log n) space. In the unweighted version of 2.16-factor approximation algorithm the complexities decrease to O(n log2 n) time and uses O(n) space. The proposed
2-factor approximation algorithm for the weighted version runs in O(n2 log2 n) time and
O(n2 log n) space. In the unweighted version of 2-factor approximation algorithm the
complexities decrease to O(n2 log n) time and O(n2 ) space.
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Chapter 1
Introduction
Dominating set problem is one of the classical combinatorial optimization problems in
Graph theory. Given an undirected graph G = (V, E), a dominating set (DS) D is a
subset of V such that every vertex in V \ D is adjacent to at least one vertex in D. That
is, each vertex v ∈ V is either in D or there exists a vertex u ∈ D such that e(u, v) ∈ E.
A graph can have multiple dominating sets (see Figure 1.1). The vertex set V is a trivial
dominating set for every graph G = (V, E). The dominating set problem asks to find
a DS of minimum size in a given graph. We call a DS of minimum cardinality as a
minimum dominating set (MDS). The vertices in D are called as dominators and the
rest are called as dominatees. A dominator dominates all its neighbors and itself.

(a)

(b)

(c)

(d)

Figure 1.1: (a) An undirected graph, (b) a DS, (c) another DS, and (d) a CDS (the red
vertices are dominating vertices).
The well-known applications of DS are in facility location, very large scale integration
(VLSI), image processing, etc. In the facility location problem we are given a set of
facilities (service providers) such as hospitals, fire stations, etc., and a set of clients. The
1
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maximum distance that a client can travel to reach a facility is predefined. The objective
is to open a subset of facilities such that every client is served by at least one facility.
Opening a facility involves certain cost. Hence, we are interested in opening a minimum
number of facilities such that every client is served by at least one opened facility within
his/her predefined distance.
A connected dominating set (CDS) for a given connected undirected graph, G =
(V, E), is a dominating set and the subgraph induced by it is connected (see Figure
1.1(d)). The objective of the minimum connected dominating set (MCDS) problem is
to find a CDS of minimum cardinality in G.
The widely used application of CDS is routing in wireless ad-hoc networks (WANETs)
and mobile ad-hoc networks (MANETs). Unlike in wired networks, WANETs and
MANETs do not have any centralized infrastructure such as routers, each node in the
network participates in routing process. During message transfer from one node to another, the intermediate nodes act as relay nodes. This causes to reduce the network
lifetime as the nodes are battery operated. One of the efficient ways to ensure multicast (one-to-many or many-to-many communication) in WANETs is by constructing
a virtual backbone in the network. As we know WANETs do not have any physical
backbone infrastructure, a virtual backbone can be constructed by the set of nodes in
CDS [96]. In order to obtain a better performance of the network, a CDS of minimum
size is desirable. The main idea behind the virtual backbone based routing is to improve the network performance such as network operational lifetime (as the nodes are
battery operated), quality of service, etc. One can improve the lifetime of the network
by selecting a minimum number of nodes such that communication between any two
nodes can be established via these chosen nodes (i.e., only the chosen nodes keep routing information). Thus, the dominators (the chosen nodes) act as routers, whereas the
non-dominator nodes use the services provided by the dominators.
In MANETs, the network topology gets changed frequently because of the mobility
of nodes. The traditional routing protocols do not work in these kind of networks. The

2
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best way to ensure routing in such situation is by forming clusters (groups of nodes)
and electing a head for each cluster. Cluster heads take the role of routers in data
transmission between nodes. A node moves from one cluster to another due to its
mobility, in this case the node can communicate with the other nodes via its new cluster
head. An effective routing can be achieved by choosing the minimum number of cluster
heads. This will also ensure longer network operational time. The set of chosen cluster
heads can be referred as a CDS.
A subset D ⊆ V is a k-tuple dominating set in G = (V, E), if each vertex v ∈ V is
dominated by at least k vertices in D. In other words, |NG [v] ∩ D| ≥ k for each v ∈ V ,
where NG [v] is the closed neighborhood of v in G, i.e., NG [v] = {u ∈ V | e(u, v) ∈
E} ∪ {v}. The minimum cardinality of a k-tuple dominating set of a graph G is called
as the k-tuple domination number of G.
A subset D ⊆ V is a liar’s dominating set (LDS) if (i) for every v ∈ V , |NG [v]∩D| ≥ 2
(i.e., D is a 2-tuple dominating set), and (ii) for every pair of distinct vertices u and v,
|(NG [u]∪NG [v])∩D| ≥ 3 (see Figure 1.2). The liar’s dominating set problem asks to find
a liar’s dominating set of minimum size in a given graph. We call an LDS of minimum
cardinality as a minimum liar’s dominating set (MLDS). The minimum cardinality of
an LDS of a graph G is known as the liar’s domination number of G. Every 3-tuple
dominating set is a liar’s dominating set, so the liar’s domination number lies between
2-tuple and 3-tuple domination numbers.

(a)

(b)

Figure 1.2: (a) An undirected graph G, and (b) a liar’s dominating set of G (the set of
red vertices).
3
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The liar’s dominating set problem is a variant of dominating set problem and gained
researcher’s attention due to its various important applications. Consider the following
real-life scenario: we have an art gallery and our objective is to protect the paintings
from an intruder such as a thief, or a saboteur, etc. Assume that the gallery has multiple
entrances and each entrance is a possible location for an intruder. A protection device
(a camera, sensor, etc.) placed at an entrance can not only detect (and report) an
intruder entering through it but also at all the entrances that are visible from it. Now,
the goal is to place protection devices as minimum as possible such that the intrusion
of an intruder at any entrance is detected and reported. We can model the gallery as
a graph. A vertex in the graph represents an entrance, and an edge corresponds to the
respective entrances visibility one from the other. The goal can be achieved by finding a
minimum dominating set (MDS) of the graph and placing the devices at all the vertices
in the MDS. The protection devices are prone to failure. If any one of the devices placed
is failed to detect the presence of the intruder, then to correctly identify and report the
intruder, the devices must be placed at all the vertices of a minimum 2-tuple dominating
set of the graph. Due to the transmission error, it may so happen that all the protection
devices detect the intruder’s location correctly but some of these devices can lie while
reporting. Assume that at most one protection device in the closed neighborhood of the
intruder can lie (misreport) at any point of time. In this scenario, in order to protect
the gallery, we have to place the protection devices at the vertices of minimum liar’s
dominating set of the graph.
An independent set (IS) of a graph, G = (V, E), is a set of vertices V 0 ⊆ V such

that no two vertices in V 0 are adjacent in G (see red vertices in Figure 1.1 (b), and

(c)). The objective of the independent set problem for a given graph G is to find an
independent set of maximum cardinality. We call an IS of maximum cardinality as a
maximum independent set (MIS) or largest independent set of G.
The MIS problem has prime applications, including, but not limited to, map labeling,
clustering, wireless networks (frequency assignment problem), and coding theory.

4
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The following lemma describes the close relation between MDS and MIS.
Lemma 1.0.1. [3] For any undirected graph G, |M DS(G)| ≤ |M IS(G)|, where | · |
denotes the cardinality of a set.
In the weighted version of MIS, we are given a weight function w : V → R+ and the
objective is to find an independent set of maximum total weight. The weighted version
of the MIS problem is known as maximum weighted independent set (MWIS) problem.
The MIS problem is a special case of the MWIS problem with equal weights.
A maximal independent set of G is an independent set which is not a proper subset
of any other independent set of G. An independent dominating set is a dominating set
which is also an independent set. The following observation describes the relationship
between maximal independent set and dominating set of a graph.
Observation 1.0.2. For any simple undirected graph G, every maximal independent
set of G is a dominating set in G.
An algorithm for a minimization (resp. maximization) problem is said to be a ρ-factor
approximation algorithm if for every instance of the problem the algorithm produces a
feasible solution whose value is within a factor of ρ (resp. ρ1 ) of the optimal solution value
and runs in polynomial-time of the input size. Here, ρ is called as the approximation
ratio or approximation factor of the algorithm.
A polynomial-time approximation scheme (PTAS) for an optimization problem is a
collection of algorithms {Aε } such that for a given ε > 0, Aε is a (1 + ε)-factor approximation algorithm in case of minimization problem ((1−ε) in case of maximization). The
running time of Aε is required to be polynomial in the size of the problem depending

on ε. If the running time of Aε is polynomial in the size of the problem and in 1ε , then
{Aε } is said to be fully polynomial-time approximation scheme (FPTAS). Note that for
a problem existence of FPTAS implies PTAS, but the converse need not be true.
The class APX is the set of problems in NP that admit constant factor approximation
algorithms. A problem is said to be APX-hard if every problem in APX is reducible to
5
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that problem via PTAS reduction. A problem is said to be APX-complete if it belongs
to both APX and APX-hard.
An intersection graph of objects is a graph, where the vertex set is the set of objects
and there is an edge between two objects if their intersection is nonempty. A unit
disk graph (UDG) is an intersection graph of a family of disks of equal radii in the
plane. Given a family D = {d1 , d2 , . . . , dn } of n circular disks in the plane, each having
radius 1, the corresponding UDG, G = (V, E), is defined as follows: each vertex vi ∈ V
corresponds to the center of the disk di ∈ D, and there is an edge between two vertices
if and only if the Euclidean distance between the corresponding disk centers is at most
1, i.e., the corresponding disk centers lie one in the other disk (see Figure 1.3).

(a)

(b)

(c)

Figure 1.3: (a) A family of unit disks in the plane, (b) the corresponding unit disk graph,
and (c) the final graph without disks.
Some interesting properties of UDGs are available in the literature [70, 101] and few
of them are given below. These properties play vital role in bounding the approximation
ratios.
1. Let d be a disk of radius r and let S be a set of disks of radius r such that every
disk in S intersects d and no two disks in S intersect each other. Then, |S| ≤ 5.
2. A UDG cannot have an induced subgraph isomorphic to k1,6 .
3. Let G = (V, E) be a UDG and let v ∈ V such that the unit disk corresponding
to v has the smallest x coordinate. The size of a maximum independent set in
G(NG (v)) is at most 3, where NG (v) is the neighborhood of v.
6
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1.1

Scope of the Thesis

The optimization problems such as, minimum dominating set (MDS) problem, minimum
connected dominating set (MCDS) problem, minimum liar’s dominating set (MLDS)
problem, and maximum (weighted) independent set (MIS/MWIS) problem have many
real-world applications. All these problems are NP-hard and none of them admit constant factor approximation algorithms for general graphs, unless P = N P . This motivated many researchers to study the problems for other graph classes. We study the
problems for unit disk graphs with known disk position and focus on designing constant
factor approximation algorithms and polynomial-time approximation schemes that outperform the existing results in the literature. We name these problems on unit disk
graphs as the geometric versions of MDS, MCDS, MLDS, and MIS/MWIS problems
in the Euclidean plane. In this thesis, we considered three variants of dominating set.
Many other variants of dominating set and its applications can be found in the book
Fundamental of Domination in Graphs by Haynes et al. [54].

1.2

Organization of the Thesis

The thesis contains seven chapters and is organized as follows.
Chapter 2: Literature Review. In this chapter, we discuss the existing literature
related to the problems considered in this thesis.
Chapter 3: Geometric Minimum Dominating Set Problem. In this chapter, we
start with the problem description and propose constant factor approximation
algorithms including a PTAS for the geometric minimum dominating set (GMDS)
problem. We compare the proposed results with the best-known results available
in the literature.
Chapter 4: Distributed Minimum Connected Dominating Set problem.
In this chapter, we propose a distributed algorithm to construct a connected dominating set in a given unit disk graph, which represents a wireless ad-hoc network.
7
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We prove that the proposed algorithm runs in O(∆) time and has O(n) message
complexity.
Chapter 5: Geometric Minimum Liar’s Dominating Set Problem. In this chapter, we start with the problem description and study its hardness result. We
propose constant factor approximation algorithms and a PTAS for the geometric
minimum liar’s dominating set (GMLDS) problem.
Chapter 6: Geometric Maximum (Weighted) Independent Set Problem. We start
this chapter with the problem description, propose a 2-factor approximation algorithm, and a PTAS for the geometric maximum independent set (GMIS) problem.
For the weighted case we propose 2.16-factor and 2-factor approximation algorithms.
Chapter 7: Conclusion and Future Work. In this chapter, we summarize the work
done in this thesis and make concluding remarks. We also identify a number of
open problems as future research.

8
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Chapter 2
Literature Review
In this chapter, we discuss the state of the art results for all the considered problems,
namely, geometric minimum dominating set (GMDS), minimum connected dominating
set (MCDS), geometric minimum liar’s dominating set (GMLDS) and GMIS/GMWIS,
on general graphs, unit disk graphs, and other intersection graphs. The chapter is
divided into four sections. In the first section, we define the GMDS problem and discuss
the existing results of it. In Section 2.2, we define the MCDS problem and study its
previous work available in the literature. In Section 2.3 and Section 2.4, we define the
GMLDS and GMIS/GMWIS problems, respectively, and review latest results.

2.1

Minimum Dominating Set Problem

A dominating set of a simple undirected graph G = (V, E) is a set of vertices D ⊆ V such
that every vertex v ∈ V , either (i) v ∈ D, or (ii) there exists u ∈ D such that e(u, v) ∈ E.
We call a dominating set (DS) of minimum cardinality as a minimum dominating set
(MDS) and the problem of finding a dominating set of minimum cardinality as the
minimum dominating set problem.
The MDS problem is known to be NP-hard for general graphs, and even for planar
graphs [48]. A closely related problem to the MDS problem is the set cover problem in
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the following sense. Given an instance of dominating set problem, we can construct an
instance of the set cover problem and vice versa.
In the set cover problem, we are given a ground set E = {e1 , e2 , . . . , en } of n elements
m
S
and a collection S = {S1 , S2 , . . . , Sm } of m subsets of E such that E =
Si . The
i=1

objective is to find a smallest collection of S whose union is equal to E.
Given a graph G = (V, E) with vertex set V = {v1 , v2 , . . . , vn }, we can construct
an instance (E, S) for the set cover problem as follows: the ground set E = V and
Si = {vi } ∪ {vj | e(vi , vj ) ∈ E} for i = 1, 2, . . . , n. Observe that (i) D (⊆ V ) is a

dominating set of G if and only if S 0 = {Si | vi ∈ D} is a feasible solution for the set
cover problem, and (ii) |D| = |S 0 |.

Let (E, S) be an instance of the set cover problem with the collection of subsets
S = {S1 , S2 , . . . , Sm } of the universe E = {e1 , e2 , . . . , en }. Now we construct an instance
G = (V, E) for the dominating set problem from the given instance of the set cover
problem as follows : V = E ∪ S and the edge set E = {e(Si , Sj ) | Si , Sj ∈ S} ∪ {e(ei , Sj ) |
ei ∈ E ∩ Sj }. Observe that a subset C of S is a feasible solution for the set cover problem
if and only if C is a dominating set for G.
Therefore, an α-factor approximation algorithm for the dominating set problem implies an α-factor approximation algorithm for the set cover problem and vice versa. Raz
and Safra [86] showed that the set cover problem is not approximable within a factor
of c log n, for some c > 0, unless P = N P , where n is the size of the input. So the
dominating set problem is also not approximable within a factor of c log n, for some
c > 0, unless P = N P .
As it is not possible to have constant factor approximation algorithms for the MDS
problem in general graphs unless P = N P , researchers considered the same problem for
special graphs.
The MDS problem is NP-hard on UDGs [27]. Unlike in the general graphs, constant
factor approximation algorithms exist for the MDS problem on UDGs in the literature.
Marathe et al. [70] proposed a linear time 5-factor approximation algorithm by finding

10
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a maximal independent set and using the property that UDGs cannot have K1,6 as
its induced subgraph. Most of the approximation algorithms in the literature assume
that the geometric representation (i.e., coordinates) of the disk centers is given. The
assumption of the geometric representation of the disks centers allows to partition the
plane into grids and solve each grid separately, which leads to an approximation result
to the problem. De et al. [34] considered a square partition of the plane. The problem
of finding the geometric representation for a given UDG is NP-hard. Because, if we can
have a polynomial-time algorithm to find the geometric representation for a given UDG,
we can use the same algorithm to verify any given graph is UDG or not, but the latter
problem is NP-hard [14].
Hunt III et al. [58] proposed a PTAS for the MDS problem on UDGs by using the
2

shifting lemma similar to [55]. The algorithm runs in nO(k ) , where k is the smallest integer such that ( k+1
)2 ≤ 1 + ε, for a given ε > 0. The 5-factor approximation algorithm
k
proposed by Marathe et al. [70] and PTAS proposed by Nieberg and Hurink [76] do
not require the geometric representation of the UDG. A very few approximation algorithms available in the literature in case of independence geometric UDG representation.
Nieberg and Hurink [76] introduced the concept of 2-separated collection1 of subsets in
order to obtain a PTAS. The basic idea of the algorithm is as follows: start with an arbitrary vertex v and expand its neighborhood as long as |D(N r+2 (v))| > (1 + ε)|D(N r (v))|

holds, where D(N r (v)) is an MDS of r-th neighborhood of v. Eliminate N r̂+2 (v) from the
graph, where r̂ is the smallest r violating the inequality, and continue the same process
for the remaining graph. The union of the MDSs obtained for (r̂ + 2)-nd neighborhoods
in all the iterations is a DS for the whole instance. The collection of r̂-th neighborhoods,
i.e, N r̂ (v), obtained in all the iterations is a 2-separated collection. The running time of
2

the PTAS is O(nc ), where c = O( 1ε log 1ε ).
1

For a graph G = (V, E), let S := {S1 , S2 , . . . , Sk } be a collection such that Si ⊆ V , i = 1, 2, . . . , k.
The set S referred to be as an m-separated collection, if dG (u, v) > m for any two arbitrary vertices
u ∈ Si and v ∈ Sj with i 6= j, where dG (u, v) denotes the number of edges on a shortest path between
u and v in G.
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Fonseca et al. [42] considered the case where only the adjacency information of the
UDG is given instead of the positions of the disks and proposed

44
-factor
9

and

43
-factor
9

approximation algorithms that run in O(n + m) and O(n2 m) time, respectively, where
n is the number of nodes and m is the number of edges of the graph. If the geometry of
the graph is given the former algorithm runs in O(n log n) (regardless of m) and is based
on local improvements to the independent dominating set obtained in [70]. De at al.
[34] proposed 12-factor, 4-factor, and 3-factor approximation algorithms for the GMDS
problem with running time O(n log n), O(n8 log n), and O(n15 log n), respectively. They
also proposed a PTAS which has performance ratio (1 + k1 )2 in nO(k) time, where k is a
positive integer.
Ambühl et al. [5] proposed a 72-factor approximation algorithm for the minimum
weight dominating set (MWDS) problem on UDGs, where each vertex has a positive
weight and the objective is to find a dominating set of total minimum weight. Observe
that the MDS problem is a special case of the MWDS problem and hence all the results
available for the MWDS problem in the literature are also applicable to the MDS problem. The basic idea of Ambühl et al. is as follows: (i) partition the plane into squares
of side length µ (= 0.999), (ii) solve each non-empty square (i.e., a square that contains
at least one disk center) independently, and (iii) report the union of the solutions of the
sub-problems. Huang et al. [57], Dai and Yu [29], and Zou et al. [104] improved the
approximation factor for the MWDS problem to 6 + ε, 5 + ε, and 4 + ε, respectively. The
strategy is similar in all the three algorithms. First, solve a sub-problem with approximation ratio α (α = 6, 5, 4) and use this result to obtain a (α + ε)-factor approximation
algorithm for the original problem. The running time of the algorithm highly depends
on the number of times the sub-problem is invoked and is a very high degree polynomial
function in n. For polynomial growth bounded graphs2 , Wang et al. [100] presented a
2

A graph G is said to be polynomial growth bounded graph if there exists polynomial function f (·)
such that the r-th neighborhood of every vertex in G contains at most f (r) independent vertices, where
f (r) = O(rc ) for some constant c ≥ 1. The function f (·) does not depend on the number of independent
vertices, but on r. If r is constant, the number of independent vertices in an r-neighborhood of a vertex
is bounded by a constant. Unit disk graphs and r-regular polygons of unit size, for example, are special
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PTAS for the MWDS problem using the local neighborhood-based scheme introduced
1

1

by Nieberg et al. [78] and the PTAS runs in nO( ε log ε ) time.
Carmi et al. [19] studied the MDS problem on disk graphs3 and proposed a 5factor approximation algorithm. A local search based PTAS on disk graphs proposed by
1

Gibson and Pirwani [49], which runs in nO( ε2 ) time. For intersection graphs of arbitrary
fat objects the problem is known to be as hard to approximate as for general graphs and
for arbitrary rectangles, the problem is known to be APX-hard, due to Erlebach and
van Leeuwen [39]. They also proposed constant factor approximation algorithms with
the aid of ε-net [52] for various geometric intersection graphs of objects such as disks
of constant ply, r-regular polygons (r is an arbitrary constant), pairwise homothetic
triangles, and rectangles with bounded aspect ratio. In the case of arbitrary fat objects
with bounded ply, they get a (3+ε)-factor approximation algorithm. For the intersection
graph of restricted set of r-regular polygons, Kammer and Tholey [61] proposed O(1)factor approximation algorithms.
Unless P = N P , the MDS problem does not admit an FPTAS on intersection graphs,
even on UDGs [39, 65]. MDS problem is known to be APX-hard on intersection graphs
of d-dimensional axis parallel boxes for any d ≥ 3 [26].
In the discrete unit disk cover (DUDC) problem, two sets of points, namely P and
Q, are given in R2 , and the objective is to choose a minimum number of unit disks D0
centered at the points in Q such that the union of the disks in D0 covers all the points
in P . Johnson [60] proved that the DUDC problem is NP-hard. Mustafa and Ray
[74] proposed a (1 + δ)-factor approximation algorithm (PTAS) for the DUDC problem,
0 < δ ≤ 2, using ε-net based local improvement approach. The fastest algorithm for
getting a 3-factor approximation result is obtained by putting δ = 2, and it runs in
O(m65 n) time, where m = |Q| and n = |P | [33]. The high complexity of the PTAS
motivated the researchers to get efficient constant factor approximation algorithms for
the DUDC problem. A series of such results in the literature are listed in Table 2.1.
cases of polynomial growth bounded graphs.
3
intersection graph of disks of arbitrary radii
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Table 2.1: Existing results for the DUDC problem
Ratio
108
72
38
22
(1 + ε) for 0 < ε ≤ 2
18
15
(9 + ε) for 0 < ε ≤ 6

Time complexity
polynomial
polynomial
O(m2 n4 )
O(m√2 n4 )
8 2 2
O(m2( ε ) +1 n)
O(mn + n log n + m log m)
O(m6 n)
6
O(m3(1+ ε ) n log n)

Reference
Călinescu et al., 2004 [17]
Narayanappa and Voytechovsky, 2006 [75]
Carmi et al., 2007 [18]
Claude et al., 2010 [28]
Mustafa and Ray, 2010 [74]
Das et al., 2012 [33]
Fraser and López-Ortiz, 2012 [43]
Acharyya et al., 2015 [9]

The MDS problem is a restricted version of the DUDC problem, where P = Q. Thus,
the MDS problem can be viewed as a covering problem, where the objective is to cover
a set of points with the minimum number of unit radius disks centered at those points.
Therefore, all results for the DUDC problem are applicable to the MDS problem. In
general, the covering objects can be squares, rectangles, convex, and non-convex objects,
etc. If the covering object is a convex polygon, for example, instead of a unit disk, we
can use the algorithm in [8] by modifying according to our objective to get a feasible
solution.

2.2

Minimum Connected Dominating Set Problem

Connected dominating set of a simple connected undirected graph G = (V, E) is a set of
vertices D ⊆ V with the following two properties : (i) D is a dominating set of G, and
(ii) the subgraph induced by D is connected. We call a connected dominating set (CDS)
of minimum cardinality as minimum connected dominating set (MCDS) in G. The
minimum connected dominating set problem asks to find a CDS of minimum cardinality
in a given graph. The MCDS problem is known to be NP-hard for general graphs [48].
Guha and Khuller [50] presented two greedy heuristic approximation algorithms with
performance ratio 2(H(∆) + 1) and ln ∆ + 3, respectively, where ∆ is the degree of the
graph, and H(·) is the harmonic function. The authors also presented an approximation
14
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preserving reduction from the set cover problem to MCDS problem, which implied that
no polynomial-time algorithm can achieve approximation ratio (1−ε)H(∆) for any fixed
ε (0 < ε < 1), unless N P ⊆ DT IM E[nO(log log n) ] [69].
The MCDS problem is well-studied problem due to its primary application in wireless
ad-hoc networks (WANETs) and mobile ad-hoc networks (MANETs) [70]. A CDS can
be used as a virtual backbone due to the non-existence of centralized administration and
network infrastructure in WANETs and MANETs. A CDS in WANETs and MANETs
plays a crucial role in routing, broadcasting, and other network management functions
[31]. Thus, a CDS of minimum size is desired. The literature [13] is a good survey for
this problem in ad-hoc networks. The network topology of a WANET can be modeled
as a UDG [27], G = (V, E), in which two nodes (devices) are connected if and only if
one is in the range of the other.
The problem of finding an MCDS in UDG is known to be NP-hard [27]. Many
distributed approximation and heuristic algorithms have been designed in the literature
[4, 23, 44, 45, 46, 72, 73, 96, 97]. Most of the distributed schemes first construct a
maximal independent set and then convert it to a connected set by adding some extra
nodes. This approach has several advantages over centralized and other distributed
algorithms [94]. The quality of the solution highly depends on two factors: (i) the size
of the maximal independent set constructed, and (ii) number of extra vertices that are
required to make the maximal independent set connected.
As the quality of the solution in maximal independent set based heuristics depends
on the ratio of the size of a maximal independent set to the size of MCDS, several studies
have been done to establish the relation between maximal independent set and MCDS.
A detailed list is given in Table 2.2. We use mis(G) and opt to denote the size of a
maximal independent set and the size of an optimal solution, respectively, in a given
UDG G.
Algorithms proposed by Wan et al. [96] and Cheng et al. [23] obtain a performance
ratio of 8 and time complexity O(n), where n represents the number of nodes in the
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Table 2.2: Relation between a maximal independent set and an MCDS on UDGs
Relation
mis(G) ≤ 5opt
mis(G) ≤ 4opt + 1
mis(G) ≤ 3.8opt + 1.5
mis(G) ≤ 3.453opt + 8.291
mis(G) ≤ 3.4306opt + 4.8185
mis(G) ≤ 3.399opt + 4.874

Reference
Marathe et al. [70]
Wan et al. [96]
Wu et al. [101]
Funke et al. [44]
Li et al. [67]
Du et al. [37]

ad-hoc network. However, they have high message complexity of O(n log n). Moreover,
these heuristics are based on construction of a spanning tree, which makes it very costly
in terms of communication overhead to maintain the MCDS in case of mobility and
topology changes [4]. Alzoubi et al. [4], Cheng et al. [23], and Gao et al. [45] proposed
constant factor approximation algorithms, which run in linear time and have linear message complexity. Some algorithms [44, 72, 73] are Steiner tree based, i.e., they construct
a Steiner tree in order to connect nodes of the MIS obtained. However, these algorithms
either have high time complexity or message complexity. Table 2.3 summarizes the results of the major algorithms for MCDS in UDG. In the table, n and m represent the
number of nodes and edges of the UDG, respectively.
Table 2.3: Comparison of well known CDS construction algorithms on UDGs
Reference
Alzoubi et al. [4], 2002
Wan et al.[96], 2002
Wang et al. [97], 2005
Cheng et al. - I [23], 2006
Cheng et al. -II [23], 2006
Funke et al. [44], 2006
Min et al. [72], 2006
Muhammad et al. [73], 2006
Gao et al. [46], 2012
This thesis

Bound
192opt + 48
8opt + 1
192opt
8opt
147opt + 33
6.91opt + 16.58
6.8opt
10opt + 1
7.186opt + 1.2
104opt + 52

Time complexity
O(n)
O(n)
O(n)
O(n)
O(n)
O(n × opt)
O(n + m)
O(mn log n)
O(∆mis(G)
O(∆)

Message complexity
O(n)
O(n log n)
O(n∆)
O(n log n)
O(n)
O(n × opt)
O(n)
O(n)
O(m)
O(n)
1

1 2
)

Cheng et al. [24] presented a PTAS for the MCDS problem which runs in nO(( ε log ε )

time. Leeuwen [65] studied the problem on UDGs with bounded density and presented
an asymptotic FPTAS. Extension of PTASs (available in the literature) to higher dimen16
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sions is not possible as the PTASs fully depend on geometric properties which hold in
the plane but are no longer true in the space [102]. The MCDS problem is also studied in
higher dimensions. The graph associated with the points in higher dimension is known
to be a unit ball graph (UBG). Butenko et al. [16] presented a 22-factor approximation algorithm for the MCDS problem on UBG. Their algorithm first finds a maximal
independent set and then connects it. Zhang et al. [102] considered the problem in d1

dimension and presented a PTAS, which runs in nO( εd ) time. The algorithm runs faster
than Cheng et al. [24] algorithm for d = 2.
The MCDS problem has been studied extensively in homogeneous ad-hoc networks
(i.e., all nodes have the same transmission range) based on UDG construction. However,
in practice, the transmission ranges of all nodes are not necessarily equal. In this case,
the network can be modeled as a disk graph in which the edges are either unidirectional or bidirectional. Du et al. [35] studied the problem for disk graphs where both
unidirectional and bidirectional links are considered and proposed two constant factor
approximation algorithms. Thai et al. [93] presented two approximation algorithms in
disk graphs with only bidirectional links. Thai et al. [92] proposed a constant factor
approximation algorithm for of unidirectional links. The performance ratio of the algorithms in [35, 92, 93] is constant only if the ratio of the maximum transmission range
over the minimum transmission range in the network is bounded.
The minimum weighted connected dominating set (MWCDS) problem is a weighted
version of the MCDS problem, where each vertex is associate with a positive weight and
the objective is to find a CDS of minimum total weight. The best known approximation
ratio for the MWCDS problem in general graphs is O(log n) as MCDS is a special case of
the MWCDS problem and the MCDS problem cannot have approximation ratio better
than O(log n), unless N P = DT IM E[nO(log log n) ].
The MWCDS problem is well studied on UDGs too. Wang and Li [99] presented distributed algorithms that achieve approximation ratio O(min{log ∆, ν}), where ∆ is the
maximum node degree and ν is the ratio of the maximum weight to the minimum weight
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of a node. However, these approximation ratios are no better than the approximation
ratios known for general graphs, in the worst case. Ambühl et al. [5] gave the first
constant factor approximation algorithm with ratio 89 by giving a 72-factor approximation algorithm for the MWDS problem and by introducing a 17-factor approximation
algorithm for the connecting part. Huang et al. [57] and Zou et al. [103] improved
the approximation factor to 10 + ε and 8.875 + ε, respectively. Zou et al. [104] further
improved the approximation factor to 5 + ε by proposing (4 + ε)-factor and (1 + ε)-factor
approximation algorithms for the MWDS problem and connecting part, respectively.
Another variant of the CDS problem known as k-connected m-dominating set problem is available in the literature. A CDS acts as a virtual backbone in wireless networks.
The nodes (devices) in a wireless network are prone to failure due to several reasons such
as energy depletion, accidental damage, a link may fade away due to movement of the
nodes (in case of MANETs), etc. Hence, it is desirable to have a fault-tolerant backbone.
To achieve flexible routing in case of network failure it is important to maintain a certain
degree of redundancy in the constructed CDS [66]. Thus, to ensure the robustness of
the backbone there must be multiple paths between any two nodes in the CDS and also
a node (not in CDS) must have multiple dominators in CDS. For a graph G = (V, E),
a k-connected m-dominating set (km-CDS in short) is a subset of the vertices with the
following properties: (i) the graph induced by the subset is k-connected, i.e., between
any two nodes in the subset there are at least k disjoint paths, and (ii) every vertex
(not in the subset) is adjacent to at least m nodes in the subset. The k-connectivity
ensures that the communication will not be disrupted even k − 1 paths fail. Note that
the km-CDS problem is nothing but the CDS problem when k = m = 1.
Dai and Wu [30] proposed three probabilistic algorithms for k = m. Kim et al. [63]
studied the problem for k = 3 and given a constant factor approximation algorithm.
For k = 2 and m = 1, an augmentation based CDS algorithm is proposed by Wang
et al. [98]. The algorithm contains two phases: the first phase constructs a CDS and
the second phase adds extra nodes to make all the backbone nodes to be in the same
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block. Shang et al. [88] designed three centralized algorithms. The first algorithm is for
k = 1 and has performance ratio (5 +

5
)
m

for m ≤ 5 and 7 for m > 5. This algorithm

first constructs a maximal independent set based CDS and then repeatedly adds m − 1
maximal independent sets to make the CDS an m-dominating set. The second algorithm
is for k = 2 and has performance ratio (5 +

25
)
m

for 2 ≤ m ≤ 5 and 11 for m > 5. The

basic idea of this algorithm is similar to the algorithm proposed by Wang et al. [98].
The last algorithm is for 3 ≤ k ≤ m which first constructs a k-connected k-dominating
set and repeatedly adds m − k maximal independent sets to make an m-dominating set.
Li et al. [68] presented a distributed algorithm with performance ratio (5 +

5
)(k 2
m

+ 1)

for m ≤ 5 and 7(k 2 + 1) for m ≥ 6. Recently, Shi et al. [89] proposed constant
factor approximation algorithms for the weighted version of the (k, m)-CDS problem,
for m ≥ k. Their algorithm first computes an m-dominating set. Then, it computes a
k-connected subgraph containing the m-dominating set obtained in the first step. More
results for the MCDS and MWCDS problems are available in [36].

2.3

Minimum Liar’s Dominating Set Problem

A Liar’s dominating set of a simple undirected graph G = (V, E) is a dominating set
L having the following two properties: (i) for every v ∈ V , |NG [v] ∩ L| ≥ 2, and (ii)
for every distinct pair of vertices u and v in V , |(NG [u] ∪ NG [v]) ∩ L| ≥ 3, where NG [·]
is the closed neighborhood of a vertex. For a given graph G, the problem of finding
a liar’s dominating set (LDS) in G of minimum cardinality is known as the minimum
liar’s dominating set problem (MLDS).
The liar’s domination problem is introduced by Slater in 2009. He showed that the
problem is NP-hard for general graphs and given a lower bound on liar’s domination
number in case of tree graphs, by proving any liar’s dominating set for a tree of order
n contains at least 34 (n + 1) vertices [90] and at most n. In his seminal work, Slater
observed that there is subclass of trees for which the only LDS is the entire vertex set.
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For example, the class of trees T such that for each vertex v in T , either v is a leaf or
at least one component of T \ {v} has cardinality at most two. Later, Roden and Slater

[87] characterized tree classes with liar’s domination number is equal to 34 (n + 1). In
the same paper, they also showed that the MLDS problem is NP-hard even for bipartite
graphs. Panda and Paul [81] proved that the problem is NP-hard for split graphs and
chordal graphs. They also proposed a linear time algorithm for computing a minimum
cardinality liar’s dominating set in a tree.
Panda et al. [84] studied approximability of the problem and presented O(ln ∆)factor approximation algorithm, where ∆ is the degree of the graph. Panda and Paul [82]
considered the problem for proper interval graphs and proposed a linear time algorithm
for computing a minimum cardinality liar’s dominating set. The problem is also studied
for bounded degree graphs, and p-claw free graphs [84]. The MLDS problem is also
studied on two-dimensional grid graphs and bounds on liar’s domination are presented
in [91].
Alimadadi et al. [2] provided the characterization of graphs and trees for which
liar’s domination number is |V | and |V | − 1, respectively. The authors observed that, a
connected graph G with order (number of vertices) n ≥ 3 has liar’s domination number
n if and only if every vertex v in G satisfies at least one of the following conditions: (i)
deg(v) = 1, (ii) at least one component of G \ {v} has order at most two , (iii) v belongs
to an end-block (a block having at most one cut vertex of G) of order 3. Similarly, they
characterized trees satisfying certain conditions have liar’s domination number n−1. For
connected graphs with girth (the length of a shortest cycle) at least five, they obtained
an upper bound for the ratio between the liar’s domination number and the 2-tuple
domination number.
Panda and Paul [80, 83] studied variants of liar’s dominating set, namely, connected
liar’s domination and total liar’s domination. A connected liar’s dominating set (CLDS)
is an LDS whose induced subgraph is connected. A total liar’s dominating set (TLDS) is
dominating set L with the following two properties: (i) for every v ∈ V , |NG (v) ∩ L| ≥ 2,
20
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and (ii) for every distinct pair of vertices u and v, |(NG (u) ∪ NG (v)) ∩ L| ≥ 3, where
NG (·) is the open neighborhood of a vertex. The objective of both the problems is to find
CLDS and TLDS of minimum size, respectively. They proved that both the problems
are NP-hard and proposed O(ln ∆)-factor approximation algorithms. They also proved
that the problems are APX-complete for graphs with maximum degree 4.
We are the first to introduce the MLDS problem in the geometric setting. We
prove that the problem is NP-hard on UDGs and propose constant factor approximation
algorithms (refer to Chapter 5).

2.4

Maximum Independent Set Problem

An independent set of a simple undirected graph G = (V, E) is a set of vertices V 0 ⊆ V

such that no two vertices in V 0 are adjacent in G. The objective of the maximum
independent set (MIS) problem is to find an independent set of maximum cardinality in
a given graph. A clique is a subset of V such that every pair of vertices in the subset
have an edge between them in G. The objective of the maximum clique (MC) problem
is to find a clique of maximum cardinality in a given graph. Note that, V 0 ⊆ V is an
independent set in G if and only if V 0 is a clique in G (the complement graph of G).

The MIS and MC problems are NP-complete for general graphs [48]. Garey and
Johnson [47] showed that, if there exists a constant factor approximation algorithm for
the MC problem, then there exists a polynomial-time approximation scheme (PTAS).
Unless NP=Co-R, there can be no polynomial-time algorithm that approximates the
MC problem within a factor better than O(n1−ε ), for any ε > 0 [53]. Feige et al. [41]
showed that, if the MC problem can be approximated within any constant factor in
polynomial-time, then N P = DT IM E(nO(log log n) ). Arora and Safra [7] showed that
approximating the MC problem within any constant factor is NP-hard. Latter, Arora et
al. [6] improved the results in [7, 41] and showed that approximating the MC problem
within a factor of nε , where ε > 0, is NP-hard. The best known approximation ratio
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2

log n)
) [40]. In summary, all the hardness results of MC are also
till today is O( n(log
log3 n

applicable to MIS in general graphs.
Though the MIS and MC problems have the same limitations in general graphs, they
may vary when restricted to special classes of graphs. For instance, the MC problem
has polynomial-time algorithms on UDGs, but the MIS problem is NP-hard [27]. Another instance is sparse graphs e.g., planar graphs. The MC problem has a linear time
algorithm for planar graphs [25], however, the MIS problem remains NP-hard even for
planar graphs of degree at most three [48].
Unlike in the general graphs, constant factor approximation algorithms exist for the
MIS problem in UDGs. A simple 5-factor approximation algorithm is proposed in [70]
and by taking the advantage of the structure of the given UDG, the authors proposed
a heuristic algorithm which has performance guarantee 3. Both the algorithms do not
require geometric representation (i.e., coordinates of the disk centers) of the UDG. If the
geometric representation is given, the later algorithm runs in O(n2 ) time. For a given
(k + 1)-claw free graph (k ≥ 4) and for every ε > 0, Halldórsson [51] proposed a ( k2 + ε)factor approximation algorithm (that does not require the geometric representation of
1

disks) in time O(nlogk ε ) using local improvement search technique for the MIS problem.
Therefore, there exists a ( 52 + ε)-factor approximation algorithm for UDGs as they are
6-claw free. Most of the work in the literature assumes that the geometric representation
of the UDG is given. This assumption allows to partition the plane into grids/strips and
solve the problem by solving each grid/strip separately. Matsui [71] considered the MIS
problem on UDG defined on a slab (i.e., all the disk centers lie between two parallel lines)
of fixed width k, and proposed an algorithm that finds an independent set of maximum
cardinality in O(n

2k
4d √
e
3

√

) time, where n denotes the number of vertices. For k <

3
,
2

the

MIS problem can be reduced to find a longest path problem in directed acyclic graph
and hence an MIS can be obtained in O(n2 ) time. The author also proposed a (1 − k1 )4d

factor approximation algorithm for the MIS problem, which runs in O(kn

2(k−1)
√
e
3

) time

and uses O(n2k ) space, for any integer k ≥ 2. The algorithm can also be extended to
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the weighted version of the MIS problem. In the weighted version, each vertex (disk)
is associated with a positive weight and the objective is to find an independent set of
maximum total weight. We call this problem as the maximum weighted independent set
(MWIS) problem. The MIS problem is a special case of the MWIS problem with equal
weights.
Das et al. [32] proposed a 2-factor approximation algorithm for the MIS problem
with time and space complexities O(n3 ) and O(n2 ), respectively. Their approach is, (i)
split the region into a set of disjoint strips of unit width and compute an MIS for each
nonempty strip independently with the aid of dynamic programming, (ii) find the union
of the solutions for odd and even strips separately and consider the one with maximum
cardinality. The authors also proposed a PTAS with the aid of two-level shifting strategy
of Hochbaum and Maass [55]. For any given positive integer k > 1, the PTAS produces
a solution of size

1
|OP T |
(1+ k1 )2

in O(k 4 nσk log k + n log n) time and O(n + k log k) space,

where OP T is an optimum solution and σk ≤

7k
3

+ 2. For the MIS problem on UDG, van

Leeuwen [65] proposed a fixed parameter tractable algorithm which runs in O(t2 22t n)
time, where the parameter t is called the thickness 4 of the UDG.
The MIS problem is studied for other intersection graphs too. Cerioli et al. [20]
proved that the MIS problem in NP-complete for penny graphs. A penny graph is a
UDG with the restriction that the disks do not overlap. Das et al. [32] presented a 2factor approximation result for penny graphs which runs in O(n log n) time. For a given
set R of rectangles of fixed size, Agarwal et al. [1] proposed a 2-factor approximation
algorithm for the MIS problem that runs in O(n log n) time. The authors also proposed
a PTAS that computes an independent set of rectangles of size at least

|OP T |
,
(1+ k1 )

for any

k ≥ 1, where |OP T | is the size of a maximum independent set of R. For a given set

of arbitrary rectangles of bounded aspect ratio in Rd , Chan [21] proposed a PTAS that
1

runs in O(n εd−1 ) time and space, where 0 < ε  1. Chan and Har-Peled [22] considered
the MIS/MWIS problem for pseudo disks in the plane. A set of objects is a collection
4

A UDG is said to have thickness t, if each strip in the slab decomposition (of width 1) of the UDG
contains at most t disk centers.
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of pseudo disks, if the boundary of every pair of them intersects at most twice. Their
algorithm produces a solution of size (1 − ε)|OP T |, where |OP T | is the cardinality of
an MIS.
Nieberg et al. [77] proposed a PTAS for the MWIS problem on UDG for the case
of geometric representation is not given. Erlebach et al. [38] also proposed a PTAS for
finding an MWIS in an intersection graph of arbitrary radii disks, based on dynamic
programming and the shifting strategy proposed by Hochbaum and Maass [55]. Their
approach can be extended to other geometric objects such as squares, regular polygons,
and rectangles which are approximately squares.
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Chapter 3
Geometric Minimum Dominating
Set Problem
In this chapter, we study the geometric version of the minimum dominating set problem
and is defined as follows:
Geometric minimum dominating set (GMDS) problem: Given a set P of n points
in R2 , find a minimum cardinality subset P 0 of P such that each member of P

lies in the unit disk centered at some member of P 0 . In other words, the unit disk

centered at each member of P is pierced by at least one member of P 0 .

The GMDS problem is a restricted version of the MDS problem in unit disk graph,
where an edge e(p, q) implies that the points p and q lie in the intersection region of the
disks centered at p and q, respectively. The MDS problem in both graph and geometry
has wide range of applications in wireless networks, VLSI, to name a few. Our interest
in this problem evolved from the following real life scenario: suppose that a city consists
of a set of n buildings and we need to open service centers (say hospitals, fire stations,
etc.) in a minimum number of these buildings such that each of the other building is
within a predefined distance of at least one service station.
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The goal of this chapter is to propose (i) a series of constant factor approximation
algorithms, and (ii) a polynomial-time approximation scheme (PTAS) for the GMDS
problem.

3.1

Preliminaries

Let P and δ(q) denote the given set of n points in R2 and the unit disk centered at point
q ∈ P, respectively. We say that a point p is covered by q, if p ∈ δ(q). For a subset P 0
of P we denote by ∆(P 0 ), the set of unit disks centered at the points in P 0 . We say P 0

covers P (or equivalently, ∆(P 0 ) pierces ∆(P)) if all the points in P lie within the unit
S
disks centered at the points in P 0 , i.e., P ⊆
d. If a subset P 0 covers P, then P 0 is
d∈∆(P 0 )

called as a geometric dominating set (GDS) of P. For any two points p and q in P, let
d(p, q) denotes the Euclidean distance between p and q.

3.2

A Simple 5-Factor Approximation Algorithm

In this section, we propose a simple 5-factor approximation algorithm. The worst case
and expected case running times of the proposed algorithm are O(n log k) and O(n),
respectively, where k is the size of the output. This a significant improvement over the
O(n log k) time 12-factor approximation result for the GMDS problem given by De et
al. [34].
Definition 3.2.1. A GDS P 0 is said to be an independent GDS if for each pair p, q ∈ P 0 ,

p 6∈ δ(q)1 .

Result 3.2.2. For any arbitrary independent GDS P 0 , |P 0 | ≤ 5|OP T |, where OP T is a
GMDS of P.
Proof. The result follows from the fact that for every member p ∈ OP T , there may exist
at most 5 disks in an independent GDS of ∆(P) that can contain the point p.
1

Note that, p ∈ δ(q) implies q ∈ δ(p), and p 6∈ δ(q) implies q 6∈ δ(p).
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We now describe a procedure to compute an independent GDS P 0 of P. Let us assume
that the points in P are in the first quadrant, and R is an axis parallel rectangular region
containing P, whose bottom and left boundaries coincide with the x and y-axis of the
coordinate system, respectively. We split R into a grid whose each cell is of size 1 × 1.
The point p = (px , py ) ∈ P lies in the grid cell indexed by [bpx c, bpy c]. Each non-

empty cell is attached with a list of members of P that are chosen for inclusion in P 0 ,
and they lie inside that cell. While considering a point p ∈ P, we inspect the already
chosen members of P 0 attached to the cells [i, j], where bpx c − 1 ≤ i ≤ bpx c + 1 and

bpy c − 1 ≤ j ≤ bpy c + 1. If there exists at least one disk d in any of those cells that

contains the point p, p is not included in P 0 ; otherwise p is included in P 0 . It is easy

to observe that at the end of considering all the members in P, P 0 is an independent
GDS of P. Note that, (i) a grid cell may contain at most 3 members in P 0 , and (ii) the
number of grid cells to be inspected while processing a point p ∈ P is at most 9. We use
a height-balanced binary tree to store the indices of the grid cells containing a non-zero
number of members in P 0 . Thus, the time complexity for processing a point p ∈ P is
O(log k), where k = |P 0 |. Thus, we have the following theorem.

Theorem 3.2.3. The proposed algorithm produces a 5-factor approximation result for
the GMDS problem in O(n log k) time and uses O(k) extra space, where k is the size of
the output.
The expected time complexity of the above procedure can be reduced to O(n) by
using a hash table of size O(n) for storing the grid cells containing non-zero members of
P 0 instead of a height-balanced binary tree.

3.3

A 4-Factor Approximation Algorithm

In this section, we present a 4-factor approximation algorithm for the GMDS problem.
The algorithm is an in-place algorithm and the worst case running time is O(n6 log n).
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We partition the region R containing the point set P into regular hexagonal cells of
side length

1
2

such that no point of P lies on the boundary of any cell (see Figure 3.1

(a)). The following observation is trivial as the length of a longest diagonal in any cell
is of unit length.
Observation 3.3.1. All the points inside a cell can be covered by a unit radius disk
centered at any point inside that cell (see Figure 3.1 (b)).

1
pi
1

√3/2

(a)

(b)

Figure 3.1: (a) Hexagonal partition of the rectangular region containing the points, and
(b) a unit disk centered at a point pi circumscribes the cell in which pi lies.
Definition 3.3.2. A septa-hexagon is a combination of 7 adjacent cells such that one
cell is surrounded by six other cells (see Figure 3.2 (a)).
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Figure 3.2: (a) A septa-hexagon, and (b) a septa-hexagonal partition of R and its 4coloring scheme.
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Let us consider a septa-hexagonal partitioning of R such that no point of P lies
on the boundary of any septa-hexagon, and a 4 coloring scheme of it (see Figure 3.2
(b)). Consider a septa-hexagon H which is assigned the color A. Its adjacent six septahexagons are assigned three colors, namely B, C, and D, such that pair of opposite
septa-hexagons adjacent to H are assigned the same color. Let H0 and H00 be two septahexagons having the same color (say B) adjacent to H. Since no point of P lies on
the boundary of H0 and H00 , the minimum distance between two points p ∈ H0 ∩ P and

q ∈ H00 ∩P is greater than 2 (see Figure 3.2 (b)). This leads to the following observation.

Observation 3.3.3. If H0 and H00 are two septa-hexagons having the same color, then
a single unit disk cannot cover points in H0 and H00 simultaneously.

The basic idea of the proposed algorithm is, consider each septa-hexagon H, and
compute a subset of points in P of minimum size that covers all the points in P ∩ H.
We refer this problem as a single septa-hexagon GMDS problem. Finally, we report the
set T which is the union of the solutions for all septa-hexagons.
Observation 3.3.3 says that if OP TA denotes a minimum size subset of points in P
such that OP TA covers all the points of P lying in the septa-hexagons colored with A,
then OP TA is the union of the optimum solutions of the GMDS problems for all the
septa-hexagons colored A. The same result holds for the other three colors also.
Lemma 3.3.4. |T | ≤ 4|OP T |, where OP T is a subset of P of minimum size such that
OP T covers P.
Proof. The result follows from the facts that (i) T = OP TA ∪ OP TB ∪ OP TC ∪ OP TD ,
and (ii) |OP Ti | ≤ |OP T | for all i = A, B, C, D.

3.3.1

Computing an optimum solution for a single septa-hexagon
GMDS problem

Consider a septa-hexagon H. Let S1 and S2 be two subsets of P such that S1 contains
the points lying in H and S2 contains all the points that are coverable from the points
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in S1 . That is, S1 = {p | p ∈ P ∩ H} and S2 = {p | p ∈ P and δ(p) ∩ S1 6= ∅}. Surely,
S1 ⊆ S2 . The following lemma is due to Observation 3.3.1.
Lemma 3.3.5. If OP TH is a subset of S2 of minimum size such that OP TH covers S1 ,
then |OP TH | ≤ 7.
Given an array containing the points in P, in O(n) time we can arrange these points
such that the points in S1 are placed at the beginning followed by the points in S2 \ S1 .
As suggested in Lemma 3.3.5, we consider all possible combinations of points in S2
of size i = 1, 2, . . . , 6, respectively in this order. For each combination, we check whether
all the points in S1 are covered or not. While considering the number i, if there exists
a subset of S2 of size i that covers all the points in S1 , then that subset is reported and
execution stops. If this fails for all i = 1, 2, . . . , 6, then the optimum solution of the
septa-hexagon H consists of any one point from each non-empty cell of H. This trivial
algorithm needs O(n7 ) time.

We can reduce the time complexity as follows: let the points of S2 are stored at the
beginning of the array containing the points in P such that the points in each cell of
H are stored consecutively. As earlier, we generate different combinations of points of
size i = 1, 2, . . . , 5 from S2 in this order. If any one of these combinations can produce
a solution, the process terminates. Otherwise, we again consider different combinations
of size 5. For each combination, say X, the uncovered points of S1 in each cell of H
are moved at the beginning of the array, and the convex hull of the uncovered points is
computed in an in-place manner in O(n log n) time [15]. Now, each point p in S2 \ X is
chosen, and the farthest uncovered point q in S1 is identified. Note that q is a vertex
of the convex-hull computed. If d(p, q) ≤ 1, return the solution X together with q and
terminate. This needs O(log n) time for each point in S2 \ X. If the covering is not done
yet, we chose one point from each non-empty cell of H.
Lemma 3.3.6. For a given set P of n points and a septa-hexagon H, a GMDS for
P ∩ H can be computed using the points in S2 in O(m6 log m) time using O(1) extra
space, where m = |S2 |.
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Theorem 3.3.7. The proposed 4-coloring scheme gives a 4-factor approximation algorithm for the GMDS problem in O(n6 log n) time using O(1) extra space, where n is the
size of the input.
Proof. The approximation factor follows from Lemma 3.3.4. The time complexity result
of the theorem follows from Lemma 3.3.6 and the fact that each point in P can participate
in the computation for at most a constant number of septa-hexagons.

3.3.2

A

14
-factor
3

approximation algorithm

We now show that a slight modification of the earlier algorithm produces a

14
-factor
3

approximation result for the GMDS problem in O(n5 log n) time. First we find a feasible
solution for a single septa-hexagon, then we use the union of these solutions to provide
a feasible solution for the GMDS problem. We prove that the bound on the ratio of this
feasible solution to an optimum solution is

14
.
3

For a single septa-hexagon H, we try to find a solution of size at most 5, if exists.
This can be done by considering all the possible combinations of size i = 1, 2, 3, 4,
respectively in this order from S2 as in the previous section. For each combination X,
the uncovered points in S1 are examined to be covered by a single point in S2 \ X. If
there is a point q ∈ S2 \ X which covers all the uncovered points in S1 , then X together
with q is reported. After considering all possible combinations of 4 points in S2 , if the
covering is not done, then we arbitrarily choose one point from each non-empty cell of
H and report them. Thus, we have the following lemma.
Lemma 3.3.8. For a given set P of n points and a septa-hexagon H, a set SH ⊆ S2
of size at most 5 points such that SH covers all the points in P ∩ H, can be tested in
O(m5 log m) time using O(1) extra space, where m = |S2 |.
Theorem 3.3.9. The proposed 4-coloring scheme gives a

14
-factor
3

approximation algo-

rithm for the GMDS problem in O(n5 log n) time using O(1) extra space, where n is the
input size.
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Proof. If the above algorithm cannot obtain a solution of size at most five for a septahexagon H, then |OP TH | ≥ 6. If |OP TH | ≥ 6, our algorithm returns a solution, say
SOLH , of size 7. Thus, for any sept-hexagon H, if |OP TH | ≥ 6 implies |SOLH | = 7, and
hence the approximation factor is

|SOLH |
|OP TH |

≤

7
6

. Let SOLA , SOLB , SOLC , and SOLD be

the union of the solutions of all the septa-hexagons colored A, B, C, and D, respectively.
P
Since |SOLA | = |SOLH |, where the sum is taken over all the septa-hexagons colored

A, implies, |SOLA | ≤ 76 |OP T |. Similarly, the bound also holds for the remaining three
colors B, C, and D. Thus the theorem follows.

3.4

A 3-Factor Approximation Algorithm

In this section, we show that using the similar technique as in Section 3.3, the running
time of getting a 3-factor approximation result can be improved to O(n11 log n) over the
existing O(n15 log n) time algorithm.
Definition 3.4.1. A super-cell is a combination of 15 regular hexagons of side length

1
2

arranged in three consecutive rows as shown in Figure 3.3 (a).

(a)

(b)

Figure 3.3: (a) An example of a super-cell, and (b) decomposition of a super-cell.
Consider a super-cell D. Let S1 and S2 be two subsets of P such that S1 contains
the points lying in D and S2 contains all the points that are coverable from the points
in S1 . That is, S1 = {p | p ∈ P ∩ D} and S2 = {p | p ∈ P and δ(p) ∩ S1 6= ∅}. Note
that, S1 ⊆ S2 .
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We compute a subset OP TD (⊆ S2 ) of minimum size such that OP TD covers S1 .
We refer this problem as a single super-cell GMDS problem. We show that the union
of the optimum solutions of all the single super-cell GMDS problems gives a 3-factor
approximation result.
Lemma 3.4.2. If OP TD is a subset of S2 of minimum size such that OP TD covers S1 ,
then |OP TD | ≤ 15.
Proof. The lemma follows from Observation 3.3.1 and the fact that the super-cell D has
at most 15 non-empty cells.
Let us consider a super-cell partition of R such that no point of P lies on the boundary
of any super-cell, and a 3-coloring scheme of it using colors A, B, and C (see Figure
3.4). Consider a super-cell colored A. Its adjacent super-cells are assigned colors B, and
C alternately.
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Figure 3.4: A super-cell partition and its 3-coloring scheme.

Observation 3.4.3. If D0 and D00 are two super-cells having the same color, then a
single unit disk cannot cover points in D0 and D00 simultaneously.
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3.4.1

Computing an optimum solution for a single super-cell
GMDS problem

We decompose a super-cell D into 3 regions namely D1 , D2 , and D3 as shown in Figure
3.3 (b), these regions are demonstrated using unshaded, light-shaded, and dark-shaded
regions, respectively.
Lemma 3.4.4. For any unit radius disk d and a super-cell D, (D1 ∩ D3 ) ∩ d = ∅, i.e.,
there does not exist any unit disk d that has intersection with both D1 and D3 .

Proof. The lemma follows from the fact that if p and q are two arbitrary points in D1
and D3 , respectively, then d(p, q) is greater than 2.

Let S11 = S1 ∩ D1 , S12 = S1 ∩ D2 , and S13 = S1 ∩ D3 . A point on a boundary can

be assigned to any one of the sets associated with that boundary. Let S21 = {p | p ∈
S2 and δ(p) ∩ S11 6= ∅}, S22 = {p | p ∈ S2 and δ(p) ∩ S12 6= ∅}, and S23 = {p | p ∈

S2 and δ(p) ∩ S13 6= ∅}. By lemma 3.4.4, S21 ∩ S23 = ∅.

We first compute the sets S11 , S12 , S13 , S21 , S22 , and S23 in O(n) time as in the case

of sept-hexagon in Section 3.3. These sets can be arranged in the input array in the
aforesaid order. Next, we consider each possible combination X = {p1 , p2 , . . . , pj } of j
points in S22 , where 1 ≤ j ≤ 9. Now,

• If ∆(S1 ) is pierced by ∆(X), then X is reported.
• If ∆(S12 ) is not pierced by ∆(X), then X is ignored.
• If ∆(S12 ) is pierced by ∆(X) but ∆(S1 ) is not pierced by ∆(X), then we need to
choose more disks to pierce the remaining disks as follows.
Let Sˆ11 ⊆ S11 and Sˆ13 ⊆ S13 be such that the members in ∆(Sˆ11 ) and ∆(Sˆ13 ) are not
pierced by ∆(X). We need to pierce them by using (the unit disks centered at) the points
in S21 and S23 , respectively. As in the algorithm of Section 3.3, we can find the minimum
number of points of S 1 (resp. S 3 ) for piercing ∆(Sˆ1 ) (resp. ∆(Sˆ3 )) in O(m2 log m)
2

1

2
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1

time, where m = |S21 | (resp. m = |S23 |). Finally, we report the union of the solutions of
minimum cardinality.
Lemma 3.4.5. For a given set P of n points and a super-cell D, a GMDS for P ∩D can

be computed using the points in S2 in O(m11 log m) time using O(1) extra space, where
m = |S2 |.

Theorem 3.4.6. The 3-coloring scheme gives a 3-factor approximation algorithm for
the GMDS problem in O(n11 log n) time using extra O(1) space, where n is the input
size.

3.4.2

A

45
-factor
13

approximation algorithm

As in Subsection 3.3.2, we can reduce the running time of the GMDS problem by a
factor of n by scarifying the approximation factor a bit. As in the earlier algorithm,
while computing a solution for a super-cell, we consider each possible combination X =
{p1 , p2 , . . . , pj } of j points in S22 , where 1 ≤ j ≤ 9. For a particular combination X, if

∆(X) pierces ∆(S12 ) but not ∆(S1 ), then we need to choose more disks to pierce the
remaining disks. If Sˆ11 ⊆ S11 and Sˆ13 ⊆ S13 are not covered by X, we compute the convex
hulls of the points in Sˆ1 and Sˆ3 . Now, we consider each point p ∈ S 1 (resp. p0 ∈ S 3 ),
1

1

2

2

and check whether the distance of p from its furthest point q ∈ Sˆ11 (resp. q ∈ Sˆ13 ) is less
0

than or equal to 1 or not. If so, report the solution as X ∪ {p, p0 }; otherwise report X

along with one point from each cell of D1 , and one point from each cell of D3 . Thus, if
the size of the optimum solution is greater that or equal to |X| + 4, we are choosing a
solution of size at most |X| + 6, where |X| ≤ 9. This leads to an approximation ratio
|X|+6
|X|+4

=

15
,
13

when |X| = 9.

Theorem 3.4.7. The proposed 3-coloring scheme gives a

45
-factor
13

approximation algo-

rithm for the GMDS problem in O(n10 log n) time using O(1) extra space, where n is the
input size.
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3.5

Shifting Strategy and its Application to the GMDS
Problem

The shifting strategy, a divide-and-conquer paradigm, was introduced by Hochbaum and
Maass [55] and used it to obtain a PTAS for many covering and packing problems on the
low-dimensional Euclidean space. We first discuss the shifting strategy in the context of
the GMDS problem. Next, using a two-level shifting strategy (which is a generalization
of the shifting strategy), we deduce a 52 -factor approximation result and a PTAS for the
GMDS problem.

3.5.1

The shifting strategy

The basic idea behind the shifting strategy is, decompose the original problem into several sub-problems that are solvable or at least a good approximated solution is possible
in polynomial-time. The union of the solutions of the sub-problems is a feasible solution
to the original problem with respect to the decomposition considered. For a given ε > 0,
the strategy considers all distinct possible decompositions and returns the best feasible
solution among all the decompositions considered.
Definition 3.5.1. A monotone chain c with respect to a line L is a chain of line segments
such that any line perpendicular to L intersects it only once. We define the distance d
between a pair of monotone chains c0 and c00 as the minimum Euclidean distance between
any two points p0 and p00 on the chains c0 and c00 , respectively. A monotone strip M is
the region bounded by a pair of monotone chains c0 and c00 such that the area is left
closed and right open. The width of a strip M is the distance between c0 and c00 .
Let c1 , c2 , . . . , cr be r consecutive monotone chains with respect to the y-axis in left
to right order that splits the region R such that c1 and cr are the left and right boundary
of R, respectively (see Figure 3.5), and the distance d between each pair of consecutive
monotone chains is at least 2. Now, we have the following result.
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c5

···

cr−1
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X

Figure 3.5: Demonstration of shifting strategy.

Theorem 3.5.2. For a given point set P in R2 , if there exists an algorithm A that can
produce an α-factor approximation result for the GMDS problem defined for the points
inside a monotone strip of width `d, where each pair of consecutive monotone chains
are at distance d ≥ 2 and ` is an integer (shifting parameter), then there exists an
α(1 + 1` )-factor approximation algorithm for the GMDS problem for the point set P.

Proof. The algorithm is similar to the algorithm proposed by Hochbaum and Maass [55].
Since the monotone strips are of width `d and the distance between a pair of monotone
strips is d ≥ 2, the solution of one strip does not affect the solution of any other strip.
Thus the approximation factor of the algorithm follows.

3.5.2

A 52 -factor approximation algorithm

Here we propose a 52 -factor approximation algorithm for the GMDS problem for a given
set P of n points in R2 using shifting strategy discussed in Subsection 3.5.1.
Definition 3.5.3. A duper-cell E is a combination of 30 cells (regular hexagons of side
length 12 ) as shown in Figure 3.6.

The basic idea of the proposed 52 -factor approximation algorithm is as follows: first
optimally solve the sub-problem for a duper-cell E, we refer this problem as a single
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u

x

v

w

Figure 3.6: Demonstration of a duper cell and its partition.
duper-cell GMDS problem; then apply shifting strategy in both horizontal and vertical
directions separately for the entire region R, and use the optimal algorithm for solving
the generated sub-problems consisting of duper-cells.
3.5.2.1

Computing an optimum solution for a single duper-cell GMDS problem

We divide the duper-cell E into three regions as in the case of super-cell in Section 3.4.
Let us name these regions unshaded, light-shaded, and dark-shaded regions, respectively
(see Figure 3.6). The algorithm for computing an optimum solution for a single dupercell is similar to the algorithm for a single super-cell (refer Section 3.4). Thus, we have
the following lemma.
Lemma 3.5.4. A GMDS for the set of points inside a duper-cell E can be computed
optimally in O(m20 log m) time and using O(1) extra space, where m is the number of
points inside the duper-cell E.
Now, we discuss the method of applying two-level shifting strategy to the GMDS
problem. Split the entire region R into strips using x-monotone chains, say c1 , c2 , . . . , cr ,
such that (i) each segment is of length
an angle

2π
,
3

1
2

unit, (ii) each pair of consecutive segments make

(iii) the distance between any two consecutive chains is

1
2

unit, and (iv)

every chain c2i starts at exactly one unit away from c2i−1 in the opposite direction (either
up or down) of c2i−1 . Next, split each strip into hexagonal regions of side length 21 .
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In the first level of the shifting strategy, we take 3 consecutive rows of hexagons
as a single horizontal strip and in the second level we take 10 columns of hexagons as
a vertical strip inside that horizontal strip, i.e., we partition the horizontal strip into
duper-cells. Each dupe-cell in the partition is bounded by four monotone chains, uv,
vw, wx and xu, where uv and wx are monotone with respect to x-axis, and vw and xu
are monotone with respect to y-axis (see Figure 3.6). We name these chains as left,
bottom, right, and top, respectively. Thus, the region R is split into duper-cells. By
applying Theorem 3.5.2 in two-levels, we have the following result.
Theorem 3.5.5. A 25 -factor approximation result for the GMDS problem can be obtained
in O(n20 log n) time, where n is the input size.
Proof. In our GMDS problem the disks are of diameter 2. Let `1 and `2 be two shifting
parameters in the first and second level shifting strategies, respectively. In the first level
of partitioning we consider 3 consecutive rows of hexagons as a single horizontal strip,
hence the distance between the monotone chains bottom and top bounding the strip
is 2. Implies, `1 = 1 as d = 2 and `1 d = 2. Again, inside a monotone strip of the
first level, the distance between the monotone chains left and right corresponding to a
duper-cell is greater than 8 i.e., `2 d > 8, implies, `2 > 4. At the end of the second
level, the region R is partitioned into duper-cells. We have an algorithm to compute an
optimum solution for a duper-cell. Thus, the application of Theorem 3.5.2 in both the
levels yields the approximation factor and is less than 1(1 + 11 )(1 + 14 ) = 52 . The time
complexity O(n20 log n) follows from Lemma 3.5.4.

3.5.3

A PTAS for the GMDS problem

We apply two-level shifting strategy (as in the previous subsection) to obtain a PTAS
for the GMDS problem by solving the GMDS problem optimally for the points inside a
region (say F) bounded by two pairs of monotone chains such that the distance between
left and right (resp. bottom and top) monotone chains is k (see Figure 3.7), where k
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is an integer given as input. In the first level, we partition R into horizontal strips of
width k using x monotone chains. In the second level, we further divide each horizontal
strip into regions of size k × k using y monotone chains. We solve each sub-problem

independently and get an optimum solution; this yields a (1 + k1 )2 -factor approximation
algorithm for the GMDS problem for the input P.
L1

L2

Figure 3.7: Demonstration of the PTAS.

3.5.3.1

Computing an optimum solution for P ∩ F

In order to solve the GMDS problem for the points in P ∩ F optimally, we further
decompose F into four quadrants using the monotone chains L1 and L2 as shown in
Figure 3.7. The number of unit disks in an optimum solution that pierce all the unit
disks which intersecting the chain L1 with centers left (resp. right) side of L1 is at most
d2 × 2 ×

2k
√
e,
3

which is less than 5k, and the number of disks in an optimum solution

that pierce all the unit disks which intersecting the chain L2 with centers bottom (resp.
top) side of L2 is at most d2 × 2 ×

2k
√
e,
3

which is less than 5k. That is, in any optimum

solution the set, say S(⊆ P ∩ F), of points which cover all the points that are of distance
at most 1 from the chains L1 and L2 is at most 10k. Note that |S| is independent of the
number of points in P ∩ F. We consider all possible combinations of points in S of size
at most 10k, and for every combination we do the following: consider the combination as
part of the solution and delete the points in the quadrants that are within unit distance
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from the chosen points. Compute an optimum solution for the rest of the points in the
quadrants separately using the same procedure (note that any unit disk centered in the
optimum solution of any quadrant does not intersect L1 and L2 , and hence we can solve
them independently). Next, we check whether the solutions obtained in the quadrants
together with the chosen combination covers the points in P ∩ F. We consider a best
possible solution once the process ends. If T (n, k) is the running time of the recursive
algorithm for the GMDS problem for P ∩ F, then we have the following recurrence

relation: T (n, k) = 4 × T (n, k2 ) × n10k . This leads to the following theorem.

Theorem 3.5.6. For a given set P of n points in R2 , the proposed algorithm produces

a solution in nO(k) time, whose size is at most (1 + k1 )2 × |OP T |, where k is a positive
integer depends on ε and OP T is an optimum solution.
Though the running time of the proposed PTAS is same as the running time of the
PTAS proposed by De et al. [34] in terms of O notation, but the constant involved in
O is smaller than [34].

3.6

Conclusion

In this thesis, we proposed a series of constant factor approximation algorithms for the
GMDS problem. We first presented a simple O(n log k) time 5-factor approximation
algorithm for this problem, where k is the size of the output. Next, we presented a
simple 4-factor and 3-factor approximation algorithms in O(n6 log n) and O(n11 log n)
time, respectively, which improved the time complexities of best known result by a factor
of O(n2 ) and O(n4 ), respectively [34]. We have also presented a

14
-factor
3

and

45
-factor
13

approximation algorithms in time O(n5 log n) and O(n10 log n), respectively. Finally,
we proposed a two-level shifting lemma and using this lemma we presented a 25 -factor
approximation algorithm and a PTAS for the GMDS problem.
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Chapter 4
Distributed Minimum Connected
Dominating Set Problem
In this chapter, we study distributed construction of a connected dominating set (CDS)
in a given unit disk graph (UDG). Unit disk graph is a mathematical model for a
homogeneous wireless ad-hoc network (WANET) [27]. That is, the network topology
of a WANET can be modeled as a UDG, G = (V, E), where each node represents a
wireless device and there is an edge between two nodes if and only if one node is in the
communication range of the other. In network terminology, two devices in a wireless adhoc networks communicate if they are in each others transmission range. As WANETs
do not have any physical backbone infrastructure, unlike in wired networks and thus,
a CDS can act as a virtual backbone in WANETs. Since the nodes in WANETs are
equipped with limited battery power, constructing a CDS of minimum size is vital for
longer operational lifetime. Accordingly, we define the minimum connected dominating
set (MCDS) problem formally as follows:
Given a connected UDG, G = (V, E), find a minimum cardinality set D ⊆ V
satisfying (i) D is a dominating set of G, and (ii) the induced subgraph of D is
connected.
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This chapter targets to design a distributed algorithm which constructs a CDS in
O(∆) time and has O(n) message complexity.

4.1

Network Model

We assume that all the nodes (i.e., devices) are deployed in a rectangular region in the
plane and they have an equal transmission range of one unit. We also assume (i) each
node has unique ID and an absolute location information in the plane, (ii) all the nodes
in the network are stationary, (iii) the communication between two nodes is achieved
through a single radio transmission if the nodes are close enough to receive each other’s
transmission, and (iv) a node knows the IDs and location information of its 1-hop neighbors and the corners of the rectangular region. The model of distributed computation
that we adopt is the standard fully synchronous model and we do not consider collisions
or other transmission failures in the network. The aforesaid assumptions in our network
model are feasible and are widely used in the literature [62].

4.2

Definitions and Preliminaries

Let P be a set of n points (nodes) in R2 . Let x(p) and y(p) denote the x and y coordinates
of the point p ∈ P. For any two points p and q in P we denote by d(p, q), the Euclidean
distance between p and q. Let G = (V, E) be the UDG corresponding to the given set
P, where V = P, and there is an edge between two points if the Euclidean distance
between them is less than or equal to 1 (see Figure 4.1(a) and Figure 4.1(b)). We use
points and nodes interchangeably in the context of UDG and WANETs, in the rest of
the chapter. Let R be the rectangular region containing the point set P. Consider a
partitioning of the rectangular region R into regular hexagons of side length

1
2

as shown

in Figure 4.1(c). We refer to each regular hexagon in the hexagonal tiling as a cell,
namely Hi , where i is its label. Since a node knows its coordinates, it can determine the
cell in which it lies.
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Observation 4.2.1. All nodes in a cell are within the communication (transmission)
range of any other node in that cell (see Figure 4.1(d)).

(a)

(b)

1
pi
1

√3/2

(c)

(d)

Figure 4.1: (a) A set of points (nodes) in the plane, (b) the UDG corresponding to the
points, (c) hexagonal partition of the rectangular region containing the points, and (d)
a unit disk centered at a point pi circumscribes the cell in which pi lies.
The proposed distributed algorithm to obtain a CDS is divided into two phases: (i)
construction of a dominating set (DS): one node is selected from every non-empty cell
Hi to cover the rest of the nodes in that cell. We refer to this node as the dominator of
that cell and is denoted by di , where di ∈ Hi . Therefore, the set of all such dominators
is a dominating set D of G, and (ii) connect the nodes obtained in (i) by a subset of
nodes in V \ D. In the rest of the chapter, we refer to the DS obtained in (i) as D,
and the connector nodes chosen in (ii) as C. The dominating set D, together with the
connector set C forms a CDS, say M. Therefore, M = D ∪ C and |M| = |D| + |C|.
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The following definitions, Lemma 4.2.11 and Lemma 4.2.12 play crucial role to find
the set C of connector nodes during the second phase.
Definition 4.2.2. A pair of dominators (di , dj ) such that di ∈ Hi and dj ∈ Hj is said
to be a pair of k-hop dominators if the number of edges on a shortest path between di
and dj in G is at most k.
Definition 4.2.3. A pair of 2-hop dominators (di , dj ) such that di ∈ Hi and dj ∈ Hj
is said to be a pair of 2-hop special dominators if the node connecting them, say u, is
either in Hi or Hj . The path di ∼ u ∼ dj is said to be a 2-hop special path (see Figure
4.2(a)).
Definition 4.2.4. A pair of 3-hop dominators (di , dj ) such that di ∈ Hi and dj ∈ Hj is
said to be a pair of 3-hop special dominators if there exist two nodes u and v such that
u ∈ Hi , v ∈ Hj , and u, v are adjacent. The path di ∼ u ∼ v ∼ dj is said to be a 3-hop
special path (see Figure 4.2(b)) and the nodes u and v are called connector nodes.

Hi00

Hi0
Hj
dj

Hi
di

u
(a)

Hj
dj

Hi
di
u

v
(b)

Hi
Hk00

Hj

Hk

Hk0
(c)

Figure 4.2: (a) di , dj are a pair of 2-hop special dominators and u is a connector node,
and (b) di , dj are a pair of 3-hop special dominators and u, v are connector nodes.
We use (1, 2, 3) - special dominators to represent 1-hop, 2-hop special, and
3-hop special dominators, and SD(di ) to represent the set of all (1, 2, 3) - special
dominators of the dominator di . In Figure 4.3, the set of all special dominators of di are
dj , dk , dl , dm , dn , do , and dp , hence, SD(di ) = {dj , dk , dl , dm , dn , do , dp }. Note that di and
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dq are 2-hop dominators but not 2-hop special dominators. Similarly, di and dr are not
3-hop special dominators as the node adjacent to dr does not lie in the cell where dr lies.
Definition 4.2.5. A special path between two nodes in SD(di ) is a path having the
connector nodes in the same cells as that of the dominators (see Figure 4.3).

dm
di

dl

do

dn

dj

dk

dp

dq
dr

Figure 4.3: Special paths between di and other dominators (except dr ) using connectors.
Definition 4.2.6. A triplet of hexagons Hi , Hj , and Hk in the partition are said to
be a linear successive cell triplet if the centers of the hexagons are collinear and Hj is
adjacent to Hi and Hk (see Figure 4.2 (c)). The cell Hj is referred as the middle cell of
the linear successive cell triplet. Hi and Hk are referred to as the end cells of the linear
successive cell triplet.
Definition 4.2.7. The distance between sets D0 , D00 ⊆ D is the minimum hop distance
between nodes di and dj , where di ∈ D0 and dj ∈ D00 .

Lemma 4.2.8. Any pair of non-empty complementary subsets of D are at most 3-hop
away from each other. In other words, the distance between any pair of non-empty
complementary subsets of D is at most 3.
v
u

w

di

dj

Figure 4.4: Demonstration of Lemma 4.2.8.
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Proof. Let D and D00 be two subset of D such that D0 ∩ D00 = ∅ and D0 ∪ D00 = D.

The objective is to show that D0 and D00 are at most 3-hop away. On contrary, assume
that D0 and D00 are at least 4-hop away. Let u, v, and w are the nodes connecting
the dominators di and dj , where di ∈ D0 and dj ∈ D00 (see Figure 4.4). Since v is a

non-dominator node, it must be dominated by a node in D, say dk . As D0 ∩ D00 = ∅ and
D0 ∪ D00 = D, dk must be either in D0 or D00 . If dk ∈ D0 , then dk and dj are 3-hop away
from each other via v and w. If dk ∈ D00 , then di and dk are 3-hop away from each other
via u and v. In either case we arrived at contradiction. Thus the lemma follows.

Lemma 4.2.9. For any dominator di ∈ D (|D| > 1), there exists at least 1 special
dominator of di in D, i.e., |SD(di )| ≥ 1.
Proof. Consider the dominator di in Hi and an edge e(u, v) ∈ G such that u is in Hi
and v is in Hj , i 6= j. Note that such an edge exists in the connected graph G for some
j, except for the trivial case where G is entirely within a single cell and |D| = 1. Let
dj be the dominator in Hj . We consider all possible cases as follows: (i) if u = di and
v = dj , then di , dj is a pair of 1-hop dominators, (ii) if u = di , v 6= dj or u 6= di , v = dj ,
then di , dj is a pair of 2-hop special dominators, and (iii) if u 6= di , v 6= dj , then di , dj is
a pair of 3-hop special dominators. In all the cases there is always a special dominator
of di . Thus the lemma follows.
Corollary 4.2.10. If (D0 , D00 ) is a pair of non-empty complementary subsets of D, then

there exists at least one pair of dominators (di , dj ) ∈ (D0 , D00 ) such that (di , dj ) form a
pair of (1, 2, 3) - special dominators, i.e., dj ∈ SD(di ) and also di ∈ SD(dj ).
Proof. Follows from Lemma 4.2.8 and Lemma 4.2.9.

Alzoubi et al. [4] first obtained a maximal independent set and considered pairs of
nodes that are at most 3-hop away in order to obtain the connector set C. The authors
showed that the number of nodes in the maximal independent set that are at most three
hops away from an arbitrary node in the maximal independent set is at most 47. In our
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algorithm, we consider only pairs of 2-hop special and 3-hop special dominators in D to
obtain C and get a bound of 18 on the total number of (1, 2, 3) - special dominators
from any dominator in D.
Lemma 4.2.11. |SD(di )| ≤ 18 for any di ∈ D, if |D| > 1.
7

17
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11

0
i
5

13

3

6
10

8

15

9
12

Figure 4.5: The cells within unit distance from Hi .

Proof. Consider a non-empty cell Hi . Let di be its dominator. The objective is to show
that the cardinality of the set of (1, 2, 3) - special dominators of di is at most 18. Recall
that (1, 2, 3) - special dominators of di are 1-hop, 2-hop special, and 3-hop special
dominators. Therefore, the (1, 2, 3) - special dominators of di are the dominators lying
in the cells that are within a unit distance apart from Hi and there are 18 such cells (see
Figure 4.5). Thus the lemma follows.
To connect di to all dominators in SD(di ), we might have to chose a path between
at most 18 dominator pairs (di , dj ), where dj ∈ SD(di ). However, using the Lemma
4.2.12, we improve the bound on the number of such dominator pairs that have to be
considered to establish connection between di to all nodes in SD(di ).
Lemma 4.2.12. Let di ∈ D. If there is a special path between a pair of nodes in SD(di )
that are in the end cells of a linear successive cell triplet, then the connector node(s) on
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the special path also connect(s) the dominator (if any) in the middle cell of the linear
successive cell triplet.
Proof. Consider a linear successive cell triplet consisting of cells Ha , Hb , and Hc , where
Hb is the middle cell and Ha and Hc are the end cells. Assuming Ha , Hb , and Hc are to
be non-empty, let da , db , and dc be their respective dominators. If there is a special path
between da and dc (i.e., dc ∈ SD(da )), then there can be at most two connector nodes on
the special path. Let u and v be the connector nodes on the special path, where u ∈ Ha ,
v ∈ Hc , and e(u, v) ∈ E. If there is only one connector node on the special path, then
either u = da or v = dc . We first prove that any node in Hb is adjacent to at least one
of the nodes u or v.
δ(p)

p
o

k
Ha

Hb

Hc
n

l
m

δ(m)

Figure 4.6: Demonstration of Lemma 4.2.12.

The shaded regions shown in Figure 4.6 in Ha (resp. Hc ) represents the region that
is within unit distance from Hc (resp. Ha ) i.e., the region where u (resp. v) lies. Let
k, l, m, n, o, and, p be the set of corners of the middle cell in the triplet. Also, let δ(u),
δ(v), δ(p), and δ(m) be the unit disks centered at u, v, p, and m, respectively. Observe
that u and v lie in the intersection region of the disks δ(p) and δ(m). This implies that,
p and m lie inside the disks δ(u) and δ(v), respectively. Hence, k and l lie in δ(u) and
o, n lie in δ(v) and the regular hexagon Hb entirely lies inside δ(u) ∪ δ(v). Hence, any
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node in Hb is adjacent to either u or v. From the above argument, db is adjacent to at
least one of u or v. Therefore, the connector nodes on the special path between da and
dc also connect db .
Corollary 4.2.13. Let di ∈ D. Special paths between at most 12 dominator pairs (di , dj )
such that dj ∈ SD(di ) is sufficient to ensure paths between di and each dominator in
SD(di ).
Proof. Let us consider a cell Hi and its surrounding 18 cells (see Figure 4.5). Let di
be the dominator in Hi . By Lemma 4.2.11, |SD(di )| ≤ 18. That is, there can be at
most 18 (di , dj ) (1, 2, 3) - special dominator pairs. In Lemma 4.2.12, we proved that
if we can connect di with the dominator in the farthest hexagon to Hi in the triplet
(where Hi is an end cell), then the connector node(s) also connect(s) the dominator in
the adjacent cell of Hi in the triplet. There are six triplets correspond to six sides of Hi .
Thus, the connectors on the special paths between di and the dominators in the farthest
hexagons to Hi in the triplets also connect the dominators in the six adjacent cells of
Hi . Therefore, the maximum number of dominator pairs (di , dj ) needed to connect all
18 dominators in SD(di ) is 6 + (18 − 6 × 2) = 12.

4.3

Local Variables

Each node v ∈ V has a unique ID, denoted by ID(v), and maintains several local
variables and arrays. Every node v maintains a local variable My Dominator which stores
the ID and geographic location of its dominator and is denoted by My Dominator(v).
For example, if v is dominator, then My Dominator(v) stores ID(v) and (x(v), y(v)). If
v is a non-dominator, then it stores ID(u) and (x(u), y(u)), where u is dominator lying
in the same cell as that of v. Every node numbers its surrounding 18 cells as shown in
Figure 4.5. Every non-dominator v maintains an array DC of size 18. Each entry in DC
is an ordered pair, say (d, c), where d is a dominator different from My Dominator(v)
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and c is a node which lies in the same cell as that of d and is adjacent to v. Also, the
index of (d, c) corresponds to the cell number in which d lies.
A dominator node v maintains two arrays DCN and DP. The array DCN stores
the information in My-Dominator and DC array corresponds to each of its neighbors.
Each entry in DCN consists of 3 parts: a neighbor, its dominator, and a pointer pointing
to the DC array of the node. Hence, |DCN | = O(deg(v)), where deg(v) represents the
number of nodes adjacent of v. Each entry in the array DP is an ordered triplet (di , c1 , c2 ),
where di is a dominator (different from v), c1 and c2 are the connector nodes to di such
that c1 lies in the same cell as that of v and c2 lies in the same cell as that of di and is
adjacent to c1 . In case v and di are 1-hop dominators, then c1 = di and c2 is null. In
case v and di are a pair of 2-hop special dominators, then c2 is null. Also, the index of
(di , c1 , c2 ) corresponds to the numbering of the cell in which di lies. Hence, |DP| = 18
(by Lemma 4.2.11).

4.4

Scheduling Scheme

In this section, a scheduling scheme to address the interference problem in WANETs is
discussed in detail. The proposed scheduling scheme ensures assignment of time slots to
the nodes in order to minimize the interference. As the transmission range of all nodes
is identical and equal to 1 unit, the unit disks centered at two nodes whose distance is
greater than 2 do not intersect. Therefore, the nodes at a distance greater than 2 units
can transmit in the same time slot without causing any interference.
The proposed scheduling scheme is based on the septa-hexagonal partition and its
4-coloring scheme. Consider a septa-hexagon which is assigned color A and its adjacent
septa-hexagons are assigned colors B, C and D such that opposite septa-hexagons are
assigned the same color. If a point lies on the common boundary of 2 or 3 septa-hexagons,
then it belongs to the septa-hexagon whose center has the lowest x coordinate (e.g., in
Figure 4.7, points p belongs to the septa-hexagon colored A).
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Figure 4.7: A 4-coloring scheme of the hexagonal grid.

Any two points belong to two different septa-hexagons of same color, respectively,
are at a distance greater than 2 units. Thus, they can transmit in the same time slot
without causing interference. Therefore, we consider division of a time slot into 4 major
sub-time slot divisions, assigned one for each color. Each septa-hexagon has 7 cells in
it and labeled as shown in Figure 4.7. The sub-time slot assigned to a septa-hexagon
is further divided into 7 chunks, one for each cell. The maximum number of nodes in a
single cell is ∆ (except the trivial case where G entirely lies within a single cell, causing
the maximum number of nodes in the cell ∆ + 1). We further divide the chunk assigned
to a cell into ∆ time slots. Thus, we obtain 4×7×∆ = O(∆) time slots. The assignment
of ∆ time slots in a cell is based on the increasing order of the node IDs, i.e., a node
with smallest ID is assigned an earlier time slot.
Note that, a node can determine the color and labeling of the cell based on its
location if the reference to the coloring scheme is known. Since a node has information
of its neighbors in its cell, it can determine its time slot to transmit. For example, a
node in a cell labeled C3 whose ID is the 4th lowest in that cell would be assigned the
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(7∆ + 7∆ + 2∆ + 4)th time slot of the 28∆ time slots. In the sum, the first time slot
7∆ is for the nodes in the septa-hexagon colored A, the second time slot 7∆ is for the
nodes in the septa-hexagon colored B, and the third time slot 2∆ corresponds to the
nodes lying in the cells labeled C1 and C2 of the septa-hexagon colored C.

4.5

Distributed Algorithm

The distributed construction of a CDS can be described in two phases. In the first phase,
a dominating set D is constructed by choosing the lowest ID node, as the dominator, from
each non-empty cell. Since each node has a unique ID, it can find the cell in which it lies
and its dominator based on geographic location. Each node then broadcasts a message
stating its dominator. The distributed algorithm for the first phase is given in Phase
1 in Subsection 4.5.1. In the second phase, special paths are considered between pairs
of 2-hop special and 3-hop special dominators. The intermediate nodes (i.e., connector
nodes) on these paths form the connector set C. The distributed algorithm for the second
phase is given in Phase 2 in Subsection 4.5.1. Since |SD(di )| ≤ 18 for any dominator
di ∈ D, the maximum number of distinct 2-hop special and 3-hop special dominator
pairs is at most 9|D| (as each dominator can have at most 18 special dominators, and
hence there can be up to 18 pairs correspond to a dominator di . However, if we consider
all the pairs, each pair is being repeated, i.e., (di , dj ) comes from SD(di ) and (dj , di )
comes from SD(dj ). So, totally there will be at most 9|D| distinct pairs. In our case the
pairs (di , dj ) and (dj , di ) are the same). Lemma 4.2.12 encourages us to find a subset
of these pairs of dominators whose connection would ensure connection of all pairs of
dominators (see Lemma 4.5.1). Let us call this subset as SDP and is a subset of the set
of 9|D| distinct dominator pairs. We also use DP (di ) to denote the set of pairs in SDP
such that the pair contains di as one of its nodes. By Lemma 4.5.2, the cardinality of
the set SDP is 6|D|. Every dominator node considers itself as d0 in H0 and numbers the
surrounding 18 cells as shown in Figure 4.5. Note that this numbering is done locally
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at each node and is such that (i) H1 to H6 are adjacent to H0 , (ii) for 1 ≤ i ≤ 6,
H0 , Hi and H18−i form a linear successive cell triplet, and (iii) for 1 ≤ i ≤ 6, Hi , H0
and H7−i form a linear successive cell triplet. Every dominator node di obtains the set
|D|
S
DP (d0 ) by considering itself as d0 . Then, we obtain SDP =
DP (dk ). We specify
i=1

two RULES in order to obtain the set DP (d0 ) and they are crucial in design of our
distributed algorithm.
RULE 1: for 7 ≤ i ≤ 18 (cells that are not adjacent to H0 ) if di ∈ SD(d0 ), then
(d0 , di ) ∈ DP (d0 ).
RULE 2: for 1 ≤ i ≤ 6 (cells that are adjacent to H0 ) if di ∈ SD(d0 ) and d18−i ∈
/
SD(d0 ), and (di , d7−i ) are not a 2-hop special or 3-hop special dominator pair, then
(d0 , di ) ∈ DP (d0 ).
The following lemma says, by obtaining paths between every pair of dominators in
SDP , a path between every 9|D| dominator pairs is ensured, where SDP is a subset of
the set of 9|D| distinct dominator pairs.
Lemma 4.5.1. If each pair of dominators in SDP is connected by a path, then a path
between every pair of special dominators is ensured.
Proof. On the contrary assume that there exists a pair d0 , di of 2-hop special or 3-hop
special dominators which does not have a path connecting each other and di ∈ SD(d0 ).
Now we consider the following possible two cases.
Case 1 : 7 ≤ i ≤ 18
In this case (d0 , di ) ∈ DP (d0 ) ⊆ SDP (see RULE 1), but there is a path between all
dominator pairs in SDP , which leads to a contradiction.
Case 2 : 1 ≤ i ≤ 6
In this case either (a) (d0 , di ) ∈
/ SDP or (b) d18−i ∈ SD(d0 ) or (c) (di , d7−i ) is a pair
of 2-hop special or 3-hop special dominators. For the sub-case (a) the cells H0 , Hi , and
H18−i form a linear successive cell triplet and from Lemma 4.2.12, a path between d0 and
d18−i connects di to both d0 and d18−i . For the sub-case (b) (d0 , d18−i ) ∈ DP (d0 ) (From
RULE 1) and hence there is a path between d0 and d18−i which connects d0 and di . In the
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sub-case (c), since (di , d7−i ) is a pair of 2-hop special or 3-hop special dominators, Hi , H0 ,
and H7−i form a linear successive cell triplet and from Lemma 4.2.12, a path between
di and d7−i connects d0 to both di and d7−i . From RULE 1, (di , d7−i ) ∈ DP (di ) ⊆ SDP
and hence there is a path between di and d7−i which connects d0 and di . Therefore, in
all the sub-cases we arrived at contradiction. Thus the lemma follows.
Lemma 4.5.2. Connection between at most 6|D| pairs of 2-hop special and 3-hop dominators ensures connection between every pair of 2-hop special and 3-hop special dominators.
Proof. From Corollary 4.2.13, |DP (di )| ≤ 12 for 1 ≤ i ≤ |D|. Therefore there are at
most 12|D| possible pairs of dominators. However, each pair is counted twice. Therefore
by Lemma 4.5.1, connection of at most

12|D|
2

= 6|D| pairs of 2-hop special and 3-hop

dominators ensures connection between every pair of 2-hop special and 3-hop special
dominators. Hence, |SDP | = 6|D|.
By Lemma 4.5.2, the dominating set D together with the connector nodes (intermediate nodes) on every path between the dominator pairs in SDP form a CDS.

4.5.1

Distributed implementation

Every node v first executes the algorithm given in Phase 1 to obtain a DS and then Phase
2 to introduce some connector nodes. In Phase 2, we give algorithms for a dominator
and non-dominator separately.
Phase 1:
Algorithm for finding a DS:
A node having the lowest ID from each non-empty hexagonal cell broadcasts a message
to its neighbors stating that its the dominator of the cell. Let D be the set of nodes
from each non-empty cell having the lowest ID. Therefore, D is a dominating set by
Observation 4.2.1.
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After a dominating set has been obtained, each node is either a dominator node or
a non-dominator node. Every node broadcasts its dominator information to all of its
neighbors via My-Dominator message. By the end of this phase, each node v ∈ V
knows whether it is a dominator node or a non-dominator node, and it also knows
dominators of its neighbors.
Phase 2:
Algorithm for a non-dominator:
Let v be a non-dominator node (i.e., v ∈
/ D) and its dominator be d0 . The dominator
d0 needs the information of up to 2-hop neighbors of v that are dominators (no other
information is required). Since the node v can be a connector node in the future and
it is at most 2-hop away from a dominator that belongs to a special dominator pair
in which the node v plays the role of connector (see Figure 4.8(a)). Therefore, the
node v requires information about its neighbor’s dominators. This information is got by
the My-Dominator messages sent by each neighbor of v. Every non-dominator node
obtains its DC array and broadcasts to its neighbors.
Algorithm for a dominator:
Let v be a dominator (i.e., v ∈ D). It needs the information of up to 3-hop neighbors of
v that are dominators. This information is got from its neighbors when they broadcast
their DC array. The node v (considered as d0 hereafter) needs to be connected to all of its
special dominators. Potential special dominators to v can be found in the surrounding 18
cells (see Figure 4.5). After receiving all My-Dominator messages from its neighbors,
the array DP is obtained. Hence a path is found for all special dominators to d0 that
are 1-hop or 2-hop away.
Now, the dominator d0 needs to establish paths from d0 to all special dominators that
are at most 3-hop away from d0 . For this, the dominator d0 requires information about
dominators of its 2-hop neighbors (see Figure 4.8(b)). This information is available in
the DC array of the non-dominators that are adjacent to d0 and in the DP array of
the dominators that are adjacent to d0 . In this phase each neighbor of d0 broadcasts a
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Figure 4.8: (a) The dominators (end nodes) which are at most 2-hop away from v, and
(b) the dominators (end nodes) which are at most 3-hop away from d0 .
message (DC array in case of non-dominator, the current DP array in case of dominator).
It stores the DC message information for each of the neighbor of d0 in the array DCN.
Upon receiving the DC messages from all of its neighbors, the required information is
got to establish paths between d0 and all the special dominators that are at most 3-hop
away from d0 . On receiving DC messages from its neighbors, d0 updates its DCN, DP
arrays and applies RULE 1 and RULE 2 to delete some entries in DP.
Note: During the application of RULE 2, for 1 ≤ i ≤ 7, the information such as whether
di and d7−i are a pair of 2-hop special or 3-hop special dominators or not should be known
to d0 . If di and d7−i are a pair of 2-hop special or 3-hop special dominators, then there
exists an edge say e(a, b) such that a ∈ Hi and b ∈ H7−i . By Lemma 4.2.12, d0 is
adjacent to either a or b. Without loss of generality, assume d0 is adjacent to a. Now,
(d7−i , b) ∈ DC(a). As d0 knows DC(a) and My-Dominator(a) from DC and MyDominator messages from a, it can find out whether di and d7−i are a pair of 2-hop
special or 3-hop special dominators or not. After receiving DC messages from all of its
neighbors, a dominator broadcasts its DP. A non-dominator is a connector node if it is
in the DP of any DP message it receives.

4.5.2

Proof of correctness

Theorem 4.5.3. The set M obtained in Subsection 4.5.1 is a CDS of G.
Proof. On contrary, assume that M obtained in Subsection 4.5.1 is not a CDS of G. Let
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M1 , M2 , . . . , Mk be the disjoint components of M, where k > 1. Now, for 1 ≤ i ≤ k,
consider the set of dominator nodes in Mi and call this set Di . A component cannot have
only connector nodes as they are connected to at least one dominator node. Therefore
k
S
Di 6= ∅ for all i. Sets D1 and
Di are a pair of non-empty complementary subsets of D
i=2

and from Lemma 4.2.10, there exists a pair of dominator nodes (di , dj ) such that (di , dj )
form a pair of (1, 2, 3) - special dominators. If they are 1-hop neighbors, then the number
of components in M is less than k, which leads to a contradiction. In the construction
of CDS every pair of 2-hop special and 3-hop special dominators are connected. Hence,
the number of components in M is less than k, arrived at a contradiction. Also, every
dominator is in (1, 2, 3) - special dominator of some other dominator (see Lemma 4.2.9).
Therefore, all dominators are connected in M. So M is a CDS of G.

4.5.3

Approximation factor

We obtain a bound on the size of the CDS M by observing some geometric properties
of unit disk graphs.
Lemma 4.5.4. A single unit disk centered at any point inside a cell cannot cover points
in more than 12 cells simultaneously [34].
Lemma 4.5.5. The intersection region of two unit radius disks centered at two adjacent
points covers some points in at least 4 cells.
Proof. Consider two adjacent points p and q and the unit radius disks δ(p) and δ(q)
centered at p and q, respectively. Let c and d be the intersection points of the disks δ(p)
and δ(q). Let a (resp. b) be the point of intersection of the boundary of δ(q) (resp. δ(p))
and the line segment joining p and q. Let the intersection point of the line segments
cd and ab be o. Consider a disk δ(o) centered at o with radius d(o, a) (see Figure 4.9).
Observe that d(o, a) ≥

1
2

and δ(o) lies inside the region δ(p) ∩ δ(q). Let S be the set of

corners of the regular hexagon(s) in the intersection region of δ(p) and δ(q).
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Figure 4.9: Demonstration of Lemma 4.5.5.

The following two cases may arise:
Case 1 (o ∈
/ S): Consider the cell o lies in and let us number it as 1 (the adjacent
cells numbered 2 to 7) and its corners as g, h, i, j, k, and l (see Figure 4.10). We divide
the cell numbered 1 into 6 equilateral triangles of side length

1
2

namely A, B, C, D, E,

and F (see Figure 4.10). The center o can lie in any one of the 6 sub-cells. Without
loss of generality assume that o lies in A and o 6= g, h, m. Note that, d(o, g) <

1
2

and

d(o, h) < 21 , and the side gh completely lies in δ(o). That is, the region A completely

lies in δ(o). Thus, δ(o) covers some points in the cells 1, 2, 3, and 4.

2
l
E

7
k

3

g

F A o h
1
B
4
m
i
D
C
5

6
j

Figure 4.10: Demonstration of Case 1.

If o lies at the center of the cell (call it m), then it covers some points in the cells
numbered 1 to 7. Thus, a disk of radius ≥

1
2

centered at o covers some points in at least

4 cells.
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Case 2 (o ∈ S): Suppose o lies at a corner of a hexagon inside the intersection of the
disks δ(p) and δ(q). Let r, s, t be the corners adjacent to that corner. As the side length
of a hexagon is 1/2, the corners r, s, t lie on or within the boundary of δ(o) (see Figure
4.11).

r

o
t

s

Figure 4.11: Demonstration of Case 2.

Note that at least one of r, s, t is completely inside δ(p)∩δ(q) as the radius of the disk
d(o) is greater than or equal to 12 . Without loss of generality, say r is completely inside
δ(p) ∩ δ(q), which implies the side or is completely inside δ(p) ∩ δ(q). Thus δ(p) ∩ δ(q)
is partitioned into at least 4 parts. Hence, δ(p) ∩ δ(q) covers some points in at least 4
cells. Thus the lemma follows.
Lemma 4.5.6. The size of the set D is at most 8opt + 4, where opt represents the size
of an MCDS of G.
Proof. Consider an MCDS of G of size opt and a depth-first-search traversal v1 , v2 , . . . , vopt
of any spanning tree of the MCDS. We partition D into D1 , D2 , . . . , Dopt , where D1 represents the set of dominators adjacent to v1 and for 2 ≤ i ≤ opt, Di represents the set of
remaining dominators that are adjacent to vi but none of v1 , v2 , . . . , vi−1 . Let δ(vi ) represent the unit disk centered at vi , 1 ≤ i ≤ opt. Observe that the dominators in Di lie in
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the region Zi = δ(vi ) \

i−1
S

δ(vj ). More than one Zk can cover some points in a single cell.

j=1

However the dominator of that cell belongs to only one of the regions. We can safely assume that the dominator is in Z` , where ` = min{k : Zk covers some points in the cell},
as such assumption doesn’t change the total sum of the number of dominators. By
Lemma 4.5.4, |D1 | ≤ 12. Consider a node vi , where 2 ≤ i ≤ opt, δ(vi ) can cover some
points from at most 12 cells as so is Zi . However, by Lemma 4.5.5, dominators of at least
i−1
S
4 of those 12 cells have already been considered by
δ(vj ) as vi is adjacent to at least
j=1

one of v1 , v2 , . . . , vi−1 . Thus Zi has at most 8 dominators in its region, i.e. |Di | ≤ 8 for
opt
opt
P
P
2 ≤ i ≤ opt. Therefore, |D| =
|Di | = |D1 |+ |Di | ≤ 12+8×(opt − 1) ≤ 8opt+4.
i=1

i=2

Theorem 4.5.7. The size of the CDS M generated by the algorithm in Subsection 4.5.1
is at most 104opt + 52, where opt is the size of an MCDS of G.
Proof. At most 2 × 6|D| = 12|D| connectors are needed to connect the dominator nodes
in D (by Lemma 4.2.8 and Lemma 4.5.2), i.e., |C| ≤ 2 × 6|D|. Thus, the total number
of nodes in the CDS M generated by the algorithm is at most |D| + 12|D|. Therefore,
|M| ≤ |D| + 12|D| = 13|D| ≤ 13 × (8opt + 4) ≤ 104opt + 52

4.5.4

Time and message complexities

Theorem 4.5.8. The time and message complexities of our algorithm is O(∆) and
O(n), respectively, where ∆ is the maximum node degree in G and n is the number of
nodes in G.
Proof. For every node executing the distributed algorithm, the first phase of the algorithm takes O(∆) as the number of nodes in a hexagonal cell is at most O(∆). Each
non-dominator takes O(∆) time to build its DC array after receiving My-Dominator
message from all of its neighbors. The dominator takes O(∆) time to build its DCN and
DP arrays upon receiving DC messages from all of its neighbors. Each node executes the
distributed algorithm in parallel. Thus, the time complexity of our algorithm is O(∆).
By explicitly dealing with interference in the proposed scheduling scheme, each node
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has to wait for at most O(∆) time slots to receive messages from all of its neighbors.
Therefore the time complexity of our distributed algorithm is O(∆).
Since each node sends a constant number of messages, the total number of messages
is O(n) and thus the message complexity of our algorithm is O(n).

4.6

Conclusion

We proposed a constant factor distributed approximation algorithm for the MCDS problem on a UDG corresponds to a given set P of n points in R2 . The running time of the
proposed algorithm is O(∆), where ∆ is the degree of the UDG. The proposed algorithm
outperforms the existing algorithms in the literature in terms of running time. Another
advantage of our algorithm is low message complexity (linear in n). We also proposed a
scheduling scheme that obtains O(∆) conflict-free time slots to deal with interference.
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Chapter 5
Geometric Minimum Liar’s
Dominating Set Problem
In this chapter, we study the geometric minimum liar’s dominating set problem, defined
as follows:
Geometric minimum liar’s dominating set (GMLDS) problem : Given a set P of n

points in R2 , find a subset D of P of minimum cardinality satisfying the following
two conditions: (i) for each point pi ∈ P there exist at least two points in D which
are at distance at most one from pi , and (ii) for every distinct pair of points pi
and pj in P, D contains at least three points from the closed neighborhood union
of pi and pj . We call a subset satisfying the above two conditions as geometric
liar’s dominating set (or simply a liar’s dominating set) of P.

5.1

Preliminaries

Let P = {p1 , p2 , . . . , pn } be a set of n points in the plane. Let d(pi , pj ) denotes the
Euclidean distance between pi and pj . For pi ∈ P, the closed neighborhood of pi is
denoted by N [pi ] and is defined as N [pi ] = {pj ∈ P | d(pi , pj ) ≤ 1}. We define
∆ = max{|N [pi ]| : pi ∈ P}. For any two points pi , pj in P, if pj ∈ N [pi ], then we say
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that pj is a neighbor of pi (some times we say that pj is covered by pi ) and vice versa.
Since for any liar’s dominating set P 0 , |(N [pi ] ∪ N [pj ]) ∩ P 0 | ≥ 3 for all pi , pj ∈ P, we
assume that |P| ≥ 3 and |N [pi ]| ≥ 2 for each pi ∈ P.

The objective of the GMLDS problem is to find a minimum size subset P 0 of P such

that: (i) |N [pi ] ∩ P 0 | ≥ 2 for each pi ∈ P, and (ii) |(N [pi ] ∪ N [pj ]) ∩ P 0 | ≥ 3 for every
distinct pi and pj in P. In other words, for a given set of unit disks having centers at

the points in P, the goal is to find a subset P 0 of these disks such that, (i) the unit disk

centered at each point of P is pierced by at least two disks in P 0 , and (ii) the unit disks
centered at any two points of P are pierced by at least three disks in P 0 .

Observe that the underlying graph of the point set P is a UDG. That is, the point
set P can be treated as a set of n centers of disks of unit radii in the plane and hence
a unit disk graph can be constructed. The vertex set in the graph represents P and an
edge e(pi , pj ) implies that the points pi and pj lie in the intersection region of the unit
disks centered at pi and pj respectively. Let the UDG constructed be G = (V, E), where
V = P and E = {e(pi , pj ) | d(pi , pj ) ≤ 1}. Now the problem of finding a minimum
liar’s dominating set of P is equivalent to finding a minimum liar’s dominating set in
the UDG G = (V, E).
We use dG (u, v) to denote the number of edges on a shortest path between u and v in
G. The r-th neighborhood of a vertex v ∈ V is defined as N r [v] = {u ∈ V | dG (u, v) ≤
r}. For A ⊆ V , LD(A) denotes a liar’s dominating set and LDopt (A) denotes an optimal
liar’s dominating set of A in G. For A, B ⊆ V , dG (A, B) denotes the distance between
A and B and is defined as dG (A, B) = min {dG (a, b)}. For a vertex v ∈ V , we define
a∈A,b∈B

NG [v] = {u ∈ V | (v, u) ∈ E} ∪ {v}, the closed neighborhood of v in G. Similarly, we
S
can define the closed neighborhood of a set A ⊆ V i.e., NG [A] =
NG [v].
v∈A

We first prove that the GMLDS problem is NP-hard for unit disk graphs. Unlike in
general graphs, the GMLDS problem admits constant factor approximation algorithms.
We present a simple
a

732
-factor
k

63
-factor
2

approximation algorithm in O(n log n) time, followed by

approximation algorithm in O(nk+1 ∆) time for 3 ≤ k ≤ 183. We then
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extend the idea of

732
-factor
k

approximation algorithm to get a

846
-factor
k

approximation

algorithm in O(nk+1 ∆) time for 3 ≤ k ≤ 282. Finally, we propose a PTAS for the same
problem.

5.2

Hardness of the GMLDS Problem

In this section, we show that the MLDS problem on UDGs is NP-complete by reducing
the vertex cover problem defined on planar graphs to it, which is known to be NPcomplete [48]. The decision versions of both the problems are defined below.
The MLDS problem on UDGs (Lds-Udg)
Instance: A unit disk graph G = (V, E) and a positive integer k.
Question: Does there exist a liar’s dominating set L in G such that |L| ≤ k?.
The vertex cover problem on planar graphs (Vc-Pla)
Instance: An undirected planar graph G with maximum degree 3 and an integer k > 0.
Question: Does there exist a vertex cover D of G such that |D| ≤ k?.
To prove the hardness of the problem we use the concept planar embedding of planar
graphs.
Lemma 5.2.1 ([95]). A planar graph G = (V, E) with maximum degree 4 can be embedded in the plane using O(|V |2 ) area in such a way that its vertices are at integer
coordinates and its edges are drawn so that they are made up of line segments of the
form x = i or y = j, for integers i and j.
This kind of embedding is known as orthogonal drawing of a graph. Biedl and Kant
[12] gave a linear time algorithm that produces an orthogonal drawing of a given graph
with the property that the number of bends along each edge is at most 2 (see Fig. 5.1).
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4
O
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(a)

4
(b)

Figure 5.1: (a) A planar graph G with maximum degree 3, and (b) an embedding of G
on a grid in the plane.
Corollary 5.2.2. A planar graph G = (V, E) with maximum degree 3 and |E| ≥ 2 can
be embedded in the plane such that its vertices are at integer coordinates (4i, 4j) and its
edges are drawn as a sequence of consecutive line segments on the lines x = 4i or y = 4j,
for integers i and j.
In summary, we can embed a planar graph G = (V, E) with maximum degree 3 and
|E| ≥ 2 on a grid in the plane, where each grid cell is of size 4 × 4, such that
1. Each vertex vi in V is correspond to a point pi in the plane.
2. The coordinate of each point pi (corresponding to a vertex in G) is (4i, 4j) for
some integers i and j (see Figure 5.1).
3. Each edge is represented as a sequence of consecutive line segments and is drawn
on the lines x = 4i and/or y = 4j for some integers i or j (these consecutive line
segments may turn at some positions of the form (4i0 , 4j 0 )). For example, see the
edges e(v2 , v5 ) and e(v1 , v4 ) in Figure 5.1. The former is drawn as a sequence of
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four line segments (one horizontal, two vertical, and one horizontal) and the letter
is drawn as a sequence of one horizontal and one vertical line segments in the
embedding.
4. No two set of consecutive line segments correspond to two distinct edges of G have
a common point unless the edges are incident to some vertex of G.
Lemma 5.2.3. Let G = (V, E) be an instance of Vc-Pla with |E| ≥ 2. An instance

G0 = (V 0 , E 0 ) of Lds-Udg can be constructed from G in polynomial-time.
Proof. We construct G0 in four phases.
Phase 1: Embedding of G into a grid of size 4 × 4

Embed the instance G in the plane as discussed previously using one of the algorithms
in [56, 59]. An edge in the embedding is a sequence of connected line segment(s) of
length four units each. If the total number of line segments used in the embedding is `,
then the sum of the lengths of the line segments is 4` as each line segment has length
4 units. We name the points in the embedding correspond to the vertices of G by node
points.
Phase 2: Adding extra points to the embedding
Divide the set of line segments in the embedding into two categories, namely, proper
and improper. We call a line segment proper if none of its end points corresponding to
a vertex in G. A line segment is improper if it is not a proper segment. For each edge
e(pi , pj ) of length 4 units we add two points at distances 1 and 1.5 units of pi and pj ,
respectively (thus adding four points in total, see the edge e(p4 , p6 ) in Figure 5.2(a)).
For each edge of length greater than 4 units, we also add points as follows: for each
improper line segment we add four points at distances 1, 1.5, 2.5, and 3.5 units from the
end point corresponding to a vertex in G, and for each proper line segment we add four
points at distances 0.5 and 1.5 units from its end points (see Figure 5.2(a)). We name
the points added in this phase joint points.
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p1

p2

p4

p6

p3

p5
4
O

4
(a)

(b)
Figure 5.2: (a) Construction of unit disk graph from the embedding, and (b) its corresponding unit disk graph. The node points are represented by •, the joint points are
represented by , and the support points are represented by ◦.
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Phase 3: Adding extra line segments and points
Add a line segment of length 1.4 units (on the lines x = 4i or y = 4j for some integers i
or j) for every point pi (as shown in Figure 5.2(a)) corresponds a vertex vi in G without
coinciding with the line segments that had already been drawn. Observe that adding
this line segment on the lines x = 4i or y = 4j is possible without losing the planarity as
the maximum degree of G is 3. Now, add three points (say xi , yi , and zi ) on these line
segments at distances 0.2, 1.2, and 1.4 units, respectively, from the end point corresponds
to a vertex in G. We name the points added in this phase support points.
Phase 4: Construction of UDG
For convenience, let us denote the set of node points, joint points, and support points
by N , J, and S, respectively. In Figure 5.2(a) these sets of points are represented as
a set of solid circles (•), solid squares (), and circles (◦), respectively. Let N = {pi |
vi ∈ V }, J = {q1 , q2 , . . . , q4` }, and S = {xi , yi , zi | vi ∈ V }. Now we construct a UDG

G0 = (V 0 , E 0 ), where V 0 = N ∪ J ∪ S and there is an edge between two points in V 0 if
and only if the Euclidean distance between the points is at most 1 (see Figure 5.2(b)).
Observe that, |N | = |V |(= n), |J| = 4`, where ` is the total number of line segments in

the embedding, and |S| = 3|V |(= 3n). Hence, |V 0 | = 4(n + `) and ` is bounded by a
polynomial of n. Therefore G0 can be constructed in polynomial-time.
Theorem 5.2.4. Lds-Udg is NP-complete.

Proof. For any given set L ⊆ V and a positive integer k, we can verify whether L is a
liar’s dominating set of size at most k or not in polynomial-time.
We prove the hardness of Lds-Udg by reducing Vc-Pla to it. Let G = (V, E) be
an instance of Vc-Pla. Construct an instance G0 = (V 0 , E 0 ) of Lds-Udg as discussed
in Lemma 5.2.3. We now prove the following claim: G has a vertex cover of size at most
k if and only if G0 has a liar’s dominating set of size at most k + 3` + 3n.
Necessity: Let D ⊆ V be a vertex cover of G such that |D| ≤ k. Let N 0 = {pi ∈ N |

vi ∈ D}, i.e., N 0 is the set of vertices in G0 corresponding to the vertices in D. From each

segment in the embedding we chose 3 vertices. The set of chosen vertices, say J 0 (⊆ J),
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Figure 5.3: (a) A vertex cover {v2 , v3 , v4 } in G, and (b) the construction of J 0 in G0 (the
tie between v2 and v3 , and v3 and v4 is broken by choosing v3 )
together with N 0 and S will form an LDS of desired cardinality in G0 . We now discuss
the process of obtaining the set J 0 . Initially J 0 = ∅. As D is a vertex cover, every edge
in G has at least one of its end vertices in D. Let e(vi , vj ) be an edge in G and vi ∈ D
(the tie can be broken arbitrarily in case vi and vj both are in D). Note that the edge
e(vi , vj ) is represented as a sequence of line segments in the embedding. Start traversing
the segments (of e(vi , vj )) from pi , where pi corresponds to vi , and add all the vertices
to J 0 except the first one from each segment encountered (see (p2 , p5 ) in Figure 5.3(b)).
Apply the above process to each edge in G. Observe that the cardinality of J 0 is 3` as
we have chosen 3 vertices from each segment in the embedding. Let L = N 0 ∪ J 0 ∪ S.

Now, we argue that L is a liar’s dominating set in G0 .

1. Each pi ∈ N is dominated by xi in S. If pi ∈ N 0 (i.e., the corresponding vertex
vi ∈ D in G), then |NG0 [pi ] ∩ L| ≥ |{pi , xi }| = 2. If pi ∈
/ N 0 , then there must exists

at least one vertex qj in J 0 dominating pi . The existence of qj is guaranteed by
the way we constructed J 0 . Hence, |NG0 [pi ] ∩ L| ≥ |{qj , xi }| = 2. In either case
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every vertex in N is dominated by at least two vertices in L. It is needless to say,
every vertex in J is dominated by at least two vertices in N 0 ∪ J 0 . Similarly, every
vertex in S is dominated by itself, by its neighbor(s) in S, and, perhaps, by one
vertex in N 0 . Therefore, every vertex in V 0 is double dominated by vertices in L.
2. Consider every pair of distinct vertices in V 0 . Of course, every pair of distinct
vertices in S satisfy the liar’s second condition. We prove that remaining pairs of
distinct vertices also satisfy the liar’s second condition by considering all possible
cases.
Case a. pi , pj ∈ N : If at least one of pi , pj belongs to N 0 (without loss of generality
say pi ∈ N 0 ), then |(NG0 [pi ] ∪ NG0 [pj ]) ∩ L| ≥ |{xi , xj , pi }| = 3. If none of pi , pj

belong to N 0 , then there must exists some qi , qj ∈ J 0 such that qi , qj dominate
pi , pj , respectively. Hence, |(NG0 [pi ] ∪ NG0 [pj ]) ∩ L| ≥ |{xi , xj , qi , qj }| = 4.
Case b. qi , qj ∈ J: If both qi , qj ∈ J 0 , then it is trivial that |(NG0 [qi ] ∪ NG0 [qj ]) ∩

L| ≥ 3. Suppose one of qi , qj belongs to J 0 (without loss of generality say
qi ∈ J 0 ). As every vertex in G0 is double dominated, qj must be dominated

by two vertices in J 0 or by either some qk in J 0 and some pl in N 0 . In either
case we get |(NG0 [qi ] ∪ NG0 [qj ]) ∩ L| ≥ 3. The similar argument works even if

none of qi , qj belong to J 0 .

Case c. pi ∈ N and qj ∈ J: If none of pi and qj belong to L, then the argument
is trivial as each one is dominated by at least two vertices in L. If both belong
to L, then |(NG0 [pi ] ∪ NG0 [qj ]) ∩ L| ≥ |{pi , xi , qj }| = 3. If pi ∈ L and qj ∈
/L
(the other case is similar), then |(NG0 [pi ] ∪ NG0 [qj ]) ∩ L| ≥ 3 holds as qj is
double dominated.
Likewise, we can argue for other pair combinations too. Therefore, every pair of
distinct vertices in V 0 is dominated by at least 3 vertices in L.
Thus, we conclude that L is an LDS in G0 and |L| = |N 0 | + |J 0 | + |S| ≤ k + 3` + 3n.
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Sufficiency: Let L ⊆ V 0 be an LDS of size at most k + 3` + 3n. We prove that G has
a vertex cover of size at most k with the aid of the following claims.
(i) S ⊂ L.
Proof. The proof directly follows from the definition of liar’s dominating set.
Observe that we added points xi , yi , zi such that pi is adjacent to xi , xi is adjacent
to yi and yi is adjacent to zi in G0 , i.e., {e(pi , xi ), e(xi , yi ), e(yi , zi )} ⊂ E 0 , for each
i. Hence, zi and yi must be in L due to the first condition of liar’s domination.
Also, every connected component of L in G must contain at least three vertices
due to the second condition of liar’s domination. Hence, xi ∈ L. Therefore, any

liar’s dominating set of G0 must contain {xi , yi , zi }, 1 ≤ i ≤ n, i.e., S ⊂ L.

(ii) Every segment in the embedding must contribute at least 3 vertices to L and hence
|J ∩ L| ≥ 3`, where ` is the total number of segments in the embedding.
Proof. The proof follows from the fact that only consecutive points are adjacent (in
G0 ) on any segment in the embedding. Let η be a segment in the embedding having
vertices qi , qi+1 , qi+2 , and qi+3 . On contrary, assume that η has only two of its
vertices in L. Note that both qi+1 and qi+2 can not be in L simultaneously. If both
are present in L, then they do not satisfy the second condition as qi and qi+3 are
not in L, i.e., |(NG0 [qi+1 ] ∪ NG0 [qi+2 ]) ∩ L| = |{qi+1 , qi+2 }| = 2; contradiction to L is
an LDS. Without loss of generality we assume that qi+2 ∈
/ L (the similar argument
works when qi+1 ∈
/ L.). If qi and qi+1 are in L, then |(NG0 [qi+1 ] ∪ NG0 [qi+2 ]) ∩ L| =
|{qi , qi+1 }| = 2. If qi and qi+3 are in L, then |(NG0 [qi+1 ] ∪ NG0 [qi+2 ]) ∩ L| =
|{qi , qi+3 }| = 2. If qi+1 and qi+3 are in L, then |(NG0 [qi+1 ] ∪ NG0 [qi+2 ]) ∩ L| =
|{qi+1 , qi+3 }| = 2. In either case we arrived at a contradiction.
(iii) If pi and pj correspond to end vertices of an edge e(vi , vj ) in G, and both pi , pj
are not in L, then there must be at least 3`0 + 1 vertices in L form the segment(s)
representing the edge e(vi , vj ), where `0 is the number of segments representing the
edge e(vi , vj ) in the embedding.
74

TH-1727_126123018

q1 q2 q3 q4

q1 q2 q3 q4
q5

pi

pi

q6

q5 q6 q7 q8
q9
q10

q7

q11

q8

q12

q9 q10 q11 q12 q13 q14 q15 q16

q13 q14 q15 q16 q17 q18 q19 q20

pj

(a)

pj

(b)

Figure 5.4: Illustration of Claim (iii). The vertices marked red must be in L.
Proof. The proof follows from Claim (ii). Let e(vi , vj ) be an edge in G such
that pi and pj are not in L. By Claim (ii) every segment must contribute at
least three vertices to L. Hence, the number of vertices in L from the segments
representing the edge e(vi , vj ) is at least 3`0 . We argue that if both pi and pj are
not in L, then the number of vertices in L from the segments representing the edge
e(vi , vj ) is at least 3`0 + 1. Suppose that there are exactly 3`0 vertices in L from
the segments. That is, no segment representing the edge e(vi , vj ) contains more
than three vertices in L. Let pi , q1 , q2 , . . . , q4`0 , pj be the vertices encountered while
traversing the segments from pi . If `0 = 1, the argument can be proven as in the
proof of Claim (ii). Assume `0 > 1.
Case a. `0 is even: Since pi and pj are not in L and due to the second condition of liar’s domination, the vertices q1 , q2 , q3 from the first segment and
q4`0 −2 , q4`0 −1 , q4`0 from the last segment must be in L. The vertices q4 and
q4`0 −3 can not be in L as we assumed that each segment contains exactly
three vertices in L. If we continue in the same manner for the rest of the
segments from both sides, we end up in not choosing the vertices q2`0 and
q2`0 +1 from the

`0
-th
2

0

and ( `2 + 1)-th segments, respectively. Note that q2`0 is
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the last vertex on

`0
-th
2

0

segment and q2`0 +1 is the first vertex on ( `2 + 1)-th

segment and (q2`0 , q2`0 +1 ) is an edge in G0 (see Fig. 5.4(a)). Also, note that
|(NG0 [q2`0 ] ∪ NG0 [q2`0 +1 ]) ∩ L| = |{q2`0 −1 , q2`0 +2 }| = 2. Implies, the vertices q2`0
and q2`0 +1 are not satisfying the second condition, which is a contradiction to
our assumption that L is an LDS of G0 .
Case b. `0 is odd: If we proceed as in Case a, we can observe that L must contain
0

all the four vertices on ( `2 + 1)-th segment, i.e., the middle segment, (see
Fig. 5.4(b)). Which is a contradiction to our assumption that no segment,
representing the edge e(vi , vj ), contains more than three vertices in L.
We shall show that, by removing and/or replacing some vertices in L, a set of k
vertices from N can be chosen such that the corresponding vertices in G is a vertex
cover. The vertices in S account for 3n vertices in L (due to Claim (i)). Update L by
removing the vertices in S, i.e., L = L \ S. Let D = {vi ∈ V | pi ∈ L ∩ N }. If any
edge e(vi , vj ) in G has none of its end vertices in D, then we do the following: consider
the sequence of segments representing the edge e(vi , vj ) in the embedding. Since, both
pi and pj are not in L, there must exist a segment having all its vertices in L (due to
Claim (iii)). Consider the segment having its four vertices in L. Delete any one of the
vertices on the segment and introduce pi (or pj ). Update D and repeat the process till
every edge has at least one of its end vertices in D. Note that D is a vertex cover in G
with cardinality at most k (due to Claim (ii)).
Therefore, Lds-Udg is NP-complete.

5.3
5.3.1

Approximation Algorithms
A

63
-factor
2

approximation algorithm

Let R be the rectangular region containing the point set P. The objective of this section
is to find a liar’s dominating set P 0 (⊆ P) such that |P 0 | ≤
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63
|OP T |,
2

where OP T is an

optimum solution. We partition the region R into regular hexagonal cells with side
length

1
2

(see Figure 3.1(a) in Chapter 3). The pseudo code to find a liar’s dominating

set for the points in P is given in Algorithm 5.1.
Algorithm 5.1 Liar’s dominating set (P)
Require: The set P = {p1 , p2 , . . . , pn } of n points.
Ensure: A liar’s dominating set P 0 of P
1: Let R be the minimum size axis parallel rectangle containing points in P
2: P 0 = ∅
3: Partition the region R into regular hexagonal cells of side length 21 .
4: for (each non-empty cell Hi in the partition) do
5:
ni ← the number of points in Hi
6:
if (ni ≥ 3) then
7:
Choose any three arbitrary points pi , pj , and pk from Hi .
8:
P 0 = P 0 ∪ {pi , pj , pk }.
9:
else
10:
if (ni = 2) then
11:
Let pi and pj are the points in Hi .
12:
P 0 = P 0 ∪ {pi , pj , pk }, where pk ∈ N [pi ] ∪ N [pj ] and is different from pi
and pj .
13:
else(ni = 1)
14:
Let pi be the point in Hi .
15:
P 0 = P 0 ∪ {pi , pj , pk }, where pj and pk are two neighbors of pi , if exists,
other wise, pj is a neighbor of pi and pk is a neighbor of pj (i 6= k).
16:
end if
17:
end if
18: end for
19: Return P 0 .
Lemma 5.3.1. P 0 returned by Algorithm 5.1 is a liar’s dominating set of P.
Proof. Let Hi be a non-empty cell in the hexagonal partition of R and pi ∈ Hi ∩ P.
If |Hi ∩ P| ≥ 2, then the algorithm chooses at least two points from Hi ∩ P as part
of P 0 (see line numbers 8 and 12 in Algorithm 5.1). Therefore, |N [pi ] ∩ P 0 | ≥ 2 by
Observation 3.3.1. Now, if |Hi ∩ P| = 1, then P 0 contains pi and one more point of P,

which is a neighbor of pi (see line number 15 in Algorithm 5.1). So, in this case also
|N [pi ] ∩ P 0 | ≥ 2. Therefore, |N [pi ] ∩ P 0 | ≥ 2 for any pi ∈ P.
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Now we prove that every pair of points pi and pj (pi 6= pj ) in P have at least three

points of P 0 in their closed neighborhood union.

Case 1. pi and pj belong to the same cell, say Hi .
1. Hi contains more than two points of P: P 0 contains three points from Hi (see
line number 8 in Algorithm 5.1). pi and pj may or may not be part of these
three points. In either case |(N [pi ] ∪ N [pj ]) ∩ P 0 | ≥ 3 holds by Observation
3.3.1.
2. Hi contains only two points of P: in this case both pi and pj must be in P 0

and one of its neighbors also must be in P 0 (see line number 12 in Algorithm
5.1). Hence, |(N [pi ] ∪ N [pj ]) ∩ P 0 | ≥ 3.

Case 2. pi and pj belong to distinct cells, say Hi and Hj , respectively.
1. |(Hi ∪ Hj ) ∩ P| ≥ 3 i.e., either |Hi ∩ P| ≥ 2 and |Hj ∩ P| ≥ 1, or |Hi ∩ P| ≥ 1

and |Hj ∩ P| ≥ 2 : P 0 contains at least 3 points from (Hi ∪ Hj ) ∩ P (see line
numbers 8, 12, and 15 in Algorithm 5.1). Therefore, |(N [pi ] ∪ N [pj ]) ∩ P 0 | ≥ 3
(by Observation 3.3.1).

2. |(Hi ∪ Hj ) ∩ P| = 2 i.e., |Hi ∩ P| = 1 and |Hj ∩ P| = 1 : in this case, the

algorithm chooses pi and pj as members of P 0 along with at least one neighbor

of pi (resp. pj ) (see line number 15 in Algorithm 5.1). Therefore, in this case
also |(N [pi ] ∪ N [pj ]) ∩ P 0 | ≥ 3.
Thus the lemma.
Theorem 5.3.2. Algorithm 5.1 produces a

63
-factor
2

approximation result for the GMLDS

problem in O(n log n) time.
Proof. Let OP T be an optimum solution for the point set P. Consider a non-empty cell
Hi in the hexagonal partition. The points in Hi can be covered by the points in Hi and
also by the points in at most 18 surrounding cells (see Figure 5.5). Let pi ∈ Hi . Observe
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that the number of points in OP T dominating (covering) the point pi is at least 2 (due
to first condition of liar’s domination). Hence, the points in OP T dominating the point
pi , say pj and pk , should be from Hi and/or from its 18 surrounding cells (shown as solid
cells in Figure 5.5), and these 18 cells are the cells that are at most unit distance away
from Hi .

7

8

18 p
j
17

1

9

2

10

pi H
i

6

5

16

15

4

14

11

3
pk
12

13

Figure 5.5: Cells within unit distance (solid cells) from Hi .

The point pj (resp. pk ) can cover points in at most 12 cells including Hi (by Observation 4.5.4). Hence, the points covered by pj (resp. pk ) must lie within the unit radius
disk centered at pj (resp. pk ). However they might have some common cell covered. The
points pk and pj cover more cells when they have less number of common cells covered.
This scenario happens when pj and pk are the end points of the diameter of the unit
radius disk centered at pi . In this case they can have at most three common cells, and
cover points in 21 distinct cells. Algorithm 5.1 chooses at most 3 points for each cell.
Therefore, the approximation factor is

21×3
2

=

63
.
2

For a point pi ∈ P, computing its cell number can be done in constant time as we
know the coordinates of the points. We can store the non-empty grid cells in a data
structure such as balanced binary tree. For a point pi ∈ P, we compute its cell number
and check for the presence of the cell in the data structure. If the cell is not present, we
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insert the cell in the data structure. Hence, we have in hand that how many and which
points of P are in a cell. After processing the points we just need go through the data
structure to report the required points. For one point we spend O(log n) time, hence for
n points it takes O(n log n) time. Thus the running time for Algorithm 5.1 follows.

5.3.2

Improving the approximation factor

A 37-hexagon is a combination of 37 adjacent regular hexagonal cells such that one cell
is surrounded by 36 other cells (see Figure 5.6(a)). Let us consider the partition of the
rectangular region R into 37-hexagons such that no point of P lies on the boundary
of any 37-hexagon in the partition, and a 4 coloring scheme of it (see Figure 5.6(b)).
Consider a 37-hexagon colored with A. Its adjacent six 37-hexagons are colored B, C,
and D, such that opposite pair of 37-hexagons receive the same color.

(a)

(b)

Figure 5.6: (a) A single 37-hexagon, and (b) a four coloring scheme of the hexagonal
grid.
Lemma 5.3.3. The minimum distance between any two same colored 37-hexagons is
greater than or equal to 5.
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Consider a 37-hexagon H. H can be viewed as a 19-hexagon, say H 0 , surrounded
by 18 cells. Let us consider the convex hull overlay, say CH, of the set of corners of
H 0 (shown as loop in Figure 5.6(b)). Observe that the maximum distance between any
two points in the convex hull overlay CH is at most

√
5 3
(>
2

4). Let S = CH ∩ P,

S 0 = {p ∈ P | δ(p, q) ≤ 1 f or q ∈ S}, and S 00 = {p ∈ P | δ(p, q) ≤ 1 f or q ∈ S 0 },

where δ(p, q) denotes the Euclidean distance between p and q. We first propose an
approximation algorithm to find a liar’s dominating set SH ⊆ S 00 for S 0 . Next, we use
the above approximation result to design an approximation algorithm to find out a liar’s
dominating set for P. Let OP TSH0 denotes an optimal liar’s dominating set of S 0 .
Lemma 5.3.4. |OP TSH0 | ≤ 183.
Proof. The points in S 0 \ S lie in at most 24 cells around H by definition of S 0 (i.e., one
layer around H). Hence, the points in S 0 can span over 61 cells. If we choose at most
three points for each cell, we get a liar’s dominating set. Thus, the cardinality of OP TSH0
cannot be more than 183.
Lemma 5.3.5. If H1 and H2 are two same colored 37-hexagons, then OP TSH0 and
1

OP TSH0 are independent, i.e., OP TSH0 ∩ OP TSH0 = ∅.
2

2

1

Proof. The proof follows from Lemma 5.3.3.
The detailed pseudo code to find a liar’s dominating set for the points lying in a given
37-hexagon H is given in Algorithm 5.2. For a given k (3 ≤ k ≤ 183), we choose all

possible t = 1, 2, . . . , k − 1 combinations of points in S 00 to find a 2-tuple dominating set
of S 0 . For each combination, we check the combination of points is a 2-tuple dominating
set or not (Line number 5). While considering the subsets, if there exists a subset SH
that is a 2-tuple dominating set, then for every distinct pair of points pi and pj in S 0 ,
we check whether |(N [pi ] ∪ N [pj ]) ∩ SH | ≥ 3 or not (Line number 7). A subset SH

satisfying the above condition is reported and is a liar’s dominating set for S 0 . In the
algorithm Boolean variable f lag is used to ensure that the set returned by the algorithm
is a feasible solution.
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Lemma 5.3.6. For a given 37-hexagon H, Algorithm 5.2 produces a solution SH for
the set S 0 from S 00 with size is at most

183
k

× |OP TH |, where 3 ≤ k ≤ 183 and OP TH is

an optimum solution for the points lying in H.
Proof. If the algorithm cannot produce a solution of size k − 1 for given k (3 ≤ k ≤ 183),
then |OP TH | ≥ k. Observe that, our algorithm may produce a solution SH whose size
is 183, in the worst. Hence

|SH |
|OP TH |

≤

183
.
k

Algorithm 5.2 Liar’s dominating set (H, k)
Require: Point set P, a 37-hexagon H and an integer 3 ≤ k ≤ 183.
Ensure: A liar’s dominating set of size ≤ k − 1 for the set S 0 from S 00 (if exists),
otherwise a set SH (⊆ S 00 ) of size at most 183.
1: Obtain sets S, S 0 , and S 00 .
2: f lag = 0.
3: for (t = 1, 2, . . . , k − 1) do
4:
for (each combination SH of t points in S 00 ) do
5:
if (|SH ∩ N [pi ]| ≥ 2 ∀pi ∈ S 0 ) then
6:
for (every distinct pair of points pi and pj in S 0 ) do
7:
if (|(N [pi ] ∪ N [pj ]) ∩ SH | ≥ 3) then
8:
f lag = 1.
9:
else
10:
f lag = 0.
11:
break/*break the for loop in line number 6 */
12:
end if
13:
end for
14:
end if
15:
if (f lag = 1) then
16:
Return SH .
17:
break/*break the for loop in line number 3 */
18:
end if
19:
end for
20: end for
21: SH ← ∅
22: if (f lag = 0) then
23:
Consider any three points from each non-empty cell corresponding to S 0 and add
it to SH (if a non-empty cell contains less than three points we choose the remaining
points from its neighbors as in Algorithm 5.1).
24: end if
25: Return SH .
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Lemma 5.3.7. Algorithm 5.2 runs in O(nk+1 ∆) time, where ∆ = max{|N [p]| : p ∈ P}
and 3 ≤ k ≤ 183.
Proof. Algorithm 5.2 chooses all possible k − 1 combinations for a given k. If any
of these combinations satisfies liar’s domination conditions, Algorithm 5.2 reports the
combination of points. If it is not possible to find a solution of size k − 1, the algorithm
chooses at most three points for each non-empty cell (like in Algorithm 5.1). Steps 4-19
in Algorithm 5.2 can be done in O(nt−1 )(O(∆) + O(n2 ∆)) = O(nt+1 ∆). Hence, steps
k−1
P
3-20 take
O(nt+1 )∆ time. Steps 1 and 22 can be done in O(n log n) time. Therefore
t=1

the total running time of Algorithm 5.2 is O(nk+1 ∆). Thus the running time result
follows.
We consider each 37-hexagon and compute a feasible solution (using Algorithm 5.2)
for the points lying in it. Two same colored 37-hexagons can be solved independently as
the minimum distance between them is greater than 4. Let Sj be the union of solutions
generated by the algorithm for the 37-hexagons colored j, for j ∈ {A, B, C, D}. The set
S
S=
Sj is reported.
j∈{A,B,C,D}

Theorem 5.3.8. S is a liar’s dominating set of P
Proof. In Algorithm 5.2, for a 37-hexagon H, we find a liar’s dominating set SH for S 0
from S 00 (refer the definitions of S 0 and S 00 defined previously in this section). Now,
S
S=
SH . Thus, the theorem follows.
H∈{all 37-hexagons in R}

Theorem 5.3.9. The 4-coloring scheme gives a

732
-factor
k

approximation algorithm for

the geometric liar’s domination problem in the plane and runs in O(nk+1 ∆) time, where
3 ≤ k ≤ 183.
Proof. By Lemma 5.3.3, any two same colored 37-hexagons are greater than five units
apart. Therefore, we can solve them independently. Let OP Tj be the union of solutions
in optimal solution for the 37-hexagons colored j, for j ∈ {A, B, C, D}. Also, let OP T
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be an optimum solution for the point set P, hence, |OP Tj | ≤ |OP T | for each j ∈
{A, B, C, D} and OP T = OP TA ∪ OP TB ∪ OP TC ∪ OP TD . Observe that, OP Tj is the

optimum for color class j, where we dominate the sets S 0 with respect to the group of
37-hexagons of color j using the points from S 00 and not just S 0 . The 4-coloring scheme
reports the set S, which is the union of the solutions for all 37-hexagons. Therefore,
|S| ≤

183
(|OP TA |
k

+ |OP TB | + |OP TC | + |OP TD |). Implies, |S| ≤

732
k

× |OP T | as

|OP Ti | ≤ |OP T | for each i ∈ {A, B, C, D}.
The running time result follows from Lemma 5.3.7 and the fact that a point in P
participates a finite number of times in the algorithm. Hence the theorem.

5.3.3

Further improvement of the approximation factor

The best approximation factor that can be achieved using the algorithm proposed in
Subsection 5.3.2 is 4 for k = 183. We can extend the idea used for 37-hexagonal partition
further to get best approximation factor 3. A 66-hexagon is a combination of 66 cells
arranged in six rows and each row contains 11 cells (see Figure 5.7(a)). We partition the
rectangular region R containing the points in P into 66-hexagons such that no point of
P lies on the boundary and consider a 3-coloring scheme of it (see Figure 5.7(b)).

(a)

(b)

Figure 5.7: (a) A single 66-hexagon, and (b) a three coloring scheme of the hexagonal
grid.
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By using the technique in Subsection 5.3.2, we can get

282
-factor
k

approximation

algorithm for the points lying in a 66-hexagon, where 3 ≤ k ≤ 282, and we have the
following theorem.
Theorem 5.3.10. The 3-coloring scheme gives a

846
-factor
k

approximation algorithm for

the geometric liar’s domination problem in the plane and the algorithm runs in O(nk+1 ∆)
time, where 3 ≤ k ≤ 282.

5.4

A PTAS for the GMLDS problem

For a given UDG, G = (V, E), and a parameter ε > 0, we propose an algorithm which
produces a liar’s dominating set of cardinality no more than (1 + ε) times the size of a
minimum liar’s dominating set in G.
The proposed PTAS is based on the concept of m-separated collection of subsets of
V (m ≥ 4). A collection S = {S1 , S2 , . . . , Sk } such that Si ⊆ V for i = 1, 2, . . . , k, is
said to be an m-separated collection, if dG (Si , Sj ) > m, for 1 ≤ i, j ≤ k (see Figure 5.8
for a 4-separated collection). Nieberg and Hurink [77] considered 2-separated collection
to propose a PTAS for the minimum dominating set problem on unit disk graphs.
Lemma 5.4.1. Let S = {S1 , S2 , . . . , Sk } be an m-separated collection. If |Si | ≥ 3 for
k
P
1 ≤ i ≤ k, and m ≥ 4, then
|LDopt (Si )| ≤ |LDopt (V )|.
i=1

Proof. Recall that for a set A ⊆ V , NG [A] =

S
v∈A

NG [v]. For i 6= j, 1 ≤ i, j ≤ k,

NG [Si ] ∩ NG [Sj ] = ∅ and also LDopt (Si ) ∩ LDopt (Sj ) = ∅ as Si and Sj are m-separated

(m ≥ 4) i.e., dG (Si , Sj ) > 4. Let Si0 = {u ∈ V | v ∈ Si and dG (u, v) ≤ 2} for i =
1, 2, . . . , k. Observe that Si ⊆ Si0 and Si0 ∩ LDopt (V ) is a liar’s dominating set of Si for

i = 1, 2, . . . , k. Since dG (Si , Sj ) > 4 for i 6= j, 1 ≤ i, j ≤ k, Si0 ∩ Sj0 = ∅. Therefore,
k
S
(Si0 ∩ LDopt (V )) ∩ (Sj0 ∩ LDopt (V )) = ∅ and
(s0i ∩ LDopt (V )) ⊆ LDopt (V ). Also,
i=1

LDopt (Si ) ⊆ Si0 ∩ LDopt (V ) for i = 1, 2, . . . , k, Si0 ∩ LDopt (V ) is a liar’s dominating set of
k
S
Si , and LDopt (Si ) is a minimum size liar’s dominating set of Si . Thus,
LDopt (Si ) ⊆

(Si0 ∩ LDopt (V )) ⊆ LDopt (V ). Hence, the result of the lemma follows.
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i=1

S3

S1
S4

S2

Figure 5.8: An example of a 4-separated collection S = {S1 , S2 , S3 , S4 }.
Lemma 5.4.2. Let S = {S1 , S2 , . . . , Sk } be an m-separated collection (m ≥ 4) in G =
(V, E), and N1 , N2 , . . . , Nk be the subsets of V with Si ⊆ Ni for all i = 1, 2, . . . , k. If
there exists a ρ ≥ 1 such that |LDopt (Ni )| ≤ ρ|LDopt (Si )| holds for all i = 1, 2, . . . , k,
k
k
S
P
and if
LDopt (Ni ) forms a liar’s dominating set in G, then the value of
|LDopt (Ni )|
i=1

i=1

is at most ρ times the size of a minimum liar’s dominating set in G.
Proof. |

k
S

LDopt (Ni )| =

i=1

k
P
i=1

|LDopt (Ni )| ≤ ρ

k
P
i=1

|LDopt (Si )| ≤ ρ|LDopt (V )|. The latter

inequality follows from Lemma 5.4.1.
In the proposed PTAS we have chosen the concept of 4-separated collection, to make
LDopt (Ni ) ∩ LDopt (Nj ) = ∅, for i 6= j.

5.4.1

Algorithm

In this section, we discuss the construction of a 4-separated collection S = {S1 , S2 , . . . , Sk }
and subsets N1 , N2 , . . . , Nk of V such that Si ⊆ Ni for all i = 1, 2, . . . , k. The al86
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gorithm proceeds in an iterative manner. Initially V1 = V . In i-th iteration the
algorithm computes Si and Ni . For a given ε > 0, i-th iteration of the algorithm
starts with an arbitrary vertex v ∈ Vi and increase the value of r(= 1, 2, . . .) as long as
|LD(N r+4 [v])| > ρ|LD(N r [v])| holds. Here, LD(N r+4 [v]) and LD(N r [v]) are liar’s dom-

inating sets of N r+4 [v] and N r [v], respectively, and ρ = 1 + ε. The smallest r violating
the above condition, say r̂, is obtained. Set Si = N r̂ [v] and Ui = N r̂+4 [v]. Now removal
of Ui from Vi may lead to the following two cases: (i) there might be some isolated
vertex/vertices in Vi \ Ui , and/or (ii) connected component(s) of size two in Vi \ Ui . In

case (i), for each isolated vertex u find x, y ∈ Ui such that {u, x, y} forms a connected
component and update Ui as follows: Ui = Ui \ {x, y}. In case (ii), for each such pair of
vertices u, w find x ∈ Ui such that {u, w, x} forms a connected component and update
Ui as follows: Ui = Ui \ {x}. Set Ni = Ui and Vi+1 = Vi \ Ni . The process stops if
Vi+1 = ∅ and returns the sets Si and Ni . The collection of the sets Si is a 4-separated
collection. The pseudo code is given in Algorithm 5.3.
Liar’s dominating set of the r-th neighborhood of a vertex v, LD(N r [v]), can be
computed with respect to G as follows. We successively find maximal independent set
I1 , I2 and I3 such that I1 ∩ I2 ∩ I3 = ∅. Now I1 ∪ I2 ∪ I3 is a liar’s dominating set for

N r [v] \ I1 as every vertex not in I1 is either belongs to I2 ∪ I3 or adjacent to at least one
vertex in each I1 , I2 and I3 . To ensure the liar’s domination conditions for the vertices
in I1 , for each vertex u in I1 we add two arbitrary vertices from the neighborhood of u,
if exist. If u has only one neighbor, say u0 , then we add u0 and one of its neighbor in the
solution. The pseudo code is given in Algorithm 5.4.
In summary, Algorithm 5.4 deals with obtaining a liar’s dominating set in r-th
neighborhood of a vertex. Algorithm 5.3 deals with obtaining a 4-separated collection
S = {S1 , S2 , . . . , Sk } and collection N = {N1 , N2 , . . . , Nk } in G such that Si ⊆ Ni ⊆ V
and using Algorithm 5.4 as a sub-routine it computes a liar’s dominating set for G.
Lemma 5.4.3. LD(N r [v]) returned by Algorithm 5.4 is a liar’s dominating set of N r [v].
Proof. Let u ∈ V be any vertex in G.
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Algorithm 5.3 Liar’s dominating set (V )
Require: An undirected graph G = (V, E) with |V | ≥ 3 and an arbitrary small real
number ε > 0
Ensure: A liar’s dominating set D of V
1: i = 0 and Vi+1 = V
2: D = ∅
3: ρ = 1 + ε
4: while (Vi+1 6= ∅) do
5:
pick an arbitrary v ∈ Vi+1
6:
N 0 [v] = v
7:
r=1
8:
while |(LD(N r+4 [v])| > ρ|LD(N r [v])| do
. call Algorithm 5.4
9:
r =r+1
10:
end while
11:
r̂ = r
. the smallest r violating while condition in step 8
12:
i=i+1
. the index i keeps track of the number of iterations
r̂
13:
Si = N [v]
14:
Ui = N r̂+4 [v]
15:
if (Vi+1 \ N r̂+4 [v] contains isolated components of size 1 and/or 2) then
16:
for (each component, {u}, of size 1) do
17:
find x, y ∈ Ui4 such that {u, x, y} is a connected component
18:
Ui4 = Ui4 \ {x, y}
19:
end for
20:
for (each component, {u, w}, of size 2) do
21:
find x ∈ Ui4 such that {u, w, x} is a connected component
22:
Ui4 = Ui4 \ {x}
23:
end for
24:
end if
25:
Ni = Ui4
26:
D = D ∪ LD(Ni )
. call Algorithm 5.4
27:
Vi+1 = Vi \ Ni
28: end while
29: return D
We prove the first condition of liar’s domination in the following two cases.
Case 1. u ∈ N r [v] \ (I1 ∪ I2 ∪ I3 )
Observe that I1 ∩ I2 ∩ I3 = ∅. The vertex u is dominated by at least three vertices
as in each round u is dominated by at least one vertex (see for loop in line number
4 in Algorithm 5.4). Thus, |NG [u] ∩ LD(N r [v])| ≥ 3, satisfies the first condition.
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Algorithm 5.4 Liar’s dominating set(N r [v])
Require: The r-th neighborhood of a vertex v i.e., N r [v]
Ensure: A liar’s dominating set LD(N r [v]) of N r [v]
1: j = 0 and Ij = ∅
2: LD(N r [v]) = ∅
3: N = N r [v]
4: for (j = 1 to 3) do
5:
if (N 6= ∅) then
6:
Ij = M IS(N \ Ij−1 )
7:
LD(N r [v]) = LD(N r [v]) ∪ Ij
8:
N = N \ Ij
9:
end if
10: end for
11: for every u ∈ I1 do
12:
if |NG [u]| > 2 then
13:
add two arbitrary vertices from NG [u] to LD(N r [v])
14:
else
15:
add w and its neighbor to LD(N r [v])
. w is the neighbor of u
16:
end if
17: end for
18: return LD(N r [v])
Case 2. u ∈ I1 ∪ I2 ∪ I3
We consider the following two sub cases.
a. u ∈ I2 ∪ I3
In this case |NG [u] ∩ LD(N r [v])| ≥ 2 holds as every vertex in I2 ∪ I3 has at
least one neighbor in I1 .
b. u ∈ I1
For every vertex u in I1 , LD(N r [v]) contains a neighbor of u or u’s neighbor’s
neighbor (see line number 11 in Algorithm 5.4). Hence, |NG [u]∩LD(N r [v])| ≥
2 holds.
Now we prove the second condition of liar’s domination. Let u and w are any
two vertices in N r [v]. We prove the inequality |(NG [u] ∪ NG [w]) ∩ LD(N r [v])| ≥ 3 by
considering the following cases.
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Case 1. u, w ∈ N r [v] \ (I1 ∪ I2 ∪ I3 )
Observe that both u and w have a neighbor in each I1 , I2 and I3 . Hence |(NG [u] ∪
NG [w]) ∩ LD(N r [v])| ≥ 3.

Case 2. u ∈ N r [v] \ (I1 ∪ I2 ∪ I3 ) and w ∈ I1 ∪ I2 ∪ I3 (proof of the other case is similar)
In this case the inequality |(NG [u] ∪ NG [w]) ∩ LD(N r [v])| ≥ 3 is true as |NG [u] ∩
LD(N r [v])| ≥ 3 and |NG [w] ∩ LD(N r [v])| ≥ 2.

Case 3. u, w ∈ I1 ∪ I2 ∪ I3
The inequality |(NG [u] ∪ NG [w]) ∩ LD(N r [v])| ≥ 3 holds in this case as u, w ∈

LD(N r [v]) and each have a neighbor (different from w, u, respectively) in LD(N r [v]).

Thus the lemma follows.
Lemma 5.4.4. |LD(N r [v])| ≤ O(r2 ).
Proof. Algorithm 5.4 computes LD(N r [v]) by first computing maximal independent sets
I1 , I2 , and I3 subsequently. After computing I1 , I2 and I3 , the algorithm adds two vertices
for each vertex in I1 to ensure LD(N r [v]) is a feasible solution. Without loss of generality
we assume that |I1 | ≥ |I2 |, |I3 |. Hence, |LD(N r [v])| = 3|I1 | + |I2 | + |I3 | ≤ 5 × |I1 | ≤
5×

π(r+1)2
π(1)2

= O(r2 ). The last inequality follows from the standard area argument, the

number of non-intersecting disks of unit radius can be packed in the larger disk of radius
r + 1 centered at v.
Lemma 5.4.5. In each iteration of Algorithm 5.3, there exists an r violating the condition |(LD(N r+4 [v])| > ρ|LD(N r [v])|, where ρ = 1 + ε
Proof. We prove the lemma by contradiction. Suppose there exists ε > 0 and v ∈ V such
that |(LD(N r+4 [v])| > ρ|LD(N r [v])| for r = 1, 2, . . .. Observe that |LD(N 2 [v])| ≥ 3 as
there exists at least three vertices in G.
If r is even, we get
r

r

(r + 5)2 ≥ |(LD(N r+4 [v])| > ρ|LD(N r [v])| > · · · > ρ 2 |LD(N 2 [v])| ≥ 3ρ 2 .
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If r is odd, we have
(r + 5)2 ≥ |(LD(N r+4 [v])| > ρ|LD(N r [v])| > · · · > ρ

r−1
2

|LD(N 3 [v])| ≥ 3ρ

r−1
2

.

In both the cases the first inequality follows from Lemma 5.4.4. Hence,

(r + 5) >



(√ρ)r ,

if r is even


(√ρ)r−1 , if r is odd

(5.1)

Note that in the inequality (5.1), the right hand part is a function having exponential
in r and the left hand part is a polynomial in r. For sufficiently large r both the
inequalities cannot be true in either case. Hence we arrived at contradiction. Thus
there exist an r violating the condition.
Lemma 5.4.6. The smallest r violating the inequality (5.1) is a constant and is bounded
by O( 1ε log 1ε ).
Proof. Lemma 5.4.5 suggests that the smallest r violating the condition cannot be sufficiently large but a constant. Let r̂ is the smallest r violating the condition i.e., when
r = r̂ the inequalities in (5.1) are violated. Using the inequality log(1 + ε) >

ε
2

for

0 < ε < 1, we have r̂ ≤ O( 1ε log 1ε ) as follows.

Consider the inequality (1 + ε)x < x2 for a fixed ε > 0. We prove that there exist

ε0 such that (1 + ε)x < x2 < (x + 5)2 for 0 < ε < ε0 . The latter inequality is trivial.
Let x = 4ε log 1ε . By taking the logarithm on both sides of the former inequality, we get,
log 4 + log log 1ε > 0. Note that, we can always find an ε0 such that log 4 + log log 1ε > 0
for 0 < ε < ε0 . Therefore, (1 + ε)x < x2 holds for sufficiently smaller ε values and hence,
r̂ ≤ 4ε log 1ε .
Lemma 5.4.7. For a given v ∈ V , liar’s dominating set LDopt (Ni ) of Ni can be computed in polynomial-time.
Proof. Note that Ni ⊆ N r+4 [v]. The size of a liar’s dominating set LD(Ni ) of Ni obtained

by Algorithm 5.4 is bounded by O(r2 ) (by Lemma 5.4.4). Again, r = O( 1ε log 1ε ) by
Lemma 5.4.6. Therefore, the size of the minimum size liar’s dominating set LDopt (Ni )
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of Ni is bounded by a constant. The process of checking whether a given set is a liar’s
dominating set or not can be done in polynomial-time. Therefore, we can consider
every subset of Ni as a possible liar’s dominating set and check whether it is a liar’s
dominating set or not in polynomial-time. Finally, the minimum size liar’s dominating
set is reported. Thus the lemma follows.
Lemma 5.4.8. For the collection of neighborhoods {N1 , N2 , . . . , Nk } created by Algok
S
rithm 5.3, the union D =
LD(Ni ) is a liar’s dominating set in G.
i=1

Proof. We first prove that for every v ∈ V, |NG [v] ∩ D| ≥ 2. Observe that

k
S

Ni = V as

i=1

Vi+1 = Vi \ Ni and Ni ⊆ Vi . Thus, every vertex v ∈ Ni for some 1 ≤ i ≤ k. By Lemma
5.4.3, |NG [v] ∩ D| ≥ 2 is satisfied.
Now we prove the second condition. Consider two arbitrary vertices u, v ∈ V . The
following cases may arise.
Case 1. u, v ∈ Ni for some 1 ≤ i ≤ k
Since LD(Ni ) is the liar’s dominating set of Ni in G, we have, |(NG [u] ∪ NG [v]) ∩
LD(Ni )| ≥ 3 for every u, v ∈ Ni . Hence, |(NG [u] ∪ NG [v]) ∩ D| ≥ 3 for every
u, v ∈ V .
Case 2. u ∈ Ni and v ∈ Nj for some i 6= j and 1 ≤ i, j ≤ k
If u and v are not adjacent in G, the proof is trivial. Hence, we assume that
(u, v) ∈ E i.e., u and v are adjacent in G. Now the following sub cases may arise.
a. u ∈ LD(Ni ) and v ∈ LD(Nj )
Observe that |NG [u] ∩ LD(Ni )| ≥ 2 and |NG [v] ∩ LD(Nj )| ≥ 2 as LD(Ni ) and
LD(Nj ) are liar’s dominating sets of Ni and Nj , respectively. Hence, u has a
neighbor, say w, in LD(Ni ), similarly v has also a neighbor, say x, in LD(Nj ).
However, may be w = x or may not be. In either case |(NG [u]∪NG [v])∩D| ≥ 3
holds.
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b. u ∈
/ LD(Ni ) and v ∈ LD(Nj ) (the other case proof is similar)
Since LD(Ni ) is a liar’s dominating set of Ni , we have |NG [u] ∩ LD(Ni )| ≥ 2.
Hence, |(NG [u] ∪ NG [v]) ∩ D| ≥ 3 is true as v is part of the solution.
c. u ∈
/ LD(Ni ) and v ∈
/ LD(Nj )
The proof is similar to the previous cases.
Thus the lemma is proved.
Corollary 5.4.9. For the collection N = {N1 , N2 , . . . , Nk } created by Algorithm 5.3,
k
S
the union D∗ =
LDopt (Ni ) is a liar’s dominating set.
i=1

Theorem 5.4.10. For a given UDG, G = (V, E), and an ε > 0, we can design a
(1 + ε)-factor approximation algorithm (PTAS) to find a liar’s dominating set of G with
2

running time nO(c ) , where c = O( 1ε log 1ε ).
Proof. Note that Algorithm 5.3 generates the collection of sets S = {S1 , S2 , . . . , Sk } and
N = {N1 , N2 , . . . , Nk } such that S is a 4-separated collection of V with Si ⊆ Ni for each
k
S
i ∈ {1, 2, . . . , k} and
Ni = V with Ni ∩ Nj = ∅ for i 6= j. Corollary 5.4.9 suggests that
i=1

D∗ =

k
S

LDopt (Ni ) is a liar’s dominating set of G. The approximation bound follows

i=1

from Lemma 5.4.1, and Lemma 5.4.2.
Let |Ni | = ni for 1 ≤ i ≤ k. By Lemma 5.4.7, an optimal liar’s dominating set
O(

1

log 1ε )

LDopt (Ni ) of Ni can be computed in ni ε2
k
P
1
1
O( 1 log 1 )
to compute D∗ is
ni ε2 ε ≤ nO( ε2 log ε ) .

time. Therefore, the total running time

i=1

5.5

Conclusion

In this chapter, we considered the geometric liar’s dominating set (GMLDS) problem.
We proved that the GMLDS problem is NP-complete. We proposed a simple O(n log n)
time

63
-factor, 732
-factor
2
k

algorithms. The

63
-factor
2

(3 ≤ k ≤ 183), and

846
-factor
k

(3 ≤ k ≤ 282) approximation

approximation algorithm runs in O(n log n) time, where as the

running time of the remaining algorithms are O(nk+1 ∆) for their respective k. Finally,
we proposed a PTAS for the GMLDS problem.
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Chapter 6
Geometric Maximum (Weighted)
Independent Set Problem
In this chapter, we study the geometric versions of the maximum independent set and
maximum weighted independent set problems, defined as follows:
1. Geometric maximum independent set (GMIS) problem : Given a set P

of n points in R2 , find a maximum cardinality set P 0 ⊆ P such that the points in

P 0 are pairwise independent i.e., the Euclidean distance between any two points in
P 0 is greater than 1. In other words, if disks of radii

1
2

are centered at the points

in P, find a maximum set of non-intersecting disks (see Figure 6.1).

(a)

(b)

Figure 6.1: (a) A set of disks in the plane, and (b) a maximum set of non-intersecting
disks (shown in red).
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2. Geometric maximum weighted independent set (GMWIS) problem :
Given a set P of n points in R2 and a weight function w : P → R+ , find a set

P 0 ⊆ P such that the points in P 0 are pairwise independent and the sum of the
weights of the points in P 0 is maximized.

The goal of this chapter is to propose (i) a 2-factor approximation algorithm and a
PTAS for the GMIS problem, and (ii) 2.16-factor and 2-factor approximation algorithms
for the GMWIS problem.

6.1
6.1.1

Geometric Maximum Independent Set Problem
Preliminaries

Let P = {p1 , p2 , . . . , pn } be a set of n points in R2 . We use x(pi ), y(pi ) to represent the x
and y coordinates of the point pi ∈ P, respectively. Let d(pi , pj ) denotes the Euclidean
distance between pi and pj . We say that two points pi and pj in P are independent
(some times we say that pi is an independent point of pj and vice versa in the rest of
the chapter) if d(pi , pj ) > 1. Our objective is to find a maximum size subset P 0 (⊆ P)

such that all the points in P 0 are mutually independent. Without loss of generality,
we assume that no two points in P have the same x coordinate. A horizontal strip

H of width ` is the region in the plane bounded by two horizontal parallel lines and
the distance between the lines is `. Consider a horizontal strip H of width 1 and let
Q = {p1 , p2 , . . . , pm }(⊆ P) be the set of points lying in H in increasing order of their
x-coordinates.
We define the set Si,j as follows: (i) all the points in Si,j are mutually independent,
(ii) Si,j is a maximum cardinality subset of Q, and (iii) pj and pi are the two right most
points in Si,j with j < i. Let n(Si,j ) denotes the number of points in Si,j . We use
Si = {Si,j | 1 ≤ j < i} to denote the collections of sets Si,j for a fixed i. We say that two
points pu and pv in Si,j are consecutive if x(pu ) < x(pv ) and there is no other point pw
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in Si,j such that x(pu ) < x(pw ) < x(pv ). For convenience, the set Si,j can be viewed as
a chain Ci,j . In general, a chain is a series of connected line segments. In our context,
the chain Ci,j (corresponds to the set Si,j ) is defined by joining the consecutive points
in Si,j using line segments from left to right. Therefore, Si can be viewed as a collection
of chains ending at pi (see Figure 6.2). Note that these chains may or may not have a
common point(s) except pi .

H
pi

1

Figure 6.2: Pictorial representation of the collection Si in the form of chains (not all are
drawn).
Now, we propose an algorithm to solve the GMIS problem defined on a horizontal
strip H of width 1 optimally. A detailed algorithm is given in Subsection 6.1.2. The
basic steps in our algorithm to find a GMIS of the set Q = {p1 , p2 , . . . , pm } of points
lying inside H are as follows : (i) iteratively process the points one after the other from
left to right, (ii) while processing a point pi we extend the longest chain (a chain of
maximum length) ending at pj till pi for 1 ≤ j < i, if possible. After processing all the
points in the strip H we obtain a GMIS of Q that corresponds to a longest chain.
Let a variable ni be associated with each point pi in the strip and is used to store
the length of a longest chain ending at pi , i.e., ni = max{n(si,j ) | j < i}. Initially we set
ni = 0 for every point pi in the strip, which indicates that the maximum length of a chain
ending at pi is zero. The value of ni gets updated during the point pi is being processed
and reaches its final value once the i-th iteration is done. We also define the following
sets: Siα = {pj ∈ Q | pj ∈ Si,j with j < i and |Si,j | = ni − α} for α = 0, 1, 2, · · · .
These sets play a major role in the proposed algorithm. We use F P V D(S) to denote
the farthest-point Voronoi diagram (FPVD) [11] of a point set S.
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6.1.2

A 2-factor approximation algorithm

Let R be the axis parallel rectangular region in the plane containing the point set P.
We partition the region containing the points in P into disjoint strips H1 , H2 , . . . , Hν of
width 1 using the horizontal lines at y-coordinates h1 , h2 , . . . , hν + 1 such that no point
in P lies on any horizontal line. The i-th strip Hi contains the points Pi = {p ∈ P |
hi < y(p) < hi+1 }. We compute a GMIS for each nonempty strip separately. In this
section, we present a dynamic programming based algorithm with the help of FPVD to
compute a GMIS of the points lying in a horizontal strip H of width 1.
Description of our algorithm to find a GMIS for a given set {p1 , p2 , . . . , pm } of points
lying in a strip H of width 1 is as follows: let µ > 1 be a predefined sufficiently large
constant. We obtain a GMIS of the points {p1 , p2 , . . . , pµ } in a naive way. We process
the points from pµ+1 one after the other from left to right. For every point pi in the
strip we maintain a collection of sets Si = {Si,j }, where j < i. We compute these sets
for 1 < i ≤ µ in brute force manner (because, we should have the sets Si,j in hand for
every 1 < j < i ≤ µ before processing the point pµ+1 ) and for i > µ on the fly while pi
is being processed. We define Si,j = ∅ if pi and pj are not independent. The points in
the sets are stored in increasing order of their x-coordinate.
We also maintain the three sets Si0 , Si1 , Si2 (defined in Subsection 6.1.1) and their
respective FPVDs separately for each point pi in the strip. By definition, each set
Siα (0 ≤ α ≤ 2) contains the last but one points on the chains ending at pi and having
length ni − α. These sets and their FPVDs for every point up to pi should be in hand
before proceeding to process the point pi+1 in the strip.
The following lemmas are true for any horizontal strip of width 1.
Lemma 6.1.1. [32] Let pi , pj , pk , and pl be four points lying inside a horizontal strip H
of width 1 such that x(pi ) < x(pj ) < x(pk ) < x(pl ). If pi , pj , pk are pairwise independent
and pj , pk , pl are also pairwise independent, then pi and pl must be independent.
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Lemma 6.1.2. Let p` ∈ Siα (for some 0 ≤ α ≤ 2) be the farthest independent point of
pi+1 . If p` , pi , and pi+1 are mutually independent, then pi+1 is independent with all the
points on the chain Ci,` i.e., pi+1 is independent with every point in Si,` .
Proof. Let pu be a point lying left to p` (i.e., x(pu ) < x(p` )) on the chain Ci,` (if pu
does not exist, the lemma is trivial). By the definition of Ci,` , the points pu and pi are
independent and hence pu , p` , pi are pairwise independent. Therefore, by Lemma 6.1.1,
pu and pi+1 are independent as p` , pi , and pi+1 are mutually independent.
Lemma 6.1.3. Let pi and pi+1 be independent. Also, let pu be the farthest independent
point of pi+1 in Siα (for some 0 ≤ α ≤ 2). If pu , pi , and pi+1 are mutually independent

then the cardinality of a GMIS (say M 0 ) of {p1 , p2 , . . . , pi+1 } having pu , pi , and pi+1 as
right most three points is greater than or equal to the cardinality of a GMIS (say M 00 )
of {p1 , p2 , . . . , pi+1 } having pv , pi , and pi+1 as right most three points, where pv is the
farthest point of pi+1 in Siβ , for 0 ≤ α ≤ β ≤ 2.

Proof. |M 0 | ≥ |M 00 |, follows from the definitions of Siα , Siβ , and β ≥ α. Now we have to
prove that pv , pi , and pi+1 are mutually independent. The case β = α is trivial. Let us
consider the case β > α i.e., β − α = 1 or 2. By the statement of the lemma, pi and pi+1

are independent, and by the definition of Siβ , pv and pi are independent. Now consider
the chain Ci,u . Since pu is the farthest point of pi+1 in Siα , the length of Ci,u is ni − α.
Let {s1 , s2 , . . . , sni −α−2 , sni −α−1 (= pu ), sni −α (= pi )} be the set of points on the chain Ci,u
from left to right. Consider the following two cases:
Case A: β − α = 1
Case B: β − α = 2
In Case A, sni −α−2 ∈ Siβ and in Case B, sni −α−3 ∈ Siβ .
Since sni −α−1 and pi+1 are independent, by Lemma 6.1.1, (i) sni −α−2 and pi+1 are independent, and also (ii) sni −α−3 and pi+1 are independent. This implies that pv and pi+1
are independent as pv is the farthest point of pi+1 in Siβ . Thus the lemma follows.
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Lemma 6.1.4. Let pi and pi+1 be independent. If pu is the farthest point of pi+1 in Si2 ,
then pu and pi+1 are independent.
Proof. Note that Siα = {pj ∈ Q | pj ∈ Si,j with j < i and |Si,j | = ni − α} for α = 0, 1, 2.
Consider a chain Ci,j corresponds to Si,j such that n(Si,j ) = ni . Let the members of
the chain Ci,j be s1 , s2 , . . . , sni −4 , sni −3 , sni −2 , sni −1 (= pj ), sni (= pi ) from left to right.
Now, consider the chain containing the points s1 , s2 , . . . , sni −4 , sni −3 , sni (= pi ) and is of
length ni − 2. Therefore, sni −3 ∈ Si2 . Observe that sni −3 is independent with pi+1 ,
since sni −3 , sni −2 , sni −1 , sni (= pi ) are pairwise independent and x(sni −3 ) < x(sni −2 ) <
x(sni −1 ) < x(sni ). Therefore, x(sni ) − x(sni −3 ) > 1 (by Lemma 6.1.1). Note that, the
points sni −3 and pi+1 are independent as x(pi+1 ) > x(pi ). Since sni −3 is independent
with pi+1 implies that pu is also independent with pi+1 as (i) pu ∈ Si2 , (ii) sni −3 ∈ Si2 ,

and (iii) pu is the farthest point of pi+1 in Si2 . Thus the lemma follows.

Lemma 6.1.5. Let pi and pi+1 be independent. If pu , pv , and pw are the farthest points
of pi+1 in Si0 , Si1 , and Si2 respectively, then either (i) pu , pi+1 , or (ii) pv , pi+1 , or (iii)
pw , pi+1 must be independent.
Proof. Follows from Lemma 6.1.4 as pw and pi+1 are independent.
6.1.2.1

Algorithm to process a point

Let the current point to be processed is pi+1 . We assume that the set of points {p1 , p2 , . . . , pi }
are already processed one by one from left to right and we have in hand (i) the collection
{Su,v } and n(Su,v ) for 1 ≤ v < u ≤ i, (ii) the sets Su0 , Su1 , Su2 and their FPVDs for every

0
1
2
u ≤ i. Let Si+1
= Si+1
= Si+1
= ∅. Now, we describe the method of processing the

point pi+1 and the goal is to find a longest chain ending at pi+1 . If d(pi , pi+1 ) > 1,
then we find a point p` ∈ Si0 , which is farthest from pi+1 . If d(pi+1 , p` ) > 1, then
Si+1,i = {pi+1 } ∪ Si,` (i.e., we extend the chain ending at pi corresponds to Si,` up to
pi+1 ) and n(Si+1,i ) = n(Si,` ) + 1. Note that, we are not storing Si+1,i explicitly. We can
use a matrix M of size m×m and store p` in the (i+1, i)th entry of M . If d(pi+1 , p` ) ≤ 1,
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then we repeat the same process with Si1 and Si2 in order. So far, we tried to find a chain
ending at pi+1 and having pi and pi+1 as its two right most points, if exists. However,
this chain need not be the longest chain ending at pi+1 . To find a longest chain ending at pi+1 we repeat the above process with pi−1 , pi−2 , . . . , p1 instead of pi . Calculate
ni+1 = max{n(Si+1,j ) | j < i + 1}. Observe that, ni+1 is length of the longest chain
ending at pi+1 . Thus, we obtained a longest chain ending at pi+1 .
α
for 0 ≤ α ≤ 2, to store the last but one points on the chains of
We use the sets Si+1

length ni+1 − α and ending at pi+1 , respectively. These sets are required to process the

0
1
remaining points (i.e., the points right to pi+1 ) in the strip. To find the sets Si+1
, Si+1
,

2
, we repeat the entire process again as we are not storing all the chains ending
and Si+1
α
α
at pi+1 , explicitly. If n(Si+1,j ) = ni+1 − α for any j < i + 1, then Si+1
= Si+1
∪ {pj }

2
1
0
. The pseudo code of the
, and Si+1
, Si+1
for 0 ≤ α ≤ 2. Next, we store FPVDs of Si+1

algorithm for processing the point pi+1 is given in Algorithm 6.1. Boolean variables f lag1
and f lag2 are used in Algorithm 6.1 to handle the cases Siα = ∅ for any α = 0, 1, 2,
and there is no point pj in the strip such that x(pj ) < x(pi+1 ) and d(pj , pi+1 ) > 1,
respectively.
6.1.2.2

Correctness of Algorithm 6.1

Let the current point being processed is pi+1 . If d(pi+1 , pi ) > 1 we check for the independence of pi+1 with the farthest point in Si0 , Si1 , and Si2 in order. The farthest
independent point, say p` , encountered first is considered to be part of the longest chain
ending at pi+1 . The existence of p` is guaranteed by Lemma 6.1.5. By Lemma 6.1.2,
pi+1 is independent with all the points on the chain Ci,` . Therefore, the set of points
on the chain together with pi+1 form an independent set of {p1 , p2 , . . . , pi+1 } and is a
possible maximum independent set having p` , pi , and pi+1 as right most three points
(see Lemma 6.1.3). Hence, we can safely extend the chain Ci,` up to pi+1 . We tested
all the points pi , pi−1 , . . . , p1 (see line number 3 in Algorithm 6.1) for independence with
pi+1 and hence we are considering all possible chains ending at pi+1 .
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Algorithm 6.1 Processing the point pi+1
Require: (i) Su,v (in the form of matrix M ) and n(Su,v ) for 1 ≤ v < u ≤ i, and (ii)
Su0 , Su1 , and Su2 and their FPVDs for u ≤ i.
Ensure: (i) Si+1,j (in the form of matrix M ) and n(Si+1,j ) for j < i + 1, and (ii)
0
1
2
Si+1
, Si+1
, Si+1
and their FPVDs.
1: Let M be a matrix of size m × m and M [i, j] ← φ for 1 ≤ i, j ≤ m
2: f lag1 = 0,f lag2 = 0
3: for (w = i, i − 1, . . . , 1) do
4:
if (d(pw , pi+1 ) > 1) then
5:
f lag2 = 1
6:
for (α = 0, 1, 2) do
7:
if (Swα 6= ∅) then
8:
f lag1 = 1
9:
Find the farthest point p` of pi+1 in F P V D(Swα ) using planar point
location algorithm [85].
10:
if (d(p` , pi+1 ) > 1) then
11:
M [i + 1, w] ← p`
12:
n(Si+1,w ) = n(Sw,` ) + 1
13:
break /* break the for loop for (α = 0, 1, 2) */
14:
end if
15:
end if
16:
end for
17:
if (f lag1 = 0) then
18:
M [i + 1, w] ← pw
19:
n(Si+1,w ) = 2
20:
end if
21:
end if
22: end for
2
1
0
←∅
← ∅, Si+1
← ∅, Si+1
23: Si+1
24: if f lag2 = 0 then
25:
ni+1 = 1
26: else
27:
ni+1 = max{n(Si+1,j ) | j < i + 1}
28:
Repeat line numbers 3 - 22 by replacing lines 11 - 12 by lines 29 - 33.
29:
for (α = 0, 1, 2) do
30:
if (n(Si+1,w ) = ni+1 − α) then
α
α
31:
Si+1
= Si+1
∪ {pw }
32:
end if
33:
end for
0
1
2
34:
Compute and store F P V D(Si+1
), F P V D(Si+1
), and F P V D(Si+1
).
35: end if
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Lemma 6.1.6. Algorithm 6.1 processes the point pi+1 correctly in O(i log i) time and
uses O(m2 ) space, where m is the number of points lying in the strip.
Proof. Correctness of Algorithm 6.1 follows from the discussion in Subsection 6.1.2.2.
The worst case time complexity of lines 4 - 21 is O(log i) due to planar point location
in line number 9. Therefore, time complexity of lines 3 - 22 is O(i log i). Again, time
complexity of lines 27 - 33 is O(i log i). Computing FPVDs in line number 34 can be
done in O(i log i). Thus the total time complexity of Algorithm 6.1 is O(i log i).
The space complexity follows from (i) size of the matrix M , (ii) collection {Si,j }, (iii)

counters n(Si,j ), (iv) sets Si0 , Si1 , Si2 , and (v) storing FPVDs of the sets Si0 , Si1 , Si2 for
1 ≤ i ≤ m. All together uses O(m2 ) space.
6.1.2.3

Algorithm to find a GMIS for the points inside a strip

Algorithm to compute a GMIS for the set of points {p1 , p2 , . . . , pm } within a strip H of
width 1 is as follows : for a given predefined constant µ, we execute Algorithm 6.1 for
each point pµ+1 , pµ+2 , . . . , pm in the strip and report the largest set Si,j for 1 ≤ j < i ≤ m.
Hence, the size of a GMIS for a given strip of width 1 is equal to max{n1 , n2 , . . . , nm }.
The pseudo code of the algorithm is available in Algorithm 6.2.
Algorithm 6.2 Maximum independent set strip (Q)
Require: The set Q = {p1 , p2 , . . . , pm } of m points lying in the strip H of width 1 and
a constant µ.
Ensure: A maximum cardinality subset Q0 of Q such that the points in Q0 are mutually
independent.
1: For the points {p1 , p2 , . . . , pµ } compute {Si,j }(j < i) in brute force manner.
2: for (i = µ + 1 to m) do
3:
Process the point pi by calling Algorithm 6.1.
4: end for
5: Return a set with maximum cardinality among {Si,j } for 1 ≤ j < i ≤ m.
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6.1.2.4

Correctness of Algorithm 6.2

Correctness of Algorithm 6.2 follows from, (i) for every point pi in the strip Algorithm
6.2 computes a longest chain ending at pi by calling Algorithm 6.1 and (ii) Algorithm
6.2 returns the longest chain after processing all the points in the strip.
Theorem 6.1.7. Algorithm 6.2 correctly computes a GMIS for the set Q = {p1 , p2 , . . . , pm }
of points inside a strip H of width 1 in O(m2 log m) time using O(m2 ) space.

Proof. Correctness of the algorithm follows from Lemma 6.1.6. Time complexity of
m
P
Algorithm 6.2 is
O(i log i) + O(1) (see for loop in line number 2 in Algorithm
i=µ+1

6.2, where it calls Algorithm 6.1 O(m) times). Therefore, the total time complexity of
Algorithm 6.2 is O(m2 log m).
Space complexity of Algorithm 6.2 follows from Lemma 6.1.6 as we can reuse the
matrix M for every call to Algorithm 6.1.
6.1.2.5

Algorithm to find a GMIS for the given set P

We partition the region containing the point set P into horizontal strips of width 1
such that no point of P lies on the boundary of any strip. Let H1 , H2 , . . . , Hν be the
strips in the partition. We execute Algorithm 6.2 for every strip Hi for 1 ≤ i ≤ ν.
Let M IS1 , M IS2 , . . . , M ISν be the largest possible independent sets correspond to the
points in P ∩H1 , P ∩H2 , . . . , P ∩Hν respectively. Let M ISodd and M ISeven be the union
of maximum independent sets in odd and even strips, respectively. We report M ISodd if
|M ISodd | ≥ |M ISeven |, otherwise we report M ISeven . The pseudo code of the algorithm
is given in Algorithm 6.3.
6.1.2.6

Correctness and analysis of Algorithm 6.3

Correctness of Algorithm 6.3 follows from the fact that M ISodd and M ISeven are independent sets as all strips are of width 1 unit and the points in any two even strips (resp.
odd) are independent.
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Algorithm 6.3 Maximum independent set (P)
Require: The set P of n points and strips H1 , H2 , . . . , Hν .
Ensure: An independent subset of P.
1: Compute M IS1 , M IS2 , . . . , M ISν for the points lying in strips H1 , H2 , . . . , Hν by
calling Algorithm 6.2 for each strip separately.
2: if (ν = 2u) then
u−1
u
S
S
3:
M ISodd =
M IS2i+1 and M ISeven =
M IS2i
i=0

i=1

else
if (ν = 2u + 1) then
u
u
S
S
6:
M ISodd =
M IS2i+1 and M ISeven =
M IS2i
4:
5:

i=0

7:
8:
9:
10:
11:
12:
13:

i=1

end if
end if
if |M ISodd | ≥ |M ISeven | then
return M ISodd
else
return M ISeven
end if

Theorem 6.1.8. Given a set P of n points correspond to a given UDG, a subset of at

least 12 |OP T | mutually independent points can be computed in O(n2 log n) time and using
O(n2 ) space using Algorithm 6.3, where |OP T | is the cardinality of a largest independent
set for the point set P.
Proof. Let χ be the solution obtained by Algorithm 6.3. We have to prove that |χ| >
1
|OP T |,
2

where OP T is a GMIS of P. Since M ISodd and M ISeven are union of solutions

in odd and even strips respectively, we have,
|M ISodd | + |M ISeven | ≥ |OP T |

(6.1)

|χ| + |χ| ≥ |M ISodd | + |M ISeven |

(6.2)

From inequalities 6.1 and 6.2, |χ| ≥ 21 |OP T |.
The time and space complexities follow as we execute Algorithm 6.3 for every strip
independently. Thus the theorem follows.
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6.2

Geometric Maximum Weighted Independent Set
Problem

In this section, we present a 2-factor approximation algorithm for the GMWIS problem. The 2-factor approximation algorithm designed for the unweighted case is not
straightforward to extended for the weighted case.

6.2.1

Data structures

Given a set P of n points in the plane, an emptiness query consists of determining
whether a given query range R contains no point, that is, whether P ∩ R = ∅, returning
an arbitrary point in P ∩ R if exists. A maximum query is defined similarly, but the
points have real weights and the query finds a point of maximum weight in P ∩ R, if
it exists. In an anti-disk query, the range R is the complement of a disk of arbitrary
radius r centered at q, that is, the region formed by all points with Euclidean distance
greater than r from q.
Maximum queries can be reduced to emptiness queries as follows. As far as we
know, this reduction has never been published, but it is likely that other researchers
independently noticed the same construction.
Lemma 6.2.1. Consider a set of n points with weights and a query range. A data
structure for answering emptiness queries with storage S(n) = Ω(n), preprocessing
time B(n) = Ω(n), and query time Q(n) yields a data structure for answering maximum queries for the same range with preprocessing time O(B(n) log n), query time
O(Q(n) log n), and storage O(S(n) log n).
Proof. We assume that all weights are distinct, otherwise we break the ties arbitrarily.
We build a binary tree where each node contains a data structure for emptiness queries
as follows. The root contains the emptiness data structure for all points. Consider a
node which stores the data structure for a subset of points of P. Let µw be the median
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weight among the points in the subset. The left subtree is defined recursively for the
points in the subset with weight at most µw , and the right subtree is defined analogously
for the remaining points of the subset. The recursion stops when the subset has only 1
point.
Notice that the tree has dlg ne + 1 levels, and exactly n points at each level. The
total storage is therefore
dlg ne+1
0

S (n) =

X
`=0

`

2S

n
2`

dlg ne+1

≤

X

S(n) = O(S(n) log n),

`=0

where the first inequality uses that S(n) = Ω(n). The preprocessing time is calculated
the same way.
To answer a maximum query, we verify at the root node whether the query range
is empty. If not, we verify if the query range is empty for the right subtree. If it is
empty, we recurse on the left subtree. Otherwise, we recurse on the right subtree. The
procedure ends when we reach a leaf. The leaf reached is the point of maximum weight
inside the query range, which we return. The bound on the query time follows from the
fact that we performed O(log n) emptiness queries, one per level.
Many techniques yield efficient data structures for anti-disk emptiness searching. For
example, one can use a farthest point Voronoi diagram, point location, lifting (inversion),
duality, etc. [11].
Lemma 6.2.2. Given a set of n points, there exists a data structure that answers antidisk emptiness queries in O(log n) time with O(n) storage and O(n log n) preprocessing
time.
Combining Lemmas 6.2.1 and 6.2.2, we have:
Lemma 6.2.3. Given a set of n weighted points, there exists a data structure that
answers anti-disk maximum queries in O(log2 n) time with O(n log n) and O(n log2 n)
storage and preprocessing time, respectively.
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Sometimes, the reduction from Lemma 6.2.1 is an overkill, and a logarithmic factor
can be avoided by a simpler approach.
Lemma 6.2.4. Given a set of n points with integer weights in {1, . . . , n}, there exists
a data structure that answers anti-disk maximum queries in O((wmax − wret ) log n) time
with O(n) storage and O(n log n) preprocessing time, where wmax is the maximum weight
among the points in the data structure and wret is the weight of the point returned by
the query, or 0 if the query is empty.
Proof. We keep an array of n data structures D1 , . . . , Dn from Lemma 6.2.2 where
Di stores the points of weight i. To answer a query, we start from the maximum i
that corresponds to a non-empty Di , decrementing i until the query returns non-empty.
Analysis follows from the summation of individual complexities.
Definition 6.2.5. A search problem is called decomposable if for any set S and S 0 ⊆ S,

the answer to a query q(S) can be calculated in constant time from the results of q(S 0 )
and q(S \ S 0 ).

Lemma 6.2.6 ([10, 79]). A static data structure for a decomposable problem storing
n elements with preprocessing time B(n), query time Q(n), and storage S(n) yields a
semi-dynamic data structure supporting insertions for the same problem with insertion
time O( B(n)nlog n ), query time O(Q(n) log n), and storage O(S(n) + log n).
Combining Lemma 6.2.6 with Lemmas 6.2.3 and 6.2.4 we have the following lemmas.
Lemma 6.2.7. Given a set of n weighted points, there exists a semi-dynamic data
structure that answers anti-disk maximum queries in O(log3 n) time with O(n log n)
storage and O(log3 n) insertion time.
Lemma 6.2.8. Given a set of n points with integer weights in {1, . . . , n}, there exists
a semi-dynamic data structure that answers anti-disk maximum queries in O((wmax −

wret ) log2 n) time with O(n) storage and O(log2 n) insertion time, where wmax is the
maximum weight among the points in the data structure and wret is the weight of the
point returned by the query, or 0 if the query is empty.
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6.3

The GMWIS Problem on Small Strips

In this section, we present a 2.16-factor approximation algorithm for the GMWIS problem. The following lemma shows why determining the maximum (weighted) independent
set within a strip is useful for approximating the unrestricted problem. The proof is a
simple application of the shifting strategy [55], paying attention to the fact that the
width h must be a constant rational number for the proof to work
Lemma 6.3.1. An exact algorithm for the maximum (weight) independent set for a set
of m points inside a strip of rational width h with running time T (m) yields an approximation algorithm for maximum (weight) independent set of n points with approximation
ratio 1 + 1/h and running time O(T (n) + n log n).
√

Matsui [71] showed that a unit disk graph inside a strip of width

3
2

is a co-

comparability graph1 , and therefore the maximum weighted independent set can be
determined exactly in time linear on the size of the input graph [64]. Since a complete
graph is a unit disk graph within an arbitrarily small strip, building the graph takes
quadratic time in the worst case. The crucial property shown by Matsui and used by
our algorithm is the following.
√

Lemma 6.3.2. Let H be a strip of width

3
.
2

Consider pi , pj , pk ∈ H with x(pk ) <

x(pj ) < x(pi ). If d(pi , pj ) > 1 and d(pj , pk ) > 1, then d(pi , pk ) > 1.
To obtain a logarithmic improvement for the unweighted version, we use an additional
property of unit disk graphs from [70].
Definition 6.3.3. The left neighborhood of a point p is the set of points q with d(p, q) ≤ 1
and x(q) ≤ x(p).
Lemma 6.3.4. [70] The left neighborhood of a point p has at most 3 independent vertices.
1

An undirected graph is said to be a comparable graph, if each edge in the graph can be oriented such
that the vertices in the oriented graph satisfy anti-symmetry and transitivity properties with respect
to adjacency. A graph is said to be a co-comparable graph, if its complement is a comparable graph.
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Let Q = {p1 , p2 , . . . , pm } be the set of points lying in a strip H with p1 , p2 , . . . , pm
in increasing order of their x-coordinates. Given 1 ≤ i ≤ m, we define the set Si ⊆ Q
is as follows: (i) Si is an independent set, (ii) pi is the rightmost point of Si , and (iii)
Si is a maximum weight set satisfying the previous two properties. Let Wi denote the
sum of the weights of the points in Si . For simplicity, the sets Si can be viewed as
x-monotone polygonal chains formed by connecting the points of Si from left to right
(see Figure 6.3). The objective of the proposed algorithm is to extend these chains as
long as possible. A chain containing maximum number of points is reported.

H
√

3/2

Figure 6.3: Pictorial representation of the sets Si in the form of chains, with the maximum independent set marked.

The proposed algorithm uses dynamic programming to compute Si for i = 1, . . . , m
as follows. We calculate Si using Sj for j < i iteratively as Si = Sj ∪ {pi }, where j
is the index j < i that satisfies d(pj , pi ) > 1 and maximizes Wj . In case there is no
point pj , satisfying d(pj , pi ) > 1 and j < i, the algorithm sets Si = {pi }. To efficiently
determine the index j, we use the data structure from Lemma 6.2.7 (weighted) or 6.2.8
(unweighted). The pseudo-code is presented in Algorithm 6.4.
Theorem 6.3.5. Algorithm 6.4 correctly computes an MWIS for the set Q = {p1 , p2 , . . . , pm }
√

inside a strip of width

3
2

in O(m log3 m) time using O(m log m) space. In the unweighted

version, the complexities decrease to O(m log2 m) time and O(m) space.
Proof. To see that Si is calculated correctly by the procedure, notice that by Lemma 6.3.2,
d(pi , pj ) > 1 for j < i implies that a point pk to the left of pj with d(pj , pk ) > 1 satisfies
d(pi , pk ) > 1. Note that by construction, Si contains pi and its weight is maximum.
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Algorithm 6.4 Small strip(Q)
Require: √The set Q of m points p1 , . . . , pm ordered by x coordinate inside a strip of
width 23 .
Ensure: A maximum weight independent set of Q.
1: D = data structure from Lemma 6.2.7 (weighted) or 6.2.8 (unweighted)
2: S = array [1 . . . m] of integers
3: W = array [0 . . . m] of reals (weighted) or integers (unweighted)
4: W [0] = 0, max = 1
5: for i = 1, . . . , m do
6:
A = complement of the disk of radius 1 centered at pi
7:
j = maxQuery(D, A)
. Returns 0 if no point is found
8:
S[i] = j
. Represents Si = Sj ∪ {pi } with S0 = ∅
9:
W [i] = W [j] + w(pi )
10:
insert(D, i, pi , W [i])
. Insert point pi with label i and weight W [i] into D
11:
if W [i] > W [max] then
12:
max = i
13:
end if
14: end for
15: i = max, IS = ∅
16: while i 6= 0 do
17:
IS = IS ∪ {pi }
18:
i = S[i]
19: end while
20: return IS
To execute the algorithm in O(m log3 m) time, we use the data structure for anti-disk
maximum queries supporting insertions from Lemma 6.2.7 to store pj for j < i. The
weight of pj in the data structure is Wj . The O(m) insertions (line 10) and queries
(line 7) take together O(m log3 m) time, and the space is O(m log m) due to the storage
of the data structure. The algorithm stores Si as a linked list from right to left. Part of
the linked lists are shared by different sets Si , forming a directed acyclic graph.
To reduce the running time to O(m log2 m) for the unweighted version, we use the
data structure from Lemma 6.2.8. In the unweighted version, Wi = |Si | and therefore
the weight Wi is an integer between 1 and m. Let max be the index of the point of
maximum weight in the data structure at the time when a point of index j is returned
by the maxQuery sub-routine (see line number 7 in Algorithm 6.4). We use Lemma 6.3.4
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to show that Wmax − Wj ≤ 3. If |Smax | ≤ 3, the statement follows trivially. Otherwise,
let pa , pb , pc , pmax be the four rightmost elements in Smax from left to right. We have
Wmax = 1 + Wc = 2 + Wb = 3 + Wa . By Lemma 6.3.4, pa , pb , pc , pmax cannot be all
adjacent to pi , which shows that wmax − wret ≤ 3. Therefore, using the data structure

from Lemma 6.2.8, the O(m) insertions and queries take together O(m log2 m) time, and
the space is O(m).
Combining Lemma 6.3.1 and Theorem 6.3.5, we obtain the following theorem.
Theorem 6.3.6. Given a set P of n weighted points, we can compute an approximation

to the GMWIS problem in O(n log3 n) time and O(n log n) space with approximation ratio
(1 + √23 ) < 2.16. In the unweighted version, the complexities decrease to O(n log2 n) time
and O(n) space.

6.4

The GMWIS Problem on Large Strips

In this section, we present a 2-factor approximation algorithm for the GMWIS problem.
The algorithm uses a decomposition of the region containing the points into strips of
width 1.
Let Q = {p1 , p2 , . . . , pm } be the set of points lying in the strip H with p1 , p2 , . . . , pm
in increasing order of their x-coordinates. Given 1 ≤ j < i ≤ m with d(pi , pj ) > 1,
we define the set Si,j ⊆ Q as follows: (i) Si,j is an independent set, (ii) pj and pi are
the two rightmost points of Si,j , and (iii) Si,j is a maximum weight set satisfying the
previous two properties. Furthermore, we define Si,0 = {pi }. Let Wi,j denote the sum
of the weights of the points in Si,j . Let Si = {Si,j | 1 ≤ j < i and d(pi , pj ) > 1} denote
the collections of sets Si,j for fixed i.
The proposed algorithm uses dynamic programming to compute Si,j for i = 2, . . . , m
and j = 1, 2, . . . , i − 1 with d(pi , pj ) > 1 as follows. We calculate Si,j using Sj,k for
k < j < i iteratively as Si,j = Sj,k ∪ {pi }, where k is the index ` < j maximizing
Wj,` and satisfying the constraint that {pi , pj , p` } is an independent set. In case there
is no point p` satisfying the previous constraint, the algorithm sets Si,j = {pi , pj }. To
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efficiently determine the index ` < j that satisfies the previous constraint and maximizes
W` we use an array of data structures D1 , . . . , Dm from Lemma 6.2.3 (weighted) or 6.2.4
(unweighted). The data structure Di stores a point pj with weight Wi,j for each set
Si,j ∈ Si . Note that the data structure Dj only stores points pk such that d(pj , pk ) > 1.
The pseudo-code is presented in Algorithm 6.5.
Theorem 6.4.1. Algorithm 6.5 correctly computes an MWIS for the set of points Q =
{p1 , p2 , . . . , pm } inside a strip of width 1 in O(m2 log2 m) time using O(m2 log m) space.

In the unweighted version, the complexities decrease to O(m2 log m) time and O(m2 )
space.
Proof. To see that Si,j calculated by the procedure is indeed an independent set, notice
that by Lemma 6.1.1, {pi , pj , pk } be independent implies that a point ps to the left of
pk with {pj , pk , ps } independent satisfies d(pi , ps ) > 1. Note that by construction, Si,j
contains pi , pj as the points with maximum x coordinates and its weight is maximum.
To execute the algorithm in O(m2 log2 m) time, we use m data structures for antidisk maximum queries from Lemma 6.2.3. For each point pi , the data structure Di
stores the point pj for each set Si,j ∈ Si . The weight associated with pj is Wi,j . The
data structure Di is static, preprocessed (line 25) with points collected in the set T . The
time to preprocess all O(m) data structures from the corresponding sets T is therefore
O(m) · O(m log2 m). The point pk of maximum weight satisfying k < j and {pi , pj , pk }
independent is determined with a single anti-disk maximum query (line 16) on the data
structure Dj associated with Sj . All the O(m2 ) queries take together O(m2 )·O(log2 m) =
O(m2 log2 m) time. Space is dominated by the O(m) data structures with O(m log m)
storage each.
To reduce the running time to O(m2 log m) and the space to O(m2 ) for the unweighted
version, we use the data structure from Lemma 6.2.4, and the same argument as in the
proof of Theorem 6.3.5 shows that wmax − wret ≤ 3.
Combining Lemma 6.3.1 and Theorem 6.4.1, we obtain the following theorem.
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Theorem 6.4.2. Given a set P of n weighted points, we can compute a 2-approximation
to the GMWIS problem in O(n2 log2 n) time and O(n2 log n) space. In the unweighted
version, the complexities decrease to O(n2 log n) time and O(n2 ) space.
Algorithm 6.5 Large strip(Q)
Require: The set Q of m points p1 , . . . , pm in sorted order inside a strip of width 1.
Ensure: A maximum weight independent set of Q.
1: D = array [1 . . . m] of data structure from Lemma 6.2.3 (weighted) or 6.2.4 (unweighted)
2: S = array [1 . . . m, 0 . . . m] of integers
3: W = array [1 . . . m, 0 . . . m] of reals (weighted) or integers (unweighted)
4: max = (1, 0)
5: for i = 1, . . . , m do
6:
W [i, 0] = w(pi ), S[i, 0] = 0
. S[i, 0] = 0 represents Si,0 = {pi }
7:
if W [i, 0] > W [max] then
8:
max = (i, 0)
9:
end if
10: end for
11: for i = 2, . . . , m do
12:
T =∅
13:
for j = 1, . . . , i − 1 do
14:
if d(pi , pj ) > 1 then
15:
A = complement of the disk of radius 1 centered at pi
16:
k = maxQuery(D[j], A)
. Returns 0 if no point is found
17:
S[i, j] = k
. Represents Si,j = Sj,k ∪ {pi }
18:
W [i, j] = W [j, k] + w(pi )
19:
T = T ∪ {(j, pj , W [i, j])}
. (label, point, weight) for D[i]
20:
if W [i, j] > W [max] then
21:
max = (i, j)
22:
end if
23:
end if
24:
end for
25:
D[i] = preprocess(T )
. New data structure from set T
26: end for
27: (i, j) = max, IS = {pi }
28: while j 6= 0 do
29:
IS = IS ∪ {pj }
30:
i = j, j = S[i, j]
31: end while
32: return IS
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6.5

A PTAS for the GMIS Problem

Let R be an enclosing rectangle of the point set P in the plane. Our PTAS is based on
the shifting strategy, proposed by Hauchbaum and Maass [55]. In our PTAS we use two
level shifting strategy. In the first level of shifting strategy, we execute k + 1 iterations as
follows: in the i-th iteration (0 ≤ i ≤ k), we partition the region R into disjoint vertical
slabs such that (i) the first slab is of width i starting from left, (ii) width of each even
slab is 1, and (iii) width of other slab is k (note that the width of the last slab may be
less than k).
In an iteration of the first level, we consider only those vertical slabs containing at
least one point in P, and compute a maximum independent set by applying second
level shifting strategy by considering horizontal partition of each vertical slab, add up
the solutions of all slabs to get the solution of that iteration. The iteration producing
maximum size solution is reported.
Lemma 6.5.1. [32] If nk is the maximum number of mutually independent points in a
strip of width k > 1 and are within a

6.5.1

1
2

7k
3

distance from a vertical line `, then nk ≤

+ 2.

Computing MIS for the points in a k × k square

Let Q ⊆ P be the set of points inside a cell χ of size k × k. Consider a vertical line
`v and a horizontal line `h that partition χ into four sub-cells each of size

k
2

× k2 . Let

Q(`v , `h ) ⊆ Q be the set of points whose distance from `v or `h is at most

1
,
2

and

Q1 , Q2 , Q3 , Q4 ⊆ Q be the set of points in the four quadrants whose distance from `v

and `h is greater than 21 . To compute an MIS for the set of points in Q, we use the

following divide and conquer technique.
Consider all possible subsets Q0 ⊆ Q(`v , `h ) of size at most 2 × nk , where nk =

7k
3

+2

(since 2 × nk is the maximum possible size of the point set in Q(`v , `h ) that can appear
in an optimal solution due to Lemma 6.5.1). For each of Q0 , we do the following in

each quadrant: delete all the points in Qi (i = 1, 2, 3, 4) which are not independent
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Figure 6.4: (a) The set of points within a 21 distance from the lines `h and `v (shown in a
loop), (b) a subset (Q0 ) of mutually independent points (shown in red), (c) the subset of
points that are not independent with the points in Q0 (shown in blue), and (d) applying
the recursive procedure after deleting the non-independent points.
with Q0 . Let Q0i ⊆ Qi be the remaining set of points. Now, compute the optimum

solution for Q0i recursively using the same procedure. This process is illustrated with

116

TH-1727_126123018

an example in Figure 6.4. If T (m, k) is the time complexity for finding MIS in χ, then
T (m, k) = 4 ∗ T (m, k2 ) × m2nk = mO(k) . Thus, we have the following result:
Theorem 6.5.2. Given a set P of n points in the plane and an integer k > 1, the
proposed algorithm computes an independent set of size at least

1
|OP T |
(1+ k1 )2

in nO(k)

time, where |OP T | is the optimum size of the solution.

6.6

Conclusion

In this chapter, we proposed a 2-factor approximation algorithm for the GMIS problem.
The algorithm runs in O(n2 log n) time and uses O(n2 ) space, outperforming the existing
algorithms in the literature with respect to time complexity by a factor of

n
log n

[32]. We

also proposed a PTAS for the same problem. The running time of our proposed PTAS is
nO(k) . The previous best known PTAS runs in nO(k log k) time [32]. The proposed PTAS
has advantage over [32] and [21] in terms of time and space complexities, respectively.
The PTAS proposed in [32] runs in nO(k log k) time and uses O(n+k log k) space. Similarly,
1

the PTAS proposed in [21] has nO(  ) time and space. Our PTAS runs in nO(k) time and
uses O(n + k log k) space.
For the GMWIS problem we proposed 2.16 and 2-factor approximation algorithms.
The proposed 2.16-factor approximation algorithm runs in O(n log3 n) time and uses
O(n log n) space. The best known algorithm runs in O(n2 ) time [71]. In the unweighted
version, the complexities decrease to O(n log2 n) time and uses O(n) space. The proposed
2-factor approximation algorithm runs in O(n2 log2 n) time and O(n2 log n) space. In
the unweighted version, the complexities decrease to O(n2 log n) time and O(n2 ) space.
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Chapter 7
Conclusions and Future Work
Most of the variants of dominating set problem are NP-hard in general graphs and they
do not even admit constant factor approximation algorithms. This motivated researchers
to study dominating set and its variants on other graph classes. In this thesis, we have
studied minimum dominating set problem and some of its variants on unit disk graphs,
namely, geometric minimum dominating set (GMDS) problem, minimum connected
dominating set (MCDS) problem, geometric minimum liar’s dominating set (GMLDS)
problem and geometric maximum (weighted) independent set (GMIS/GMWIS) problem. Unfortunately, these problems are NP-hard on unit disk graphs too, but unlike in
general graphs, they admit constant factor approximation algorithms and approximation
schemes, thus quest for faster approximation algorithms encouraged us to study these
problems.
This chapter aims to summarize the contribution made in this thesis and state some
of the problems which might be carried as future research.
For the GMDS problem, we proposed a series of constant factor approximation algorithms. We first presented a simple O(n log k) time 5-factor approximation algorithm,
where k is the size of the output. Next, we presented 4-factor and 3-factor approximation
algorithms in O(n6 log n) and O(n11 log n) time respectively, which improved the time
complexities of best known result by a factor of O(n2 ) and O(n4 ) respectively [34]. We
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have also presented

14
-factor
3

and

45
-factor
13

approximation algorithms in time O(n5 log n)

and O(n10 log n), respectively. Finally, we proposed a two-level shifting lemma and using this lemma we presented a 52 -factor approximation algorithm and a PTAS for the
GMDS problem. Though the approximation algorithms presented in this thesis are best
till today, yet there is a scope to improve the running times.
For the MCDS problem, we designed a distributed approximation algorithm with
approximation factor 104 and has time and message complexities O(∆) and O(n), respectively. We also proposed a scheduling scheme that obtains O(∆) conflict-free time
slots to deal with interference. The proposed algorithm is the first constant factor approximation algorithm to achieve time complexity O(∆). If the degree, ∆, of the given
UDG is bounded by a constant, our algorithm runs in O(1) time and produces a solution
whose size is at most a constant multiple of the size of an optimal solution, regardless of
the number of nodes in the graph. Whereas the existing constant factor approximation
algorithms run in O(n) time even if ∆ is bounded by a constant. One can think of
improving the approximation ratio while maintaining the time complexity O(∆). As far
as we know no PTAS is available for the weighted version of the MCDS problem on unit
disk graphs. As future work, we consider designing a PTAS for the minimum weighted
connected dominating set problem.
We introduced the liar’s dominating set problem in the geometric setting. We showed
that the GMLDS problem is NP-hard. Therefore, liar’s dominating set problem is also
NP-hard for UDGs, where geometric information (i.e. positions of the disks) are unknown. We designed constant factor approximation algorithms by extending the ideas
used for the GMDS problem. Finally, we presented a PTAS. The GMLDS problem is
considered for the case only one intruder and at most one device can lie (misreport) in
the closed neighborhood of an intruder location. However, in real life scenario intrusion
of more than one intruder and multiple devices can misreport. No results are available
in the literature for the general case in general graphs. As a future direction one can
think of studying the general km-MLDS problem, where k is the number of intruders
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and m is the number of devices allowed to misreport.
We proposed a 2-factor approximation algorithm for the GMIS problem. The proposed algorithm runs in O(n2 log n) time and uses O(n2 ) space, outperforming the existing algorithms in the literature with respect to time complexity by a factor of

n
log n

[32]. We also proposed a PTAS for the same problem. The running time of our proposed PTAS is nO(k) , where k is an integer. The previous best known PTAS runs in
nO(k log k) time [32]. For the GMWIS problem we proposed 2.16 and 2-factor approximation algorithms. The proposed 2.16-factor approximation algorithm runs in O(n log3 n)
time and uses O(n log n) space. The best known algorithm runs in O(n2 ) time [71].
In the unweighted version, the complexities decrease to O(n log2 n) time and uses O(n)
space. The proposed 2-factor approximation algorithm runs in O(n2 log2 n) time and
O(n2 log n) space. In the unweighted version, the complexities decrease to O(n2 log n)
time and O(n2 ) space. We would like to design an algorithm that improves both the
time and space complexities.
We would like to introduce and/or improve the existing results for many other dominating set problems in other intersection graphs of disks of arbitrary radius, rectangles,
convex polygons, fat objects, etc., as part of the future research.
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