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ABSTRACT 

Microbubble aided flotation has been widely employed in the various fields for the process 

intensification. They have been used for recovery of proteins, recovery of microorganism, removal 

of heavy metal ions from water, removal of dye and pigment. So an interest was felt to study the 

stability, rheology, dispersion characteristics of microbubble suspension in order to use them for 

the mineral beneficiation. 

 Based on the present status of research, this work was undertaken with the following 

objectives: 

 Study the hydrodynamics such as rheology, pressure drop and friction factor of 

microbubble-suspension flow. Development of mechanistic model to analyze the 

interfacial stress of microbubble suspension flow considering the bubble formation, drag 

at interface and loss of energy due to wettability. 

 Study the terminal rise velocity, microbubble size distribution and stability of microbubble. 

Development of correlations to interpret the bubble size and stability of microbubble.  

 Investigation of the dispersion characteristic of ionic microbubble suspension in 

continuous plant prototype. Development of phenomenological model with consideration 

of liquid circulation to analyze the dispersion coefficient of the microbubble suspension. 

 Study the mineral beneficiation by ionic microbubble in continuous plant prototype.  

Development of phenomenological kinetic model based on mixing, collision, attachment 

and detachment mechanisms of fine particles. 

 TH-1465_11610710



Abstract 

xii 
 

In the present study, experiments have been conducted to study the hydrodynamics and mineral 

beneficiation efficiency of microbubble suspension flow. The first attempt was made to explore 

the stability characteristics of microbubble. The stability of microbubble suspension was analyzed 

by drainage curve method and by electrical conductance method. The stability of microbubble 

dispersion can be evaluated in terms of its half-life, which is the time taken to drain half of initial 

liquid volume. Freshly prepared microbubbles were transferred to the measuring cylinder (0.03 m 

i.d.) and the volume of the drained liquid below the dispersion was measured at various times. 

Experimental results revealed that the stability of the microbubble can be significantly enhanced 

by increasing surfactant concentration. The half-life of SDS microbubbles increased from 72 s to 

444 s as the SDS concentration increased from 5 ppm to 3000 ppm. For CTAB, the half-life of 

microbubbles increased from 101 s to 475 s as the CTAB concentration increased from 5 ppm to 

500 ppm. In case of Tween-20, the half-life of microbubbles increased from 71 s to 364 s as the 

Tween concentration increased from 5 ppm to 100 ppm. From drainage curve analysis, it was 

observed that the liquid drainage curves of the microbubble dispersions followed the same trend 

for all kind of surfactants.  Microbubble drainage process found to occur in three distinct phases.  

Extensive experimental studies have been carried out to investigate the effect of 

physicochemical properties of phases on the size distribution and motion of rising microbubble. 

Liquid containing dispersed microbubbles was delivered from the microbubble generator in a short 

span of time to a transparent graduated glass cylinder (0.03 m i.d.). Immediately, the cloud of 

microbubbles in the suspension starts rising due to buoyancy, leaving a clear liquid interface. The 

terminal rise velocity of microbubble was determined by the rising trajectories of microbubble. 

The motion of rising microbubble was found to be significantly affected by physicochemical 

properties of liquid and gas phase. In the present study three methods were used to calculate the 
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size of microbubble. At low viscosity, the microbubble size was found to be dependent on surface 

tension of liquid. The microbubble size decreased from 52 µm to 25 µm as the surface tension 

deceased from 72 mN/m to 57 mN/m. The bubble size distribution of microbubble suspension for 

different concentrations was best fitted to Weibull distribution. 

Next an attempt has been made to predict the gas holdup and rheological characteristics of 

microbubble in pipe. The gas holdup of system estimated by the electrical conductance method. 

The rheological characteristic of microbubble suspension flow was determined by the pressures 

drop across the pipe. The results reveals that the microbubble suspensions behave as a shear-

thinning non-Newtonian liquid. An increase in surfactant concentration caused a decrease in shear 

stress and effective viscosity with shear rate. The drag coefficient and friction factor found to be 

decreased inversely with the Reynolds number. The results suggested that the presence of 

microbubbles can significantly reduce the frictional resistance. A mechanistic model has been 

developed to analyze the interfacial stress of microbubble suspension flow in a pipe by considering 

bubble formation, drag at the interface and loss of energy due to wettability. A correlation between 

the intensity factor of interfacial stress and the friction factor based on energy loss due to 

wettability has been developed. The functional form of the correlation appears to predict the 

hydrodynamics satisfactorily for the flow of a microbubble suspension in a pipe. 

Extensive experimental studies have been carried out to measure the dispersion characteristics 

of microbubble suspension in continuous plant prototype developed for mineral beneficiation. The 

effects of different operating variables and physiochemical properties of liquid on the dispersion 

of microbubble suspension were also examined. It was observed that the dispersion coefficient 

increased with increase in surfactant concentrations. The value of dispersion coefficient increased 

from 10.9 × 10-2 m2/s to 12.41 × 10-2 m2/s as the SDS concentration increase from 0 ppm to 15 
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ppm at fixed circulation velocity. For CTAB, value of dispersion coefficient increased from 11.10× 

10-2 m2/s to 12.10 × 10-2 m2/s as the CTAB concentration increase from 34 ppm to 100 ppm. In 

case of Tween 20 dispersion coefficient increased from 11.3 × 10-2 m2/s to 12.21 × 10-2 m2/s as the 

Tween concentration increase from 0 ppm to 15 ppm at fixed circulation velocity. The value of 

dispersion coefficient decreased with increasing SCMC concentration. The effect of 

physicochemical properties of liquid on dispersion coefficient due to liquid circulation was also 

analyzed. A phenomenological model with consideration of liquid circulation was developed to 

analyze the dispersion coefficient of the microbubble suspension due to circulation.  Generalized 

correlations for dispersion coefficient  and  the  time  to  reach  uniform  dispersion  were  also  

developed  based  on  the  physicochemical properties  of  microbubble  suspension. 

Next an attempt has been made to investigate the mineral beneficiation by ionic microbubble 

in continuous plant prototype. The present study showed that fine particles can be significantly 

recovered by using microbubbles. The results revealed that the charge on the surface of 

microbubble is highly promising in separating opposite charged particles. The recovery of mineral 

particle was found to be dependent on surfactant concentration, size of microbubble and particles, 

zeta potential of microbubble, nature of surface potential of bubble and microbubble-particle 

mixture circulation velocity. It was also observed that the separation efficiency of microbubble 

increased with increase in mixture circulation velocity. The addition of surfactant in the mixture 

intensified the recovery efficiency. The recovery of ZnO and Al2O3 particles was maximum with 

CTAB. A maximum recovery of approximately 84 % and 72 % was obtained for ZnO and Al2O3 

particle respectively by using CTAB. In case of CuO particles, the SDS and Tween-20 were found 

to be more effective than CTAB. For CuO particles, maximum recovery of approximately 78 % 

was obtained by using SDS.  A flotation model that includes the contributions from the efficiencies 
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of collision, attachment and stability between particles and microbubbles was used to calculate the 

flotation rate constants. It was observed that rate constant is significantly influenced by the 

physicochemical properties of the liquid and particles. The flotation rate constant was also 

analyzed based on the mixing phenomena in the column. 
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CHAPTER‐1 

 

BACKGROUND AND FORMULATION OF WORK 

 

This chapter presents a summary of the properties and the components of the microbubble. The 

application of microbubbles in different fields of engineering are enunciated. Various types of 

microbubble generators and their operating principles have been explained. The various aspects 

that affects the microbubble flotation are also discussed. The scope and significance of research 

in this field are explained.  The research formulation based on the scope is highlighted.   

 

1.1 Background of the Study 

Over the last few decades, technology is changing day by day. Technologies are getting much 

deeper and smaller, thereby enhancing the efficiency and capacity. In every field, research has 

gone to higher level by exploring new areas. In chemical engineering, bubbles play an important 

role in various unit operations. In recent studies, it has been reported that smaller bubbles give rise 

to larger interfacial area, which motivates the introduction of processes aided with microbubbles 

(Tsuge, 2014). In the present scenario microbubbles has got much popularity as it is being used in 

many chemical, biochemical, metallurgical and petrochemical industries to increase the efficiency 

of the process (Devatine et al., 2007; Koichi and Yasuyuki, 2007; Weber and Agblevor, 2005; 

Xiaohui et al., 2011). The important characteristics, properties and applications of microbubbles 

are described in the following sections. 
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1.1.1 Characteristics of Microbubbles 

1.1.1.1 Definition 

In the field of fluid physics, bubble having diameter of hundred micrometer or less is considered 

as microbubble whereas in the studies of physiological activity, bubble of diameter 10-40 µm is 

considered as microbubble (Tsuge, 2010). Li et al. (2009) defined microbubble as a bubble of 

diameter several tens of micrometers and has many characteristics different from common 

millibubble of diameter of the order of millimeter. Ishii et al. (2005) defined microbubble as a 

bubble having diameter ranging from several tens of micrometer to several hundreds of nanometer. 

Some researchers defined microbubble as tiny bubble, whose diameter is less than several hundred 

micrometers (Kawahara et al., 2009). It is seen that researchers have not yet reached conformity 

on the definition of microbubble. However, in general a bubble can be considered as microbubble 

if its size range 1-100 µm (Kurup and Naik, 2010). In the present work, bubbles having the 

diameter in the range of 1-100 µm are considered as microbubbles.  

1.1.1.2 Components of Microbubble  

Microbubbles have three main components such as gas phase, shell material enclosing the gas 

phase and liquid as shown in Figure 1.1 (Khuntia et al., 2012; Sirsi, and Borden, 2009).  

 

Figure 1.1: Components of a microbubble. 
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The gas phase comprises of a single gas or combination of gases. The combination of gases are 

generally used for two particular reasons, first is to create differentials in partial pressure and 

second is to generate gas osmotic pressures which stabilize the bubbles. In case of combinations 

of gases one gas is called primary or first gas and the other one is known as gas osmotic agent. 

Gas which is less permeable through the bubble surface than the modifier is preferred as gas 

osmotic agent (Ernest et al., 2005). The gas osmotic agent is either a gas at room temperature or 

liquid so long as it has a sufficient partial pressure or vapor pressure at the temperature of use to 

provide the desired osmotic effect (Kurup and Naik, 2010). Air and nitrogen are examples of 

primary gas. Sulphur hexafluoride is an example of osmotic gas agent. The gas phase is enclosed 

by shell material. Diffusion of gas from microbubble and the mechanical properties of microbubble 

depend on the shell material (Azmin et al., 2012). The shell plays a vital role in encapsulation of 

molecules. If the elasticity of shell material is more, the acoustic energy it can withstand before 

bursting or breakup is high, which increases the residence time of the bubble (Prajapati and 

Agrawal, 2012). The external liquid surrounding the shell in which the bubble resides can be same 

as of shell material, or it can be surfactant or foaming agent depending upon the operations. 

1.1.2 Properties of Microbubble 

The properties of microbubbles can significantly affect the transport process. The physicochemical 

properties of microbubbles are of interest in ionic microbubble flotation as these properties have 

been shown to affect the mechanism of attachment of bubbles to surfaces (Liu et al., 2010; Yi-jun 

et al., 2009). The internal pressure of bubble depends on surface tension and diameter of bubble. 

The internal pressure of bubble increases on decreasing the bubble diameter. Decreasing the 

bubble diameter increases the partial pressure of the dissolving gas which increases the gas 

dissolution (Agarwal et al., 2011). The Young-Laplace equation relates the difference in pressure 
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between inside and outside surrounding liquid (ΔP) with bubble diameter (dmb) and surface tension 

(σ) as: 

mbd
P

4
            (1.1) 

The ratio of area to volume of a sphere is inversely proportional to its diameter. Microbubbles due 

to its small diameter hold high interfacial area. Microbubbles have high gas dissolution rate. When 

the bubble reaches to its size micro to nano, the rate of its dissolution increases because the surface 

area and internal pressure of bubble increase and rising velocity decreases (Tsuge, 2010). Due to 

this high pressure inside the bubble, gas inside the microbubbles tends to diffuse outside from a 

region of high pressure to a low pressure of surrounding. As a consequence of this, the 

microbubbles shrink and finally collapse. This causes high mass transfer rate of gas microbubble 

to the surrounding liquid (Ohnari, 2007). Microbubbles behave almost like spherical bubbles and 

sometime like solid spheres where the flow at the gas liquid boundary is free. Recently most of the 

studies have shown that the rise velocity of microbubble (Ub) follows the Stokes' law (Haapala et 

al., 2010; Kelsall et al., 1996; Parkinson and Ralston, 2010; Takahashi, 2005; Stokes, 1851). 

l

mbl
b

gd
U





18

2

           (1.2) 

Reynolds number based on the terminal rise velocity of microbubbles is very less (approximately 

Re ≤ 1), due to its small size. The microbubble can reduce the fluid resistance on the wall of the 

channel by reducing the friction coefficient (Kodama, 2007; Serizawa et al., 2005). The coefficient 

of friction decreases with increasing in volume fraction of microbubbles. The physical properties 

of water are altered by bubbling microbubbles in water. The electrical conductivity, viscosity and 

surface tension of liquid changes on bubbling with microbubbles. The breakdown of hydrogen 
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bonds between water molecules and ionization of compounds present in the water are the main 

factors causing these changes (Himuro, 2007).  

1.1.3 Zeta potential 

The liquid layer surrounding the microbubble exists as two parts as shown in Figure 1.2: (i) an 

inner region (stern layer) where ions are strongly bound and (ii) an outer (diffuse) region where 

they are weakly associated (Hunter, 1989). There is a notational boundary inside which the ions 

and particles form a stable entity inside the diffuse layer. When the particle moves (e.g. due to 

gravity), ions within the boundary move it. Those ions beyond this boundary reside with the bulk 

dispersant (Lyklema, 2000). The electrical potential of the slipping plane (as shown in Figure 1.2) 

is the zeta potential and the amount of ions and their valence in the plane determine the value of 

zeta potential (Hasegawa et al., 2008). The most widely used technique for measuring zeta 

potentials is electrophoresis. Electrophoresis is the motion of dispersed particles relative to a fluid 

under the influence of a spatially uniform electric field (Okada and Akagn, 1987). This 

electrokinetic phenomenon was observed for the first time in 1807 by Ferdinand Frederic Reuss 

(Moscow State University), who noticed that the application of a constant electric field caused 

clay particles dispersed in water to migrate (Dukhin and Derjaguin, 1974; Hunter, 1989; Lyklema, 

2000). In order to obtain the zeta potential an electric field is applied across a sample, which 

induces charged particles to move. The direction and velocity (electrophoretic mobility) of the 

particles depends on the applied field (Wierserna et al., 1966). The velocity of a particle in an 

electric field is dependent on: the strength of the electric field; the dielectric constant of the liquid 

the viscosity of the liquid; the zeta potential (Oliveira and Rubio, 2011). Particles in suspension 

having a large negative potential tend to repel each other. But if the particles have low zeta 

potential, then there will be no forces to avoid the particle to come closer (Lyklema, 2000). The 
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zeta potential of bubbles is an important property which determines the interactions of bubbles 

with other materials such as oil droplets, solid particles, etc.  

 

Figure 1.2: Schematic representation of zeta potential (Lyklema, 2000). 

The zeta potential is determined by the Smoluchowski equation (Eq. (1.3)) (Takahashi, 2005) 

 /m            (1.3) 

where ζ is the zeta potential (V), m' is the mobility (m2/sV) and ϵ is permittivity of liquid            

(s2C2/kg1.m3).  

The important characteristics of zeta potential of microbubble are as follows: 

(i) The addition of the electrolytes such as NaCl and MgCl2 cause a reduction in the 

magnitude of negative zeta potential value to less negative value (Lyklema, 2000). 

(ii) The zeta potential of microbubble in a solution is affected by the addition of alcohol 

(Methanol, 2-propanol and butanol) in the solution. The negative zeta potential value 
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reduces to less negative as the concentration of alcohol in the liquid increases 

(Lyklema, 2000). 

(iii) There is no change of zeta potential with bubble diameter (Hasegawa et al., 2008). 

(iv) The zeta potential of microbubble in water is negative (Oliveira and Rubio, 2011). 

(v) The zeta potential of microbubble is affected by pH. The negative value decreases as 

the pH increases from 2 to 7. The highest negative value is about - 25 mV near pH = 7. 

(Han and Dockko, 1998). 

1.1.4 Rheological behaviour 

Rheological properties of microbubble reflect the creation and stability of microbubble 

suspensions. These properties may be very different from those of their constituent fluids. 

Microbubbles suspension shows non-Newtonian behavior (Shams et al., 2014). The viscosity of 

microbubbles generally decreases with increase in shear stress (Shen et al., 2008). For non-

Newtonian fluid, the most common model which relates the wall shear stress (τw), wall shear rate 

(γw) and apparent shear rate (γa) is power law model which is described as: 

n
waew K            (1.4) 

The apparent shear rate and wall shear rate are related as: 

aw
n

n
 






 


4

13
          (1.5) 

The wall shear stress (τw) and apparent shear rate (γa) are experimentally determined from 

volumetric flow rate (Q) and pressure drop (ΔP) according to the relations (Enzendorfer et al., 

1995) 

Z

PDh
w

4


            (1.6) 
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             (1.7) 

 

1.2 Applications of Microbubbles 

Over the last few decades, microbubbles have drawn great attention due to their wide applications 

in many fields of science and technology. Microbubble finds application in both engineering and 

medical fields. Some of their important applications are: 

1.2.1 Mass Transfer Enhancement 

Microbubbles offers high surface area per unit volume than the conventional bubbles which helps 

to intensify the mass transfer processes at low cost. The application of the microbubble in aerobic 

fermentation was investigated by Kaster et al. (1990). They reported that the large specific 

interfacial area provided by the microbubbles has resulted in 30% high mass transfer rate. Bredwell 

and Worden (1998) also investigated the mass transfer characteristic of microbubbles. They 

reported that mass transfer characteristic of microbubbles is 6 fold higher than conventional 

bubbles. Ago et al. (2005) measured the volumetric mass transfer coefficient for carbon dioxide 

microbubbles. They observed an increase in the volumetric mass transfer coefficient by several 

times compared with the conventional bubbling technique. A similar kind of observation was 

reported by Nakano et al. (2005), who compared the volumetric mass transfer coefficients of 

oxygen in water by the microbubble and air-stone dissolution method. Chu et al. (2007) studied 

ozonation of synthetic waste water containing azo dye (C6H21N5O19S64Na) by using microbubble 

and conventional bubble. The authors observed from their experimental results that the total mass 

transfer coefficient is 1.8 times higher and pseudo-first order rate constant is 3.2-3.6 times higher 

 TH-1465_11610710



Introduction 

9 
 

in microbubble system as compared to conventional bubble. The microbubbling technique is now 

the accepted practice in wine manufacturing (Devatine et al., 2007). Microbubble ozonation has 

widely used in water treatment process. It utilizes ozone characteristic as a strong oxidant. Chu et 

al. (2008) reported that the COD removal efficiency of ozone microbubble is 20% higher than the 

conventional bubble.  

The mass transfer coefficient for ozonation with microbubbles is 2.45 times higher than that of 

conventional bubbles (Karamah et al., 2010). Ozone microbubbles provides an alternate way for 

disinfection against fungi and bacteria (Kobayashi et al., 2011). Kobayashi et al. (2009) have also 

investigated the ability of CO2 microbubbles to inactivate Escherichia coli suspended in a saline 

solution. A significant reduction in the bacterial population occurred with microbubble-aided CO2 

treatment. Microbubble have also used for degradation of methyl orange using short-wavelength 

ultraviolet light beam with oxygen microbubbles. It was reported that the decolourization reaction 

constant in microbubble system is 2.1 times higher than conventional bubbles system (Tasaki et 

al., 2009). The high mass transfer coefficients in liquid–liquid micro dispersion systems, due to 

their very high interfacial areas and very short mass transfer diffusion distances make them ideal 

for the development of an efficient extraction process. Tan et al. (2011) studied the hydrogen 

peroxide extraction process by using microbubbles. The author reported that Murphee efficiency 

can be reached higher than 90% using microbubble agitated extraction. Bang et al. (2011) studied 

the precipitation of calcium carbonate by carbon dioxide microbubbles. They observed that higher 

conversion efficiency of carbon dioxide to carbonate minerals was achieved with microbubble 

system. Al-Mashhadani et al. (2012) also reported that the absorption efficiency of CO2 

microbubbles is 29% higher that fine bubbles. Recently Ying et al. (2013) reported that 

microbubble can improve the mass transfer coefficient by more than 30% compared to fine-bubble. 
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1.2.2 Water Purification 

In the recent years, more and more attention has been given to the potential applications of the 

microbubbles for water treatment due to their ability to generate highly reactive free radicals 

without the use of any toxic chemical. Subramaniam et al. (1990) were one of the first to use 

microbubbles for clarifying industrial effluents. They applied microbubbles to clarify palm oil mill 

effluent, suspensions of microalgae and suspensions of three inorganic minerals. Microbubbles 

have been proven to be a new environmental friendly technique for oxidation of organic 

compounds, water disinfection and fouling control. Microbubbles have also employed to remove 

the impurities like methyl orange and methylene blue dye from water (Basu and Malpani, 2001). 

Hashim and Gupta (1998) used microbubble separate fine fibers from a lean slurry of cellulosic 

pulp. Evidence shows that nitrogen microbubble can be applied for water and wastewater 

treatment, fermentation, brewing as well for human waste treatment. Michelsen et al. (1988) have 

developed a microbubble-based biodegradation system for treating hazardous wastes. The 

microbubbles were stabilized by surfactants. They reported that microbubble dispersion proved to 

be superior to the sparged air-water injections. Approximately 25% of oxygen present in the 

microbubbles increased dissolved oxygen, as anaerobic groundwater flowed through the treatment 

zone.  

Microbubble have been found to catalyze chemical reactions, and enhance the detoxification 

efficiency, thereby improving the efficiency of chemical treatment of water. (Agarwal et al., 2011; 

Yamasaki et al., 2009). Microbubble have also been used for degradation of various organic 

compounds, such as alachlor, p-nitrophenol, rhodamine B and decolorization of dye effluent 

stream (Agarwal et al., 2011). Generation of highly reactive free radicals associated with the 

collapsing microbubble provides great potential for water disinfection. Lab-scale study suggests 
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that the cost of hydrodynamic cavitation for water disinfection giver better results than 

conventional chlorination and ozonation (Jyoti and Pandit, 2001). It is also observed from the 

literature that the total organic content reduction by ozone microbubble under strong acidic 

conditions was much higher than other conventional methods. Wastewaters released from the 

textile and dye manufacturing industries are heavily colored, a major part of which is non-

biodegradable in nature. Ozonation has been used by various researchers for the removal of color 

(Khuntia et al., 2012; Shu and Huang, 1995; Wang et al., 2003). Ozonation of a mixture of benzene, 

toluene, ethylbenzene and xylenes with microbubble also provides better results (Walker et al., 

2001). The effectiveness of air microbubbles in applications such as decolorization can be 

enhanced by the use of ultraviolet irradiation. The degradation of methyl orange using short-

wavelength ultraviolet light beam with oxygen microbubbles has provided a new alternative for 

water treatment (Tasaki et al., 2009). Shibata et al. (2011) also employed ultraviolet light with 

oxygen microbubble to decolorization of methylene blue solution. Microbubble also helped to 

enhance the removal of soluble organics from simulated seawater.  

1.2.3 Drag Reduction   

Microbubble injection into the boundary layer on a solid surface is one of the most promising 

methods for the reduction of skin friction. Madavan et al. (1985) was the first to report that 

microbubble can be used for reduction of friction during fluid flow. Fontaine and Deutsch (1992) 

studied the influence of the type of gas on the reduction of skin friction drag by microbubble 

injection. They selected 5 different gases which covers a wide range of density and solubility (air, 

argon, carbon dioxide, helium and sulfa-hexafluoride).  A maximum drag reduction of 25%- 30% 

was reported by them. The authors observed similar reduction of skin friction for all the gases. 
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Later on Kato et al. (1999) examined the effect of microbubbles on the structure of turbulence in 

a turbulent boundary layer. The authors reported that injecting microbubbles is an effective way 

of reducing the friction resistance. They also reported that with increasing the void fraction, the 

turbulence intensity in the buffer layer first increased, then reached to a peak and then decreased. 

Ships play a major role in marine transportation. They are very large and move very slowly. They 

are especially suited to microbubbles. Kodama et al. (2000) performed their experiment to study 

the applicability of microbubbles to reduce skin friction in ships and observed that skin friction 

can be reduced up to 40% with microbubbles. Yasuhiro and Kato (2002) examined the effect of 

microbubble diameter and size distribution on frictional resistance reduction. They reported that 

the frictional resistance reduction increased with increasing mean void ratio and microbubble 

diameter does not affect the frictional resistance reduction. Wu et al. (2008) studied the 

microbubble drag reduction in a channel flow by using the Taguchi method. The authors tried to 

search out optimum parametric levels for stout design of microbubble drag reduction in a turbulent 

channel flow. Air injection, air jet area and microbubble size were the three controllable factors 

analyzed in their study. Based on their analysis model the drag reduction by microbubble can be 

obtained up to 21.6%. Tsai et al. (2011) derived boundary mixture model to visualize the 

performance of microbubble drag reduction technique for a flat plate having porous material 

microbubble system. The maximum drag reduction effect of microbubble in water tunnel and 

towing tank were 80% and 30% respectively. They conducted test in water tunnel and towing tank.  

1.2.4 Oil Separation 

Produced water generated at the oil exploration sites contains a large amount of oil. The oil 

components may be either dissolved in the water or present as a dispersed phase. The oil may have 
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aliphatic, aromatic, phenolic and fatty acid component. Microbubble flotation is used to separate 

oil from water. In the microbubble-aided flotation of oil from wastewater, the oil droplets adhere 

to the surface of the bubbles, rise upward and collect at the surface of water. A frothy layer of oil 

is formed on the surface of microbubbles, which is skimmed off. Smaller microbubbles have high 

effectivity in separating oil from water, which results in a drier froth and a very low skim volume 

(Khuntia et al., 2012). Leung (1988) developed a technique for the use of microbubbles in the 

conventional hot water process in the primary flotation to recover bitumen. In his process, stream 

of microbubbles was injected into the aqueous slurry formed in the hot water process. This 

injection was followed after the conditioning step and prior to the introduction of the slurry into 

the flotation/settling step. Thoma et al. (1999) have used microbubbles within the size range 60-

100 μm to treat simulated produced waters that contained paraffins (e.g., octane and decane) and 

aromatic compounds (i.e., benzene, toluene and ethylbenzene). Microbubble are also effective in 

removing various volatile and semi-volatile materials dissolved in wastewater (Valsaraj et al. 

1991). Microbubbles has also been employed for separating oil from synthetic oily wastewater, 

which was produced by emulsifying low concentrations of oil in water with a nonionic surfactant. 

Gotoh et al. (2006) have examined the removal of oil from oil-polluted soil by air microbubbles. 

They reported that the separation of oil from high-concentration oil-in-water emulsion was 

significantly enhanced by microbubble injection and approximately 70-80 % of the oil can be 

removad microbubbles flotation. Deng et al. (2011) developed a T-tube dynamic state flotation 

device. They have reported that their device can reduce oil concentration from 38 to 12 g.m 3. 

Xiaohui et al. (2011) also developed a new oil removal technique by microbubble floatation for 

water treatment on offshore oil platform. The author reported that the more than 50% of oil content 

can be reduced by method. 
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1.2.5 Fine Particle Separation 

A large amount of valuable minerals are thrown away today as fines and ultrafines because of 

inadequate technology to process them economically. Treatment of fine particles is a challenging 

problem in the raw material processing units. Its solution is required in both production and 

effluent treatment unit (Rousseau, 1987). Flotation is the most significant beneficiation method in 

this regard. However, going to finer size ranges, flotation faces problems, because the bubble–

particle collision probability decreases with decreasing particle size (Weber and Paddock, 1983). 

In the present scenario, significant interest is uprising in developing new methods and in improving 

old ones for the recovery of fines. Microbubble flotation is the latest technique of separating fine 

suspended particles. This method utilizes ionic or charged microbubbles for separating opposite 

charge particles. During the flotation, as the particles come nearer to the ionic microbubbles, it 

collides with the bubble. After colliding with microbubble, the particle attaches the bubble surface 

due to electrostatic interaction and forms a stable particle–bubble aggregate, which can be 

separated by a skimming device. The schematic representation of the interaction is shown in Figure 

1.3. 

 

Figure 1.3: Schematic representation of interaction between microbubble and particles.  
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Microbubble flotation is advantageous over the other conventional method as it does not prone to 

electrode corrosion, scaling and production of objectionable gases, which may arise in case of 

electroflotation. It is also effective in separation of ultrafines particles which cannot be separated 

by precipitate flotation and conventional ionic flotation (Matis and Mavros, 1991; Rahman et al., 

2014). The separation efficiency of ionic microbubble flotation is also be considered to higher than 

the dissolved air and induced air flotation due to an additional electrostatic force between the 

microbubble and the particle (Rahman et al., 2014). Caballero et al. (1989) were the first to using 

microbubbles in mineral processing and particle separation. They applied microbubbles in 

coflotation and solvent sublation processes. In their coflotation of Cu with Fe(OH)3 and HTAB, 

up to 95% of the separation recovery was achieved in less than 1 min.  

The separation and pre-concentration of heavy metals using microbubbles in connection with co-

flotation processes were carried out by Cabezón et al. (1994). They reported over 90% recovery 

for the elements (Cu, Co, Cd, and Ni). Cilliers and Bradshaw (1996) carried comparative 

experiments of conventional batch flotation and microbubble flotation. Their results indicated that 

microbubble flotation system may be applied for the selective recovery of finely ground minerals, 

which was then investigated by Waters et al. (2008). Waters et al. (2008) separated fine particles 

of copper oxide from silica using microbubble. Koichi and Yasuyuki (2007) used microbubble 

floatation column to separate fine carbon particle. The authors observed that anionic surfactant can 

entrap carbon particle most efficiently. Yi-jun et al. (2009) also reported that microbubble flotation 

is highly efficient for separation of fine nickel and copper ores than the conventional floatation. 
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1.3 Different Aspects of Microbubble  Flotation for Fine Separation 

Microbubble flotation is a three-phase separation process for fine particle based on the difference 

in hydrophobicity and surface charge of the solids and microbubbles. For a better understanding 

of microbubble flotation, many aspects of microbubble flotation have to be considered. The most 

important aspects can be grouped as follows (Nguyen, 2007) 

(i) Engineering aspects: The major engineering aspects are microbubble generation, 

particle and bubble dispersion, and design of unit. 

(ii) Physical aspects: The important physical aspects that can significantly affect the ionic 

microbubble flotation are microbubble properties, particle hydrophobicity and 

floatability, hydrodynamics of microbubble flow, bubble–particle interactions, 

microbubble stability and flotation kinetics. 

(iii) Chemical aspects: The chemical aspects that affects the microbubble flotation are 

surface chemistry of microbubble and mineral particles, chemistry of flotation reagents, 

mineral–reagent interactions and ionic strength of microbubble. 

1.3.1 Engineering Aspects 

1.3.1.1 Dispersion Characteristics of Microbubble  

For flotation operating between the plug-flow and perfect mixing regimes, the recovery depends 

on the particle and microbubble dispersion in the cell. For efficient capture to occur between a 

microbubble and a particle they must undergo a sufficient closed encounter. The encounter process 

is mainly governed by the hydrodynamics and mixing characteristics. Mixing of the phases affects 

both the particle-bubble collision and detachment and hence affects the overall performance of the 

flotation process (Schubert, 2008).  
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1.3.1.2 Design of Unit 

The modeling and design of a three-phase reactor requires the knowledge of several hydrodynamic 

(e.g., flow regime, pressure drop, holdups of various phases, etc.) and transport (e.g., degree of 

backmixing in each phase, gas-liquid, liquid solid mass transfer, fluid-reactor wall heat transfer, 

etc.) parameters (Shah, 1979). During the past decade, extensive research efforts have been made 

in order to improve our knowledge in these areas (Shah et al., 1982). Advancement on flotation 

technology has come about through the application of new theories (i.e. adsorption mechanism, 

electrochemical control) novel flotation reagents, various alternative flotation technique and so on. 

In the last decay new horizons have been opened for this process in chemical technology, 

particularly in its use as a selective separation technique. The design of a flotation column where 

separation would be carried out on a commercial scale would depend on multiple aspects of 

chemical engineering (Mathis, 1995). The design and efficient operation of ionic flotation column 

also require knowledge of what is happening inside the column: how much time is allowed for the 

particles to mix with the microbubble? Are there any dead spaces, where mixture gets trapped, or 

any bypassing, with either air or pulp leaving the column too soon? All these are cases of 

malfunctioning results non-ideal flow and lead to poor performance of the unit (Matis and Mavros, 

1991).  

1.3.1.3 Microbubble Generation 

Microbubbles can be generated by number of ways. Researchers had made several efforts to 

develop a generator which can produce microbubbles with a minimal power requirement. A brief 

description of different microbubble generation methods are as follows: 

1.3.1.3.1 Methods based on the Mechanics of Flowing Fluid 
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The mechanics of flowing liquid is used to create the microbubbles. Some of the important 

methods for microbubble generation under this category have been described in the following 

section: 

(i) Spherical body in a flowing tube: Microbubbles can be generated by introducing 

pressurized water in a pipe having spherical body in the core region. The spherical body 

increases the velocity of liquid in the pipe, due to which pressure reduces and creates 

automatic suction of gas in liquid, results in generation of microbubbles of 

approximately 50 µm (Sadatomi, 2003). 

(ii) Rotary liquid flow type: In this method, pressurized water is pumped to create a rotary 

type of flow of liquid which sequentially causes a reduction in pressure in its central 

axial part. Gas is automatically induced to the reduced pressure area. The air-liquid 

mixture then develops microbubbles of approximately 63 µm, due to high smashed and 

shears (Koichi and Yasuyuki, 2007). Ohnari (2006) developed a cylindrical 

microbubble generator by this principle. The liquid flow rate can be up to 12 litres per 

hour and the rotary speed of the gas-liquid mixture can have 300-600 revolution per 

sec. The 63. 

(iii) Static mixture type: The smashing of flow in a static mixture with a swirl pattern can 

produce fine bubbles. The gas-liquid flow is channelized into a swirl pattern by guided 

vanes. The smashing of flow is done by two mushroom shaped projections. This type 

of microbubble generator generates microbubbles having size ranges from 5 to 50 μm 

at maximum rate of 1500 l/min (Uematsu, 2006). 

(iv) Venturi type: In this method, gas and liquid are passed simultaneously through the 

venturi tube to generate microbubble. It is composed of an inlet section, a tubular part, 
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a throat and a tapered out flow section. Pressurised fluid is introduced in the tabular 

part through the inlet section. The throat of venturi-system accelerates the two phase 

fluid, due to which the pressure in this part decreases.  Because of decrease in pressure 

cavitation occurs in the system which generates microbubbles (Fujiwara, 2006). 

Yoshida et al. (2008) used this method to generate microbubble having diameter of 

approximately 70 µm.   

(v) Ejector type: Ejector uses the venturi effect of a converging-diverging nozzle to convert 

the pressure energy of a motive fluid to velocity energy which creates a low pressure 

zone that draws in and entrains a suction gas. After passing through the throat of the 

injector, the gas-liquid mixer expands and the velocity is reduced. The shearing of gas-

liquid mixture in turbulent flow creates the microbubbles of diameter less than 58 µm 

(Nakatake et al., 2007; Chu et al., 2008). 

(vi) Multi fluid mixture device: Sadatomi and kawahara (2008) invented a new device 

which can generate microbubbles as well as mists. They used orifice and porous pipe 

instead of spherical body and small drilled holes. When pressurized water enters in the 

generator, the velocity of water increases due to the presence of orifice, from the 

principle of energy conservation, the pressure at a little downstream of the orifice 

becomes negative, this creates automatic suction air in water from porous pipe, which 

results in generation of microbubble. 

(vii) Pressurized dissolution type: In this method air is allowed to dissolve in water by 

applying a pressure of about 3-4 atm and water is flushed through a nozzle inside the 

water pool. Because of reduction in pressure the supersaturated air is released into 

expelled water in the form of microbubbles of approximately 52 µm (Tsuge, 2010). 
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1.3.1.3.2 Methods without Accompanying Liquid Flow 

These methods of microbubble generation has only gas phase in motion, and the blowing gas used 

to generate microbubbles. Some of the methods for microbubble generation with gas phase in 

motion are rotary gas flow type, porous mullet ceramics technique, porous membrane type, etc. 

(Kukizaki et al., 2004; Okada et al., 2010; Onoe et al., 2002). Some of low power generation 

methods are also used to generate microbubble such as are flow focusing technique, microchannel 

technique, ultrasonic systems, micro-bubbler technique, etc. (Gañán-Calvo and Gordillo, 2001; 

Lee et al., 2005; Makuta et al., 2006; Yasuno et al., 2004). Microbubbles can also be generated by 

some other techniques such as by applying electric field, from porous plates, by spinning disk and 

by electrohydrodynamic atomization (Burns et al., 1997; Farook et al., 2007; Fujikawa et al., 2003; 

Weber and Agblevor, 2005). More details of all the method are published by us (Parmar and 

Majumder, 2013). 

1.3.2 Physical Aspects of Ionic Microbubble Flotation 

The important physical aspects of microbubble flotation are discussed in the following section: 

1.3.2.1 Particle Hydrophobicity and Floatability 

The mineral flotation is based on reducing the surface free energy of the species to be floated, 

using certain kind of chemical reagents. Surface properties of particles and air bubbles can be 

described in terms of particle surface hydrophobicity and surface forces. The surface 

hydrophobicity is usually measured by the contact angle against water, surfactant solutions, or 

other liquids. Contact angle describes the ability of mineral particles to displace water and to attach 

to bubbles (Fuerstenau et al. 2007; Nguyen, 2007). 
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1.3.2.2 Bubble–Particle Interactions 

Bubble–particle interaction during flotation comprises of collision, attachment and detachment 

(Phan et al., 2003). The bubble–particle interaction is controlled by a number of forces, including 

the surface and hydrodynamic forces (Anfruns and Kitchener, 1986; Schulze, 1989). All the 

interactions among atoms, ions, and molecules constituting the particle, bubble and intervening 

liquid film give a force acting between the bubble and particle surfaces, known as the surface force. 

The hydrodynamic forces are due to the resistance of liquid films between the surfaces (Dai et al., 

1999). The main surface forces affecting the bubble–particle interaction are van der Waals force, 

hydrophobic force and electrostatic double-layer force (Dai et al., 2000; Edzwald, 1995; Verrelli 

et al., 2011). The van der Waals force may be due to the dipolar interactions among atoms and 

molecules. The electrostatic forces acting between particles and microbubbles can be calculated 

from their zeta potentials. An electrostatic double-layer force is due to the interaction between 

diffuse layers of electrolytes concentrated at the electrically charged surfaces of particles and 

bubbles (Miettinen et al., 2010; Ralston et al., 1999). The hydrophobic effect is the observed 

tendency of nonpolar substances to aggregate in aqueous solution and exclude water molecules. 

Surface forces and hydrodynamic forces are function of the separation distance between the bubble 

and the particle surfaces the mobility of the bubble surface and the hydrophobicity of the solid 

surface (Liang et al. 2007; Yoon, 2000). 

1.3.2.3 Microbubble Stability 

Microbubble dispersion stability is a desirable characteristic in separation processes. The gas 

inside the microbubbles tends to diffuse outside. As a consequence of this, the microbubbles 

shrinks. Therefore microbubble stability plays important role in determining mineral flotation 

recovery and selectivity. In microbubble dispersions liquid drainage rate is the principle parameter 
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determining stability because no perceptible breakdown of bubbles takes place prior to the majority 

of liquid being drained from dispersion (Borden et al., 2012). 

1.3.2.4 Hydrodynamics of Microbubble Flow 

The interactions between particles and microbubbles are strongly influenced by the hydrodynamics 

of microbubble flow (Dia et al., 1998; Trahar and Warren, 1976). The motions of particles is 

different in magnitude and direction (Schubert and Bischofberger, 1978). Because of the 

momentum exchange, a particle that finds itself in the proximity of rising microbubble in flotation 

system experiences different kinds of forces. The first force is due to liquid acceleration required 

to suspend the particle and disperse the microbubble (Schubert, 2008). The hydrodynamic drag 

force and other forces due to surface interaction between the particle and microbubble is also 

affected by hydrodynamics of microbubble flow. (Serizawa et al., 2003; Yamaguchi et al., 2001a; 

Yamaguchi et al., 2001b)  

1.3.2.5 Flotation Kinetics 

To determine the theoretical rate of flotation of mineral in a column, it is necessary to make use of 

simplified model of the system, which ignores unimportant variables while retaining essential 

features (Sutherland, 1948; Zhang, 1989). A large number of effort has been made to 

mathematically model the flotation separation process (Bloom and Heindel, 1997; Fichera and 

Chudacek, 1992). Despite the differences in design of flotation device almost all flotation column 

operate on similar principles: (i) aeration, where air bubbles are introduced into the system; (ii) 

mixing, where bubbles and particles are intimately mixed to maximize bubble–particle interaction; 

and (iii) separation, where bubbles and bubble–particle aggregates are allowed to separate from 

the bulk mixture and skimmed away (Bloom and Heindel, 2003; Tuteja et al., 1994). Experimental 

observations of the flotation process have shown that it can be linked to a chemical reactor and be 
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described by an ordinary differential equation (Finch and Dobby, 1990; Wills and Munn, 2005). 

The efficiency can be modelled from the first principle and the collision, attachment, and 

detachment interactions between bubbles and particles (Ahmed and Jameson, 1989; Duan et al., 

2003; Sutherland, 1948). 

1.3.3 Chemical Aspects of Microbubble Flotation 

1.3.3.1 Surface Chemistry of Minerals in Water  

Selective recovery is driven by the chemistry of the surface of the mineral. The mineral particle–

bubble attachment and its ensuing stability are governed by the balance of 

hydrophobic/hydrophilic species on the particle surface (Fuerstenau et al., 2007). Generally the 

mineral surface have two surface characteristics such as polar and non-polar surface 

characteristics. The majority of particles have strong covalent or ionic surface bonding and exhibit 

high free energy at their polar surface. The surfaces of these minerals react strongly with polar 

water molecules, rendering the minerals naturally hydrophilic in varying degrees. Ionic 

microbubble flotation is the most efficient flotation for such types of particle. The particle and 

bubble surfaces are electrostatically charged in water, forming the electrical double layers. The 

diffuse layers of the double layers on the particle and bubble surfaces overlap at close approach, 

giving a repulsive or attractive force. Although the actual double-layer interactions between the 

particle and microbubble act in limited distance (Fuerstenau et al., 2007; Nguyen, 2007). Several 

mineral surfaces, such as graphite, coal, sulfur, talc and molybdenite, are not readily wetted by 

water. These minerals are composed of covalent molecules held together by nonpolar forces which 

produce special crystal lattice structures with nonpolar surfaces. The nonpolar surfaces are 
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hydrophobic for which does not easily attach to the water dipoles. Ionic microbubble flotation may 

not be as effective in these mineral because of nonpolar surface forces (Fuerstenau et al., 2007). 

1.3.3.2 Chemistry of Flotation Reagents 

Several organic and inorganic reagents are used in flotation for controlling the characteristics of 

interfaces. According to their functionality, flotation reagents are classified into collectors, 

regulators and frothers (Nguyen, 2007). Collectors adsorb at the solid–liquid interface, making the 

surface of required minerals water-repellent. The collectors increases the contact angle so that 

bubbles adheres to the particle surface, aiding bubble–particle attachment. Generally collectors 

can be classified as ionising collectors and non-ionising collectors (Khoshdast and Sam, 2011; 

Wills and Munn, 2005). The non-ionizing collectors cannot chemically adsorb to the mineral 

surface due to absence of polar functional groups (examples are kerosene, transformer oil, 

synthetic hydrocarbon oils, etc.). These compounds are hydrocarbon liquids of petroleum origin 

and their adsorption is due to the intermolecular van der Waals forces. The collectors are primarily 

used in the flotation of naturally hydrophobic minerals which have insufficient hydrophobicity for 

the strong and fast attachment to bubbles (Nguyen, 2007; Wills and Munn, 2005). The ionizing 

collectors are widely used in flotation and can be conveniently divided into cationic (examples are 

fatty amines, ether amines, etc.) and anionic collectors (examples are organic acids, soap, 

xanthates, etc.). Another important chemical that is widely used in flotation is frothers. Frothers 

(also known as surfactants) are water-soluble organic reagents that preferentially adsorb at the 

gas–liquid interface. They are added to stabilize the bubble formation in the pulp phase, to create 

a reasonably stable bubble to allow selective drainage from the froth of entrained gangue, and to 

increase flotation kinetics. The choice of frothers in ionic microbubble depends on the nature of 

charge of particle. If the particle to be separated is anionic, cationic surfactant or frothers should 
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be used to create the ionic microbubble. The ionic strength of microbubble is a key parameter in 

ionic microbubble flotation. The magnitude of charge on the surface of microbubble is governed 

by the surfactant concentration (Yoon and Yordan, 1986). The  presence  of  dissolved inorganic  

salts  inhibits the flotation,  because  collector  ions  function  as counter  ions  in  the  double  layer 

(Lyklema, 2000). 

 

1.4 Knowledge Gap 

It is clear from the literature, that microbubble possess a great potential to separate fine suspended 

particles. In order to explore this technology into a larger or commercial scale, it is very essential 

to understand the complexity of the process (Jauregi and Dermiki, 2010; Spigno et al., 2010). The 

hydrodynamics of microbubble, stability of microbubble and dispersion phenomena are the main 

parameter which can significantly affect the microbubble particle-interaction. Although these 

parameter has not got considerable attention. The microbubble size, produced in a liquid by 

pressurizing the gas or by shearing action of gas-liquid mixture, depends on the physical properties 

of liquid. Modifying the surface tension of liquid can not only shift the bubble size distribution, it 

also influences the stability of microbubble. But no significant studies are available in literature 

that can correlate the size distribution and life time of microbubble with concentration of surface 

tension modifier. There is no such quantitative research available in literature that can completely 

demonstrate the effect of different gas on microbubble hydrodynamics. Efforts are required to 

completely analyze the complex mechanism of drainage of microbubble, in order to expose this 

technology at large scale. The potential of microbubbles to separate fine particle are also limited 

to few particles systems. The mixing behavior of microbubble suspension is also not explored in 
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literature. To achieve technical feasibility of microbubble suspension flow and microbubble aided 

mineral separation by flotation, a detailed study on the dispersion characteristics of microbubble 

suspension is also required. The present work is formulated based on those scope which is given 

as follows:  

 

1.5 Formulation of the Work 

In view of the importance of ionic microbubble flotation, present research has been undertaken for 

a systematic study of various aspects of ionic microbubble flotation to separate fines. The term 

“ionic microbubble” is used in the present work because microbubble carries charge over it. Based 

on the background on the possibility of the work in microbubble aided floatation processes, the 

following work is proposed for the present research: 

1.5.1 Microbubble Generation and Stability of Microbubble 

Microbubble requires three states of matter to persist for a useful time frame: a gas core, a liquid 

medium, and a viscoelastic stabilizing shell. The stability and dynamics of a microbubble depend 

on the properties of all three components. The stability of microbubble is very important aspect in 

order to use them for fine separation. The transport process associated with microbubble is 

significantly affected by the microbubble stability. Thus it becomes very essential to study the 

stability characteristics of microbubbles. In the present work, the stability of microbubble 

dispersion is analyzed by the drainage mechanism. The stability of microbubble dispersions is also 

examined by using its electrical properties. Correlations are also developed to interpret the half-

life and drainage mechanism of microbubble. The details of work is described in chapter 2. 
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1.5.2 Rise Velocity and Size Distribution of Microbubble 

The collection of particles by rising air bubbles in flotation can be predicted by determining the 

motion of particles in the path of the bubble rise (Reay and Ratcliff, 1973). The flotation rate also 

depends on the bubble surface area flux which is inversely proportional to bubble size (Laskowski 

et al., 2003). The particle recovery depends not only on the solids content of the pulp and the 

hydraulic regimes in the column, but also on the size, the bubble population and distribution of the 

bubbles (Lee and Lee, 2002). So the bubble size is an important variable in a flotation process 

(Tao, 2005). To optimize the flotation process on the basis of surface area flux, it is essential to 

know the microbubble size, its distribution along with the knowledge of the microbubble rise 

velocity. This work, hence, intended to examine the microbubble size and its distribution of 

microbubbles. The effect of physicochemical properties of liquid and gas on motion of 

microbubble is also enunciate. Correlations are also develop to interpret the size and distribution 

of microbubble based on its physicochemical properties of liquid. The details of the work is 

presented in chapter 3. 

1.5.3 Hydrodynamics of Microbubble Flow 

The microbubble-particle interaction is highly affected by the hydrodynamics and the phenomena 

associated with microbubble suspension flow. In applications of microbubbles, the microbubbles 

are pumped through columns, pipes, etc. Therefore the studies on the flow behavior of microbubble 

suspensions flow, pressure drop, hydrodynamics drag, friction and rheology of microbubble 

suspension flow is required in this regard. Present work investigates the hydrodynamic 

characteristics of the flow of a microbubble suspension in a surfactant solution through a pipe. A 

mechanistic model has been developed to analyze the interfacial stress of microbubble suspension 
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flow in a pipe by considering bubble formation, drag at the interface, and loss of energy due to 

wettability. A correlation between the intensity factor of interfacial stress and the friction factor 

based on energy loss due to wettability has been developed, which are described in details in 

chapter 4.  

1.5.4 Dispersion Characteristic of Ionic Microbubble  

The particle-bubble collision is affected by intensity of mixing in the device. The mixing process 

is affected by all three phases present in a column. However, most attention has been paid to the 

liquid phase. It is suggested, that the solids and liquid axial dispersion coefficient are equal for fine 

particles having mean diameters less than 150 µm (Mavros, 1993). Therefore in the present 

research, the dispersion characteristic of ionic microbubble suspension in continuous plant 

prototype developed for mineral beneficiation has been investigated. The effects of different 

operating variables and physiochemical properties of liquid on the dispersion of ionic microbubble 

suspension are examined. A phenomenological model with consideration of liquid circulation was 

developed to analyze the dispersion coefficient of the microbubble suspension due to circulation. 

Generalized correlations for dispersion coefficient and the time to reach uniform dispersion are 

also developed based on the physicochemical properties of microbubble suspension. The details 

of the work is presented in chapter 5. 

1.5.5 Fine Particle Separation by Ionic Microbubble 

Fine separation is one of the most important application of ionic microbubble (Jauregi et al., 1997). 

Industrial applications of flotation moved much faster than scientific understanding of the 

phenomena involved. It is recognized that the size of the bubbles and its surface potential has an 

influence on the efficiency of the flotation process (Ahmadi et al., 2014). This work, hence, 
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intended to explore the separation characteristics of ionic microbubble for fine particle separation. 

The effects of different operating variables and physicochemical properties of liquid on the 

separation characteristics of ionic microbubble are enunciated. A phenomenological kinetic model 

based on collision, attachment and detachment mechanisms of fine particle is developed to analyze 

the flotation characteristics of the ionic microbubbles. An analysis of particle recovery based on 

the mixing of phenomena of microbubble dispersion is also presented. Generalized correlations 

for flotation rate constant and induction time are also developed based on the physicochemical 

properties of microbubble particle mixture. The details is enunciated in chapter 6. 

 

Notations 

dmb  Bubble diameter (m) 

Dh  Hydraulic diameter (m) 

g   Acceleration due to gravity (m2/s) 

K         Consistency of fluid (Pa.sn) 

L  Length of test section (m) 

m'  Mobility of bubble (m2/s.V)  

n          Flow behavior index (-) 

ΔP   Hydrostatic pressure drop (N/m2) 

Q  Volumetric flow rate (m3/s) 

Ub   Bubble rise velocity (m/s) 

Greek letters  

μl  Viscosity of liquid phase (kg/m.s) 

σ  Surface tension (N/m) 
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ζ  Zeta potential (V)  

ϵ  Permittivity (s2.C2/Kg.m3) 

τw  Wall Shear stress (Pa) 

γw  Wall shear rate (1/s) 

γa  Apparent shear rate (1/s) 
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CHAPTER‐2 

 

GENERATION OF MICROBUBBLE AND ITS STABILITY 

 

This chapter presents the details of the microbubble generation method and stability of 

microbubble. The stability of microbubble is examined by the drainage mechanism and by using 

its electrical properties. The effects of surfactants and its concentrations on microbubble stability 

are enunciated. Correlations have been developed to interpret the half-life and drainage 

mechanism of microbubble.  

2.1 Introduction 

Microbubble generation remains a subject of interest over the past few decades. Researchers had 

made several efforts to develop a generator that can generate continuous microbubbles with 

minimal power requirement. Zimmerman et al. (2008) categorized three ways of generating 

microbubbles. The first class utilizes the compression of air stream to dissolve air into liquid, 

which is subsequently released through a specially designed nozzle system, to nucleate small 

bubbles as potentially microbubbles, based on the cavitation principle. These bubbles subsequently 

grow into much bigger bubbles through the fast dissolution of the supersaturated liquid. 

Pressurized dissolution method is one of the example of this class. The second category uses power 

of ultrasound to induce cavitation locally at points of extreme rarefaction in the standing ultrasonic 

waves (Makuta et al., 2006; Xu et al., 2008). The third class uses an air stream delivered under 

low offset pressure and airs to break off the bubbles due to an additional feature, whether it be 

mechanical vibration, or flow focusing or fluidic oscillation. By the present time, many kinds of 

generators are developed, but most of them were too small for the practical usages (Tsuge, 2014). 
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Considering their industrial usages, the microbubble must be stable to use them in the practical 

sites. The stability of microbubble is another aspect which is highly focused for their practical 

usage. It has been reported that microbubble produced in water and surfactant solutions have a 

narrow and reproducible size distribution, exhibits high stability, separates easily from the bulk 

liquid phase (Johnson and Wangersky, 1987; Wan et al., 2001). A gas bubble in a liquid-gas 

solution will grow or shrink by diffusion according to the solution of oversaturated or 

undersaturated. The resulting motion of the bubble boundary introduces a transport term in the 

diffusion equation which makes it very difficult to obtain an analytic solution. 

Epstein and Plesset (1950) were the first, who investigated the stability of bubble based on its 

dissolution mechanism. Later on the dissolution process of gas bubbles has been investigated by 

many researchers both experimentally and theoretically (Clift et al., 1978). D'arrigo and Imae 

(1992) reported that lipid-coated, microbubbles of 1-5 µm diameter were stable in an air-saturated 

aqueous solution up to one year. Soetanto et al. (1997) demonstrated that coated microbubbles 

dissolved much more slowly in a degassed medium than an air microbubble with no shell. The 

longevity of surfactant coated microbubbles can be optimized by using the appropriate molar ratio 

of constituent surfactants (Singhal et al., 1993). Wang et al. (1996) suggested three possible 

mechanisms for microbubble stabilization including reduction in surface tension, surface 

hardening, and resistance to gas transport. Although their experimental evidence lacks to 

determine which mechanism dominates. Borden and Longo (2002) observed that the gas 

permeation resistance is the significant factor in controlling the stability of microbubbles. Duncan 

and Needham (2004) described the effects of surface tension on bubble dissolution by the Epstein–

Plesset model. Andreatta et al. (2006) reported that surfactant can increase the stability of 

microbubble. Kwan and Borden (2010) also observed the enhancement of microbubble stability. 
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Some researchers tried to increase the microbubble stability by surface encapsulation (Katiyar et 

al., 2009; Katiyar and Sarkar, 2010). Generally three process parameters such as surfactant, 

electrolyte and pH have significant effects on microbubble stability. Surfactants can inhibit gas 

transport through an interface, and can significantly affect the stability of bubble, but on increasing 

the electrolyte concentration a contrary effect on the stability was observed (Feng et al., 2009; Yan 

et al., 2005). The effects of pH on microbubble stability have been inconsistent and no conclusive 

results can be drawn (Jauregi et al., 1997; Subramaniam et al., 1990). 

From the above literature review it is seen that the stability of microbubble can be enhanced by 

using surfactant. However, no informative study is available in literature that can completely 

demonstrate the effect of concentration and type of surfactants on microbubble stability. The 

purpose of present study is to analyze the effect of surfactant concentrations and its type, on the 

stability of microbubble produced by pressurized dissolution method.     

 

2.2 Experimental Procedure  

2.2.1 Microbubble Generation by Pressurized Dissolution Method 

In the present work microbubble is generated based on the principal of pressurized dissolution 

method. The photo graph of the microbubble generator is shown in Figure 2.1(a) and the schematic 

representation of pressurized dissolution method is shown in Figure 2.1(b). In this method, mixture 

of gas and liquid are mixed and transport to pressure vessel, where the gas is dissolved at the 

saturation concentration. A pressure of about 3–4 atm is built up in the chamber by adjusting the 

outlet flow rate. The water with saturated air is released to low atmospheric pressure. Microbubble 
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are produced by flashing this saturated liquid through microbubble output control valve, into the 

expelled liquid.  

 

Figure 2.1(a): Photograph of microbubble generator. 

 

Figure 2.1(b): Schematic representation of the microbubble generation technique. 

The pressurized dissolution method is superior to the other methods from the point of view of 

producing fine bubbles (Maeda et al., 2015). The void fraction of microbubbles generated by the 
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pressurized dissolution method is determined by the concentration of dissolved gas which depends 

on the pressure at the dissolution section. The pressure at the dissolution section can be varied 

either by manually or automatically to produce microbubble within the range of 1-100 µm. The 

density of microbubble generated by pressurized dissolution method is also higher than other 

methods. A typical snapshot of the microbubbles (after refinement by with Adobe Photoshop 5.5 

software) taken by a high-resolution camera (Model-PCO Pixelfly-USB, resolution 1360 ×1024, 

19 fps; PCO Ltd., Kelheim, Germany) is shown in Figure 2.2. The details of bubble size 

distribution is explained in chapter 3. 

 

Figure 2.2: Typical snapshot of microbubble without surfactant. 

2.2.2 Stability Measurement by the Drainage Curve Method 

Generally three fundamental bubble-collapsing mechanisms control the stability of aqueous foam 

(Jacobi et al., 1956; Myers, 1991; Yan et al., 2005). They are: the rapid hydrodynamic drainage of 

liquid between bubbles; conglutination between two bubbles; and lamellar rupture, whereby the 
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bubbles coalesce or collapse. Conglutination is a mechanism where the larger bubbles to expand 

at the expense of the smaller bubbles by coalescence. It has been reasoned that since no detectable 

breakdown of bubbles takes place prior to the majority of liquid being drained from the dispersion, 

the liquid drainage rate is the principle parameter to determine microbubble stability (Sebba, 1971; 

Sebba, 1987). The stability of microbubble dispersion can be evaluated in terms of its half-life, 

which is the time taken to drain half of initial liquid volume. The half-life method is the most 

commonly used to measure the microbubble stability and is simply estimated using a measuring 

cylinder (Feng et al., 2009). Freshly prepared microbubbles were transferred to the measuring 

cylinder and the volume of the drained liquid below the dispersion was measured with time as 

shown by schematic diagram in Figure 2.3. After production, the suspension was transferred by a 

pump to a 100 ml measuring cylinder in order to study microbubble drainage rate by measuring 

electrical conductivity and visual observation of change of phase interface.    

 

Figure 2.3: Schematic representation of microbubble drainage. 
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Volumes of the drained liquid (Vl) and dispersion phase (Vf) were recorded with time. The final 

volume of drained liquid (Vmax) was recorded after the dispersion phase had completely disappear. 

Each test was replicated five times by repeating the above procedure. The gas volume fraction of 

the microbubbles provided a measure of the amount of gas entrained in the microbubble dispersion 

and was expressed as the ratio of the gas volume (100 ml  Vmax) to the total volume of the 

dispersion (100 ml). According to Sebba (1985), the stability of the microbubble dispersion was 

quantified as the time taken for half the liquid to drain from the dispersion, i.e., the half-life (T1/2).  

The liquid drainage volume (Vl) was plotted against time and the time corresponding to the half of 

the final drained liquid (1/2 Vmax) was identified from the graph as shown in Figure 2.4.  
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Figure 2.4: Typical outline to estimate the half-life of microbubble dispersion. 
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2.2.3 Stability Measurement by the Electrical Conductivity Method 

Electrical conductivity (EC) of drained liquid was measured using conductivity probe (Model: 

VSI-04 ATC Deluxe, VSI Electronics Pvt. Ltd., Chandigarh, India). EC of drained liquid was 

measured integrally. For integrally measurement, the position of probe was fixed at the bottom of 

the cylinder and the EC readings were recorded versus time. The EC readings were calibrated by 

pure water every often. EC of clear solution for all samples were 0.5 ±1 (μs/m) before adding 

surfactant. The advantage of using electrical conductivity, rather than conventional volume 

method, is in choosing a more sensitive parameter when studying the microbubble suspension 

stability. It also gives better insight in distinguishing different drainage stages and transforming 

moment in microbubble morphology. 

 

2.3 Physical Properties of the System 

In the present work, aqueous solutions of sodium dodecyl sulphate (SDS), cetyl trimethyl 

ammonium bromide (CTAB) and Tween-20 were used as liquid phase whereas air was used as 

gas phase. The densities of the solutions were measured with a specific gravity bottle. The surface 

tension was measured by tensiometer (model K9-MK1, Kruss GmbH, Hamburg, Germany). The 

viscosity of the solutions were measured by rheometer (model Haake Rheostress 1, Thermo 

Electron Co. Germany). All the experiments in the present work were carried out at 25° C. The 

physical properties of gas and liquid phase are given in Table 2.1. 
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Table 2.1: Physical properties of system measured at 25 ± 1 ºC. 

Type of Fluid Concentration  
in water (ppm) 
 

Density   
(kg/m3) 

Surface tension  
(mN/m) 

Viscosity  
(mPa·s) 

Water 0 999.68 71.20 1.050 
SDS-1 5 999.69 68.00 1.112 
SDS-2 10 999.69 64.70 1.230 
SDS-3 15 999.70 62.50 1.301 
SDS-4 20 999.71 62.50 1.310 
SDS-5 50 999.73 61.00 1.315 
SDS-6 100 999.78 59.00 1.318 
SDS-7 500 1000.18 56.60 1.321 
SDS-8 1000 1000.68 46.70 1.322 
SDS-9 2364.5 1002.05 37.49 1.329 
SDS-10 3000 1002.98 37.51 1.333 
CTAB-1 5 999.685 66.14 1.110 
CTAB-2 10 999.69 65.37 1.221 
CTAB-3 20 999.70 63.87 1.250 
CTAB-4 50 999.73 59.62 1.291 
CTAB-5 100 999.78 53.33 1.293 
CTAB-6 200 999.88 43.75 1.310 
CTAB-7 328.005 1000.01 37.32 1.312 
CTAB-8 500 1000.18 38.12 1.313 
Tween-20-1 5 999.69 70.00 1.115 
Tween-20-2 10 999.76 69.27 1.200 
Tween-20-3 20 999.79 67.22 1.311 
Tween-20-4 34 999.81 65.21 1.318 
Tween-20-5 50 999.89 61.55 1.323 
Tween-20-6 69 999.92 60.22 1.325 
Tween-20-7 100 1000.15 53.70 1.330 
Air - 1.18 - 0.018 

 

 

2.4 Results and Discussion 

2.4.1. Kinetics of Stability of Microbubble 

The profile obtained in the present work for volume of drained liquid is very similar to the curve 

reported by Yan et al. (2005). Figure 2.5 shows the drainage process for SDS. The drainage process 
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for CTAB and Tween-20 are shown in Figures 2.6 and 2.7 respectively. The figures shows that 

drainage mechanism have the same trend independent of concentrations and surfactant types. But, 

drained liquid (Vl) and drainage time (Td) are affected by surfactant type and concentration. Higher 

concentrations result in decreasing drained liquid. This is due to smaller bubbles in the suspension 

produced by higher surfactant concentrations. The drainage time was recorded for higher 

concentrations up to critical micelle concentration (CMC) because of saturated absorption capacity 

on microbubble surface. The least stable microbubble dispersions in these series of tests were 

generated when the smallest amount of surfactant, i.e. ~5 ppm SDS is used. As it is known, it is 

not possible to produce any microbubble in the pure water, so a minimum concentration of 

surfactant is essential for microbubble formation. Therefore it is logical to expect that the least 

microbubbles dispersions are generated in lowest concentration of surfactant. However, beyond a 

threshold concentration, size and stability of microbubbles should not depend on concentration if 

only surfactant is used in the microbubbles generator. The formation of dense froth starts at 

concentration above 20 ppm. There are two important key addresses in literature for stability of 

microbubbles. Firstly, the most stable microbubbles are produced when the concentration of 

surfactant is equal to CMC (Moshkelani and Amiri, 2008). Secondly the stability of microbubbles 

decreases when the concentration of surfactant is higher than CMC (Yan et al., 2005). The 

observation is consistent with findings from other studies (Yan et al., 2005). Comparing CTAB 

and SDS drainage curves it reveals that, more Vl and Td are observed for CTAB. This can be related 

to their molecular structure. Longer alkyl group of CTAB lowers CMC and increase Vl. Increasing 

in hydrophobic chain length, results in more intercohesive forces that make microbubble 

dispersion more stable and consequently increase drainage time (Rosen, 1989). The most stable 

microbubble suspension was produced at CMC concentration.  
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Figure 2.5: Variation of drained liquid volume in SDS solution during drainage process. 
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Figure 2.6: Variation of drained liquid volume in CTAB solution during drainage process. 
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Figure 2.7: Variation of drained liquid volume in Tween-20 solution during drainage process. 

2.4.2 Modeling for Liquid Drainage  

Distinct drainage models have been presented in the literature to describe the drainage from bubble 

dispersion (Amiri and Woodburn, 1990; Germick et al., 1994; Wang and Narsimhan, 2004; Yan 

et al., 2005). However, these models do not appear to apply to the microbubble dispersion due to 

the observations that dispersion resembles emulsion and demonstrates different drainage behaviors 

to conventional foams. Amiri and Woodburn (1990) developed the equation based on Stokes' law. 

This equation describes a drainage profile similar to an exponentially decreasing profile for 

conventional foams, and so fails to address the “S”-shaped drainage curve of typical microbubble 

dispersion.  The other equation proposed by Yan et al. (2005) fits well to the “S”-shaped drainage 

profile, although its conceptual model appears to be incomplete as it describes a two-stage drainage 

process that is similar to the drainage mechanisms proposed for conventional wet foams (Indrawati 
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and Narsimhan, 2008; Koehler et al., 2000). As per present experimental observation, the drainage 

data follows the “S”-shaped pattern. So the equation proposed by Yan et al. (2005) was considered 

to be a better candidate since it exhibit an “S”-shaped profile which is expressed as 

q
d

q

q
d

t
TT

T
VV




2/1

max          (2.1)          

where Vt and Vmax are the volume of drained liquid at time Td and the final drained liquid volume 

respectively, T1/2 is the half-life for liquid drainage and q describes the sigmoid character of the 

drainage curve. The model by Yan et al. (2005) was fitted to the present experimental values. 

Figure 2.8 shows the difference between the experimental and the fitted values for microbubble 

dispersion created from 50 ppm surfactant of SDS. 
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Figure 2.8: Comparison of experimental liquid drainage data with model at 50 ppm CTAB 

concentration. 
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 The model estimates well the drainage of liquid from SDS or CTAB microbubble dispersions 

(Vmax and fitted half-life T1/2) used in this study. This is clearly shown in the residuals plot (in 

Figure 2.9) that the model is well fitted to the experimental data with the residuals of the model 

less than 0.5.   

 

Figure 2.9: Residual plot of model equation.  

The half-life and drained liquid volume values of the experimental data and model output are 

summarized in Table 2.2 and 2.3. The half-life of the microbubble was found to be strongly 

dependent on the concentration of surfactant and the type of surfactant. The half-life of 

microbubble dispersion can be correlated with the surfactant concentration as 

  707.20ln129.582/1  sCT  0  Cs ≤ 3000 ppm     (2.2) 

37.29)ln(413.812/1  tCT   0  Ct ≤ 500 ppm    (2.3) 
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where Cs, Ct and Cw are the concentrations of surfactants SDS, CTAB and Tween-20 respectively 

in ppm. The correlation coefficients for the above correlations were found to be 0.999, 0.998 and 

0.989 respectively. Since the correlation coefficients are closer to 1, it shows that the model is well 

suited. The values of q in the model were found to depend mainly on the surfactant concentration. 

From the trend of the experimental results and output from the model it can be concluded that 

microbubble drainage process is a constant acceleration mechanism due to enlargement while 

rising to the interface. By differentiation of the fitted model equation with time, drainage rate can 

be easily calculated. Figure 2.10 shows a typical variation of drainage rate (Rd) of microbubble 

dispersion with drainage time. The complete drainage process occurs in three phases. In the first 

phase the drainage rate increases rapidly with time, while in the second phase, the drainage rate 

sharply decreases with time and finally in the third phase the rate of drainage becomes relatively 

small. The drainage mechanism in the first phase is a combination of liquid flow due to gravity 

through the plateau boarder and the upward creaming of microbubbles. In the first phase, the 

microbubbles size changes with time, due to disproportionation, whereby gas diffuses from the 

smaller bubbles into larger bubbles. As more liquid drains away, the average microbubble size 

increases, which increases the liquid drainage. Up to the end of first phase, microbubble size 

sufficiently increases. At this stage, the microbubble dispersion starts losing its colloidal character 

due to bubble expansion, which starts the second phase. In this phase, the governing drainage 

mechanism is gravity-driven liquid flow. The size of microbubble may increase up to three times 

during the expansion process (Frumkin and Levich, 1947). Up to the beginning of third phase 90 

% of liquid in the dispersed phase removes from the dispersion. In this phase the drainage rate is 

very less due to small fraction of microbubble remains in the dispersion. At this stage the bigger 

microbubbles in the dispersion completely drains and few small microbubble remain in the 
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dispersion, which causes a very slow drainage. Table 2.4 shows the maximum drainage rates for 

various surfactants and concentrations. 
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Figure 2.10: Variation of drainage rate of microbubble dispersion with time. 

Table 2.2: Comparison of observed and fitted half-life and drained liquid volume for SDS. 

Surfactant Concentration (ppm) Experimental data Model output 
T1/2 Vmax T1/2 Vmax q 

SDS 
 
 
 
 

5 60 99.00 60.38 99.17 2.03 
10 70 99.01 70.96 99.34 1.97 
20 112 96.19 113.20 96.51 2.06 
50 157 92.63 154.29 92.97 2.09 
100 210 78.43 207.77 78.74 2.11 
500 335 74.53 74.91 340.69 2.10 
1000 375 72.58 72.98 380.38 2.07 
2364.65 (CMC) 418 66.84 67.40 430.49 2.01 
3000 435 63.06 63.65 444.25 1.97 
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Table 2.3: Comparison of observed and fitted half-life and drained liquid for Ct and Cw. 

Surfactant Concentration (ppm) Experimental data Model output 
T1/2 Vmax T1/2 Vmax q 

CTAB 
 
 
 

5 60 98.60 99.27 60.38 2.07 
10 100 95.71 96.54 101.46 2.15 
20 157 92.06 93.00 158.37 2.11 
50 214 79.66 80.67 214.73 2.17 
100 284 77.54 78.63 289.24 2.11 
200 342 73.50 74.95 344.83 2.11 
328.01 (CMC) 397 69.53 71.13 401.99 2.10 
500 434 65.58 67.29 442.47 2.10 

Tween-20 
 
 

5 85 98.80 86.00 98.00 2.17 
10 137 95.95 134.50 97.00 2.06 
20 190 92.34 185.50 93.65 2.10 
50 250 79.04 247.00 80.06 2.10 
100 (CMC) 380 73.04 386.00 74.12 2.13 

 

Table 2.4: Maximum drainage rates for various surfactants and concentrations. 

Surfactant Concentration (ppm) Maximum drainage rate × 10-6 
(m3/s) 

SDS 5 1.052 
10 0.854 
20 0.555 
50 0.379 
100 0.252 
500 0.202 
1000 0.144 
2364.65 (CMC) 0.127 
3000 0.106 

CTAB 5 0.663 
10 0.417 
20 0.299 
50 0.196 
100 0.158 
200 0.128 
328.01 (CMC) 0.111 
500 0.098 

Tween-20 5 0.758 
10 0.470 
20 0.330 
50 0.210 
100 (CMC) 0.120 
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2.4.3 Stability based on Electrical Conductivity  

From the observation of change of electrical conductivity (EC) the drainage can be divided into 

four phases which are shown in Figure 2.11. The first stage is an absorption phase in which EC 

decreases for short period (disengagement time) and no drainage occurs. Adding surfactant to the 

clear solution raised EC, but in the case of microbubble clear solution, the increase in EC is 

extremely sharp for the same surfactant concentration. Furthermore the solution without 

microbubble shows greater EC than that of clear solution at the same time of intervals. This fact 

depicts that diffusion of surfactant into microbubble-free solution is completely different when 

drainage is involved. Since drainage rate diminishes as it progresses, it can be concluded that at 

macroscopic phase, the drainage rate reaches zero. Therefore when considering drainage rate, 

dominant stages are macroscopic and bubble. It is believed that in this phase, bulk ions absorb to 

the surface of microbubbles and reduce EC. The macroscopic drainage phase started with an 

increase in EC of microbubble clear solution. It continued sharply, and finished in less than ~5 

minutes. At this phase, bulk liquid started flowing down because of gravity force. EC and drainage 

rate reached their maximum values and microbubbles maintained their spherical shapes. In the 

third phase, namely bubble phase, drainage took less than 10 minutes to complete. Smaller bubbles 

merged into larger bubbles under influence of Laplace pressure. The last phase (microscopic 

phase), bubbles change morphology to polyhedral foam. It is extremely sluggish to complete 

(about 1-3 hours), because of lamella and plateau border drainage. Therefore EC and drainage rate 

variations were negligible. An interesting point about microscopic phase is EC fluctuations at the 

end of the phase which is devoted to surfactant molecules migration to the gas-liquid surface. The 

variations of electrical conductivity in clear solution for different concentrations and surfactants 

are shown in Figures 2.12 and 2.13.  
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Figure 2.11: Four phases of drainage process in microbubble dispersion. 
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Figure 2.12: Variation of electrical conductivity of microbubble dispersion with time for SDS. 
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However in the present work, for Tween-20 no significant change in electrical conductivity of 

liquid was observed within the experimental range. The microbubbles merged into larger bubbles 

under influence of Laplace pressure and finally disappears from the suspension. After their 

complete drainage only clear liquid remains without microbubble. The electrical property of 

microbubble-free liquid does not change with time. So the electrical conductivity of the 

microbubble remains unchanged after certain time.  
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Figure 2.13: Variation of electrical conductivity of microbubble dispersion with time for CTAB. 

2.4.4 Modeling for Electrical Conductivity  

Electrical properties of the suspension can well characterize the microbubble suspension. 

Conventional volume measurements could not be an informative indicator for drainage process 

of microbubble suspension as it would be bound to large errors. As per present experimental data, 

the EC of microbubble suspension can be mathematically expressed as 

  2/
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         (2.5)  
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where A1 and A2 represent the initial and final values of conductivity (Kc). The parameter λ and δ 

are constants and depends on type and concentration of surfactant in the liquid. The parameter λ 

and δ can be expressed as 

36.2411030138.0 26  
ss CC   0  Cs ≤ 2364.65   (2.6) 

36.2141050105.0 24  
tt CC   0  Ct ≤ 328.01   (2.7) 

925.611030229.0 26  
ss CC   0  Cs ≤ 2364.65   (2.8) 

298.551041805.0 24  
tt CC   0  Ct ≤ 328.01   (2.9) 

 Figure 2.14 shows a typical comparison of EC data of microbubble suspension with model 

equation at 328.01 ppm CTAB concentration. 
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Figure 2.14: Parity plot of predicted and experimental value of EC. 

It is clear from the figure that the proposed model can well predict the conductivity of microbubble 

dispersion. 
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2.5 Conclusion 

In the present work, the effects of surfactants and their concentrations on stability of microbubble, 

generated by pressurized dissolution method are investigated. From drainage curve analysis it is 

clear that the stability of the microbubble can be enhanced by increasing surfactant concentration. 

The liquid drainage curves of the microbubble dispersions followed the same trend for all kind of 

surfactants. Microbubble drainage process found to occur in three distinct phases. In the first phase 

the drainage rate increased rapidly with time, while in the second phase, the drainage rate sharply 

decreased with time and finally in the third phase, it became relatively small. The microbubble 

half-life increased with surfactant concentration. The lifetimes of microbubble was also correlated 

with the surfactant concentration. It was found that both drainage and electrical conductance 

methods can estimate well the stability of microbubble.  

 

Notations 

A1,2  Parameter defined in Eq. (2.5) (-) 

Cs  Concentration of SDS (ppm) 

Ct  Concentration of CTAB (ppm) 

Cw  Concentration of Tween-20 (ppm) 

Kc  Electrical conductivity (µS/m) 

q  Parameter defined in Eq. (2.1) (-) 

Rd  Drainage rate (m3/s) 

t  Time (s) 

T   Temperature (°K) 

Td  Drainage time (s) 
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Vl   Drained liquid Volumes (m3)  

Vf   Dispersion phase Volumes (m3) 

Vmax   Final volume of drained liquid (m3) 

Tl/2  Half Life (s) 

Greek letters 

λ  Parameter defined in Eqs. (2.6) and (2.7) (-) 

δ  Parameter defined in Eqs. (2.8) and (2.9) (-) 
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CHAPTER‐3 

TERMINAL RISE VELOCITY AND SIZE 

DISTRIBUTION OF MICROBUBBLE  

 

In the previous chapter, effects of surfactants on the stability of microbubble have been 

reported. This chapter deals with the investigation of terminal rise velocity and size distribution 

of microbubble in different liquid medium. The effect of physicochemical properties of liquid 

and gas phases on the rise velocity of microbubble are enunciated. The size of microbubble 

produced by the pressurized dissolution method is also compared with three different methods. 

A Correlation has been developed to interpret the bubble size distribution of microbubble. 

3.1 Introduction 

Bubble plays vital role in various chemical, petrochemical, mining and food industries. The 

formation of gas bubbles and their subsequent rise due to buoyancy are very important 

fundamental phenomena that contributes significantly to the hydrodynamics in gas-liquid 

reactors. The rise of bubble, driven by buoyancy, commonly occurs in natural and industrial 

processes. The rise of a bubble in dispersion can also be associated with possible coalescence 

and dispersion followed by its disengagement from the system. Understanding the interactions 

between rising bubbles is not only important for scientific interests but also for industrial 

applications. The transport processes such as heat transfer, mass transfer, mixing etc. occurring 

in the multiphase device are highly affected by the motion and properties of bubbles (Clift et 

al., 2005). The movement of bubble in the liquid affects the flow regime and residence time in 

the device and hence affects the yield and efficiency (López et al., 2013). It is also 

acknowledged that the residence time of the gaseous phase is an important parameter for design 

of an equipment (Shah et al., 1982). For a given equipment, the contact time of the phases can 
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be calculated only if the rise velocity of bubble is known. The drag force on the bubble is 

responsible for the dissipation of inertial and viscous energy which depends on the bubble rise 

velocity (Stewart, 1969). The motion of rising microbubble is not only affected by the inertial 

and viscous force acting on the bubble, electrostatic field around the bubble can also affect its 

motion (Kelsall et al., 1996). The rise velocity of microbubbles showed a perfect agreement 

with theoretical correlation, but as the size of bubble increased the discrepancy also increased 

(Duineveld, 1995). Takahashi (2005) reported that the rise velocity of swarm of microbubbles 

in distilled water was close to the value calculated from Stokes' law. Parkinson and Ralston 

(2010) estimated the rise velocity of single microbubble (15–120 µm diameter) under buoyancy 

force in an aqueous electrolyte. They observed a reversible effect of transition in bubble 

boundary condition from full-slip to no-slip condition which depends on pH, ionic strength, 

and film thickness. Haapala et al. (2010) studied the rise velocity of microbubbles in 

papermaking process waters. Their experimental results showed that suspension viscosity, 

surface tension and solids content can significantly affect the kinetics of microbubbles. 

Recently Jung et al. (2014) development a tracking x-ray microtomography to visualizes rising 

microbubbles in 4-D by counterbalancing their rise. Measurement of number concentration and 

size distribution of microbubble is also essential for all aspects of its practical implementation. 

It has been found that the size distribution of microbubbles is unaffected to changes in shell 

composition (Dicker et al., 2013). Different methods have been proposed to measure bubble 

size, but imaging methods have been the most used ones (Moruzzi and Reali, 2010). Han et al. 

(2002) developed a new method to measure the bubble size, using commercially available 

batch-type and on-line particle counters. Light scattering method are also used to estimate the 

mean bubble size of microbubble (Aslan et al., 2006; Couto et al., 2009).  

From the literature it is found that studies regarding the microbubble rise velocity and its size 

distribution have increased but there are knowledge gaps in this regards. The microbubble size, 

 TH-1465_11610710



Chapter-3 

57 
 

produced in a liquid by sparging gas or by shearing action of gas-liquid mixture, depends on 

the physical properties of liquid. Modifying the surface tension of liquid can not only shift the 

bubble size distribution, it also influences the motion of microbubble. But no significant studies 

are available in literature that can correlate the size distribution of microbubble with 

concentration of surface tension modifier. There is no such quantitative research available in 

literature that can completely demonstrate the effect of different gases on microbubble 

hydrodynamics. In the present chapter the hydrodynamic parameters such as bubble size 

distribution and rise velocity of microbubble in various liquids are reported. The factors 

affecting the size distribution and microbubble rise velocity are also enunciated.  

 

3.2 Theoretical Background 

The need to understand the phenomenon associated with multiphase flows has inspired the 

development of numerous techniques over the last decade that can specify the shape and 

volume of bubbles with improved accuracy and high-speed. The most used methods to 

determine bubble size are high-speed photography, electrical impedance tomography, capillary 

suction probes, optical probes and capacitance probes (Vazquez et al., 2005).  

3.2.1 Terminal rise velocity  

The terminal bubble rise velocity in stagnant liquid is mainly governed by the buoyancy force 

and the drag force experienced by the bubble. The existence of wakes if any behind the bubbles 

can affect the motion of bubble. Tsuge and Hibino (1972) reported that wake effect influences 

the bubble rise velocity in the diameter range 5 × 10-3 to 9 × 10-3 m whereas Marks (1973) 

observed no influence of wake for air bubbles in water for diameter less than 1200 µm. 

Generally three main theoretical approaches are available in literature to calculate the rise 

velocity of bubbles, namely force balance approach, dimensional analysis and the wave 

analogy approach (Kulkarni and Joshi, 2005). In force balance approach the terminal velocity 
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is calculated from the balance of buoyancy and drag force. Under this approach, it is assumed 

that the bubbles are perfectly spherical, no internal circulation within the bubble and no slip 

exist at the boundary. The most illustrative solutions are observed in creeping and potential 

flow, when the bubbles are small and viscous force dominates (Harper, 1972). The wave 

analogy is proposed by Mendelson (1967) to predict the rise velocity, based on the assumption 

that behaviour of rising bubbles is strikingly similar to the behaviour of surface waves 

propagated over deep water. However the wave analogy presents best results when the bubble 

size is less than 5 × 10-4 m. Later on Lehrer (1976) modified the wave theory by stating that 

during the rise of bubble, potential energy of bubble is converted into kinetic energy and finally 

it is dissipated by the wakes. Fan and Tsuchiya (1990) developed a correlation to determine the 

terminal rise velocity of bubble applicable for pure and contaminated system. If the equivalent 

radius of bubble is smaller than 100 µm, the shape of bubble remains almost spherical and the 

bubble behaves like a solid sphere and if the equivalent radius of bubble increases, a change in 

bubble shape from spherical to ellipsoidal to spherical cap can occur. The radius at which these 

transitions occur depends on the physicochemical properties of the liquid (Haberman and 

Morton, 1953). When the size of bubble reaches to micron level, i.e. Reynolds number 

approaches to zero, bubbles can be considered as a rigid spherical body. Thus the terminal rise 

velocity of microbubble (Ub) can be described by Stokes' law (Takahashi, 2005). Stokes 

(Stokes, 1851) expressed the terminal rise velocity of bubble in a viscous liquid at low 

Reynolds number as 

 
l

glmb
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gd
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2 
          (3.1) 

where g is acceleration due to gravity. ρl and ρg represent the densities of liquid and gas 

respectively. dmb denotes diameter of microbubble. 
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3.3 Experimental Procedure 

3.3.1 Estimation of Bubble Size Distribution and Rise Velocity 

In the present work laser diffraction technique, photo graphic and gas disengagement 

techniques were used to calculate the microbubble size. The laser diffraction method delivers 

rapid bubble size distributions over millimeter, micrometer and nanometer ranges. A typical 

bubble size distribution measured by particle size analyzer (Model-APA 2000, Malvern 

Instruments Ltd., Malvern, UK) is shown in Figure 3.1.  
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Figure 3.1: Typical microbubble size distribution in water without surfactant. 

Freshly prepared microbubbles were transferred to the measuring chamber of the particle size 

analyser which containing a viscous liquid, to avoid easy escape of microbubbles. Laser 

diffraction measures particle size distributions by measuring the angular variation in intensity 

of light scattered as a laser beam passes through a dispersed microbubble sample. Large 
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particles scatter light at small angles relative to the laser beam and small particles scatter light 

at large angles. The angular scattering intensity data is then analyzed to calculate the size of 

the particles responsible for creating the scattering pattern, using the Mie theory of light 

scattering. The particle size is reported as a volume equivalent sphere diameter (Stojanović et 

al., 2012). The size of microbubble was also determined by using photographic method. The 

schematic representation of bubble size measurement by photographic method is shown in 

Figure 3.2. Microbubbles from the microbubble generator were filled in a glass cell. The 

principle of method of microbubble generation is described in Chapter 2. 

A CCD camera (Model-PCO Pixelfly-USB,PCO Ltd Germany) having a resolution of 1360 

×1024 pixels in conjunction with a macro zoom lens (Navitar) was used to capture the images 

of microbubbles inside the cell. The images were recorded with a frame rate of 19 frames per 

second and stored in a computer. The digital photographs were further processed and enhanced 

by using Image Processing Software (Image J 1.48v). The size of the bubble was estimated by 

the same software and a total 300-400 bubbles were examined to determine the size. A typical 

snapshot of the microbubble at 15 ppm SDS is shown in Figure 3.3.  

 

 

Figure 3.2: Schematic representation of bubble size measurement by photographic method. 
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The mean bubble diameter was considered and calculated as Sauter mean bubble diameter. The 

Sauter mean bubble diameter of microbubble (Dvs) is defined as the volume-to-surface mean 

bubble diameter and it is calculated by (Majumder et al., 2006)  
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         (3.2) 

where Ni is the number of bubbles of diameter Dbi.  

 

 

Figure 3.3. Typical snapshot of microbubbles at 15 ppm SDS.  

Jauregi et al. (2000) and Amiri and Woodburn (1990) used gas disengagement method to 

determine the size of microbubble. The same principle is also used in the present work to 

determine the bubble size. The two main assumptions in this method are (i) microbubble are 

monosized and spherical and (ii) there is no coalescence and breakup of microbubbles in the 

suspension. Liquid containing dispersed microbubbles was delivered from the microbubble 

generator in a short span of time to a transparent graduated glass cylinder (0.03 m i.d.). 
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Immediately the cloud of microbubbles in the suspension starts rising due to buoyancy, leaving 

a clear liquid interface as shown in Figure 3.4(a). The rising trajectories of the microbubbles 

were recorded by a high definition camera (Sony DSC-HX10V). The camera was placed 

approximately 0.20 m away from the glass cylinder wall on a tripod stand and the background 

of the glass cylinder was made black for clear vision of the bubble cloud (Figure 3.4(b)).  

 

Figure 3.4: (a) Schematic diagram of rise velocity measurement; (b) Experimental 

photograph of estimation of bubble rise velocity. 

The motion of microbubble rising in a stagnant liquid is well described by Stokes' law 

(Takahashi, 2005). If it is assumed that there is no coalescence and breakup of microbubble, 

then diameter of the microbubble rising in a stagnant liquid can be calculated by 
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The rise velocity of the microbubbles can be easily calculated from the distance moved by 

swarm of microbubbles between two label on the scale and the time interval taken between 

those labels as per Eq. (3.4).  

12

12

tt

hh
Ub




           (3.4) 

 where h1 and h2 are position of swarm of bubbles at time t1 and t2 respectively. 

3.4 Physical Properties of the System 

In the present work, aqueous solutions of sodium dodecyl sulphate (SDS), cetyl trimethyl 

ammonium bromide (CTAB), Tween-20, sodium carboxymethyl cellulose (SCMC) and 

glycerol were used as liquid phase whereas air, nitrogen and carbon dioxide were used as gas 

phase. All the experiments in the present work were carried out at 25° C. Each test was repeated 

five times by repeating the above procedure. The physical properties of SDS, CTAB and 

Tween-20 has been reported in Table 2.1. The physical properties of SCMC, glycerol and gases 

are given in Table 3.1. 

Table 3.1: Physical properties of system measured at 25 ± 1 ºC. 

Type of Fluid Concentration  

in water*  

Density   

(kg/m3) 

Surface tension  

(mN/m) 

Viscosity  

(mPa·s) 

SCMC-1 0.25 1000.08 78.40 2.650 

SCMC-2 0.50 1000.65 74.25 4.220 

SCMC-3 0.75 1000.72 71.91 5.910 

SCMC-4 1.00 1000.94 70.30 7.020 

Glycerol-1 5 1020.864 66.01 1.200 

Glycerol-2 10 1039.14 63.00 1.450 

Glycerol-3 15 1057.82 60.00 1.800 

Glycerol-4 20 1068.33 57.02 2.000 

Air - 1.18 - 0.018 

Nitrogen - 1.14 - 0.017 

Carbon dioxide - 1.78 - 0.015 

* The units are in kg/m3 for SCMC; in wt % for Glycerol 
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3.5 Results and Discussion 

3.5.1 Effect of Physicochemical Properties of Liquid on Size Distribution of 

Microbubble 

Bubble populations have significant impact on the hydrodynamics as well as heat and mass 

transfer characteristics of two-phase flow. The bubble size distribution of microbubbles 

obtained from image analysis with different surfactant concentrations is shown in Figure 3.5. 

The average size of microbubble without surfactant is approximately 52 µm. Addition of 

surfactant in water alters the interfacial surface tension. It was observed that the microbubble 

size decreased with increase in surfactant concentration. Surfactant lowers the surface energy 

of the gas-liquid interface and thus create smaller bubble. SDS is a strong surfactant, even low 

concentrations of SDS in the liquid are capable of reducing bubble sizes. 
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Figure 3.5: Bubble size distribution for microbubble by photographic method at different 

surfactant concentration. 
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The population of microbubble also increased with increasing surfactant concentration. 

Coalescence of smaller bubbles also reduced with increasing the surfactant concentration. 

Couto et al. (2009) also analysed the microbubble size distribution and reported a decrease in 

bubble size with addition of surfactants (Flotigam and sodium oleate). In the present work the 

obtained bubble size distribution data was analysed by using STAT::FIT software. It was 

observed that Weibull distribution function describes the microbubble size distribution with 

least error in all sets of data. Typical results for the goodness of fit for the different distributions 

are given in Appendix-II. A typical bubble size distribution with the experimental data for 10 

ppm surfactant concentration is shown in Figure 3.6.  

 

Figure 3.6: Bubble size distribution of microbubble with 10 ppm SDS concentration. 

The bubble size distribution as per Weibull distribution can be expressed as 
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where the parameter Ω, ψ and χ found to be dependent on the surface tension (σ) of the liquid 

and can be correlated with the surface tension as 

9928.0R  100.6 2809.35           (3.6) 

9434.0R   100.1 24334.710          (3.7) 

979.0R  1019.1 2342..24          (3.8) 

It was observed that the microbubble size distribution becomes narrow with increase in glycerol 

concentration (Cg) as shown in Figure 3.7. The bubble size distribution of microbubble is 

highly affected by properties of gas and liquid. 
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Figure 3.7: Effect of glycerol on bubble size distribution of microbubble. 

Viscosity and surface tension are two important parameters that may change the size of 

microbubble. An increase in viscosity of liquid may weaken the liquid turbulence intensity 

inside the microbubble generator and decrease the degree of mixing, causing increase in bubble 
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size. But in the present experiment, the viscosity of glycerol solution does not change 

significantly. Hence the reduction of bubble size in glycerol solution was mainly caused by the 

reduction in surface tension. A generalised correlation to predict the microbubble size obtained 

from particle size analyzer with surface tension is developed and can be expressed as 

406.34258.0 mbd      57 ≤ σ ≤ 72 mN/m  (3.9) 

The dependency of microbubble size obtained from different methods on surface tension in 

different liquids is shown in Figure 3.8.  
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Figure 3.8: Comparison of microbubble size obtained from different methods in different 

liquids. 

It is clear that within the low range of viscosity the microbubble size totally depends on gas 

liquid interfacial tension. The microbubble size determined by the particle size analyzer can be 
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considered as the most accurate among all the three methods. As light scattering technique 

usually gives more precise results for bubble less than 0.1 mm diameter. The probability of 

error with the diffraction technique is less. It is seen that the bubble size predicted by image 

analyses are found to be higher than the laser particle size analyzer. In the present work it has 

been observed that the bubble size predicted by analysis of image is approximately 15 % more 

than predicted by particle size analyzer. The accuracy of photographic method decreases as the 

bubble size reduces (Mohammadi and Sharp, 2013). The results of photographic process rely 

on the wall curvature, parallax bubble count, etc. (Majumder et al., 2006). Therefore the bubble 

size measured by photographic method is higher than particle size analyzer. The standard 

uncertainty of measuring the bubble diameter was in the range of 4.15 × 10-7–6.5 × 10-7. It is 

also observed from the Figure 3.8 that the bubble size measured by disengagement method is 

least out of these three methods. The microbubble size measured by disengagement method is 

nearly 30 % less than those measured by particle size analyzer.  The bigger microbubbles rise 

at faster rate as compared to smaller bubble. The bubble size calculated by Stokes' equation 

where the rise velocity of microbubble is estimated by the disengagement method (as shown 

in Figure 3.4(b)), which accounts only for smaller bubble as the larger bubble rise early in the 

suspension. Therefore the disengagement method gives microbubble size lower than that the 

actual value. The average size of microbubble produced by the microbubble generator is 

predicted by (Evans et al., 1992) 
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          (3.10) 

where ϕ is a constant and Pin is the power input per unit volume. The power input per unit 

volume is equal to the product of microbubble suspension velocity, acceleration due to gravity 

and density of suspension that comes from microbubble generator outlet (Chisti and Moo-

Young, 1988). The stability of microbubble depends on the parameter ϕ. The parameter ϕ 
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resembles with critical Weber number, reported by Hinze (1955) for bubble breakup in viscous 

shear flow. The author reported that the value is 1.18 for conventional bubbles. Sevik and Park 

(1973) found a value of 1.24 for critical Weber number in their system. Ryskin and Leal (1984) 

observed a functional dependency of critical Weber number with Reynolds number. They 

found values of critical Weber number in the range of 0.95-2.76. The stability of bubble in the 

turbulent mixing depends on the Weber number. Up to a certain Weber number the bubbles 

remain stable, and bubbles will split once a critical value is reached. In the present study, the 

microbubble are stable and the parameter ϕ was found to be 0.125 to 0.165 which is less than 

all critical weber number reported by various investigators.  

3.5.2 Effect of Addition of SCMC on Rise Velocity of Microbubble 

The effects of SCMC concentration on terminal rise velocity of microbubble with different 

gases is shown in Figure 3.9.  
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Figure 3.9: Variation of microbubble terminal rise velocity with SCMC concentration. 
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It is observed that the microbubble rise velocity for all the gases decreases with increase in 

concentration of SCMC. The rise velocity of bubble in a still liquid is mainly governed by the 

buoyancy force, weight and drag force. The rise velocity is a function of gas density, viscosity 

of liquid and bubble size (as per Stokes' law). The decrease in microbubble size is also one of 

the factor which may be contributed by increase in concentration or change in interfacial 

tension. However in the present experimental range, the surface tension of SCMC solution 

changes slightly. Another possible mechanism can be attributed from the fact that the viscosity 

of solution significantly increases with increase in concentration of SCMC, which probably 

increases the drag force experienced by the microbubble, due to which the rise velocity 

decreases. Garabedian (1957) reported that bubble rise velocity strongly depends on viscosity 

and decreases with increasing viscosity. A similar observation is reported by Margaritis et al. 

(1999) and Tzounakos et al. (2004). The increase in apparent viscosity was attributed to the 

main cause of the decrease in velocity. Theoretically the order of rise velocity for the gases for 

same concentration of SCMC in liquid is Ub-Nitrogen >Ub-Air >Ub-carbondioxide. However 

experimentally it is observed that the CO2 microbubble shows a higher rise velocity than air 

microbubble. This may be due to the higher solubility of CO2 as compared to air. The 

dissolution of CO2 in water is also complicated as it forms carbonic acid with water. However 

such chemical reaction is not observed in case of air and nitrogen (Parkinson et al., 2008). 

Another clarification for the higher rise velocity of CO2 is the reduction of viscosity of the 

liquid at the interface (Caw and Wylie, 1961). Parkinson et al. (2010) observed an enhancement 

in rise velocity of CO2 microbubbles in water in the microbubble range 10–100 µm. They 

reported that the presence of diffusion boundary layer was responsible for the enhancement.   

3.5.3 Effect of Addition of Surfactants on Rise Velocity of Microbubble 

The effect of surfactants on microbubble rise velocity is shown in Figure 3.10. It is observed 

that for all the surfactants microbubble rise velocity reduces as the surfactant concentration 
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increases in water. The increase in surfactant in water reduces its surface energy. The density 

of liquid does not change significantly by addition of surfactant in the liquid. The reduction of 

surface energy causes a production of smaller microbubble by microbubble generator. 

Accumulation of surfactant molecules at the surface may also cause to the decrease in velocity. 

When a bubble moves in a liquid, the surfactant molecules present at interface are rapidly 

absorbed and swept to the rear of the gas-liquid interface, leaving frontal region relatively 

uncontaminated, which causes an additional shear on trailing pole of the bubble due to 

concentration gradient. This shear retards the motion of bubble due to which microbubble rise 

velocity decreases. 
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Figure 3.10: Variation of microbubble rise velocity with surfactants concentration. 

Frumkin and Levich (1947) also reported that presence of surfactant at the interface causes an 

additional tangential stress tending to retard the motion of bubbles. Fuerstenau and Wayman 
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(1958) examined the retardation of rise velocity of bubbles in presence of surfactant, however 

the author explained that retardation is caused by reductions in internal circulation and 

boundary slip. The circulation becomes considerable whenever skin friction becomes leading 

surface force (Hughes and Gilliland, 1952). The internal circulation of gas inside the bubble 

depends on the accumulation of surfactant at the interface. Surfactant tends to reduce internal 

motion of bubble by rendering at the interface (Scheid et al., 1999). 

3.5.4. Effect of addition of Glycerol on Terminal Velocity of Microbubble 

The hydrodynamic drag experienced by the bubble significantly increases with increase in 

viscosity and density of liquid. The addition of glycerol in water increases the density as well 

as viscosity of solution. The effect of glycerol concentration on terminal microbubble rise 

velocity is shown in Figure 3.11.  
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Figure 3.11: Variation of microbubble rise velocity with glycerol concentration. 
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A reduction in the rise velocity is seen on addition of glycerol in water. Glycerol is completely 

soluble in water and it is strongly adsorbed at the interface. As a consequence, the surface 

tension or surface energy of gas-liquid interface decreases and viscosity of the solution 

increases. Increase in viscosity increases the hydrodynamic drag and decrease in surface 

tension reduces the microbubble size. Both the factors reduce terminal rise velocity of 

microbubble. Many investigators reported the reduction of terminal velocity in presence of 

alcohol. Peeble and Garber (1953) undertook a detailed examination of terminal rise velocity 

of air bubbles in different organic liquids. Addition of alcohol not only decreases the bubble 

rise velocity, it also reduces the coalescence tendency of the bubble (Levich, 1962). In the 

present work it is found that the microbubble size is a function of surface tension wielding in 

gas-liquid interface. Decrease in surface tension reduced the bubble size. Addition of alcohol 

reduces the surface tension, which ultimately reduces bubble size. At the liquid side of the gas-

liquid interface the glycerol molecules form a monolayer whose stability depends on 

concentration. The molecules of glycerol points with their hydrophilic group into the liquid, 

and with their hydrophobic part into the gas phase. On account of this orientation, the liquid 

surface around gas bubbles is electrically charged. The microbubble surface polarization 

produces repulsive forces when two microbubbles come close to each other. Thus they increase 

stability by inhibiting the coalescence. The trend of the curve obtained in the present study is 

similar to that reported by Jamialahmadi and Müller-Steinhagen (1992). The addition of 

alcohol, reducing the bubble size, increases the bubble stability and the effect becomes more 

pronounced as the molecular weight of the solvent increases (Jamialahmadi and Steinhagen, 

1990). The free rise velocity decreases with increasing viscosity with the possibility of 

reduction of the interfacial motion due to viscous force (Rodrigue et al., 1996). 
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3.6 Conclusion 

In the present work, the microbubble size distribution in different liquids have been studied. 

The effects of liquid and gas properties on the microbubble rise velocity are also investigated. 

The bubble size distribution of microbubble suspension for different concentrations was fitted 

to Weibull distribution. The motion of rising microbubble was found to be significantly 

affected by physicochemical properties of system. The microbubble size estimated by 

disengagement method was lower than that predicted by particle size analyzer, while the image 

analysis predicted bubble size higher than the particle size analyzer. At low viscosity, the 

microbubble size was found to be dependent on surface tension of liquid. The experimental 

results shows that increase in surface tension, viscosity and density of the liquid decreases the 

terminal rise velocity of microbubble. The terminal rise velocity of carbon dioxide microbubble 

was found to be higher than air and lower than nitrogen microbubble.  

  

Notations 

Cc   Concentration of SCMC (kg/m3) 

Cs   Concentration of SDS (ppm) 

Cw   Concentration of Tween-20 (ppm) 

Ct   Concentration of CTAB (ppm) 

Cg  Concentration of glycerol (wt %) 

dmb         Microbubble diameter (m) 

Dsv  Sauter mean bubble diameter (m) 

f(dmb)  Bubble distribution function (-) 

g   Acceleration due to gravity (m2/s) 

h1-2  Position of microbubble (m) 
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Ni  Number of bubble in ith class (-) 

Pin  Power input per unit liquid volume (kg/s2) 

R.F  Relative frequency (-) 

Ub   Bubble rise velocity (m/s) 

Greek letters 

μl  Viscosity of liquid (kg/m.s) 

ρl         Density of liquid (kg/m3) 

ρg         Density of gas (kg/m3) 

σ        Surface tension (N/m) 

Ω  Parameter defined in Eq. (3.6) (-) 

ψ  Parameter defined in Eq. (3.7) (-) 

χ  Parameter defined in Eq. (3.8) (-) 

ϕ  Parameter defined in Eq. (3.10) (-) 
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CHAPTER‐4 

FLOW CHARACTERISTICS OF MICROBUBBLE 

 

 In the previous chapter investigations of the effects of physicochemical properties of liquids 

on terminal rise velocity and microbubble size distribution have been reported. This chapter 

reports the flow characteristics of microbubble suspensions. A mechanistic model has been 

developed to analyze the interfacial stress of microbubble suspension flow in pipe by 

considering the bubble formation, drag at interface and loss of energy due to wettability. 

Correlations have been developed to interpret the gas holdup, friction factor and drag 

coefficient of microbubble suspension flow. 

4.1 Introduction 

Dispersed microbubble flow has received a considerable attention in the last two decades. It 

has become an important research area due to its wide range of applications and its effect on 

many processes to enhance the efficiency of devices. The hydrodynamic characteristics of 

microbubble are the main process parameters of dispersed microbubble flow process, as 

designing of the unit mainly rely on them. The size of micro bubbles is smaller than micro 

turbulent scale. It is therefore expected that the bubbles with diameter smaller than the micro 

turbulent scale may exhibit different behaviors from those shown by ordinary sized bubbles, 

specifically in the way of hydrodynamic interactions with the flow and thus the two-phase flow 

structures may be changed. Yamaguchi et al. (2001a) was among the pioneer investigators who 

examined the hydrodynamic behaviour of dispersed microbubbles. They examined the 

microbubble behaviour associated with the flow pattern, when the fluid enters a rotating pipe 

section from a stationary pipe. The authors observed a unique flow pattern by the bubble 
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assembly in the rotating flow field. The work was further extended by Yamaguchi et al. 

(2001b). The authors provided a numerical simulation for microdispersed bubbly flow in a 

suddenly expanded rotating section. The most important phenomena of dispersed microbubble 

flow is that the two-phase flow becomes laminarized by injecting micro bubbles. The flow 

laminarization can takes place even at low gas holdup of 0.2% (Serizawa et al., 2003). The gas 

holdup of microbubble flow is significantly affected by the surfactant concentration. Addition 

of surfactant in the microbubble suspension can significantly enhance the gas holdup. 

However, no qualitative information is available in literature to correlate the gas holdup of 

microbubble with surfactant concentration (Aslan et al., 2006).  

The local liquid velocity in dispersed microbubble flow follows nearly a 1/7-power law at high 

Reynolds numbers in turbulent flow and a little bit flattened profile in radial direction at lower 

Reynolds numbers in near laminar flow (Serizawa et al., 2003). Microbubbles suspended in 

liquid undergo various phenomena for mathematical formulation. Complicated interactions 

like collisions and coalescences between adjacent bubbles, interactions between bubbles and 

the pipe wall, and transfiguration of bubbles affect the local conditions of the flow field, 

causing fluctuations in static pressure and in velocity (Kawara et al., 2007). In most of the 

applications of microbubble suspension, the microbubble is pumped through columns, pipes or 

fittings or the applications executed by the effects of microbubble flow behaviour in the 

devices. However it is difficult to transport large flowrates of microbubble suspensions through 

these pipes as the flow rheology completely differs from the single phase flow (Deshpande and 

Barigou, 2001). Larmignat et al. (2008) studied the rheology of two phase mixture having 

bubble diameter in the range 10 to 100 µm and gas holdup in the range 0.6-0.75. They reported 

that rheology of two phase mixture is affected by surfactant concentration in the mixture and 

not affected by pipe shape and hydraulic diameter. Tseng et al. (2006) studied the rheological 

behavior of two phase mixture in mini-channel having porosity in the range of 0.64-0.70. They 
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reported that the fluid behaves as a shear-thinning under experimental condition. Other 

researches on rheology, are mainly focused on the rheological properties of gas-liquid mixture 

having high gas holdup or porosity (Briceño and Joseph, 2003; Calvert and Nezhati, 1986; 

Enzendorfer et al., 1995; Khan and Armstrong, 1986; Kraynik and Hansen, 1987; Raza and 

Marsden, 1967). However the rheological behavior of gas-liquid mixture of high gas holdup 

may differ from that of gas-liquid mixture of low gas holdup. Shen et al. (2008) studied the 

rheological behaviour of concentrated monodispersed food emulsifier-coated microbubble 

suspensions. They observed that the viscosity of the system decreased as the shear stress 

increased, indicating that microbubble suspension is shear-thinning in nature. Several studied 

reported reduction of friction factor in microbubble flow as compared to single phase flow 

(Kodama et al., 2000; Madavan et al., 1984). The drag reduction by microbubble suspension is 

found to be affected by gas holdup and curvature of pipes (Shatat et al., 2009; Wu et al., 2008) 

while the types of gas and bubble diameter do not affect friction reduction (Fontaine and 

Deutsch, 1992; Moriguchi and Kato, 2002; Shen et al., 2006). Kato et al. (1998) reported that 

bubble smaller than certain diameters, can only effect on friction of microbubble induced flow. 

Recently Haapala et al. (2010) studied the hydrodynamic drag of microbubbles in papermaking 

process.  

From the above literature review it is observed that reliable correlations are available for 

predicting the pressure drop, gas holdup and the rheological behaviors of flow containing 

dispersed microbubbles, but information on the effect of surfactant concentration on dispersed 

microbubble flow and modeling is rare. To achieve technical feasibility of the microbubble 

flow behaviour, a detailed study of transport phenomena of dispersed microbubbles is required. 

In the present study with vision of engineering importance as well as scientific attentiveness, 

the rheological behaviors of flow containing dispersed microbubbles in pipe with different 

concentrations of surfactant have been investigated. A mechanistic model has been developed 
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to analyze the interfacial stress of microbubble suspension flow in a pipe by considering bubble 

formation, drag at the interface, and loss of energy due to wettability. Correlations between the 

intensity factor of interfacial stress and the friction factor based on energy loss due to 

wettability are also developed. The functional form of the correlation appears to predict the 

hydrodynamics satisfactorily for the flow of a microbubble suspension in a pipe. 

 

4.2 Theoretical Background  

4.2.1 Properties of Microbubble Suspension Flow 

Microbubble suspensions behave as non-Newtonian shear-thinning (pseudoplastic) fluids 

(Shen et al., 2008). For pseudoplastic fluids, the most common model relating the wall shear 

stress (τw), wall shear rate (γw) and apparent shear rate (γa) is a power-law model, given by 

n
waew K           (4.1) 

where n is the flow behaviour index and K is the flow consistency index. The apparent shear 

rate and wall shear rate are related as 

aw
n
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            (4.2) 

The wall shear stress (τw) and apparent shear rate (γa) were experimentally determined from 

volumetric flow rate (Q) and pressure drop (ΔP) according to the relations (Enzendorfer et al., 

1995) 
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4.2.2 Analysis of Interfacial Shear Stress in Microbubble Suspension Flow 

The fluid dynamics of a microbubble-liquid mixture flow through a pipe is described in this 

section using an internal flow model. The dynamic interaction of the phases is taken into 

account in modeling the flow by introducing the rate of energy dissipation. The mechanical 

energy balance is used to calculate the pressure drop which can be regarded as either the force 

per unit cross sectional area required to overcome frictional forces or the energy dissipation 

per unit volume. The model is presented with the following assumptions: 

(i) The flow is steady and isothermal with uniform gas holdup.  

(ii) Acceleration effect is negligible due to the absence of interphase mass transfer. 

(iii)  Uniform frictional loss is assumed throughout the pipe. 

The mechanical energy balance equation for the microbubble-liquid mixture is given by 

0  EUAP mtmbl          (4.5) 

where ΔPl-mb is the frictional pressure drop in liquid microbubble suspension, Um is the velocity 

of mixture and At is the cross sectional area of the pipe.  

In Eq. (4.5), the first term is energy due to liquid-microbubble flow pressure (N.m/s) and 

second term (E) represents the energy dissipation per unit mixture volume due to friction 

between the microbubble wall and the liquid (El) and due to the wettability between the liquid 

and the pipe wall (Ew). Then, Eq. (4.5) can be represented as 

tmmbl AUEP /           (4.6) 

The energy dissipation (El) at the microbubble-liquid surface occurs as a result of the drag force 

exerted by the liquid on the microbubble surface (Majumder et al., 2007). Equation (4.7) 
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describes the amount of energy (El) irreversibly converted into thermal energy due to friction. 

The total energy dissipation can be calculated from the product of the force exerted by the 

liquid on a single bubble (Fd), the liquid velocity, and the bubble population, which can be 

represented as 

blsllsllmbmblsldl NUUdCNUFE )/()/(
2

1

4

1
)/( 22     (4.7) 

where Cm is the hydrodynamic drag coefficient of microbubble flow in the fluid, εl is the liquid 

holup, dmb is the bubble diameter, and ρl is the density of the liquid. The bubble population (Nb) 

can be calculated as 
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          (4.8)  

The rate of energy loss due to the wettability of the liquid with the surface of the pipe wall is 

the summation of the energy loss due to wettability between the liquid and the surface of the 

column wall and the energy loss due to the wettability between the liquid and the surface of 

the bubble. This can be represented as 

l
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               (4.9) 

where a is the specific interfacial area of bubble and liquid, lw is the interfacial surface tension 

at the boundaries between the liquid and the wall  and l-mb is the surface tension between liquid 

and microbubble. The specific interfacial area of bubble can be calculated from liquid holdup 

and bubble diameter (Deckwer, 1992) 
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Wettability is the affinity of a solid matrix for aqueous phases. It is normally quantified by the 

value of the contact angle. A contact angle of  < /2 indicates that the solid is wetted by the 

liquid whereas  >   indicates non-wetting conditions. The limits  equals to 0 and   defines 

complete wetting and complete non-wetting, respectively. The energy loss due to the wetting 

of the liquid depends on the dynamic contact angle between liquid and solid wall. The dynamic 

contact angle () is approximately equal to Ca1/3, where Ca is the capillary number which is 

defined as (Cubaud and Ho, 2004) 

ll

sleUCa



           (4.11) 

The surface tension between the liquid and the solid wall (ls) can be calculated from Young’s 

equation as  

lwl  cos           (4.12)  

Here, l represents the force needed to stretch an interface by a unit distance. According to the 

present study, the contact angle is less than 90º within a range of liquid velocity and the range 

of the capillary number is 0.011 to 0.032. Therefore Eq. (4.6) can be written as 
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From the experiments the total pressure drop can be obtained as the frictional pressure drop 

due to liquid flow in the absence of a vertical hydrostatic pressure drop, which can then be 

expressed as 
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To determine the frictional losses due to liquid flow in the pipe, a model can be formulated on 

the basis of the following assumptions: 

(i) The friction factor for the liquid phase is a constant multiple, α′, of that for a single 

liquid phase without bubbles taking place in the pipe. 

(ii) The area of contact of the liquid phase with the wall is α″ times that of the flow of 

a single phase without bubbles in the pipe (Majumder et al., 2007). 

From these assumptions, a simple overall momentum balance for liquid phase can be 

represented as  
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which implies 
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which becomes 
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         (4.18) 

where the subscripts l0 refers to liquid single phase, l-mb refers to liquid-microbubble wall, sl 

refers to liquid superficial, llslmblsl UU /)(  toequals)( 0 , lll    toequals  and cross-sectional 
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area for the flow of liquid is equal to l times the cross-sectional area of the pipe. l is defined 

as 0/ lmbl ff   and l   is defined as 0)contactofarea/()contactofarea( lmbl . The value of l   is 

equal to the specific interfacial area in test section of the pipe. The parameter l is an intensity 

factor which signifies intensity of interfacial shear stress. Pfl0 is the frictional pressure drop 

due to liquid when only liquid phase flows through the pipe. The single liquid phase frictional 

pressure drop is calculated using Fanning’s equation: 

tslllfl dLUfP /2 2
00          (4.19) 

The friction factor is calculated as 

Re

16
0 lf     for laminar flow             (4.20)  
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  for turbulent flow      (4.21)  

where Re is the Reynolds number for non-Newtonian fluid flow, which can be represented as 

(Chhabra and Richardson, 1999) 
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For transition flow, the friction factor f can be deduced from the generalized pressure loss 

equation (Desouky and EL‐Emam, 1989) 

  3185.0
0 Re0112.0125.0  n

l nf          (4.23) 

Substituting the Eq. (4.17) for Pfl into Eq. (4.14), one gets  
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This gives the hydrodynamic drag coefficient as 
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In Eq. (4.18), except l , all parameters are known. Using the experimental pressure drop, the 

corresponding values of l  can be calculated from Eq. (4.18). Once the value of l  is 

calculated, the drag coefficient of microbubble flow can be calculated from Eq. (4.25). From 

the definition of l , one can calculate the friction factor, fl-mb in the straight pipe as 

l
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0           (4.26) 

The average liquid-microbubble interfacial shear stress (τi) is expressed as 

22022 /)(5.0/)(5.0 lsll

l

ll
lsllmbli U

f
Uf 







           (4.27) 

If there is a slip at the interface, then Eq. (4.27) can be expressed as 

22 /)((
2

1
lisslmmbli UUf           (4.28) 

where Uis is slip velocity. 

 

4.3 Experimental Setup and Procedure 

4.3.1 Estimation of Pressure Drop 

The experimental setup to study pressure drop characteristics is shown in Figure 4.1. It consists 

mainly of a tank, a pump, a microbubble generator, a pressure transducer with a data logger 

system (Model-3002 U1- PD2; Integrated Electrolife System, Kolkata, India), one rotameter, 
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valves, a thermometer and a test section. Pressure drop was measured in straight horizontal 

pipes having diameters of 3 × 10-3, 6 × 10-3, 8 × 10-3, and 1 × 10-2 m, respectively.  

 

Figure 4.1: Schematic representation of experimental setup for pressure drop. Legend: Ai: Air 

Inlet; CP: Pump; DL: Data logger unit; Li: Liquid inlet; MBG: Microbubble Generator; MS: 

Microbubble suspension; P1-4: Pipes (i.d. 0.003 m, 0.006 m, 0.008 m and 0.010 m); R: 

Rotameter; S: Self angle support; PT1-8: Pressure transducers; TS: Test section; Ts: 

Microbubble suspension tank with cooling jacket; Tm: Thermometer; V1-11: Flow control valve; 

Wi: Water inlet; Wo: Water outlet. 

The distance between the two pressure transducers was taken as 2.4 m for each pipe based on 

the condition L/d > 50 for fully developed ow. The test section was designed well to minimize 

losses due to contraction and expansion. The rotameter and pressure transducers were 

calibrated well to minimize the experimental error. Microbubbles were generated in a tank with 

a volume of 5 × 10-2 m3 by the microbubble generator. The volumetric ow rate of uid owing 

through the pipe was measured by the rotameter and controlled by a ow control valve. The 

test uid containing dispersed microbubbles was transported from the tank to the test section 

by a pump ( ow rate range of 0 6 × 10-4 (m3/s). The pressure transducer with a data logger 
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was used to measure the pressure drop along the length. Each experiment was performed 

repeatedly and allowed to run for 5 min to attain steady-state conditions. 

4.3.2 Estimation of Gas Holdup 

Gas holdup is defined as the volume fraction of the gas phase occupied by bubbles.  The gas 

holdup in a microbubble column can be measured by the phase isolation method (Karamah et 

al., 2010; Kawahara et al., 2009). The gas holdup in microbubble-aided aeration systems can 

be measured by 











w

m
g 


 1           (4.29) 

where εg is the gas holup, ρm and ρw are densities of the gas-liquid mixture and water 

respectively. In case of microbubble aided systems, the volume of liquid before and after 

bubbling does not change remarkably. Therefore the accuracy of the phase isolation method 

decreases as the bubble size and liquid volume under test is very less. In the present study, the 

gas holdup was measured by the electrical conductivity method. Maxwell (1892) reported that 

the effective conductivity of a dispersion (Kl-d) is related to the volume fraction (d) of a 

dispersed nonconductive phase by 
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Gas holdup can be calculated based on this principle as 
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where kl and kl-g are the electrical conductivities of the liquid and liquid-gas mixture 

respectively. The electrical conductivities of the liquid and liquid-gas mixture were measured 
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by digital conductivity meter (Model: VSI-04 ATC Deluxe, VSI Electronics Pvt. Ltd., 

Chandigarh, India). A schematic diagram of the apparatus used for gas holdup measurements 

is shown in Figure 4.2. The cell in the conductivity meter was an adaptation of a section of the 

“ideal” cell consisting of two infinite and parallel plate electrodes (Kasper, 1940). The 

electrical conductance provided by the electrodes is described by the equation 

e

l
L

A
K            (4.32) 

where Kl is the electrical conductance (inverse of resistance);  is the electrical conductivity 

and A and Le are the area (m2) and separation (m) of the electrodes respectively. A/Le is 

referred to as the cell constant. Such a cell has been used to measure effective conductivities 

of dispersions (Achwal and Stepanek, 1975; Dhanuka and Stepanek, 1978; Marchese et al., 

1992; Turner, 1976). Alternating current (ac) of sufficiently high frequency (about 1000 Hz) 

and low voltage (~1.5 V) was used to avoid polarization of the electrodes. 

 

Figure 4.2: Schematic representation of gas holdup measurement. 
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4.3.3 Physical Properties of the System 

In the present work, aqueous solutions of sodium dodecyl sulphate (SDS), cetyl trimethyl 

ammonium bromide (CTAB) and Tween-20 were used as liquid phase whereas air was used as 

gas phase. The densities of the solutions were measured with a specific gravity bottle. The 

surface tension was measured by tensiometer (model K9-MK1, Kruss GmbH, Hamburg, 

Germany). All the experiments in the present work were carried out at 25° C. Each test was 

replicated five times by repeating the above procedure and the average of them was taken as 

final reading. The physical properties of gas and liquid phase are shown in Table 2.1. Moreover, 

the viscosities of these fluids can increase or decrease due to changes in the rate of shear, which 

again is subject to the nature of the fluid. Unlike Newtonian fluids, non-Newtonian fluids are 

defined as materials that do not conform to a direct proportionality between shear stress and 

shear rate (Chhabra and Richardson, 1999). The effective viscosity of the liquid flowing 

through the pipe was calculated according to the equation 
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where µe is the effective viscosity of the suspension, n is flow behavior index, K is the flow 

consistency index, Usl is the velocity of the microbubble suspension and dt is diameter of the 

pipe.  

 

4.4 Results and Discussion  

4.4.1 Variation of Gas Holdup  

The effect of surface tension of liquid on gas holdup is shown in Figure 4.3. It can be seen that 

surfactant strongly enhanced the gas holdup. When the gas-liquid mixture was introduced into 

the mixing chamber of the generator, a high shearing and smashing occurred between the two 
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phases. The addition of surfactant lowered the surface tension of the liquid, as a result of which 

the interface between the phases was easily stretched. This led to the easy formation of new 

surface area between the phases, which caused an increase in gas bubbles per unit volume and 

ultimately increased the gas holdup. 
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Figure 4.3: Variation of gas holdup with liquid surface tension. 

 Pallapothu and Al Taweel, (2012) also reported an increase in gas holdup for microbubble-

induced an internal loop reactor with surfactant concentration. Other studies in conventional 

systems also reported an increase in gas holdup in the presence of surfactants (Dargar and 

Macchi, 2006; Oels et al., 1978; Sajjadi et al., 2010; Schügerl et al., 1977). Anastasiou et al. 

(2010) used three different types of surfactants in their study and observed that the surfactants 

significantly enhanced gas holdup. The gas holdup profile was found to satisfy the following 

correlations developed on the basis of the present experimental data 
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)mN/m(715945.31088.9107 224    ifg    (4.34)  

4.4.2 Shear Stress in Microbubble Suspension Flow 

The shear stress for water increases linearly with shear rate. Microbubble suspensions exhibit 

the power-law behavior of a pseudoplastic non-Newtonian fluid. The shear stress verses shear 

rate behaviors of single-phase water and microbubble suspensions for different surfactants are 

shown in Figures 4.4, 4.5 and 4.6.  
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Figure 4.4: Variation of shear stress with shear rate for SDS microbubble suspension. 

The non-Newtonian nature of the microbubble suspensions was found to be dependent on 

surfactants concentration in the suspension. An increase in the concentration of surfactant in 

water increased its non-Newtonian behavior. An increase in surfactant concentration 

significantly decreases the surface tension, which causes a reduction in bubble size and 

increases in the bubble population and gas holdup (Moraveji et al., 2012). However, it is 
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difficult to correlate the bubble size with the rheological properties of the fluid (Llewellin et 

al., 2002; Rust and Manga, 2002).  
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Figure 4.5: Variation of shear stress with shear rate for Tween-20 microbubble suspension. 
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Figure 4.6: Variation of shear stress with shear rate for CTAB microbubble suspension. 
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The increase in gas holdup decreases the density of the fluid mixture, so that the momentum 

flux in the direction of the flow decreases and causes the fluid flow behavior to change. The 

extent of non-Newtonian behavior, however, largely depends on the physicochemical 

properties of the fluid. The values of the flow behavior index in all of the pipes for microbubble 

suspensions were found to be less than 1. It was observed that microbubble suspensions with 

high surfactant concentrations had the lowest of flow behavior indexes, which demonstrates 

the high degree of non-Newtonian behavior. However, a general trend for the flow consistency 

index in all of the pipes was not observed. Shen et al. (2008) observed the shear-thinning nature 

of microbubble suspensions. The shear-thinning nature of microfoam has also been reported in 

the literature (Calvert and Nezhati, 1986; Larmignat et al., 2008; Tseng et al., 2006). However, 

they observed an increase in shear stress with surfactant concentration and concluded that this 

contradiction arises as a result of an increase in the effective viscosity of the fluid with shear 

rate. This might be due to the Marangoni effect. When there is a temperature gradient around 

the bubble, a nonuniform steady-state distribution of surface active species along the interface 

is created. The surface tension gradient leads to tangential stress at the bubble interface, which 

drives the bubble toward a warmer region or a low-surface tension region (Takahashi et al., 

1999). The phenomenon is known as the Marangoni effect. This effect is prominent in 

microbubble systems, if a temperature gradient is provided. In the present study, experiments 

were performed under isothermal conditions, so the temperature gradient around the bubbles 

was negligible. The minimum bubble diameter for this effect is around 10 μm (Takahashi et 

al., 1999). From the present experimental data, it was found that the range of microbubble size 

was 30-50 μm, which was 3-5 times higher than the minimum value. Therefore, in the present 

study, it was assumed that the Marangoni effect was negligible. The variation of the effective 

viscosity of microbubble suspensions with shear rate is shown in Figure 4.7. The effective 

 TH-1465_11610710



Chapter-4 

95 
 

viscosity of the microbubble suspension in pipe flow decreased with increasing shear rate, 

which resulted in the shear-thinning nature of the microbubble suspension. The rates of 

decrease of the effective viscosity with shear rate were also different for all of the microbubble 

suspensions. On increasing the concentration of surfactant in the suspensions, the effective 

viscosity decreased more rapidly. 
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Figure 4.7: Variation of effective viscosity with apparent shear rate for a microbubble 

suspension. 

The addition of surfactant decreased the surface tension, which increased the gas holdup and 

decreased the bubble size. The pressure between the inlet and outlet generally decreased as the 

gas holdup increased, as a result of which the shear stress decreased. The decrease in shear 

stress could cause the effective viscosity to decrease. Shen et al. (2008) observed a decrease in 

the viscosity of microbubble suspensions with apparent shear rate. Tseng et al. (2006) also 
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reported a decrease in effective viscosity with apparent shear rate in microfoams having bubble 

diameters in the range of 10-100 µm. 

4.4.3 Wall Friction Factor 

The frictional pressure drop is caused by the resistance to the flow of fluid. The main factors 

of resistance to fluid flow are changes in kinetic energy through the pipe and fluid viscosity. 

Figure 4.8 shows the variation of the frictional pressure drop across the test section with 

Reynolds number based on the pipe diameter.  
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Figure 4.8: Variation of friction pressure drop with Reynolds number. 

It can be seen that the frictional pressure drop per unit length increased with increasing 

Reynolds number and decreased with increasing concentration of surfactant in the suspension. 

An increase in the Reynolds number enhances the kinetic energy of the fluid flowing. The 

increase in kinetic energy raises the interfacial shear stress in the pipe, which results in an 

increase in pressure drop. The increase in surfactant concentration leads to increases in the 

 TH-1465_11610710



Chapter-4 

97 
 

bubble population, which decreases the liquid holdup in the suspension, causing a reduction in 

the momentum of the fluid flowing in the pipe, as a result of which the pressure drop decreases.  

The variation in the friction factor with Reynolds number based on the pipe is shown in Figure 

4.9. It was observed that friction factor decreased with increasing Reynolds number based on 

pipe diameter. The viscous force decreased with increasing Reynolds number because the 

viscosity of the suspension decreased as a result of the shear thinning nature of the fluid. This 

caused a reduction of the friction factor with Reynolds number. 
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Figure 4.9: Friction factor as a function of Reynolds number. 

The dependency of the friction factor on the Reynolds number can be presented by developing 

a correlation based on the present experimental data as 

454.0" Re

5398.1

l

mblf


          (4.35) 

A more generalized correlation of friction factor with the other independent variables can be 

represented as 
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The correlation coefficient and standard error of the correlation are found to be 0.998 and 0.097.  

4.4.4 Friction Factor in Microbubble Suspension Flow based on Energy 

Loss due to Wettability 

The wetting effect of the solid-liquid surface during the flow of fluid is a matter of concern 

because some amount of energy is lost due to the wettability. The extent of wettability is 

determined by an equilibrium between adhesive and cohesive forces. Surface tension, fluid 

velocity, and gas holdup are important factors upon which the wettability of liquid in two-phase 

flow depends. The variation of the friction factor with energy losses due to wettability at 

different surface is shown in Figure 4.10. 
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Figure 4.10: Variations of the friction factor with energy loss due to wettability at different 

surfactant concentrations. 

 TH-1465_11610710



Chapter-4 

99 
 

 It can be seen that the friction factor decreased with increasing energy loss due to wettability 

for a specific wetted area, whereas the friction factor increased with wetted area at fixed energy 

dissipation due to wettability. Higher surfactant concentrations in the suspensions led to a 

decrease in the surface tension and an increase in the gas holdup. Both of these factors 

decreased the energy loss due to wettability because of capillary action of the flowing fluid in 

the pipe. 

The friction factor due to wettability can be expressed as 

q
wlmbl pEf 

''           (4.37) 

where the parameter p and q are define as 

979.0     ,7.775.23175.010 224  Rp       (4.38) 

996.0        ,46.22676.0102.5 223   Rq       (4.39) 

4.4.5 Hydrodynamic Drag Coefficient in Microbubble Suspension Flow 

The drag coefficient derived for the system includes the hydrodynamic drag on the 

microbubbles and the pipe wall. Drag on the bubble depends on the surface area of bubble 

(bubble size), fluid velocity, fluid density, and so on. Changing surfactant concentrations 

changes bubble size, which affects the drag force experienced by bubble. Similarly, changing 

the pipe diameter changes the fluid velocity in the pipe, which ultimately changes the drag 

coefficient. The effect of the Reynolds number on the drag coefficients is shown in Figure 4.11.  

At low Reynolds number, the viscous forces in the pipe are high. As the Reynolds number 

increases, the momentum energy of the fluid increases. Because of the shear-thinning behavior 

of the fluid, the effective viscosity decreases with increasing inertia of the fluid. Hence, the 

magnitude of the drag force decreases with decreasing viscosity of the fluid. Consequently, the 

drag coefficient decreases with increasing Reynolds number. It was also observed that 
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microbubble suspensions having low surface tension resulted in low drag coefficients. This 

might be due to the reduction of the size of the microbubbles upon the addition of surfactants.  
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Figure 4.11: Variations of the drag coefficient with Reynolds number at different surfactant 

concentrations. 

A correlation by dimensional analysis was developed to interpret the drag coefficient based on 

the present experimental data with other independent variable as follows 
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where Web is the Weber number defined as 



 mbsll
b

dU
We

2

          (4.41) 

The correlation coefficient and standard error of Eq. (4.40) were found to be 0.987 and 0.163 

respectively. The details of the calculation for the regression are shown in Appendix-I. The 

goodness of fit of the correlation proposed for the drag coefficient (Cm) with the experimental 

value is shown in Figure 4.12. The correlation proposed was developed on the basis of the 

 TH-1465_11610710



Chapter-4 

101 
 

dynamic variable: microbubble suspension velocity; the geometric variable: pipe diameter; and 

the physicochemical properties of the system: viscosity density, and surface tension. It was 

found that the developed correlation is in good agreement within the ranges of variables 
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Figure 4.12: Variations of the drag coefficient with Weber number at different surfactant 

concentrations. 

 

4.5 Conclusion 

The present study mainly focuses on the rheological study of microbubble suspension in 

horizontal pipe and the development of model based on wetting effect of microbubble 

suspensions. From the present experiments it was found that the effective viscosity of the 

microbubble suspensions decrease with apparent shear rate, indicating that microbubble 
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suspensions behave as shear-thinning non-Newtonian fluids. An increase in surfactant 

concentration caused a decrease in shear stress and effective viscosity with shear rate. The 

friction factor was found to decrease inversely with the Reynolds number to the power of 0.45, 

whereas it decreased without the microbubble suspension with a power of 0.25. The results 

suggested that the presence of microbubbles reduces the frictional resistance. The friction 

factor was found to decrease with increasing wettability. As the fluid velocity increased, 

frictional loses decreased at the specific wetted surface area. Surfactant concentration in the 

suspension plays an important role in increasing the gas holdup and decreasing the energy loss 

due to wettability. The drag coefficient was found to decrease with increasing Reynolds 

number, as well as with increasing surfactant concentration in the suspension. 

 

Notations 

a         Specific interfacial area (1/m) 

A Area of electrode (m2) 

At       Pipe cross-sectional area (m2) 

Cs Concentration of SDS (ppm) 

Cw Concentration of Tween-20 (ppm) 

Ct Concentration of CTAB (ppm) 

Cm        Drag coefficient of microbubble mixture (-) 

Ca     Capillary number )/()( lsleff U    (-) 

dt        Pipe diameter (m) 
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dmb       Bubble diameter (m) 

D  Diameter of electrode (m) 

Dh Hydraulic diameter (-) 

El        Energy dispersion per unit volume of test section (N.m/s) 

Fd        Drag force (N) 

El Energy dispersion per unit length in pipe (N.m/s) 

Ew Energy loss due to wettability (N.m/s) 

fl-mb Friction factor of liquid-microbubble system (-) 

flo Friction factor of single liquid system (-) 

g        Gravitational acceleration (m/s2) 

K        Consistency of fluid (Pa.sn) 

Kl Conductance of liquid (S) 

kl Electrical conductivity of liquid (S/m) 

kl-g Electrical conductivity of liquid-gas mixture (S/m) 

kl-d Electrical conductivity of dispersion (S/m) 

L Length of test section (m) 

Le Separation of the electrodes (m) 

MS Microbubble suspension (-) 

n         Flow behavior index (-) 
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Nb        Number of bubbles (-) 

p Parameter defined in Eq. (4.38) (-) 

Pl-mb  Liquid-micobubble suspension pressure (N/m2) 

Pfl-mb   Frictional pressure due to liquid-microbubble flow (N/m2) 

Pflo  Frictional pressure due to single liquid-phase (N/m2) 

q Parameter defined in Eq. (4.39) (-) 

Q Volumetric flow rate (m3/s) 

Re      Non-Newtonian liquid Reynolds number (
n

n

n
sl

n
t

n

n

K

Vd













13

4

8 1

2 
) (-) 

Uis      Interfacial slip velocity (m/s) 

Usl       Superficial liquid velocity (m/s) 

Um Gas-liquid mixture velocity (m/s) 

Web Weber number (  /2
mbsll dU ) (-) 

Z Length of test section (m) 

Greek letters 

αl      Parameter defined in Eq. (4.18) (-)  

εg         Gas holdup (-) 

εl         Liquid holdup (-) 

εd         Dispersed non-conducting phase holdup (-) 
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 Electrical conductivity (S/m) 

μe     Effective viscosity (kg/m.s) 

μl     Viscosity of liquid (kg/m.s) 

ρl        Density of liquid (kg/m3) 

ρm Density of gas-liquid mixture (kg/m3) 

ρw Density of water (kg/m3) 

σ       Surface tension (N/m) 

σl-mb       Surface tension between liquid and microbubble (N/m) 

σlw       Surface tension between at the boundary between liquid and pipe wall (N/m) 

τ i         Interfacial shear stress (N/m2) 

τw Wall Shear stress (Pa) 

γw Wall shear rate (1/s) 

γa Apparent shear rate (1/s) 

ΔP Pressure drop (N/m2) 

θ        Liquid-wall contact angle (radian) 

Subscripts 

b  Bubble 

f  Frictional 

g Gas phase 
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i  Interfacial 

l  Liquid Phase  

l-mb  Liquid-Microbubble  

l-w  Liquid-Wall  

p  Pipe 

s  Superficial 

w  Wettability 

0 Single 
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CHAPTER‐5 

 

DISPERSION CHARACTERISTICS OF 

MICROBUBBLE SUSPENSION IN CONTINUOUS 

PLANT PROTOTYPE  

 

This chapter is about the investigation of the dispersion characteristic of ionic microbubble 

suspension in continuous plant prototype developed for mineral beneficiation. The effects of 

different operating variables and physicochemical properties of liquid on the dispersion of 

ionic microbubble suspension are reported. A phenomenological model with consideration of 

liquid circulation is developed to analyze the dispersion coefficient of the microbubble 

suspension due to circulation. Generalized correlations for dispersion coefficient and mixing 

time are developed based on the physicochemical properties of microbubble suspension are 

also enunciated in this chapter.  

5.1 Introduction 

Mixing of phases are widely encountered in process industry in various processes involving 

physical and chemical changes. Mixing is a central feature of many processes in the 

pharmaceutical, paper, plastics, ceramics and mineral processing industries (Harnby et al., 

1992). The mixing process in column are conventionally divided into two parts. The first is the 

macromixing, which gives information about the retention times of the elementary volumes. 

The second part is micromixing which describes the communication between the elementary 

volumes. Micro mixing includes all aspects of mixing not defined by residence-time 

distribution (Shah, 1979). The gas-liquid-solid mixing inside flotation column directly affects 
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the column performance. The contact of the gas with the solid-liquid phase effectively brings 

into contact the phases, allowing for collisions and eventual adhesion of the hydrophobic 

particles on the rising gas bubbles. It is obvious that, although a certain amount of turbulence 

is necessary to achieve the required contact, too much turbulence and mixing may result in the 

disruption of the particle-bubble bonds and their detachment, reducing the process efficiency 

(Mavros, 1996). Significant research has been published during the past three decades on the 

effects of backmixing on flow reactor performance. The two extreme ideal cases of a column 

are the complete mixing where perfect backmixing is achieved and a plug flow reactor where 

backmixing is negligible. The performance of a column in between these two ideal cases can 

be characterized by various existing models viz. dispersion model, cell model, multistage 

dispersion model, back-flow model and dispersion-back-flow model (Szeri et al., 1976).  

Even though the mass transfer and hydrodynamics properties of microbubbles have been 

discussed in the literature, still there is a significant knowledge gap on dispersion mechanism 

of flow of microbubble suspension. To achieve technical feasibility of microbubble suspension 

flow and microbubble aided mineral separation by flotation, a detailed study on the dispersion 

characteristics of microbubble suspension are required. To the best of our knowledge, a single 

study by Bredwell and Worden (1998) is available in literature in which a brief description of 

liquid axial dispersion coefficient of microbubble is illustrated. Thus in the present chapter an 

attempt has been made to explore the dispersion characteristic and mixing time of microbubble 

suspension of recirculation system in a continuous plant prototype, which has not been reported 

till date. The aim of this chapter is to study the phenomenon of dispersion associated with 

microbubble-suspension flow to aid in mineral beneficiation. The results of this dispersion 

phenomenon is incorporated to the degree of separation of fine particle by microbubble 

flotation in the chapter 6.  
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5.2 Theoretical Background 

5.2.1 Dispersion Coefficient of Microbubble Suspension 

Residence time distribution of material is one of the globally acceptable technique to estimate 

the dispersion coefficient. Normally for the measurement of residence time distribution the 

tracer technique is used which involves the injection of tracer material at some location in the 

column and the concentration of the column is detected as a function of time at one or more 

downstream positions. The tracer input may be step, impulse, imperfect pulse, sinusoidal 

(Kramers et al., 1958) and step decrease in concentration (Bennett and Goodridge, 1970). But 

majority of literature studies have used impulse input. Proper precaution should be taken to 

inject the tracer carefully to ensure good pulse injection. Flow maldistribution have significant 

effects on the residence time distribution. Other factors such as reactor channeling dead zones, 

by passing on the residence time distribution are undesired for proper residence time 

distribution. The non-uniform velocity and method of injection and detection can also affect 

the nature of residence time distribution curve. The position of detection probe can also affect 

the curve (Shah, 1979). The design and scale-up of bubble column reactors generally depend 

on the quantification of three main phenomena: (i) heat and mass transfer characteristics; (ii) 

chemical kinetics of the reacting system and (iii) dispersion characteristics. The physical and 

chemical processes more or less depend on the dispersion characteristic of the phases. 

Dispersion reduces the degree of non-uniformity or gradient of a property in a system such as 

concentration, viscosity, temperature etc. It is achieved when an element or material to be 

mixed moves from a region to another either by molecular diffusion or by agitation, to gain a 

uniformity in concentration (Shah, 1979). The axial dispersion model is widely accepted model 

for the determination of dispersion characteristics and is thus used in the present work. This 

model is based on the concept that dispersion process in the column follows a random, 
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diffusion-like eddy movement superimposed on a plug flow (Majumder et al., 2005). As per 

axial dispersion model, the concentration of tracer in the column at any position Z can be 

written as: 

Z
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t
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cz














2

2

         (5.1) 

Here Uc is microbubble suspension circulation velocity, Ez is the axial dispersion coefficient 

(m2/sec), C is concentration of tracer. In the circulation region, the dispersion follows a 

different patterns from the continuous non-circulating region. The dispersion of the tracer in 

the circulation region are mainly caused by the differences in velocity of the different 

streamlines and the differences in length of the various circulation loops inside the device. The 

dispersion of the circulating stream appears to be conceivable by the average circulation time 

and a coefficient, which characterizes the dispersion during the circulation. Consider a device 

of infinite length wherein a certain amount of longitudinal dispersion is occurred and the 

response are recorded at the positions Z = L, 2L, 3L...jL for a tracer injected at Z = 0 and t = 0 

as shown in Figure 5.1.  

 
  

                         Figure 5.1: Column with dispersion and complete recirculation. 
 

The concentration profile at the distance Z = jL, downstream from the point of injection is then 

expressed by (Voncken et al., 1964) 
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where Qt is the amount of tracer injected and V denotes the volume of a section between Z = 

jL and Z = (j-1)L. Eq. (5.2) gives the response of a tracer, injected at Z = 0 = L in the device of 

characteristic length L with complete recirculation and detected at the same place. The 

characteristic length L represents the length of the average circulation streamline. The time 

required for a fluid element to flow with the average velocity once around the average 

circulation loop is called circulation time (tc). Hence tc = L/Uc. As the dispersion proceeds, the 

tracer fluid is evenly distributed in the device. This runs continuously without a supply of liquid 

from outside. The analytical solution of Eq. (5.2) for the normalized response curve is given as 

(Voncken et al., 1964) 
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       (5.3) 

where the concentration of the tracer at infinite time (C∞) is equal to the ratio of the amount of 

tracer injected to the volume of column (Qt/V). The symbols θ and Bo denote dimensionless 

time and dimensionless number (Bodenstein number) which are expressed respectively as 

ct

t
            (5.4)

z

c

E

LU
Bo            (5.5) 

The dispersion coefficient (Ez) is then estimated as from Eq. (5.5) after fitting the Eq. (5.3) with 

experimental data.   

5.2.2 Mixing Time of Microbubble Suspension 

Mixing time is an index of dispersion for the closed circulation. It is defined as the time required 

to reach a predefined level of homogeneity after a tracer is added to it. Pulse technique is most 

common method for the estimation of mixing time. However the results obtained by this 
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method depends on the injection position and the desired degree of homogeneity (Hadjiev et 

al., 2006; Kawase and Moo-Young, 1989). 

 

5.3 Experimental Setup and Procedure  

5.3.1 Experimental Setup 

The schematic of the plant prototype in which the experiments were carried out is shown in 

Figure 5.1. 

 

Figure 5.2: Schematic diagram of plant prototype. Legend: - BC: Bubble column; C: Air 

compressor; CM: Conductivity meter; MBG: Microbubble generator; Mo: Microbubble 

generator output; Mi: Microbubble generator input; M1, M2: Manometers; R1, R2: 

Rotameters; S: Suspension sample; SR: Syringe; T: Thermometer; V1, V2: Control valves  

 It consists of a microbubble generator, a gas compressor and other accessories such as 

rotameters, control valves, conductivity meter, thermometer and test tubes for collecting 
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samples. The column was 0.60 m high and having internal diameter 0.20 m. Both inlet and 

outlet of the column were at the lower end through which microbubble generator was 

connected. The air used to create microbubbles was supplied from a compressor controlled by 

a valve. The liquid flow rate was measured using rotameters from which the flow was 

maintained by using control valves. In the present study the mixing characteristics of 

microbubble suspension is estimated by tracer technique. This method involves the injection 

of a tracer at one location in the column and then detection of its concentration at downstream 

position. After attaining steady-state, 3 ml of sodium chloride solution of strength 3.0 M was 

injected from the bottom of the column as a tracer. The injection was carried out as quickly 

and smoothly as possible by a syringe. The variation of tracer concentration with time was 

measured by conductivity probe (Model: VSI-04 ATC Deluxe, VSI Electronics Pvt. Ltd., 

Chandigarh, India). The conductivity probe was mounted at the same place (0.05 m above the 

bottom of the column) where the tracer was injected. The experiments were conducted at six 

different suspension circulation velocities (Uc) in the range of 0.24 to 0.36 m/s. The circulation 

velocity in the column is determined by Qsp/(Ac/2) where Qsp is the suspension volumetric 

flowrate measured by rotameter and Ac is the column cross-sectional area. The suspension 

circulation velocity is taken on the basis of half of cross-sectional area of column, assuming 

that the microbubble suspension flows through half of column cross-section and recirculates. 

In the present work the microbubble generator and the column is considered as a closed loop 

because inlet and outlet both of the MBG are connected to the same bubble column. The 

microbubble sucked the liquid from the column and discharge to the bubble column. The closed 

circulation loop describes circulation in the column as well as MBG. To minimize the error 

five runs were performed and the average of three was taken as a final reading. In the present 

work, aqueous solutions of sodium dodecyl sulphate (SDS), cetyl trimethyl ammonium 
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bromide (CTAB) and Tween-20 were used as liquid phase and air was used as a gas phase. The 

physicochemical properties of the liquids and gas phases are shown in Table 2.1.    

5.3.2 Calibration of Conductivity Meter 

A digital conductivity meter is used in the present work. The range of this conductivity meter 

was about 0- 999 micro Siemens per meter (μ S.m-1). For the calibration of the conductivity 

meter the conductivity of different known samples of NaCl in microbubble suspension were 

noted. From the conductivity and concentration data, a linear correlation of conductivity with 

concentration was made for calibration. Since in the present work surfactants and SCMC 

solutions were used. So for each gas-liquid system the conductivity meter was calibrated. The 

concentration of tracer in the solutions as a function of conductivity, can be represented as 

baKC csc           (5.6) 

where Kc is conductivity of solution (mS/cm), the values of parameters a and b for different 

suspensions are given in Table 5.1.  

Table 5.1: Calibration parameters for the systems measured at 25 ± 1 ºC. 

System Parameter, a Parameter, b 

microbubble 0.1887 0.0526 

SDS-5 ppm + microbubble 0.3399 0.0646 

SDS-10 ppm + microbubble 0.3492 0.0707 

SDS-15 ppm + microbubble 0.3603 0.0724 

CTAB-5 ppm + microbubble 0.3439 0.0686 

CTAB-10 ppm + microbubble 0.3582 0.0712 

CTAB-15 ppm + microbubble 0.3743 0.0784 

Tween-20-34 ppm + microbubble 0.1895 0.0523 

Tween-20-69 ppm + microbubble 0.1908 0.0529 

Tween-20-100 ppm + microbubble 0.1935 0.0533 

CMC-0.25 kg/m3 + microbubble 0.3313 0.0809 

CMC-0.50 kg/m3 + microbubble 0.3416 0.0905 

CMC-0.75 kg/m3 + microbubble 0.3550 0.1189 

CMC-1.00 kg/m3 + microbubble 0.3664 0.1280 
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5.3.3 Effective Viscosity of Microbubble Suspension  

Microbubble suspension is a time-independent non-Newtonian pseudo-plastic fluid (Tseng et 

al., 2006). Its rheology is described by Ostwald–De Waele model or Power law model as 

described by in Chapter 4. The effective viscosity of microbubble suspension (µe) is defined as 

the ratio of the shear stress at the wall to the average shear rate at the boundary which was 

calculated by  

1

813
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where n is the flow behaviour index and K is the flow consistency index. Uc is microbubble 

suspension circulating velocity and dc is the diameter. The values of n and K are calculated 

experimentally in a horizontal pipe from the wall shear stress (τ) and the apparent shear rate 

(γa). The wall shear stress and apparent shear rate can be calculated from the volumetric flow 

rate of microbubble suspension (Q) and pressure drop (ΔP) in the pipe which is discussed in 

chapter 4.  

5.3.4 Estimation of Mixing Time 

In the present work, the mixing time is noted when the concentration of tracer reaches to 98% 

of equilibrium concentration value. Figure 5.3 represents a typical outline to estimate the 

mixing time from the C/C∞ vs time plot for three different circulation velocities of microbubble 

suspension. In the figure, time t1 corresponds to the mixing time of microbubble suspension at 

circulation velocity equals to 0.36 m/s, while the time t3 corresponds to the mixing time of 

microbubble suspension at suspension circulation velocity equals to 0.24 m/s. The microbubble 

generator is placed very close to the column. In this regard it is to be noted that the complete 
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length of MBG loop is approximately 0.3 m and its residence time is less than 5 seconds. So 

the mixing time in MBG loop is negligible compared to that in microbubble column. 
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Figure 5.3: Outline to estimate the mixing time for microbubble suspension at different 

circulation velocities. 

 

5.3.5 Estimation of Dispersion Coefficient 

In the present work the value of dispersion coefficient is calculated from the Bodenstein 

number (as per Eq. (5.5)). The overall value of Bodenstein number was estimated by best fitting 

the experimental data with the Eq. (5.3). Figure 5.4 shows a typical comparison of experimental 

and theoretical values for Bo as a fitting parameter. 
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Figure 5.4: C/C∞ vs θ curve for microbubble suspension: experimental and predicted.  

 

5.4 Results and Discussion 

5.4.1 Effect of Phase Velocities on Dispersion Coefficient  

The axial dispersion coefficient in two-phase flow depends on many parameters such as gas 

flow rate, liquid flow rate, diameter of column and physicochemical properties of the system. 

The effect of microbubble suspension circulation velocity on its dispersion coefficient is shown 

in Figure 5.5. It was observed that dispersion coefficient increased with increasing circulation 

velocity. The motion of microbubble suspension are strongly affected by the turbulence in the 

system. As the turbulence increases, a rapid momentum exchange occurs between the phases, 

which causes an agitation in the column and the fluid tends to deviate from plug flow. The 

dispersion characteristic of tracer depends on the kinetic energy of the fluid flow. At low 

suspension rate the circulation in the device is weak. At higher suspension circulation velocity, 

the kinetic energy of the system significantly increases, which enhances the turbulence of the 
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gas-liquid mixture in the column. As a consequence of this gas-liquid interaction, backmixing 

and fluid circulation inside the column increases. This enhances the dispersion in the column. 
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Figure 5.5: Variation of dispersion coefficient with microbubble suspension circulation 

velocity. 

In case of larger bubbles, dispersion is affected by the size of bubbles. The transport of fluid 

by means of eddies; diffusion and convection are three core phenomena which causes the 

dispersion in a column. However the size of eddies and wakes produced by a microbubble are 

insignificant as compared to the conventional bubbles. So the intensity of dispersion in case of 

microbubble suspension is mainly governed by the turbulence and liquid circulation in a loop. 

5.4.2 Effect of Suspension Properties on Dispersion Coefficient 

Liquid phase dispersion is significantly affected by liquid properties. The effect of 

concentration of SCMC on dispersion coefficient of microbubble suspension is shown in 

Figure 5.6. It was observed that at constant suspension circulation velocity, dispersion 

coefficient of microbubble suspension decreased with increasing the SCMC concentration in 
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liquid. The viscosity of the microbubble suspension increases considerably with increasing the 

SCMC concentration. For a fixed suspension circulation velocity, an increase in viscosity of a 

liquid reduces the circulation inside the column. This is due to frictional resistance to flow. At 

higher viscosity the drag force acting on the layers of microbubble suspension also increases.  
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Figure 5.6: Variation of dispersion coefficient with SCMC concentration. 

The energy of system decreases because of the dissipation of energy due to viscous stresses. 

Hence the dispersion coefficient of the system decreases. Yet, to the best of our knowledge 

there is no definitive correlation available in literature that can correlate the dispersion 

coefficient with viscosity or the diameter of the bubble. Pilhofer et al. (1978), Hikita and 

Kikukawa (1974) and Kelkar and Shah (1985) also observed a dependency of dispersion 

coefficient on the liquid phase properties. Their experimental results showed that increase in 

viscosity of liquid decreases the dispersion. Rice et al. (1981) observed a system dependency 

of dispersion phenomena. However Cova (1974) and Aoyama et al. (1968) claimed that 

viscosity has no influence on dispersion coefficient for conventional bubbles. The effect of 
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surfactants on the dispersion characteristic of microbubble suspensions is shown in Figures 5.7, 

5.8 and 5.9. For all the three surfactants, it was observed that the dispersion coefficient 

increased with increasing surfactant concentration in the liquid. Addition of surfactant in the 

liquid lowers the interfacial tension between the gas and the liquid causing production of 

smaller microbubble from microbubble generator. Increase in the surfactant concentration 

results in increase in population of microbubble while apparent viscosity decreases. So at high 

surfactant concentration kinetic energy of the system is higher, due to reduction in viscosity. A 

populated microbubbles, increase the interactions among them, results more turbulence of gas 

liquid mixture in the column, which significantly enhance the dispersion coefficient.  Further, 

Rice et al. (1981) reported that the small bubbles can carry more water in the form of wakes 

and hence create a higher backmixing. 
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Figure 5.7: Variation of dispersion coefficient of microbubble suspension with SDS 

concentration. 
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Figure 5.8: Variation of dispersion coefficient of microbubble suspension with CTAB 

concentration. 
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Figure 5.9: Variation of dispersion coefficient of microbubble suspension with Tween 

concentration. 
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From the present work, it was found that the axial dispersion coefficient of microbubble 

suspension is a function of different operating variables such as suspension circulation velocity, 

density, viscosity etc. Based on the present experimental data, the axial dispersion coefficient 

has been correlated in terms of the dimensionless groups of Reynolds number, Froude number 

and Weber number by the dimensional analysis. The correlation was made by fitting present 

experimental data with the help of multiple regression analysis by Microsoft Excel 2013, which 

can be expressed as 

209.0264.0079.03 Re1084.7  FrWe
LU

E
n

c

z
      (5.8) 

The correlation coefficient and standard error of Eq. (5.8) were found to be 0.989 and 0.031 

respectively. The parity plot of the correlation proposed for the dispersion number (Ez/(UcL)) 

with the experimental value is shown in Figure 5.10. It was found that the developed correlation 

fitted well within the ranges: 35.04×102 Ren  68.86×103, 1.48×102  We  5.72×102 and 

2.96×10-2  Fr  6.67×10-2. 
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Figure 5.10: Parity plot of experimental and predicted values of dispersion number. 
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5.4.3 Effect of Circulation Velocity of Suspension on Mixing Time 

The performance of bubble column depends on the intensity of dispersion of the gas and liquid 

phase. A lot of extensive efforts have been recently devoted to understand the dispersion 

characteristics. Mixing time represents the time for the tracer to reach the final equilibrium of 

homogeneity (Buwa and Ranade, 2003).  Figure 5.11 shows the effect of suspension circulation 

velocity on mixing time of liquid in microbubble suspension without surfactant in the present 

device. It was observed that the mixing time decreased with increasing circulation velocity. An 

increase in suspension circulation velocity increases fluid circulation and backmixing in the 

column. The dispersion of tracer also increased with the suspension circulation velocity and 

caused an increase in dispersion in the column.  
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Figure 5.11: Variation of mixing time with microbubble suspension circulation velocity for 

suspension without surfactant. 
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5.4.4 Effect of Microbubble Suspension Properties on Mixing Time 

The effect of SCMC on mixing time is shown in Figure 5.12. It is seen that for fixed circulation 

velocity the mixing time of microbubble suspension increases with increase in SCMC 

concentration. The viscosity of liquid increases with increasing the concentration of SCMC. 

The movement of microbubbles are restricted by increasing viscosity of liquid. The retarding 

force on the slow moving microbubbles increases with increase in viscosity of the solution. 

The circulation of suspension decreases as the frictional resistance between fluid and wall 

increases. Therefore the dispersion decreases and the mixing time of the liquid increases. For 

the surfactants solution, it was observed that mixing time decreased with increase in surfactant 

concentration. A typical variation of mixing time of SDS microbubble suspension with liquid 

circulation velocity shown in Figure 5.13.  
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Figure 5.12: Variation of mixing time with SCMC concentrations. 
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Figure 5.13: Variation of mixing time with SDS concentrations. 

Addition of surface additive agents increases the dispersion. This is due to less energy 

dissipation to get the same degree of circulation and turbulence in the system for dispersion. 

This helps the fluid elements to disperse at a faster rate. Hence the increase in liquid circulation 

reduces the mixing time of the microbubble suspension. The mixing time of suspension based 

on its circulation velocity and physical properties can be correlation as 

419.0515.0113.0104.1 Re034.0  FrWeBo
D

Ut
n

c

cm
     (5.9) 

The correlation coefficient and standard of Eq. (5.9) are 0.978 and 0.021 respectively. The 

parity of plots for the comparison of experimental and predicted values of mixing time of 

microbubble suspension is shown in Figure 5.14. It is clear that proposed correlation can 

predict mixing time well within the ranges 6.0  Bo  8.07, 50.04×102 Ren  68.86×103, 

1.48×102  We  5.72×102 and 2.96×10-2  Fr  6.67×10-2. 
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Figure 5.14: Parity of experimental and predicted values of mixing time. 

5.4.5 Model Development to Interpret the Intensity of Dispersion 

Literature on liquid dispersion has revealed that dispersion of liquid is caused by the convective 

liquid recirculation (Burns and Rice, 1997; Joshi and Sharma, 1979). However these 

mechanisms are expected to become more significant at higher flow rates (Kumar et al., 1994; 

Wilkinson et al., 1993). For complete liquid recirculation, the dispersion is affected by the 

liquid recirculation inside the device. In order to determine the influence of liquid recirculation, 

a simple mechanistic model is developed based on combined effect of both turbulence and 

liquid circulation. In the present system the suspension flows as shown in Figure 5.15. The 

reversal of the velocity occurs at the top of the column. The circulation velocity is significantly 

affected by the dynamic variables like microbubble suspension flowrate and the physical 
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properties of the suspension. At the interface of upstream and downstream flowing suspension, 

the microbubble suspension circulation velocity is almost zero. 

 

Figure 5.15: Schematic diagram of microbubble suspension circulation. 

The suspension flows with the wide distribution of velocities over the cross-section of the 

column. This distribution may depend upon the geometry, circulation pattern and operating 

conditions of bubble column. In the present study it is assumed that there a uniform circulation 

in each operating conditions in the column. Due to this variation of velocity in upstream and 

downstream suspensions, a radial interaction occurs between the suspensions and there is an 

exchange of some amount of liquid with each other. This exchange is denoted by a parameter 

λ and the dispersion in both the up and the downward flowing section is represented by 

parameter E. A mass balance of tracer at any position Z for the upstream suspension can be 

written as 
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Similarly the mass balance of tracer for the downstream suspension is 
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If the interaction between the upstream and downstream suspension is high, the concentration 

difference (Cu,z – Cd,z) will be relatively small. It is assumed that the upcoming area and 

downcoming area of flow are equal to half of the area of column, i.e. Au ≈ Ad = 0.5Ac. Then the 

circumference between the upcoming and downstream fluid (S) will be equals πDc/√2. 

Incorporating all these assumption in Eq. (5.10) and (5.11) and adding them, one gets 
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By substituting CCC du 2 , Eq. (5.12) becomes 
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Now subtracting Eq. (5.10) from Eq. (5.11) and rearranging, it leads to  
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Since the concentration difference (Cu - Cd) is very small, it may be assumed that all the terms 

on the right-hand side of Eq. (5.14) containing Cd - Cu  are negligible and CCC du 2 .  

 Hence Eq. (5.14) can be expressed as 
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The Eq. (5.15) after differentiating with respect to Z can be expressed as 
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Now from Eq. (5.16) and Eq. (5.13), one gets 
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Eq. (5.17) is similar to the one dimensional axial dispersion model and the coefficient of 

dispersion can be written as 




 EEEE cz          (5.18) 

where the parameter Ez is overall dispersion coefficient, E represents dispersion due to liquid 

turbulence and the parameter Ec denotes dispersion due to liquid circulation, which can be 

expressed as 








16

22
cc

c

DU
E          (5.19) 

where the parameter δ is defined as 

16

22
cc DU

           (5.20) 

The values of the liquid exchange parameter (λ) and dispersion due to liquid turbulence (E) for 

different experimental conditions can be calculated from the Eq. (5.18) by plotting overall 

dispersion coefficient (Ez) versus δ from the experimental data. The intercept of the plot 

represents dispersion coefficient E. The liquid exchange parameter (λ) can be calculated as 

  1
 (5.18)equation   of  slopeλ


        (5.21) 
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5.4.6 Interpretation on Dispersion due to Suspension Circulation 

It was observed that the dispersion coefficient due to liquid circulation increased with 

increasing suspension circulation velocity. The magnitude of dispersion is proportional to 

average liquid circulation and superficial liquid velocity (Joshi and Sharma, 1979). At high 

liquid velocity more turbulences exists in the column. The liquid circulation rate in the column 

increases with increase in microbubble suspension circulation velocity. Figure 5.16 shows a 

typical variation of dispersion coefficient due to liquid circulation with SDS concentration. It 

can be seen that the dispersion coefficient due to liquid circulation is affected by SDS 

concentration. At high surfactant concentration, the dispersion coefficient due to liquid 

circulation is higher. Microbubble suspension behave as a non-Newtonian fluid, whose 

apparent viscosity decreases with fluid velocity. So at high surfactant concentration, the 

apparent viscosity of the suspension decreases with increase in circulation rate, which 

decreases the energy dissipation between the suspension layers. Therefore the dispersion 

coefficient due to liquid circulation increases with SDS concentration. Based on present 

experimental data, the functionality of Ec with suspension circulation velocity for SDS 

microbubble suspensions can be expressed as 

q
cc pUE            (5.22) 

where the parameter p depends on the concentration of SDS in the microbubble suspension 

(Cs) and can be correlated as 

253 1071020.109.0 ss CCp          (5.23) 

while the value of parameter q is found to be 2. 
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Figure 5.16: Variation of dispersion coefficient due to circulation with microbubble 

suspension circulation velocity in SDS solution. 

The effect of SCMC on the dispersion coefficient due to liquid circulation is shown in Figure 

5.17. It was observed that the dispersion coefficient due to circulation decreased with 

increasing SCMC concentration. The energy dissipation rate between the layers of microbubble 

suspension depends on the apparent viscosity of suspension. The energy dissipation rate 

increases with increase in liquid viscosity. This causes reduction in the liquid circulation of the 

microbubble suspension. Therefore the dispersion coefficient due to circulation decreases with 

addition of SCMC in the liquid. The functionality of dispersion coefficient due to circulation 

with the SCMC concentration can be expressed as 

2
cc UE             (5.24) 

The proportionality constant (α) of Eq. (5.24) is correlated with the concentration of SCMC as  
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2104.0184.09.0 cc CC          (5.25) 
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Figure 5.17: Variation of dispersion coefficient due to circulation with microbubble 

suspension circulation velocity in SCMC solution. 

5.4.7 Interpretation of Exchange Factor (λ)      

The liquid exchange factor is significantly affected by the operating variables. It was observed 

that for all three surfactants the liquid exchange factor decreased with increasing surfactant 

concentration in the suspension. A typical variation of liquid exchange factor with SDS 

concentration is shown in Figure 5.18. The liquid exchange factor depends on distribution of 

velocity in the column. At high circulation velocity, the column gets agitated and the velocity 

distribution in the column changes. At high circulation velocity, the radial distribution of 

velocity decreases. This causes the reduction in the liquid exchange factor. However a reverse 

effect was observed in case of SCMC microbubble suspensions as shown in Figure 5.19.  
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Figure 5.18: Variation of liquid exchange factor with SDS concentration. 
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Figure 5.19: Variation of liquid exchange factor with SCMC concentration. 
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Increase in concentration of SCMC increases the viscosity of the suspension. This causes a 

reduction in turbulence in the column and change in velocity distribution.  Due to increase in 

radial velocity the exchange between liquid layers increases. From the present experiment it is 

seen that the liquid exchange factor satisfies the functionality with SDS concentration as  

2-6-4-3 104101-1019.7 ss CC        (5.26) 

Similarly for SCMC concentration the liquid exchange factor can be expressed as 

2343 104105107.19 cc CC         (5.27) 

A high liquid exchange will not contribute a high dispersion unless a sufficient turbulence and 

circulation are in the system. Similarly, if there is high liquid circulation inside the column and 

there is no exchange between the liquid (λ = 0), high circulation rate will not contribute to high 

dispersion. So both circulations and exchange of liquid are required for dispersion 

phenomenon.  

 

5.5 Conclusion 

The present chapter mainly emphasis on the estimation of intensity of mixing of microbubble 

suspensions in a vertical bubble column. The dispersion of liquid due to liquid circulation 

inside microbubble suspension is also analysed.  From the present work it was found that the 

intensity of dispersion of microbubble suspension depends on the operating variables and the 

physicochemical properties of system. It was also observed that the mixing time of 

microbubble depends on the circulation velocity and properties of suspension. The mixing time 

of microbubble suspension decreased with increasing suspension circulation velocity and 

surfactants concentration, while the mixing time increases with increase in SCMC 
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concentration. The dispersion coefficient due to liquid circulation of the suspension found to 

be dependent on the phase velocity, surfactant concentrations and SCMC concentration in the 

suspension. The dispersion coefficient due to liquid circulation of the suspension increased 

with increasing suspension circulation velocity. The magnitude of dispersion coefficient due 

to liquid circulation decreased with increasing the SCMC concentration in the suspension, 

while with increasing the surfactant concentration its value found to be increased. The liquid 

exchange factor λ depends on the physicochemical properties of suspension. It was found that 

increase in turbulence of the phases increases the kinetic energy of the system and decreases 

the velocity characteristic factor. 

 

Notations 

Ac        Column cross-sectional area (m2) 

C   Tracer concentration (Kg/m3) 

Cu   Tracer concentration in upstream suspension (Kg/m3) 

Cd   Tracer concentration in downstream suspension (Kg/m3) 

C   Average concentration (Kg/m3) 

Cs  Concentration of surfactant (ppm) 

Cc  Concentration of SCMC (kg/m3) 

Csc  Concentration of salt (kg/m3) 

C∞   Equilibrium tracer concentration (Kg/m3) 

Dc         Column diameter (m)  

db         Microbubble diameter (m) 

Ez  Overall liquid dispersion coefficient (m2/s) 

E  Dispersion coefficient due to turbulence (m2/s) 

Ec  Dispersion coefficient due to circulation (m2/sec) 
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g   Acceleration due to gravity (m2/sec) 

K         Consistency of fluid (Pa.sn) 

Kc  Conductivity (µS/m) 

L  Characteristic length (m) 

Lp  Length of pipe (m) 

n          Flow behavior index (-) 

ΔP  Pressure drop (N/m2) 

p  Parameter defined in Eq. (5.23) 

Q  Microbubble suspension flow rate (m3/s) 

Qt  Amount of tracer injected (kg) 

q  Constant in Eq. (5.22) 

S  Circumference between upstream and downstream microbubble flow (m)  

Uc        Suspension circulation velocity (m/s) 

t  Time (s) 

tm   Mixing time (s) 

Z  Location in vertical axis (m) 

Greek letters 

μe      Effective viscosity (kg/m.s) 

ρm         Density of suspension (kg/m3) 

λ  Liquid exchange factor (m/s) 

δ  Parameter defined in Eq. (5.20) 

α  Parameter defined in Eq. (5.25) 

Θ  Dimensionless time (-) 

τ  Wall shear stress (N/m2) 

γa   Apparent shear rate (s-1) 
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σ  Surface tension (N/m) 

Dimensionless groups 

Bo  Bodenstein number ( )/( Zc ELU (-) 

Fr  Froude number )/( 2 gLUc  (-) 

Ren      Non-Newtonian liquid Reynolds number (
n

n

n
c

n
c

n

n

K

UD













13

4

8 1

2 
) (-) 

We  Weber number  /2LUcm   (-) 

Subscripts 

e  Effective 

d  Downstream flow 

m  Mixture 

p  Pipe  

t  Tracer 

u  Upstream flow 
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CHAPTER‐6 

 

MINERAL BENEFICIATION BY IONIC MICROBUBBLE 

  

The performance of ionic microbubble for fine particle separation is investigated and reported in 

this Chapter. The effects of different operating variables and physicochemical properties of liquid 

on the separation characteristics of ionic microbubble are examined. A phenomenological kinetic 

model based on collision, attachment and detachment mechanisms of fine particle is developed to 

analyze the flotation characteristics of the ionic microbubbles. Generalized correlations for 

flotation rate constant and induction time are also developed based on the physicochemical 

properties of microbubble-particle mixture. The recovery of particles based on the mixing 

phenomena is also enunciated.  

6.1 Introduction 

Separation of fine particles is widely encountered in mineral industries. A large sum of operating 

expenditures of mineral industries are associated with separation of mineral processes. Therefore 

the influence of separation process technology on the profitability is high in mineral industries 

(Rousseau, 1987). Flotation is most common means of separating the valuable components in this 

regard. Flotation is beneficial not only to mineral separation, a large variety of chemical species 

such as ions, molecules, microorganisms, oil droplets etc. are also separated by this method. They 
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can either be separated from one another or concentrated from solution (Al-Shamrani et al., 2002; 

Gaudin et al., 1960; Matis and Mavros, 1991). The coarse particles are easily separated by the 

conventional flotation method but when the size of mineral particle is in micrometer range, it is 

very difficult to separate it. The poor recovery of fine mineral by flotation is mainly due to the low 

probability of bubble–particle collision, which decreases with decreasing particle size (Weber and 

Paddock, 1983). Conventional flotation (Conventional flotation is the floatation using 

millibubbles. The bubble size in conventional flotation is generally of the order of 0.5 mm (Waters 

et al., 2008)) are inefficient in encountering collision and attachment of fine particles and bubbles. 

For the recovery of fine mineral particles, the flotation cell should have fine bubbles or 

microbubbles suitable to catch these particles (Trahar and Warren, 1976). Microbubbles have been 

extensively used in the mineral and liquid effluent treatment, and especially for the flotation of 

particles having size less than 100 µm (Solari and Gochin, 1992). The charge on the surface of 

microbubble helps it, to become a propitious tool for the fine mineral separation (Han and Dockko, 

1998). According to Jauregi et al. (1997) the potential applications of microbubbles can be grouped 

into four main zones: (i) flotation for the removal of biological and non-biological products; (ii) 

protein recovery; (iii) enhancement of oxygen mass transfer; and (iv) bioremediation. Microbubble 

aided flotation has been widely employed in the various fields for the process intensification. They 

have been used for recovery of proteins (Amiri and Valsaraj, 2004; Jarudilokkul et al., 2004; 

Jauregi et al., 1997; Noble et al., 1998), recovery of microorganism (Hanotu et al., 2012), removal 

of heavy metal ions from water (Ciriello et al., 1982), removal of dye and pigment (Alves et al., 

2006; Roy et al., 1992). Cilliers and Bradshaw (1996) used microbubble to recovery of fine pyrites. 

Shen and Wheelock, (2000) reported that approximately 85% recovery of fine coal particles can 

be achieved by using microbubbles. The recovery of fines can be increased up to 95% using 
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microbubbles with proper chemical agents (Han and Dockko, 1998). Separation can further be 

enhanced by using ultrasound with the microbubble (Shibata et al., 2008). Mechanical 

modification has also been done to improve this technology for mineral beneficiation (Yi-jun et 

al., 2009). Microbubble-aided flotation not only increases the recovery it also reduces the frother 

consumption (Ahmadi et al., 2014). The electrical double layer interactions and the particle and 

bubble charge can affect the rate of recovery for fine particles. The electrostatic interactions 

present between charged microbubble and particles of opposite charge may be a governing force 

for separation. Fuda and Jauregi (2006) carried out a detailed study to observe the mechanism of 

separation of proteins by ionic microbubbles. They concluded that electrostatic interactions were 

the driving force for the separation. Waters et al. (2008) also used ionic microbubble to separate 

fine binary mixture of mineral. They found that surface charge of microbubble can be changed by 

using surfactants. They compared the results obtained with conventional flotation method and 

observed that ionic microbubble has high recovery over conventional flotation. Recently, Johnson 

et al. (2009) reported that repulsive long-range interactions are responsible for the selective 

attachment of mineral particles to microbubbles in a charge-dependent manner.  

It is very clear from the literature that, the ionic microbubble has a potential to intensify recovery 

in mining industries. When considering the industrial applications of ionic microbubble in mineral 

separation, it is important to evaluate the benefits of ionic microbubble based on scientific 

principles, from an academic standpoint and to compare microbubble flotation technology with 

existing technology both in terms of its functional quality and effectiveness. Thus it becomes very 

important to examine the effect of physicochemical properties of liquid and mineral particle based 

on mechanism of ionic microbubble flotation. The present chapter is aimed to study the potential 
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of ionic microbubble for the separation of binary fine particle by flotation. Furthermore, the effects 

of surfactants on the recovery of fine particle are also analyzed.  

6.2 Experimental Setup and Procedure 

6.2.1 Materials 

In the present study three mineral particle mixtures such as (i) zinc oxide (ZnO) and silica (SiO2) 

(ii) Copper oxide (CuO) and silica (iii) Aluminum oxide (Al2O3) and silica were used to study the 

separation characteristics of ionic microbubble. The surfactants cetyltrimethylammonium bromide 

(CTAB), sodium dodecyl sulfate (SDS) and Polysorbate 20 (Tween-20) were used to form ionic 

microbubble. The concentrations of CTAB and SDS were varied from 5 ppm to 35 ppm. The 

concentration of Tween-20 was varied from 17 ppm to 207 ppm. Preliminary tests carried out on 

the stability of ionic microbubble (which has been discussed in Chapter 3) showed that 5 ppm of 

CTAB and SDS each was sufficient to ensure the dispersion without break down when being 

pumped. In case of Tween-20, concentration 17 ppm was sufficient to produce stable microbubble. 

All the chemicals used in the present work had a purity of > 98% and were purchased from Merck 

Chemicals (India). The effective viscosity of particle-microbubble mixture was calculated as per 

the procedure discussed in Chapter 4. All the experiments in the present chapter were carried out 

at 25±1° C. The physical properties of liquid phase are listed in Table 6.1. 

6.2.2 Experimental Setup  

The schematic of the plant prototype in which the experiments were carried out is shown in Figure 

6.1. The experimental system includes a flotation column, a microbubble generator, a gas 

compressor and other accessories such as rotameters, control valves, thermometer, etc. The 
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separation system is composed of the microbubble flotation column. The flotation column was 

made of plexiglass having an internal diameter of 0.2 m and a height of 0.6 m.  

Table 6.1: Physical properties of particle-microbubble system measured at 25 ± 1 ºC. 

Type of fluid-particle 
mixture 

Concentration 
in water (ppm) 

Density (kg/m3) Surface tension (mN/m) 

SDS-1 5 999.73 69.00 
SDS-2 10 989.76 67.00 
SDS-3 15 985.79 65.20 
SDS-4 20 981.02 63.00 
SDS-5 30 978.84 62.00 
CTAB-1 5 994.74 69.20 
CTAB-2 10 989.77 66.37 
CTAB-3 20 987.02 63.77 
CTAB-4 50 984.84 60.75 
CTAB-5 100 981.21 59.83 
Tween-20-1 17 1000.08 64.03 
Tween-20-2 34 999.10 57.66 
Tween-20-3 69 991.028 52. 36 
Tween-20-4 138 988.94 48.13 
Air - 1.18 - 

The top portion of the column is made hooded for collection of froth. Both inlet and outlet of the 

column were at the lower end through which microbubble generator was connected. The air used 

to create microbubbles was supplied to the generator from a compressor controlled by a valve. The 

microbubble particle mixture flow rate was measured by using rotameters for which the flow was 

maintained by using control valves. Equal mass of fine mineral particle and silicon dioxide (10 

gram each) were used a as flotation feed. The experiments were conducted at six different mixture 

circulation velocities (Uc) in the range of 0.24 to 0.36 m/s. The circulation velocity in the flotation 

column is determined by Qm/(Ac/2) where Qm is the microbubble particle mixture volumetric 

flowrate measured by rotameter and Ac is the cross-sectional area of flotation column. The 

collected particles were dried in an oven (Model-ROV/DC, Reico Equipment and Instrument Pvt. 

Ltd., Kolkata India), till the equilibrium moisture content was reached and then weighed. To 
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minimize the error five runs were performed and the average of three was taken as a final reading. 

The collected samples contained both silica and the mineral particles. The amount of mineral 

particle from the mixture was determined by the following way: 

 

Figure 6.1: Schematic of experimental setup. Legend: - C: Air compressor; FC: Flotation column; 

CB: Control board; Gi: Microbubble generator gas inlet; LPSA: Laser particle size analyzer; MBG: 

Microbubble generator; Mo: Microbubble generator output; Mi: Microbubble generator input; M1, 

M2: Manometers; O: Electric oven; PC: Computer; R1, R2: Rotameters; S: Froth sample collection; 

Tm: Thermometer; T: Titration unit; V1, V2: Control valves; W: Weighing balance. 
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6.2.2.1 Determination of ZnO 

Initially a known volume of 2N H2SO4 was poured in a beaker containing the dried mixture of 

SiO2 and ZnO. Silicon dioxide is inert to H2SO4 whereas ZnO readily reacts with H2SO4 to form 

zinc sulfate and precipitates.  The unreacted H2SO4 acid was then separated from the mixture.   

OH    ZnSOSOH  ZnO 2442          (6.1) 

The volume of unreacted H2SO4 was determined by acid base titration. The amount of ZnO in 

mixture was then determined from the stoichiometry analysis. 

6.2.2.2  Determination of Al2O3 and CuO 

The dried mixture of CuO/Al2O3 and SiO2 was first reacted with 2N HCL. Silicon dioxide is inert 

to HCl whereas CuO/Al2O3 readily reacts with HCl to form respective chlorides and precipitates.  

OH  CuCl 2HCl  CuO 22          (6.2) 

O3H2AlCl6HClOAl 2332          (6.3) 

The volume of unreacted HCl was determined by acid base titration. The amount of CuO/Al2O3 in 

mixture was determined by the stoichiometry analysis. Each experiment was replicated three times 

and the results showed a maximum variation of 2% of the mean value. Finally, the percentage 

removal efficiency or recovery (% Rc) was calculated as per Eq. (6.4) 

100% 
f

r
c

M

M
R           (6.4) 

where Mr represents mass of particle recovered and Mf  denotes mass of feed. 

6.2.3 Estimation of Zeta Potential of Particle  
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The zeta-potential of particles in surfactant solution (surfactant and water) was measured using a 

zeta potentiometer (Model-Delsa Nano C, Beckman Coulter, Nyon, Switzerland) from the 

electrophoretic mobility of the particle (Tantra et al., 2010; Waters, 2008). Each data point for 

zeta-potential was taken as an average of three measurements at room temperature. In the present 

study all the experiments were conducted within the pH range 8-9. So variation of zeta potential 

of particles and bubble with the pH was neglected.  

6.2.4 Estimation of Particle and Microbubble Size  

The microbubble and particle size was calculated by laser particle size analyzer. The laser 

diffraction method delivers rapid bubble size distributions over milli to nanometer ranges. The 

particle size distributions measured by particle size analyzer is shown in Figure 6.2. The details 

for the measurement of microbubble size and its distribution is discussed in Chapter 3 

 

Figure 6.2: Size distributions of different mineral particles. 
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6.3 Results and Discussion 

6.3.1 Effect of Mixture Velocity on Recovery of Mineral Particles 

Flotation of fine particles by using microbubble is very complex physicochemical process. The 

number of variables which can affect mineral recovery may be classified broadly into the physical 

and the chemical. In the present work, effect of these variables are examined in details. Figure 6.3 

shows the effect of mixture circulation velocity on the flotation recovery, at fixed surfactant 

concentration, for all the three mineral particles. 
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Figure 6.3: Effect of circulation velocity of mixture on the recovery of particles. 

 It was observed that for all the particles, the flotation recovery increased with the increase in 

mixture velocity. The particle microbubble collision depends on the hydrodynamics of flow, which 

is mainly governed by mixture velocity. The turbulence in the column increases due to increase in 
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mixture velocity. The mixing characteristics of microbubble-particle mixture in the column also 

increases with increase in turbulence in the column. Mixing increases the probability of bubble-

particle collision. As the particle come nearer to the microbubbles, it colloids to the bubble. After 

colliding with a rising microbubble, the particle attaches on the bubble surface and forms a stable 

particle–bubble aggregate. However, all the particles colliding with air bubbles do not result in 

flotation. Only the hydrophobic particles adhere to the surface of bubbles. The attached particle on 

the microbubble moves upward due to buoyant force acting on the microbubble and collected from 

the top of the flotation column. Therefore the flotation recovery increased with increase in mixture 

circulation velocity. Particle detachment may also occurs when detachment forces exceed the 

maximum adhesive forces. One probable source of adhesive forces is bubble oscillations caused 

by particle and bubble which is quite often for coarse particles. It is also observed from the figure 

(Figure 6.3) that for same surfactant and for its same concentration, the flotation recovery is 

different for different particles. This is mainly due to difference in physical properties such as 

diameter, density, character of the surface, etc. of particles (Melo and Laskowski, 2006; Ralston, 

1992; .Rahman et al., 2012). These properties affect the collision process between the particle and 

microbubble. Therefore the particle shows different recovery for same surfactant concentration.   

6.3.2 Effects of Surfactants on Flotation Recovery of ZnO  

The concentration of surfactant is another important aspect of flotation that affects flotation 

performance. The effect of surfactant concentration on the recovery of ZnO is shown in Figure 

6.4. It is seen that with increase in surfactant concentration the ZnO recovery increases. Surfactant 

not only influence the density of microbubble, it also provides stability to microbubble (Feng et 

al., 2009). The probability of collision between a particle and a microbubble is defined as the 

fraction of particles that collide with a rising microbubble in its path, significantly affected by 
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surfactant. The probability of collision increases with increase in the particle size or decrease in 

the microbubble size. Addition of surfactant significantly decreases the microbubble size as 

described in Chapter 3. 
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Figure 6.4: Effects of surfactants on the recovery of ZnO. 

For a microbubble generated in the liquid, the probability of collision with particles is very high 

because of its small size, which is in part responsible for higher recovery at a given frother 

concentration. Addition of surfactant provides four main functions: (i) they increase the 

hydrophobicity of particle, which is highly desirable for high concentrate recovery; (ii) the 

microbubble population in flotation column significantly increases with increasing surfactant 

concentration, which assist to attach more particles and enhances the recovery; (iii) they reduce 

the microbubble size, thereby increase collision probability; (iv) the fourth important function of 

surfactant is that they control the surface characteristics of bubble. It is also observed from the 
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Figure 6.4 that the recovery of ZnO is different for different surfactants. In case of Tween-20, at 

fixed mixture circulation rate, the recovery of ZnO just increase from 60% to 63% as surfactant 

concentration increases from 0.016 ml/l to 0.18 ml/l. However a higher recovery was obtained in 

SDS as compared to Tween-20. As the SDS concentration increases from 5 ppm to 30 ppm the 

recovery increases from 63% to 68%. The maximum recovery of concentrate (ZnO+SiO2) as well 

as Zno is obtained in case of CTAB. At a fixed circulation rate, as the surfactant concentration 

increases from 5 ppm to 30 pm, the recovery of ZnO increases from 69% to 84.1%.  Naturally 

microbubbles carry negative charge on its surface (Takahashi, 2005). However this charge can be 

altered by adding a suitable surfactant (Yoon and Yordan, 1986). CTAB is a cationic surfactant 

and the microbubble formed by CTAB solution provides cationic charge on microbubbles, while 

SDS and Tween-20 provides anionic charge on microbubble. The ZnO particles also carry anionic 

charge. As the cationic microbubbles pass through the feed, oppositely charged mineral particles 

are attracted easily due to electrostatic forces and forms bubble-particle aggregate, stronger than 

the SDS and Tween-20 microbubble. This causes higher recovery of ZnO particles with CTAB as 

compared to SDS and Tween. The zeta potential of ZnO particle is approximately -10 mV. 

Addition of surfactant significantly influences the zeta potential of particle as shown in Figure 6.5. 

Addition of SDS and Tween-20 in the feed increases the negative charge on the ZnO surface, 

which is not worthwhile, as it does not create any significant attraction between the ionic 

microbubbles and the ZnO particles. The development of charge at the surface of particle, affects 

the distribution of ions in the interfacial region. Consequentially an increase in concentration of 

opposite ions results close to the surface. Thus an electrical double layer exists around each 

particle. The microbubbles formed with CTAB carry negative charge which easily attract the 
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opposite charged ZnO particles. Therefore the recovery of ZnO is highest with CTAB as compared 

to SDS and Tween-20. 
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Figure 6.5: Effect of concentration of surfactants on the zeta potential of ZnO. 

6.3.3 Effects of Surfactants on Flotation Recovery of CuO 

The nature and magnitude of charge on the surface of particle as well as on the microbubble are 

significant parameters for ionic microbubble flotation. The effects of addition of different 

surfactants on the CuO recovery is shown in Figure 6.6. It is observed that recovery of CuO in the 

concentrate increases with increase in surfactant concentration, which was expected. However, the 

maximum recovery of copper oxide was achieved by using SDS, compared to Tween-20 and 

CTAB. CTAB as a cationic surfactant provides positive charge on microbubble whereas SDS and 

Tween-20 provide negative charges on the surface of microbubble. The zeta potential of CuO 

particle is positive. It is changed by addition of surfactant as shown in Figure 6.7. 
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Figure 6.6: Effects of surfactants on the recovery of CuO particles. 
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Figure 6.7: Effect of concentration of surfactants on the zeta potential of CuO particles. 
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 Negative charged microbubble leads to high recovery of CuO particles. This high recovery 

indicates a higher attachment of CuO particles, and emphasizes the potential of separation using 

charged microbubbles. The maximum recovery of CuO with SDS is approximately 80% and the 

surfactant consumption of SDS up to maximum recovery is approximately 35 ppm, which is much 

less than the critical micelle concentration. So ionic microbubbles significantly reduces surfactant 

consumption. This can be associated to the increase in the contact angle and the contact area 

between a microbubble and a particle in the presence of microbubbles (Chipfunhu et al., 2011). 

Collector increases the particle hydrophobicity, thereby accelerating the liquid film drainage and 

particle-bubble attachment (Ralston et al., 2002). The increase in the contact angle also increases 

the attachment force between the microbubble and particle, leading to decreased probability of 

particle detachment from the bubble (Fan et al., 2010). In case of ZnO and SiO2 mixture the 

concentration of concentrate (both SiO2 and ZnO) increases with increase in CTAB concentration. 

However in case of CuO and SiO2 mixture with SDS, the recovery of CuO was higher than silica. 

The zeta potential of silica is found to be negative as shown in Figure 6.8.  
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Figure 6.8: Effect of concentrations of surfactant on the zeta potential of SiO2. 
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The zeta potential of silica particle in the feed mixture is approximately -41 mV. It is also seen 

that the zeta potential of silica did not change significantly on addition of SDS as well as Tween-

20, which clearly indicates that negative charge does not adsorb on the negative silica surface. 

However adsorption of CTAB significantly alters the zeta potential of SiO2. The zeta potential 

increases in magnitude, until there was a charge reversal after the addition of approximately 20 

ppm of CTAB in feed. This indicates that the CTAB was adsorbed onto the negatively charged 

surface of the silica, which results in high silica recovery.   

6.3.4 Effects of Surfactants on Al2O3 Recovery 

The flotation recovery of Al2O3 as function of surfactant concentration is shown in Figure 6.9. 
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Figure 6.9: Effects of surfactants on the recovery of Al2O3 particles. 

It is observed that the SDS and Tween-20 are found to be less effective as compared to CTAB for 

Al2O3 recovery. However, the flotation recovery in all the three surfactants increases with 
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increasing concentration. The maximum recovery of Al2O3 achieved in the present work is 73.7% 

with CTAB, which is less than ZnO (84.1%). There are a large number of physical variables which 

can affect the recovery of particles by microbubbles. The poor recovery of Al2O3 compared to 

others in the binary mixture mainly due to size of Al2O3 particle. The maximum recovery of 

particle depends upon its floatability and other physiochemical properties. The recovery reduces 

as the particle size increases (Trahar and Warren, 1976). In the present work the particle size of 

Al2O3 is approximate 20 µm, which is higher than CuO (10.16 µm) and ZnO (4.47 µm). As the 

particle size increases the probability of collision decreases, causing a low recovery. Low negative 

zeta potential of Al2O3 also affects its recovery. The zeta potential of Al2O3 particle is negative 

and has low magnitude as shown in Figure 6.10.  
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Figure 6.10: Effect of concentration of surfactants on the zeta potential of Al2O3. 

The zeta potential of Al2O3 in water is approximately -3.6 mV which is low in magnitude as 

compared to CuO and ZnO. The attachment probability of particle depends on particle size, surface 

charge and surface roughness (Krasowska and Malysa, 2007). Although the electrostatic attraction 
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between bubbles and particles is very short range. A large difference between zeta potential values 

of bubble and particle can considerably increase the recovery efficiency. Collins and Jameson 

(1977) reported that electrostatic interactions through overlapping of diffuse double layers between 

microbubbles and particles affect the rate of flotation and therefore particle collection. Ralston 

(1983) also interpreted that surface forces has influence on particle trajectory. It is the consequence 

of thick wetting films stabilized on hydrophobic surfaces by long-range electrostatic forces 

(Ahmadi et al., 2014). These results indicate that hydrophobic as well as electrostatic forces are 

responsible for particle collection by ionic microbubbles. 

6.3.5 Variation of Recovery of Particle with Time 

It is observed that maximum fractional recovery profiles for all the three particles are quite similar 

to each other. A typical variation of recovery of particle with time at fixed mixture circulation 

velocity and surfactant concentration is shown in Figure 6.11.  
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Figure 6.11: Variation of recovery of particles with time. 
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It is observed that approximately 60% of the particles are recovered within 11 minutes of flotation 

and in the later stage the fractional recovery is low. The fractional recovery decreases with time. 

In the initial phase the mineral particle shows a higher attraction towards the ionic microbubble 

than the later phase. Since the density of microbubble at high surfactant concentration is very high 

so it becomes very easy for the microbubble to attach the particle. In the initial phase the surface 

of particle is uncontaminated with adsorbed surfactant but as the time passes the opposite charged 

surfactant molecules adsorb on the surface of particle that causes a reduction in attraction and 

attachment.   

6.3.6 Model for Microbubble Flotation 

Flotation column operates on three main distinct processes namely: (i) aeration, where air bubbles 

are introduced into the flotation column; (ii) mixing, where bubbles and particles are well mixed 

to increase bubble–particle interaction; and finally (iii) separation, where bubbles and bubble–

particle aggregates are allowed to separate from the bulk mixture and skimmed away. Many 

fundamental models have been developed to mark out the flotation kinetics, predominantly related 

to the collection zone in terms of hydrodynamics. A comprehensive description on fundamentals 

of the flotation process modeling for column flotation is reported by Finch and Dobby (1990), 

Tuteja et al. (1994) and Dai et al. (2000). Kinetic model is widely adopted for development of 

control strategies in flotation column. Kinetic models involve the chemical reactor analogy and 

consider flotation process as a reaction between bubbles and particles (Jameson et al., 1977). In 

the present work the flotation of fine mineral particles by microbubbles is modelled as a first-order 

rate process. The kinetic equation describing the rate of removal of the number of particles, for the 

microbubble–particle encounters can be expressed as (Bloom and Heindel, 1997)     
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sacp

p
EEZEKN

dt

dN
          (6.5) 

where Np is the number densities of floatable mineral particles available for attachment. K denotes 

the rate constant for particle–microbubble flotation. The parameter Z is related to the particle–

microbubble collision frequency dependent on the size of the particles and microbubbles, and 

hydrodynamics of the flotation pulp. Ec, Ea and Es are particle–microbubble collision, adhesion 

and stability efficiencies respectively. The parameter Z can be expressed as (Pyke et al., 2003)
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where   2/12
mbV and   2/12

pV are the root mean square velocity (rms) of the particles and 

microbubbles relative to the fluid velocity, respectively. Nmb denotes microbubble density. The 

number density of microbubbles in the column can be calculated as 
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where εg denotes the gas holdup. In the present work as the dmb >> dp,   2/12
pV can be neglected. So 

Eq. (6.6) becomes 
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The rms relative velocities of the microbubbles can be calculated as (Schubert, 1999) 
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where Δρ is the density difference between the particle (ρp) and fluid (ρf),  ν is kinematic viscosity 

of fluid and ε is the energy dissipation rate per unit mass. It can be calculated as (Wu and Patterson, 

1989) 
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where Uc is the microbubble-particle mixture circulation velocity. L is a measure of the flow length 

scale. The length scale can be taken as 0.07Dc (Pope, 2000). 

Therefore equation (6.10) can be expressed as 
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Thus the expression of Z of Eq. (6.8) can be written by incorporating the equation (6.9) and (9.11) 

as 
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Substituting the expression of Z from Eq. (6.12) in equation (6.5), one gets the expression of K as 
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  (6.13) 

The root mean square velocity of microbubble-particle mixture is assumed to equal to circulation 

velocity of mixture (Uc=
222

cxcycx UUU  ), Hence the equation (6.13) becomes 
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The percentage recovery of particle (Rc) at any time t can be expressed as 

  KtRR tc  exp1max,          (6.15) 

6.3.6.1 Collision Efficiency 

The collision efficiency is the ratio of the number of particles colliding with the bubble per unit 

time to the number of particles swept across the projected area of the bubble per unit time (Weber 

and Paddock, 1983). Dai et al. (2000) presented a critical review of the various models existing in 

the literature for the calculation of the collision efficiency between particles and single rising gas 

bubbles. In most particle-bubble collision models, major consideration has been given to bubbles 

with completely immobilized surfaces since it is believed that during flotation, the bubble surface 

is completely retarded by the presence of surface active impurities from the water. For mobile 

bubble surface, generalized Sutherland equation (GSE) and Weber and Paddock model can well 

predict the collision efficiency. Weber and Paddock (1983) proposed a model for the collision of 

spherical particles. They assumed that the particles were very small and the hydrodynamic 

interaction between the particles and the fluid was negligible. The streamlines of the fluid could 

be characterized by the Stokes stream function and the stream functions could be approximated by 

a Taylor series. According to them the collision efficiency can be dissected into two components: 

one relating to the particle settling velocity due to gravity and the other relating to the fluid velocity 

at the bubble surface. The former component is termed the gravitational effect and the latter is the 

interceptional effect. Both effects depend on the bubble Reynolds number (Ren) and calculated by 

solving the Navier-Stokes equations. The collision efficiency according to Weber and Paddock 

model can be expressed as           

cicgc EEE           (6.16) 
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The collision efficiency due to the gravitational effect (Ecg) is expressed as (Weber and Paddock, 

1983) 
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         (6.17) 

where Up is particle velocity, θc is denoted by the maximum collision angle above which no 

collision is possible. The value of maximum collision angle depends on the bubble Reynolds 

number and can be determined by the following equations, obtained by empirical curve fitting to 

collision data (Woo, 1971) 

 nc Relog37.71.78    For 20 < Ren < 400      (6.18)  

 nc Re10log49.1298  For 1 < Ren < 20      (6.19)  

 nc Re100log5.290  For 0.1 < Ren < 1      (6.20)  

where Ren denotes the non-Newtonian Reynolds number. The non-Newtonian Reynolds number 

can be expressed as 
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The collision efficiency due to the interceptional effect (Eci) can be expressed as (Weber and 

Paddock, 1983) 
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6.3.6.2 Stability Efficiency  

The stability efficiency addresses the stabilization/destabilization of a microbubble–particle 

aggregate. According to Schulze (2003), the acceleration (force) that determines the detachment 

of a particle from the bubble is dependent on the intensity of turbulence in the flow. The capillary 

and hydrostatic forces constitute the attachment forces while the forces of gravitation, buoyancy 

and capillary pressure in the gas bubble constitute the detachment forces. The sum of these forces 

is zero at equilibrium (Duan et al., 2003). The expression for stability efficiency can be written as 

(Schulze, 2003) 
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    (6.23) 

where σ is the surface tension,  refers to the location of a particle at the liquid– vapour interface 

( =180°- θ/2), g is the gravitational constant and ac is the particle centrifugal acceleration in a 

turbulent flow field which depends on the level of turbulence in the flotation column. The function 

f(dmb) can be expresses as (Schulze, 2003) 

  







 gd
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mb

mb 
4     (6.24)  

The particle centrifugal acceleration (ac) for the particle smaller than the microbubble can be 

approximated as 

3/1

3/2

9.1
mb

c
d
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     (6.25)  
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6.3.6.3 Attachment Efficiency 

The attachment of a hydrophobic particle to a bubble is one of the significant phase of particle–

bubble interaction in mineral flotation. Particle–bubble attachment occurs when the particle–

bubble contact time is longer than the induction time (Ti). The induction time is defined as the time 

for the liquid film between the particle and the bubble to thin and rupture and for the three-phase 

line of contact to expand until an equilibrium value is obtained. The contact time is linked to the 

particle–bubble collision. If a particle impacts on the bubble surface with an adequate kinetic 

energy so as to cause substantial distortion of the bubble surface, the colliding particle rebounds 

from the deformed surface due to the elastic energy of the deformed part of the surface. The 

number of attachment models are limited compared to the collision models. The attachment 

efficiency (Ea) is defined as the fraction of all colliding particles that reside on the bubble for a 

time greater than the induction time (Dobby and Finch, 1987). After the collision, the particle 

slides over the bubble and attachment occurs when the intervening liquid film thins and ruptures 

(Dobby and Finch, 1987). Consequently, particles with a sliding time greater than induction time 

were considered to have attached on bubbles. The model of Dobby and Finch (1987) requires the 

knowledge of the distribution of particle on the bubble surface, particle collision angles, the 

maximum angle of contact between the particle and bubble and the particle sliding velocity. Later 

on the model was modified to improve the approach. Based on the modification, the attachment 

efficiency for particle-microbubble can be expressed as (Dai et al., 1999)  

t

a
aE




2

2

sin

sin
            (6.26) 

where θt is the maximum possible collision angle of the particle on the surface of the bubble which 

is given by (Dukhin, 1982)      
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    2/12/1212arcsin  t         (6.27) 

where β is dimensionless number, which is a measure of the relative importance of the 

interceptional and inertial contributions to the collision process in the generalized Sutherland 

equation and is defined as (Dai et al., 1998)  

a

su

K

E

9

4
            (6.28)  

where Esu is the collision efficiency calculated by Sutherland (1948), (Esu=3dp/dmb). The parameter 

Ka is defined as 
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The parameter θa is the adhesion angle at which the particle collides with the bubble. Its sliding 

time (Ts) is equal to the induction time (Dai et al., 1998). So the angle relates the sliding time and 

induction time to the attachment efficiency. The adhesion angle under potential flow conditions 

can be expressed as (Dobby and Finch, 1987) 
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In the present study, the induction time (Ti) is calculated from the best fit of Eq. (6.15) and 

experimental values of recoveries. Figure 6.12 represents a typical outline to estimate the induction 

time from the experimental values of recoveries for ZnO and SiO2 mixture with CTAB.  
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Figure 6.12: A typical outline to estimate the induction time from the experimental values of 

recoveries. 

6.3.7 Interpretation on Induction Time  

Sven-Nilsson (1935) introduced the concept of induction time who measured induction time by 

moving a bubble towards and then away from a flat mineral surface. The author considered 

induction time to be the minimum contact time for successful thinning of the intervening liquid 

film to critical thickness where film rupture occurs. It has been reported that induction time is a 

function of many physical parameters. Yoon and Yordan (1991a) observed a power law 

dependence between measured induction time and particle size, which was also coherent with 

theoretical analysis. The induction time depends not only on particle size but also on many other 

variables such as, the bubble size, the surface tension, disjoining pressure, and the viscosity of the 

continuous phase (Li et al., 1990). The present results shows that induction time depends on the 

concentration and type of surfactant, mineral particle as well as the mixture velocity. A typical 
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variation of microbubble-particle induction time with mixture circulation velocity at different 

surfactant concentrations for ZnO particles in CTAB is shown in Figure 6.13. 
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Figure 6.13: Variation of induction time of ZnO particle with mixture circulation velocity. 

It is seen that induction time reduces as the mixture velocity increases. Increase in mixture velocity 

reduces the time for bubble-particle adhesion, leading to reduction in the induction time. Ye et al. 

(1989) also reported the dependency of induction on the velocities of the bubble approaching the 

particle. Another important conclusion that can be drawn from the Figure 6.13 is that, induction 

time decreases with increasing surfactant concentration, while the flotation recovery was found to 

be increased concomitantly. This may be attributed to increase in adsorption density at the mineral 

surface with increasing surfactant concentration. Both contact angle and induction time are 

strongly controlled by surfactant concentration. However, the contact angle is generally an 

equilibrium measure of hydrophobicity while the induction time is a kinetic measurement of the 

hydrophobicity. Particles having a shorter induction time will be more easily captured, and they 

are said to have a higher selectivity. Based on the present experimental data, the induction time 
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has been correlated in terms of the operating variables by the dimensional analysis. The correlation 

was made by fitting present  experimental  data  with  the  help  of  multiple  regression  analysis  

by  Microsoft  Excel  2013,  which can be expressed as 

434.0405.0

592.0172.1

3 Re1098.1 
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where Ca denotes Capillary number (µfUc/σ). The correlation coefficient and standard error of Eq. 

(6.31) were found to be 0.993 and 0.051 respectively. A typical parity plot for the comparison of 

experimental and predicted values of induction time of mixture for Al2O3 particles is shown in 

Figure 6.14. It is clear that proposed correlation can predict induction time well within the 

following ranges of operating variables: 4.51×10-5  dmb/Uc  2.33×10-4, 8.03 ×10-2  dp/dmb  

92.20×10-2, 3.81×10-3 Ca  11.22×10-3 and 2.47  Ren  18.24. 
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Figure 6.14: Variations of the induction with Reynolds number. 
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6.3.8 Interpretation on Flotation Rate Constant 

The scale-up of the column requires the knowledge of flotation constant. A large number of 

variables may affect the ultimate performance or rate of flotation in column. Figure 6.15 shows 

the effect of mixture circulation velocity on flotation rate constant for the beneficiation of CuO. 
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Figure 6.15: Variation of floatation rate constant of CuO particle with mixture circulation 

velocity. 

 It is seen that flotation rate constant strongly depends on the circulation velocity and surfactant 

concentration. Increase in the circulation velocity significantly increases the collision. It is also 

observed that surfactant concentration has a significant effect on the rate constant. Surfactant 

increases the rate constant in two ways. First, it reduces the microbubble size which helps to 

increase the particle-bubble collision. It also increases the ionic strength of microbubbles (Yoon 

and Yordan, 1986). Ionic strength has a significant role to play in determining the adsorption of 
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surfactant on the mineral as well as on the microbubble due to increase in electrical double-layer. 

Based on the present experimental data, the flotation rate constant has been correlated in terms of 

the affecting variables by the dimensional analysis, which can be expressed as 

289.004.1

064.0

10 Re103.5 n

mb

p

c

mb Ca
d

d

U

d
K 





















       (6.32)  

The correlation coefficient and standard error of Eq. (6.32) were 0.989 and 0.052 respectively. A 

typical parity plot of the correlation proposed for the rate constant with the experimental value for 

the beneficiation of Al2O3 by CTAB is shown in Figure 6.16. It was found that the developed 

correlation fitted well within the ranges of variables: 4.51×10-5  dmb/Uc  2.33×10-4, 8.03 ×10-2  

dp/dmb  92.20×10-2, 3.81×10-3 Ca  11.22×10-3 and 2.47  Ren  18.24. 
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Figure 6.16. Variations of the flotation rate constant with Reynolds number at different 

surfactant concentrations. 
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6.3.9 Analysis of Efficiency of Recovery Based on Intensity of Mixing 

Rice et al. (1974) was the first to apply mixing theory to flotation column. Later on Dobby and 

Finch (1986) developed scale-up methodology for column flotation for particle recovery efficiency 

that accounted for the effects of mixing. Mavros et al. (1989) also studied the effects of liquid and 

gas flow rates on axial dispersion and how is it related to the performance of the column for 

efficient particle separation. They found that an increase in gas flow rate increased mixing, while 

an increase in liquid flow rate reduced mixing which reduces the recovery efficiency of particle 

by flotation. In flotation column the dispersion parameters of the solid is of prime importance. For 

particles having mean diameters less than 150 µm, the solids axial dispersion coefficient has been 

reported equal to the axial dispersion coefficient of liquid phase which governs the degree of the 

recovery by flotation (Mavros, 1993; Tuteja et al., 1994). Dobby and Finch (1986) was the first to 

correlate the fractional recovery in the collection zone a function of the rate constant, particle 

residence time and degree of mixing. In their model, the recovery depends on two main factors 

namely, flotation kinetics and degree of mixing (axial only). The influence of radial mixing, non-

uniform velocity profiles and short-circuiting on recovery was neglected. Yoon et al. (1991b) had 

also done research work on mathematical modelling of flotation columns for over a decade. 

According to Yoon et al. (1991b), the percentage recovery (Rc) of a component in a column can 

be expressed as a function of Bodenstein number, which is given by 
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where a is a parameter, Bo is the Bodenstein number. Based on the present experimental data, a 

correlation for intensity of mixing was developed with the different operating variables which is 

represented as  
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        (6.35) 

The details of the experimental procedure for the calculation of Bodenstein number is discussed 

in Chapter 5. From experimental values of particle percentage recovery (Rc) and Bodenstein 

number, the parameter a was determined by using Matlab. The experimental value and predicted 

value of recovery based on the parameter a with axial dispersion coefficient is shown in Figure 

6.17.  
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Figure 6.17: Variation of experimental and predicted recovery for ZnO with dispersion 

coefficient. 
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It is observed from the figure that the recovery increases with increase in dispersion coefficient. 

The parameter (a) is related to the rate constant of flotation based on mixing (Km) which is 

expressed as  

Bo

tK
a rm4

1           (6.36) 

where tr is retention time, it represents the time of particle to reach to the top from the bottom of 

the column. From the Eq. (6.36), the flotation rate constant based on mixing phenomena can be 

estimated as  
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12 
           (6.37)  

The variation of rate constant based on mixing phenomena with mixture velocity is shown in 

Figure 6.18. It was found that the flotation rate constant based on mixing phenomena increased 

with increase in mixture velocity as well as surfactant concentration for all sets of experimental 

data. It was also found that the flotation constant based on mixing phenomena was lower than that 

of the values reported in earlier section interpreted based on previous model. There are many 

factors which may differ in the values. One on the prominent reason is that the rate constant based 

on mixing phenomena was calculated from the Eq. (6.34), which was developed for conventional 

bubbles. Another possible reason which may cause the difference is that the calculated rate 

constant ignores the effect of radial mixing in the system. The recovery depends on two main 

factors namely, flotation kinetics and degree of mixing (axial only). The influence of radial mixing, 

non-uniform velocity profiles and short-circuiting on recovery are neglected in model proposed by 

Yoon et al. (1991b). So in order to explore the technology at larger scale more detailed study is 

required in this field. 
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Figure 6.18: Variation of floatation rate constant based on mixing phenomena of ZnO particle 

with mixture circulation velocity. 

6.4 Conclusion 

The technical feasibility of an innovative method for fine recovery was investigated. The present 

chapter shows that fine particles can be significantly recovered by using microbubbles. The results 

revealed that the charge on the surface of microbubble is highly promising in separating opposite 

charged particles. The recovery of mineral particle was found to be dependent on surfactant 

concentration, size of microbubble and particles, zeta potential of microbubble, nature of surface 

potential of bubble and microbubble-particle mixture circulation velocity. It was also observed 

that the separation efficiency of microbubble increased with increase in mixture circulation 

velocity. The addition of surfactant in the mixture intensified the recovery efficiency. The recovery 
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of ZnO and Al2O3 particles was maximum with CTAB, whereas the Tween-20 and SDS were 

found be less effective for ZnO and Al2O3, due to similar surface charge. As the CTAB 

concentration increased from 5 ppm to 30 ppm, the recovery of ZnO increased from 69% to 84.1%, 

whereas for the Al2O3 particle the recovery increased from 66.1 to 73.7%. In case of CuO particles, 

the SDS and Tween-20 were found to be more effective than CTAB. The maximum recovery of 

CuO with SDS and Tween-20 were 80% and 60% respectively. The SDS microbubbles possessed 

higher magnitude of zeta potential than the Tween-20 microbubble, which caused the higher 

recovery. The zeta potential of SiO2 particles was found to be independent of SDS and Tween-20 

concentration within the experimental range. However in case of CTAB, a reversal of charge with 

increase in concentration of CTAB was observed. A flotation model that includes the contributions 

from the efficiencies of collision, attachment and stability between particles and microbubbles was 

used to calculate the flotation rate constants. It was observed that rate constant is significantly 

influenced by the physicochemical properties of the liquid and particles. These results clearly 

indicate that presence of a hydrophobic surface forces necessarily results in particle collection by 

a microbubble but other surface forces also contribution in fine particle separation. The flotation 

rate constant was also analyzed based on the mixing in the column. It was observed that the rate 

constant based on mixing was lower than that calculated from experiments.  

Notations  

Ac        Column cross-sectional area (m2) 

a   Parameter defined in Eq. (6.36) 

ac  Particle centrifugal acceleration (m2/s) 

Ct   Concentration of CTAB (ppm) 
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Cs   Concentration of SDS (ppm) 

Cw   Concentration of Tween-20 (ppm)  

Dc         Column diameter (m)  

dmb         Microbubble diameter (m) 

dp  Particle diameter (m) 

Ec  Particle–microbubble collision efficiency (-)  

Eci  Collision efficiency due to the interceptional effect (-) 

Ecg  Collision efficiency due to the gravitational effect (-)  

Ea  Particle–microbubble attachment efficiency (-)  

Es  Particle–microbubble stability efficiency (-)  

g   Acceleration due to gravity (m2/s) 

K        Consistency of fluid (Pa.sn) 

K  Flotation rate constant (1/s)  

Ka  Parameter defined in eq. (6.29) 

Km  Flotation rate constant based on mixing (1/s)  

L  Turbulent macroscale length (m) 

Mf  Mass of feed (kg) 

Mr  Mass of particle recovered (kg) 
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n          Flow behavior index (-) 

Nmb  Number density of microbubble (1/m3) 

Np  Number density of particles (1/m3) 

Qm  Microbubble-particle mixture flow rate (m3/s) 

r  Radius (m) 

% Rc  Percentage recovery (-) 

Rmax  Maximum recovery (-)  

Uc        Microbubble-particle circulation velocity (m/s) 

Up       Particle velocity (m/s) 

  2/12
mbV  Root mean square velocity of microbubble (m/s) 

  2/12
pV  Root mean square velocity of particles (m/s) 

t  Time (s)  

tr   Retention time (s) 

Ti   Induction time (s) 

Ts   Sliding time (s) 

Z  Collision frequency per unit volume (1/m3.s) 

Greek letters 

μe    Effective viscosity of mixture (kg/m.s) 
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ν   Kinematic viscosity (m2/s) 

ε  Energy dissipation rate per unit mass (m2/s3) 

εg  Gas holdup (-) 

ω  Location of a particle at the gas-liquid interface (radian) 

ρf         Density of fluid mixture (kg/m3) 

ρp         Density of particle (kg/m3) 

θc  Maximum collision angle (radian) 

θt   Maximum possible collision angle defined in Eq. (6.27) 

θa   Adhesion angle (radian) 

β  Parameter defined in Eq. (6.28) 

σ  Surface tension (N/m) 

τ  Wall Shear stress (Pa) 

γa  Apparent shear rate (1/s) 

ΔP  Pressure drop (N/m2) 

θ         Contact angle (radian) 

Dimensionless groups 

Ca  Capillary number (µfUc/σ) (-) 

Ren      Non-Newtonian liquid Reynolds number 
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Chapter‐7 

 

OVERALL CONCLUSIONS AND RECOMMENDATIONS 

 

This chapter summarized the conclusions drawn from the present work and provides 

recommendation for future work.  

 

7.1. Overall Conclusions of the Work 

In this work the hydrodynamics and mineral beneficiation efficiency of ionic microbubble have 

been studied. From drainage curve analysis and electrical conductance method it was observed 

that the stability of the microbubble can be significantly enhanced by increasing surfactant 

concentration. The liquid drainage curves of the microbubble dispersions followed the same trend 

for all kind of surfactants. Microbubble drainage process found to be occurred in three distinct 

phases. The microbubble half-life increased with surfactant concentration. The half-life of SDS 

microbubbles increased from 72 s to 444 s as the SDS concentration increased from 5 ppm to 3000 

ppm. For CTAB, the half-life of microbubbles increased from 101 s to 475 s as the CTAB 

concentration increased from 5 ppm to 500 ppm. In case of Tween-20, the half-life of microbubbles 

increased from 71 s to 364 s as the Tween concentration increased from 5 ppm to 100 ppm. The 

motion of rising microbubble was found to be significantly affected by physicochemical properties 

of system. The terminal rise velocity of carbon dioxide microbubble was found to be higher than 

air and lower than nitrogen microbubble. It was observed that the microbubble size estimated by 

disengagement method was lower than that predicted by particle size analyzer, while the image 

analysis predicted bubble size higher than the particle size analyzer. At low viscosity, the 
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microbubble size was found to be dependent on surface tension of liquid. The microbubble size 

decreased from 52 µm to 25 µm as the surface tension deceased from 72 mN/m to 57 mN/m. The 

bubble size distribution of microbubble suspension for different concentrations was fitted to 

Weibull distribution. The present study also reveals that microbubble suspensions behave as a 

shear-thinning non-Newtonian liquid. An increase in surfactant concentration caused a decrease 

in shear stress and effective viscosity with shear rate. The drag coefficient and friction factor found 

to be decreased inversely with the Reynolds number. The results suggested that the presence of 

microbubbles reduces the frictional resistance. From the present study it was found that the 

intensity of dispersion and mixing time of microbubble suspensions depends on the operating 

variables and the physicochemical properties of system. The dispersion coefficient increased with 

increase in surfactant concentrations whereas it decreased with increasing SCMC concentration. 

The value of dispersion coefficient increased from 10.9 × 10-2 m2/s to 12.41 × 10-2 m2/s as the SDS 

concentration increase from 0 ppm to 15 ppm at fixed circulation velocity. For CTAB, value of 

dispersion coefficient increased from 11.10× 10-2 m2/s to 12.10 × 10-2 m2/s as the CTAB 

concentration increase from 34 ppm to 100 ppm. In case of Tween 20 dispersion coefficient 

increased from 11.3 × 10-2 m2/s to 12.21 × 10-2 m2/s as the Tween concentration increase from 0 

ppm to 15 ppm at fixed circulation velocity. The effect of physicochemical properties of liquid on 

dispersion coefficient due to liquid circulation is also analyzed. The present study shows that fine 

particles can be significantly recovered by using microbubbles. The results revealed that the charge 

on the surface of microbubble is highly promising in separating opposite charged particles. The 

recovery of mineral particle was found to be dependent on surfactant concentration, size of 

microbubble and particles, zeta potential of microbubble, nature of surface potential of bubble and 

microbubble-particle mixture circulation velocity. It was also observed that the separation 
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efficiency of microbubble increased with increase in mixture circulation velocity. The addition of 

surfactant in the mixture intensified the recovery efficiency. The recovery of ZnO and Al2O3 

particles was maximum with CTAB, whereas SDS and Tween-20 were found to be more effective 

than CTAB in case of CuO recovery. A maximum recovery of approximately 84 % and 72 % was 

obtained for ZnO and Al2O3 particle respectively by using CTAB. For CuO particles, maximum 

recovery of approximately 78 % was obtained by using SDS. A flotation model that includes the 

contributions from the efficiencies of collision, attachment and stability between particles and 

microbubbles was used to calculate the flotation rate constants. It was observed that rate constant 

is significantly influenced by the physicochemical properties of the liquid and particles. The 

flotation rate constant was also analyzed based on the mixing in the column. Correlations have 

been developed for the lifetime, drag coefficient, friction factor, dispersion coefficient, mixing 

time and rate constant. It was observed that the correlations predicts well the experimental data 

within the experimental range.    

7.2. Recommendations for Further Work 

This thesis has highlighted details of the stability characteristics, rheological characteristics, 

mixing characteristics and mineral beneficiation efficiency of ionic microbubble. However further 

work is required to have a complete idea in this field for proper design and scaling of microbubble 

aided processes. The possible recommendations for further research work in this field can be 

summarized as 

 The rheological study of microbubble suspension shown in the present study is confined to 

two-phase system. The work can be extended to three phase system. 

 The stability of microbubble is studied with only three surfactants, other surfactants may 

also be used to explore the research. 
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 The stability and dissolution characteristics of microbubble is studied at constant 

temperature. The work can be extended by analyzing the effect of temperature on the 

dissolution and stability of microbubbles. 

 The mixing characteristics of microbubble suspension studied in the present work is 

conformed to the two-phase system only. It can be extended to three-phase system. 

 For separation of fine particle, ionic microbubbles found to be very effective. In the view 

of industrial application, the study can be further extended by using some other surfactants 

and particles. 

 Experiments were carried out to estimate the rise velocity of microbubble in SCMC and 

three surfactants. The work can be extended by investigating the rise velocity of 

microbubble using some other liquids. 

 The effect of pollutants and contaminants on metal oxides recovery may also be studied in 

the future to explore the research. 

 The work can be extended by comparing the experimental data with CFD simulation. 
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Appendix-I 

  

 Calculation procedure for Typical Multiple Regression 

[Equation (4.40)] 

 

The regression equation is 
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Taking logarithm on both side of Equation A1, one get 
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The equation A2 can be written as 

eXbXbXbXbbY  443322110        (A3) 

where Y = Log(Cm), X1 = Log(Z/dmb), X2 = Log(dt/dmb), X3 = Log(We), X4 = Log(Re) and e is 

the error term which has to be minimized to estimate the regression model as  

443322110
ˆ XbXbXbXbbY          (A4) 

where Ŷ is the predicted value of Y.  

The intercept b0 and the coefficients b1, b2, b3 and b4 have been estimated by multiple regression 

analysis by “Data Analysis Tool” of software “Microsoft Excel”. 

The software gives output on the basis of the following calculation 

The Equation A3 can be written as matrix form for n (here n=125) and k (here k = 4) variables as 
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 Y =                 X       ×   B   +   e 

 TH-1465_11610710



Appendix-I 

 

220 
 

Regression statistics  

  Explanation 

Multiple R 0.993 R = square root of R2 

R Square 0.987 R2 = Coefficient of determination 

Adjusted R Square 0.986 Adjusted R2 used if more than one X variable 

Standard Error 0.163 This is the estimate of the st. dev. of the error e  

Observations 125 Number of observations used in the regression (n) 

Analysis of variance 

 Degrees of freedom Sum of 

Square  

Mean Sum of Square F-stat 

Regression 4 241.926 60.481 2268.792 

Residual 120 3.198 0.026  

Residual 124 245.125   

Regression Sum of Square = B'X'Y – nȲ2 

Total Sum of Square = Y'Y – nȲ2 

Residual Sum of square = Total sum of square – Regression Sum of Square 

 square of sum Residual

 square of sum Regression2 R  

 
   knR

k
stat F






/1

1/R
 =

2

2

  

  













kn

n
RAdjusted R

1
11 22  

kn

Square of Sum Residual
Error  Standard


  

 Yn                 Y             2 1YY   

 kBB B                 B             2 1  

The F-stat gives the overall F-test of null hypothesis H0: bi = 0. The F-stat gives the associated 

Probability value. Since it is greater than 0.05 at 5% significance level we do not reject null 

hypothesis for the goodness of fit.   
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 Goodness of fit for the distribution Cited in Figure: 3.6  
 

Data points:    331 
Estimates:   Maximum likelihood estimates 
Accuracy of Fit:  3×10-3 

Level of significance: 0.005 
 

Details of the tests 
 

Beta:  Min = 23,  Maxi = 68.74 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 7.17×10-2 A-D Stat 1.44 
Interval type Equal 

probable 
p-value 6.23×10-2 p-value 0.19 

Degree of freedom 8 Result Accept Result Accept 
Chi square 0.005     
p-value 7.97×10-3     
result Reject     

 
Erlang: Min = 23,  m = 3,  β = 5.186 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 0.112 A-D Stat 4.09 
Interval type Equal 

probable 
p-value 4.33×10-3 p-value 7.89×10-3 

Degree of freedom 8 Result Reject Result Reject 
Chi square 15.5     
p-value 1.26×10-3     
result Reject     

 
Logistic:  = 38.22,   β = 4.181 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 4.13×10-2 A-D Stat 0.892 
Interval type Equal 

probable 
p-value 0.607 p-value 0.419 

Degree of freedom 8 Result Accept Result Accept 
Chi square 15.5     
p-value 0.226     
result Accept     
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Lognormal:  Min = 23,  µ = 2.588,  σ = 0.649 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 0.138 A-D Stat 8.55 
Interval type Equal 

probable 
p-value 5.69×10-6 p-value 0 

Degree of freedom 8 Result Reject Result Reject 
Chi square 15.5     
p-value 2.75×10-10     
result Reject     

 
Weibull:   Min = 23,   = 2.13,   β = 17.5 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 6.74×10-2 A-D Stat 0.968 
Interval type Equal 

probable 
p-value 9.48×10-2 p-value 0.375 

Degree of freedom 8 Result Accept Result Accept 
Chi square 15.5     
p-value 0.217     
result Accept     

 
Rayleigh:   Min = 23,   σ = 12.22 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 8.65×10-2 A-D Stat 1.96 
Interval type Equal 

probable 
p-value 1.32×10-2 p-value 9.61×10-2 

Degree of freedom 8 Result Reject Result Reject 
Chi square 15.5     
p-value 1.76×10-3     
result Reject     

 
Inverse Weibull:  Min = 23,   = 1.04,   β = 0.109 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 0.213 A-D Stat 31.6 
Interval type Equal 

probable 
p-value 1.14×10-13 p-value 0 

Degree of freedom 8 Result Reject Result Reject 
Chi square 15.5     
p-value 0     
result Reject     
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Chi Squared:   Min = 23,  nu = 14.29 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 0.138 A-D Stat 18.5 
Interval type Equal 

probable 
p-value 5.56×10-6 p-value 0 

Degree of freedom 8 Result Reject Result Reject 
Chi square 15.5     
p-value 1.16×10-11     
result Reject     

 
Inverse Gaussian:  Min = 23,   = 23.61,   β = 15.55 
Chi Square Kolmogorov-Smirnov  Anderson-Darling 
Total class 9 K-S Stat 0.212 A-D Stat 21 
Interval type Equal 

probable 
p-value 2.89×10-12 p-value 0 

Degree of freedom 8 Result Reject Result Reject 
Chi square 15.5     
p-value 0     
result Reject     

 
 

The following distribution have been used to fit the experimental data in this study. Also 

goodness of fit has been tested by Chi Square test, Kolmogorov Smirnov test and Anderson 

Darling test by STAT::FIT Software. The methods of calculation for the different tests are also 

discussed in this section. 

 

Beta Distribution 

The Beta distribution is a continuous distribution that has both upper and lower finite bounds. 

The Beta distribution can approach zero or infinity at either of its bounds, with p controlling the 

lower bound and q controlling the upper bound (Johnson et al., 1995). It is defined as 
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where, min = minimum value of x, 

max = maximum value of x 
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p = lower shape parameter > 0 

q = upper shape parameter > 0 

B(p,q) Beta Function 

 

Erlang Distribution 

The Erlang distribution is a continuous distribution bounded on the lower side (Johnson et al., 

1995). It is defined as 
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where, min = minimum x 

m = shape factor = positive integer 

β= scale factor > 0 

 

Logistic Distribution 

The Logistic distribution is an unbounded continuous distribution which is symmetrical about its 

mean (Johnson et al., 1995). It is defined as 
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where, α= shift parameter 

β= scale parameter > 0 

 

Lognormal Distribution 

The Lognormal distribution is a continuous distribution bounded on the lower side. The 

lognormal distribution is defined as 
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where, θ = minimum x 

 TH-1465_11610710



Appendix II 

 

225 
 

 

n

x
n

i
i

 1

ln

̂  

 

n

x
n

i
i





 1

ˆln

ˆ



  

F(x) is always 0 at minimum x, rising to a peak that depends on both ̂  and ̂ , then decreasing 

monotonically for increasing x. By definition, the natural logarithm of a lognormal random 

variable is a Normal random variable. The lognormal distribution can also be used to 

approximate the normal distribution, for small sigma, while maintaining its strictly positive 

values of x (Johnson et al., 1995). 

 

Weibull Distribution 

The Weibull distribution is a continuous distribution bounded on the lower side. It provides one 

of the limiting distributions for extreme values (Johnson et al., 1995). It is defined as 
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where, θ = minimum x 

α = shape parameter > 0 

β = scale parameter > 0 

F(x) has three distinct regions. For α = 1, the weibull distribution is reduced to the exponential 

distribution, starting at a finite value at minimum x and decreasing monotonically thereafter. For 

α < 1, the Weibull distribution tends to infinity at minimum x and decreases monotonically for 

increasing x. for α > 1, the Weibull distribution is 0 at minimum x, peaks at a value that depends 

on both α and β, decreasing monotonically thereafter. 

 

Rayleigh Distribution 

The Rayleigh distribution is a continuous distribution bounded on the lower side (Shooman, 

1990). It is defined as 
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where, θ = minimum x 

σ = scale parameter > 0 

 

Inverse Weibull Distribution 

The Inverse Weibull distribution is a continuous distribution with a bound on the lower side. It is 

uniquely zero at the minimum x, and always positively skewed. In general, the Inverse weibull 

distributions distribution fits bounded, but very peaked, data with a long positive tail (Calabria 

and Pulcini, 1990). It can be expressed mathematically as 
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where, θ= minimum x 

α = shape parameter > 0 

β = mixture of shape and scale > 0 

 

Chi Squared Distribution 

The Chi Squared is a bounded continuous distribution bounded on the lower side (Johnson et al., 

1995). It is defined as 
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where, θ= minimum x 

  = shape parameter 

 

Inverse Gaussian Distribution 

The Inverse Gaussian distribution is a continuous distribution with a bound on the lower side. It 

is uniquely zero at the minimum x, distributions and always positively skewed. The Inverse 

Gaussian distribution is also known as the Wald distribution (Johnson et al., 1994). It is defined 

as 
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where, θ = minimum x 

α = shape parameter > 0 

β = mixture of shape and scale > 0 

 

The goodness of fit for distribution 

To fit a distribution with the experimental data the parameters for each distribution are calculated 

by using either the moment equation or the maximum likelihood equation. Finally, the test for 

goodness of fit are calculated for each fitted distribution in order to ascertain the relative 

goodness of fit (Breinam, 1973; Law and Kelton, 1991; Banks and Carson, 1984; Stuart and Ord, 

1991). The tests for goodness of fit are merely comparisons of the input data to the fitted 

distributions in a statistically significant manner. Each test makes the hypothesis that the fit is 

good and calculates a test statistic for comparison to a standard. There are different types of 

goodness of fit tests whereas the following three teat are more useful. 

1. Chi Squared test 

2. Kolmogorov Smirnov test  

3. Anderson Darling test 

If the choice of test is uncertain, even after consulting the descriptions, Kolmogorov Smirnov test 

is applicable over the widest range of data and fitted parameters. 

While the test statistic for the Chi Squared test can be useful, the p value is more useful in 

determining the goodness of fit. The p value is defined as the probability that another sample will 

be as unusual as the current sample given that the fit is appropriate. A small p-value indicates 

that the current sample is highly unlikely, and therefore, the fit should be rejected. Conversely, a 

high p-value indicates that the sample is likely and would be repeated, and therefore, the fit 

should not be rejected. Thus, the higher the p value, the more likely that the fit is appropriate. 

When comparing two different fitted distributions, the distribution with the higher p value is 

likely to be the better fit regardless of the level of significance. 
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Chi Squared test 

The Chi Squared test is a test of the goodness of fit of the fitted density (F(x)) to the 

experimental data appropriately separated into different classes. Then the Chi Squared statistic 

for this data is calculated according to the equation: 
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where χ2 is the Chi Squared statistic, n is the total number of data points, ni is the number of data 

points in the ith continuous interval or ith discrete class, k is the number of intervals or classes 

used, and pi is the expected probability of occurrence in the interval or class for the fitted 

distribution. The resulting test statistic is then compared to a standard value of Chi Squared with 

the appropriate number of degrees of freedom and level of significance. The number of degrees 

of freedom is always taken to be the net number of data bins (intervals, classes) used in the 

calculation minus 1; because this is the most conservative test, that is, the least likely to reject the 

fit in error (Law and Kelton, 1991; Brunk, 1960; Stuart and Ord, 1991) 

 

Kolmogorov Smirnov test 

The Kolmogorov Smirnov test (KS) is a statistical test of the goodness of fit of the fitted 

cumulative distribution to the experimental data. The KS test calculates the largest absolute 

difference between the cumulative distributions for the experimental data and the fitted 

distribution according to the equations: 
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where D is the KS statistic, x is the value of the ith point out of n total data points, and F(x) is the 

fitted cumulative distribution. The difference is determined separately for positive and negative 

discrepancies on a point by point basis. The resulting test statistic is then compared to a standard 

value of the Kolmogorov Smirnov statistic with the appropriate number of data points and level 

of significance (Law and Kelton, 1991; Brunk, 1960; Stuart and Ord, 1991). The goodness of fit 

 TH-1465_11610710



Appendix II 

 

229 
 

view also reports a REJECT or ACCEPT decision for each KS test based on the comparison 

between the calculated test statistic and the standard statistic for the given level of significance. 

 

Anderson Darling test 

The Anderson Darling test (AD) is a test of the goodness of fit of the fitted cumulative 

distribution to the experimental data, weighted heavily in the tails of the distributions. This test 

calculates the integral of the squared difference between the experimental data and the fitted 

distribution, with increased weighting for the tails of the distribution, by the equation: 

    
    

 xdF
xFxF

xFxF
nW n

n 








1

2
2  

where Wn
2 is the AD statistic, n is the number of data points, F(x) is the fitted cumulative 

distribution, and Fn(x) is the cumulative distribution of the input data. This can be reduced to the 

more useful computational equation.  
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where µi is the value of the fitted cumulative distribution, F(xi), for the ith data point ((Law and 

Kelton, Anderson and Darling, 1994). The resulting test statistic is then compared to a standard 

value of the AD statistic with the appropriate number of data points and level of significance. 

The goodness of fit view also reports a REJECT or ACCEPT decision for each AD test based on 

the comparison between the calculated test statistic and the standard statistic for the given level 

of significance. 
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