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Abstract

Inverse problems are the problems that involve estimation of the parameters or

data given certain observations. The available observations are often noisy and

incomplete. Hence, the inverse problems are mostly ill-posed as there can be

infinitely many solutions to a given inverse problem. Some priors based on the

understanding of the physical phenomenon in the forward problem are used to

estimate the solution of such problems. In this work, we provide algorithms for

solving two inverse problems, (1) learning based single image super resolution

and (2) reducing the solution space of non-negative matrix factorization.

Single image super resolution (SISR) refers to the problem of estimating a high

resolution (HR) from a single low resolution (LR) image. SISR is an ill-posed

inverse problem as for SISR zoom by a factor of s in each dimension, there

are s2 unknown HR pixels for each known LR pixel. Natural image statistics

and an understanding of human visual perception, such as importance of ac-

curate edge reconstruction, have been used to formulate image priors that can

constrain the solution space of the desired HR image pixels. In this work, we

present two SISR approaches that exploit scale invariant statistics of natural im-

ages.

In the first approach, we present an algorithm to learn a direct mapping from

LR space to the corresponding HR space. Our method not only tests (runs) and

trains faster, it also requires a smaller number of training samples while achiev-

ing competitive reconstruction accuracy compared to other learning-based meth-

ods. We met these objectives by posing the HR reconstruction problem as an es-

timation of a function to predict the pixels of an HR patch using its correspond-

ing LR pixels and their spatial neighborhood. We studied the impact of varying

the input LR and output HR patch sizes and gained the following insights: Re-

construction accuracy for a given output HR patch size improves when input

LR patch size is increased, but the improvement saturates after including a few

extra layers of LR pixels. Moreover, HR reconstruction accuracy is the high-

est when the output HR patch is restricted to only that which corresponds to

one LR pixel. We used zero component analysis as a pre-processing step to en-

hance the estimation optimization energy on perceptually salient features such

as edges. We also tapped into the ability of polynomial neural networks to hier-

archically learn refinements of a nonlinear function to model the mapping from

LR to HR patches. Accurate HR reconstruction with small input and output



patch sizes not only makes learning more efficient, it also indicates that SISR is

a highly local problem. In contrast, a recently-proposed and related technique

using convolutional neural networks needs much larger training set and longer

training time because of larger input-output patch sizes and a computationally

expensive learning algorithm. Lesser training overhead (time and number of

samples) and faster run time performance without compromising SISR recon-

struction accuracy makes our technique quite attractive for real-time zooming

applications even on resource-constrained computing platforms such as mobile

phones and hand-held cameras.

In the second approach, we propose an SISR algorithm using wavelet decom-

position and machine learning. While inter-scale wavelet properties have been

exploited for SISR, we also use their intra-scale properties, which have not re-

ceived much attention. We explore various sources of information within a

wavelet transform that can be used to reconstruct the desired HR image. For

SISR, the spatial neighborhood of known wavelet coefficients at the coarser

scale, the co-parents located at the same coordinates in the other sub-bands and

the finer scale approximation coefficients can be used to estimate the desired

wavelet coefficients at the corresponding finer scale. Additionally, our algo-

rithm uses a discriminative framework based on nonlinear regression, which

provides a deterministic output with fewer training samples. Other methods

based on generative models struggle to estimate the direction and magnitude

of the wavelet coefficients at a desired level as they deliver probabilistic outputs

even with a large number of training samples. The proposed algorithm fared

better than the state-of-the-art wavelet-based and other SISR methods in terms

of HR reconstruction accuracy, edge reconstruction quality, training overhead

(time and number of samples), and testing time. We attribute the enhanced

accuracy of our algorithm to incorporation of spatial context from the neigh-

borhood of the input wavelet coefficients. Interestingly, the accuracy reached

a maximum beyond which increasing neighborhood size has no advantage,

suggesting that HR reconstruction is a local problem. Limiting the size of the

neighborhood allowed our algorithm to learn fast from fewer samples. We also

present a potential application of SISR in histology.

Another problem that we address in this work is reducing the solution space

of non-negative matrix factorization. Non-negative source separation consists

of estimating a set of unknown signals (called sources) from a set of observed

mixtures, which are linear combinations of the sources with a constraint that



the mixing coefficients and the source signals are non-negative quantities. Non-

negative matrix factorization (NMF) can be used to solve such problems. How-

ever, the main issue before designing a separation algorithm using NMF is to

assess whether the problem admits a unique solution. If no unique solution is

possible then there is a need to select a best plausible solution among the candi-

date ones. In this work we propose a data transformation algorithm to reduce

the NMF solution space. Our algorithm is based on the geometrical insight that

if the transformed data is sparse and lies on the axes and faces of the positive

orthant in the transformed space, then it reduces the number of solutions in that

space and even allows a unique solution under certain conditions. We propose

that such a space is spanned by atoms of a data-derived over-complete dictio-

nary if the original data is sparse with respect to the dictionary. The dictionary

itself also serves as a transformation matrix between the original space and the

transformed space. We call this one-side sparse NMF (OS-SNMF), and demon-

strate it’s several desirable properties. It facilitates the reduction of solution

space and accurate recovery of true underlying basis. In this work we apply

the developed methodology for solving source separation problem in hyper-

spectral images.
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Chapter 1

Inverse Problems: An introduction

1.1 Introduction

Inverse problems are concerned with determining the causes of a physical ob-

servation or calibrating the parameters of a mathematical model to reproduce

certain given observations. The available observations are often noisy or in-

complete due to physical limitations of the measurement devices and thus the

solutions to inverse problems are typically non-unique. Hence, their mathe-

matical analysis is subtle and some priors based on the understanding of the

physical phenomenon in the forward problem are used to estimate the solu-

tion of such problems. In this work work we address the following two inverse

problems in the field of image processing.

a. Single image super-resolution: Super-resolution (SR) techniques estimate

a high resolution (HR) image from one or more low resolution (LR) im-

ages, and has applications in surveillance, forensics, medical imaging,

satellite imaging, and consumer photography. In multimedia systems, for

example, transmission bandwidth for videos may be reduced by sending

an LR video, if the display equipment can produce a super-resolved HR

video. Although SR may not be a replacement for a higher native resolu-

tion based on upgraded hardware, it can be a much cheaper alternative

for small zoom factors as evident from pervasive availability of “digital

zoom" in consumer cameras and software. SR frameworks can also be

1



Inverse Problems: An introduction 2

adapted for other image enhancement tasks such as denoising and de-

blurring.

SR is an highly ill-posed inverse problem, especially when only one LR

image is available for a scene – a problem known as single image super-

resolution (SISR)1. For an SISR zoom factor of s in each dimension, there

are s2 unknown HR pixels for each known LR pixel. Natural image statis-

tics and an understanding of human visual perception, such as the impor-

tance of accurate edge reconstruction, have been used to formulate image

priors that can constrain the solution space of the desired HR image pix-

els. Interpolation-based [3, 4] (and references therein) and reconstruction-

based SISR techniques [5–7] struggle with accurate reconstruction of non-

smooth regions such as edges and texture, and produce blurring, ring-

ing (ghost edges), or water-color like artifacts. Learning-based techniques

have decisively supplanted these techniques in terms of reconstruction ac-

curacy and perceptual quality. In this thesis, we propose learning-based

algorithms for SISR that gives state-of-the art results quality at a small

computational cost. Before proceeding, we present a mathematical for-

mulation of the SR problem that may be useful to better appreciate the

proposed solutions to the problem.

A linear approximation of an LR image from its HR counterpart is usually

adequate for the forward problem, and can be expressed mathematically

as follows. Let x ∈ RM×N be the desired HR image, and y ∈ RM
s
×N

s be the

acquired LR image in their respective vectorized form with s being the

downsampling factor. One way to think about the hypothetical HR im-

age is that it would have been captured instead of the LR image if we had

a denser sensor, better optics etc. So, during image acquisition, the de-

sired image x undergoes degradation due to blur matrix B ∈ RMN×MN .

Further, let D ∈ R
MN
s2
×MN represent the sub-sampling matrix. Assuming

that the LR image pixel is corrupted by additive noise η, the observation

model can be represented as:

y = DBx+ η (1.1)
1In multi-image SR, several images of the same scene are available, such as frames of a video.
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The blur matrix in equation (1.1) is essentially a finite-support low-pass

filter that represents the degradation process of an image acquisition sys-

tem. The SR problem goes in the inverse direction to estimate x given y. In

this thesis, we review the prior work related to SR reconstruction, explain

the inter-connection between different SR approaches and propose novel

algorithms for single image super resolution.

b. Uniqueness of non-negative matrix factorization: Various real-world data,

their underlying mixing components, and mixing coefficients are inher-

ently non-negative. For instance, in natural, satellite and histological imag-

ing, pixel values are non-negative, and the characteristics of each pixel

arise from a mixture of non-negative proportions of various materials,

while the individual absorption spectra of the materials themselves are

also non-negative. Such non-negativity has inspired the use of non-negative

matrix factorization (NMF) techniques in a host of fields such as image

processing [8], [9], chemometrics [10] and time-series analysis [11] be-

cause it leads to imposition of intuitive constraints on inverse problems

as well as better and easily interpretable solutions[12], [13].

In NMF, for a given data matrixX ∈ RM×N containingM ; N -dimensional

observations in its rows, withXmn > 0 (∀m ∈ {1, . . . ,M},∀n ∈ {1, . . . , N})
and factorization rank P < min(M,N), one seeks two non-negative ma-

tricesA ∈ RM×P and S ∈ RP×N , known as latent factors, such that:

X = AS (1.2)

where T represents transpose of a matrix. Elements of matrices A and S

in equation (1.2) are subject to non-negativity constraints,

Amp > 0, (∀m ∈ {1, . . . ,M}, ∀p ∈ {1, . . . , P}),

Snp > 0, (∀n ∈ {1, . . . , N},∀p ∈ {1, . . . , P})
(1.3)

which will be denoted as:

A > 0 and S > 0. (1.4)
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A given NMF problem is said to have a unique solution if its latent fac-

tors (A,S) can be estimated up to arbitrary ordering and scaling inde-

terminacies of their rows [14]. Most real-world data matrices, such as

face databases, absorption spectra of material mixtures, etc. do not have

unique NMF solutions due to inherent indeterminacies in NMF that lead

to non-trivially different but valid factorizations. Furthermore, not all

NMF solutions are created equal. The use of latent factors from different

NMF solutions often leads to a large variance in the performance of high

level image processing tasks such as recognition, clustering, segmentation

etc. Algorithms based on theoretical insights that constrain the solution

space of NMF problems and thus guarantee performance can be a more

effective alternative to computationally expensive multiple initializations

in search for a better factorization. Even with multiple random initial-

izations, finding an optimal solution is not guaranteed when the solution

space is large. In this work, we review prior work on constraining the so-

lution space of NMF problems and also present novel algorithms for this

task.

1.2 Contributions of the thesis

The main contributions of this thesis are as follows:

a. First we propose a fast SISR algorithm using polynomial neural neural

networks as learning machines. Our main contribution in this work is to

pose and address the following question: how to learn an effective LR to

HR mapping efficiently in terms of training effort and sample size. We

translated this to finding the minimum output size for efficiency, and the

maximum input size beyond which incremental SR reconstruction accu-

racy becomes negligible. Our algorithm is based on the assumption that

SR is a highly local task. This led to a significant reduction in the num-

ber of training samples and time required without compromising the re-

construction accuracy. Additionally, our technique maps zero component

analysis (ZCA) transform of LR patches to that of HR patches. Use of

ZCA for SR, which we propose for the first time, enhances the optimiza-

tion energy on perceptually important details such as edges and texture.
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Additionally, we use polynomial neural networks (PNNs) to learn this

mapping as a hierarchically complex and nonlinear function using a train-

ing algorithm that is efficient in time and number of training samples. We

refer to the proposed algorithm as SRPNN.

b. We propose a learning-based SISR technique that exploits multi-scale mod-

elling and sparsifying properties of wavelets suitable for capturing scale

invariant statistics of natural images. These properties of wavelets have

been used in a range of applications such as image compression and noise

elimination [15] [16], segmentation [17], and multi-fractal image analy-

sis [18]. Previous proposals for SISR algorithms based on wavelets in-

clude [19–23]. A common theme among wavelet-based SISR techniques is

to treat the given LR image as the approximation sub-band of the wavelet

transform of the desired HR image whose detail coefficients are to be esti-

mated. After computing the unknown detail coefficients, inverse wavelet

transform can be computed to obtain the desired HR image. While the

proposed algorithm follows this basic approach, it departs from prior

works in the following aspects:

• We used spatial neighborhoods of the known coefficients to estimate

their corresponding unknown coefficients. This increased the SR re-

construction performance.

• We exploited previously under-utilized intra-scale dependencies of

the wavelet coefficients in conjunction with widely used inter-scale

dependencies to estimate the desired detail coefficients. This led to

further improvements in reconstruction accuracy.

• We developed a straightforward discriminative model to learn to

estimate the desired wavelet coefficients in a computationally effi-

cient manner. This led to a further increase in reconstruction ac-

curacy while also reducing training sample and time requirements

compared to all state-of-the-art algorithms irrespective of whether

those were based on wavelets or not.

• Further, we decoupled the training and testing data and phases ow-

ing to good generalization capabilities of our framework. This led to
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faster run (test) time performance compared to state-of-the-art algo-

rithms. This may allow using a pre-trained model on previously un-

seen images in resource-constrained platforms such as smart-phones

and microprocessors.

c. We propose a data transformation algorithm to reduce the NMF solution

space. Our main contributions are twofold. First, we suggest that find-

ing a data transform that leads to filling of the positive orthant might be

a better way to restrict NMF solution space, albeit in the transformed do-

main, than trying to contain the solution in the original domain. Second,

we propose that projecting the data matrix to the space spanned by atoms

of a sparsifying dictionary is such a transform. Thus, we propose a pre-

processing method that projects the given data into a transformed domain

that has a very constrained solution space. This is fundamentally different

from imposing constraints on the solution in the original data domain it-

self. We empirically demonstrate that the proposed method to reduce the

NMF solution space leads to smaller variance in recovered basis. These

recovered bases in transformed domain, when projected back to the orig-

inal domain, are also closer to the ground truth basis in synthetic data

experiments.

1.3 Organization of the thesis

This thesis is organised into following eight chapters.

• Chapter 1 provides a brief introduction to ill-posed inverse problems.

Then we introduce the inverse problems addressed in this thesis, viz.,

super resolution and reducing the solution space of non-negative matrix

factrization. We also list main contributions of the thesis in this chapter.

• Chapter 2 presents an overview of the prior approaches to super resolu-

tion (SR). SR techniques can be broadly classified into three categories:

a. Interpolation-based methods such as bilinear, bicubic, and splines

create an up-sampled (by SR factor s) HR patch and fill in the val-

ues at HR pixel locations using available values from a LR patch.



Inverse Problems: An introduction 7

Simple rules are used to obtain the values of the HR patch pixels. For

integer SR factors, s ∈ Z, the value of the LR pixel at location (m,n)

is directly copied to the HR pixel at location (sm, sn) and the remain-

ing values are estimated using a simple interpolating function such

as linear or polynomial of order two or three. Edge-preserving adap-

tive interpolation techniques use different interpolating functions for

smooth and sharp gradients to avoid generating severly smooth HR

images with a high amount of ringing introduced by treating all the

pixels equally in non-adaptive interpolation methods.

b. Reconstruction-based methods iteratively refine the estimated HR

image such that the LR image generated from it using the LR gen-

eration model should be reasonably close to the actual LR image.

This procedure is known as iterative backprojection. Additional reg-

ularization is required to constrain the solution space because mul-

tiple HR images can satisfy the LR reconstruction constraint, and

most of them don’t look “natural". However, the performance of

reconstruction-based SR algorithms degrades rapidly when the de-

sired magnification factor increases or the number of available input

images decreases, thus producing overly smooth images. For SISR,

reconstruction-based methods perform poorly with increasing zoom

factors.

c. Learning-basedSR methods, including the ones proposed in this the-

sis, seek learning an inverse mapping from LR subspace to corre-

sponding HR subspace. The principal way in which state-of-the-art

learning-based SR techniques achieve higher reconstruction accuracy

and perceptual quality of HR images is by utilizing self-similarity

and patch recurrence properties of natural images. Self-similarity is

the appearance of the same local structures at different scales due

to variability of object distances from the image plane. Patch recur-

rence is the appearance of the same local structures at different lo-

cations in the same image due to relative homogeneity of patches of

the same object and similarity between many objects. This allows

learning of a mapping from downscaled patches to original patches

with the hope that it will generalize to unseen patches that need to

be upscaled. Techniques that utilize the correspondence between a

set of pairs of LR and HR patches are also known as example-based
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super-resolution. When the example LR-HR patch pairs are sampled

from an image (and its downscaled version) whose upscaled version

is sought, the technique is called internal example-based SISR. On the

other hand, when the example pairs are sampled from a separate

set of images (and their downscaled versions) than the image whose

upscaled version is sought, then it is termed external example-based

SISR.

We will illustrate a few benchmark techniques from each category, com-

pare and contrast them to better understand the problem and appreciate

the proposed solutions in the following chapters.

• Chapter 3 presents the proposed learning-based SISR technique using

polynomial neural networks on Markovian spatial neighbourhoods. Our

method not only tests (runs) and trains faster, it also requires a smaller

number of training samples while achieving competitive reconstruction

accuracy compared to other learning-based methods. We met these ob-

jectives by posing the HR reconstruction problem as an estimation of a

function to predict the pixels of an HR patch using its corresponding LR

pixels and their spatial neighborhood. We studied the impact of varying

the input LR and output HR patch sizes and gained the following insights:

a. Reconstruction accuracy for a given output HR patch size improves

when input LR patch size is increased, but the improvement satu-

rates after including a few extra layers of LR pixels.

b. HR reconstruction accuracy is the highest when the output HR patch

is restricted to only that which corresponds to one LR pixel.

We used zero component analysis as a pre-processing step to enhance the

estimation optimization energy on perceptually salient features such as

edges. We also tapped into the ability of polynomial neural networks to

hierarchically learn refinements of a nonlinear function to model the map-

ping from LR to HR patches. Accurate HR reconstruction with small input

and output patch sizes not only makes learning more efficient, it also indi-

cates that SISR is a highly local problem. In contrast, a recently-proposed

and related technique using convolutional neural networks needs much

larger training set and longer training time because of larger input-output

patch sizes and a computationally expensive learning algorithm.
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• Chapter 4 presents the proposed learning-based SISR algorithm in the

wavelet domain, in which we utilized the matchup between scale invari-

ant properties of natural images and multi-resolution analysis capabilities

of the wavelet transform. Our main contributions over the prior work on

wavelet-based SISR techniques are the following. While inter-scale impli-

cations of wavelet properties have been used before, we showed in our

reinterpretation that they also have certain intra-scale implications, which

informed the dependency structure of our learning framework. For ex-

ample, in addition to using the parent pixel at the next coarser scale to

estimate a desired detail coefficient, we used approximation coefficients

at the same scale, and coefficients co-located in other detail sub-bands at

the next coarser scale as inputs to the proposed learning framework. Ad-

ditionally, we used Markovian neighbors of these inputs also as inputs

to get the spatial context of local patch structure that presumably occu-

pies a much smaller subspace of the space of all possible patches. We

also showed that the information needed to estimate a detail coefficient

saturates with increase in the Markovian neighborhood beyond a certain

size. Additionally, the most important input comes from the approxima-

tion sub-band at the same scale, as opposed to the parent detail or other

detail sub-bands at the next coarser level. This is because the approxima-

tion sub-band at a given level can independently give complete informa-

tion to compute the three detail sub-bands at the next coarser level, but

not the other way round.

Learning from patch pairs sampled from consecutive levels of wavelet

decompositions of a large set of images exploits self-similarity and patch-

recurrence properties of natural images. When combined with multi-

resolution analysis properties of wavelets, such learned mapping general-

ized well to unseen images, which resulted in superior reconstruction ac-

curacy of the proposed algorithm. Additionally, we took a direct approach

to learning the mapping from the input coefficients to the desired HR de-

tail coefficients instead of modeling their distribution in a generative fash-

ion followed by a sampling approach. Unless the generative probability

distributions are very specific with large peaks, sampling can always lead

to errors and inconsistencies between neighboring coefficients. This may

explain why our discriminative approach performed better than genera-

tive ones such as TCEM [23] and SME [7]. Additionally, discriminative
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approaches such as SVR used in the proposed algorithm train and test

fast, which explains our speed advantage.

Compared to the state of the art SISR approaches, the proposed algorithm

performed better because it used the right set of inputs for estimating the

desired HR pixels. That is, we modeled SR as a problem of estimating

the local patch structure as opposed to using large patches. This helps

the learning machine focus better on a less complex function with smaller

input and output dimensions, and thus learn a more accurate mapping

with smaller training sample and time requirements to the extent that it

even trains well with only internal examples.

• Chapter 5 presents an application of super resolution in histological imag-

ing. For better perception and detailed analysis, a good quality high res-

olution image is always preferred over low resolution one by human ex-

perts. In medical imaging, specifically in the case of tissue biopsy his-

tological images, estimating the high resolution (HR) image from its low

resolution (LR) one is challenging since the complex textures and edges

defining various biological features (nuclei, cytoplasm etc) should be pre-

served and estimated accurately by super-resolution (SR). This challenge

is further aggravated by the scale variance of histological images. This is

because the fine tissue details become more apparent at higher magnifi-

cations. Further, HR images offer more details as the morphological fea-

tures required by medical experts to recommend diagnosis appear with

more perceptual clarity. As a specific example, in breast cancer MITOS-

ATYPIA-14 contest2, the experts graded mitosis and nuclear atypia at 40×
magnification instead of available 20× or 10× due to high perceptual qual-

ity of 40× images. However, time taken to scan the desired HR image (at

40×) is much higher than that of an LR one (at 20×). Hence, more in-

formation is available at the expense of time, which is critical for timely

diagnosis and treatment. Although SISR is clearly not a replacement for

a higher native resolution based on upgraded optics or faster scanners, it

can be a much cheaper and time-saving alternative for small zoom factors.

In this chapter, we propose an algorithm for SR of histological images that

learns a mapping from ZCA-whitened LR patches to ZCA-whitened HR

patches while circumventing the challenges posed by the special nature

2http://mitos-atypia-14.grand-challenge.org/

http://mitos-atypia-14.grand-challenge.org/
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of histological images. ZCA-whitening act as a pre-processing step which

exploits the redundancy in data and enhances the texture and edges ener-

gies to better learn the desired LR to HR mapping, which we learn using

a neural network. The qualitative and quantitative validations show that

the improvements in HR estimation by proposed algorithm are statisti-

cally significant than benchmark learning-based SISR algorithms.

• Chapter 6 focuses on another inverse problem related to the uniqueness

of non-negative matrix factorization (NMF). As explained in Section 1.1,

the goal of NMF is to find matrices A and S that jointly fulfill the mixing

model (1.2) and satisfy the constraints (6.3). In the case of an exact decom-

position of the data matrix, this formulation is similar to that of factoriz-

ing a non-negative matrix into the product of two non-negative matrices.

However, before trying to effectively estimate the positive sources (S) and

the mixing coefficients (A), a key point is to answer some questions re-

lated to the model indeterminacies and to the uniqueness of the solution.

Furthermore, when the solution is not unique, it is also useful to deter-

mine the range of admissible solutions. The main goal of this chapter is

to analyze and discuss the indeterminacies of source separation under the

non-negativity constraint alone.

Assume the existence of a non-negative factorization of the data matrix

X ∈ Rm×n into matrices A ∈ Rm×p and S ∈ Rp×n. Let us start with any

pair (A,S) that fulfill the mixing model (1.2) and let us introduce a non-

singular (p× p) matrix T . A new pair (Ã, S̃) can be defined by

Ã = AT−1, (1.5)

S̃ = TS, (1.6)

with no modification in the data matrix, i.e. X = Ã S̃. In the uncon-

strained case, this well known result shows the existence of an infinite

number of exact factorizations of the matrixX . In the case of non-negative

source separation, a possible linear transformation should lead to trans-

formed matrices Ã and S̃ satisfying the non-negativity constraints

Ã > 0 and S̃ > 0. (1.7)

In that respect, three questions arise:
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a. what are the conditions on the actual source signals and mixing coef-

ficients ensuring the uniqueness of a decomposition (1.2) respecting

the constraints (6.3)?

b. if the decomposition is not unique, what are the admissible (feasible)

solutions?

c. among all the admissible solutions, can we define a more plausible

one?

These three points will be addressed in this chapter. Necessary and suf-

ficient conditions ensuring the uniqueness of the solution are formulated

and a discussion about which kind of information can help to raise the

ambiguity is included. Required prerequisites and definitions are also in-

cluded in this chapter.

• Chapter 7 presents the proposed algorithm for reducing the solution space

of NMF problems. In this chapter, we address the question that if a given

NMF problem doesn’t assume a unique solution (that is, doesn’t obey

the uniqueness condition), then how to reduce the solution space of that

particular problem. In this chapter, we provide the details of the pro-

posed sparsifying transformation required to reduce the solution space of

a given NMF problem. We also provide geometric interpretation of the

problem and proposed solution.

• Chapter 8 presents the limitations of the proposed work and provide di-

rections for the possible extensions of the proposed algorithms as outlined

briefly as follows:

a. Polynomial neural networks based SISR: Our SISR algorithm has

certain limitations that may be overcome in future work. When the

SR factor is an integer s, we need to train s2 PNNs, one for each of

the estimated HR pixel corresponding to an LR patch. It will be better

to combine these PNNs for learning efficiency. Secondly, our frame-

work does not handle non-integer zoom factors, although our results

suggests that it can give competitive performance when used on in-

terpolated LR images of the same zoom factor as the desired HR im-

age. Working directly with an image of the same size as the desired

output can also pave way for other image enhancements, such as de-

noising and deblurring.
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b. Wavelet domain SISR: While the suggested techniques based on

wavelets improve over the state-of-the-art in terms of PSNR and SSIM,

there is scope for further investigation. The choice of mother wavelet

has not been investigated in this work, although there exists some

previous work to guide in that direction, for example [24]. We used

db− 9 wavelet because of its known ability to model a wide range of

natural images. Another direction to explore is the choice of regres-

sion model in addition to SVR and neural networks. While it is pos-

sible that these investigations will bring additional performance in-

crease, the main focus of this work was on re-interpretation of wavelet

properties, particularly, intra-scale dependencies, in the context of

super resolution. Another direction to be explored is HR for zoom

factors that are not powers of 2. Because we used dyadic wavelets,

we experimented with zoom factors that were powers of 2, although

other zoom factors can also be simulated using non-dyadic wavelets

or downsampling by an appropriate factor before applying SR that is

a power of 2.

c. SISR for histopathology: As an extension of the quantitative study

presented in this thesis, we are working on analysis of the percep-

tual quality through experts grading of HR predictions by differ-

ent SR algorithms. We are also extending this work to other dyadic

scale pairs, where the coarser scale allows fast scanning and search

in whole slides, while the finer scale allows understanding of nuclear

and sub-nuclear structures.

d. Reducing solution space of Non-negative matrix factorization: Al-

though the proposed one sided sparsified NMF algorithm is useful

for reducing the solution space of a given NMF problem, there is

still a lot of scope for improving the accuracy of the proposed al-

gorithm and the key issues that need immediate attention are as fol-

lows: Comparative analysis of the performance of Orthogonal Match-

ing Pursuit and Interior-point Least Squares Method for sparse rep-

resentation of multiple measurement vectors under non-negativity

constraints. Study and develop algorithms for learning better adap-

tive dictionaries for hyperspectral imaging applications. Develop

new algorithms for sparse representation of multiple measurement
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vectors under non-negativity constraint. Additionally, it will be in-

teresting to investigate the reduction in the solution space of a given

NMF problem when the given data matrix is sparsified with respect

to both the latent factors.



Chapter 2

Super Resolution: A review

As stated previously, SR techniques can be broadly classified into three cate-

gories: (i) interpolation-based methods, (ii) reconstruction-based methods, and

(iii) learning-based methods [3]. We will illustrate a few benchmark techniques

from each category, compare and contrast them to better appreciate the pro-

posed algorithms presented in next chapters.
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FIGURE 2.1: Illustration of various approaches to SR problem.

2.1 Approaches to super resolution

2.1.1 Interpolation based super resolution

Interpolation techniques such as bilinear, bicubic, and splines create an up-

sampled (by SR factor s) HR patch and fill in the values at HR pixel locations

using available values from a LR patch. Simple rules, as shown in Figure 2.1, are

15
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used to obtain the values of the HR patch pixels. For integer SR factors, s ∈ Z,

the value of the LR pixel at location (m,n) is directly copied to the HR pixel at

location (sm, sn) and the remaining values are estimated using the simple inter-

polating function g(.). For fractional SR factors, missing values can be directly

computed from the assumed function g(.). Using the same interpolation func-

tion for different LR gradient profiles leads to overly smooth HR images with

a high amount of ringing [25]. Hence, edge-preserving adaptive interpolation

techniques using different interpolating functions for smooth and sharp gradi-

ents, gained popularity [3], [4]. But, only a few predefined, manually selected

sets of interpolation functions can be used in such a setting. Usually, such hand-

crafted interpolation functions are limited in modeling the visual complexity of

real world images. Hence, they tend to produce water color like artifacts for

smooth regions and fine textures in natural images [26].

2.1.2 Reconstruction based super resolution

Reconstruction-based methods iteratively refine the estimated HR image such

that the LR image generated from it using the LR generation model should be

reasonably close to the actual LR image. This procedure is known as iterative

backprojection [27][28], and is shown pictorially in Figure 2.1. Additional reg-

ularization is required to constrain the solution space because multiple HR im-

ages can satisfy the LR reconstruction constraint, and most of them don’t look

"natural". Tekalp in [29], presents a set theoretic approach to the SR restoration

problem that relies on the ability to define convex sets which represent tight

constraints on the image to be restored. Ng et al. developed a regularized con-

strained total least square solution to obtain the desired HR image [30]. They

consider the presence of perturbation errors of displacements around the ideal

sub-pixel locations in addition to noisy observations. Nguyen et al. have pro-

posed circulant block preconditioners to accelerate the conjugate gradient de-

scent method while solving the Tikhonov-regularized SR problem [31]. Tipping

et al have employed Bayesian estimation for the SR restoration problem using a

Gaussian image prior in [32]. Various other natural image priors such as the soft

edge prior of [6], the natural image prior of [33] and different formulations such

as the sparse regression formulation of [33], the sparse mixing estimators (SME)

of [7] have been exploited to achieve a stable solution under the reconstruction

constraint. However, the performance of reconstruction-based SR algorithms
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degrades rapidly when the desired magnification factor increases or the num-

ber of available input images decreases, thus producing overly smooth images

[5]. For SISR, reconstruction-based methods perform poorly with increasing

zoom factors. However, promising techniques based on clever formulations

such as SoftCuts and SME that were used as benchmarks in this paper are ad-

vancing the state-of-the-art reconstruction-based SISR.

2.1.3 Learning based super resolution

Learning-based SISR methods, including the ones proposed in this report, seek

learning an inverse mapping from LR subspace to corresponding HR subspace

as illustrated in Figure 2.1. The principal way in which state-of-the-art learning-

based SISR techniques achieve higher reconstruction accuracy and perceptual

quality of HR images is by utilizing self-similarity and patch recurrence proper-

ties of natural images. Self-similarity is the appearance of the same local struc-

tures at different scales due to variability of object distances from the image

plane. Patch recurrence is the appearance of the same local structures at differ-

ent locations in the same image due to relative homogeneity of patches of the

same object and similarity between many objects [34]. This allows learning of a

mapping from downscaled patches to original patches with the hope that it will

generalize to unseen patches that need to be upscaled. Techniques that utilize

the correspondence between a set of pairs of LR and HR patches are also known

as example-based super-resolution. When the example LR-HR patch pairs are

sampled from an image (and its downscaled version) whose upscaled version

is sought, the technique is called internal example-based SISR. [34–36]. On the

other hand, when the example pairs are sampled from a separate set of im-

ages (and their downscaled versions) than the image whose upscaled version is

sought, then it is termed external example-based SISR[26, 37–40]. A more impor-

tant criterion for classification of example-based SR is their HR reconstruction

methodology, which can be broadly categorized into patch-replacement, linear

combination, and nonlinear estimation.



Chapter 1. Super Resolution: A review 18

2.1.3.1 Patch-replacement approaches

Early example-based SISR methods used LR-HR patch pairs stored in a database

in a Markov random field (MRF) to get spatially consistent LR-HR patch pairs

for a given LR image [37]. Local linear embedding-based manifold learning

has also been used to map the local geometry from the LR subspace to the HR

subspace [38]. Extracting LR-HR patch pairs from multiscale representations of

the same image rather than a database generated from several images, and then

reconstructing from the nearest matches found has also been proposed [34, 35].

Such approaches use computation and memory intensive tasks – construction

of a database of LR-HR patch pairs for training and searching the nearest neigh-

bors for testing. Yet, using patches from a database leads to structural and in-

tensity inconsistencies between neighboring patches.

2.1.3.2 Linear combinations of basic image primitives

Another approach to SISR is to use sets of linear basis for both LR and HR

patches, and estimate the desired HR patch as a linear combination of HR prim-

itives chosen in accordance with the combination of LR primitives that approx-

imate the LR patch. One way to maintain LR and HR primitives is in terms

of wavelets by exploiting their inter-scale [22], [23] and intra-scale [41] proper-

ties. However, the most well-cited techniques among these learn the LR and HR

bases, often as dictionaries of patches by enforcing a common sparsity prior for

the LR and HR subspaces [26], [42–46]. While the LR and HR patches have dif-

ferent bases, a correspondence in their basis vectors and patch representation

is assumed. A less restricted strategy is to introduce a nonlinear intermediate

mapping between LR to HR bases, where the bases themselves are combined

linearly to generate LR or HR patches [47][48]. A nonlinear function such as

support vector regression can also be learned on top of a sparse representation

[49]. The major limitation of using a linear combination of basis patches is that

it leads to blurring while reconstructing textures or edge angles that weren’t

present while learning the basis patches.
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2.1.3.3 Wavelet based approaches

Fixed dictionary approaches to learning-based SR learn the LR to HR mapping

in a transformed domain wherein transformed domain representation is ob-

tained by using fixed basis functions such as wavelets. In wavelet domain, the

SR problem seeks the estimation of unknown detail coefficients of a wavelet

transformed desired HR image whose approximation coefficients are available

as a given LR image. The estimation of desired detail coefficients is based on

multi-scale representation properties of wavelet transform by exploiting inter-

scale [21] and intra-scale [41] dependency of wavelets coefficients. The learn-

ing problem in wavelet domain then boils down to the problem of estimating

parameters of the model capturing the aforementioned inter-scale and intra-

scale dependency. Statistical models based on wavelet domain such as hidden

Markov trees (HMT) [15] by assuming the probability distribution of wavelet

coefficients has been widely exploited. To model the probability distribution of

wavelet coefficients,[19],[22],[21] use Gaussian mixture model (GMM) and [23]

develops a three component exponential mixture model (TCEM). However, si-

multaneous accurate estimation of sign and magnitude of desired wavelet co-

efficients is a challenge for such SR algorithms due to assumptions made in the

statistical modeling [23].

2.1.3.4 Nonlinear mapping between LR and HR patches

Recently, state-of-the art SISR performance has been obtained by learning a di-

rect non-linear mapping from corresponding LR-HR patch pairs. Sethi et. al.’s

approach [36] learns a direct LR to HR mapping in spatial domain in a non-

linear regression framework. Yuan et. al.’s approach is based on patch cluster-

ing and then learning the mappings between LR-HR patch pairs of the corre-

sponding clusters using suitable functions [50]. Recently, a deep learning based

approach using convolutional neural networks to learn the desired mapping

from interpolated LR patches to the ground truth HR patches was also pro-

posed [39, 40].
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2.2 Conclusion

In this chapter we presented a very brief over view of state-of-the -art SISR tech-

niques. We picked up some of the most important SISR techniques and high-

lighted the main ideology behind the working of such benchmark methods.

This understanding helps us in building new SISR algorithms that can advance

the state-of-the-art. In following chapters, we present novel SISR techniques

proposed under learning based framework for SISR.



Chapter 3

Polynomial Neural Networks for

SISR

3.1 Introduction

In this chapter, we present a proposed learning-based algorithm for SISR that

gives state-of-the art results at a small computational cost. Our technique ex-

ploits a parent-child relationship that exists between an LR pixel and its cor-

responding HR pixels that map on to the same space in the image plane. The

proposed method is conceptually close to a recently published method that uses

a convolutional neural network (CNN) to map interpolated LR patches to de-

sired HR patches (henceforth, SRCNN) [39, 40]. Our main contribution is to

pose and address the following question: how to learn an effective LR to HR

mapping efficiently in terms of training effort and sample size. We translated

this to finding the minimum output size for efficiency, and the maximum input

size beyond which incremental SR reconstruction accuracy becomes negligible.

Unlike SRCNN, our algorithm is based on the assumption that SR is a highly

local task. This led to a significant reduction in the number of training samples

and time required without compromising accuracy. Additionally, unlike start-

ing with an interpolated LR patch as input, our technique maps zero component

analysis (ZCA) transform [51] of LR patches to that of HR patches. Use of ZCA

for SR, which we propose for the first time, enhances the optimization energy on

perceptually important details such as edges and texture. Additionally, we use

polynomial neural networks (PNNs) to learn this mapping as a hierarchically

21
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complex and nonlinear function using a training algorithm that is efficient in

time and number of training samples [52]. We refer to the proposed algorithm

as SRPNN. Although CNNs also learn a hierarchically complex nonlinear map-

ping, they require a larger number of training samples, longer training times

and larger input patch sizes for meaningful convolutions.

We present the theory and proposed algorithm in Section 3.2, describe the ex-

periments and their results in Section 4.3, and conclude in Section 4.4. Before

proceeding, we mention the notations used in this chapter.

3.1.1 Notation

We denote matrices by boldface capital letters such as Y while reserving the

letter P exclusively for denoting a vector of polynomial functions. We denote

vectors (except P) by boldface small letters such as y and scalars by italic letters

such as y or M while reserving the letters f , g and P exclusively for denoting

functions. We denote the downsampling factor between LR and HR subspaces

by s, vectorized HR patches by x and corresponding vectorized LR patches by

y. Further, f : x 7→ y represents the LR generation process and g : y 7→ x

represents the inverse mapping from LR space to the desired HR space (SR).

We will introduce other notations wherever required.

3.2 Theory and Proposed Algorithm

Our goals were to accurately estimate HR patches in a machine learning setup

using LR pixels directly with reduced training overhead. To achieve these com-

peting goals, we needed a computationally efficient and effective learning ma-

chine, and an understanding of the impact of the footprint of input LR patch

and output (estimated) HR patch on SISR performance and the training over-

head. To this end, the insight that SISR is a highly local problem led to the

following ideas, which we confirmed empirically:

a. Use a larger input LR patch than the one that maps to the HR patch

being estimated: To ensure accurate estimation of the HR patch that gives

an LR patch upon downsampling, simply using this parent LR patch is
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not enough of an input because many combinations of pixel values of the

HR patch can be downsampled to give the same parent LR patch. This is

illustrated in Figure 3.1 for a single LR pixel (1 × 1 parent LR patch). The

spatial neighborhood of an LR patch can help disambiguate the HR patch

corresponding to a single LR pixel, assuming that LR and HR patches

come from sparse subspaces. That is, if the size of the HR patch being

estimated is ms×ms, where s is the SR zoom factor, then use an n× n LR

patch, such that n > m (for odd n and m).

b. Use the smallest input size where SR performance saturates: We ex-

pected the SR performance to saturate with increasing n for a given m

due to the highly local nature of SISR problem. Limiting LR input to this

point of saturation will lead to more efficient learning.

c. Use the smallest possible output size that gives good SR performance:

Since the dimension of the input required for accurate estimation of the

output depends on the output dimension, the learning efficiency (time

and sample requirement) can be increased by keeping the output dimen-

sion to a minimum. For example, in our experiments for 2× 2 SR (s = 2),

when the order of LR Markovian neighborhood, n−m, was held constant,

the best performance was achieved for m = 1, that is for an HR output of

size 2 × 2. The added advantage of using m = 1 is that the generated

HR pixels will not overlap even if we shift the input window on the LR

image by a single pixel. This eliminates the need of having an additional

mechanism to combine the overlapping output.

Interestingly, the first point can also be explicitly motivated by considering

diffusion-based scale-space theory of multi-scale image formation. In scale-

space theory, coarser scale images are blurred versions of the finer scale images,

but have the same size. That is, there is no downsampling after blurring, but

the implications extend to SISR nonetheless, because approximations of such

blurred images of the same size as the desired HR image can be obtained by us-

ing simple interpolation methods on the given LR image. Such blurred HR (or

interpolated LR) images are thought of as part of a family of images, I(u, v, t),

obtained by convolving some original (maximally sharp) image I0(u, v) with a

finite support point spread function (PSF), B(u, v, t), as shown in equation (3.1).

Larger values of t correspond to wider PSFs and coarser scales. The impulse
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(A) An edge at +45 degrees.

(B) An edge at -45 degrees.

FIGURE 3.1: The HR patches in right sides of (a) and (b) have different edge
orientations such that their central 2 × 2 pixels in red boxes downsample to
give same central LR pixel in red boxes in left sides of (a) and (b). However,
considering larger LR windows of size 3 × 3 or larger may help disambiguate
between the two underlying HR patches provided that the images have such
sparsely populated edges.

response between two successive scales is kept constant in constructing such a

scale-space of images [53], which is important to utilize self-similarity.

I(u, v, t) = I0(u, v) ∗B(u, v, t) (3.1)

The scale space of images described by equation (3.1) is a solution of the follow-

ing general diffusion equation [54].

It = divergence(c(|∇It−1|)∇It−1) (3.2)

If the sign of the diffusion coefficient c is negative, then equation (3.2) describes

inverse diffusion, whose solution is an edge-sharpening filter used for image

restoration and deblurring [54–56]. Estimating the divergence in equation (3.2)

also requires a spatial context around the point of estimation. However, it does

not require an infinite spatial context beyond the sphere of influence of the PSF,

which supports point a) and b). Instead of analytically estimating the desired

sharpening filter by solving the inverse diffusion equation, a solution can be
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learned using pairs of the original HR patches and their corresponding interpo-

lated LR patches in a machine learning framework as done in SRCNN [39, 40].

However, we conjecture that this leads to spending the learning effort in undo-

ing artifacts introduced by the intermediate interpolation. Therefore, we pro-

pose to learn a direct mapping between examples of LR-HR patch pairs.

3.2.1 Objective function for learning LR to HR mapping

Using training LR-HR patch pairs, we formulate learning the inverse mapping

g : y 7→ x as a nonlinear regression problem where y is an n × n input LR

patch (n being odd), and x is an ms ×ms output HR patch for s × s SR of the

central LR sub-patch of size m × m (1 ≤ m ≤ n). SR factor s is part of the

problem statement, while n and m need to be determined for time and sample-

efficient learning without compromising reconstruction accuracy. We do this

by minimizing mean squared error (MSE) between pixels of ground truth and

estimated HR patches.

For each child HR pixel x (an element of x), this nonlinear regression problem

can be modeled using a high-order multivariate polynomial, which belongs to

the class of discrete Volterra models [57], as follows:

x ≈ P (y) =w0 + Σiwiyi + ΣiΣjwijyiyj

ΣiΣjΣkwijkyiyjyk + . . .
(3.3)

such that,

argmin
g
||x− g(y)||22 ≈ argmin

P
||x−P(y)||22 (3.4)

wherewi are term coefficients (weights), y ∈ Rn2×1 is the input vector (LR patch)

and x ∈ R(ms)2×1 is a vector of child HR pixels. We approximated the desired

mapping in equation (3.4) by (ms)2 polynomial mappings P(y) = [P1 : y 7→
x1, . . . , P(ms)2 : y 7→ x(ms)2 ], learned using polynomial neural networks (PNNs)1.

1This is the only place where we use a bold-face capital letter P to denote a vector-output
function instead of a matrix.
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That is, we used one polynomial mapping per child HR coefficient. Nonlin-

ear function approximation capabilities of polynomial functions have led to the

success of splines (piece-wise polynomials) in various approximation problems

[58]. Using PNN, we learn a much more complex polynomial function than a

spline.

3.2.2 Concentrating optimization energy on edges using ZCA

Given the importance of edges for visual perception, we propose that the de-

sired functional mapping should penalize visually salient errors that occur along

the edges. Previously, the research community has used conventional high-pass

filters [37], Gaussian derivative filters [3], and first and second order gradients

of patches [26][42] as representatives of transformation T to amplify the error

along the edges. A more principled method that derives the structure of the

transformation from the data itself is ZCA whitening, which amplifies visually

salient high-frequency components (including edges) in patches by normaliz-

ing the variance of the data in the direction of each eigenvector of its covariance

matrix [51]. It returns vectors of the same size as the input vectors. Algorithm

1 shows how to apply ZCA to the data matrix Y ∈ Rn2×K of K LR patches each

of size n× n, that are vectorized (flattened).

Algorithm 1 ZCA whitening

Input: Data matrix Y ∈ Rn2×K

Output: Transformed data matrix TY(Y) ∈ Rn2×K , rotation matrix ZY ∈ Rn2×n2
, mean

vector µ ∈ R1×K

1: For each column, yk ∈ Rn2×1 (k ∈ {1, . . . ,K}), of Y compute it’s mean µk and the
mean centered vector ŷk = yk − 1µk, where 1 ∈ Rn2×1 is a vector of all ones2. Save
the mean µk as kth element of µ ∈ R1×K .

2: Arrange allK mean centered vectors {ŷ1, . . . , ŷK} in columns of matrix Ŷ ∈ Rn2×K

and compute the covariance matrix, CŶ ∈ Rn2×n2
, such that, CŶ = Ŷ Ŷ T .

3: Compute eigenvalues and eigenvectors of CŶ. Stack the eigenvectors of CŶ in
columns of matrix U ∈ Rn2×n2

and let D ∈ Rn2×n2
be the diagonal matrix of the

corresponding eigenvalues.
4: Compute and save the ZCA rotation matrix that whitens the data by redistributing

the energy of eigenvalues as follows:

ZY = UD−1/2UT (3.5)

5: Return transformed data matrix TY(Y) = ZYŶ, rotation matrix ZY ∈ Rn2×n2
and

mean vector µ by stacking µk’s.
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Similarly, we compute the vectorized ZCA whitened HR patches TX(X) = ZXX̂

from the matrix of vectorized HR patches X ∈ R(ms)2×K corresponding to chil-

dren of the central LR pixels in LR patches yk ∈ Rn2×1, ∀ k ∈ {1, 2, . . . , K}. We

learn the proposed functional mapping from whitened patches TY(y) to TX(x)

instead of from y to x in equation 3.4. This estimation framework is depicted in

Figure 3.2 using PNNs as learning machines.
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FIGURE 3.2: Proposed learning-based SISR setup shown here for input LR
patches of size 3× 3 and SR of 2× 2 for only the central pixel.

For recreating an image, ZCA transform can be inverted by using an inverse of

the saved ZCA rotation matrix, and adding back the saved patch means. We

next present the training algorithm for SRPNN.

3.2.3 GMDH type training for SRPNN

PNNs have been shown to be universal approximators with better general-

ization properties for function estimation than other popular methods such

as splines. This is due to their complexity and adaptability using an efficient

training algorithm that has built-in steps for validation and regularization [52].

Each node in a PNN is a polynomial of a fixed and small degree, with a fixed

and small number of inputs. PNNs are usually trained using group method

of data handling (GMDH) algorithm, which attempts to obtain a hierarchically

more complex and accurate estimation of the desired mapping g(y). It does so

by trying many simple models, retaining the best, and building more complex

2Instead of subtracting the mean of each pixel across all patches, we subtract the patch mean
from all pixels of that patch because unlike a general dataset where each dimension can have a
different distribution, all pixels of a patch are drawn from the same distribution. And, the goal
of mean centering of image patches is to remove the influence of average patch brightness [59].
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Algorithm 2 GMDH type training for SRPNN

Input: Data set D = {I ∈ Rn2×K ,O ∈ R(ms)2×K} representing K instances of ZCA
whitened vectorized LR-HR patch pairs of dimensions n2 and (ms)2 respectively,
threshold ε for eliminating bad neurons, the maximum number of hidden layers al-
lowed Lmax.
Output: (ms)2 trained PNNs (one per child HR pixel) with single output and n2 inputs
each.

1: for each child pixel xc (c ∈ {1, . . . , (ms)2}) do
2: Create PNN layer number L = 0 with number of neurons `0 = n2 to accept

columns of input matrix I, and initialize its training error E0 =∞.
3: do
4: L← L+ 1, and initialize EL =∞
5: Randomly split the data set D into training and validation sets DT =

{IT ,OT } and DV = {IV ,OV }.
6: Add layer L with `L =

(
`L−1

2

)
neurons where each neuron is connected to

two outputs ai and aj of layer L− 1, ∀ (i, j)i<j ∈ {1, . . . , `L−1}.
7: for each neuron in layer L do
8: Assume the transfer function as a polynomial of order two defined

over its inputs ai and aj as:

p =w0 + w1ai + w2aj + w3aiaj + w4a
2
i + w5a

2
j (3.6)

9: Train: Estimate its weights wi using the training setDT by minimiz-
ing the error (using least squares),

e` =
1

T

T∑
t=1

(xct − p)2, (3.7)

where, xct represents (c, t)th element of OT .
10: Validate: Predict x̂cv for all validation examples v in IV and compute

the mean squared error:

MSE =
1

V

V∑
v=1

||xcv − x̂cv||2 (3.8)

where, xcv represents (c, v)th element of OV .
11: if MSE > ε then
12: Regularize: Prune neuron and set `L ← `L − 1
13: end if
14: if MSE < EL then
15: Update error: EL ←MSE
16: end if
17: end for
18: Use the output of layer L for all the K input vectors in I ∈ R`L−1×K

to create a new local copy of the input matrix I ∈ R`L×K in prepa-
ration for addition of the next layer.

19: while L < Lmax and EL < EL−1

20: Prune layer L and choose the unit having minimum validation MSE
(equation (3.8)) in layer L−1 as the final output HR pixel (approximation
of xc).

21: end for
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models based on them in a layer-wise manner. GMDH type training for SRPNN

is described in detail in Algorithm 2. The following properties of PNNs trained

using Algorithm 2 are noteworthy:

• The PNN architecture is learned during training. This is unlike the pre-

meditated architectures used by multilayer perceptrons (MLPs) and CNNs.

• Validation is an integral part of the training (step 10), unlike the explicit

need for a validation procedure outside of gradient descent while training

MLPs and CNNs. We kept 20% of data set D for validation (DV ) in step 5.

• Regularization is performed using a simple structure for nodes (small

polynomial degree and number of inputs), as well as by pruning nodes

that do not contribute to validation accuracy (step 12). After the last layer

is determined, each of the preceding layers can be further pruned to ex-

clude those neurons that do not contribute into the final output (having

negligibly small weights).

• Each neuron in a PNN is trained using least squares to approximate the

desired output by minimizing the error in Equation (3.7), which is a fast

step if the associated matrices can fit in a computer’s RAM. Further, the

complexity in a PNN is added in steps rather than in one go. Thus, even

though one PNN optimizes for a single child HR pixel (thus, (ms)2 PNNs

are required, one for each child HR pixel), this training scheme is much

faster than the gradient descent used in CNNs because it avoids gradient

dilution at layers closer to the input.

• Each polynomial mapping Pc is learned as a composition of polynomials

of degree 2 such that the final learned function is a polynomial of degree

2(L − 1), where L is the number of layers in the PNN. Such a mapping

is much more complex and better suited for approximating multivariate

nonlinear functions than the bicubic or cubic splines that use fixed poly-

nomials of degree 3 [52].

The (ms)2 trained PNNs, each having n × n LR pixel input and one HR pixel

output, are applied to test images as follows:
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a. Patch extraction and pre-processing: Extract vectorized, n × n patches

with n − m pixel overlap and apply ZCA whitening using the saved LR

rotation matrix, ZY.

b. HR pixel estimation: Compute ZCA whitened versions of the desired

child HR pixels using vectorized LR patches as input to the trained PNNs.

c. HR image reconstruction: Invert ZCA whitening using the saved HR ro-

tation matrix, ZX and LR parent patch mean in lieu of the unknown HR

patch mean.

3.3 Experiments

We tested different input (LR) and output (HR) patch sizes for SRPNN, and

then fixed them for comparison with other techniques. We compared the re-

construction results of various techniques both quantitatively and qualitatively.

We also compared our training and testing times with those of the benchmark

learning-based SISR techniques.

3.3.1 Training and testing protocol

Comparison with state-of-the-art SISR techniques was done on 100 test images

obtained from the Berkley image database [60]. We trained learning-based al-

gorithms using external examples (n × n LR and corresponding ms × ms HR

patches) sampled from a separate set of 200 images from the Berkeley dataset.

The images were 320 × 480 in size. Average testing times were compared over

100 test images. Following [40], training and quantitative testing were done

only on the luminance channel (Y channel in YCbCr color space), where we

took the luminance channel of the given images as ground truth HR, and down-

scaled them to get LR.

Absolute metrics: We report two widely used metrics for comparing recon-

struction accuracy – peak signal to noise ratio (PSNR, measured in dB) and

structural similarity index measure (SSIM) [61]. PSNR measures the mean squared

error normalized with respect to the peak intensity, which is largely dominated

by the accuracy of reconstructing smoothly varying regions. SSIM measures
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structural similarity as perceived by the human visual system by incorporating

terms that model perceptual phenomena such as luminance and contrast mask-

ing. SSIM ranges between 0 and 1. Higher values for both metrics indicate

better performance.

Relative metrics: One challenge with comparing PSNR and SSIM across tech-

niques was that their intra-technique variance across the 100 test images was

larger than their inter-technique variance for a given image. In situations like

these, it is useful to normalize the inter-technique performance for a given im-

age with respect to a reference technique. For a given test image i and an SISR

technique a, the relative metric was obtained by dividing the absolute metric pai
for that image obtained using technique a by the corresponding absolute metric

obtained using the reference technique b, that is pai /pbi . If the technique a per-

forms worse than the reference technique b, then its relative metric is below 1.

The statistics of the relative metrics for each technique across 100 test images

were computed to check consistency of ranking of the techniques.

Qualitative comparison: We also tested the perceptual quality of the results on

a smaller set of images by looking for edge-reconstruction artifacts and other

perceptible distortions.

3.3.2 Impact of LR input and HR output window sizes

Using the training and testing protocol described in Section 4.3.1 we varied the

LR input and HR output window sizes. Specifically, for 2× 2 SR, we used input

window sizes of 1× 1, 3× 3, 5× 5, and 7× 7 to predict the HR patches of sizes

2 × 2, 6 × 6, 10 × 10, and 14 × 14. In Table 3.1 we show the mean test PSNR,

training times, and testing times for these experiments.

Note that the HR output window cannot be larger than twice the corresponding

LR input window for 2 × 2 SR. Therefore, each row in Table 3.1 is truncated at

the diagonal. We shifted the input window by m pixels for non-overlapping

output to avoid the mechanisms required for combining overlapping outputs.

Mean PSNRs on the diagonal, where the HR footprint is same as the LR foot-

print on the image plane, were significantly worse than those cases where the

LR footprint was larger than the HR patch. This supports the case for using

a larger LR context to estimate HR patches of a certain size. Additionally, the
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TABLE 3.1: SR reconstruction accuracy, training and testing time of SRPNN as
functions of LR and HR window sizes for 2× 2 SR: Mean PSNR (training time
in hh:mm, testing time in s) on 100 test images.

Output→
Input ↓ 2× 2 6× 6 10× 10 14× 14

1× 1
18.09

(01:20,0.40) N/A N/A N/A

3× 3
27.56

(03:15,0.48)
20.87

(03:40,0.54) N/A N/A

5× 5
27.61

(04:00,0.51)
27.04

(04:13,0.68)
19.52

(04:38,0.73) N/A

7× 7
27.61

(04:35,0.63)
27.29

(0.4:50,0.72)
25.13

(05:03,0.77)
19.95

(05:20,0.84)

first column had the best results for reconstruction accuracy, training time and

testing time. Thus, the smallest possible output for any given input seems to

be the best choice, and therefore we fixed the output size to s × s, (i.e., m = 1),

where s is the SR factor, which is 2 in this case.

Further, as expected, increasing the input size for a given output size increased

the reconstruction accuracy, but it also saturated after two extra Markovian lay-

ers. This was especially evident for output window size of 2 × 2 HR pixels. In

the first column, the performance with input windows of size 5 × 5 was indis-

tinguishable from that of 7×7, and even 3×3 was not far behind. This confirms

that HR is a highly local task, such that although a larger LR spatial context is

required to disambiguate the HR pixels, it does not need to be much larger than

the HR footprint. Similar results observed for SSIM have been omitted here to

save space.

For the rest of the experiments, the input (LR) and output (HR) patch sizes

for SRPNN were fixed to 5 × 5 (n = 5) and s × s (m = 1) for SR factor of s,

respectively. This is in contrast with the large input (32 × 32 interpolated LR)

and output (20× 20 HR) windows used for SRCNN [40].

3.3.3 Importance of ZCA

We confirmed that without using ZCA, the mean PSNR over 100 test images for

2× 2 SR with input window size of 5× 5 and output window size of 2× 2 was

26.79, which was 96% of that with ZCA. A similar phenomena was observed for
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SSIM. This confirms the advantage of increasing the emphasis of optimization

on edge reconstruction by learning the mapping between ZCA transforms of

LR and HR patches.

3.3.4 Impact of number of training samples

TABLE 3.2: SR reconstruction accuracy as a function of number of training
samples for 2× 2 SR: Mean PSNR (and SSIM) on 100 test images.

Sample size→
Technique ↓ 5,000 10,000 30,000 50,000 100,000

SRPNN 27.03
(.8412)

27.61
(.8816)

27.62
(.8830)

27.62
(.8835)

27.64
(.8838)

SRCNN 21.84
(.6169)

25.87
(.7830)

27.05
(.8609)

27.40
(.8711)

27.55
(.8761)

Because SRPNN and SRCNN are closely related approaches, we compared their

SISR reconstruction performance with different number of training samples.

As shown in Table 4.2, the performance of SRPNN did not improve much

when training samples were increased beyond 10,000, while SRCNN perfor-

mance saturated only around 100,000 samples3. This indicates that the variabil-

ity across smaller image patches used by SRPNN can be captured using a small

number of training samples for a low-level vision task such as SISR. Further, the

training time didn’t vary much with the increase in number of training samples

for both SRPNN and SRCNN. This is because both the matrix inversion step

in SRPNN and the fixed number of backpropagations in SRCNN (just like [40])

take nearly constant time for training sample sizes that can be accommodated in

the computer’s memory. The training time for SRCNN did not decrease much

with a decrease in sample size based on the criteria of a fixed validation error

threshold, because decreasing the number of samples increases local variability

in cost function with respect to the CNN’s parameters.

3.3.5 Comparison of neural network architectures

We compared PNN with other commonly used neural network architectures

viz. CNN and multi-layer perceptron (MLP) with a single hidden layer with

3SRCNN gave 27.56 (0.8769) PSNR (SSIM) for 130,000 training samples.
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tanh nonlinearity to ascertain its advantages in modeling LR to HR patch map-

ping. Since SRPNN and SRCNN use different input-output patch sizes and

pre-processing, in Table 3.3 we report comparisons in which the training and

testing data were the same and used the same pre-processing, such that the

only variable was the type of neural network. For example, the mean PSNR

and SSIM shown in the first row were obtained on 100 test images using PNN

and MLP to learn a mapping from ZCA whitened input LR patches (not inter-

polated) of size 5 × 5 to ZCA whitened HR patches of size 2 × 2 using 10, 000

training pairs. Since the convolutions of a CNN are not meaningful for such a

small input patch size, it was omitted from this experiment. The edge that PNN

has over MLP is clearly evident. An optimal number of hidden neurons for the

MLP were determined to be 32 using validation on a subset of held-out training

data.

TABLE 3.3: SR performance as a function of the type of neural network for 2×2
SR: Mean PSNR (and SSIM) on 100 test images.

Learning machine→
Data (# of training samples)↓ CNN MLP PNN

5× 5 ZCA whitened LR input
2× 2 output (10,000) N/A 27.19

(.8683)
27.61
(.8816)

10× 10 interpolated LR input
2× 2 output (10,000)

25.86
(.7964)

26.73
(.8398)

27.33
(.8641)

10× 10 interpolated LR input
2× 2 output (100,000)

27.35
(.8640)

26.74
(.8403)

27.36
(.8647)

We also experimented with interpolated LR as input, which increased the size

of the input to 10 × 10 and allowed us to implement a CNN-based learning

scheme quite like SRCNN. The optimal number of filters and their sizes were

determined using validation, and were slightly different from SRCNN due to

change in input and output sizes to enable a direct comparison with PNN. Fol-

lowing SRCNN implementation [40], the CNN contained three convolutional

layers. The first layer had 64 filters of size 1 × 5 × 5, then second layer had 32

filters of size 64 × 3 × 3, and the final layer had a single filter of size 32 × 3 × 3

to produce an output of size 2× 2. The first two layers had rectified linear unit

(ReLU) nonlinearity, and the final layer was linear just like in SRCNN [40].

The last two rows of Table 3.3 indicate that even with reduced patch size, the

CNN requires a lot more training samples to give performance comparable to

the PNN, while MLP performance cannot match with either CNN or PNN even
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with a large number of training samples. On comparing the first two rows of

Table 3.3, which essentially use the same data with different pre-processing, it

is clear that taking ZCA of the input patch is a better pre-processing method

than interpolating the patch. Training the PNN on interpolated patches instead

of ZCA whitened patches also took longer time (roughly 4.5 hours instead of

4 hours on the computer without a GPU). In comparison, the CNNs for the

results reported in Tables 4.2 and 3.3 were trained on a machine with a GPU.

Decreasing the input-output patch sizes reduced the training time of the CNN

in Table 3.3 to 38 hours instead of the 96 hours taken by the CNN used for

results shown in other tables. This decrease was less than expected primarily

because we had to reduce the learning rate of CNN for smaller patch sizes to

optimize its reconstruction validation error. See Section 4.3.7 for the conversion

factor between time taken on machines with and without GPU. This difference

in training time while training PNN and CNN on the same sized and number

of patches indicates inherent faster learning due to the GMDH algorithm for

PNN compared to the gradient descent for CNN. Moreover, upon comparing

Tables 4.2 and 3.3, it is clear that the reconstruction accuracy of CNN reduces

when the input and output patch sizes are decreased.

3.3.6 Benchmark techniques for comparison

We selected other contemporary, high-performing, learning-based techniques

from various sub-categories for comparison in addition to a deep learning based

technique termed as SRCNN [39, 40]. Yang et al.’s sparse-coding based tech-

nique (SC) [26] and Zeyde et al.’s improvement over SC, mostly in speed, based

on bootstrapping and optimized K-SVD implementation (K-SVD) [42] repre-

sent state-of-the-art in use of learned and coupled LR-HR dictionaries that ex-

ploit the inherent sparsity of natural images. These techniques are based on

linear combinations of HR primitives, which we think limits their reconstruc-

tion performance. The best performing techniques are based on nonlinear re-

gression between LR and HR patches using, for example, sparse kernelized re-

gression (KK) [33] or CNN (SRCNN) [40]. We also compared against spline

interpolation, which is a legacy technique. We used publicly available codes or

the parameters and settings provided by the authors of these benchmark tech-

niques.
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TABLE 3.4: Average PSNR, SSIM, relative PSNR and relative SSIM (and their
standard errors) on 100 test images. Relative PSNR and SSIM were computed
using SRPPN as the reference technique (please see Section 4.3.1 for details).

Metric SR Fac-
tor

Spline SC K-SVD KK SRCNN SRPNN

PSNR 2 × 2 24.70
(.348)

27.03
(.336)

27.27 (.334) 27.38
(.334)

27.55
(.339)

27.61
(.336)

4 × 4 21.32
(.286)

22.85
(.313)

23.13 (.316) 23.28
(.316)

23.50
(.320)

23.59
(.320)

SSIM 2 × 2 .8002
(.00815)

.8643
(.00658)

.8731
(.00630)

.8735
(.00654)

.8761
(.00633)

.8816
(.00637)

4 × 4 .5965
(.01471)

.6886
(.01293)

.6952
(.01294)

.6971
(.01287)

.7003
(.01296)

.7063
(.01293)

Relative PSNR 2 × 2 .8962
(.00781)

.9789
(.00121)

.9877
(.00086)

.9918
(.00086)

.9976
(.00087)

1(0)

4 × 4 .9054
(.00530)

.9687
(.00161)

.9806
(.00159)

.9871
(.00161)

.9965
(.00145)

1(0)

Relative SSIM 2 × 2 .9061
(.00367)

.9801
(.00135)

.9904
(.00077)

.9907
(.00142)

.9938
(.00068)

1(0)

4 × 4 .8353
(.00622)

.9742
(.00117)

.9837
(.00083)

.9868
(.00120)

.9912
(.00087)

1(0)

K-SVDSCSplineFull Image Ground TruthSRPNNSRCNNKK

PSNR/SSIM 26.75/0.966923.54/0.9220 26.91/0.9678 27.01/0.969126.08/0.960025.99/0.9586

PSNR/SSIM 28.47/0.950124.89/0.8913 29.63/0.9516 30.24/0.957229.32/0.951429.34/0.9510

PSNR/SSIM 31.80/0.982127.40/0.9563 31.86/0.9828 31.98/0.983131.36/0.979931.18/0.9749

FIGURE 3.3: Examples of experimental results for 2× 2 SR.

3.3.7 Quantitative comparison of reconstruction accuracy

Table 4.3 shows the quantitative comparison of SRPNN with the selected tech-

niques on a test dataset of 100 images for 2× 2 and 4× 4 SISR. A clear ranking

of the techniques emerged when we compared mean PSNR and SSIM for the

two zoom factors. The proposed SRPNN was consistently the top performer,

followed in order by SRCNN [40], KK [33], K-SVD [42], SC [26] and spline in-

terpolation. As expected, nonlinear learning based methods performed better

than the linear ones. Further, learning based SISR methods convincingly out-

performed the legacy spline interpolation by a wide margin.

Since the standard error of the mean absolute metrics was high due to inter-

image (intra-technique) variance, more clarity into the consistency of ranking

emerged when we computed statistics of the relative metrics for each technique
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K-SVDSplineFull Image SC Ground TruthSRPNNSRCNNKK

PSNR/SSIM 29.48/0.877226.74/0.8343 30.11/0.8903 30.19/0.897029.15/0.870928.82/0.8633

PSNR/SSIM 25.39/0.940323.95/0.9351 25.64/0.9451 25.73/0.946824.87/0.941824.82/0.9406

PSNR/SSIM 29.50/0.969824.52/0.9397 29.80/0.9674 29.92/0.968129.17/0.962528.81/0.9608

FIGURE 3.4: Examples of experimental results for 4× 4 SR.

with respect to SRPNN, as explained in Section 4.3.1. The relative metrics con-

firmed the ranking obtained using absolute metrics. Further, the standard error

of the mean relative performance was quite low, suggesting that the ranking

was consistent.

3.3.8 Qualitative comparison of color images

For qualitative comparison, we checked the perception of edge artifacts on

zoomed portions that have high contrast edges or textures in a representa-

tive set of natural color images. Since humans are more sensitive to intensity

changes, the RGB images were first transformed to YCbCr space and then only

the Y-channel (intensity) was super-resolved using the algorithms compared.

The chromatic channels (Cb, Cr) containing low-frequency information, were

upsampled using bicubic interpolation. Finally, the three channels were com-

bined and transformed back to RGB color space to get the desired HR image.

These results are shown in Figure 4.6 and Figure 4.7 for 2 × 2 and 4 × 4 SR,

respectively 4.

As is evident from Figures 4.6 and 4.7, edges were significantly blurred by

spline interpolation, while learning-based approaches produced perceptually

more pleasing edges with less artifacts. In comparison to SC and K-SVD, SRPNN

yielded sharper edges with less blurring and blocking artifacts as evident, for

instance, from the patterns on the butterfly in Figure 4.6 and edge along the

4Better viewed on a computer monitor.
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K-SVD SRCNN SRPNNInput KK K-SVD SRCNN SRPNNInput KK

FIGURE 3.5: Examples of experimental results for 4× 4 SR on real images with
unknown HR ground truth.

brim of Lena’s hat in Figure 4.7. Although the results of KK were better than

those of SC and K-SVD, the images were notably over-sharpened and tended

towards unnatural (away from ground truth). These problems were overcome

by the direct nonlinear mappings in SRCNN and SRPNN as their resultant im-

ages were perceptually closer to the ground truth. SRCNN gave a very close

performance to SRPNN, but there were slight differences where SRCNN pro-

duced more blurring or ghost edges, for instance, around the eye and snout of

the lizard.

We also compared the reconstruction performance of SRPNN with other top

performers – K-SVD, KK and SRCNN – on real images (true HR was unknown)

for 4× 4 SR, as shown in Figure 4.8. Edges reconstructed by SRPNN algorithm

were sharper, and had less artifacts compared to K-SVD and KK as evident for

instance, from the edge around the eye of Mandrill in Figure 4.8. SRCNN and

SRPNN gave close results and, depending on the image, the perceptual quality

of one was slightly better than the other. For example, the skin folds around the

baboon’s eye seem to be better reconstructed by SRPNN, while SRCNN seems

to have performed better on the tiger’s nose. There might be an occasional

advantage of capturing gross structures by a larger window using a CNN over

modeling fine local structures by a smaller window using a PNN.

3.3.9 Training efficiency of learning-based techniques

To compare training times across techniques, we trained SC, K-SVD, KK and

SRPNN in a MATLAB 2014b environment on a 2.5 GHz i5 computer with 8

GB memory (hereafter, “the CPU machine"). SRCNN was trained on a com-

puter with 16GB RAM, hexa-core Intel Xeon®CPU, with NVIDIA Tesla®C2075

GPU (hereafter “the GPU machine") because deep learning systems take long

training times without GPUs. As shown in Table 3.5, following the recommen-

dations of their authors, all methods take at least an order of magnitude more

training samples than SRPNN. As seen in Table 3.5 and Figure 3.6a, SRPNN was
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the most accurate and second fastest method to train. Although K-SVD was the

fastest to train, its reconstruction accuracy and testing speed were significantly

lower than that of SRPNN. SRCNN was almost as accurate as SRPNN, but the

slowest to train even though it was the only technique to use the GPU, more

RAM, and more CPU cores. If the GPU machine was not used, SRCNN took

approximately five times longer to train on the CPU machine. The comparison

between training of SRPNN and SRCNN are presented in more detail in Section

4.4.

TABLE 3.5: Training and testing times for 2× 2 SR

Metric SC K-SVD KK SRCNN SRPNN
Training
samples
(’000)

100 130 200 100 10

Training
time
(hh:mm)

08:30 00:15 24:00 96:00a 04:00

Testing
time (s)

81.39 2.47 12.13 0.62 0.51

Mean
PSNR (dB)

27.03 27.27 27.38 27.55 27.61

aSRCNN was trained on the GPU machine. On the CPU machine, SRCNN takes roughly
96× 5 = 480 hours to train.

3.3.10 SR testing efficiency of pre-trained models

We also compared the average testing times for these techniques over 100 im-

ages, each containing 320 × 480 pixels. All techniques including SRCNN were

tested on the CPU machine. For a model pre-trained on external examples,

the implication of this metric is whether the method can be used for real-time

zooming applications. SRPNN turned out to be the fastest, closely followed by

SRCNN, as shown in Table 3.5 and Figure 3.6b. This is because feed-forward

paths of neural networks used in SRCNN and proposed SRPNN for testing are

very fast. This is unlike SC, K-SVD, and KK, which solve complex optimization

problems during testing to compute HR patches. SC was the slowest because

of the poor optimization strategy used for calculating a joint sparse representa-

tion of LR-HR patch pairs. K-SVD used a novel approach for performing such
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FIGURE 3.6: Performance comparison of learning-based SISR methods.

joint-sparse decomposition, which was faster than SC. KK was computationally

expensive in comparison to K-SVD due to time spent in computing the optimal

kernel ridge regression coefficients during testing. Additionally, smaller input

and output patch sizes makes SRPNN faster than SRCNN during testing.

3.3.11 SRPNN training using internal examples

Next, we examined whether SRPNN can be trained on internal examples to

represent a scenario where HR images from a particular domain are rare, and a
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large training dataset of external examples is not available. We took 100 testing

images and trained SRPNN separately for each image on its downscaled (LR)

and twice downscaled (LLR) versions, while testing it to reconstruct the original

image. We compared this with the SRPNN trained on a separate training set of

200 images. In both cases, we used 10,000 patch pairs for training, where the

patch pairs were sampled from the image pyramid of a single image (internal

examples) in the first case, and from image pyramids of 200 training images

(external examples) in the second case. As shown in Table 4.5, the performance

degraded only slightly when internal examples were used.

TABLE 3.6: Training SRPNN on internal vs. external examples

Input SR Metric Internal examples External examples
3× 3 2× 2 PSNR 27.51 27.56

SSIM 0.8766 0.8770
4× 4 PSNR 23.47 23.52

SSIM 0.7008 0.7011
5×5 2× 2 PSNR 27.56 27.61

SSIM 0.8782 0.8816
4× 4 PSNR 23.52 23.59

SSIM 0.7019 0.7063

3.4 Conclusions and Discussion

In this work we proposed a learning-based SISR method that is faster in terms

of training and testing times, with a smaller training sample requirement than

competitive methods without compromising on reconstruction accuracy. These

goals were achieved by careful selection of input and output patch sizes, use of

ZCA to enhance reconstruction of details, and PNNs as learning machines.

Our study of input and output patch sizes supports the following conclusions.

First, a larger output HR window size, even with corresponding increases in

the input window size, is not beneficial for either accurate SR reconstruction or

training speeds (Table 3.1). Second, to estimate an HR patch, the input LR patch

should cover a larger spatial context, which is the Markovian neighborhood of

the parent LR patch. This concept has been implicitly used by others, but we

have methodically justified and experimentally confirmed it (Table 3.1). Third,
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it was surprising that although a larger LR neighborhood was beneficial, the

SR performance saturated at only the second order Markovian neighborhood

(n = 5, for m = 1), as shown in Table 3.1. Along with the first conclusion, this

allows limiting input and output dimensions, whose mapping can be learned

more effectively and efficiently, even using internal examples.

Although both SRCNN and SRPNN are hierarchical models with comparable

accuracy, SRPNN trains much faster due to the following reasons. Since SRPNN

is based on the assumption that SR is a highly local task [62], it’s input and

output patches are much smaller than those of SRCNN. CNNs were originally

formulated to recognize objects in images or large patches. Therefore, a CNN

requires a large number of parameters and training samples to model increased

degrees of freedom. Additionally, its training algorithm, which is basically gra-

dient descent, is not as efficient as GMDH used to train a PNN. Gradient de-

scent is an iterative procedure whose solution quality and number of iterations

are sensitive to random initialization of its weights and biases. Further, it up-

dates all the network parameters simultaneously in each iteration. Weights of

the layers away from the output suffer from gradient dilution, and can get stuck

in long furrows of the objective function for many iterations. On the other hand,

a PNN optimizes its nodes one at a time by solving a deterministic least square

problem. Least squares can be solved fast using moderate RAM for matrices

arising from smaller number of patches that are also of smaller size when used

to train SRPNN as compared to SRCNN. We also avoid the effort to undo ar-

tifacts introduced by intermediate interpolation by learning a direct LR to HR

functional mapping.

Additionally, increasing the emphasis on accurate reconstruction of perceptu-

ally important details such as edges counters the predominance of smooth re-

gions in natural images. ZCA is an important tool for doing so, which also

obviates the need for post-processing methods such as image sharpening used

in some SR techniques. Learning a direct nonlinear functional mapping from

parent LR pixels to HR pixels (or ZCA transforms thereof) instead of learn-

ing other representations such as sparse decomposition for mapping between

the representations seems to produce better results, as demonstrated by both

SRPNN and SRCNN[39, 40].

Our algorithm has certain limitations that may be overcome in future work.

When the SR factor is an integer s, we need to train s2 PNNs, one for each of the
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estimated HR pixel corresponding to an LR patch. It will be better to combine

these PNNs for learning efficiency. Secondly, our framework does not handle

non-integer zoom factors, although Table 3.3 suggests that it can give competi-

tive performance to SRCNN when used on interpolated LR images of the same

zoom factor as the desired HR image. Working directly with an image of the

same size as the desired output can also pave way for other image enhance-

ments, such as denoising and deblurring.



Chapter 4

SISR in wavelet domain

4.1 Introduction

In this chapter, we present a proposed learning-based SISR technique that per-

forms well with external as well internal example based training. The proposed

technique exploits multi-scale modeling and sparsifying properties of wavelets

suitable for capturing scale invariant statistics of natural images [63]. These

properties of wavelets have been used in a range of applications such as im-

age compression and noise elimination [15] [16], segmentation [17], and multi-

fractal image analysis [18]. Previous proposals for SISR algorithms based on

wavelets include [19–23]. A common theme among wavelet-based SISR tech-

niques is to treat the given LR image as the approximation sub-band of the

wavelet transform of the desired HR image whose detail coefficients are to be

estimated. After computing the unknown detail coefficients, inverse wavelet

transform can be computed to obtain the desired HR image. While the pro-

posed algorithm follows this basic approach, it departs from prior works in the

following aspects:

• We used spatial neighbors of the known coefficients to estimate their cor-

responding unknown coefficients to increase the SR reconstruction accu-

racy.

• We exploited previously under-utilized intra-scale dependencies of the

wavelet coefficients in conjunction with widely used inter-scale depen-

dencies to estimate the desired detail coefficients with higher accuracy.

44
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• While many previous proposals to use wavelets were based on generative

models, we developed a discriminative model to learn to estimate the de-

sired wavelet coefficients in a computationally efficient manner. This led

to a further increase in reconstruction accuracy while also reducing train-

ing sample and time requirements compared to state-of-the-art algorithms

(including both wavelet and non-wavelet-based techniques).

• We decoupled the training and testing data and phases using external

examples owing to good generalization capabilities of our framework,

which led to faster run (test) time performance compared to state-of-the-

art algorithms. Decoupling training and testing may allow use of a pre-

trained model on previously unseen images in resource-constrained plat-

forms such as smartphones and field programmable gate arrays (FPGA).

We review widely used wavelet properties and corresponding wavelet domain

SISR methods in Section 4.1.0.1 and 4.1.0.2, respectively. The proposed algo-

rithm is presented in Section 4.2 and experimental results are described in Sec-

tion 4.3. We conclude in Section 4.4.

4.1.0.1 Wavelet transform and its important properties

The wavelet transform of an image is a space-frequency atomic decomposition

that represents an image I in terms of shifted versions of a low-pass scaling

function φ as well as translated and dilated versions of a high-pass wavelet

function ψ [63]. For orthonormal wavelet bases, an image I can be represented

in terms of wavelet and scaling functions as per Equation (4.1)1 [63]:

I(m,n) = Σj,kWφ(s0, j, k)φs0,j,k(m,n) + Σs=s0
s=−∞Σj,kWψ(s, j, k)ψs,j,k(m,n) (4.1)

where, Wφ(s0, j, k) and Wψ(s, j, k) are scaling and wavelet coefficients respec-

tively at a scale (or resolution) s such that s0 is the coarsest or lowest resolu-

tion. The image pixels are indexed by (m,n) while the finite support wavelet
1Equation (4.1) shows a representation of an image I only with respect to one type of detail

coefficients (e.g., horizontal) for illustrative purpose only. Similar analysis is applicable for
vertical and diagonal detail coefficients as well. Further, only dyadic wavelets are considered
in this chapter.
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and scaling functions are indexed by (j, k). Scaling and wavelet coefficients of

Equation (4.1) can be computed as follows:

Wφ(s0, j, k) = Σm,nI(m,n)φ∗s0(m− j, n− k)

Wψ(s, j, k) = Σm,nI(m,n)ψ∗s0(
m− j
s

,
n− k
s

)
(4.2)

where, * represents complex conjugate, ψs0 is the mother wavelet and φs0 is the

corresponding scaling function [63].

Wavelets have the following primary properties that effectively capture scale

invariant statistics of natural images2:

P1 Locality: Each wavelet coefficient represents the image content locally in

space and frequency. The wavelet function ψ acts as a finite support (localized

in space), high-pass filter (localized in frequency) at a given resolution or scale

s, and encodes the local structures such as edges of various orientations.

P2 Edge-detection and sparseness: The wavelet function ψ performs high-

pass filtering operation, and acts like edge detectors. The detail coefficients

|Wψ(s, j, k)| are zero in smooth regions, and thus act as sparse features with

modulus maxima at edge locations. Values of the detail coefficients in the three

sub-bands depend on the edge orientation, sharpness, and intensity difference

on either side of the edge [64].

P3 Multi-resolution representation: Wavelet transform represents an image at

a nested set of scales represented by the dilation (subsampling) parameter s.

When an edge persists at multiple scales, so do the wavelet modulus maxima

associated with its location in an image pyramid, although they decay expo-

nentially across the scale space [63][16].

Properties P1 through P3 lead to a quad-tree structure with parent-child rela-

tionships for the wavelet decomposition of an image at neighboring resolutions

for each of the detail sub-bands (horizontal, vertical and diagonal) as shown in

Figure 4.1a. For SISR, these properties suggest that knowing the parent coeffi-

cient at a coarser scale can give some idea about its children at the desired finer

scale. This inter-scale dependency of wavelet coefficients has been previously

2Within the scope of this chapter we only revisit those important properties of wavelet multi-
resolution analysis that motivate the proposed method of learning an effective prior for SISR.
For a comprehensive theoretical treatment of wavelets, the reader is referred to [63].
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Level-1Level-2Level-3

(A) Inter-scale dependency (B) Intra-scale dependency

FIGURE 4.1: (a) Dependencies between parent coefficients at the coarser scale
and their children at the finer scale form a quad-tree structure. (b) Edge ori-
entation and strength at a location in an approximation sub-band are closely
related to the coefficients at the corresponding locations in the three detail sub-
bands.

used to develop statistical models for SISR [19–23] as well as for various other

image processing tasks [15–18]. These three primary properties are well under-

stood and utilized in various applications including SISR. However, the next

two secondary properties are under-utilized in SISR literature, and led us to de-

velop novel hypotheses for our algorithm. These secondary properties, when

coupled with the properties of natural images such as continuity of edges on

the boundaries of smooth regions, draw intra-scale implications of the primary

properties as follows.

S1 Clustering: Spatial localization of wavelets (property P1) and high spatial

correlation (local smoothness) of natural images suggests that if a wavelet co-

efficient is large, then it will not be an isolated large coefficient in its neighbor-

hood. Conversely, if it is almost zero, then one is likely to find other coefficients

with small magnitudes nearby [15, 63]. The rationale is that the finite spatial ex-

tent of smooth regions and edges in natural images necessitate a certain degree

of spatial dependency among wavelet coefficients in a spatial neighborhood.

S2 Maxima Curves: Modulus maxima in detail sub-band form curves that cor-

respond to the edge curve within the same scale of an image [63]. Thus, if there

is an edge along a particular direction in approximation sub-band at a given
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scale, then there must be non-zero wavelet modulus maxima at the correspond-

ing locations in one or more detail sub-bands at the same scale depending on

the edge’s orientation as illustrated in Figure 4.1b.

Now, we give an overview of the prior approaches to SISR in the wavelet do-

main that exploit the primary properties P1 through P3 and then build our al-

gorithm thereafter.

4.1.0.2 SISR in wavelet domain

Previously, desired wavelet coefficients at the finer scale were regarded as the

samples from an underlying parametrized probability distribution function (pdf )

[19–23]. For a given LR image, the multi-level discrete wavelet transform (DWT)

was computed and the parameters of the assumed pdf for known coarser scale

wavelet coefficients were estimated for each of the horizontal, vertical and diag-

onal sub-bands in accordance with the inter-scale dependency of wavelet coeffi-

cients (Properties P1 through P3). Then, the exponential decay and parent-child

relationship of wavelet coefficients across the scale (property P3) was used to

estimate the parameters of the pdf at the desired finer resolution. The desired

wavelet coefficients were then sampled randomly from the estimated pdf [19–

23]. The underlying assumption in such techniques was that the pdf of the chil-

dren wavelet coefficients was independent of any other coefficient in a wavelet

quad-tree, given their parent. The local dependencies among wavelet coeffi-

cients at a given scale as indicated by the secondary properties were not incor-

porated in these techniques.

To model the sparsity of wavelet coefficients (properties P1 and P2) that cor-

responds to the sparsity of edges in natural images [65], it has been proposed

to model each known wavelet coefficient to be lying in one of the two states:

S(1) for coefficients containing significant edge information and S(0) for the

coefficients with negligible energy [19]. Gaussian mixture model (GMM) was

considered to be a natural choice for representing the pdf of individual wavelet

coefficients Wψ(s,m, n) (denoted henceforth by wsm,n for simplicity) at scale s

and spatial location (m,n) as follows:

p(wsmn) = P (Smn(0)).g(wsmn; 0, σ2
0;mn) + P (Smn(1)).g(wsmn; 0, σ2

1;mn) (4.3)
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where, g(wsmn;µ, σ2
0;mn) is the marginal Gaussian pdf with mean µ and variance

σ, P (Smn(0)) and P (Smn(1)) represent the probability that the wavelet coeffi-

cient at a spatial location (m,n) lies in the states S(0) or S(1), respectively.

The inter-scale parent-child relationship of a wavelet quad-tree (Figure 4.1a

and property P3 in Section 4.1.0.1) was then statistically modelled by Hidden

Markov Trees (HMT) [15], [16] such that the probability of a child coefficient

being in state Smn(k), k ∈ {0, 1}, was dependent only on the state of its parent

coefficient Spmn(k), k ∈ {0, 1}, as illustrated in Figure 4.2. Parameters of this sta-

tistical model were estimated from known multi-level wavelet coefficients of the

given LR image using standard algorithms such as expectation-maximization

or genetic programming [19–23].

Details at scale s

Details at scale s-1

Smn

Smn

p

Child state
at location (m,n)

Corresponding
parent state

FIGURE 4.2: Wavelet domain hidden Markov tree (HMT) for an image quad-
tree: Each wavelet coefficient (white node) has an associated hidden state
(black node) and each parent hidden state is connected to its four child states.
Hidden state of a child coefficient is independent of any other wavelet coeffi-
cient given (the state of) its parent.

It is noteworthy that in equation (4.3), the means of the marginal pdfs of both

the states (S(1), S(0)) were assumed to be zero [15], [16], [19]-[23]. Zero mean

leads to inaccuracy in the wavelet coefficient sign estimation . This limits the

SR reconstruction performance of these algorithms. Tian et al. in [23] overcame

this problem by incorporating separate exponential components for positive

and negative signs, and thus achieved the best SR performance among such

wavelet-based techniques.

There are several ways in which this formulation can be improved. First, learn-

ing a direct nonlinear mapping between a parent coefficient and its children at

finer level is likely to yield better results than using a generative model that
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relies on prior assumptions about their pdf and on random sampling from the

component of the pdf determined by inferring a hidden state. More impor-

tantly, the underlying assumption of the wavelet domain HMT models that the

pdfs of the child coefficients are independent of any other wavelet coefficient in

a wavelet quad-tree given its parents (as illustrated in Figure 4.2) is particularly

limiting for SISR. This is because of the inherent ill-posed nature of the problem

where four children coefficients are estimated from a single parent while the

local correlations among wavelet coefficients as revealed by properties S1 and

S2 (Section 4.1.0.1) are ignored by previous approaches. We propose a novel

SISR algorithm to overcome these problems by exploiting the wavelet prop-

erties more comprehensively and using a more straightforward discriminative

model for HR coefficient estimation.

4.2 Proposed Algorithm

The wavelet properties presented in Section 4.1.0.1 can be linked to specific

properties of natural images [35, 65], making the wavelets a good choice for

modeling the image statistics. For example, the local smoothness of natural

images is reflected in the spatial dependency among wavelet coefficients as

per properties P1 and S1. Further, naturally sparse detail coefficients result

from the edge detection by wavelets as per properties P2 and S2. Finally, the

scale-invariance of natural images is captured using property P3 as the wavelets

maintain modulus maxima at the significant edges across the scale-space. We

hypothesized that exploiting the primary properties pertaining mainly to inter-

scale dependencies in conjunction with their intra scale implications and the

secondary properties will lead to more accurate HR reconstruction as follows.

Based on properties S1 and S2, a detail wavelet coefficient is related to its spa-

tial neighbors in a Markovian sense and their co-located counterparts in the

other sub-bands at a given scale because they all capture the same underlying

image structure, such as an edge. Thus, they are not completely independent of

each other as illustrated in Figure 4.1b. Exploiting this Markovian structure of

wavelet coefficients can help in reducing the solution space of more numerous

children coefficients that lead to the given but less numerous parent coefficients.

For this, we propose using the Markovian neighborhood of the parent (e.g., in

horizontal sub-band) and its’ co-located parent coefficients in other sub-bands
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(e.g., vertical and diagonal sub-bands)3. For example, for a location on an edge

with orientation between vertical and diagonal, a coefficient in the vertical sub-

band as well as its immediate neighbors along the edge will have modulus max-

ima, while there will also be modulus maxima at the corresponding locations

in the diagonal sub-band, according to properties P1, P2, S1, and especially S2.

The nature of these coefficients and their relative value in their respective neigh-

borhoods will be shared with their parents at the next coarser level because of

edge persistence in natural images across scales and the ability of the wavelet

analysis to capture this phenomenon.

Additionally, image structures in the approximation sub-band provide cues for

the existence of wavelet modulus maxima in the detail sub-bands. This is be-

cause for each of the edges present in the approximation coefficient there must

be a modulus maxima curve in either of the detail sub-bands (depending on the

edge type) following that edge. Hence, the Markovian neighbourhood of the

approximation sub-band at a given scale can provide the information required

to estimate the detail coefficients at the same scale.

The most useful implication of this matchup between the properties of natural

images and wavelets is that the relationships learned between the two neigh-

boring scales of wavelet coefficients are expected to generalize for allowing the

prediction of HR image coefficients from the corresponding LR images. Based

on these properties, we propose that for SISR, the estimation of a detail coeffi-

cient will benefit from not only its known parent in the coarser level (see HMT

based SISR in [19]-[23] and Figure 4.2), but also from the following dependen-

cies:

a. Spatial neighbors of its parent and co-parents in the other sub-bands at

the next coarser level.

b. Co-located approximation coefficients and their spatial neighbors at the

same level.

Further, we propose that the desired wavelet coefficients can be estimated us-

ing a straightforward regression framework using the multi-scale wavelet de-

composition of the given LR image (treated as approximation sub-band of the

3We call these co-located parent coefficients in other sub-bands as parallels of the parent
coefficient of the detail sub-band under consideration
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desired wavelet transformed HR image). We term the proposed algorithm as

multi-scale detail prediction (MSDP) and present its training procedure for 2×2

SR using dyadic wavelet transforms in Algorithm 3. An illustration of the in-

puts and outputs of the training procedure of the proposed MSDP algorithm is

provided in Figure 4.3.

Algorithm 3 (Training Phase) Multiscale detail prediction (MSDP)
Input: A training set of images, spatial neighborhood order w, number of training
samples K.
Output: Trained model for estimating the desired wavelet coefficients.

1: Compute an odd window size W = 2w + 1.
2: Compute DWT of each of the training images to yield corresponding level-1 ap-

proximation and detail sub-bands.
3: Compute DWT of level-1 approximation sub-band to yield corresponding level-2

approximation and detail sub-bands for all the given LR images.
4: for i = 1 to K do
5: Pick an LR image and a location (0 < m ≤ M

4 , 0 < n ≤ N
4 ), where (M,N) is the

size of the chosen LR image.
6: Sample patches of sizeW×W from level-2 detail coefficients centered at location

(m,n) from each of the three detail sub-bands (horizontal, vertical and diagonal)
of the selected LR image4. The central pixel of these patches at location (m,n)
are the parents and co-parents of level-1 wavelet coefficients. Concatenate the
vectorized patches to form parent vector vparenti ∈ R3W 2×1.

7: Sample a patch of size 2W × 2W from the corresponding location in level-1 ap-
proximation coefficients of the selected LR image. Vectorize the sampled patch
to obtain approximation vector vapproxi ∈ R4W 2×1.

8: Concatenate the parent vectors, vparenti ∈ R3W 2×1 and approximation vectors
vapproxi ∈ R4W 2×1, to obtain input vectors, vinputi ∈ R(7W 2)×1.

9: Sample 2×2 patches of children coefficients corresponding to the central parent
coefficients of the patches sampled in Step 6 for each of the horizontal, verti-
cal and diagonal details coefficients of the selected LR image. Concatenate the
vectorized patches to form output vectors voutputi ∈ R12×1.

10: end for
11: Learn a functional mapping f : vinput 7→ voutput in a machine learning framework

that minimizes the following loss function:

L(θ) =
1

K

K∑
i=1

J(f(vinputi , θ); voutputi )

where θ are parameters of the learning model and J represents the metric for com-
puting the errors made during supervised training5. We propose to learn the de-
sired functional mapping using a non-linear regression formulation such as sup-
port vector regression.

12: Return the trained regression model with optimized parameters.

5Appropriate padding should be done to avoid border effects.
5Examples of error metrics include mean square error, KL divergence, etc.
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FIGURE 4.3: MSDP illustration: During training, the desired LR to HR map-
ping is learned using Level-1 approximation and Level-2 detail coefficients of
the wavelet transformed training images as inputs and Level-1 detail coeffi-
cients as outputs in accordance with Algorithm 3. At testing, the given LR
image is treated as Level-1 approximation coefficients of the desired HR im-
age whose detail coefficients are missing. The unknown detail coefficients are
estimated using Level-1 approximation coefficients (given LR image) and de-
tail coefficients obtained from the wavelet decomposition of the LR image as
inputs to the trained model of Algorithm 3.

Once the regression model is trained using Algorithm 3, it can be applied to a

test LR image as follows:

a. Patch extraction: Compute DWT of the given LR image to obtain the cor-

responding approximation and detail sub-bands. Starting from the top

left corner of each of the obtained detail sub-bands (horizontal, vertical

and diagonal), extract patches of size W × W and vectorize the patches

to form parent vectors vparent ∈ R3W 2×1. In Addition, extract the patches

of size 2W × 2W from the corresponding locations in the given LR im-

age6 and vectorize them to obtain approximation vectors vapprox ∈ R4W 2×1.

Concatenate the parent vectors and approximation vectors to obtain the

input vectors, vinput ∈ R(7W 2)×1.

6It is noteworthy that the given LR image is treated as the level-0 approximation sub-band
of the wavelet transformed desired HR image whose detail coefficients are missing.
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b. Estimation of the desired wavelet coefficients: Use the input vectors

vinput ∈ R(7W 2)×1 in the trained regression model obtained from Algo-

rithm 3 to estimate the corresponding detail coefficients as the output vec-

tors, voutputi ∈ R12×1. Note that for each of the parent coefficient located at

the center of W ×W window in a given detail sub-band (say horizontal),

the output vector will contain 4 children wavelet coefficients. Rearrange

the obtained wavelet coefficients at respective locations for each of the

desired wavelet sub-bands (horizontal, vertical and diagonal).

c. Estimating the desired HR image: Compute inverse wavelet transform

by using the detail coefficients estimated in Step 3 and treating the given

LR image as approximation sub-band to obtain the desired HR image.

We present some special cases of the proposed MSDP algorithm that can be de-

rived by simply using different sub-sets of inputs in Algorithm 3 to predict the

desired wavelet coefficients. These will be used later to derive insights about

the relative utility of different inputs.

a. Across scale detail to detail prediction (ASSDP): In this case only the parent

and co-parents are used to estimate the desired children coefficients. Thus,

the input vectors in Step 8 of Algorithm 3 will only contain the parent

vectors such that, vinput = vparent with vparent ∈ R3W 2×1. Within ASDDP,

a sub-classification arises when only the parents of the desired wavelet

coefficients in respective sub-bands are used instead of jointly using the

parents in the respective sub-band and co-parents in the other sub-bands

to estimate the children coefficients. In such a case, the co-parents will be

excluded for the parent vectors in Step 6 of Algorithm 3 such that, vinput =

vparent with vparent ∈ RW 2×1 and voutput ∈ R4×1. Please note that we need

to learn a separate set of 3 regression models for each of the horizontal,

vertical and diagonal detail sub-band when co-parents are not used in

estimating the desired wavelet coefficients.

b. Same scale approximation to detail prediction (SSADP): This case arises when

only the approximation coefficients and their sptial neighborhoods are

used to estimate the desired wavelet coefficients. Thus, the input vec-

tors in Step 8 of Algorithm 3 will only contain the approximation vectors

such that, vinput = vapprox with vapprox ∈ R4W 2×1.
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4.3 Experiments and Results

In our experiments, we tested the contribution of various dependencies iden-

tified in Section 4.1.0.1 in estimating the desired detail coefficients. We also

assessed the role of input window size and its information content in the con-

text of SISR performance. We compared the SISR performance of the proposed

MSDP algorithm with state-of-the-art methods on various aspects such as HR

reconstruction accuracy, perceptual image quality, training requirements, test-

ing speed, and ability to train on internal examples. We start by reporting the

training and testing protocols, and hyper-parameter setting.

4.3.1 Training and testing protocol

The proposed MSDP algorithm and the benchmark techniques were compre-

hensively trained and tested on mutually exclusive datasets of, respectively,

200 and 100 images taken from the Berkley image database [60]. The image

sizes were 320 × 480. Following the protocol adopted in [40] for color images,

the training and quantitative testing were done only on the luminance chan-

nel (Y channel in YCbCr color space), where we took the luminance channel

of the given images as ground truth HR, and downscaled them to get the LR

images. Following [23] and [7], we used db9 wavelet for computing the wavelet

transform in MSDP. Further, we tested the SR performance of MSDP with both

feedforward neural networks (NN) and support vector regression (SVR) as re-

gression models (Step 11 of Algorithm 3). Since SVR outperformed NN in terms

of SR reconstruction performance, we present the results of only SVR-based

MSDP in this chapter.

Absolute metrics: Quantitative comparisons were done using two widely used

metrics – peak signal to noise ratio (PSNR, measured in dB) and structural sim-

ilarity index measure (SSIM) [61]. Higher values for both the metrics indicate

better performance. The raw values of PSNR and SSIM had high inter-image

variance for any given technique across the 100 test images than their inter-

technique variance for a given image, as shown in Figure 4.5. Thus, even if

a technique performs better than the other by a small margin for every image,

the statistics of absolute metrics will not be able to show this insight clearly.
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To overcome this limitation of the absolute metrics, we also compared the met-

rics of the relative performance of each technique with respect to a reference

technique.

Relative metrics: For a given technique a and a test image indexed by i, a rel-

ative metric can be computed by dividing an absolute metric pai with the same

absolute metric obtained by the reference technique b on the that image as pai /pbi .

This normalizes for the variance in pai across images indexed by i. The relative

metric will be less than 1 only if the performance of technique a is lower than

that of the reference technique b. We checked the consistency of ranking of tech-

niques by computing the statistics of the relative metrics.

Qualitative comparison: The perceptual quality of the results was tested by

looking for edge-reconstruction artifacts and other distortions on images taken

from widely-used datasets, Set5 [66] and Set14 [42].

4.3.2 Utilizing various wavelet dependencies

We empirically determined the effectiveness of adding different inputs, i.e. the

spatial neighborhood around the parent detail coefficient, co-parents, and cor-

responding co-located patch in the approximation sub-band. We also compared

the reconstruction accuracy of using different inputs in a straightforward non-

linear regression framework with that of the previous best wavelet-based al-

gorithms [23][7]. For instance, TCEM does not use any more information for

estimating a child coefficient than its immediate parent, and only exploits inter-

scale dependency of wavelet coefficients in a hidden Markov tree (HMT) [23].

This Markovian property was only applied to inter-scale dependencies, and not

the intra-scale ones. On the other hand, Mallat et al.’s sparse mixing estima-

tors (henceforth, SME) learns the required image priors for SISR by exploiting

the sparsity and regularity preserving properties of wavelet multi-resolution

analysis by proposing a new class of inverse estimators based on a window

of wavelet coefficients [7]. SME, unlike TCEM, is thus similar to our proposal

to use spatial context from the LR parent coefficients, but without an explicit

justification.
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Spatial neighborhood size: From Table 4.1, the positive impact of increasing

the input window size is clear. All three variants of the proposed algorithm (AS-

DDP, SSADP, and MSDP) perform better with larger window sizes. Addition-

ally, TCEM, which uses only one LR coefficient to estimate each HR coefficient

does not perform as well as SME, which uses an LR patch for HR coefficient

estimation. We did not bucket SME into a particular window size, because its

organization of inputs and outputs does not exactly fit in our framework, but it

is clear that it uses larger than a 1× 1 window of influence from LR coefficients

on each HR coefficient to be estimated.

It is noteworthy that the increase in SISR performance saturated at 5 × 5 input

window size indicating that a second order spatial neighborhood was enough

to estimate the desired wavelet coefficients for MSDP. Hence, for rest of the

experiments, the input patch size for MSDP was fixed to 5 × 5 (w = 2 in Algo-

rithm 3).

Other sub-bands and nonlinear regression: For a fixed window size, it is also

clear that the additional information used to estimate the desired wavelet coef-

ficients improved the SISR performance in each row of Table 4.1. The proposed

MSDP technique significantly outperformed the other wavelet-based techniques.

This is because the proposed MSDP algorithm comprehensively exploits the

multi-scale natural image modeling properties of the wavelet transform in a

straightforward nonlinear regression framework. This allows it to better re-

construct the desired high-frequency components (e.g. edges) which are also

perceptually more plausible as shown in Figure 4.4. Additionally, the superior

performance of SSADP over ASDDP suggests that approximation sub-band at

the same scale may contain same or more information as compared to all the

detail sub-bands at the next coarser scale put together.

4.3.3 Benchmark techniques for comparison

For benchmark comparisons, we selected contemporary, high-performing learning-

based techniques from sub-categories mentioned in section ??. While Yang et

al. were the first to propose a technique based on sparse-coding that exploits

the inherent sparsity of natural images by learning a coupled LR-HR dictio-

nary [26], its variant proposed by Zeyde et al. has surpassed it in training and

testing speed while matching it in accuracy [42]. These techniques are based



Chapter 3. SISR in wavelet domain 58

TABLE 4.1: 2 × 2 SR performance as a function of window size and compar-
ison with benchmark wavelet based techniques. In ASDDP, P and C indicate
parents and co-parents respectively.

Technique→
Patch size ↓

ASDDP SSADP MSDP TCEM SME
P P+C

1× 1
26.94
.8621

27.06
.8674

17.28
.6519

27.11
.8679

26.51
.8499 27.04

.86913× 3
27.33
.8764

27.45
.8788

27.63
.8834

27.71
.8914

5× 5
27.48
.8771

27.57
.8795

27.68
.8842

27.84
.8931

7× 7
27.52
.8774

27.64
.8798

27.70
.8845

27.86
.8936

TCEM SME MSDP Ground Truth

FIGURE 4.4: 2 × 2 SR performance comparison among wavelet based tech-
niques

on linear combinations of HR primitives, which we think limits their recon-

struction performance. Techniques based on nonlinear regression between LR

and HR patches using sparse kernelized regression (KK) [33] or a recently pro-

posed deep learning-based technique that learns a direct LR to HR mapping

using a convolution neural network (SRCNN) [40] report better reconstruction

performance than those based on linear reconstruction. In our experiments, SR-

CNN has outperformed a previous benchmark learning-based SISR technique

known as adjusted anchored neighborhood regression [67] both in terms of re-

construction performance and testing time. Hence, we present the results of

only K-SVD [42], K-SVD [42], and SRCNN [40]. We also compared against
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spline interpolation, which is a legacy technique. For the chosen benchmark

techniques, publicly available codes or the parameter settings provides by the

authors were used.

4.3.4 Impact of number of training samples

First, we establish that the MSDP trains with far fewer samples than the bench-

mark techniques by tabulating average PSNR of each technique on test images

by training them on different number of patches from the training images. As

shown in Table 4.2, MSDP’s performance did not improve much when the num-

ber of training samples were increased beyond 10, 000, while the benchmark

SISR techniques required a lot more training samples to reach respective sat-

uration levels. For example, the performance of K-SVD [42], KK [33] and SR-

CNN [40] saturated at around 150,000, 200,000 and 100,000 training samples, re-

spectively. Hence, for rest of the experiments we used 10, 000 training samples

for MSDP training and for the benchmark techniques, the number of training

samples at which the respective SISR performance saturated were selected in

accordance with the results of Table 4.2.

TABLE 4.2: 2 × 2 SR performance as a function number of training samples
(×103): Mean PSNR and SSIM

# of samples→
Technique ↓ 5 10 50 100 150 200

K-SVD 21.01
.6987

22.75
.7639

25.17
.8456

26.93
.8679

27.23
.8726

27.25
.8738

KK 20.78
.5843

22.91
.6885

25.52
.7948

26.74
.8628

27.16
.8703

27.38
.8731

SRCNN 22.46
.6974

26.82
.8193

27.35
.8768

27.59
.8813

27.63
.8819

27.65
.8822

MSDP 27.09
.8549

27.84
.8931

27.84
.8942

27.86
.8948

27.88
.8952

27.89
.8960

4.3.5 Quantitative comparison of the reconstruction accuracy

The comparison of MSDP with the selected techniques on the test dataset of 100

images is presented in Table 4.3 for 2× 2 and 4× 4 SR. Comparison of the mean

PSNR and SSIM values for the two zoom factors gave a clear ranking of the
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TABLE 4.3: Average PSNR, SSIM, relative PSNR and relative SSIM (and their
standard errors) on 100 test images. Relative PSNR or SSIM for an image using
a technique was computed by dividing the PSNR or SSIM obtained by using
the technique with that obtained using SRPNN.

Metric SR Factor Spline K-SVD KK SRCNN SRPNN

PSNR 2 × 2 24.70 (.348) 27.23 (.366) 27.38 (.341) 27.59 (.342) 27.84 (.342)
4 × 4 21.31 (.286) 23.12 (.315) 23.28 (.319) 23.90 (.320) 24.29 (.321)

SSIM 2 × 2 .8002 (.00819) .8726 (.00633) .8731 (.00635) .8813 (.00635) .8931 (.00633)
4 × 4 .5925 (.01498) .6916 (.01325) .6956 (.01324) .7063 (.01326) .7142 (.01324)

Relative PSNR 2 × 2 .8681 (.00757) .9577 (.00134) .9627 (.00080) .9899 (.00066) 1 (0)
4 × 4 .8787 (.00510) .9521 (.00228) .9582 (.00093) .9719 (.00090) 1 (0)

Relative SSIM 2 × 2 .8943 (.00361) .9769 (.00035) .9775 (.00031) .9867 (.00027) 1 (0)
4 × 4 .8195 (.00639) .9670 (.00077) .9728 (.00062) .9785 (.00053) 1 (0)

techniques. The proposed MSDP algorithm was consistently the top performer,

followed in order by SRCNN [40], KK [33], K-SVD [42], and spline interpola-

tion. As expected, nonlinear learning based methods performed better than the

linear ones. Further, learning based SISR methods convincingly outperformed

the legacy spline interpolation by a wide margin.
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FIGURE 4.5: Comparison of MSDP with benchmark SISR algorithms

It is noteworthy that due to high inter-image variance (for any given technique)

the standard error of the mean absolute metrics was high. An example of this is

illustrated in Figure 4.5 for SSIM. SSIM for 2 × 2 SR was the highest for MSDP

for every image, yet this insight can be buried due to inter-image variance when
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22.41/0.8383 28.25/0.9573 28.33/0.9598 28.75/0.9634 28.86/0.9678 PSNR/SSIM

32.60/0.9889 35.21/0.9929 35.25/0.9921 35.39/0.9934 35.52/0.9946

31.30/0.9753 31.28/0.976131.02/0.972130.82/0.970829.31/0.9664

Spline K-SVD KK SRCNN MSDP Ground Truth

FIGURE 4.6: Experimental results for 2× 2 SR

22.41/0.8383 27.62/0.9072

Spline K-SVD KK SRCNN MSDP Ground Truth

27.90/0.9102 28.69/0.9539 28.90/0.9574 PSNR/SSIM

24.80/0.8147 30.28/0.892629.92/0.882129.58/0.874929.05/0.8690

26.77/0.8521 31.40/0.938930.98/0.928430.47/0.912830.24/0.9096

FIGURE 4.7: Experimental results for 4× 4 SR

the statistics of the absolute metrics are examined. Therefore, instead of show-

ing a box and whiskers plot, a more insightful comparison with low standard

error emerged by computing the relative metrics for each technique across 100

test images as explained in Section 4.3.1 by using MSDP as the reference tech-

nique for each image, which confirmed the ranking obtained using the absolute

metrics.
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K-SVD SRCNN MSDPInput KK K-SVD SRCNN MSDPInput KK

FIGURE 4.8: Experimental results for 4× 4 SR on real images

4.3.6 Qualitative comparison of color images

We also compared the perceptual quality of edge reconstruction on zoomed

portions having high contrast edges or textures in a representative set of nat-

ural color images taken form widely used datasets set5 [66] and set14 [42]. We

first transformed the RGB images to YCbCr space and then applied the MSDP

algorithm only on the Y-channel (intensity), since humans are more sensitive

to intensity changes. The chromatic channels (Cb, Cr) characterized by low-

frequency information, were interpolated using bicubic interpolation. The three

channels were finally combined and transformed back to RGB space to get the

desired HR image. These results are shown in Figure 4.6 and Figure 4.7 for 2×2

and 4× 4 SR, respectively.

It is clear that the results of spline interpolation were significantly blurred.

Learning based techniques reduced the blurring artifacts and generally pro-

duced sharper edges than spline interpolation because of their better edge mod-

eling capabilities. Although, the results of KK were better than those of K-SVD,

its images were notably over-sharpened and tended towards unnatural (away

from ground truth). These problems were overcome by the direct nonlinear

mapping in SRCNN in spatial domain and MSDP in wavelet domain as their

qualitative results were perceptually closer to the ground truth. MSPD gave

perceptually better edge reconstruction owing to the exploitation of multi-scale

edge preserving properties of wavelet transform that are in line with multi-scale

properties of natural images.

In the real world, generally the ground truth HR images are not available and

it is more meaningful to compare the perceptual reconstruction quality of SISR

algorithms. Hence, we evaluated the qualitative performance of the proposed

MSDP with the other top-performers – K-SVD, KK and SRCNN – on real im-

ages (ground truth HR was not available) for 4 × 4 SR, as shown in Figure 4.8.

The edges reconstructed by MSDP algorithm were sharper without any obvious

artifacts compared to K-SVD KK, and SRCNN.
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4.3.7 Training efficiency of learning-based techniques

For training time comparisons, K-SVD, KK and MSDP algorithms were trained

in a MATLAB 2014b environment on a 2.5 GHz i5 computer with 8 GB memory

(hereafter, “the CPU machine"). SRCCN was trained on a computer with 16GB

RAM, hexa-core Intel Xeon®CPU, with NVIDIA Tesla®C2075 GPU (hereafter

“the GPU machine") because deep learning based techniques take long training

times without GPUs. As shown in Table 3.5, following the recommendations

of their authors, all methods take at least an order of magnitude more training

samples than MSDP. Further from Table 4.4 and Figure 4.9a, it is evident that

MSDP was the most accurate and second fastest method to train. K-SVD was

the fastest due to optimized K-SVD implementation along with bootstrapping,

but fourth most accurate, being a linear method. SRCNN was the second best

performer in terms of SISR reconstruction, but the slowest one to train even

though it was the only technique to use the GPU, more RAM, and more CPU

cores. If the GPU machine was not used, SRCNN took approximately five times

longer to train on the CPU machine.

4.3.8 SR testing efficiency of pre-trained models

We also compared the average testing time for MSDP with those for the bench-

mark techniques over 100 images of size 320 × 480 pixels. All techniques in-

cluding SRCNN were tested on the CPU machine. For a pre-trained model

on external examples, this metric highlights the practical utility of a method in

real-time zooming applications. As seen in Table 3.5 and Figure 3.6b, MSDP

was the fastest, followed by SRCNN. This is because the straightforward re-

gression formulation of MSDP and the feed-forward paths of neural networks

in SRCNN are very fast during testing. This is unlike K-SVD, and KK, which

solve complex optimization problems during testing to compute HR patches.

4.3.9 MSDP training using internal examples

We also evaluated the performance of MSDP trained using internal examples

to examine the performance of MSDP in a scenario where HR images from a

particular domain are rare, and a large training dataset of external examples is
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FIGURE 4.9: Performance comparison of learning-based SISR methods.



Chapter 3. SISR in wavelet domain 65

TABLE 4.4: Comparison of training overhead, testing time and reconstruction
performance for 2× 2 SR

Technique
Metric K-SVD KK SRCNN MSDP

# of samples (×103) 150 200 100 10
Training Time 00:15 24 96 0:35
Testing Time 2.63 12.13 0.60 0.51
Mean PSNR (dB) 27.23 27.38 27.59 27.84

not available. We took 100 testing images and trained MSDP separately for each

image using wavelet transform of its downscaled version (LR image). While

testing, level-1 detail coefficients were estimated using Level-1 approximation

(LR image) and Level-2 detail coefficients (obtained by wavelet decomposition

of the LR image). Inverse wavelet transform was then computed to reconstruct

the original image. We compared this with MSDP trained on a separate training

set of 200 images. In both cases, we used 10, 000 patch pairs for training, where

the patch pairs were sampled from the wavelet decomposition of a single image

(internal examples) in the first case, and from wavelet decompositions of 200

training images (external examples) in the second case. As shown in Table 4.5,

the performance degraded only slightly when internal examples were used.

TABLE 4.5: Training MSDP on internal vs. external examples

Input SR Metric Internal examples External examples
3× 3 2× 2 PSNR 27.29 27.71

SSIM 0.8827 0.8914
4× 4 PSNR 23.76 24.08

SSIM 0.7008 0.7093
5×5 2× 2 PSNR 27.46 27.84

SSIM 0.8849 0.8931
4× 4 PSNR 24.02 24.29

SSIM 0.7081 0.7142

4.4 Discussion and Conclusion

We proposed a learning-based SISR algorithm in the wavelet domain, in which

we utilized the matchup between scale invariant properties of natural images

and multi-resolution analysis capabilities of the wavelet transform [63]. Our
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main contributions over the prior work on wavelet-based SISR techniques are

the following. While inter-scale implications of wavelet properties have been

used before, we showed in our reinterpretation that they also have certain intra-

scale implications, which informed the dependency structure of our learning

framework. For example, in addition to using the parent pixel at the next

coarser scale to estimate a desired detail coefficient, we used approximation

coefficients at the same scale, and coefficients co-located in other detail sub-

bands at the next coarser scale as inputs to the proposed learning framework.

Additionally, we used spatial neighbors of these inputs also as inputs to get

the spatial context of local patch structure that presumably occupies a much

smaller subspace in the space of all possible patches. We also showed that the

information needed to estimate a detail coefficient saturates with increase in the

spatial neighborhood beyond a certain size. Additionally, the most important

input comes from the approximation sub-band at the same scale, as opposed

to the parent detail or other detail sub-bands at the next coarser level. This is

because the approximation sub-band at a given level can independently give

complete information to compute the three detail sub-bands at the next coarser

level, but not the other way round.

Learning from patch pairs sampled from consecutive levels of wavelet decom-

positions of a large set of images exploits self-similarity and patch-recurrence

properties of natural images. When combined with multi-resolution analysis

properties of wavelets, such learned mapping generalized well to unseen im-

ages, which resulted in superior reconstruction accuracy of the proposed algo-

rithm. Additionally, we took a direct approach to learning the mapping from

the input coefficients to the desired HR detail coefficients instead of model-

ing their distribution in a generative fashion followed by a sampling approach.

Unless the generative probability distributions are very specific with large and

narrow peaks, sampling can always lead to errors and inconsistencies between

neighboring coefficients. This may explain why our discriminative approach

performed better than generative ones such as TCEM [23] and SME [7]. Addi-

tionally, discriminative approaches such as SVR used in the proposed algorithm

train and test fast, which explains our speed advantage.

Compared to the state-of-the-art approach, SRCNN, we think that the proposed

algorithm performed better because it used the right set of inputs for estimating

the desired HR pixels. That is, we modeled SR as a problem of estimating the
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local patch structure as opposed to using large patches. This helps the learning

machine focus better on a less complex function with smaller input and output

dimensions, and thereby learn a more accurate mapping with smaller require-

ments of training sample size and time to the extent that it even trains well with

only internal examples.

Our key conclusion is that SISR is an inverse problem which requires a finite

but limited local context to resolve. So long as this context is used judiciously,

there isn’t much to be gained by increasing the context, which ends up increas-

ing the training requirement instead.

While the proposed algorithm based on wavelets improves over the state-of-

the-art in terms of PSNR and SSIM, there is scope for further investigation. The

choice of mother wavelet has not been investigated in this work, although there

exists some previous work to guide in that direction, for example [24]. We used

db9 wavelet because of its known ability to model a wide range of natural im-

ages. Another direction to explore is the choice of regression model in addition

to SVR and neural networks. While it is possible that these investigations will

bring additional performance increases, the main focus of this chapter was on

re-interpretation of wavelet properties, particularly, intra-scale dependencies,

in the context of super resolution. Another direction to be explored is HR for

zoom factors that are not powers of 2. Because we used dyadic wavelets, we

experimented with zoom factors that were powers of 2, although other zoom

factors can also be simulated using non-dyadic wavelets or down-sampling by

an appropriate factor before applying SR that is a power of 2.



Chapter 5

Learning based Super-Resolution of

Histological Images

5.1 Introduction

For better perception and analysis of images, good quality and high resolu-

tion (HR) are always preferred over degraded and low resolution (LR) images.

Getting HR images can be cost and time prohibitive. Super resolution (SR) tech-

niques can be an affordable alternative for small zoom factors. In medical imag-

ing, specifically in the case of histological images, estimating an HR image from

an LR one requires preservation of complex textures and edges defining various

biological features (nuclei, cytoplasm etc.). This challenge is further aggravated

by the scale variance of histological images that are taken of a flat biopsy slide

instead of a 3D world. We propose an algorithm for SR of histological images

that learns a mapping from zero-phase component analysis (ZCA)-whitened

LR patches to ZCA-whitened HR patches at the desired scale. ZCA-whitening

exploits the redundancy in data and enhances the texture and edges energies

to better learn the desired LR to HR mapping, which we learn using a neural

network. The qualitative and quantitative validation shows that improvements

in HR estimation by proposed algorithm are statistically significant over bench-

mark learning-based SR algorithms.

68
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5.2 Proposed Algorithm

We propose to learn the desired LR to HR functional mapping using LR-HR

RGB color patch pairs. Let g(.) be the desired mapping from a vectored LR

patch, y ∈ Rn×n×3 (n being odd), to the vectorized HR patch, x ∈ Rs×s×3, corre-

sponding to s × s × 3 SR of the central LR pixel of the LR patch. We formulate

learning this mapping as a nonlinear regression problem with 3n2 inputs, and

3s2 outputs. SR factor s is part of the problem and n represents a tradeoff be-

tween SR accuracy and learning efficiency both in terms of training time and

samples required. Note that n > s represents a larger LR footprint than the

s× s HR pixels being estimated to bring larger spatial context.

5.2.1 Objective function for learning LR to HR mapping

The general objective function to learn the desired mapping is described as fol-

lows:

argmin
g
||x− g(y)||22 (5.1)

We used feed-forward neural networks (NNs) to learn the desired mapping g(.)

of equation (5.1). The fine details at structurally different local regions can be

better learned by NN which shows powerful function approximation capabil-

ities [36]. Our hope was that given enough examples of LR-HR patch pairs

that span the entire subspace of histological image patches at given scale pairs,

the learned mapping using NNs would generalize to unseen patches of test LR

images.

5.2.2 Concentrating optimization energy on edges using ZCA

Given the importance of edges for visual perception, we propose that the de-

sired functional mapping should penalize visually salient errors that occur along

the edges and other fine texture. Let T be a transformation required to extract

edges. ZCA whitening is a linear transform that amplifies visually salient high-

frequency components from images by normalizing the variance of the data in

the direction of each eigenvector [51]. ZCA can be applied to K vectorized LR

patches as follows:
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a. Compute and save the mean µk of a vectorized LR patch, yk ∈ R3n2×1, ∀ k ∈
{1, 2, . . . , K}

b. Compute mean centered vector ŷk ∈ R3n2×1 by subtracting from each ele-

ment of vector yk its’ mean µk.

c. Arrange all K mean centred vectors {ŷ1, . . . , ŷK} in columns of matrix

Ŷ ∈ R3n2×K and compute the covariance matrix CŶ.

d. Compute eigenvalues and eigenvectors of CŶ. Stack the eigenvectors of

CŶ in columns of matrix U and let D be the diagonal matrix of the corre-

sponding eigenvalues.

e. Compute and save the ZCA rotation matrix that whitens the data by re-

distributing the energy of eigenvalues:

ZY = UD−1/2UT (5.2)

f. For each mean-centered vector ŷk compute the corresponding ZCA whitened

vector as TY(yk) = ZYŷk.

Similarly, we compute the vectorized ZCA whitened patches TX(xk) = ZXx̂k

from vectorized HR patches xk ∈ R3s2×1 corresponding to the children of the

central LR pixels in LR patches yk ∈ R3n2×1, ∀ k ∈ {1, 2, . . . , K}. We learn the

proposed functional mapping from whitened patches TY(y) to TX(x) instead of

from y to x in equation 5.1.

5.2.3 SRNN algorithm

Algorithm 4 presents the proposed SISR procedure.

5.3 Experiments and Results

We compared our algorithm against the ubiquitous bicubic interpolation, Kim

et.al state-of-the-art algorithm for SR of natural images (henceforth, Kim)[1] and

joint low-high resolution dictionary learning for general image super-resolution

(henceforth, SCSR for sparse coding based super resolution) [2]. We conducted
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Algorithm 4 SRNN algorithm
Input: A dataset of training images, an input LR image of size M × N × 3, desired
integer SR factor s, LR window size n.
Output: Desired sM × sN × 3 HR image.

Training (Learning inter-scale mapping):
1: Extract a large sample (e.g. 10,000) of vectorized, n×n×3 (n being odd) LR patches,

y ∈ R3n2×1, with one pixel overlap from LR training images ILRi and their corre-
sponding vectorized s× s× 3 HR child patches, x ∈ R3s2×1, corresponding to only
the central pixel of the patches from HR training images IHRi .

2: Apply ZCA whitening (Section 5.2.2) to the vectorized LR and HR patches, and
save the ZCA rotation matrices.

3: Train a feed-forward neural network (NN), to learn the desired mapping from ZCA
whitened parent LR patches TY(y) ∈ R3n2×1 to child HR patches TX(x) ∈ R3s2×1.
Testing (HR image reconstruction):

4: Extract vectorized, n × n × 3 (n being odd) patches from given test LR image with
one pixel overlap, apply ZCA whitening using the saved rotation matrices found
in step 2, and use ZCA whitened vectorized patches to form the input matrix for
the NNs.

5: Compute the desired child HR pixels using vectorized patches of step 4 as input to
the trained NN of step 3.

6: Invert the ZCA whitening, re-arrange vectorized HR pixels at their respective lo-
cations, and return the reconstructed HR image. Note that the corresponding LR
parent pixel value is used in lieu of the unknown HR s× s× 3 patch mean.

experiments on two commonly used stains – H&E and Feulgen. For the first

experiment with H&E images, we used one patient data with 112 images made

available for the MITOS-ATYPIA-14 contest, in which LR images could be paired

with their ground truth HR images. That is, for 20× images corresponding 40×
were available. This pairing of real 20× with 40× was needed because histol-

ogy images are not scale-invariant unlike natural images. We had to register

the LR-HR pairs for training and testing. This was done as follows. We first

registered the 20× images with the corresponding 40× images rigidly by (bicu-

bic) up-scaling the 20× to create synthetic 40× and registering it to real 40×
and then down-scaling the synthetic 40× to get a registered 20×. In the sec-

ond experiment on Feulgen stained prostate histology images, we didn’t have

paired LR images, so we created synthetic LR-HR pair by bi-cubic down-scaling

of the available 40× HR images to form corresponding synthetic LR images.

This didn’t require any registration. For testing in both experiments, we kept a

set of images exclusively for testing such that no data from them were used in

training the NN.

Structural similarity index (SSIM), is a popularly used metrics in evaluation of
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super-resolution algorithms that measure only the preservation of structures in

the chrominance, while color cues are also important in the histology images to

give complete information such as contrast between different epithelium and

stroma. We, therefore, used quaternion structural similarity index (QSSIM) be-

cause it measures both luminance and chrominance degradation [68] and peak

signal to noise ratio (PSNR) for evaluation.

Experiment on H&E stained breast tissue: A total of 112 registered LR-HR im-

age pairs were divided into 64 for training and 48 for testing. The LR and HR

images were of sizes 768×688 and 1536×1376 respectively. From the 64 such

training image pairs, 128,000 patch pairs of size 5×5×3 were randomly sam-

pled for training Kim[1], SCSR[2], and the proposed SRNN. We found that for

2×2 SR (s=2), an input window size of 5×5 (n=5) to be optimal which is same

as that reported in [2]. For SRNN, the neural network had a single hidden layer

of 300 neurons, 5×5×3=75 input neurons and 2×2×3=12 output neurons (sam-

ple input-output sizes for NN). Activation function was sigmoid for the hidden

neurons and linear for output neurons. A quasi-newton convex-optimization

method known as L-BFGS [69] was used to optimize weights through back-

propagation. For the SCSR, the best setting of dictionary size and sparsity

regularization were 1024 and 0.15 respectively [2]. For testing, we randomly

sampled 240 sub-images of size 140×140 from the LR test images, and their

corresponding HR testing sub-images as ground truth. Each predicted HR sub-

image was compared with the ground truth to evaluate QSSIM and PSNR met-

rics. The resultant box-plot statistics are presented in the Figure 5.1a-5.1b. As

shown, our method outperformed the Kim and SCSR (p<0.001 by Wilcoxon

signed-rank test). Also, proposed SRNN is comparatively better at test time.

It takes 0.02, 5.06, 94.09, and 1.22 seconds to super resolve 140 ×140 LR image

respectively by bicubic, Kim, SCSR and SRNN.

Experiment on Feulgen stained prostate tissue: From a dataset of 19 HR im-

ages of sizes varying from 1400×1600 to 2100×2600, 13 were used for training

and 9 for testing. For each HR image, corresponding LR images were formed

by bicubic downscaling. We found the 7×7 (n=7) to be the optimal input win-

dow size for 2×2 SR (s=2). From 13 training image pairs, we randomly ex-

tracted 168,000 LR-HR training pairs of input size 7×7×3=147 and output size

2×2×3=12. These extracted pairs were ZCA-whitened to train the proposed

SRNN. The trained algorithms were evaluated on the 574 testing LR sub-images
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FIGURE 5.1: (A) QSSIM and (B) PSNR for H&E, (C) QSSIM and (D) PSNR for
Feulgen, between predicted HR by methods M1 (Bicubic), M2 (Kim)[1], M3
(SCSR) [2], M4 (Proposed SRNN) and ground truth

Ground TruthSRNNSCSRKimFull Image Bicubic

FIGURE 5.2: Visual comparison of HR predictions: The arrows show that the
bi-cubic spline blurs the edges to a larger extent, SCSR blurs to a lesser extent
and Kim over-sharpen them. Proposed SRNN predicts the HR images closest
to the ground truth.

of size 140×140 randomly extracted from testing data. QSSIM and PSNR were

calculated between HR predictions by a method and ground truth. As shown

by box-plot in Figure 5.1c-5.1d, the proposed method outperformed the Kim

and SCSR (p<0.001 by Wilcoxon signed-rank test).

Qualitative results of SR by Kim[1], SCSR [2], and proposed approach are shown
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FIGURE 5.3: Comparison of SRNN with (M1) and without (M2) ZCA whiten-
ing

in Figure 5.2. When zoomed in (the circle), it can be seen that the details around

the high contrast edges estimated using proposed SRNN are closer to ground

truth as compared to other algorithms as shown by arrows which is also re-

flected in the quantitative results.

Effectiveness of ZCA whitening transform on neural network: We used H&E

stained breast tissue data to analyze the performance of NN with and without

ZCA transform. The HR predictions on the testing data were compared with

the ground truth to get QSSIM and PSNR metrics. The box-plots in Figure 5.3

confirm that NN with ZCA whitening does much better prediction than with-

out ZCA whitening (here again, p<0.001 by Wilcoxon signed-rank test).

5.4 Discussion and Conclusions

Applying super-resolution algorithms on histological images is not straightfor-

ward since the histological magnification is not scale invariant. A high resolu-

tion histological image has richer information than its low resolution counter-

part. These scale-dependent cues are not known beforehand, should be learned

from a standard histology LR-HR data and cannot simply be interpolated. There-

fore, learning-based SR techniques outperform others. Among the learning-

based techniques, ours was based on ZCA-transform and direct mapping from

LR patches to HR, which outperformed other techniques. Based on the abun-

dant edges and textural features in the histological images, ZCA-whitening of

the input and target output data helps in better reconstruction by concentrating
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optimization energy on these features. The ZCA whitening transform exploits

the redundancy of pixels and enhanced the optimization energy at the edges

for learning a better inverse mapping function by a single hidden layer NN.



Chapter 6

Uniqueness of Non-negative matrix

Factorization: An introduction

6.1 Introduction

Source separation is a statistical signal processing problem which arises in sev-

eral application where the observation model assumes that m measured sig-

nals, called observations, are mixtures of p non-observed signals, called sources

[70]. From n samples of each observation signal, the linear instantaneous mix-

ing model in the noise-free case can be represented by the following matrix

formulation

X = AS, (6.1)

whereX is the (m×n) data matrix, containing them observation signals {xik; k =

1, . . . , n}mi=1 in its rows,A is a (m×p) mixing matrix, S is a (p×n) matrix contain-

ing the p source signals {sjk; k = 1, . . . , n}pj=1 in its rows. In some applications,

such as hyperspectral imaging and spectroscopy, due to their physical meaning,

the source signals as well as the mixing coefficients are subject to non-negativity

constraints

∀(i, j), aij > 0 and ∀(j, k), sjk > 0, (6.2)

which will be denoted

A > 0 and S > 0. (6.3)
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According to this model, the source separation goal is to find matricesA and S

that jointly fulfill the mixing model (6.1) and satisfy the constraints (6.3). This

problem is also called non-negative matrix factorization (NMF).

In the case of an exact decomposition of the data matrix, this formulation is

similar to that of factorizing a non-negative matrix into the product of two non-

negative matrices. The first publications related to the NMF problem appeared

in the field of linear algebra [71–74] where the authors concentrated their effort

to formulate conditions for the existence and the uniqueness of such a factor-

ization. Regarding the decomposition algorithms, pioneering contributions of

Tauler, Kowalsi and Fleming [75], Paatero and Tapper [76, 77] proposed orig-

inal algorithms to find an approximate factorization of a matrix in the case of

spectroscopic data and noisy observations, by alternating non-negative least

squares estimation in the first case and penalized least squares estimation in

the second. More recently, Lee and Seung [78] presented two fast algorithms

dedicated to non-negative matrix factorization (NMF). NMF and source sep-

aration with non-negativity constraint have since remained an active research

topic [79–83].

However, before trying to effectively estimate the positive sources and the mix-

ing coefficients, a key point is to answer some questions related to the model

indeterminacies and to the uniqueness of the solution. Furthermore, when the

solution is not unique, it is also useful to determine the range of admissible so-

lutions. In that respect, a necessary and sufficient condition for the uniqueness

of non-negative matrix factorization have been formulated in the field of linear

algebra by Chen [84], but this condition does not give any numerical insight

to check if a non-negative matrix admits a unique non-negative factorization.

Although, Park et al. [85] and Smilde et al. [10] haveexpressed some sufficient

uniqueness conditions well adapted to some specific applications but they seem

not to be applicable for a general purpose. In the particular case where only the

source signals are constrained to be non-negative and under the assumption of

statistically mutually independent sources, the problem is called non-negative

independent component analysis. In this case, Plumbley and co-authors have al-

ready provided an analysis of uniqueness conditions [86] and proposed some

separation algorithms [87].

The main goal of this chapter is to analyze and discuss the indeterminacies of

source separation under the non-negativity constraint alone. Necessary and
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sufficient conditions ensuring the uniqueness of the solution are formulated

and a discussion about which kind of information can help to raise the ambi-

guity. This chapter is organized as follows: section 6.2 states the indeterminacy

problem in the general case, reformulates the scaling and ordering indetermina-

cies in the framework of non-negative source separation and gives some neces-

sary definitions and properties. Section 6.3 addresses the uniqueness conditions

where a geometrical interpretation of these conditions is given allowing to link

our results with previous works [84, 88]. The calculation of the admissible solu-

tions is discussed in section 6.4. The case of more than two sources is considered

in section 6.3.3.

6.2 Problem Statement and Preliminaries

Assume the existence of a non-negative factorization of the data matrix X ∈
Rm×n into matrices A ∈ Rm×p and S ∈ Rp×n. Let us start with any pair (A,S)

that fulfill the mixing model (6.1) and let us introduce a non-singular (p × p)

matrix T . A new pair (Ã, S̃) can be defined by

Ã = AT−1, (6.4)

S̃ = TS, (6.5)

with no modification in the data matrix, i.e. X = Ã S̃. In the unconstrained

case, this well known result shows the existence of an infinite number of exact

factorizations of the matrix X . In the case of non-negative source separation,

a possible linear transformation should lead to transformed matrices Ã and S̃

satisfying the non-negativity constraints

Ã > 0 and S̃ > 0. (6.6)

In that respect, three questions arise:

a. what are the conditions on the actual source signals and mixing coeffi-

cients ensuring the uniqueness of a decomposition (6.1) respecting the

constraints (6.3)?

b. if the decomposition is not unique, what are the admissible (feasible) so-

lutions?
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c. among all the admissible solutions, can we define a more plausible one?

These three points will be addressed in this chapter. Before going further, let

us reformulate the scaling and the ordering indeterminacies in the case of non-

negative source separation.

6.2.1 Scaling Indeterminacy

Consider the matrix defined by T = Diag(λ1, ..., λp) with λi > 0, so that T−1 =

Diag(1/λ1, ..., 1/λp). The application of T and T−1 to S and A, respectively,

according to (6.5) and (6.4) corresponds to scale transformations. Straightfor-

wardly, we have Ã, S̃ > 0 if A, S > 0. To handle this indeterminacy, it is usual

to impose additional constraints on the source signals (constant norm, unit vari-

ance). Here, for convenience and without loss of generality, we assume each

source signal to have coefficients summing to unity.

6.2.2 Ordering Indeterminacy

Here, T corresponds to an arbitrary permutation between the rows of S. Such

a permutation matrix is invertible, and AT−1 is obtained by application of the

same permutation to the columns of A. Moreover, it is obvious that T−1 and

T−1 preserve the positivity constraint. The ordering indeterminacy means that

we cannot know in advance which index will be assigned to a particular source.

In general, the sources are ordered in a decreasing order depending on their

contribution in the data matrix.

6.2.3 Definitions

Admissible solution: A pair (A,S) is said an admissible solution if bothA and

S satisfy (6.3) and jointly provide an exact factorization ofX according to (6.1).

Unique solution: For a given data matrix X , the solution of (6.1) under con-

straints (6.3) is said unique if the only ambiguities are the scaling and ordering

indeterminacies.

Convex cone: A subset C ⊆ Rn is a convex cone if
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(C1) ∀(v1, v2) ∈ C ⇒ v1 + v2 ∈ C,

(C2) ∀v ∈ C, λ ∈ R+ ⇒ λv ∈ C.

Simplicial cone: The simplicial cone generated by the finite set of independent

vectors {v1, . . .vp} ∈ Rn is the set

CV = {x|x =

p∑
j=1

ajvj, aj > 0}. (6.7)

The set of vectors {v1, . . .vp} is termed as a frame of the simplicial cone and p

represents the dimension of the cone (noted p = dim C). Gathering the vectors

into the matrix V = [v1 · · · vp]T , we may write CV = cone(V ).

Monomial matrix: A positive matrix T of dimension (p, p) is called a monomial

matrix if every row and every column of this matrix contains exactly one non-

null element [89], that is

∀i = 1, . . . , p, ∃k; tik > 0 and tjk = 0 ∀j 6= i. (6.8)

6.3 Uniqueness Conditions

6.3.1 Necessary and Sufficient Conditions

The decomposition of X = AS, withA > 0,S > 0, states that each row of X

satisfies xj ∈ CS = cone(S) Denoting K the convex hull of the data matrix X ,

the necessary and sufficient condition for the uniqueness of the non-negative

factorization is given by the following theorem stated by Chen [84]. Theorem 1

The decomposition ofX according to

X = AS with A > 0,S > 0, (6.9)

is unique if an only if the simplicial cone CS such as K ⊂ CS is unique.

The key point is that this theorem does not provide any numerical tool to check

whether a particular matrix admits a unique non-negative decomposition or

not.
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6.3.2 Sufficient Uniqueness Conditions

Proposition 1: The decomposition ofX intoA and S according to

X = AS withA > 0,S > 0, (6.10)

is unique if the following conditions are satisfied:

(B1) There exists a submatrix of S of dimension (p, p) which is monomial.

(B2) There exists a submatrix ofA of dimension (p, p) which is monomial.

Proof 1: Suppose that conditions (B1) and (B2) are satisfied. After permutation

of the its columns, the matrix S may be rewritten as

S =


s11 0 0 s1(p+1) . . . s1n

0
. . . 0

...
...

0 0 spp sp(p+1) . . . spn

 .
Similarly, after permutation of its rows, the matrixAmay be written as

A =



a11 0
. . .

0 app

a(p+1)1 . . . a(p+1)p

...
...

am1 . . . amp


.

Let us consider the regular (p × p) matrix T = [tij] whose inverse is noted

T−1 =
[
t]ij

]
. We have

TS =


t11s11 . . . t1pspp . . .

...
...

tp1s11 . . . tppspp . . .

 .

AT−1 =


a11t

]
11 . . . a11t

]
1p

...
...

appt
]
1p . . . appt

]
pp

...
...

 .
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from which it turns out that TS > 0 and AT−1 > 0 if and only if T > 0 and

T−1 > 0. From property (B1), this is equivalent to say that T is a monomial

matrix and according to property (B2), it shows that the solution is unique up

to scaling and ordering indeterminacies.

From this result, we may deduce immediately the following corollary which

gives a sufficient condition onX to admit a unique non-negative factorization.

Corollary 1: The decomposition ofX intoA and S according to

X = AS withA > 0,S > 0, (6.11)

is unique if the following condition is satisfied

(C1) There exists a submatrix ofX of dimension (p, p) which is monomial.

One can also give a geometrical interpretation of the sufficient uniqueness con-

ditions. Define PS = ImS ∩Rn
+, which is a simplicial cone with a p-dimensional

frame. Denoting CS = cone(S), the condition (B1) states that CS = PS while

(B2) imposes that at least p vectors (rows) ofX are collinear with the p different

vectors of the frame of PS . We can also link these sufficient conditions to those

of [88]. Among these conditions: the first one is the generative model condition

which imposes the existence of the positive factorization. The separability con-

dition of that paper is equivalent to the condition (B1) of proposition 3, that is

CS = PS . The last condition (Complete factorial sampling) imposes that there

are at least (p − 1) different vectors (rows) of X in the p facets (of dimension

(p − 1)) of the cone PS . In this case, it is clear that the only cone of dimension

p which includes all the vectors of X is the cone PS itself. The sufficient con-

ditions of proposition 3 can be recovered by migrating the p vectors generating

this cone. Each facet of the cone being of dimension (p − 1), each generating

vector of the cone belongs to (p − 1) different facets. Thus, we still have the

condition of having (p − 1) different vectors of X in the (p − 1) facets of the

cone. But only p different vectors are needed instead of p(p − 1). According

to this geometrical interpretation, we can deduce the different situations where

the uniqueness of the solution of non-negative source separation is ensured.

These situations are represented in the figure 6.1.
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FIGURE 6.1: Different cases for the uniqueness of the non-negative factoriza-
tion. The hollow dots represent the vectors of X which are needed to ensure
uniqueness.

6.3.3 Necessary Uniqueness Conditions

Consider the case of p source signals and let

A = [a1 · · · ap] and S = [s1 · · · sp]T , (6.12)

where {ai}pi=1 are vectors of dimension (m, 1) and {sj}pj=1 are vectors of dimen-

sion (n, 1). For convenience, in this section, we will note ai(`) the `-th element

of vector ai and similarly, sj(k) the k-th element of vector sj .

Proposition 2: If the decomposition ofX intoA and S according to

X = AS withA > 0,S > 0, (6.13)

is unique, then the following conditions are satisfied

(A1) ∃ k1, . . . , kp distincts, such that ∀ i, si(ki) = 0,∀j 6= isj(ki) 6= 0.

(A2) ∃ l1, . . . , lp distincts, such that ∀ i,ai(li) = 0,∀j 6= iaj(li) 6= 0.

Proof 2: The proof of this proposition is achieved by contradiction: suppose that

conditions (A1)-(A2) are not satisfied and the decomposition X = AS withA,

S > 0, is unique. Suppose that condition (A1) is not satisfied and let the (p× p)
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elementary transformation T ij(λ) defined by
tkk = 1,∀k = 1, . . . , p

tk` = λ, if(k, `) = (i, j)

tk` = 0 elsewhere.

(6.14)

Note that T−1
ij (λ) = T ij(−λ).

Define K = {k, si(k) 6= 0, sj(k) 6= 0}. The samples where the sources si and sj
are simultaneously zero are not taken into account since they are not affected

by the possible transformations.

The following decomposition

X = AT ij(λ)T ij(−λ)S (6.15)

with λ > 0 ensures the non-negativity of Ã = AT ij(λ) and the matrix T ij(−λ)

leads to a transformation of the i-th source signal according to

s̃i = si − λsj, (6.16)

while the other source signals are unaltered.

Defining (si, sj) as 
si = min

k∈K
si(k),

sj = max
k∈K

sj(k),
(6.17)

there exists 0 < λ < si/sj such that

∀k, si(k)− λsj(k) > si − λsj > 0

=⇒ T ij(λ)S > 0.

Therefore, the decomposition is not unique. This is in contradiction with the as-

sumptions. Concerning condition (A2), the same reasoning is employed using

λ < 0.

Remark 1: This necessary conditions shows that the separation using only non

negativity assumptions may provide an incorrect solution. Particularly, since

condition A2 imposes the existence of observed mixtures where the amount of
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one source is exactly zero, which is unrealistic for example in the case of kinetic

reactions.

Remark 2: This is not a sufficient condition. Indeed, consider the following

example

S =


0.53 0 0.24 0.23

0.13 0.52 0 0.35

0 0.32 0.34 0.34

 ,
and let T−1 be the matrix defined by

T−1 =


0.66 0 0.34

0.16 0.84 0

0 0.52 0.49

 .
Thus, we have

T =


1.37 0.60 −0.97

−0.26 1.08 0.18

0.28 −1.15 1.87

 ,
from which we get

Ã = AT−1 > 0, ∀A > 0;

S̃ = TS =


0.80 0 0 0.20

0 0.62 0 0.38

0 0 0.70 0.30

 > 0.

6.4 Admissible Solutions

Now, we focus on how to calculate all the admissible solutions when a given

NMF problems does’t obey the aforementioned necessary and sufficient unique-

ness conditions. This analysis will provide us insights on how to reduce the

solution space of a given NMF problem which don’t assume a unique solution.

We firstly present the case of two sources which allows to get analytical formu-

lations before examining the genaral case of more than two sources.
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6.4.1 Case of two sources

In the case of two sources, the matricesA and S can be represented by

A = [a1 a2] and S = [s1 s2]T ; (6.18)

where {a1,a2} are vectors of dimension (m, 1) and {s1, s2} are vectors of dimen-

sion (n, 1). To handle the scaling ambiguity, the sources are assumed to have a

unit L1 norm. When imposed to the transformed sources, this convention leads

to
n∑
k=1

s̃ik =
n∑
k=1

p∑
j=1

tij sjk =

p∑
j=1

(
tij

n∑
k=1

sjk

)
, (6.19)

that is,
p∑
j=1

tij = 1, ∀i = 1, . . . , p. (6.20)

Therefore, to analyze the model indeterminacies in the case of two sources, a

possible transformation matrix has the form

T (α, β) =

[
1− α α

β 1− β

]
, (6.21)

and its inverse matrix reads

T−1(α, β) =
1

1− α− β

[
1− β −α
−β 1− α

]
. (6.22)

Moreover, to get rid of the ordering indeterminacy, the parameters α and β are

constrained to satisfy α+ β < 1. It can be checked that uch a constraint ensures

that T is invertible.

Using the parametric transformation defined in (6.21), the non-negativity con-

straint of the two transformed source signals reads

s̃1k = (1− α)s1k + αs2k > 0; (6.23)

s̃2k = (1− β)s2k + βs1k > 0; (6.24)

for k = 1, ..., n.
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Similarly, the non-negativity of the transformed mixing coefficients corresponds

to

ã`1 =
(1− β)a`1 − βa`2

1− α− β
> 0; (6.25)

ã`2 =
(1− α)a`2 − αa`1

1− α− β
> 0; (6.26)

for ` = 1, ...,m.

The resolution of all these inequalities under the condition α + β < 1 allows

to get lower and upper bounds for the admissible values of α and β. In this

respect, it is useful to introduce the two following index sets

K1 = {k; s2k > s1k} and K2 = {k; s1k > s2k} .

Lower Bounds It can be checked that inequalities (6.23) and (6.24) provide the

following lower bounds for α and β
α > αmin = −min

k∈K1

{
s1k

s2k − s1k

}
,

β > βmin = −min
k∈K2

{
s2k

s1k − s2k

}
.

(6.27)

Inequalities (6.23) and (6.24) also yield
α 6 min

k∈K2

{
s(1,k)

s(1,k) − s(2,k)

}
= 1− βmin,

β 6 min
k∈K1

{
s(2,k)

s(2,k) − s(1,k)

}
= 1− αmin.

(6.28)

However, according to the constraint α + β < 1, relation (6.28) will always be

satisfied and therefore do not correspond to active constraints.

Upper Bounds Similarly, it is easy to show that (6.25) and (6.26) are equivalent

to 
β 6 βmax = min

`

{
a`1

a`1 + a`2

}
,

α 6 αmax = min
`

{
a`2

a`1 + a`2

}
.

(6.29)
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Finally, the set of all admissible solutions corresponds toS̃ = T (α, β)S;

Ã = AT−1(α, β);
(6.30)

for α ∈ [αmin, αmax] and β ∈ [βmin, βmax] with α + β < 1.

6.4.2 Case of more than two sources

In the case of more than two sources, we failed to determine analytically the

admissible solutions. Thus, a numerical method minimizing a cost function

based on a non-negativity measure is applied. The retained approach, which

is based on the same idea like the one previously proposed in [90], consists in

finding a set of transformation matrices T minimizing a criterion Cnneg(S̃, Ã)

defined as

Cnneg(S̃, Ã) =

p∑
j=1

n∑
k=1

f(s̃jk) +

p∑
j=1

m∑
i=1

f(ãij). (6.31)

where S̃ = TS, Ã = AT−1 and

f(x) =

x2 if x < 0,

0 otherwise.S
(6.32)

This objective function is generally used in constrained optimization where f(·)
is called exterior penalty function which assigns a high cost to solutions that

do not fulfill the non-negativity constraint. The minimization of this criterion

is performed using a simplex method with several different random initial-

izations of the transformation matrix parameters. The only retained solutions

are those that cancel Cnneg, i.e. that exactly solve the constrained factorization

problem. The experiment is reapeated with different starting points to get sev-

eral admissible values of the transformation matrix parameters. From equa-

tion (6.27) and (6.29), it is clear that the bounds on α and β will be tighter if

elements of the latent factors A and S were sparse. We expound on the im-

portance of sparsity of the latent factors in reducing the solution space of NMF

problems in next chapter.



Chapter 7

Reducing the solution space of

Non-negative matrix Factorization

7.1 Introduction

In the last chapter we have introduced the problem of uniqueness of NMF and

provided necessary and sufficient conditions under which a given NMF prob-

lem assumes a unique solution. In this chapter, we address the question that if

a given NMF problem doesn’t assume a unique solution (that is, doesn’t obey

the uniqueness condition), then how to reduce the solution space of that partic-

ular problem. To understand this, it is illuminating to examine the geometric

interpretation of NMF, as shown next.

7.1.1 Geometry of NMF solution space

We start with a toy-example to illustrate the geometry of the problem, as shown

in Figure 7.1. Data points (blue stars) from a non-negative data matrix lie in the

positive orthant, which is the positive quadrant in the left sub-figure of this 2-

dimensional example. Basis of any non-negative factorization should define a

simplicial cone ΓS with its apex at the origin that contains these points, so that

the mixing coefficients are non-negative. The space of all possible such cones

with basis satisfying equation (1.2) is shaded in gray and characterised by θ1

and θ2. One such cone is shown by its defining basis, sNMF
1 and sNMF

2 , in blue.

89
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For points that do not lie on these basis, the projections on the basis vectors or

mixing coefficients are non-zero, thus dense (such as a1,n and a2,n for nth point).

When such a cone tightens under sparsity constraints, it leads to the limiting

case of a simplicial cone ΓS∗ that has at least one data point on each basis vector,

as shown by green lines for basis sSNMF
1 and sSNMF

2 . While this is the tightest

possible simplicial cone in 2-dimensions expressed as ΓS∗ ⊆ ΓS , the loosest

one is defined by the axes themselves, which is the entire positive orthant. This

set of cones are non-trivially non-unique NMF solutions in the sense that these

are not simply reordered or rescaled versions of each other. The space between

the smallest simplicial cone and the boundaries of the positive orthant, shaded

in gray, is the space of feasible NMF solutions.

D 

s 2
NMF  

s 1
NMF  

s 2
SNMF  

s 1
SNMF  

a

θ2
 

θ1
 

d1
 

d2
 

        Legend 
 

Data point 
Admissible solution set 
NMF basis  
SNMF basis  
Desired basis 
Transformed data point a

FIGURE 7.1: Geometric interpretation of NMF, its solution space, and a trans-
form D that fills the positive orthant.

While in 2-dimensions it is trivial to find the tightest simplicial cone and char-

acterize the space of admissible solutions, it is not so straightforward to do so

in higher dimensions. For example, the simplicial cone may also be defined by

points that are two-sparse (lie on hyperplanes defined by pairs of axes) instead

of one-sparse. On the other hand, the loosest possible simplicial cone is always

defined by the axes, as a simplicial cone cannot be larger than the positive or-

thant (else the basis vectors will have negative entries).

If somehow the data were to fill the positive orthant such that the tightest sim-

plicial cone was pushing close to the loosest, then the NMF solution will be

unique, and the axes themselves will be the basis as shown on the right of Fig-

ure 7.1. A detailed mathematical treatment of uniqueness of NMF solutions can

be found in [91], but the gist of it is that uniqueness of NMF solution requires
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the data matrix to be sparse. Our main insight is to realize that uniqueness of

solution can be achieved by translating the goal to finding a transform such that

the transformed data fills its positive orthant. A simplicial cone containing such

data and representing an NMF solution has no space to grow. It is straightfor-

ward to conclude that a sufficient condition for this to happen is if every axis

has at least one data point on it as illustrated on the right of Figure 7.1 with

transformed basis d1 and d2 obtained under sparsifying transform D. Such data

points are sparse in their mixing coefficients as the contribution of other axes to

their reconstruction is precisely zero, as suggested by Gillis [91].

7.2 Prior work on reducing NMF solutions

Smilde et al. [10] and Park et al. [85] have develod sufficient uniqueness condi-

tions that are well-adapted to some specific applications but they do not adapt

well to other problems. Donoho et al. [88] and Laurberg et al. [92] have pro-

vided uniqueness conditions based on geometric interpretation of NMF, that

requires one of the latent factors to contain a scaled identity matrix, which

is rather restrictive for various applications. Additional constraints such as,

sparsity [81],[93], [94], orthogonality [9], minimum determinant constraint [95],

minimum volume constraint [96], [97], [98] etc. can be imposed on the latent

factors S andA to get unique factorizations under certain assumptions in each

case. Gillis [91] presents a new data pre-processing technique to obtain sparse

and unique NMF. However, their approach is practically limiting as they don’t

allow columns of given data matrix X to be multiples of each other. This as-

sumption is problematic in certain real-world data with high-correlation among

neighboring measurements such as images. A brief overview of necessary and

sufficient uniqueness conditions can be found in [99] and references therein,

which also provides new results for the special case of symmetric NMF decom-

position. Such symmetry is also infeasible in datasets such as images. Now,

we present our solution that is free of such limitations as it finds the desired

sparsifying transform that fills the positive orthant.
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7.2.1 Reducing admissible solutions

At a first view of expressions (6.27) and (6.29), one can notice that the bounds

on α and β, will take small values if the source signals and mixing coefficients

present components with low amplitudes. Thus, the sparseness level of ma-

trices S and A will have an impact on the range of possible transformations.

One can thus expect that the set of admissible solutions could be reduced sig-

nificantly, if instead of factorizing the original data matrix X = AS, the NMF

algorithm is applied to a matrix X̃ obtained from a sparse representation of X

in a dictionary F such that X = FX̃ . The NMF factorization is thus given as

X̃ = AS̃ where S̃ contains the coefficients of the sparse representation of the

original sources in F according to S = F S̃.

7.3 Proposed approach

Endmember spectra in hyperspectral imaging are highly correlated and are not

sparse in the case of reflectance data. Assuming a dictionary allowing to give a

non-negative sparse representation of each endmember, each linear mixture of

these endmembers admits a non-negative sparse representation in this dictio-

nary with a support which is the union of the supports of all the endmembers.

The identification of this support for the mixture data can then be formulated

as a sparse representation in the multiple measurement vector (MMV) frame-

work [100] as,

X = FX̃. (7.1)

Each column vector xn of the data matrixX represents the spectrum of the n-th

image pixel in L spectral bands; F ∈ RL×Q represents the dictionary containing

Q non-negative atoms. All elements of the vector x̃n ∈ RQ×1 (n-th column of

matrix X̃) are either zero or non-negative to maintain physical meaning of the

reconstructed spectra. Moreover, in the MMV framework all the signals are

decomposed jointly by selecting the same atoms (support). The problem lies in

defining the dictionary F and proposing an algorithm for the estimation of the

non-negative sparse data matrix X̃ .
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7.3.1 Joint non-negative sparse representation

The goal is to minimize an objective function that combines data fidelity and

a sparsity-inducing penalty. A common choice is to use a regularized least-

squares objective function

Jλ(F , X̃) = ||X − FX̃||22 + λ(ΣQ
q=1X̃qk)q∈Ω

∀ k (X̃qk)k∈Ω ≥ 0
(7.2)

where (Ω = 1, 2 . . . N ) represents the index set of N observation signals. The

problem in equation (7.2) is known as sparse representation of a multiple mea-

surement vector. A recent work on theory and algorithms for solving MMV

problem satisfying joint sparsity constraints can be found in [101] and the ref-

erences therein.

In order to solve the MMV problem under non-negativity constraints we adopt

here an approach based on a greedy procedure whose main steps are sum-

marized in Algorithm 5. To accomplish steps 1 and 3 of Algorithm 5 with a

reduced numerical cost, we propose to use orthogonal matching pursuit algo-

rithm (OMP) [102] for atom selection and non-negativity constrained interior

point least-squares method [103] for the estimation of the decomposition coef-

ficients.

Algorithm 5 Joint Non-negative Sparse Representation
Input: Data matrixX ∈ RL×N ; dictionary F ∈ RL×Q

Output: Sparse decomposition matrix X̃ ∈ RQ×N

1: Extract the common support set ofX in F and note K its cardinality.
2: Form a sub-dictionary F̂ containing only the K atoms associated to the common

support.
3: Solve the non-negativity constrained least-squares problem of equation (7.2) with
F̂ (instead of F ).

4: Form the sparse L×Q decomposition matrix X̃ by making the coefficient values at
indices in the common support set equal to those obtained in step 3 and rest equal
to zero.

5: Return the sparse decomposition matrix L×Q data matrix X̃ .
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7.3.2 Dictionary learning

The dictionary on which the sparse representation is performed can be set us-

ing two strategies: (i) Analytical dictionary: each atom in the dictionary is

chosen as a Gaussian pattern with varying mean and variance. (ii) Adaptive

dictionary: the dictionary is obtained by using specialized dictionary learning

algorithms taking into account the positivity constraint. For this chapter, the

dictionary was provided by non-negative sparse coding algorithm [104]; taking

all the spectral signatures from the USGS (U.S. Geological Survey) library (500

spectra in 224 spectral bands) 1 [105] as data matrixX .

Few elements of the dictionaries obtained by both methods are shown in Fig-

ure 7.2. It can be easily seen that the atoms of an adaptive dictionary can give

better fitting of the hyperspectral signals using the sparse recovery Algorithm 5.

Hence, we conclude that adaptive dictionaries are better for a joint sparse rep-

resentation of the hyperspectral signals.
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FIGURE 7.2: Decomposition dictionaries and reconstruction error

7.3.3 Admissible NMF solutions

The proposed strategy for reducing the set of admissible solutions of spectral

unmixing using a sparse representation is summarized in Algorithm 6. The

resultant solutions will encompass the most acceptable set of possible solutions

because the entire information of the original signals is captured by their sparse

counterparts. The performance of Algorithm 6 depends on the accuracy of the

employed NMF algorithm in Step 2 and on the reconstruction performance of

the sparse recovery algorithm used in Step 1.

1http://pubs.usgs.gov/of/2003/ofr-03-395/datatable.html

http://pubs.usgs.gov/of/2003/ofr-03-395/datatable.html
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Algorithm 6 Reducing the set of admissible solutions for a given spectral un-
mixing problem by NMF
Input: Original L×N data matrixX (N reflectance spectra in L bands); L×Q
dictionary F containing Q atoms
Output: Set of admissible P ×N mixing matrices and L×N source matrices.

1: Get a joint sparse representation X̃ of original dataX using Algorithm 5.
2: Perform non-negative matrix factorization on sparse data matrix X̃ using conven-

tional NMF algorithms.
3: Calculate the set of admissible solutions using methods explained in the previous

chapter.
4: Return the set of admissible solutions.

7.4 Experimental Results

In order to simulate realistic synthetic hyperspectral data, reflectance spectra

from the USGS spectral library [105] are used. These reflectance spectra contain

L = 224 spectral bands from 383 nm to 2508 nm. A subset of spectra is then

randomly picked up to create synthetic mixtures with abundances simulated

from a Dirichlet distribution. Experiments are conducted on synthetic mixtures

representing 8 × 8, 16 × 16 and 32 × 32 hyperspectral images, thereby, corre-

sponding to (N = 64), (N = 256) and (N = 1024) mixture spectra. We ran the

experiments for the case of endmembers (two, three and four) randomly taken

from the USGS library.

For two source case we calculated the bounds for admissible solutions analyt-

ically as well as numerically. Both the methods gave almost similar lower and

upper bounds, so here we present only the numerical results. For, the case of

more than two sources all the bounds were calculated numerically as explained

previously. We have used 200× 224 adaptive dictionary with (K = 200) atoms

each having (n = 224) samples. Sparse representation of hyperspectral data is

implemented using interior-point least-squares method under non-negativity

constraint, as explained in Algorithm 5. Lee and Seung’s algorithm [106] is

used for non-negative matrix factorization of the data in all our experiments.

The experiments are implemented on Matlab 2012b and the calculations are per-

formed using a Samsung Notebook computer having an Intel Core i5 2.5 GHz

processor and 8 GB of RAM.

The results for the case of (N = 256) mixture signals generated from (P = 2)

and (P = 3) components as per linear mixing model of equation (6.1) are shown
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in Figure 7.3. Admissible solutions of the estimated sources for a given NMF

problem with two and three sources are qualitatively compared in Figure 7.3(a)

and Figure 7.3(b). It is clear that the set of admissible solutions is reduced sig-

nificantly when NMF is performed on sparse mixture data as compared to the

NMF performed on original data. This observation confirms our hypothesis

that we can reduce the set of admissible solutions of a NMF problem using X̃

instead ofX . Similar observations are also made from the results of estimation

of mixing coefficients (results not shown due to space constraints).
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FIGURE 7.3: NMF admissible solutions for source signals of (a) two-source case
(b) Three source case. Red curve shows the original source signals to generate
mixture data.

It is also interesting to note from Figure 7.3 that in case of sparse mixture data,

admissible solutions deviate from giving the actual solution at some points.

This may be attributed to the fact that sparse representation algorithm doesn’t

give the required accuracy for representation of the signals. This fact motivates

to further study the problem of sparse recovery of signals in MMV case under

non-negativity constraints. Further, there is a need to learn better set of ba-

sis vectors and hence construct better dictionaries to be used for non-negative

sparse representation of hyperspectral data.

7.5 Conclusion

In this chapter, we studied the problem of spectral unmixing under non-negativity

constraints imposed on both the source signals and the mixing coefficients in a

non-negative matrix factorization framework. Motivated by real world signals

such as hyperspectral imaging, we addressed the issue of calculating the set of

admissible solutions for a given NMF problem. Further, we tried to answer the

question of reducing the set of admissible solutions, so that we can arrive at the
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actual solution easily. For addressing this problem we proposed that in order

to reduce the set of admissible solutions we should perform NMF on sparse

mixture data instead of original mixture data. Our hypothesis was confirmed

by the experiments done on hyperspectral signals.



Chapter 8

Future Work

In this work, we have presented algorithms for solving two inverse problems

(1) single image super resolution and (2) reducing the solution space of non-

negative matrix factorisation. We have also presented a potential application of

super-resolution in histopathology. Now, we present insights on how this work

can be extended in future. We present future work for each of the proposed

methods as follows:

a. Polynomial neural networks based SISR: Our SISR algorithm has certain

limitations that may be overcome in future work. When the SR factor is an

integer s, we need to train s2 PNNs, one for each of the estimated HR pixel

corresponding to an LR patch. It will be better to combine these PNNs for

learning efficiency. Secondly, our framework does not handle non-integer

zoom factors, although Table 3.3 suggests that it can give competitive per-

formance to SRCNN when used on interpolated LR images of the same

zoom factor as the desired HR image. Working directly with an image

of the same size as the desired output can also pave way for other image

enhancements, such as denoising and deblurring.

b. Wavelet domain SISR: While the suggested techniques based on wavelets

improve over the state-of-the-art in terms of PSNR and SSIM, there is

scope for further investigation. The choice of mother wavelet has not been

investigated in this work, although there exists some previous work to

guide in that direction, for example [24]. We used db− 9 wavelet because

of its known ability to model a wide range of natural images. Another

98
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direction to explore is the choice of regression model in addition to SVR

and neural networks. While it is possible that these investigations will

bring additional performance increase, the main focus of this chapter was

on re-interpretation of wavelet properties, particularly, intra-scale depen-

dencies, in the context of super resolution. Another direction to be ex-

plored is HR for zoom factors that are not powers of 2. Because we used

dyadic wavelets, we experimented with zoom factors that were powers

of 2, although other zoom factors can also be simulated using non-dyadic

wavelets or downsampling by an appropriate factor before applying SR

that is a power of 2.

c. SISR for histopathology: As an extension of the quantitative study pre-

sented in this thesis, analysis of the perceptual quality through experts

grading of HR predictions by different SR algorithms can be done. This

work can also be extended to other dyadic scale pairs, where the coarser

scale allows fast scanning and search in whole slides, while the finer scale

allows understanding of nuclear and sub-nuclear structures.

d. Reducing solution space of Non-negative matrix factorization: Although

the proposed one sided sparsified NMF algorithm is useful for reducing

the solution space of a given NMF problem, there is still some scope for

improving the accuracy of the proposed algorithm and the key issues that

need immediate attention are as follows: Study and develop algorithms

for learning better adaptive dictionaries for hyperspectral imaging appli-

cations. Develop new algorithms for sparse representation of multiple

measurement vectors under non-negativity constraint. Additionally, it

will be interesting to investigate the reduction in the solution space of a

given NMF problem when the given data matrix is sparsified with respect

to both the latent factors.
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