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ABSTRACT
Motivated by the applications in facility location, VLSI design, image processing and
motion planning, geometric covering problems have been studied extensively in the literature. In this thesis various geometric covering problems such as covering points with
disks, and squares, covering rectangular regions and convex polygonal regions with disks
are considered. The problems are investigated by proposing approximation, parameterized and heuristic algorithms.
The Discrete Unit Disk Cover (DUDC) problem is one of the well known geometric
covering problems. In the DUDC problem, the input consists of a set P of n points

and a set D of m unit disks in IR2 . The objective is to (i) check whether the union
of all the disks in D cover all the points in P, and (ii) if yes, then find a minimum

size subset D ∗ ⊆ D, whose union covers all points in P. The DUDC problem is a NP-

complete problem, so there does not exist any polynomial time algorithm that solves the
problem optimally unless P = NP . In order to approximate the DUDC problem, several
restricted variants of the DUDC problem have been examined by different researchers.
We improve the approximation factor of one such restricted DUDC problem, which helps
to improve the approximation factor of the DUDC problem.
We consider the Line-Separable Discrete Unit Disk Cover (LSDUDC) problem as a
restricted version of the DUDC problem. In the LSDUDC problem, the plane is divided
into two half planes ℓ+ and ℓ− defined by a line ℓ, all the points in P are in ℓ− and the
centers of the disks in D are in ℓ+ ∪ ℓ− such that each point in P is covered by at least

one disk centered in ℓ+ . We provide a Polynomial Time Approximation Scheme (PTAS)
for the LSDUDC problem. Another restricted DUDC problem is called the Within-Strip
Discrete Unit Disk Cover (WSDUDC) problem. In the WSDUDC problem, all points in
P and the centers of all disks in D are inside a horizontal strip of height

√1 .
2

The current

best known algorithm for the WSDUDC problem is a 3-approximation algorithm [33].
We propose a (9 + ǫ)-approximation algorithm for the DUDC problem (0 < ǫ ≤ 6) using

the proposed PTAS result for the LSDUDC problem, and a 3-approximation algorithm
for the WSDUDC problem. The running time of the proposed algorithm for the DUDC
6

problem is O(m3(1+ ǫ ) n log n).
We also consider another unit disk cover problem, namely the Rectangular Region
vii
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Cover (RRC) problem. In the RRC problem, given rectangular region R and a set D

of m unit disks in IR2 , the objective is (i) to check whether the union of all the disks
in D covers the entire region R, and (ii) if D covers R, then determine the minimum

cardinality set D ∗ ⊆ D such that the region R is contained in the union of all disks in D ∗ .

By mapping every instance of the RRC problem to an instance of the DUDC problem, we

provide a (9 + ǫ)-approximation algorithm for the RRC problem using our algorithm for
the DUDC problem, where n = O(m2 ). We also consider the RRC problem in a reduced
radius setup. The RRC problem in reduce radius setup has important application in
wireless sensor networks, where coverage remains stable under small perturbations of
sensing ranges and positions of sensors. We obtain a PTAS for the RRC problem in
reduce radius setup using the shifting strategy of Hochbaum and Maass [50].
Discrete Unit Square Cover (DUSC) problem is an L∞ metric variant (or an L1
metric variant) of the DUDC problem. In the DUSC problem, given a set P of n

points and a set S of m axis-aligned unit squares (unit side length) in IR2 , the objective

is (i) to check whether the union of all the squares in S covers all the points in P,

and (ii) if S covers P, then determine the minimum cardinality set S ∗ ⊆ S such that

each point in P is covered by at least one square in S ∗ . We consider a restricted

version of the DUSC problem, namely Strip Square Cover (SSC) problem. In the SSC
problem, all n points of P lie within a horizontal strip of unit height. We first propose
2
)-approximation algorithm for the SSC problem in O(kmk n) time, then using
an (1 + k−2

the result for SSC problem, we propose a (2 +

4
)-approximation
k−2

algorithm for the

DUSC problem, where k(> 2) is an integer parameter that defines a trade-off between
the running time and the approximation factor of the algorithm. The running time
of the proposed algorithm for the DUSC problem is O(kmk n). We also outline a 2approximation algorithm for the DUSC problem, which runs in O(m4 n + n log n) time.
Unlike in the above unit disk cover or unit square cover problems, in some of the
geometric covering problems the number of disks is fixed and the radius of disks is
not fixed. One such geometric covering problem is called the k-center problem. In
the (geometric) k-center problem, given a set P of n points (clients), the objective

is to place k congruent disks of smallest radius (facilities) such that the union of the

k congruent disks covers P. The centers of the k congruent disks can be arbitrary
viii
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points in the plane or must be chosen from a given discrete set Q (⊆ P) of m (≤
n) points, representing candidate locations to establish facilities. In the latter case,

if P = Q, then the k-center problem is called the discrete k-center problem and if

P =
6 Q, then it is a generalized discrete k-center problem or k-supplier problem. In

the former case, sometimes the centers of the k disks are constrained to lie on the
boundary of a convex polygon P . This variation of the k-center problem is called
Constrained Convex Polygon Cover (CCPC) problem. For the CCPC problem, we
+ ǫ)-approximation algorithm for an ǫ > 0 and an integer k ≥ 7 such
propose (1 + k7 + 7ǫ
k

that the union of the k congruent disks covers P . The running time of the proposed

algorithm for CCPC problem is O(n(n + k)(| log ropt | + log⌈ 1ǫ ⌉)), where n is the number
of vertices of the convex polygon P , ropt is the minimum radius of k congruent disks.

For the k-supplier problem in IR2 , we propose a fixed parameter tractable (FPT) 2approximation algorithm, where k is the parameter. The running time of the proposed
FPT 2-approximation algorithm is O(6k (n + m)(log n + log m)). We can generalize
the technique used for developing FPT 2-approximation algorithm to develop a FPT
(1 + ǫ)-approximation algorithm for the k-supplier problem in IRd , where d is a positive
integer and ǫ > 0 is an arbitrary number. The running time of the proposed (1 +
ǫ)-approximation algorithm is O(ǫ−dk (m + n) log(mn)). We also present a heuristic
algorithm based on nearest point Voronoi diagram for the Euclidean k-supplier problem
in IR2 and experimentally show that it performs very well.

ix
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Chapter 1
Introduction
Geometric covering is a well studied topic in computational geometry. Various types of
covering problems include covering one type of geometric object with a minimum number
of some other type of geometric object. The wide range of geometric objects includes
points, lines, disks, squares and rectangles. In the geometric disk cover problems, the
objective is to cover all points in a given set P of points in the Euclidean plane or all

points within a given continuous region such as rectangular region R and convex polygon
P , using the minimum number of disks. If the disks covering points or continuous region
are centered at points in a set of points, then we call this type of geometric disk cover
problems as the discrete disk cover problem. If the disks covering points or continuous
region are centered at arbitrary points, then we call this type of geometric disk cover
problem a continuous disk cover problem. A version of the discrete disk cover problem
in which all the covering disks have unit radius is called the discrete unit disk cover
(DUDC) problem. In the unit disk cover (UDC) problem, we consider two variations of
the problem, namely the discrete unit disk cover (DUDC) problem and the rectangular
region cover (RRC) problem. In the DUDC problem, given a set P of n points and

a set D of m unit disks in the plane, we wish (i) to check whether the union of the
disks in D covers all the points in P, and (ii) if yes, then determine the minimum

cardinality set D ∗ ⊆ D such that P ⊆ ∪ ∗ d. In the rectangular region cover (RRC)
d∈D

problem, given a rectangular region R and a set D of m unit disks in the plane, the
objective is (i) to check whether the union of the disks in D covers the entire region R,
1
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and (ii) if D covers R, then determine the minimum cardinality set D ∗∗ ⊆ D such that

R ⊆ ∪∗∗ d. The DUDC and the RRC problems are geometric versions of the general set
d∈D

cover problem, which is known to be NP-complete [38]. The general set cover problem
is not approximable within a factor of c log n, for some constant c, where n is the size
of the input [72]. However, the DUDC, and the RRC problems admit constant factor
approximation results. These two problems have been studied extensively due to their
wide applications in wireless networks [15, 32, 80].
Consider the facility location problems for which the Euclidean distance between
clients and facilities cannot exceed a fixed distance r, and clients and candidate facility
locations are represented by discrete sets of points, for example, positioning emergency
service centers (i.e. fire stations) from a set of candidate sites so that all points of interest
(houses, etc.) are within a predefined maximum distance of the service centers. Other
applications are selecting locations for wireless servers from a set of candidate locations
to cover a set of wireless clients, selecting a set of weather radar antennae to cover a set
of cities, positioning a fleet of water bombers at airports such that every active forest
fire is within a given maximum distance of a water bomber, selecting locations for antiballistic defenses from a set of candidate locations to cover strategic sites. These facility
location problems can be treated as a discrete disk cover problem where the centers
of disks of fixed radius r represent the facilities and points represent the clients. The
discrete disk cover problem with the disks of fixed radius r can be mapped to a discrete
unit disk cover problem by scaling down the original problem with a factor of distance r.
We can obtain the solution for the original problem by scaling up the solution computed
for the DUDC problem. Thus, the model of unit disk cover problems applies naturally
to several facility location problems for which the Euclidean distance between clients
and facilities cannot exceed a given radius, and clients and candidate facility locations
are represented by discrete sets of points.
In the DUSC problem, given a set P of n points and a set S of m axis-aligned unit

squares (unit side length) in R2 , we wish (i) to check whether the union of the squares

in S covers all the points in P, and (ii) if so, then determine the minimum cardinality

set S ∗ ⊆ S such that P ⊆ ∪ ∗ s. The DUSC problem has several applications in image
s∈S

processing [79]. Note that the DUSC problem is an L∞ variant (or an L1 variant) of
2
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the discrete unit disk cover (DUDC) problem as follows: for a point p, we define the
area Ap such that the distance between any point q in Ap from the point p is less than
or equal to one unit in the L1 metric1 . Note that the shape of Ap is a square with side
√
length 2 and tilted with angle π4 with x-axis. Therefore, the DUDC problem in L1
metric is equivalent to the discrete square cover problem after rotating axes by an angle
π
.
4

Also the DUDC problem in L∞ metric is equivalent to the discrete square cover

problem. Like the DUDC problem, the DUSC problem can also be formulated as a set
cover problem. The DUSC problem can be treated as a geometric version of the set
cover problem. Thus, any algorithm for the set cover problem can be used to solve the
DUSC problem. The DUSC problem is also a NP-complete problem [35]. The DUSC
problem, however, admits constant factor approximation results.
In this thesis we consider another interesting covering problem known as the (geometric) k-center problem. In the k-center problem, a set of clients (e.g. mobile users,
houses) are distributed in IR2 . The objective is to choose k locations for facilities (e.g.
base stations for mobile networks, post office, warning sirens) so that each client can
get service from at least one facility within a minimum distance. From the geometric
point of view, the k-center problem is to cover all n points (clients) with the union of k
congruent disks (facilities) of radius as small as possible. In the k-center problem, if the
centers of k facilities are chosen from a given set of points, then the k-center problem is
called the discrete k-center problem. In this thesis we consider a generalization of the
discrete k-center problem, which is known as the k-supplier problem in the literature
[69]. Here, a set P of n clients (customer sites) and a set Q of m facilities (supplier sites)
are given. The objective is to open a set Qopt ⊆ Q of k facilities such that the maximum

distance of a client to its nearest facility from Qopt is minimized. The k-supplier problem has numerous applications including facility location (e.g. placing k hospitals at

some specified locations such that the maximum distance from any house to its nearest
hospital is minimized), information retrieval and data mining.
Sometimes, we may need to restrict these facilities to be located only on the boundary
of the given region (containing all clients), for example base station placement in a
forbidden region (such as a big lake) [24, 71]. In the context of the application of k1

unless otherwise specified, we assume that all the problems considered in this thesis are in L2 metric

3
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center problems, the next problem considered in this thesis is called the restricted or
constrained k-center problem. The formal definition of the constrained k-center problem
is as follows: given a convex polygon P and an integer k, the objective is to cover
the entire region of P with k congruent disks of minimum radius and centered on the
boundary of P .

1.1

Scope of the Thesis

In this thesis we consider different geometric covering problems involving various geometric objects. Most of the problems that we consider in this thesis are NP hard and
the hardness of the remaining problems are unknown. Hence, our focus is to design
efficient approximation algorithms for different covering problems. In this thesis we consider the following geometric covering problems: line separable discrete unit disk cover
(LSDUDC) problem, discrete unit disk cover (DUDC) problem, discrete unit square
cover (DUSC) problem, rectangular region cover (RRC) problem, RRC problem in reduced radius setup, constrained k-center problem on a convex polygon and Euclidean
k-supplier problem in the plane. For both the LSDUDC problem, and the RRC problem
in reduced radius setup, we have developed a polynomial time approximation scheme
(PTAS). For the DUDC problem, RRC problem, and constrained k-center problem on
a convex polygon, we have proposed constant factor approximation algorithms. For the
Euclidean k-supplier problem, we have presented fixed parameter tractable (FPT) constant factor approximation algorithms. For the Euclidean k-supplier problem in IR2 , we
have also developed a heuristic algorithm and studied its behavior theoretically as well
as experimentally.

1.2

Organization of the Thesis

Chapter 2: Literature Review. In this chapter we discuss previous work on the
problems related to this thesis and compare our work with existing research.
Chapter 3: Discrete Unit Disk Cover Problem. In this chapter we begin with
4
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an outline of existing algorithms for DUDC and related problems. We then discuss our
proposed PTAS ((1 + µ)-approximation algorithm and µ > 0) for a restricted DUDC
problem, namely the line separable discrete unit disk cover (LSDUDC) problem. In the
LSDUDC problem, the plane being divided into two half planes ℓ+ and ℓ− defined by
a line ℓ, all the points in P are in ℓ− and the centers of the disks in D are in ℓ+ ∪ ℓ−

such that each point in P is covered by the union of the disks centered in ℓ+ . Using

our proposed PTAS for the LSDUDC problem, we present a (9 + ǫ)-approximation algorithm for the DUDC problem, where ǫ > 0. The running time of the algorithm is
6

O(m3(1+ ǫ ) n log n), where m is the number of unit disks and n is the number of points.
We then propose a (9 + ǫ)-approximation algorithm for the RRC problem. The run18

ning time of the algorithm for the RRC problem is O(m5+ ǫ log m). We also consider
the RRC problem in a different setup called reduce radius setup, which has important
application in wireless sensor networks. For the RRC problem in reduced radius setup,
we propose an (1 + 1/l)2-approximation algorithm (PTAS), where l is a positive integer.
4l2

The running time of the PTAS is O(ql2 2⌈ ν 2 +

8l+4
⌉
ν

), where q is the minimum number of

squares of size 2l × 2l covering rectangular region R.
Chapter 4: Discrete Unit Square Cover Problem. In this chapter we first describe a procedure to check the feasibility of a given instance of DUSC problem. We
then define a subproblem of the DUSC problem in which all the points are lying within a
horizontal strip of unit height. We call this restricted DUSC as strip square cover (SSC)
2
problem. We propose an (1 + k−2
)-approximation algorithm for the SSC problem, where

k(> 2) is an integer parameter that defines a trade-off between the running time and the
approximation factor of the algorithm. The running time of the algorithm is O(kmk n).
Using this algorithm for the SSC problem, we propose a (2 +

4
)-approximation
k−2

al-

gorithm for the DUSC problem. The running time of our proposed algorithm for the
DUSC problem is O(kmk n). For the DUSC problem, we also propose a 2-approximation
algorithm, which runs in O(m4 n + n log n) time.
Chapter 5: Constrained k-Center Problem on a Convex Polygon. In this chapter we first define a decision version of the constrained convex polygon cover (CCPC)
5
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problem. We then propose an (1 + k7 )-factor approximation algorithm for the decision
version of the CCPC problem (k ≥ 7), which runs in O(n2 + nk) time. Using this algo-

rithm for the decision version, we propose an (1 +

7
k

+

7ǫ
k

+ ǫ)-approximation algorithm

for the CCPC problem for ǫ > 0. The running time of the proposed CCPC algorithm is
O(n(n + k)(|log ropt | + log⌈ 1ǫ ⌉)), where n is the number of vertices in the convex polygon

P , ropt is the optimum radius of k congruent disks such that the union of the k congruent
disks covers P .

Chapter 6: The Euclidean k-Supplier Problem. In this chapter we initially
consider the Euclidean k-supplier problem in IR2 . We then propose a fixed-parameter
tractable (FPT) algorithm for this problem that produces a 2-approximation result. The
worst case running time of this FPT approximation algorithm is O(6k (n + m) log(mn)),
where k is the FPT parameter. We can generalize the FPT 2-approximation algorithm
to develop a FPT (1+ǫ)-approximation algorithm for k-supplier problem in IRd , where d
is a positive integer and ǫ > 0 is an arbitrary number. The running time of the proposed
(1 + ǫ)-approximation algorithm is O(ǫ−dk (m + n) log(mn)). We also propose a heuristic
algorithm for the Euclidean k-supplier problem in IR2 and experimentally show that the
proposed heuristic performs very well for randomly generated instances.
Chapter 7: Conclusion and Future Works. In this chapter we make the concluding remarks and identify some open problems which can be considered in future
research.

6
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Chapter 2
Literature Review
Geometric covering is a well-studied problem in the literature. First we consider the
discrete unit disk cover (DUDC) problem. In the DUDC problem, a set P of n points

and a set D of m unit disks centered at the m points in Q are given, the objective is (i)
to check whether the union of all the disks in D cover all the points in P, and (ii) if yes,

then choose the minimum cardinality set D ∗ ⊆ D such that each point of P is covered

by the union of the disks in D ∗ . The DUDC problem has a long history in the literature.

It is a NP-complete problem [38]. The first constant factor approximation algorithm
was proposed by Brönnimann and Goodrich [8] using the concept of epsilon net. After
that many authors proposed constant factor approximation algorithms for the DUDC
problem [6, 15, 19, 20, 66, 70]. Using local search, Mustafa and Ray [66] proposed a
PTAS for the DUDC problem. The time complexity of their PTAS is O(m2(

√
8 2 2
) +1
ǫ

n)

for 0 < ǫ ≤ 2. Thus for ǫ = 2, we have a 3-approximation result in O(m65 n) time, which

is not practical. This led to further research on the DUDC problem for finding constant
factor approximation algorithm with reasonable running time. Das et al. [23] proposed
an 18-approximation algorithm. The running time of their algorithm is O(mn+n log n+

m log m). Recently, Fraser and López-Ortiz [33] proposed a 15-approximation algorithm
for the DUDC problem, which runs in O(m6 n) time. In this thesis, we propose a (9 + ǫ)6

approximation algorithm, which runs in O(m3(1+ ǫ ) n log n) time for 0 < ǫ ≤ 6. The
detailed summary of results on the DUDC problem is given in Table 2.1.

In solving the DUDC problem, some authors consider a restricted version of the

7
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Approximation factor
108
72

Running time
polynomial time
polynomial time

38
22
18
15
(9 + ǫ) for 0 < ǫ ≤ 6
(1 + ǫ) for 0 < ǫ ≤ 2

O(m2 n4 )
O(m2 n4 )
O(mn + n log n + m log m)
O(m6 n)
6
)
ǫ n log n)
O(m3(1+
√
8 2 2
O(m2( ǫ ) +1 n)

Reference
Călinescu et al., 2004
Narayanappa & Voytechovsky,
2006
Carmi et al., 2007
Claude et al., 2010
Das et al., 2012
Fraser & López-Ortiz, 2012
This thesis
Mustafa and Ray, 2009

Table 2.1: Approximation algorithms for the DUDC problem
DUDC problem, which is known as line-separable discrete unit disk cover (LSDUDC)
problem in the literature [23]. In this problem, the plane being divided into two halfplanes ℓ+ and ℓ− defined by a line ℓ, all the points in P are in ℓ− and the centers of disks

in D are in ℓ+ ∪ ℓ− such that each point in P is covered by at least one disk centered in

ℓ+ . If the centers of all the disks in D are in ℓ+ , then this setting of DUDC problem is

known as restricted line-separable discrete unit disk cover (RLSDUDC) problem. Carmi

et al. [20] described a 4-approximation algorithm for the LSDUDC problem. Later,
Claude et al. [15] proposed a 2-approximation algorithm for the LSDUDC problem
and polynomial time algorithm for the RLSDUDC problem. In this thesis we have
proposed a (1 + ǫ)-approximation algorithm for the LSDUDC problem for 0 < ǫ ≤ 1.

Another restricted version of the DUDC problem is the within strip discrete unit disk
cover (WSDUDC) problem, where all the points in P and the centers of all the disks in
D lie inside a strip of height δ. Das et al. [23] proposed a 6-approximation algorithm for
√
√
δ = 1/ 2. Later, Fraser and López-Ortiz [33] proposed a 3⌈1/ 1 − δ 2 ⌉-approximation

result for 0 ≤ δ < 1 and proved that WSDUDC is NP-complete. They also proposed a
√
3-approximation (resp. 4-approximation) algorithm for δ ≤ 4/5 (resp. δ ≤ 2 2/3).
Das et al. [22] studied another restricted version of the DUDC problem. In this

version of the DUDC problem, the centers of all the disks in D are within a unit disk

and all the points in P are outside of that unit disk. They proposed a 2-approximation
algorithm for this restricted version of the DUDC problem, which runs in O((m + n)2 )
time. Another well-studied restricted version of the DUDC problem (P = Q) is called
8
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the geometric minimum dominating set (GMDS) problem. The GMDS is defined as
follows: given a set P of n points in the plane, find a minimum cardinality set P ′ ⊆ P

such that every point p ∈ P lies in a unit disk centered at some point of P ′ . In other

words, given a set P of points, let G = (V, E) be a unit disk graph defined as follows: the
vertex set V corresponds to the point set P and each edge e = (vi , vj ) ∈ E if and only if
the unit disks centered at vi and vj intersect. Now, the objective is to find a minimum
cardinality dominating set in the graph G. Since the GMDS problem is a restricted
version of the DUDC problem, all the above algorithms given for the DUDC problem
are also applicable for the GMDS problem. It is known that the GMDS problem is NPhard [14]. An (1+µ)-approximation algorithm (PTAS) for 0 < µ ≤ 1 is given by Nieberg

and Hurink [67]. The PTAS of Nieberg and Hurink [67] accepts any undirected graph
as input and returns a dominating set of desired bound (i.e. depending on value of µ)
if the input graph satisfies the characterizatin of unit disk graph, otherwise a certificate
showing that the input graph is not a unit disk graph. For µ = 1 their algorithm
becomes a 2-approximation algorithm, which runs in O(n81 ) time [21]. Gibson and
Pirwani [41] also proposed a (1 + ǫ)-approximation algorithm (PTAS) for an even more
generalized version of the GMDS problem, namely the minmum dominating set problem
1

of arbitrary size disk graph. The running time of their PTAS is nO( ǫ2 ) . Marathe et al.
[64] presented a 5-approximation algorithm, which runs in O(n2 ) time. In the minimum
weight dominating set (MWDS) problem, each node of the graph has a positive weight
and the objective is to find a minimum weight dominating set in the graph. Ambühl
et al. [6] proposed 72-approximation algorithm for the MWDS problem. Later, the
approximation factor was improved to 6 + ǫ, 5 + ǫ and 4 + ǫ by Huang et al. [48], Dai and
Yu [27], and Zou et al. [81], respectively. Initially, they developed a δ-approximation
algorithm (δ = 6, 5, 4) for a subproblem of the MWDS problem, and using this result
they proposed (δ + ǫ)-approximation algorithm for the original MWDS problem. Their
algorithms run in O(α(n)β(n)) time, where O(α(n)) is the running time of the algorithm
84

2

for the subproblem and O(β(n)) = O(n4(⌈ ǫ ⌉) ) is the number of times the subproblem
needs to be invoked to solve the original MWDS problem. For ǫ = 1 their algorithm
produces (δ + 1)-approximation result, but the time complexity becomes very huge as
α(n)β(n) is a very high degree polynomial function in n. Carmi et al. [18] considered
9

23TH-1505_11612315

the GMDS problem on an arbitrary size disk graph and proposed a 5-approximation
algorithm. Using the local improvement technique, Fonseca et al. [31] proposed

44
9

approximation algorithm for the GMDS problem. The running time of this algorithm
is O(n log n). In the same paper they proposed a

43
-approximation
9

algorithm for the

variation of the GMDS problem in which instead of the coordinates of disk centers the
adjacency list representation of the graph is given. The running time of this algorithm is
O(n2 m). De et al. [21] presented a δ-approximation algorithms for δ = 12, 4 and 3 with
time complexites O(n log n), O(n8 log n) and O(n15 log n) respectively for the GMDS
problem. Recently, Carmi et al. [16] proposed a series of approximation algorithms
for the GMDS problem. They first proposed a very simple 5-approximation algorithm.
The running time of the algorithm in O(n log k) time, where k is the output size. They
then improved the time complexity of De et al. [21]’s 4-approximation algorithm for the
GMDS problem to O(n6 log n). They showed that a minor modification of this algorithm
produces a

14
-approximation
3

algorithm, which runs in O(n5 log n) time. They proposed

a 3-approximation algorithm, which runs in O(n11 log n) time for the GMDS problem.
They also proposed a

45
-approximation
13

algorithm, which runs in O(n10 log n) time, for

the GMDS problem. Finally, they developed a novel shifting strategy and using that
strategy they presented 25 -approximation algorithm and PTAS for the GMDS problem
[16].
In the continuous unit disk cover (CUDC) problem, a set P of n points is given in the

Euclidean plane, and the objective is to compute a minimum cardinality set OP T of unit

disks such that each point in P is covered by at least one disk in OP T . Fowler et al. [34]

proved that the CUDC problem is NP-hard. For points in IRd and any positive integer

l ≥ 1, Hochbaum and Maass [50] proposed a (1 + 1l )d -approximation algorithm (PTAS)
√ d
√
with running time O(ld (l d)d (2n)d(l d) +1 ) for the CUDC problem, where d is a positive
integer. Gonzalez [40] proposed a 2(1+ 1l )d−1 -approximation algorithm with running time
√ d−1
√
√
O(ld−1 d⌈2 d⌉⌈l d⌉d−1 nd⌈2 d⌉ +1 ). However, the running time of these algorithms is
impractical for large input. Gonzalez [40] also presented an 8-approximation algorithm
for the CUDC problem. The running time of this algorithm is O(n log |OP T |), where
|OP T | ≤ n is the number of disks in an optimal solution. For the CUDC problem in L1

and L∞ metric, Gonzalez [40] proposed a 2-approximation algorithm in O(n log |OP T |)
10

24TH-1505_11612315

time. Using the concept of ǫ-net, an O(1)-approximation algorithm with running time
O(n3 log n) is presented in [8]. However, the exact value of the approximation factor
is not attempted to be determined. Fu et al. [29] presented a 2.8334-approximation
algorithm with running time O(n(log n log log n)2 )) for the CUDC problem. Using a
√
different approach of dividing the plane into vertical strips of height 3, Liu and Lu [63]
developed a

25
-approximation
6

algorithm with running time O(n log n) for the CUDC

problem. Recently, Biniaz et al. [9] presented a 4-approximation algorithm for the
CUDC problem, which runs in O(n log n) time. A slight variation of the CUDC problem
is studied by Franceschetti et al. [30]. By constraining the centers of the disks to the
vertices of a grid and using the shifting lemma [50], Franceschetti et al. [30] developed
a 3(1 + 1l )2 -approximation algorithm, where l ≥ 1. The running time of this algorithm

is O(Kn), where K is a function of l and the grid size. A listing of all the algorithms
together with their approximation factors and running times for the CUDC problem in
plane is given in Table 2.2.
Approximation factor
(1 + 1l )2
2(1 + 1l )
8
O(1)
2.8334
25
6

4

Running time
2
O(l4 n4l +1 )
O(l2 n7 )
O(n log |OP T |)
O(n3 log n)
O(n(log n log log n)2 ))
O(n log n)
O(n log n)

Reference
Hochbaum & Maass, 1985
Gonzalez, 1991
Gonzalez, 1991
Brönnimann & Goodrich, 1995
Fu et al., 2007
Liu & Lu, 2014
Biniaz et al., 2015

Table 2.2: Approximation algorithms for the CUDC problem
A sector is a maximal region formed by the intersection of a set of disks i.e., all the
points within the sector are covered by the same set of disks. Funke et al. [32] proposed
the greedy sector cover algorithm for the rectangular region cover (RRC) problem. The
approximation factor of their algorithm is O(log w), where w is the maximum number
of sectors covered by a single disk. They proved that the greedy sector cover algorithm
has an approximation factor no better than Ω(log w). In the same paper, they proposed
the grid placement algorithm (based on the algorithm proposed by Bose et al. [10])
and proved that their algorithm produces an 18π-approximation result. Though the
algorithm is not guaranteeing full coverage of the region of interest, the area that remains
11
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uncovered can be bounded by a chosen number of grids. In the same paper, they have
also considered the RRC problem in a different setup. We denote this setup as reduced
radius setup. Here, we assume that the region of interest R is also covered by the disks

in D after reducing their radius to (1 − γ). γ is said to be the reduce radius parameter.
Reduce radius setup has many applications in wireless sensor networks, where coverage

remains stable under small perturbations of sensing ranges/positions. In this setup an
algorithm A is said to be a β-approximation if

|Aout |
|opt|

≤ β, where Aout is the output of

algorithm A and opt is the optimum set of disks with reduced radius such that the union
of the disks in opt with reduced radius covers the region of interest. In reduce radius

setup, Funke et al. [32] proposed a 4-approximation algorithm for the RRC problem. In
this thesis, we have proposed a PTAS for the RRC problem in reduce radius setup.
Gandhi et al. [37] studied another variation of the covering problem called partial
covering. In partial covering, unlike in the standard covering problems, it is desired
to cover only a certain number of elements rather than covering all elements. For example, in k-set cover, we have to find the minimum number of sets to cover at least
k elements. For set-cover, where each set has cardinality at most 3, they have given
a 34 -approximation algorithm for the partial coverage. In the geometric covering problem for the partial coverage case, we are given n points in a d-dimensional space, we
have to find the smallest number of identical disks of diameter Λ that cover at least k
points. Using a shifting strategy [50], a PTAS (i.e. (1 + ǫ)-factor approximation result)
4

in O( ǫ12 k 2 n ǫ2 +2 ) time is available in the literature [37]. In [39], the dual of this problem
called the most points covering problem has been discussed. In this problem, there are
n points in IR2 , and we have to cover a maximum number of points using m disks with
radius r (m > 0 and r > 0). Both the partial covering problem and the most points
covering problem are NP-hard [39]. Given n points in IR2 , a parameter 0 < ǫ < 1, and
an integer 0 ≤ k ≤ n, which is the number of points to be covered, there is an (1 + ǫ)4

approximation algorithm with running time O( 1ǫ kn ǫ +1 ) for the partial covering problem
4

[39], which improves the running time of O( ǫ12 k 2 n ǫ2 +2 ) [37]. For the most points covering
2ǫ
problem, using the algorithm for the partial covering problem, a (1− 1+ǫ
)-approximation

algorithm in O((1 + ǫ)mn + 1ǫ n

√
4 2
+2
ǫ

) time is available [39].

The class cover problem is defined as follows: let B be the set of blue points in
12
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class one and R be the set of red points in class two in a d-dimensional space. The

goal is to cover the blue points with a minimum cardinality set of blue-centered balls of
equal radius such that no red points lie in these balls. Therefore, 0-radius disks centered
at all blue points gives a trivial solution. Cannon and Cowen [13] showed that this
problem is NP-complete and provided a (ln n + 1)-approximation algorithm which runs
in O(n3 + dn2 ) time, where |R ∪ B| = n and d is the dimension.

Kartz and Morgestern [58] studied a related geometric cover problem. In their prob-

lem, a set of m points Q is contained in a simple polygon P with n vertices. The

objective is to compute a minimum cover of Q by disks contained in P . They gave a

O(nm2 ) time algorithm for this problem. Later, Kaplan et al. [57] presented an almost linear time algorithm for this problem. The running time of their algorithm is
O(n + m(log n + log2 m)).
Sun and Lai [75] introduced another variation of the disk cover problem as follows:
let ∆ = {d0 , d1, . . . , dn } be a set of disks of radius r with all their centers located inside

d0 . Given ∆, the minimum disk cover problem seeks to identify a minimum subset of
′

′

∆, say ∆ , such that the union of the disks in ∆ is equal to the union of the disks in ∆.
They proposed an algorithm to solve the problem optimally in O(n4/3 ) time [75]. Later,
Sun et al. [77] proposed an optimal algorithm in O(n log n) time for the same problem
using a divide-and-conquer strategy.
Given a set of r red points, a set of n blue points and a set of m objects, Chan and Hu
[17] considered the problem of computing the smallest number of objects covering all blue
points, while minimizing the number of red points covered by these objects. They proved
that the problem is NP-hard even when the objects are unit squares. They proposed
an (1 + ǫ)-approximation algorithm (PTAS) for the problem, where the objects are unit
squares (0 < ǫ ≤ 1). The problem is a discrete unit square cover (DUSC) problem if

the red point set is empty. In the DUSC problem, a set P of n points and a set S

of m axis-parallel unit squares (side length is unit) are given, and the objective is to

choose a minimum cardinality subset S ∗ ⊆ S such that the union of the squares in S ∗

covers all the points in P. The fastest algorithm is obtained by putting ǫ = 1 in their

PTAS to get 2-approximation algorithm in O(m324 n) time, which is not practical [17].
As mentioned earlier, Mustafa and Ray proposed an (1 + ǫ)-approximation algorithm
13
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(0 < ǫ ≤ 2) for the DUDC problem [66]. This PTAS is applicable for the DUSC problem

also. Here, the fastest algorithm is obtained by putting ǫ = 2 in their PTAS to get a
3-approximation algorithm in O(m65 n) time, which is also not practical. Erlebach and
van Leeuwen also have given an (1 + ǫ)-approximation algorithm (PTAS) for the DUSC
problem, where 0 < ǫ ≤ 1 [78]. Their algorithm is based on a very complicated dynamic

programming paradigm. For ǫ = 1, their PTAS provides the fastest algorithm, which

is a 2-approximation algorithm with running time O(m8 n2 ) [62]. In this thesis we have
proposed a (2 +

4
)-approximation
k−2

algorithm, which runs in O(kmk n) time and a 2-

approximation algorithm, which runs in O(m4 n + n log n) time for the DUSC problem,
where k(> 2) is an integer parameter that defines a trade-off between the running time
and the approximation factor of the algorithm. Ito et al. [53] employed a similar dynamic
programming approach based on the plane sweep technique of [78] to solve the unique
unit square coverage problem. In the unique unit square coverage problem, given a set P

of points and a set S of axis-aligned unit squares in IR2 , the objective is to find a subset

S ∗ ⊆ S of squares that maximizes the number of points of P contained in exactly one

square in S ∗ . For the unique unit square coverage problem, Ito et. al [53] proposed a
1
-approximation algorithm for any fixed constant
1+ǫ
1
-approximation algorithm by van Leeuwen [62].
2
2

ǫ > 0, which improved the previous

Given a set P of n points in R , Mahapatra et al. [65] considered the problem of

computing two isothetic unit squares such that they cover the maximum number of
points. They gave an algorithm that runs in O(n2 ) time using O(n2) space. They also

considered the problem of computing k disjoint unit squares which maximizes the sum of
points covered by them. For this problem, they gave an algorithm that runs in O(k 2n5 )
time using O(kn4 ) space. They also gave an O(n log n) time and O(n) space algorithm
which computes O(n) isothetic unit squares covering the maximum number of points
with each having one side aligned with a given point. Saha et al. [74] considered the
problem of finding two parallel rectangles with arbitrary orientation to cover a given
set of n points in R2 such that the area of the larger rectangle is minimized. For this
problem, they proposed an algorithm that runs in O(n3 ) time using O(n2 ) space.
Given a set P of n points in IR2 , the classical k-center problem is to cover P with

k congruent disks of radius as small as possible. The above problem is called the dis14
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crete k-center problem when the centers of the k disks are restricted to be chosen from
a set of points, otherwise it is called the continuous k-center problem or simply the
k-center problem. Both versions of the k-center problem are NP-complete for k ≥ 2
if k is part of the input [5]. The various constrained versions of the k-center prob-

lem have been studied extensively in the literature. Hurtado et al. [47] considered
the Euclidean 1-center problem where the center is constrained to satisfy m linear constraints, and proposed an O(n + m) time algorithm for it. Bose and Toussaint [12]
provided an O((n + m) log(n + m)) time algorithm for the 1-center problem, where
the disk is centered on the boundary of a convex polygon with m vertices, and the
objective is to cover n demand points that may lie inside or outside of the polygon.
Brass et al. [11] studied a similar version of the k-center problem, where the centers
are constrained to lie on a given straight line. It uses parametric search, and runs in
O(n log2 n) time. Karmakar et al. [59] proposed three algorithms for this problem with
time complexities O(nk log n), O(nk + k 2 log3 n) and O(n log n + k log4 n), respectively.
Using parametric search, Kim and Shin [61] solved the 2-center problem for a given
polygon in O(n log2 n) time, where the two centers are restricted to be at some vertices of the polygon. Halperin et al. [51] also considered a version of 2-center problem
where the two centers are restricted to lie outside the boundaries of disjoint simple polygons with a total of m edges. For this version of the 2-center problem, Halperin et al.
[51] gave an algorithm with expected time O(m log2 (mn) + mn log2 n log(mn)) and a
(1 + ǫ)-approximation algorithm in time O( 1ǫ log( 1ǫ )(m log2 m + n log2 n)) or in randomized expected time O( 1ǫ log( 1ǫ )((m + n log n) log(mn))), where ǫ > 0 and n is the number
of points to be covered. Suzuki and Drezner [73] investigated the p-center problem for
demand originating in an area and proposed heuristic procedures for the problem. Das
et al. [24] provided a (1 + ǫ)-approximation algorithm for the k-center problem on a
convex polygon, where the centers are restricted to lie on a specified edge of the polygon.
If the centers are restricted to be on the boundary of a convex polygon, Das et al. [24]
presented an O(n2 ) time algorithm respectively for k = 1, 2. In the same paper, they
presented a heuristic algorithm for the same problem for k ≥ 3. Later, Roy et al. [71]

improved the time complexities of the same problem for k = 1, 2 to O(n). Du and Xu
[25] studied the k-center problem for a convex polygon where the centers are restricted
15
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to lie on the boundary of the polygon only, and presented a 1.8841-approximation algorithm, which runs in O(nk) time, where n is the number of vertices of the polygon. In
this thesis we have given a (1 +
O(n(n +

k)(| log ropt | + log⌈ 1ǫ ⌉))
1

7
k

+

7ǫ
k

+ ǫ)-approximation algorithm with running time

for the same problem, where ropt is the radius of disks

in the optimal solution , k ≥ 7, and ǫ > 0 is any given constant.

Hochbaum and Shmoys [44], and Gonzalez [42] provided 2-approximation algorithms

for the k-center problem under general metrics. The running time of their algorithms
are O(n2 log n) and O(nk) respectively. This is the best possible approximation bound
as it is NP-hard to approximate beyond a factor of 2 for the k-center problem under
general metrics [46]. However, Feder and Greene [36] gave a 2-factor approximation
algorithm in O(n log k) time for the Euclidean k-center problem and showed that on
√
Euclidean metrics, this problem cannot be approximated within a factor of 3 ≈ 1.73
unless P = NP .
A generalization of the k-center problem, namely the k-supplier problem is available
in the literature. In the k-supplier problem, the set of given points is partitioned into
two subsets Q (facilities) and P (clients), and the objective is to choose k facilities such

that the maximum distance of any client to its nearest chosen facility is minimum. In a
general metric, Hochbaum and Shmoys [45] gave a 3-approximation algorithm running
in O((n2 + mn) log(mn)) time, where m is the number of facilities and n is the number
of clients. They also proved that a (3 − ǫ)-approximation algorithm in polynomial time

is not possible unless P = NP . However, in the Euclidean metric, Feder and Greene
[36] gave a 3-approximation algorithm for the Euclidean k-supplier problem with run-

ning time O((n + m) log k). They also showed that it is NP-hard to approximate the
√
Euclidean k-supplier problem less than a factor of 7 ≈ 2.64. Furthermore, for fixed k,
√

Hwang et al. [49] presented a mO(

k)

-time algorithm for the Euclidean k-supplier prob-

lem. Later, Agarwal and Procopiuc [4] gave mO(k

1−1/d )

-time algorithm for d-dimensional

points. Recently, Nagarajan et al. [69] gave a 2.74-approximation algorithm for the Euclidean k-supplier problem in any constant dimension with running time O(mn log(mn)).
In this thesis, we have proposed a FPT 2-approximation algorithm for the Euclidean ksupplier problem in plane. The running time of this FPT 2-approximation algorithm is
1

we have taken | log ropt | in the time complexity since ropt may be less than 1
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O(6k (n + m) log(mn)). We generalize our FPT 2-approximation algorithm to develop
a FPT (1 + ǫ)-approximation algorithm for the k-supplier problem in IRd , where d is a
positive integer and ǫ > 0 is an arbitrary number. The running time of the proposed
(1 + ǫ)-approximation algorithm is O(ǫ−dk (m + n) log(mn)). We also propose a heuristic
algorithm for the Euclidean k-supplier problem in IR2 and experimentally show that the
proposed heuristic performs very well for randomly generated instances.
Recently, Dumitrescu and Jiang [26] studied the following variation of the constrained
k-center problem: given a set P = {p1 , p2 , . . . , pn } of n black points and a set Q =
{q1 , q2 , . . . , qk } of k red points in IR2 , the goal is to find a set D = {D1 , D2 , . . . , Dk } of k

disks such that (i) the disk Dj must contain the red point qj ∈ Q for 1 ≤ j ≤ k, (ii) all

points in P are covered by the union of the disks in D and (iii) the maximum radius of

the disks in D is minimized. Dumitrescu and Jiang [26] showed that their constrained

k-center problem is NP-hard and can not be approximated within a 1.8279 factor. They

proposed FPT-algorithms with 1.87, 1.71, and 1.61-approximation results in O(3k kn),
O(4k kn), and O(5k kn) time, respectively. Based on the generalization of the idea used for
developing the above FPT-algorithms, they proposed an (1+ǫ)-approximation algorithm
in O(ǫ−2k n) time, where ǫ > 0.
There are several works slightly related to the domain of geometric covering, where
the objective is to cover certain geometric objects with a set of other geometric objects
which are pairwise interior disjoint [1, 2, 3]. In this setting one of the recently studied
interesting problems is that of constructing a cover contact graph (CCG). In the CCG
problem the objective is to cover certain geometric objects called seeds (e.g. points) by
a set of other geometric objects called cover (e.g. a set of disks, set of triangles, etc.).
The interiors of seeds and cover elements are pairwise disjoint, respectively but they can
touch. The contact graph of cover is denoted as cover contact graph (CCG). Atienza et
al. [3] gave algorithms to decide whether a given set of points can be covered with disks
or triangles such that the resulting cover contact graph is a 1- or 2- connected graph.
Recently, Hossain et al. [52] gave an algorithm to construct a 4-connected triangle cover
contact graph (TCCG) for a set of point seeds, where the cover is a set of triangles. There
is enormous work in the general area of geometric covering. Let U be any universal set
and let M ⊂ U be any subset of it. Then, given a collection S of subsets of U, the set
17
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cover problem is to find a minimum size subcollection C ⊆ S that covers M. Clarkson

and Varadarajan [60] considered various geometric special cases of this problem, where
U = Rd , and proved that several polynomial-time approximation algorithms exist for
these geometric set cover problems. Somemore work on geometric set cover and related
references can be found in [55, 28, 54, 56, 68].
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Chapter 3
Discrete Unit Disk Cover Problem
In this chapter we consider the following two problems:
1. Discrete unit disk cover (DUDC) problem: Given a set P of n points and a set D

of m unit disks in IR2 , the objective is (i) to check whether the union of all the

disks in D covers all the points in P, and (ii) if yes, then select a minimum cardi-

nality subset D ∗ ⊆ D such that each point in P is covered by at least one disk in D ∗ .

2. Rectangular region cover (RRC) problem: Given a rectangular region R and a set

D of m unit disks in IR2 , the objective is (i) to check whether the union of all
the disks in D covers R, and (ii) if so, then select a minimum cardinality subset

D ∗∗ ⊆ D such that each point of a given rectangular region R is covered by the

union of the disks in D ∗∗ .

The DUDC problem is a well-studied problem in the domain of geometric covering.
In the literature, there are many approximation algorithms based on various techniques
for the DUDC problem. The PTAS of Mustafa and Ray [66], which uses the concept of
ǫ-net and local search technique, is useful only for 1 < ǫ ≤ 2. For each value of ǫ, their

PTAS takes a huge amount of time. The other approximation algorithms [6, 15, 19,
20, 70, 23, 33] are all mostly based on the technique of dividing the plane into smaller
chucks such as triangles, squares and horizontal strips of fixed height, then finding the
19
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cover for points lying in these chunks. In this chapter, we improve upon the previous
results for the DUDC problem by computing a better cover for points lying in one such
kind of chunks (LSDUDC). Unlike the PTAS of Mustafa and Ray [66], our algorithm
runs in a reasonable running time for the approximation range 9 + ǫ, where 0 < ǫ ≤ 6.

The objective of this chapter is aimed at developing constant factor approximation

algorithms with reasonable running time for the DUDC and RRC problems. In order to
solve the DUDC problem, we consider two subproblems of the DUDC problem, namely
(i) the line separable discrete unit disk cover (LSDUDC) problem, and (ii) the within strip
discrete unit disk cover (WSDUDC) problem. In this chapter we propose an (1 + µ)approximation algorithm (PTAS) for the LSDUDC problem, where 0 < µ ≤ 1. The
1

running time of the (1 + µ)-approximation algorithm is O(m3(1+ µ ) n log n). Based on the
PTAS for the LSDUDC problem, and a 3-approximation algorithm for the WSDUDC
problem proposed by Fraser and López [33], we propose a (9+ǫ)-approximation algorithm
for the DUDC problem, where 0 < ǫ ≤ 6. The running time of the proposed algorithm
6

for the DUDC problem is O(m3(1+ ǫ ) n log n). Using this (9 + ǫ)-approximation algorithm

for the DUDC problem, we propose a (9 + ǫ)-approximation algorithm for the RRC
18

problem. The running time of the algorithm is O(m5+ ǫ log m). We also consider the
RRC problem in reduce radius setup. For the RRC problem in reduce radius setup,
we develop an (1 + 1/l)2 -approximation algorithm (PTAS) using the shifting strategy
developed by Hochbaum and Maass [50], where l is a positive integer. The running time
4l2

of the algorithm is O(ql22⌈ ν 2 +

8l+4
⌉
ν

), where q is the minimum number of squares of size
√
2l × 2l, whose union covers the region R, and ν = 2γ, where γ is called the radius

ruduction parameter.

In Section 3.1, we sketch the outline of previous algorithms for the DUDC problem. In
Section 3.2, we propose a PTAS for the LSDUDC problem. We present an approximation
algorithm for the DUDC problem using the proposed PTAS for the LSDUDC problem in
Subsection 3.2.1. Approximation algorithms for RRC problems are presented in Section
3.3. Finally, we conclude the chapter in Section 3.4.
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3.1

Previous Approximation Algorithms for DUDC
Problem

Das et al. [23] first described a procedure for testing the feasibility of the DUDC problem
using the nearest point Voronoi diagram and a planar point location algorithm. Given
a set P of n points and a set D of m unit disks, the feasibility of the DUDC problem
can be checked in O(m log m + n log m) time using the procedure described below.

Let Q be the set of centers of unit disks in D and dist(a, b) denote the Euclidean

distance between two points a and b.

1) Compute the nearest point Voronoi diagram V OR(Q) of the points in Q [7].
2) Invoke a planar point location algorithm in the planar subdivision V OR(Q) for
each point p ∈ P, and find its nearest point qp ∈ Q.
3) If dist(p, qp ) ≤ 1 for all p ∈ P, then all the points in P are covered by the union of
unit disks in D, hence the given instance of DUDC problem has a feasible solution,
otherwise the instance has no feasible solution.

Now, we define three subproblems which are very useful to describe the DUDC
problem, namely (i) line-separable DUDC (LSDUDC) problem, (ii) within-strip DUDC
(WSDUDC) problem and (iii) outside-strip DUDC (OSDUDC) problem as follows:
(i) In the LSDUDC problem, the plane being divided into two half planes ℓ+ and ℓ−
defined by a line ℓ, all the points in P are in ℓ− and the centers of the disks in D

are in ℓ+ ∪ ℓ− such that each point in P is covered by at least one disk centered

in ℓ+ . The objective is to select a minimum cardinality subset D ∗ ⊆ D such that

each point in P is covered by at least one disk in D ∗ .

(ii) In the WSDUDC problem, all points in P and centers of all disks in D are inside
a horizontal strip of height

√1 .
2

The objective is to select a minimum cardinality

subset D ∗ ⊆ D such that each point in P is covered by at least one disk in D ∗ .
(iii) In the OSDUDC problem, a set P of points are lying inside horizontal strips H of
height

√1
2

and all points in P are covered by the disks in D such that the centers
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of the disks in D are outside the horizontal strips H, the objective is to select a

minimum cardinality subset D ∗ ⊆ D such that each point in P is covered by at
least one disk in D ∗ .

Let R be the minimum-sized axis-aligned rectangle containing all points in P and centers

of all disks in D. The rectangle R is divided into horizontal strips bounded by the line

segments ℓ0 , ℓ1 , . . ., ℓt indexed from top to bottom such that dist(ℓi , ℓi+1 ) =

√1
2

for

i = 0, 1, . . ., t − 1 where the top and bottom boundaries of the rectangle R are denoted

by the line segments ℓ0 and ℓt respectively and dist(a, b) is used to denote the Euclidean

distance between two horizontal line segments a and b. Let [ℓi , ℓi+1 ] denote the horizontal
strip defined by the lines ℓi and ℓi+1 .
Based on the t horizontal strips, Das et al.[23] partitioned the point set P into 7

disjoint sets and solved them independently, which involves both the OSDUDC problem
and the WSDUDC problem.

Lemma 3.1.1. [23] The approximation factor of the OSDUDC algorithm is 6× (approximation factor of the LSDUDC algorithm), and the running time of the OSDUDC
algorithm is O(n log n + mn).
Lemma 3.1.2. [23] The approximation factor of the WSDUDC algorithm is 6, and the
running time of the algorithm is O(n log n + mn).
Theorem 3.1.3. [23] The approximation factor of the DUDC algorithm is the sum of
the approximation factor of the OSDUDC algorithm and the approximation factor of the
WSDUDC (defined on strip of height

√1 )
2

algorithm, and the running time of the DUDC

algorithm is O(max(running time of LSDUDC algorithm, running time of WSDUDC
algorithm)).
Corollary 3.1.4. The approximation factor of the algorithm for the DUDC problem is
6 × 2 + 6 = 18 and the running time of the algorithm is O(m log m + n log n + mn).
The approximation factor of the DUDC algorithm can be improved using the following improved results for the WSDUDC problem.
1
Lemma 3.1.5. [33] The WSDUDC problem admits a 3⌈ √1−δ
2 ⌉-approximation algorithm

in O(m4 n + n log n) time for a strip of height δ < 1.
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Lemma 3.1.6. [33] The WSDUDC problem admits a 4-approximation algorithm in
O(m4 n + n log n) time for a strip of height δ ≤ 2

√
2
.
3

Lemma 3.1.7. [33] The WSDUDC problem admits a 3-approximation algorithm in
O(m6 n + n log n) time for a strip of height δ ≤ 54 .
Theorem 3.1.8. [33] The DUDC problem admits a 15-approximation algorithm in
O(m6 n + n log n) time.
Proof. Follows from Theorem 3.1.3, Lemmata 3.1.1 and 3.1.7, and since

3.2

√1
2

< 45 .

PTAS for the LSDUDC Problem

In this section we first define some terminology as follows:
Let ℓ be a horizontal line. We use ℓ+ and ℓ− to denote the half-planes above and below
ℓ respectively. The definition of the LSDUDC problem is as follows:
A set P of points and a set D of unit disks exist such that (i) each point in P is in
ℓ− , (ii) the center of each disk in D is in ℓ+ ∪ ℓ− , and (iii) the union of the disks

centered in ℓ+ covers all points in P. The objective is to find a minimum cardinality

set D ∗ ⊆ D such that the union of the disks in D ∗ covers P i.e., P ⊆ ∪ ∗ d.
d∈D

We use U and L to denote the set of disks in D with centers in ℓ+ and ℓ− respectively.

For a disk d ∈ D, its boundary arc and center are denoted by θ(d) and α(d) respectively.

A disk d ∈ U is said to be a lower boundary disk if there does not exist X = U \ {d}

such that d ∩ ℓ− ⊂ ( ′∪ d′ ) ∩ ℓ− . For a lower boundary disk d ∈ U, we use the term
d ∈X

lower region to denote the region d ∩ ℓ− and lower arc to denote the arc θ(d) ∩ ℓ− (see

Figure 3.1). We use Dℓ = {d1 , d2 , . . . , ds } ⊆ U to denote the set of all lower boundary
disks. We use Bregion to denote the union of lower regions covered by the disks in Dℓ

i.e., Bregion = ( ′ ∪ d′ ) ∩ ℓ− .
d ∈Dℓ

Let L be an arbitrary vertical line. We use L− (resp. L+ ) to denote the region in the

left (resp. right) side of the vertical line L. Let PL− (resp. PL+ ) be the set of points in

P to the left (resp. right) of L i.e., PL− = P ∩ L− and PL+ = P ∩ L+ . Let D L− (⊆ D)
and D L+ (⊆ D) be the optimum cover of the points in PL− and PL+ respectively.
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Figure 3.1: Lower region, left intersection and lower boundary disks
Claim 3.2.1. For two disks d′ , d′′ ∈ L, if d′ , d′′ ∈ D L− and d′ , d′′ ∈ D L+ , and d′ and d′′

intersect with each other, then both d′ and d′′ intersect L and both the intersections

between θ(d′ ) and θ(d′′ ) lie in Bregion .
Proof. Both the disks d′ and d′′ intersect L because d′ , d′′ ∈ D L− and d′ , d′′ ∈ D L+ .

Since d′ , d′′ ∈ D L− and d′ , d′′ ∈ D L+ , there exist points p′0 , p′′0 ∈ PL− and p′1 , p′′1 ∈ PL+

such that p′0 , p′1 ∈ d′ and p′′0 , p′′1 ∈ d′′ but p′0 , p′1 6∈ d′′ and p′′0 , p′′1 6∈ d′ (see Figure 3.2).

Now, if at least one intersection of d′ and d′′ lies below Bregion , then either (i) one of
p′0 or p′1 lies outside Bregion or (ii) one of p′′0 or p′′1 lies outside Bregion , which leads to a
contradiction because there must be a point either in L− or in L+ which is covered by
one of d′ or d′′ but not by the other or vice versa for both d′ , d′′ to be in D L− and D L+

simultaneously and at least one of the intersection points between θ(d′ ) and θ(d′′ ) lie

below Bregion , but each point in P is covered by at least one disk centered above ℓ.

Now, if θ(d′ ) and θ(d′′ ) intersect above ℓ, then either (i) PL− ∩ d′ ⊂ PL− ∩ d′′ or

PL− ∩ d′′ ⊂ PL− ∩ d′ or (ii) PL+ ∩ d′ ⊂ PL+ ∩ d′′ or PL+ ∩ d′′ ⊂ PL+ ∩ d′ (Note: the
centers of the disks d′ and d′′ lie below the line ℓ as d′ , d′′ ∈ L). Therefore, both d′ and
d′′ cannot appear in the solutions D L− and D L+ , which leads to a contradiction. Thus,

θ(d′ ) and θ(d′′ ) intersect in Bregion .

Definition 3.2.2. A pair (d′ , d′′ )(∈ L × L) of disks is said to be a weak (resp. strong)

cover pair if θ(d′ ) and θ(d′′ ) intersect once (resp. twice) in Bregion .

Definition 3.2.3. A pair (d′ , d′′ )(∈ L × L) of disks is said to be a non-intersecting cover
pair if θ(d′ ) and θ(d′′ ) do not intersect with each other.

24

38TH-1505_11612315

L

p’
1
p"
1
p’
0

d’

p"
0

d"

Figure 3.2: Proof of Claim 3.2.1
Lemma 3.2.4. For a weak cover pair (d′ , d′′ )(∈ L × L); d′ , d′′ ∈ D L− and d′ , d′′ ∈ D L+
cannot happen simultaneously.

Proof. On contrary, assume d′ , d′′ ∈ D L− and d′ , d′′ ∈ D L+ . By the definition of weak

cover pair, one of the intersections of θ(d′ ) and θ(d′′ ) lies in Bregion , whereas the other
intersection lies either above ℓ or below Bregion . But, by Claim 3.2.1 the intersection point
cannot lie below Bregion . Therefore, either (i) PL− ∩ d′ ⊂ PL− ∩ d′′ or PL− ∩ d′′ ⊂ PL− ∩ d′

or (ii) PL+ ∩ d′ ⊂ PL+ ∩ d′′ or PL+ ∩ d′′ ⊂ PL+ ∩ d′ (see Figure 3.3). Thus, both the disks
d′ , d′′ cannot be in D L− and D L+ simultaneously.
L

d’

d’’

Figure 3.3: Proof of Lemma 3.2.4
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Lemma 3.2.5. For a strong cover pair (d′, d′′ )(∈ L × L) with α(d′ ) above α(d′′ ), if the

intersections of θ(d′ ) and θ(d′′ ) lie within lower boundary disks dx and dy , then either
one intersection occurs between θ(dx ) and θ(d′ ), or one intersection occurs between θ(dy )
and θ(d′ ) above the horizontal line ℓ.
Proof. Without loss of generality assume that α(d′ ) is above the intersection point of d′
and d′′ inside dx . Let a and b be the two intersection points of θ(dx ) and θ(d′ ). Therefore,
α(d′ ) should lie above at least one point among a and b. Assume α(d′ ) lies above a. By
symmetry, α(d′ ), a and α(dx ), b are parallel (see Figure 3.4). Thus, b must be above

α(dx ) i.e., b must be above ℓ.

L

b

dx

dy

a
d’’
d’

Figure 3.4: Proof of Lemma 3.2.5

Lemma 3.2.6. |D L− ∩ D L+ ∩ L| ≤ 2.
Proof. On the contrary, assume that dx , dy , dz ∈ D L− ∩ D L+ ∩ L. Since dx , dy , dz ∈ D L−

as well as dx , dy , dz ∈ D L+ , all the disks dx , dy , dz intersect the vertical line L in the

Bregion . Let Γ = {(dx , dy ), (dx , dz ), (dy , dz )}. From Lemma 3.2.4, no pair in Γ forms a

weak cover pair because dx , dy , dz ∈ D L− as well as dx , dy , dz ∈ D L+ . Then, the following
cases are possible:

(i) Every pair (d1 , d2 ) ∈ Γ = {(dx , dy ), (dx , dz ), (dy , dz )} forms a strong cover pair.
Without loss of generality assume that α(dx ) is below α(dy ) and α(dy ) is below
26

40TH-1505_11612315

α(dz ) (see Figure 3.5(a)). If a is the intersection between θ(dx ) and θ(dy ) inside
the lower boundary disk d (say) and below the horizontal line ℓ, then from Lemma
3.2.5 one intersection between θ(dy ) and θ(dz ) lies inside of d (see Figure 3.5(a)).
Therefore, (dx ∪ dy ∪ dz ) ∩ PL− ⊆ (dx ∪ d) ∩ PL− , which implies that D L− is not

optimum, leading to a contradiction, because the set (D L− \ {dx , dy , dz }) ∪ {dx , d},
whose cardinality is smaller than |D L− |, covers PL− .

(ii) If one pair (dx , dz )(say) in Γ forms a non-intersecting cover pair and the other
two pairs (dx , dy ) and (dy , dz ) form strong cover pairs (see Figure 3.5(b)), let d be
the lower boundary disk centered to the left of L (see Figure 3.5(b)). Then, one
intersection between θ(dx ) and θ(dy ) lies inside of d as dx does not intersect with
dz , and from Lemma 3.2.5 one intersection between θ(dy ) and θ(dz ) lies inside of
d. Therefore, (dx ∪ dy ∪ dz ) ∩ PL− ⊆ (dz ∪ d) ∩ PL− , which implies that D L− is not

optimum, leading to a contradiction, because the set (D L− \ {dx , dy , dz }) ∪ {dz , d},

whose cardinality is smaller than |D L− |, covers PL− .

(iii) In this case, let’s say only one pair (dy , dz ) ∈ Γ forms a strong cover pair and the

other two pairs (dx , dy ) and (dx , dz ) form non-intersecting cover pairs (see Figure
3.5(c)). Let d be the lower boundary disk centered to the left of L (see Figure
3.5(c)). Then, (dx ∪ dy ∪ dz ) ∩ PL− ⊆ (dx ∪ d) ∩ PL− , which implies that D L− is

not optimum, leading to a contradiction.

(iv) The case when every pair in Γ forms a non-intersecting cover pair leads to contradiction by the same argument as in cases (ii) and (iii) (see Figure 3.5(d)).
The remaining cases are just the mirror cases (mirror case of (i) is depicted in Figure
3.6(a), mirror cases of (ii) are depicted in Figure 3.6(b), (c) and (d), mirror cases of (iii)
are depicted in Figure 3.7(a), (b) and (c), and mirror case of (iv) is depicted in Figure
3.7(d)) that can be handled in the same way as above. Thus, the lemma follows.

Each disk in Dℓ intersects the horizontal line ℓ and Bregion contains all points in P.

Without loss of generality assume that d1 , d2 , . . . , ds is the sorted order from left to right
based on their left intersection points with the line ℓ (see Figure 3.1). Since the centers
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Figure 3.5: Proof of Lemma 3.2.6
of the disks in Dℓ are in ℓ+ , the number of intersection points (if any) between two disk
arcs of Dℓ in ℓ− is one. For each disk di ∈ Dℓ we define a point, namely pir as follows:

pir : If the disk di has intersection with di+1 in ℓ− , then pir is the intersection point between
θ(di+1 ) and θ(di ) in ℓ− , otherwise pir is the right intersection point between ℓ and
θ(di ).
Here d0 and ds+1 are the two dummy disks having no intersection with d1 and ds
respectively. For each i = 1, 2, . . . , s, let Pi (⊆ P) be the set of points lying between two

vertical lines through pri−1 and pir . Let ei be the vertical line through the point pir for
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Figure 3.6: Proof of Lemma 3.2.6 (mirror cases)
i = 1, 2, . . . , s. We use ei− (resp. ei+ ) to denote the region in the left (resp. right) side
of the vertical line ei . Let Pei− (resp. Pei+ ) be the set of points in P to the left (resp.

right) of ei i.e., Pei− = P ∩ ei− and Pei+ = P ∩ ei+ . Let D i− (⊆ D) and D i+ (⊆ D) be the
optimum cover of the points in Pei− and Pei+ respectively.

Corollary 3.2.7. |D i− ∩ D i+ ∩ L| ≤ 2.
Proof. Proof of the Corollary follows from Lemma 3.2.6.
Lemma 3.2.8. |D i− ∩ D i+ ∩ U| ≤ 1.
Proof. Since the centers of all the disks in U are in ℓ+ and the points in P are in ℓ− ,
two disks dx , dy in U cannot intersect twice in ℓ− . Therefore, |D i− ∩ D i+ ∩ U| is at most

1. Thus, the lemma follows.
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Figure 3.7: Proof of Lemma 3.2.6 (mirror cases)
Lemma 3.2.9. |D i− ∩ D i+ | ≤ 3.
Proof. Follows from (i) D = U ∪ L, (ii) Corollary 3.2.7, and (iii) Lemma 3.2.8.
The following theorem says that the LSDUDC problem admits a PTAS.
Theorem 3.2.10. Algorithm 3.1 produces (1 +

3
)-factor
k−3

approximation results in

O(mk n log n) time.
Proof. For some integer t, let j1 , j2 , . . . , jt be the values of j in the while loop (line
number 9) of the Algorithm 3.1. Let Qv =

∪

i=jv−1 +1,jv−1 +2,...,jv

Pi for v = 1, 2, . . . , t, where

j0 = 0. Algorithm 3.1 finds a covering for the sets {Q1 , Q2 , . . . , Qt } independently with

each of size k (optimum size because in each iteration of the while loop in line number 9,
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Algorithm 3.1 LSDUDC(P, D, k, ℓ)
1:

2:
3:
4:

5:
6:
7:
8:
9:
10:

Input: Set P of points, set D of unit disks, a positive integer k and a horizontal
line ℓ such that P ∩ ℓ− = P and the union of the disks centered in ℓ+ covers all the
points in P.
Output: Set D ∗ ⊆ D of disks covering all the points in P.
Set D ∗ ← ∅
Find lower boundary disks set Dℓ and arrange them from left to right as defined
above (see Figure 3.1). Let Dℓ = {d1 , d2 , . . . , ds } be the lower boundary disks from
left to right.
for (i = 1, 2, . . . s) do
Compute the set Pi (⊆ P)
end for
i←1
while (i ≤ s) do
Find the maximum index j such that
∪
Pt is covered by a set D1 (⊆ D) of
t=i,i+1,...j

disks with k = |D1 |.
11:
D ∗ = D ∗ ∪ D1 , i ← j + 1
12: end while
13: Return D ∗

Algorithm 3.1 finds maximum value of j’s) except the covering of Qt . Let D 1 , D 2 , . . . , D t

be the covering for Q1 , Q2 , . . . , Qt respectively.
b = D ′ ∪ D ′′ be the optimal cover for the point
Consider any vertical line ei . Let D
b covering all points in Pei− and
set P, where D ′ is a minimum cardinality subset of D
b covering all points in Pei+ . Let |D ′ ∩ D ′′ | = r
D ′′ is a minimum cardinality subset of D

(≥ 0). By Lemma 3.2.6 and Lemma 3.2.8, we can replace r disks of D ′ ∩ D ′′ in D ′ with

at most three disks and we can still cover Pei− . Therefore, |D i− | ≤ |D ′| − r + 3. By the
minimum cardinality of D i+ , |D i+ | ≤ |D ′′ |. Then,

|D i− | + |D i+ | ≤ |D ′| + |D ′′ | − r + 3
=⇒ |D i− | + |D i+ | − 3 ≤ |D ′| + |D ′′ | − r

b
=⇒ |D i− | + |D i+ | − 3 ≤ |D|
b
=⇒ |D i− ∪ D i+ | − 3 ≤ |D|

(3.2.1)

Algorithm 3.1 computed optimal covers D i (of size k) for Qi independently for every
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i = 1, 2, . . ., t−1. Hence, for every i = 1, 2, . . ., t−1, let D i ∩D i+1 = ∅ in the worst case,

whereas |D i− ∩ D i+ | ≤ 3 by Lemma 3.2.9. Then, from inequality (3.2.1) the lower bound

on the size of optimal solution for the point set P is |

∪

i=1,2,...,t−1

D i | + |D t | − 3(t − 1) =

k(t − 1) + |D t | − 3(t − 1) = (k − 3)(t − 1) + |D t |. Therefore, the total number of disks

required to cover all the points by Algorithm 3.1 is k(t − 1) + |D t | whereas at least

(k − 3)(t − 1) + |D t | disks required in the optimum solution. Thus, the approximation
factor of the Algorithm 3.1 is (1 +

3
).
k−3

The execution time to find lower boundary disks and to arrange them from left to
right (line number 4) is O(m log m), where m = |D|. To compute Pi for i = 1, 2, . . . s
(for loop at line number 5) O(n log n) time is required, where n = |P|. To implement

the while loop (line number 9), we first create set P u (⊆ P) of points such that P u =
∪

i=1,2,...,u

Pi for each u = 1, 2, . . . , s, then for maximum j, we choose j = 2i for i =
v

v−1

1, 2, . . . , v such that P 2 is not covered by k disks but P 2

is covered by k disks. Now, we

need to perform a binary search among [2v−1 +1, 2v−1 +2, . . . , 2v ] for the maximum value
of j. Therefore, the time complexity of the while loop (line number 9) is O(mk n log n).
Thus, the total time complexity of the Algorithm 3.1 is O(mk n log n).

3.2.1

(9 + ǫ)-Approximation Algorithm for DUDC Problem

In this section we wish to describe a (9 + ǫ)-approximation algorithm for the DUDC
problem. Here a set P of n points and a set D of m unit disks are distributed in the

plane; the objective is to (i) check whether the union of all the disks in D covers all

the points in P, and (ii) if so, then choose a minimum cardinality set D ∗ (⊆ D) such

that the union of the disks in D ∗ covers P. Since checking the feasibility of the DUDC
problem is simple using the method described in Section 3.1, we always assume that the

given instance of the DUDC problem is feasible. From Theorem 3.2.10, the LSDUDC
problem has an (1 + µ)-approximation algorithm (µ =
1
)
3(1+ µ

algorithm is O(m

3
)
k−3

and the running time of the

n log n). Das et al. [23] proposed an approximation algorithm for

the DUDC problem using algorithms for the LSDUDC and the WSDUDC (with strip
√
height 1/ 2) problems (see Section 3.1) and proved that the approximation factor of
the algorithm for the DUDC problem is
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6× (approximation factor of an algorithm for the LSDUDC problem) +
√
approximation factor of an algorithm for the WSDUDC (height δ = 1/ 2) problem.
Fraser and López-Ortiz [33] proposed a 3-approximation algorithm for the WSDUDC
(with height δ ≤ 4/5) problem in O(m6 n) time. Therefore, we have the following theorem
for the DUDC problem.

Theorem 3.2.11. The DUDC problem has a (9 + ǫ)-approximation algorithm with run6

ning time O(m3(1+ ǫ ) n log n).
Proof. From Lemma 3.1.1, 3.1.2 and Theorem 3.1.3, the approximation factor of the
algorithm for the DUDC problem is (6× (approximation factor of an algorithm for the
LSDUDC problem) + approximation factor of an algorithm for the WSDUDC (height
√
= 1/ 2) problem) [23]. Therefore, the approximation factor of the algorithm for the
DUDC problem is 6 × (1 + µ) + 3 = 9 + ǫ, where ǫ = 6µ (see Theorem 3.2.10 and Section

3.1). The time complexity follows from the time complexity of the WSDUDC [33], and
the complexity result stated in Theorem 3.2.10.

3.3

Approximation Algorithms for the RRC Problem

In the RRC problem, the inputs are a set D of m unit disks and a rectangular region R
; the objective is (i) to check whether the union of all the disks in D covers R, and (ii)

if so, then choose a minimum cardinality set D ∗∗ ⊆ D such that R ⊆ ∪∗∗ d.
d∈D

Given an instance (D, R) of the RRC problem, the feasibility checking procedure for

that instance is as follows:

• Let Q be the set of centers of unit disks in D. Draw the nearest-point Voronoi
diagram V OR(Q) on the point set Q within the rectangular region R, where

vor(qi ) denotes the Voronoi cell corresponding to the point qi ∈ Q for i = 1, 2, . . .,
m.

• Let di be the unit disk centered at qi for i = 1, 2, . . ., m. For each Voronoi cell

vor(qi ) if vor(qi ) ⊆ di , then the given instance (D, R) for the RRC problem has a
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feasible solution, otherwise the given instance has no feasible solution.
To check whether the Voronoi cell vor(qi ) is covered by the corresponding unit disk di
(i = 1, 2, . . ., m), it is sufficient to check whether every vertex on the boundary of vor(qi )
lies inside di or not. The number of vertices on the boundary of vor(qi ) is the same as the
number of edges on the boundary of vor(qi ). The number of edges in V OR(Q) is O(m).
Since each edge lies on the boundary of at most two Voronoi cells vor(qi ) and vor(qj )
for i 6= j, checking whether vor(qi ) ⊆ di or not takes O(m) time. Therefore the running

time of the feasibility checking procedure is dominated by the time required to compute
the Voronoi diagram. Hence, the feasibility checking procedure runs in O(m log m) time.
Since feasibility checking for the RRC problem is simple, from now on we assume that
a given instance of the RRC problem has a feasible solution.
A sector f inside R is a maximal region inside R formed by the intersection of a

set of disks. Thus each point within f is covered by the same set of disks. Let F be

the set of all sectors (inside R) formed by D, and |F | = O(m2 ). Now we construct a

set of points T as follows: for each sector f ∈ F we add one arbitrary point p ∈ f to
T . Therefore, covering all the sectors in F by a minimum cardinality subset of D is

equivalent to covering all the points in T by the same subset of D. Thus, we have the
following theorem:

Theorem 3.3.1. The RRC problem has a (9 + ǫ)-approximation algorithm with running
18

time O(m5+ ǫ log m).
Proof. Consider an arbitrary point p ∈ T . Let f ∈ F be the sector in which the point p

lies. From the definition of sector, if a disk d ∈ D covers p, then the disk d also covers the

whole sector f . Therefore, the instance (D, R) of the RRC problem is exactly same as
the instance (T , D) of the DUDC problem. Note that |T | = O(m2 ). Thus, the theorem
follows from Theorem 3.2.11 by putting n = m2 .

3.3.1

RRC Problem in Reduce Radius Setup

In this subsection we consider the RRC problem in reduce radius setup. In this setup,
a set D of unit disks and a rectangular region R such that R is covered by the union of
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the disks in D after reducing their radius to (1 − γ) are given. The objective is to choose

a minimum cardinality set D ∗∗ (⊆ D) whose union covers R. In the reduce radius setup
an algorithm A is said to be a β-approximation if

|Aout |
|opt|

≤ β, where Aout is the output

of A and opt is the optimum set of disks with reduced radius covering the region of
interest. Reduce radius setup has many applications in wireless sensor networks, where
coverage remains stable under small perturbations of sensing ranges and their positions.
Here, we propose a 2.25-approximation algorithm for this problem. The best known
approximation factor for the same problem was 4 [32].
√
Claim 3.3.2. Let ν = 2γ and d be an unit disk centered at a point p. If d′ is a disk of
radius (1 − γ) centered within a square S of size ν × ν centered at p, then d′ ⊆ d.
Proof. Let c be the length of the diagonal of S. Then, the maximum distance of any

point within the square S of size ν × ν from the center point p is c/2 = γ. Thus, the
Claim follows.

Consider a grid with cells of size ν × ν over the region R. Like Funke et al. [32] we

also snap the center of each d ∈ D to the closest vertex of the grid and set its radius
to (1 − γ). Let D ′ be the set of disks with radius (1 − γ) after snapping their centers.

Let R′ be a square of size 2l × 2l on the plane contained in R, where l is a positive

integer. We define the regions UP, DOWN, LEFT, RIGHT, UP-LEFT, UP-RIGHT,
DOWN-LEFT, DOWN-RIGHT around R′ as shown in Figure 3.8. We now construct

a set DRS (⊆ D ′ ) such that any disk d ∈ D ′ and d 6∈ DRS cannot participate in the

optimum solution (minimum size) for covering the region R′ by the disks in D ′ . Note
that, if a disk d ∈ DRS , then the center of d is a grid vertex. The pseudo code for
construction of DRS is given in Algorithm 3.2.
UP

UP-RIGHT

LEFT

R’

RIGHT

DOWN-LEFT

DOWN

DOWN-RIGHT

UP-LEFT

R

Figure 3.8: Definition of different regions
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Definition 3.3.3. A disk d ∈ D ′ dominates another disk d′ ∈ D ′ with respect to the

region R′ if d ∩ R′ ⊇ d′ ∩ R′ .

Algorithm 3.2 Algorithm DRS (D ′ , R′ , ν)
1:
2:

3:
4:
5:

6:
7:
8:
9:
10:

Input: Set D ′ of disks, a square region R′ of size 2l × 2l and grid size ν.
Output: DRS (⊆ D ′ ) such that no disk d 6∈ DRS can participate in the optimum
solution for covering the region R′ by D ′ .
Set DRS ← ∅
For each disk d ∈ D ′ having center in R′ , DRS = DRS ∪ {d}
For each horizontal grid line segment h in LEFT, add a disk d ∈ D ′ to DRS if (i)
d ∩ R′ 6= ∅, (ii) the center of d lies on h and (iii) the center of d is closer to R′ than
other disks having centers on h. Similarly add disks to DRS for the regions RIGHT,
UP and DOWN.
for (each horizontal grid line segment h in UP-RIGHT from bottom to top) do
Add a disk d ∈ D ′ to DRS if (i) d ∩ R′ 6= ∅, (ii) the center of d lies on h and (iii)
there does not exist any disk d′ ∈ DRS dominating d.
end for
repeat steps 6-8 for UP-LEFT, DOWN-LEFT and DOWN-RIGHT.
Return DRS

Lemma 3.3.4. If d ∈ D ′ and d 6∈ DRS , then d cannot participate in the optimum
solution for covering R′ by minimum number of disks in D ′ .

Proof. The center of d is outside of R′ as d 6∈ DRS (see line number 4 of Algorithm

3.2). Without loss of generality assume that the center of d is in LEFT and on the
horizontal grid line segment h. By our construction of the set DRS , there exists a disk

d′ ∈ DRS centered on h such that (a) d′ ∩R′ 6= ∅, (b) the center of d′ lies on h and (c) the
center of d′ closer to R′ than other disks having centers on h. Therefore, d′ dominates

d. Similarly, we can prove for other cases also. Thus, the lemma follows.
2

Lemma 3.3.5. |DRS | ≤ ⌈ 4lν 2 +

8l+4
⌉.
ν

Proof. The lemma follows from the following facts: (i) the maximum number of grid
vertices in R′ is

4l2
ν2

and each of them can contribute one disk in DRS , (ii) the maximum

number of horizontal grid line segments in the regions UP-LEFT, LEFT, DOWN-LEFT,
DOWN-RIGHT, RIGHT and UP-RIGHT that can contribute a disk in DRS is

4l+4
ν

and

(iii) the maximum number of vertical grid line segments in the regions UP and DOWN
that can contribute a disk in DRS is

4l
.
ν

Thus, the lemma follows.
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From Claim 3.3.2 and Lemma 3.3.5, we can compute a cover of R′ by D ′′ (⊆ D) with

the minimum number of disks using a brute-force method, where D ′′ is the set of unit
disks corresponding to the reduced-radius disks in DRS . The running time of the brute4l2

force algorithm is O(2⌈ ν 2 +

8l+4
⌉
ν

) (see Lemma 3.3.5). Although this worst-case running

time of the brute-force algorithm is exponential in ( νl )2 , but it is very small for practical
input data. We now describe an approximation factor of our proposed algorithm for
RRC problem in reduce radius setup.
Theorem 3.3.6. In the reduce radius setup, the RRC problem has an (1+ 1l )2 -approximation
4l2

algorithm with running time O(ql22⌈ ν 2 +

8l+4
⌉
ν

), where q is the minimum number of squares

of size 2l × 2l covering R and l is a positive integer.
Proof. From the above discussion, for rectangle of size 2l × 2l, we have an optimum

solution for the RRC problem. Note that the diameter of each disk of the RRC instance
is 2. Therefore, by the shifting strategy described by Hochbaum and Maass [50] along
horizontal and then vertical directions we have a (1 + 1/l)2 -approximation algorithm for
4l2

solving the RRC problem in time O(ql22⌈ ν 2 +

8l+4
⌉
ν

). Thus, the theorem follows.

Corollary 3.3.7. In the reduce radius setup, the RRC problem has a 2.25-approximation
16

20

algorithm with running time O(q2⌈ ν 2 + ν ⌉ ), where q is the minimum number of squares
of size 4 × 4 covering R.
Proof. Follows from Theorem 3.3.6 by setting l = 2.
20

Note that, Funke et al. [32] proposed a 4-approximation algorithm in O(q2⌈ ν 2 ⌉ )
time for the RRC problem in reduce radius setup. Thus, our proposed algorithm is a
significant improvement over the best known existing algorithm for the same problem.

3.4

Conclusion

In this chapter we have proposed a PTAS for the LSDUDC problem. The running time
1

of our proposed PTAS is O(m3(1+ µ ) n log n), where 0 < µ ≤ 1. Using this PTAS, we
proposed a (9 + ǫ)-approximation algorithm for the DUDC problem, improving previ-

ous 15-approximation result for the same problem [33], where 0 < ǫ ≤ 6. We have
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also proposed a (9 + ǫ)-approximation algorithm for the RRC problem, which runs in
18

O(m5+ ǫ log m) time. In the reduce radius setup, we proposed a PTAS and using this
result, we proposed a 2.25-approximation algorithm. The previous best known approximation factor was 4 [32]. The running time of our proposed algorithm for the RRC
problem in reduce radius setup is less than that of 4-approximation algorithm proposed
in [32] for reasonably large value of γ(=

√ν ),
2
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where γ is the radius reduction parameter.

Chapter 4
Discrete Unit Square Cover
Problem
In this chapter we consider the discrete unit square cover (DUSC) problem as follows:
Given a set P of n points and a set S of m axis-aligned unit squares in R2 , the
objective is (i) to check whether the union of the squares in S covers all the points
in P, and (ii) if the answer is yes, then select a minimum cardinality subset S ∗ ⊆ S

such that each point in P is covered by at least one square in S ∗ .

The DUSC problem has been well studied in the literature. All the previous algorithms for the DUSC problem take huge amount of time and are based on complicated
techniques [17, 66, 78, 62]. In this chapter, we propose simple approximation algorithms
which run faster than the previous approximation algorithms for a certain range of
approximation factor.
For the DUSC problem;
(i) We propose a (2 +

4
)-approximation
k−2

algorithm, where k(> 2) is an integer pa-

rameter that defines a trade-off between the running time and the approximation factor
of the algorithm. The running time of our proposed algorithm is O(kmk n). Our solution
of the discrete unit square cover problem is based on a simple (1 +

2
)-approximation
k−2

algorithm for the subproblem strip square cover problem. In the strip square cover
problem, all the points in P are lying within a horizontal strip of unit height.
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(ii) We also propose a 2-approximation algorithm, which runs in O(m4 n + n log n)
time. The 2-approximation algorithm is based on an algorithm for the strip square
cover subproblem. The algorithm for the subproblem is developed using plane sweep
and graph search traversal techniques.
In Section 4.1 we describe a procedure for checking the feasibility of an instance of the
discrete unit square cover problem. We present an (1 +

2
)-approximation
k−2

algorithm

for the strip square cover problem in Section 4.2. In Section 4.3, we propose a (2 +
4
)-approximation
k−2

2
algorithm for the DUSC problem using an (1 + k−2
)-approximation

algorithm for the strip square cover problem. In Section 4.4, we also propose a 2approximation algorithm with running time O(m4 n + n log n) for the DUSC problem
using the similar kind of technique proposed in [78]. Finally, we conclude the chapter in
Section 4.5.

4.1

Testing Feasibility of the Discrete Unit Square
Cover Problem

We use a plane sweep technique [7] to check the feasibility of an instance of a discrete
unit square cover problem as follows: imagine sweeping a 1-dimensional vertical line
(sweep line) ℓ across the plane from left to right. For each square s ∈ S the coordinates

x(s) − 1/2 and x(s) + 1/2 together with the x-coordinates of all the points in P are
the event points, where x(s) (resp. y(s)) is the x-coordinate (resp. y-coordinate) of the

center1 of the square s. Therefore, the total number of event points is 2m+n = O(m+n).
The event queue Q consists of all event points sorted in the order of their increasing

x-coordinates. The sweep line status T consists of squares s (coordinate y(s) − 1/2 of

square s) in S that intersect the sweep line ℓ at its current position. We use the balanced

binary search tree as a data structure to maintain the sweep line status T dynamically.

Hence, insertion, deletion and search operations can be performed on T in O(log m)
time. Let x(p) (resp. y(p)) be the x-coordinate (resp. y-coordinate) of the point p ∈ P.
Our plane sweep algorithm for feasibility checking is as follows:
1

Center of a square s is the intersection point of the two diagonals of s.
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1) We simulate sweeping a vertical line ℓ over the plane from left to right.
2) For the current position of the sweep line ℓ, we do the following:
a) If the next event point in the queue Q is the point p(∈ P), then we search

for the square s in the sweep line status T that has largest y-coordinate but

y(s) − 1/2 < y(p). If p is covered by s, we remove it from the queue Q,
otherwise we report that the instance of the DUSC problem has no feasible
solution.
b) If the next event point in the queue Q is a coordinate x(s) − 1/2 of a square

s, then we insert the square s (its coordinate y(s) − 1/2) into the sweep line
status T , update the status T and remove the event point from Q.

c) If the next event point in the queue Q is a coordinate x(s) + 1/2 of a square
s, then we delete the square s (its coordinate y(s) − 1/2) from the sweep line

status T , update the status T and remove the event point from Q.

The total running time of the above plane sweep algorithm is O((m+n) log m). Since
feasibility checking is simple, from now onward we consider every instance of the DUSC
problem has a feasible solution.

4.2

Strip Square Cover Problem

In this section we consider the Strip Square Cover (SSC) problem. Let H = [ℓ1 , ℓ2 ]

be a horizontal strip of height 1, where ℓ1 and ℓ2 are upper and lower horizontal lines
respectively (see Figure 4.1). The definition of the SSC problem is as follows:

Given a set P = {p1 , p2 , . . . , pn } of n points lying within an horizontal strip H and
a set S = {s1 , s2 , . . . , sm } of m unit squares. The objective is (i) to check whether
P ⊂ ∪ s or not, and (ii) if P ⊂ ∪ s, then compute a minimum cardinality subset
s∈S

s∈S

S ∗ ⊆ S such that the union of the squares in S ∗ covers all the points in P, i.e.,

P ⊆ ∪ ∗ s.
s∈S
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1
1

2

Figure 4.1: An instance of the SSC problem
Note that the SSC problem is a special case of DUSC problem, where the strip is
defined by the top-most and bottom-most points and has at most unit height, whereas
the DUSC problem has no limit on the height of the strip.

4.2.1

Terminology

We assume that all the points in P and the centers of squares in S have distinct x-

coordinates. Recall that x(s) (resp. y(s)) is the x-coordinate (resp. y-coordinate)
of the center of the square s ∈ S. For the sake of simplicity, let us assume that no
square in S intersects both ℓ1 and ℓ2 simultaneously. Let S ℓ1 (resp. S ℓ2 ) be the set

of squares in S intersecting the upper (resp. lower) horizontal line ℓ1 (resp. ℓ2 ) i.e.,

S ℓ1 = {s ∈ S|s ∩ ℓ1 6= ∅} and S ℓ2 = {s ∈ S|s ∩ ℓ2 6= ∅}. Let L be an arbitrary vertical

line. We use L− (resp. L+ ) to denote the region in the left (resp. right) side of the
vertical line L i.e., the left (resp. right) half-plane of L. Let P L− (resp. P L+ ) be the

set of points of P which lie on L− (resp. L+ ) i.e., P L− = P ∩ L− and P L+ = P ∩ L+ .
Let S L− (⊆ S) and S L+ (⊆ S) be the optimum cover of the points in P L− and P L+

respectively.

4.2.2

Preliminaries

Claim 4.2.1. If s1 , s2 ∈ S ℓ1 and intersect L, then both s1 and s2 cannot be in S L− and
S L+ simultaneously i.e, |(S L− ∩ S L+ ) ∩ S ℓ1 | ≤ 1.
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Proof. On contrary assume that s1 , s2 ∈ S L− and s1 , s2 ∈ S L+ . Since s1 , s2 ∈ S L− and

s1 , s2 ∈ S L+ , there exist points p1 ∈ P L− and p2 ∈ P L+ such that (i) p1 ∈ s1 but p1 6∈ s
for all s ∈ S L− \ {s1 }, and (ii) p2 ∈ s2 but p2 6∈ s for all s ∈ S L+ \ {s2 }. Similarly,

there exist points p′1 ∈ P L− and p′2 ∈ P L+ such that (i) p′1 ∈ s2 but p′1 6∈ s for all
s ∈ S L− \ {s2 }, and (ii) p′2 ∈ s1 but p′2 6∈ s for all s ∈ S L+ \ {s1 }.

We have the following four cases based on the center positions of s1 and s2 :

(a) y(s2) < y(s1 ) and x(s2 ) < x(s1 )
(b) y(s2) < y(s1 ) and x(s2 ) > x(s1 )
(c) y(s2) > y(s1 ) and x(s2 ) < x(s1 )
(d) y(s2) > y(s1 ) and x(s2 ) > x(s1 )
In Case of (a), since s1 and s2 are of same size, s1 ∩ (L− ∩ H) ⊂ s2 ∩ (L− ∩ H) (see Figure
4.2). Therefore, s1 ∩ P L− ⊆ s2 ∩ P L− , which contradicts that the point p1 is covered
only by s1 . We can handle other cases in a similar fashion. Thus the claim follows.

L
s1
s2
p

p

1

2

p

1

p

1

2

2

Figure 4.2: Illustration of two squares in S ℓ1 intersecting line L and strip H = [ℓ1 , ℓ2 ]

Claim 4.2.2. If s1 , s2 ∈ S ℓ2 and intersect L, then both s1 and s2 cannot be in S L− and
S L+ simultaneously i.e, |(S L− ∩ S L+ ) ∩ S ℓ2 | ≤ 1.

Proof. The claim follows from the same argument as in Claim 4.2.1. For basic idea
behind the proof see Figure 4.3.
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L
1

p

p

1

2

p

p

1

2

2

s1

s2
Figure 4.3: Illustration of two squares in S ℓ2 intersecting line L and strip H = [ℓ1 , ℓ2 ]
Lemma 4.2.3. |S L− ∩ S L+ | ≤ 2.
Proof. Follows from (i) S = S ℓ1 ∪ S ℓ2 , (ii) Claim 4.2.1 and Claim 4.2.2.

4.2.3

Approximation Algorithm for Strip Square Cover Problem

In this subsection we propose an approximation algorithm for the strip square cover
problem. Here, a set S of m unit squares and a set P of n points inside a horizontal
strip H of height 1 are given, the objective is to choose a minimum cardinality subset

S ∗ ⊆ S such that P ⊆ ∪ ∗ s. Our algorithm proceeds as follows: Arrange the points
s∈S

in P from left to right based on their x-coordinates. Next, apply an exhaustive search

on all subsets of size k to choose k squares from S as members of Sout , which cover the
maximum number of consecutive points in P starting from the the left most uncovered

point, where Sout is the output of our algorithm (Algorithm 4.1). Continue the above

process until all the points in P are covered. The detailed pseudocode of the algorithm

is available in Algorithm 4.1.

Theorem 4.2.4. Algorithm 4.1 returns a (1 +

2
)-approximation
k−2

result for the strip

square cover problem in O(kmk n) time, where k > 2.
Proof. In the while loop at line number 5 of Algorithm 4.1, let S 1 , S 2 , . . . , S t be the set

of squares computed to cover points in P 1 , P 2 , . . . , P t respectively, where |S i | = k for
k

1 ≤ i < t and |S t | ≤ k, and ∪ P i = P. Lemma 4.2.3 says that |S i ∩ S i+1 | ≤ 2. Observe
i=1
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Algorithm 4.1 Strip Square Cover(P, S, H, k)

Input: A set P of n points, a set S of m unit squares, an integer k > 2 and a
horizontal strip H of height 1.
2: Output: A subset Sout ⊆ S such that P ⊆ ∪ s.
1:

s∈Sout

Set Sout ← ∅, P ′ ← P
Arrange the points in P ′ from left to right.
while (P ′ 6= ∅) do
Find the set S ′ ⊆ S of size k such that the union of squares in S ′ covers the
maximum number of consecutive points in P ′ starting from the left most point.
7:
P ′ = P ′ \ (( ∪ ′ s) ∩ P ′ )

3:
4:
5:
6:

s∈S

8:
9:
10:

Sout = Sout ∪ S ′
end while
Return Sout

that S i ∩ S i+2 = ∅ for i = 1, 2, . . . , t − 2 (see Figure 4.4). Therefore, the lower bound on
t
P
the size of optimum cover for all points in P is
|S i |−2(t−1) = k(t−1)+|S t |−2(t−1) =
i=1

(k − 2)(t − 1) + |S t | i.e., |S ∗ | ≥ (k − 2)(t − 1) + |S t |, where S ∗ ⊆ S is the minimum

cardinality set such that P ⊆ ∪ ∗ s. Algorithm 4.1 outputs a set of squares Sout , where
1

2

s∈S
1

t

Sout = S ∪ S ∪ . . . ∪ S and |S ∪ S 2 ∪ . . . ∪ S t | ≤ k(t − 1) + |S t |. Therefore,
|Sout |
k(t − 1) + |S t |
k(t − 1)
2
≤
≤
=1+
∗
t
|S |
(k − 2)(t − 1) + |S |
(k − 2)(t − 1)
k−2

(4.2.1)

Hence, it follows from inequality (4.2.1) that the approximation factor of Algorithm 4.1
is 1 +

2
.
k−2

Arranging the points in P from left to right takes O(n log n) time.

Note that

P 1 , P 2 , . . . , P t are the subsets of points in P that are covered by squares in S 1 , S 2 , . . . , S t ,

respectively. Note that the points in P are already arranged from left to right. We per-

form the following operations to compute a set S i of size k in the while-loop at line 6 of

Algorithm 4.1:

a) We enumerate all

m
k



subsets of k squares from set S.

b) For each subset of k squares, we mark all the consecutive points of P starting from
the left-most uncovered point, that are covered by these k squares, and remember

the subset S i of k squares which covers the maximum number of consecutive points
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1

2

Figure 4.4: Illustration of S i ∩ S i+2 = ∅
of P starting from the left-most uncovered point.
c) We repeat this until all

m
k



subsets are exhausted.

 i

Then, k(|P1i | + |P2i | + . . . + |P i m |) ≤ k m
|P |, where P i = max{Pji |j = 1, 2, . . . , m
}
k
k
(k)
|Pji |
and Pji is a set of consecutive points of P that are covered by some subset of k squares.

Hence, the running time of the step in line 6 is O(mk k|P i |). In the while loop at line

number 6, computing a set S i of size k takes O(mk k|P i |) time. Hence, the total running

time of while loop at line number 5 is O(mk k|P 1 |+mk k|P 2 |+. . .+mk k|P t |) = O(kmk n).
Since k > 2, the overall running time of Algorithm 4.1 is O(kmk n).

4.3

Approximation Algorithm for the Discrete Unit
Square Cover Problem

In this section we consider the discrete unit square cover (DUSC) problem in R2 . In the
DUSC problem, given a set P of n points and a set S of m unit squares in R2 , we wish

to cover all the points in P with the minimum number of squares in S. Let R be the
smallest axis-aligned rectangle containing all points in P and centers of all squares in

S. To cover the points in P with squares in S, we first partition the rectangle R into

horizontal strips H1 = [ℓ1 , ℓ2 ], H2 = [ℓ2 , ℓ3 ], . . . , Hr = [ℓr , ℓr+1] of height 1, where ℓi and

ℓi+1 are the horizontal lines defining the strip Hi , 1 ≤ i ≤ r. Next, we invoke Algorithm
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Algorithm 4.2 Discrete Unit Square Cover(P, S, k)
1:

Input: A set P of n points, a set S of m unit squares in 2D, and an integer k(> 2).

2:

Output: A subset Sout ⊆ S such that P ⊂

3:
4:

∪ s.

s∈Sout

Set Sout ← ∅
Let R be the smallest axis-aligned rectangular region containing all points in P and
the centers of all squares in S. Partition R into horizontal strips H1 , H2 , . . . , Hr of
r
height 1 such that ∪ Hi ⊇ R.
i=1

5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

for (i = 1, 2 . . . , r) do
Si = {s ∈ S|α(s) ∈ Hi , where α(s) is the center of square s}
end for
Set S0 ← ∅, Sr+1 ← ∅
for (i = 1, 2 . . . , r) do
P ′ = P ∩ Hi
S ′ = Si−1 ∪ Si ∪ Si+1
Sout = Sout ∪ Strip Square Cover(P ′ , S ′ , Hi , k) /* Call Algorithm 4.1 */
end for
Return Sout

4.1 to solve the subproblem restricted to each of these strips Hi independently. The
detailed pseudocode of the algorithm is available in Algorithm 4.2.
Theorem 4.3.1. Algorithm 4.2 is a (2 +

4
)-approximation
k−2

algorithm for the DUSC

problem in O(kmk n) time, where k(> 2) is an integer.
Proof. In the for-loop at line number 9 of Algorithm 4.2, the height of every horizontal
strip Hi is 1 and all the squares in S have unit side length. Therefore, any square

centered within strip Hi can participate in the covering of points lying in either strips

Hi−1 and Hi only or Hi+1 and Hi only, but not both (see line number 11 of the Algorithm

i
4.2). Now, let P i = P ∩ Hi for i = 1, 2, . . . , r. Let Sout
be a set of squares computed

in for-loop at line number 9 of Algorithm 4.2 for covering points P i lying in strip Hi
r

i
for i = 1, 2, . . . , r. Then, let Sout = ∪ Sout
whenever P i is non-empty. Let S ∗ be an
i=1

optimal cover of points in P and Si∗ be a set of squares from S ∗ covering points in P i
i
for i = 1, 2, . . . , r. Theorem 4.2.4 says that |Sout
| ≤ (1 +

by (1 +

2
)-approximation
k−2

2
)|Si∗∗ |
k−2

i
as Sout
is computed

algorithm, where Si∗∗ is an optimal cover for points in P i .

i
Since Si∗ is a feasible cover for points P i , |Si∗∗ | ≤ |Si∗ |. Then, |Sout
| ≤ (1 +

47

61TH-1505_11612315

2
)|Si∗ |
k−2

and

r
P

i=1

|Si∗ | ≤ 2|S ∗ | as a square s ∈ S ∗ covering points lying in either (i) Hi and Hi−1 or (ii)

Hi and Hi+1 , may be counted twice in the summation on the left-hand side. Therefore,
|Sout | ≤

r
X
i=1

r

i
|Sout
|

X
2
2
)
|Si∗ | ≤ 2(1 +
)|S ∗ |
≤ (1 +
k − 2 i=1
k−2
⇐⇒ |Sout | ≤ 2(1 +

2
)|S ∗ |
k−2

(4.3.1)

Hence, it follows from inequality (4.3.1) that the approximation factor of Algorithm 4.2
is 2(1 +

2
)
k−2

=2+

4
.
k−2

The running time of each call to Algorithm 4.1 at line 12 of Algorithm 4.2 is O(kmki ni )
r
P
ni = n
for i = 1, 2, . . . , r, where mi ≤ m and ni ≤ n (see Theorem 4.2.4). Note that
and

r
P

i=1

i=1

mi ≤ 3m as every set Si of squares is used at most three times at line number

12 in Algorithm 4.2 for covering points in P. Therefore,
r
X

kmki ni

i=1

≤

r
X

k

k

km ni = km (

i=1

r
X

ni ) = kmk n

(4.3.2)

i=1

Hence, it follows from (4.3.2) that the overall running time of Algorithm 4.2 is O(kmk n).
Thus the theorem follows.

4.4

2-Approximation Algorithm for the DUSC Problem

In this section we first propose an algorithm to solve the SSC problem optimally in
O(m4 n + n log n) time. Using the algorithm for the SSC problem, we propose a 2approximation algorithm for the DUSC problem, which runs in O(m4 n + n log n) time.

4.4.1

Algorithm for the Strip Square Cover (SSC) Problem

Recall that the SSC problem is defined as follows: given a set P of n points lying inside

a horizontal strip H = [ℓ1 , ℓ2 ] of unit height and a set S of m axis-aligned unit squares
such that the union of squares in S covers all points in P, the aim is to find a minimum
48

62TH-1505_11612315

cardinality set S ∗ ⊆ S such that the union of squares in S ∗ covers all the points in
P. Let P = {p1 , p2 , . . . , pn } be the set of n points arranged in an order of increasing

x-coordinates. Recall that S ℓ1 (resp. S ℓ2 ) is the set of squares in S intersecting the

upper (resp. lower) horizontal line ℓ1 (resp. ℓ2 ) i.e., S ℓ1 = {s ∈ S|s ∩ ℓ1 6= ∅} and

S ℓ2 = {s ∈ S|s ∩ ℓ2 6= ∅}. Let sl1 , sr1 , sl2 and sr2 be the additional four dummy squares

having no intersection with any square in S such that both sl1 and sr1 intersect ℓ1 , both

sl2 and sr2 intersect ℓ2 , both sl1 and sl2 lie to the left of all squares in S, and both sr1 and sr2

lie to the right of all squares in S. Let S = S ∪ {sl1 , sr1 , sl2 , sr2 }, S ℓ1 = S ℓ1 ∪ {sl1 , sr1 } and

S ℓ2 = S ℓ2 ∪ {sl2 , sr2 }. Now, we propose an algorithm based on the plane sweep technique
and graph traversal method to compute an optimal solution for the SSC problem.
We now consider all triplets T defined as follows:

For every triplet T ∈ T , T = (u, v, x) satisfies the following properties:
• u ∈ S ℓ1 .
• v ∈ S ℓ2 .
• x = max(x(u) − 12 , x(v) − 12 , α), where α is defined as follows: Initially set

α = x(u) − 21 . Let Suℓ1 = {s ∈ S ℓ1 |x(s) < x(u)} and Svℓ2 = {s ∈ S ℓ2 |x(s) < x(v)}.

Consider a square s′ ∈ Suℓ1 ∪ Svℓ2 . If (i) s′ ∈ Suℓ1 and y(s′) < y(u) or (ii) s′ ∈ Svℓ2

and y(s′) > y(v) then reset α = x(s′ ) + 12 .
Definition 1. Lower envelope

Let χ ⊆ S ℓ1 be an arbitrary subset. The Lower envelope of χ is the union of line segments

such that each line segment is either (i) part of ℓ1 which is not covered by any square
in χ or (ii) part of boundary of the area ( ∪ s) ∩ H where every point on the boundary
s∈χ

lies below ℓ1 (see thick lines in Figure 4.5(a)).

Definition 2. Upper envelope
Let ψ ⊆ S ℓ2 be an arbitrary subset. The Upper envelope of ψ is the union of line

segments such that each line segment is either (i) part of ℓ2 which is not covered by any
square in ψ or (ii) part of boundary of the area ( ∪ s) ∩ H where every point on the
s∈ψ

boundary lies above ℓ2 (see thick lines in Figure 4.5(b)).
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1

1

2

2

(a)

(b)

Figure 4.5: (a) Lower envelope, and (b) Upper envelope
Note that, in the definition of triplet T = (u, v, x), x is the value equal to the
maximum of (i) x-coordinate of the point at which the square u begins to appear on the
lower envelope and (ii) x-coordinate of the point at which the square v begins to appear
on the upper envelope.
In our algorithm for the SSC problem, we use the triplets T to represent the sweep-

line status while performing a plane sweep. Hence, from now onward, we use the terms
triplet and status interchangeably depending on the context. We build the cover of points
sequentially at the time of sweeping the plane (containing strip H) from left to right.

Let T ∈ T be an arbitrary triplet. We now define a successor of status T = (u, v, x), as
follows:

Definition 3. Successor of status T = (u, v, x)
Let Suℓ1 = {s ∈ S ℓ1 |x(s) > x(u)} and Svℓ2 = {s ∈ S ℓ2 |x(s) > x(v)}. Consider a status

T ′ = (u′ , v ′ , x′ ) such that

(a) either (i) u′ = u and v ′ ∈ Svℓ2 or (ii) v ′ = v and u′ ∈ Suℓ1 , and
(b) x′ ≥ x.
Let [ℓ, ℓ′ ] be a vertical strip bounded by vertical lines ℓ and ℓ′ at coordinates x and x′ of
T and T ′ respectively. If all the points in P ∩ [ℓ, ℓ′ ] are covered by {u} ∪ {v}, then T ′ is
said to be a successor of T (see Figure 4.6).

Let T l = (sl1 , sl2 , xl ) and T r = (sr1 , sr2 , xr ) denote the triplets corresponding to dummy
squares in S. We now construct a directed graph G = (V, E) by having a node ν ∈ V for
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Figure 4.6: Successor T ′ = (u′ , v ′, x′ ) of Triplet T = (u, v, x)
each triplet T ∈ T and a directed edge e = (ν, ν ′ ) ∈ E if and only if the corresponding

status T ′ of node ν ′ is a successor of the corresponding status T of node ν. Let the node

νl ∈ V correspond to status T l and node νr ∈ V correspond to status T r . Notice that
the node νl has in-degree 0 and the node νr has out-degree 0. From the definition of

triplet T ∈ T , the total number of triplets |T | = O(m3 ). Therefore, |V | = |T | = O(m3 ).
From the definition of successor of status T , the total number of successors of a status
T is O(m). Therefore, |E| = O(m4 ). Given the status T and the status T ′ , verifying

that T ′ is indeed a successor of T takes O(n) time. Hence, the total time required to

construct the graph G is O(m4 n).
Lemma 4.4.1. If OP T is an optimal solution for the SSC problem, then there is a path
from node νl to node νr , of length |OP T | + 2, in the directed graph G.
Proof. We first set OP T ′ = OP T ∪ {sr1 , sr2 }. Let xj be the x-coordinate of the point at

which the square sj ∈ OP T ′ begins to appear either on the lower envelope of OP T ′ ∩ S ℓ1

or on the upper envelope of OP T ′ ∩ S ℓ2 . Without loss of generality let OP T ′ = {s1 ,

s2 , . . ., s|OP T |+2|x1 ≤ x2 ≤ . . . ≤ x|OP T |+2}. We now set a triplet T0 = (u0 , v0 , x0 )

where u0 = sl1 , v0 = sl2 and x0 = max(x(u0 ) − 21 , x(v0 ) − 21 ) and associate a triplet

Tj = (uj , vj , xj ) with each xj for j = 1, 2, . . . , |OP T | + 2 such that the successor of

Tj = (uj , vj , xj ) is Tj+1 = (uj+1, vj+1 , xj+1 ) where either (i) uj+1 = uj and vj+1 = sj+1 or
(ii) vj+1 = vj and uj+1 = sj+1, and xj+1 ≥ xj for j = 0, 1, . . . , |OP T | + 2. Now, starting

with the triplet T0 (=T l ) as the initial status of sweep line, we can sweep through OP T

such that the sweep line changes its current status Tj = (uj , vj , xj ) to its successor
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Algorithm 4.3 Exact Strip Square Cover(P, S, H)

Input: A set P of n points, a set S of m unit squares and a horizontal strip H of
height 1.
2: Output: A subset OP T ⊆ S such that P ⊆ ∪ s.

1:

s∈OP T

3:
4:
5:
6:
7:
8:
9:

Set S ← S ∪ {sl1 , sl2 , sr1 , sr2 }
Construct the set of triplets T from the set S.
Construct the directed graph G = (V, E) from the set of triplets T .
Compute a shortest path τ from νl to νr in G using breadth-first-search traversal.
Let OP T contain all squares from the triplets of τ
Reset OP T ← OP T \ {sl1 , sl2 , sr1 , sr2 }.
Return OP T

Tj+1 = (uj+1, vj+1 , xj+1) until it reaches status T r (=T|OP T |+2). Note that, in this plane
sweep process, the number of hops the sweep line makes from initial status to its final
status is |OP T | + 2. Therefore, the corresponding nodes ν0 = νl , ν1 , ν2 , . . ., ν|OP T |+1,
ν|OP T |+2 = νr constitute a path of length |OP T | + 2 in the graph G. Thus the lemma
follows.

From Lemma 4.4.1, it is known that there must be a path τ = νl ∼> νr of length

|OP T | + 2 between nodes νl and νr . To compute an optimal solution for a given instance
of the SSC problem, we first construct the directed graph G and then find a shortest
path between nodes νl and νr using breadth-first search. The sequence of steps required
for computing an optimal solution OP T is given in Algorithm 4.3.
Lemma 4.4.2. Algorithm 4.3 computes an optimum solution in O(m4 n + n log n) time
for the SSC problem.
Proof. From Lemma 4.4.1, there is a path of length |OP T | + 2 between νl and νr in
the directed graph G. Algorithm 4.3 computes a shortest path τ using the breadth-

first-search technique. The length of τ is |OP T | + 2. Hence, the set of squares in
the corresponding successors of this shortest path must be the same with the optimal
solution. The running time of the algorithm is dominated by the time required to
construct directed graph G plus the time required to arrange points in P. Thus, the
lemma follows.
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Algorithm 4.4 Discrete Unit Square Cover(P, S)
1:

Input: A set P of n points, a set S of m unit squares in 2D, and an integer k(> 2).

2:

Output: A subset Sout ⊆ S such that P ⊂

3:
4:

∪ s.

s∈Sout

Set Sout ← ∅
Let R be the smallest axis-aligned rectangular region containing all points in P and
the centers of all squares in S. Partition R into horizontal strips H1 , H2 , . . . , Hr of
r
height 1 such that ∪ Hi ⊇ R.
i=1

5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

for (i = 1, 2 . . . , r) do
Si = {s ∈ S|α(s) ∈ Hi , where α(s) is the center of square s}
end for
Set S0 ← ∅, Sr+1 ← ∅
for (i = 1, 2 . . . , r) do
P ′ = P ∩ Hi
S ′ = Si−1 ∪ Si ∪ Si+1
Sout = Sout ∪ Exact Strip Square Cover(P ′ , S ′ , Hi ) /* Call Algorithm 4.3 */
end for
Return Sout

Theorem 4.4.3. Algorithm 4.4 is a 2-approximation algorithm in O(m4 n+n log n) time
for the DUSC problem.
Proof. Follows from the same argument as in Theorem 4.3.1, and Lemma 4.4.2 (instead
of Theorem 4.2.4).

4.5

Conclusion

In this chapter we have proposed (2 +

4
)-approximation
k−2

algorithm for the DUSC

problem, where k(> 2) is an integer. The time complexity of our proposed approximation
algorithm is O(kmk n), which is faster than the best known algorithm available in the
literature for k ∈ {5, 6, . . . , 8} by sacrificing some approximation factor [78]. We also
have proposed a 2-approximation algorithm for the DUSC problem using a technique

similar to kind of [78]. The running time of the proposed algorithm for DUSC problem
is O(m4 n+ n log n), which is an improvement by a factor of O(m4 n) over the best known
algorithm available in the literature [78, 62].
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Chapter 5
Constrained k-Center Problem on a
Convex Polygon
In this chapter we consider the constrained k-center problem as follows:
Constrained Convex Polygon Cover (CCPC): Given a convex polygon P with n
vertices and an integer k, the objective is to cover the entire region of P using k
congruent disks of minimum radius ropt , centered on the boundary of P .
The CCPC problem has not been so well studied in the literature. Das et al. [24] studied
the problem and developed a (1 + ǫ)-approximation algorithm. Their algorithm covers
the convex polygon P with k disks of radius r ≤ (1 + ǫ)ropt , but the centers of the k disks

lie on only a specified edge of the polygon. Du and Xu [25] presented an approximation
algorithm, which allows the centers to lie anywhere on the boundary of the polygon
P . They first compute a rectangular W covering the convex polygon P , then cover W

with k disks of smallest radius, centered on the boundary of W . They then move each
of covering disks of W properly so that the centers of k disks lie on the boundary of
P and the union of k disks covers P . In this chapter, we develop an algorithm, which
uses a simple trick of carefully centering the disks on the boundary of P itself. Our
algorithm achieves a better approximation to the CCPC problem for large values of k,
when compared to the previous algorithms.
We first consider the decision version of the CCPC problem, which is useful to approximate the solution for the CCPC problem. We discuss an algorithm to solve the
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decision version of the CCPC problem approximately. For the decision version of the
CCPC problem we propose an (1 + k7 )-approximation algorithm, where k ≥ 7. The
running time of the algorithm is O(n(n + k)) time. For the CCPC problem, using

the proposed algorithm for the decision version of the CCPC problem, we propose an
+ ǫ)-approximation algorithm, which runs in O(n(n + k)(|log ropt | + log⌈ 1ǫ ⌉))
(1 + k7 + 7ǫ
k

time for any ǫ > 0, where n is the number of vertices of polygon P . The best known

approximation factor of the algorithm in the literature for the CCPC problem is 1.8841
[25]. The running time of the 1.8841-approximation algorithm is O(nk).
In Section 5.1, we present an algorithm for the decision version of the CCPC problem.
In Section 5.2, we present an approximation algorithm for the CCPC problem. Finally,
we conclude the chapter in Section 5.3.

5.1

Decision Version of CCPC Problem

In this section we present an algorithm to solve the decision version of the CCPC problem
approximately. The decision version of the problem is as follows:
k-COVER(P , k, r): Given a convex polygon P , an integer k and a real number r,
check whether P has a cover with k congruent disks of radius r centered on ∂P ,
where ∂P is the boundary of polygon P .
Let dist(p′ , p′′ ) denote the Euclidean distance between two points p′ and p′′ . For any
two points p and q, pq denotes the line segment joining p and q. For any disk di , let ∂di
be its boundary arc and the center of di be (xi , yi ). Let the convex polygon P be placed
such that it is lying to the right of y-axis (see Figure 5.1).

5.1.1

Preprocess

Let P = (v1 , v2 , . . . , vn ) be a convex polygon. Here, we first perform alignment on P
as follows: For each vertex vj , 1 ≤ j ≤ n, we identify a vertex vj ′ such that dist(vj ,

vj ′ ) ≥ dist(vj , vj ′′ ) for all j ′′ , 1 ≤ j ′′ ≤ n (in the case of more than one vertex, pick an
arbitrary one). For each such pair of vertices (vj , vj ′ ), we align P as follows: vj and vj ′

are lying on x-axis and vj is in right side of vj ′ . For each such alignment, we apply the
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Figure 5.1: Constrained placement of disks
covering algorithm (Algorithm 5.1) to cover P by placing disks di (i ≥ 1) on ∂P one by

one from right to left, where the initial disk d1 is either centered at vj (see Figure 5.1(b))
or centered on ∂P (in counter-clockwise direction of vj ) so that ∂d1 passes through vj
(see Figure 5.1(a)).

5.1.2

Approximation Algorithm for the Decision Version of the
Problem

Definition 5.1.1. Upper chain (resp. Lower chain) of P is the locus of points on ∂P
starting from the right most vertex vj of P to the left most vertex vj ′ in counter-clock
(resp. clock) wise order. We use the notations Uc and Lc to denote the upper chain and
lower chain respectively.
Definition 5.1.2. Disk-constrained placement of disks is a placement of disks di (i ≥ 3)

on the boundary of P from right to left, centered alternately on Uc and Lc of P such

that the current disk di is centered at leftmost point on Uc or Lc satisfying (i) ∂di passes
through the leftmost intersection point between the disks di−1 and di−2 for i ≥ 3, and
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(ii) d2 contains the vertex vj or di contains the leftmost intersection point between di−2
and Lc or di−2 and Uc for i ≥ 3 (see Figure 5.1(a)).
Definition 5.1.3. Chain-constrained placement of disks is the placement of disks di
(i ≥ 2) on the boundary of P from right to left, centered alternately on Lc and Uc of P

such that the current disk di is centered at the leftmost point on Lc or Uc satisfying the

following condition: di contains the leftmost intersection point between (i) di−1 and Lc ,
and (ii) di−1 and Uc (see Figure 5.1(b)).
A high level description of our algorithm for the decision version of the CCPC problem is as follows: we first find the proper alignment of P as described in subsection 5.1.1.
Next we place congruent disks of radius r centered on ∂P by using the greedy strategies
in Definition 5.1.2 and Definition 5.1.3 (disk- and/or chain-constrained placement) until
P is covered by the union of these disks provided P is coverable by disks of radius r. Let
ℓ be the number of congruent disks of radius r centered on ∂P such that the union of ℓ
disks covers P . Next, we increase the radius of the first k disks, to r ′ = r +

(ℓ−k)
r
k

and

reposition their centers on ∂P such that every disk satisfies the constrained placement
requirement. Finally, we remove the disks placed after k-th disk. The detailed pseudocode of our strategy is described in Algorithm 5.1, 5.2, 5.3, and 5.4. The outline of our
algorithm for the decision version of the CCPC problem is summarized by the following
steps.
(a) Align the convex polygon P (as described in subsection 5.1.1).
(b) Run Algorithm 5.1 to place ℓ congruent disks of given radius r, on ∂P using diskand/or chain-constrained placement until P is covered by the union of these ℓ disks
provided P is coverable by disks of radius r.
(c) Run Algorithm 5.4 to reset the radius of the first k disks to r ′ = r +

(ℓ−k)
r,
k

reposition their centers on ∂P such that every disk satisfies disk- and/or chainconstrained placement requirement and finally, remove (ℓ − k) redundant disks.
In Algorithm 5.2, if switching happens from disk-constrained placement to chainconstrained placement, then the current disk di covers the left intersection point between di−1 and di−2 (it must be within P otherwise it would not be switching from
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Algorithm 5.1 ℓ-COVER(P, r)
1:
2:

Input: Aligned convex polygon P , a real number r.
Output: Set D = {d1 , d2 , . . . , dℓ } of disks of radius r, centered on ∂P such that
P ∩ ( ∪ d) = P provided P is coverable by k congruent disks of radius r.
d∈D

3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

Place the disk d1 centered at the right-most vertex vj after alignment of convex
polygon P .
if d2 cannot be placed on the lower chain by chain-constrained placement then
Reposition d1 such that ∂d1 passes through vj and d1 is centered on the upper
chain.
Place d2 on the lower chain such that ∂d2 passes through vj .
Set D ← {d1 , d2 }
else
Place d2 on the lower chain by chain-constrained placement
Set D ← {d1 , d2 }
end if
D = constrained placement(P, D, r) //Call Algorithm 5.2
if (P ∩ ( ∪ d) = P ) then
d∈D

ℓ ← |D|
Return (D, ℓ)
else
Return (∅, 0)
end if

disk-constrained placement to chain-constrained placement) in addition it covers left intersection points between Uc and the last disk (di−1 or di−2 ) placed on Uc , and between
Lc and the last disk (di−1 or di−2 ) placed on Lc respectively (see Figure 5.1(d)). On the
other hand, if switching happens from chain-constrained placement to disk-constrained
placement, then ∂di passes through the left intersection point (i) between Uc and the
disk di−1 if di−1 is centered on Lc or (ii) between Lc and the disk di−1 if di−1 is centered
on Uc (see Figure 5.1(c)).
Whenever Algorithm 5.2 places a disk di , Algorithm 5.3 is invoked. If di is placed
by disk-constrained placement, Algorithm 5.3 checks whether the remaining uncovered
portion of P can be covered, by exhaustively placing at most 3 disks. If this portion of
P is covered, Algorithm 5.3 returns these disks to Algorithm 5.2.
Notations : Let D={d1, d2 , . . ., dℓ } be the set of disks placed by Algorithm 5.1 and

D\{dk+1, dk+2, . . ., dℓ } be the set of disks retained to be centered on the boundary after
58

72TH-1505_11612315

Algorithm 5.2 constrained placement(P , D, r)
1:
2:

Input: Aligned convex polygon P , set D of disks, and radius r.
Output: Set D = {d1 , d2 , . . .} of disks of radius r, centered on ∂P such that P ∩
( ∪ d) = P provided P is coverable by k congruent disks of radius r.
d∈D

3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

i←3
while ((P ∩ ( ∪ d) 6= P ) ) do
d∈D

D 1 = non constrained placement(P , D, r) //Call Algorithm 5.3
if (P ∩ ( ∪ 1 d) = P ) then
d∈D

Set D ← D 1
Return(D)
end if
if di−1 is centered on the lower chain then
if di cannot be placed on the upper chain by chain-constrained placement then
if di cannot be placed on the upper chain by disk-constrained placement then
Return (∅)
end if
Place di on the upper chain by disk-constrained placement (see Definition
5.1.2)
else
Place di on the upper chain by chain-constrained placement (see Definition
5.1.3)
end if
else
if di cannot be placed on the lower chain by chain-constrained placement then
if di cannot be placed on the lower chain by disk-constrained placement then
Return (∅)
end if
Place di on the lower chain by disk-constrained placement
else
Place di on the lower chain by chain-constrained placement.
end if
end if
D = D ∪ {di }, i ← i + 1
end while
Return(D)

increasing the radius and removing the redundant disks in Algorithm 5.4. Let D ′ = {d′1 ,
d′2 , . . ., d′k } be the set of disks in an optimal solution of k-COVER(P , k, r) and (x′i , yi′ )
be the center of the disk d′i (i = 1, 2, . . ., k). Let α(i) denote the disk d′s (∈ D ′ ) such
that xi+2 ≤ x′s ≤ xi and centered on the same chain as di and di+2 or xi+3 ≤ x′s ≤ xi+1
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Algorithm 5.3 non constrained placement(P , D, r)
1:
2:

Input: Aligned convex polygon P , set D of disks and radius r.
Output: Set D 1 = {d1 , d2 , . . .} of disks of radius r, centered on ∂P such that
P ∩ ( ∪ 1 d) = P if uncovered region in P can be covered with at most 3 disks along
d∈D

3:
4:
5:

6:
7:
8:
9:
10:
11:
12:

with D.
i ← |D| + 1, set D 1 ← D
if di−1 is centered by disk-constrained placement then
Place a disk d of radius r centered at the left intersection point between di−1 and
di−2 . /* left intersection point is inside P , not on Uc or Lc because di−1 is placed
by disk-constrained placement */ (see Figure 5.2)
Let t1 , t2 , . . ., tm be the intersection points of ∂P with the disk d in order on ∂P
starting from center of di−1 (t1 ) to center of di−2 (tm ). (see Figure 5.2)
for (s = 2, 3, . . ., m − 1) do
Place the disk di centered at ts and set D 1 = D 1 ∪ {di }
if (P ∩ ( ∪ 1 d) = P ) then
d∈D

Return (D 1 )
else
if there are two uncovered components in (P − (P ∩ ( ∪ 1 d))) then
d∈D

13:
14:
15:
16:
17:
18:
19:
20:
21:

Let ∆1 and ∆2 be the uncovered components of (P − (P ∩ ( ∪ 1 d))) lying
d∈D

below and above di respectively
Place di+1 and di+2 centered on ∂P such that (∆1 ∩ di+1 = ∆1 ) and (∆2 ∩
di+2 = ∆2 ) (see Lemma 5.1.6)
D 1 = D 1 ∪ {di+1 , di+2 }
Return (D 1 )
end if
end if
end for
end if
Return(D)

and centered on the same chain as di+1 and di+3 , where 1 ≤ s ≤ k.
Lemma 5.1.4. If the disks d1 , d2 , . . . , dℓ are centered on ∂P by constrained placement
ℓ

(while-loop in line 4 of Algorithm 5.2), then ( ∪ di ) ∩ P = P .
i=1

Proof. In every iteration of the while-loop in line 4 of Algorithm 5.2, the disk di is placed
on either Uc or Lc such that its ∂di passes through the left intersection point between
di−1 and di−2 (see Figure 5.1). Also di covers the nearest intersection point between ∂P
and ∂di−2 (if di , di−1 and di−2 are placed by disk-constrained placement) or di covers both
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di-2

t m-1
.
.
.
t4

d
tm

t3
t2
t1
di-1

Figure 5.2: Non-constrained placement
the left intersection points between (i) previously placed disk and Uc , and (ii) previously
placed disk and Lc (if di and di−1 are placed by chain-constrained placement). Thus, the
lemma follows.
Lemma 5.1.5. If the disks d1 , d2 , . . . , dℓ are all placed only by chain-constrained
placement in Algorithm 5.2, then ℓ ≤ k + 1.
Proof. The proof follows from the fact that the center of at least one optimal disk must
lie within disk di , for every i ≥ 2, placed by chain-constrained placement in Algorithm
5.2 since the x-coordinate of the center of di is the smallest (see Figure 5.1(b)).

Lemma 5.1.6. At most three disks are required to be placed by non-constrained placement in Algorithm 5.3 to cover P .
Proof. In line 5 of Algorithm 5.2, Algorithm 5.3 is invoked to test whether the remaining
uncovered portion of P can be covered with at most three disks (i.e, we have reached the
end of P ). If the left intersection point of di−1 and di−2 needs to be covered by disk di
using non-constrained placement (see Figure 5.3), then let ∆1 and ∆2 be the uncovered
regions above and below di respectively. Without loss of generality let di−1 be centered
on Lc and di−2 on Uc . Let pi = (xi , yi ), pi−1 = (xi−1 , yi−1) and pi−2 = (xi−2 , yi−2 ) where
(xf , yf ) is the center of disk df . Then observe that dist(pi , pi−1 ) ≤ 2r and dist(pi , pi−3 ) ≤

2r. The following two statements must be true because otherwise it will contradict that
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the polygon P is a convex polygon: (i) A disk d of radius r centered at the mid-point on
line segment pi , pi−1 must contain pi , pi−1 and ∆2 , and (ii) a disk d˜ of radius r centered
at the mid-point on line segment pi , pi−2 must contain pi , pi−2 and ∆1 . Therefore, the
uncovered regions ∆1 and ∆2 (if they exist) above and below di must be covered by at
most one disk each, because of the convexity of P .

vj

vj

vj ′
vj ′

(a)

(b)

Figure 5.3: Blue colored disk centered by non-constrained placement
Algorithm 5.2 places as many as optimal number of disks plus one by chain-constrained
placement only (see Lemma 5.1.5). Therefore, from now onward we restrict our discussion to disk-constrained placement. For any consecutively placed disks di and di+1
(without loss of generality, centered on Lc and Uc of P respectively) by disk-constrained
placement in Algorithm 5.2, let p1 and p2 be the intersection points between ∂di and
∂di+1 such that xp1 ≤ xp2 (for i ≥ 3), where xp1 and xp2 are the x-coordinates of p1

and p2 respectively (see Figure 5.4(a)). Let d′j and d′j ′ be two left-most disks centered
on Lc and Uc respectively such that xi < x′j and xi+1 < x′j ′ (Note that xi , xi+1 , x′j , x′j ′
are x-coordinates of the centers of di , di+1 , d′j , d′j ′ respectively). Let lp1 be a vertical
line passing through p1 . Let p′1 and p′2 be the left and right intersection points between
∂d′j and ∂d′j ′ such that xp′1 ≤ xp′2 , where xp′1 and xp′2 are the x-coordinates of p′1 and p′2 ,
respectively.

Observation 5.1.7. For any two consecutively placed disks di and di+1 (i ≥ 3), p′1 cannot
lie to the left of lp1 .

Proof. Assume that p′1 is lying to the left of lp1 . Since p′1 is lying to the left of lp1
and d′j , d′j ′ are two left-most disks (centered on Lc and Uc respectively) in the optimum
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solution such that xi < x′j and xi+1 < x′j ′ , both d′j and d′j ′ intersect lp1 and at least one
of them contain the point p1 . Without loss of generality let the disk containing p1 be
d′j ′ centered on Uc . Let q1 and q2 be the intersection points between ∂di−1 and ∂di−2
such that xq1 ≤ xq2 . By disk-constrained placement of disks, q1 is lying to the right of

lp1 . Let the centers of disks di+1 , d′j ′ and di−1 be labeled as x, y and z respectively.

Let the horizontal lines through x, y and z intersect lp1 at a, b and c respectively (see
Figure 5.4(b)). Let the length of line segments dist(p1 , x) = r1 = r, dist(p1 , y) = r2 ,
dist(p1 , z) = r3 . Note that (i) r3 > r1 due to disk-constrained placement of disks and (ii)
r1 > r2 (by assumption). Therefore, r3 > r1 > r2 and θ1 < θ2 < θ3 , where θ1 = ∠ap1 x,
θ2 = ∠bp1 y, θ3 = ∠cp1 z. Therefore there exists a reflex vertex between points x and z
on Uc , contradicting that P is convex.

di+1

p1

a
b
c

p2

x y

z

p′1 p1 q1
lp 1
di
lp 1
(b)

(a)

Figure 5.4: Proof of Observation 5.1.7
In the lemmata 5.1.8, 5.1.9 and 5.1.10, we prove that there must be at least one
optimal disk in every subsequence of four consecutive disks placed by disk-constrained
placement, which leads to the result: ℓ ≤ k + 1 (i.e. at most k + 5 disks are placed by

Algorithm 5.1 to cover P ), where k is the optimal number of disks for a given radius r.
Lemma 5.1.8. For any consecutively placed disks di , di+1 , di+2 , di+3 , (i ≥ 3), there

exists at least one disk d′q centered at (x′q , yq′ ) such that α(i) = d′q i.e., xi+2 ≤ x′q ≤ xi or
xi+3 ≤ x′q ≤ xi+1 , 1 ≤ q ≤ k, where (xf , yf ) denote the center of disk df .
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Proof. Let p1 = (xp1 , yp1 ) and p2 = (xp2 , yp2 ) be the intersection points between ∂di
and ∂di+1 such that xp1 ≤ xp2 . Let lp1 be a vertical line passing through p1 (see Figure

5.5). On the contrary of the lemma, assume that no disk d′q from the optimal solution
is centered on ∂P such that d′q is centered on Lc and xi+2 ≤ x′q ≤ xi or d′q is centered

on Uc and xi+3 ≤ x′q ≤ xi+1 , 1 ≤ q ≤ k (see Figure 5.5). Let d′j and d′j ′ be two disks

from the optimal solution centered left most but to the right of (xi , yi ) and (xi+1 , yi+1 )
respectively, that is, xi < x′j and xi+1 < x′j ′ . Note that (xf , yf ) is the center of the disk
df . Let p′1 and p′2 be the intersection points between ∂d′j and ∂d′j ′ . By observation 5.1.7,

p′1 is lying to the right of vertical line lp1 . If dist(p′1 , (xi+2 , yi+2)) ≥ r, then there must

be a disk d′q centered on ∂P such that xi+2 ≤ x′q , otherwise the disk d′q cannot cover p′1 .

If dist(p′1 , (xi+2 , yi+2 )) < r, some disk d′q has to be centered such that xi+2 > x′q . This
implies that the disk d′q must not cover p1 , otherwise it would contradict that the disk

di+2 is centered at (xi+2 , yi+2 ) as di+2 could be moved with its new center to be closer to
the y-axis than (xi+2 , yi+2 ) while ∂di+2 is still passing through p1 . Therefore, the distance
between (xi+3 , yi+3 ) and the left intersection point between ∂d′q and ∂d′j ′ is greater than
r, implying that some other disk d′q′ must be centered such that xi+3 ≤ x′q′ ≤ xi+1 . Thus
the lemma follows

di+3

di+1

x
di+4

di+2

di
lp 1

Figure 5.5: Proof of Lemmata 5.1.8 and 5.1.9

Lemma 5.1.9. If α(i) = d′s and α(i + 1) = d′t , then s 6= t, where 1 ≤ s, t ≤ k.
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Proof. Let the disks di , di+2 , di+4 and di+1 , di+3 be centered on the Lc and the Uc of P ,
respectively (see Figure 5.5). By Lemma 5.1.8, there exists at least one disk d′s centered
on Lc between the centers of di and di+2 or centered on Uc between the centers of di+1
and di+3 . Then, we consider the following two cases:
(a) If the disk d′s is placed on Lc between di and di+2 , then by the same argument as
in Lemma 5.1.8, for consecutively placed disks di+1 , di+2 , di+3 and di+4 , there must be
at least one disk d′t such that α(i + 1) = d′t , where 1 ≤ s, t ≤ k and s 6= t.

(b) If the disk d′s is placed on Uc between di+1 and di+3 , then the center of the disk

d′t placed on Lc , covering the left intersection point between the disks d′j and d′j ′ (= d′s )
(to the right of centers of di and di+3 , respectively) cannot lie to the left of the center of
di+4 on Lc since di+4 does not intersect with di and di+1 (otherwise there is no need for
di+2 ).
Lemma 5.1.10. If k disks of radius r are sufficient to cover P entirely, then at most
k + 7 disks of radius r are required to cover P by Algorithm 5.1.
Proof. Case (i) if no switching occurs in Algorithm 5.2 and all ℓ disks are placed by diskconstrained placement: Let Di be the set of disks in the optimal solution D ′ corresponding
to disks di , di+1 , di+2 and di+3 such that every d ∈ Di (⊆ D ′) is centered either between

the centers of di and di+2 and on the same chain as di and di+2 or between the centers
of di+1 and di+3 and on the same chain as di+1 and di+3 . By Lemma 5.1.9, |Di ∩ Di+1 | <
max(|Di |, |Di+1|) and |Di | ≥ 1 for i ≥ 3. Then
′

ℓ−3

k = |D | ≥ ∪ Di ≥
i=3

ℓ−3
X
i=3

1 = ℓ − 5 =⇒ ℓ ≤ k + 5.

Case (ii) if switching occurs in Algorithm 5.2 and a sequence of ℓ disks placed by Algorithm 5.1 are using chain-constrained, disk-constrained and chain-constrained placement: Let ℓ1 , ℓ2 and ℓ3 be the subsequences of consecutively placed disks by chainconstrained, disk-constrained and then chain-constrained placement again respectively.
Then ℓ = ℓ1 + ℓ2 + ℓ3 . By lemma 5.1.5 and case (i), ℓ ≤ k + 7.
Lemma 5.1.11. The running time of Algorithm 5.1 is O(n + ℓ).
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Proof. Initially, Algorithm 5.1 places two disks to cover P and invokes Algorithm 5.2
to cover the remaining uncovered portion of P . Algorithm 5.2 invokes Algorithm 5.3 to
check whether the remaining uncovered region of P can be covered with at most three
disks using non-constrained placement. Algorithm 5.3 computes at most m candidate
locations for the centers of these three disks (di , di+1 and di+2 ) if di−1 is centered by
disk-constrained placement, where m ≤ 4, using at least (ℓ − 4) iterations of the while-

loop at line 4 of Algorithm 5.2, and in the last iteration m = O(n). Hence, the running
time of Algorithm 5.3 is O(n). Algorithm 5.2 places disks one by one either using chainconstrained placement or disk-constrained placement until P is fully covered. Algorithm
5.2 places at most ℓ disks by keeping track of the uncovered portion of ∂P . Hence,
the running time of Algorithm 5.2 is O(n + ℓ). The running time of Algorithm 5.1
follows from the running times of Algorithm 5.2 and Algorithm 5.3. Thus the lemma
follows.
Algorithm 5.4 k-COVER(P, k, r)
1:
2:

Input: Convex polygon P , a positive integer k and a real number r (radius).
Output: Set D = {d1 , d2 , . . . , dk } of disks of radius r ′ ≤ (1 + k7 )r, centered on ∂P
such that P ∩ ( ∪ d) = P if P is coverable with k disks of radius r.
d∈D

for (j = 1, 2, . . ., n) do
Compute the farthest vertex vj ′ from vertex vj .
Align P such that vj and vj ′ are lying on x-axis, x-coordinate of vj is greater than
the x-coordinate of vj ′ and the whole P lies to the right of the y-axis.
6:
(D, ℓ)= ℓ-COVER(P , r) //Run Algorithm 5.1
7:
if ((P ∩ ( ∪ d)) = P ) then
3:
4:
5:

d∈D

8:
9:
10:
11:
12:
13:
14:

D = D\{dk+1, dk+2 , . . ., dℓ }
)r
Reset the radius of every d ∈ D to r ′ = (1 + (ℓ−k)
k
Drag the centers of every disk d ∈ D from right to left towards the y-axis such
that every d satisfies the constrained placement requirement.
Return (D, r ′ )
end if
end for
Return (∅, 0)

Lemma 5.1.12. The running time of Algorithm 5.4 is O(n(n + k)).
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Proof. The for-loop in line 3 of Algorithm 5.4 runs (in the worst case) for every vertex
of convex polygon P . In every iteration of the for-loop (line number 3 of Algorithm
5.4), we compute the farthest vertex vj ′ from a vertex vj in O(n) time (line number 4 of
Algorithm 5.4). In line 6, we invoke Algorithm 5.1, which takes O(n+ℓ) time (see Lemma
5.1.11). Again lines 8-10 take O(n+k) time. From Lemma 5.1.10 we know that ℓ ≤ k+7.

Therefore, the running time of Algorithm 5.4 is n(n+(n+k +7)+(n+k)) = O(n(n+k))
time.
Theorem 5.1.13. Algorithm 5.4 is (1 + k7 )-approximation algorithm (k ≥ 7) for the
decision version of the CCPC problem.

Proof. Let D={d1, d2 , . . . , dℓ } be the set of disks centered on ∂P to cover P by Algorithm

⌉
5.1. Now, the number of disks centered on Lc after the disk dk is placed is at most ⌈ (ℓ−k)
2

and the number of disks centered along Lc starting from the vertex vj of P to the center
of dk is at most ⌈ k2 ⌉. If the radius of these ⌈ k2 ⌉ disks centered on Lc is increased by ρ such

⌉ disks centered on Lc after dk , is covered by these ⌈ k2 ⌉
that the area covered by ⌈ (ℓ−k)
2

disks, then ρ =

⌉)r
(⌈ (ℓ−k)
2
⌈ k2 ⌉

= ⌈ (ℓ−k)
⌉r. Let the radius of every disk di ∈ D, for 1 ≤ i ≤ k,
k

be increased by an additive factor ρ, where ρ ≤

7r
k

because (ℓ − k) ≤ 7 (see Lemma

5.1.10). The centers of the disks d1 , d2 , d3 , . . . , dk on ∂P are moved left such that
the disk and/or chain-constrained placement requirement is satisfied by every disk (see
Figure 5.6). Therefore, the disks dk+1 , dk+2 , . . . , dℓ will become redundant and can be
removed. The radius r ′ = r + ρ ≤ (1 + k7 )r. Thus the theorem follows.

5.2

Constrained Convex Polygon Cover Problem

Here, we describe Algorithm 5.5 to solve the constrained convex polygon cover (CCPC)
problem. Algorithm 5.5 covers P with at most k congruent disks of radius r ′ (≤ (1 +
δ)ropt ), and centered on ∂P , where δ =

7
k

+

7ǫ
k

+ ǫ and ropt is the optimum radius of

k congruent disks. To achieve this we first use the doubling technique as follows: if
ropt > 1, we invoke our algorithm (Algorithm 5.4) for the decision version of CCPC
problem with radius equal to 2j for every j = 1, 2, . . ., j ∗ until a cover of P is found
∗

for radius 2j , where j ∗ is the smallest positive integer (lines 10-16 in Algorithm 5.5),
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vj ′

vj
ρ

Figure 5.6: Proof of Theorem 5.1.13
otherwise we invoke Algorithm 5.4 with radius equal to 2−j for every j = 1, 2, . . ., j ∗ till
∗

cover of P is found for radius 2−j , where j ∗ is the largest positive integer (lines 4-9 in
Algorithm 5.5). Therefore, ropt belongs to either [2j

∗ −1

∗

, 2j ] or [2−j

∗ −1

∗

, 2−j ]. Note that

the size of this interval is at most ropt . Let [µ, ν] be the interval. Let γ =

µ+ν
.
2

Now, we

divide the interval [µ, ν] into two intervals [µ, γ] and [γ, ν], and decide the interval that
contains ropt . Let this new interval be [µ, ν] and repeat the same process log⌈ 1ǫ ⌉ times.
Lemma 5.2.1. (ν − µ) ≤ ǫropt , where µ, ν are the values after the for-loop in line 18
of Algorithm 5.5.

Proof. Initially µ = 2j

∗ −1

∗

and ν = 2j , where 2j

line 18, the size of the interval is (ν − µ) ≤

follows for initial values µ = 2

−j ∗ −1

∗ −1

∗

(2j −2j

and ν = 2

∗ −1

1
2log⌈ ǫ ⌉
∗
−j

.

∗

≤ ropt ≤ 2j . After the for-loop in
)

≤

ropt

1

2log⌈ ǫ ⌉

≤ ǫropt . The same proof

Theorem 5.2.2. Algorithm 5.5 is (1 + δ)-approximation algorithm for the CCPC problem, with running time O(n(n + k)(|log ropt | + log⌈ 1ǫ ⌉)), where δ =
ǫ > 0.

Proof. The radius ropt is initially made to lie in the interval [2j

∗ −1

7
k

+ 7ǫ
+ ǫ, k ≥ 7 and
k
∗

, 2j ] or [2−j

∗ −1

∗

, 2−j ]

by the while-loop at line 6 or line 12 of Algorithm 5.5. Then, after the for-loop in
line 18 of Algorithm 5.5, we reduce this interval to [µ, ν] such that µ ≤ ropt ≤ ν

and (ν − µ) ≤ ǫropt (Lemma 5.2.1). Therefore, ν ≤ µ + ǫropt ≤ ropt + ǫropt ≤ (1 +
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Algorithm 5.5 COVER(P, k, ǫ)
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

Input: Convex polygon P , a positive integer k and an ǫ > 0.
Output: Set D = { d1 , d2 , . . ., dk } of k disks having equal radius
r ′ ≤ (1 + k7 + 7ǫ
+ ǫ)ropt , where k ≥ 7 and an ǫ > 0.
k
′
(D, r )= k-COVER(P , k, 1) //Run Algorithm 5.4
if (r ′ 6= 0) then
j←1
while (r ′ 6= 0) do
j ←j−1
(D, r ′ )= k-COVER(P , k, 2j−1) //Run Algorithm 5.4
end while
else
j←0
while (r ′ = 0) do
j ←j+1
(D, r ′ )= k-COVER(P , k, 2j ) //Run Algorithm 5.4
end while
end if
µ ← 2j−1 , ν ← 2j
for (i = 1, 2, . . ., ⌈log⌈ 1ǫ ⌉⌉) do
γ ← µ+ν
2
(D, r ′ )= k-COVER(P , k, γ) //Run Algorithm 5.4
if (r ′ 6= 0) then ν = γ else µ = γ
end for
(D, r ′ )= k-COVER(P , k, ν) //Run Algorithm 5.4
Return (D, r ′ )

ǫ)ropt . Line 23 in Algorithm 5.5 invokes Algorithm 5.4, which returns a set D of k

disks of radius r ′ , centered on ∂P , where r ′ ≤ (1 + k7 )ν (see Theorem 5.1.13). Hence,
r ′ ≤ (1 + k7 )ν ≤ (1 + k7 )(1 + ǫ)ropt ≤ (1 +

7
k

+

7ǫ
k

+ ǫ)ropt . Algorithm 5.4 is invoked

at most |log ropt | times in the while-loop and at most log⌈ 1ǫ ⌉ times in the for-loop at

lines 6 or 12 and 18 of Algorithm 5.5, respectively. The running time of Algorithm
5.4 is O(n(n + k)) (see Lemma 5.1.12). Hence, the running time of Algorithm 5.5 is
n(n + k)|log ropt | + n(n + k) log⌈ 1ǫ ⌉ = O(n(n + k)(|log ropt | + log⌈ 1ǫ ⌉)).
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5.3

Conclusion

In this chapter we have described an approximation algorithm for covering a convex
polygon with k congruent disks centered on the boundary of the polygon. The approximation factor of the algorithm is (1 +

7
k

+

7ǫ
k

+ ǫ), where k ≥ 7 and ǫ > 0. The

approximation factor of the previous best known algorithm is 1.8841 [25]. Thus, for a
sufficiently large value of k, our algorithm is much better than the previous one. The
complexity of this problem seems to be unknown as we did not find any prior work on the
NP-hardness proof of this problem. As future work, designing a (1 + ǫ)-approximation
algorithm for every ǫ > 0 (PTAS), can be considered and the hardness of the problem
can be explored.
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Chapter 6
The Euclidean k-Supplier Problem
In this chapter we consider the k-supplier problem in IR2 , as follows:
Two sets of points P and Q are given. The objective is to choose a subset Qopt ⊆ Q

of size at most k such that the union of the congruent disks of minimum radius
centered at the points in Qopt covers all the points of P.

The k-supplier problem has been very well studied in the literature. The previous best
√
solution provides a (1 + 3)-approximation in polynomial time, but the problem is
√
known to be NP-hard to approximate beyond 7. We present in this chapter a 2-factor
√
approximation algorithm, which goes beyond the lower bound (< 7), but runs in time
exponential in k. Our algorithm relies on very simple techniques, and it can further
be improved by refining the same simple techniques. In this chapter, we also present a
heuristic algorithm based on iteratively computing the Voronoi diagrams. We analyze
the running time of each iteration of our heuristic algorithm, but we neither bound the
overall running time nor the approximation factor. Hence, we evaluate our heuristic
algorithm experimentally against the previous best known algorithm and show that our
algorithm is little slower, but achieves better approximation.
We first propose a fixed-parameter tractable (FPT) algorithm for the k-supplier
problem that produces a 2-approximation result. For |P| = n and |Q| = m, the worst

case running time of the algorithm is O(6k (n + m) log(mn)), which is an exponential

function of the parameter k. We also generalize the idea for developing a FPT 2approximation algorithm and propose FPT (1 + ǫ)-approximation algorithm for the
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k-supplier problem in the plane, where ǫ > 0 is an arbitrary constant. The running time
of the (1 + ǫ)-approximation algorithm is O(ǫ−2k (m + n) log(mn)). Similarly, for the
Euclidean k-supplier problem in IRd , we obtain an FPT (1 + ǫ)-approximation algorithm
for any arbitrary constant ǫ > 0. The running time of the (1+ǫ)-approximation algorithm
is O(ǫ−dk (m + n) log(mn)). We also propose a heuristic algorithm based on the Voronoi
diagram for the k-supplier problem, and experimentally compare the result produced by
the proposed algorithm with the best known approximation algorithm available in the
literature. The experimental results show that our heuristic algorithm outperforms the
best known existing result.
In Section 6.1, we discuss FPT approximation algorithms for the Euclidean k-supplier
problem. In the same section, we also propose (1 + ǫ)-approximation algorithms. In
Section 6.2, we present a heuristic algorithm and its theoretical as well as experimental
performance with the existing result for the k-supplier problem in IR2 . Finally, we
conclude the chapter in Section 6.3.

6.1
6.1.1

FPT 2-Approximation Algorithm
Terminologies

Let P = {p1 , p2 , . . . , pn } and Q = {q1 , q2 , . . . , qm } denote a set of n clients and a set

of m facilities respectively in IR2 . Throughout the chapter we use δ(a, b) to denote the
Euclidean distance between a pair of points a, b ∈ IR2 , and ∆(a, r) to denote the region
covered by the disk of radius r centered at point a. Let D = {δ(p, q) | p ∈ P and q ∈ Q}

be the set of distances between the points in P and the points in Q. Let r1 , r2 , . . . , rmn

be the non-decreasing order of the members in D. Let Qopt be an optimal solution of
the k-supplier problem, and ropt be the radius of the disks in Qopt .
Lemma 6.1.1. ropt ∈ {r1 , r2 , . . . , rmn }.
Proof. Assume that ropt ∈
/ {r1 , r2 , . . . , rmn }. Then there must exist an i such that

ri < ropt < ri+1 . Thus, no point in P lies on the boundary of any of the disks in the

optimal solution centered at k points in Q. Therefore, we can reduce the radius of every
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disk and still cover P. This contradicts the fact that ropt is the minimum radius. Thus

the lemma follows.

6.1.2

Approximation Algorithm

In this subsection we propose a parameterized 2-approximation algorithm for k-supplier
problem. For a given instance (P, Q) of the k-supplier problem, the objective is to choose
a subset Q̂ ⊆ Q of size at most k such that the union of k disks of radius r ≤ 2ropt
centered at the points in Q̂ covers all the points in P.

Let us first consider the following decision problem:
For a given radius r, does there exist a subset Q′ ⊆ Q of size at most k (i.e.

|Q′ | ≤ k) such that the union of k disks of radius 2r centered at the points of Q′

covers all the points in P?

We show that the above decision problem can be solved with time complexity
O(αk polynomial(m, n)), where α is a predefined constant. For a given radius r, if the
answer is positive, then it reports the chosen subset Q′ with true. For a negative reply,

it reports the chosen subset Q′ with f alse (wrong Q′ ).

We apply binary search in the set D = {r1 , r2 , . . . , rmn } to find the minimum r for

which the above decision problem returns a positive reply (i.e. a subset Q′ ⊆ Q, where

|Q′ | ≤ k).

Let the point p ∈ P be covered by a disk of radius r centered at q ∈ Q. Thus

q ∈ ∆(p, r). Let us draw six radii of the circular region ∆(p, r) such that each pair of

consecutive radii make an angle

π
3

at the point p. These split the region ∆(p, r) into six

equal sectors ∆1 , ∆2 , . . . , ∆6 as shown in Figure 6.1.
Lemma 6.1.2. If q ∈ ∆i , i ∈ {1, 2, . . . , 6}, then any disk of radius 2r centered at any

point in the region ∆i will cover all the points of P that are covered by the disk of radius

r centered at q.

Proof. Follows from the triangle inequality and the facts that (i) δ(p′ , q) ≤ r for any

point p′ ∈ P that is covered by the disk of radius r centered at q, and (ii) δ(q, q ′) ≤ r
for any point q ′ ∈ Q ∩ ∆i .
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∆6
1

∆5

∆

∆2

p

∆4

∆3

Figure 6.1: Partition of the disk ∆(p, r) into six equal sectors ∆1 , ∆2 , . . . , ∆6
We solve the decision problem for a given radius r as follows. We initialize P ′ = P

and Q′ = ∅. Choose a point p ∈ P ′ , and arbitrarily partition the disk ∆1 = ∆(p, r) into
six equal sectors ∆11 , ∆21 , . . . , ∆61 as shown in Figure 6.1.

We consider each sector ∆i1 , i = 1, 2, . . . , 6 separately. For each sector ∆i1 , if Q∩∆i1 6=

∅, then we can choose any point q ∈ Q ∩ ∆i1 (by Lemma 6.1.2). Update Q′ by Q′ ∪ {q}.

Let R ⊆ P be the set of points lying in ∆(q, 2r). We update P ′ = P ′ \ R. If the updated
P ′ 6= ∅, we repeat the same process recursively to find q ′ ∈ Q by arbitrarily choosing

a point p′ ∈ P ′ (updated), drawing ∆i2 , i = 1, 2, . . . , 6, and then processing each ∆i2 to

update Q′ = Q′ ∪ {q ′ }. The process along a path of the recursion stops if either the

updated P ′ up to that level of recursion is empty, or the level of recursion is k.

Thus, our search process progresses in a tree like fashion, where the degree of each

node in this search tree is at most six, and the maximum length from the root up to a
leaf in any search path is at most k. At the end of this process, if the resulting set P ′ = ∅
along any one of the search path explored, then we return the corresponding Q′ with

true, otherwise we return Q′ with f alse. Thus after executing this decision algorithm,
it indicates a positive answer if return value is true with Q′ , and a negative answer if
return value is f alse with Q′ .

The pseudocode of the procedure for computing the minimum r such that at most

k disks of radius 2r centered at the points in Q covers all the points in P is given in

Algorithm 6.1.

Lemma 6.1.3. If Algorithm 6.2 is invoked with r = ropt , then it produces a positive
reply. In other words, it produces a subset Q̂ ⊆ Q of size at most k such that union of
the disks with radius 2r centered at the points in Q̂ covers all the points in P.
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Algorithm 6.1 k-supplier(P, Q, k)
1:

2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

Input: A set P = {p1 , p2 , . . . , pn } of n points, a set Q = {q1 , q2 , . . . , qm } of m points,
and a positive integer k.
Output: a set of points Q̂ ⊆ Q of size at most k and a radius r̂ such that the union
of the disks with radius 2r̂ centered at the points in Q̂ covers all points in P.
Let {r1 , r2 , . . . , rmn } be the elements of {δ(p, q) | p ∈ P & q ∈ Q} in non-decreasing
order.
ℓ ← 1; h ← mn;
while (ℓ < h) do
mid = ⌈ ℓ+h
⌉; P ′ ← P; Q′ ← ∅; /* Q′ will hold at most k centers */
2
(f lag, Q′ ) = cover(P ′ , Q, k, rmid ) /* Invoke Algorithm 6.2 */
if (f lag) then
Q̂ = Q′ ; h = mid − 1; r̂ = rmid ;
else
ℓ = mid + 1
end if
end while
return (Q̂, r̂)

Proof. Note that, in the optimum solution, each member of P is covered by some element

of Qopt . In Algorithm 6.2, suppose we have chosen some element p1 ∈ P, and its

corresponding covering element q ∈ Qopt lies in ∆i1 of ∆(p1 , ropt ). Let P1 = P \ (P ∩
∆(q, ropt )). Now, in the 6-way search tree of Algorithm 6.2, if we proceed towards a

point q̂ ∈ ∆i1 then the remaining uncovered points P1′ = P \ (P ∩ ∆(q̂, 2ropt)) ⊆ P1 (see

Lemma 6.1.2). Again, for any element p2 ∈ P1′ , if its covering element is q ′ ∈ Qopt , and in

the 6-way search tree if we proceed with a point q̂ ′ in the sector of ∆(p2 , ropt ) containing
q ′ , the remaining uncovered points P2′ = P \ (P ∩ (∆(q̂, 2ropt ) ∪ ∆(qˆ′ , 2ropt ))) will be a
subset of P2 = P \ (P ∩ (∆(q, ropt ) ∪ ∆(q ′ , ropt ))) (see Lemma 6.1.2). The maximum

depth along such a search path will be less than or equal to k since |Qopt | ≤ k. As we
are exploring all possible search paths, the result follows.

Lemma 6.1.4. If Q̂ and r are the output of Algorithm 6.1, then the union of the disks

with radius 2r centered at the points in Q̂ covers all the points in P and r ≤ ropt .

Proof. Let P, Q, k, r be the input of Algorithm 6.2 (cover). Lemma 6.1.3 says that if

r = ropt then the Algorithm 6.2 returns a subset Q′ ⊆ Q such that the union of the disks
with radius 2r centered at the points in Q′ covers all the points in P. Lemma 6.1.1 says
75

89TH-1505_11612315

Algorithm 6.2 cover(P, Q, k, r)
1:

2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

Input: The set P of uncovered points, a set Q of m facility points, a positive integer
k and a radius r.
Output: (i) true if cover of P is achieved with at most k disks of radius 2r; f alse
otherwise and (ii) a set Q′ to hold centers of at most k disks.
if (P = ∅) then
return (true, ∅)
else if (k = 0) then
return (f alse, ∅)
else
Consider the disk ∆(p, r) centered at an arbitrary point p ∈ P, and
partition ∆(p, r) into six equal sectors ∆1 , ∆2 , . . . , ∆6 as shown in Figure 6.1.
i ← 0; f lag ← f alse; Q′ ← ∅
while (i < 6 and f lag=f alse) do
if (Q ∩ ∆i 6= ∅) then
choose a point q ∈ Q ∩ ∆i
P ′ = P \ (P ∩ ∆(q, 2r));
(f lag, Q′ ) = cover(P ′ , Q, k − 1, r)
if (f lag=true) then
Q′ = Q′ ∪ {q}
end if
end if
i ← i + 1;
end while
end if
return (f lag, Q′ )

that ropt ∈ {r1 , r2 , . . . , rmn }. Algorithm 6.1 finds a minimum value r̂ ∈ {r1 , r2 , . . . , rmn }

such that with the input P, Q, k, r̂, the Algorithm 6.2 returns a set Q̂ ⊆ Q such that

the union of the disks with radius 2r̂ centered at the points in Q̂ covers all the points in

P. Therefore r̂ ≤ ropt .

Theorem 6.1.5. Algorithm 6.1 for the k-supplier problem produces a 2-approximation
result, and it runs in O(6k (n + m) log(nm)) time.
Proof. Approximation factor follows from Lemma 6.1.4.
Let T (n, m, k) be the running time of the Algorithm 6.2, where n = |P|, m = |Q|.

Since each node of the recursion tree has degree at most 6, and execution at that node
takes O(n + m) time, we have T (n, m, k) = 6((m + n) + T (n, m, k − 1)). Again, since
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the depth of the recursion tree is at most k, we have the running time of the Algorithm
6.2 is O(6k (n + m)). Algorithm 6.1 invokes the Algorithm 6.2 at most log(mn) times.
Thus the total running time is O(6k (n + m) log(mn)).

Corollary 6.1.6. For k = O(log n), the k-supplier problem in IR2 has a 2-approximation
algorithm that runs in polynomial time.
We can extend the idea of solving the k-supplier problem in IR2 to solve the k-supplier
problem in IR3 . Here, we consider a ball of radius r in IR3 instead of a disk of radius
r in IR2 . We partition the ball of radius r into 12 equal sectors such that the distance
√
between any two points in a sector is at most 2r. The remaining part of the algorithm
for IR3 is exactly the same as in the case of IR2 . Thus we have the following theorem.
√
Theorem 6.1.7. For the k-supplier problem in IR3 , we can get a (1+ 2)-approximation
result in O(12k (n + m) log(mn)) time.
To get finer approximations (less than 2), we can generalize the same technique
used for developing the above FPT approximation algorithms as follows: In the 6-way
search algorithm (in Algorithm 6.2), every time we center a disk ∆(p, r) at an arbitrary
point p ∈ P, we partition ∆(p, r) into O( ǫ12 ) sectors such that the distance between any

two arbitrary points within any of these sectors is at most ǫr. Then, we place a disk

∆(q, r + ǫr) centered at a point q ∈ Q instead of ∆(q, 2r) (lines 13 and 14 in Algorithm

6.2). As a result, we obtain FPT (1 + ǫ)-approximation algorithm for the k-supplier

problem in IR2 , where ǫ > 0 is an arbitrary constant. The running time of FPT (1 + ǫ)approximation algorithm is O(ǫ−2k (m+n) log(mn)). Let V be the d-dimensional volume
of a Euclidean ball of radius r in IRd . We know that V = O(r d). For any constant ǫ > 0,
if v is the d-dimensional volume of a Euclidean ball of radius
The number of balls of radius

ǫr
2

ǫr
2

in IRd , then v = O((ǫr)d ).

required to cover a ball of radius r in IRd is

V
v

= O(ǫ−d ).

Now observe that the distance between any two arbitrary points lying in each of smaller
balls of radius

ǫr
2

is at most ǫr, so we treat these smaller balls as sectors of a ball of

radius r in IRd . Hence, we make the following remark.
Remark 6.1.8. The Euclidean k-supplier problem in IRd admits an FPT (1+ǫ)-approximation
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algorithm, and the running time of the FPT (1+ǫ)-approximation algorithm is O(ǫ−dk (m+
n) log(mn)), where ǫ > 0 is a constant and d is a positive integer.
Note: It needs to be mentioned that in the Algorithm 6.2, instead of splitting the
disk ∆(p, r) in 6 parts, and choosing points q in these parts, if we choose the point p
itself and reduce the set of uncovered points by ∆(p, 2r), then we can generate a 2approximation result for the unconstrained (general) version of the k-center problem in
time O(kn + n2 log n) time.

6.2

Heuristic Algorithm for the k-Supplier Problem

In this section we present a heuristic algorithm for the k-supplier problem in IR2 based
on the Voronoi diagram [7]. Initially, we pick a set of k arbitrary points Q′ = {q1′ , q2′ ,

. . ., qk′ } ⊆ Q. We compute a nearest point Voronoi diagram V OR(Q′ ) of the points in
Q′ . This forms the clusters of the points in P, namely Pi = {p ∈ P | p ∈ vor(qi′ )},

where vor(qi′ ) is the Voronoi cell of the point qi′ ∈ Q′ , i = 1, 2, . . . , k. For each cluster

Pi , let di be the smallest disk centered at a point in Q such that Pi ⊂ di . Let r =

max(r1 , r2 , . . . , rk ), where ri is the radius of the disk di , and Q′′ = {qi′′ | qi′′ is the center

of the disk di , i = 1, 2, . . . , k}. We repeat this process by setting Q′ = Q′′ . The process
continues as long as the radius r decreases. The detailed pseudocode of this procedure

is given in Algorithm 6.3.
Lemma 6.2.1. At each iteration of Algorithm 6.3 the value of r (radius of congruent
disks) never increases.
Proof. Let q1 , q2 , . . . , qk be the Voronoi sites (cluster centers) at the beginning of an
iteration. The minimum enclosing disks of P ∩ vor(q1 ), P ∩ vor(q2 ), . . . , P ∩ vor(qk ),
centered at the points in Q, are d′1 , d′2 , . . . , d′k respectively. Let the center of the disk d′i
be qi′ and the radius be ri′ , i = 1, 2, . . . , k.

Now consider an arbitrary Voronoi cell vor(qi ) (1 ≤ i ≤ k).

Without loss of

generality assume that vor(q1 ), vor(q2), . . . , vor(qt ) are the neighboring Voronoi cells
of vor(qi ).

We consider the following cases: (a) ri′ ≥ max{r1′ , r2′ , . . . , rt′ }, and (b)

ri′ < max{r1′ , r2′ , . . . , rt′ }.
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In this iteration, let d′′i denote the minimum enclosing disk of the points in P ∩vor(qi′ ),

whose center is at a point qi′′ ∈ Q, and the radius is ri′′ , i = 1, 2, . . . , k. Here, d′′i 6= d′i

only if P ∩ vor(qi′ ) 6= P ∩ vor(qi ).

Case (a): It is sufficient to show that ri′′ ≤ ri′ . On the contrary, assume that ri′′ > ri′ .
Therefore there exists at least one point p ∈ P ∩vor(qs ) (for some s ∈ {1, 2, . . . , t})

in the previous iteration, but p ∈ P ∩ vor(qi′ ) in this iteration. We choose p to be
the one which is farthest from qi′ among the points which entered from some other

Voronoi cell to vor(qi′ ) in this iteration. The Voronoi partitioning suggests that
δ(qi′ , p) ≤ δ(qs′ , p).
Again, observe that ri′′ ≤ δ(qi′ , p) since ri′′ is the radius of the minimum enclosing

disk d′′i containing all the points P ∩ vor(qi′ ) and its center qi′′ may be different

from qi′ . Since qs′ is the center of the minimum enclosing disk (centered at a point

in Q) for a point set containing p, we have δ(qs′ , p) ≤ rs′ . Again, rs′ ≤ ri′ by our

assumption. Thus we have, ri′′ ≤ ri′ , which leads to a contradiction.

Case (b): The lemma is trivial if ri′′ ≤ ri′ . Therefore we assume that ri′′ > ri′ . Thus,

we have at least one point p ∈ P ∩ vor(qs ) (for some s ∈ {1, 2, . . . , t}) such that

p moves to the cell vor(qi′ ) in this iteration. From the properties of a Voronoi

partition δ(qi′ , p) ≤ δ(qs′ , p). As in the former case, we have ri′′ ≤ δ(qi′ , p) and

rs′ ≥ δ(qs′ , p). Therefore, ri′′ ≤ δ(qi′ , p) ≤ δ(qs , p) ≤ rs′ i.e., ri′′ ≤ rs′ . Thus, the

lemma follows in this case also.

Lemma 6.2.2. The worst case time complexity of every iteration in Algorithm 6.3 is
O((m + n) log(nk)).
Proof. In the while loop, computing a Voronoi diagram (line 7) for a set of k points
takes O(k log k) time. All the clusters Pi (i = 1, 2, . . . , k) can be computed (lines 9-

11) in O(n log k) time using planar point location in V OR(Q′ ). In order to compute

the new cluster centers, for each point q ∈ Q first identify in which Voronoi cell it
falls (line 17 in the for loop at line 16), and then locate its furthest neighbor (line 18
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in the for loop at line 16) among the vertices of the convex hull of Pi . This needs

O(m(log k + log ni )) time, where ni = |CH(Pi )|. The computation of CH(Pi ) and

F V D(Pi ) for all i = 1, 2, . . . , k needs O(n log n) time. Thus, the overall time complexity
for a single iteration is O((m + n) log(nk)).

6.2.1

Experimental Results

We implemented our Voronoi diagram based heuristic algorithm, and the best known
algorithm available in the literature for the k-supplier problem in IR2 [69]. We have used
Matlab on a machine equipped with an Intel Pentium(R) CPU G870 @ 3.10GHz × 2,

1.8 GB RAM and running 64-bit Ubuntu 12.03 to implement both the algorithms. We
have chosen two sets of points within a square 20 times for different values of m, n and

k. We executed the algorithms for each chosen instance and finally returned average
values as output (see Table 6.1). Radii of disks for our Voronoi diagram based heuristic
algorithm and for the algorithm in [69] are denoted by rvor and rnag respectively and the
execution times (in second) of the algorithms are denoted as tvor and tnag respectively.
The computed radii results indicate that our Voronoi diagram based heuristic algorithm
produces a much better result than the algorithm in [69]. However, the execution time
of our algorithm is little more than that of [69].
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Algorithm 6.3 k-Supplier-Heuristic(P, Q, k)

Input: A set P of n points, a set Q of m points, and a positive integer k.
2: Output: A set D of k disks of radius r centered at k points of Q such that P ⊆ ∪ d.

1:

d∈D

3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

rold ← ∞; rnew = max{δ(p, q) | p ∈ P & q ∈ Q}
Let Q′ = Q′′ = {q1 , q2 , . . . , qk } ⊆ Q be an arbitrary subset of k points, called cluster
centers.
while (rnew < rold ) do
rold = rnew , Q′ = Q′′
Compute V OR(Q′ ).
(* Compute the cluster Pi = P ∩ vor(qi ) *)
for i = 1, 2, . . . , n do
Apply point location with the point pi in V OR(Q′ ) to assign it to an appropriate
cluster.
end for
for i = 1, 2, . . . , k do
Compute the convex hull CH(Pi ) of the points in vor(qi ), and
the furthest point Voronoi diagram F V D(Pi ) of the vertices of CH(Pi ).
end for
Create two arrays, namely r[1, 2 . . . , k] initialized with [∞, ∞, . . . , ∞] and
Q′′ [1, 2, . . . , k] to store the new cluster centers.
for j = 1, 2, . . . , m do
Find i such that qj ∈ vor(qi )
Consult F V D(Pi ) to find a vertex p of CH(Pi ) which is furthest from qj among
the other vertices of CH(Pi ).
compute δ(p, qj );
if δ(p, qj ) < r(Pi ) then
Assign r[i] = δ(p, qj ); Q′′ [i] = qj
end if
end for
(* For each i, the minimum enclosing disk di for the cluster Pi is centered at Q′′ [i]
and has radius r[i]. *)
Compute rnew = max{r[1], r[2], . . . , r[k]}
end while
r = rold , D = ∅
for (i = 1, 2, . . . , k) do
Let di be the disk of radius r centered at qi ∈ Q′
D = D ∪ {di }
end for
Return (r, D)
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n
100
200
500
500
500
500
800
800
800
800
800
800
800
800
800
800
800
800
800
800
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000

m
50
100
400
400
400
400
400
400
400
600
600
600
600
600
700
700
700
700
700
700
800
800
800
800
800
800
800
900
900
900
900
900
900
900
900

k
20
50
50
100
200
300
100
200
300
100
200
300
400
500
100
200
300
400
500
600
100
200
300
400
500
600
700
100
200
300
400
500
600
700
800

rvor
385.1651
331.8947
271.5503
187.3902
165.4990
157.4919
220.0354
162.2155
188.4023
226.4105
183.6834
153.9939
162.6617
129.5877
279.8605
168.2815
145.6643
134.3790
139.7529
156.6618
190.4600
158.9247
186.3586
120.5850
113.2485
134.3641
100.2370
226.1000
143.3740
133.1333
122.3652
113.3674
108.2268
101.3077
100.5504

rnag
767.8174
474.1622
354.4516
330.0519
275.2376
352.6021
348.7830
299.2550
431.0273
315.7258
347.9941
287.3068
417.0634
290.8249
313.5049
248.6119
279.1926
337.201
224.3580
239.7690
243.5794
256.8944
253.9525
246.3848
228.0754
266.7492
248.2916
300.7388
252.6710
229.2618
293.7928
238.9505
261.4600
217.5035
230.9309

tvor
0.0204
0.0536
0.4824
0.9357
1.8368
1.8220
1.7462
2.5599
2.5415
1.9460
3.8523
5.7032
5.0574
6.2892
1.5080
4.4462
6.6276
5.9084
7.5274
8.7611
4.1017
6.0269
9.1140
11.9620
10.0219
11.9123
14.0810
4.6818
9.0590
10.1513
13.5053
16.8278
18.1648
20.4861
22.9282

tnag
0.0052
0.0148
0.0767
0.0883
0.0871
0.0758
0.1114
0.1308
0.1003
0.1540
0.1372
0.1638
0.1249
0.1639
0.1685
0.2011
0.1942
0.1706
0.2149
0.2089
0.2829
0.2598
0.2611
0.2714
0.2947
0.2483
0.2705
0.2506
0.2932
0.3144
0.2568
0.3009
0.2833
0.3194
0.3095

Table 6.1: Radii of disks centered by different algorithms and their execution time
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6.3

Conclusion

In this chapter we have proposed a fixed-parameter tractable (FPT) algorithm for the
k-supplier problem in IR2 . Our proposed FPT algorithm produces a 2-approximation
result. The running time of the proposed FPT algorithm is O(6k (n+m) log(nm)), where
k is the parameter. The proposed FPT algorithm can be extended to IR3 , and we can
√
get a (1 + 2)-approximation result with running time O(12k (n + m) log(nm)). We have
also shown that this FPT algorithm can be generalized to get a (1 + ǫ)-approximation
algorithm, which runs in O(ǫ−dk (n + m) log(nm)) time, for a d-dimensional Euclidean
space. For the k-supplier problem in IR2 , we have also proposed a heuristic algorithm
based on Voronoi diagram. We did an experimental study on this heuristic algorithm
and compared it with the best known algorithm available in the literature for the ksupplier problem in IR2 . Experimental results indicate that the heuristic algorithm
performs better than the best known algorithm available in the literature with very
minor degradation in the running time.
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Chapter 7
Conclusions and Future Works
In this thesis we have investigated various types of geometric covering problems such
as line separable discrete unit disk cover (LSDUDC) problem, discrete unit disk cover
(DUDC) problem, rectangular region cover (RRC) problem, rectangular region cover
problem in reduce radius setup, strip square cover (SSC) problem, discrete unit square
cover (DUSC) problem, constrained convex polygon cover (CCPC) problem, and the Euclidean k-supplier problem. Most of these problems are NP-hard and hardness proofs of
remaining problems were not found in the literature, so are open for investigation. Numerous approximation algorithms, exhibiting trade-offs between approximation factors
and time complexities, have already been proposed for these problems in the literature.
In this thesis, the objective has been to provide approximation algorithms with improved
approximation factor or improved time complexity or both over the previous best known
algorithms available in the literature.
For the LSDUDC problem we have proposed an (1 + µ)-approximation algorithm
i.e. a polynomial time approximation scheme (PTAS), where 0 < µ ≤ 1. The run1

ning time of our proposed PTAS is O(m3(1+ µ ) n log n). Using this PTAS, we proposed
a (9 + ǫ)-approximation algorithm for the DUDC problem, which improved the previ-

ous 15-approximation result for the same problem [33], where 0 < ǫ ≤ 6. The running time of our proposed (9 + ǫ)-approximation algorithm for the DUDC problem is
6

O(m3(1+ ǫ ) n log n). We have also proposed a (9+ǫ)-approximation algorithm for the RRC
problem, where 0 < ǫ ≤ 6. The running time of the proposed algorithm for the RRC
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18

problem is O(m5+ ǫ log m). In the reduce radius setup we proposed a PTAS. We have
proposed a 2.25-approximation algorithm for the RRC problem in reduce radius setup
using the proposed PTAS result. The previous best known approximation factor for the
RRC problem in reduce radius setup was 4 [32]. The running time of our proposed algorithm for the RRC problem in reduce radius setup is less than that of 4-approximation
algorithm proposed in [32] for reasonably small value of γ(=

√ν ),
2

where γ is the radius

reduction parameter. Hence, our result for the RRC problem in reduce radius setup
is a significant improvement over the previous result, in terms of both approximation
factor as well as time complexity. However, the LSDUDC problem is still open, in the
sense that there is neither an algorithm which solves LSDUDC optimally in polynomial
time, nor is there a known polynomial time reduction from any NP-hard problem to
LSDUDC problem. Although the RRC problem seems to be NP-hard, we did not find
the NP-hardness proof of the problem in the literature. Therefore, the complexity of
the RRC problem is also open.
For the DUSC problem we have proposed (2 +

4
)-approximation
k−2

algorithm in

O(kmk n) time, where k(> 2) is an integer. The time complexity of our proposed approximation algorithm is faster than the best known algorithm available in the literature
for k ∈ {5, 6, . . . , 8} by sacrificing some approximation factor [78]. Our solution of the
DUSC problem is based on a simple (1 +

2
)-approximation
k−2

algorithm for the SSC

problem, where k > 2. We also developed an algorithm to solve the SSC problem
optimally. Our proposed algorithm is based on plane sweep and graph search traversal techniques. The running time of the algorithm is O(m4 n + n log n). Using this
result for the SSC problem, we presented a 2-approximation algorithm for the DUSC
problem. The running time of the proposed 2-approximation algorithm for the DUSC
problem is O(m4 n + n log n), which is an improvement by a factor of O(m4 n) over the 2approximation algorithm [62]. As future work, we can consider developing an algorithm
with better running time for the SSC problem and also designing a better approximation
algorithm for the DUSC problem.
In our solution of the CCPC problem we have described an algorithm for covering a
convex polygon P with k congruent disks of radius r ≤ (1 + k7 +

7ǫ
k

+ ǫ)ropt , centered on

the boundary of the polygon P , where ropt is the optimum radius of k congruent disks,
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k ≥ 7 and an ǫ > 0. Hence, the approximation factor of the proposed algorithm for the

CCPC problem is (1 +

7
k

+

7ǫ
k

+ ǫ). The running time of the proposed approximation

algorithm is O(n(n + k)(|log ropt | + log⌈ 1ǫ ⌉)). The approximation factor of the previous

best known algorithm for the CCPC problem is 1.8841 [25]. Thus, for sufficiently large
values of k, our algorithm is much better than the previous one. The hardness result of

this problem is unknown, so we can investigate the hardness of the problem as a future
work. In future work, we can also consider designing a (1 + ǫ)-approximation algorithm
for the CCPC problem, where ǫ > 0. Further, we can also consider the following problem
as future work: given a convex polygon P and an integer k, the objective is to place k
congruent disks centered on the boundary of P such that no two disks intersect, and the
radius of disks is maximized.
For the k-supplier problem in IR2 we have proposed a fixed parameter tractable
(FPT) algorithm. Our proposed FPT algorithm produces a 2-approximation result.
The running time of the proposed FPT algorithm is O(6k (n + m) log(nm)), where
k is the parameter. We have shown that the proposed FPT algorithm can be eas√
ily extended to IR3 easily, giving an (1 + 2)-approximation result with running time
O(12k (n + m) log(nm)). Further, we have also shown that the proposed FPT algorithm
can be generalized to get an (1 + ǫ)-approximation algorithm for the k-supplier problem
in d-dimensional Euclidean space, where ǫ > 0 is a constant. The running time of the
proposed FPT (1 + ǫ)-approximation algorithm is O(ǫ−dk (n + m) log(nm)), where d is
a positive integer. For the k-supplier problem in IR2 we have also proposed a heuristic algorithm based on the Voronoi diagram. An experimental study on our heuristic
algorithm was compared with the best known result available in the literature for the
k-supplier problem in IR2 [69]. Experimental results indicate that the proposed heuristic
algorithm performs much better than the best known algorithm available in literature
[69] with a minor degradation in the running time. Feder and Greene [36] showed that
it is NP-hard to approximate the Euclidean k-supplier problem less than a factor of
√
7 ≈ 2.64. Nagarajan et al. [69] gave a 2.74-approximation algorithm for the Euclidean
k-supplier problem. Since there is a gap between the approximation factor (2.74) of the
best known algorithm and the lower bound (2.64), there is still room for further research
on the Euclidean k-supplier problem.
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