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Abstract

One of the most important inventions which has revolutionized the way of living
and working of people is the internet. The increase in internet coverage and the
decrease in internet access price has resulted in demand for a good internet service.
Clients want some guarantee in internet access quality. In this thesis, we present a
model in which clients are guaranteed connection and bandwidth and if clients do not
get the service they request, the service provider pays a penalty to the clients. We
consider a system where each client has access to multiple internet service providers
(ISP) and can choose one of them to connect to based on the prices being offered
by the ISPs. When a client arrives, an ISP has to decide whether to accept the
client, and the price to charge from the client for the duration of its connection.
Rejection of a client results in a penalty and delay in getting requested bandwidth
while connected also incurs a penalty. We assume a Poisson arrival process with
the rate of arrival sensitive to the price being charged. While connected, a client
sometimes remain idle and sometimes consumes bandwidth; and both these durations
are exponentially distributed. A service provider tries to maximize its income by
charging appropriate prices based on its current state and deciding whether to accept
more clients or not. Since penalties are imposed, such solutions also automatically
balance load among service providers, and so the quality of service to clients improves.
We first present a solution to obtain Nash equilibrium between two ISPs. We then
present a solution that maximizes the steady state income of service providers. As
the computational complexity of this solution is high, we propose two approximate
solutions. The solutions are then compared using simulation. Simulation results
show that our solutions, including the approximate solutions, significantly improve
quality of service of clients and increase the income of service providers as compared
to a simple heuristic based solution that otherwise could to be used.
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Chapter 1

Introduction

One of the most important inventions which has revolutionized the way of living
and working of people is the internet. It has brought many useful information and
services in just a few clicks. The internet provides us useful services like gathering
information, payment of bills, social networking, watching videos etc. In recent years,
the price of internet access has declined and the number of people using the internet
has increased. In fact, many people have become highly dependent on the internet.

Clients have started demanding good, reliable, and predictable internet services.
Clients want to have internet access with guaranteed quality of service (QoS). When
a client connects to a service provider, he wants that his connection request should
be accepted immediately. When a client requests for bandwidth, he should get the
requested bandwidth immediately. He should remain connected as long as he wants.
The bandwidth given to a client should be taken back only after the client himself
releases the bandwidth.

The number of people with internet access and the internet access speeds are
different in different parts of the world [2, 3, 1]. In some places high bandwidth
internet is available and in some places only limited internet bandwidth is available.
Where there is adequate bandwidth available, a flat pricing model is used as it is
simple to implement. There are no QoS guarantees in such situations and the need
is not felt by users either. However, many countries, especially developing countries,
face shortage of internet bandwidth. There is a need to provide methods of access
that can properly utilize the limited bandwidth and there is a need to provide QoS.

The growth in the internet demand is faster than the growth in internet band-
width capacity [54, 4, 33]. So even if places where bandwidth is now in plenty, there
will be congestion at times. The growth of Internet of Things means that all devices
will be connect to the internet [37]. A lot of research has been done on providing

1
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2 CHAPTER 1. INTRODUCTION

QoS as real-time services do require QoS [20, 12, 11, 31, 38, 63]. Bandwidth pricing
schemes are also used for providing QoS. In [30], the authors have shown that a
service provider should charge a price that should be greater than or equal to some
limit because if it charges low prices, it will increase internet bandwidth requests
and the user experience will go down. The clients want some assurance regarding
the connection guarantee. When a service provider charges a low price, the demand
for service increases and it increases congestion. The result is that users may not be
able to get service when they want and their service experience goes down.

In this thesis, we present a scheme in which multihomed clients are given band-
width guarantees and dynamic pricing schemes are used by the internet service
providers. In the internet, access ISPs have limited bandwidth and with this limited
bandwidth they provide service to clients. The details of the architecture are de-
scribed in section 1.1. We consider multihomed clients and multihoming is explained
in section 1.2. The research idea of balancing load by dynamic pricing is given in
section 1.3. Our research involves bandwidth pricing and service level agreements.
The contribution of the thesis is given in section 1.4. The organization of the thesis
is given in section 1.5.

1.1 Internet Architecture
The internet is a large interconnected computer network. The internet consists of
multiple autonomous systems [65, 19, 43]. An autonomous system is a network
or a set of networks which are owned by a single administration entity such as a
business division or a university. An internet service provider either owns one or
more autonomous systems or buys bandwidth from autonomous systems to provide
service to clients. The service providers from which clients directly buy bandwidth are
called access ISPs. In figure 1.1, the big dotted circle represent autonomous systems.
The figure consists of vertices (small circle) and edges. The vertices represent routers
and edges represent connection between routers.

The internet can be depicted in hierarchical form as shown in figure 1.2 [52].
Based on the services the internet provides, the internet service providers can be
divided into tier 1, tier 2, and tier 3 providers. Tier 1 ISPs have access to all major
internet regions either directly or by agreement with other tier 1 ISPs. Tier 1 network
provides networking service to tier 2 and tier 3 networks. Tier 2 networks take service
from tier 1 networks for transferring data and it may as well be connected directly to
other tier 2 networks. A tier 3 network, also known as a local ISP (Internet Service
Provider) or access ISP, takes services from tier 2 or tier 1 networks and provides
service to internet users.

TH-1482_08610101



1.2. MULTIHOMED CLIENTS 3

Figure 1.1: Internet autonomous systems

Access ISPs purchase bandwidth from higher level ISPs (tier 1 or tier 2) and
provide services to clients. They have limited bandwidth and when their bandwidth
is fully consumed, they get congested. Clients connect to the internet randomly and
due to this randomness sometimes an ISP has shortage of available bandwidth and
sometimes there is excess of available bandwidth. In our model, we consider access
ISPs with limited bandwidth that provide service to clients.

1.2 Multihomed clients

A client accesses the internet by connecting a device to an internet service provider or
any other network. This connection can be made in multiple ways. A client can use
WiFi, cellular network, wired network etc. When a client is connected to multiple
networks at the same time, the phenomenon is called multihoming. Multihoming
gives multiple advantages to a client. A client can make a choice between multiple
service providers for accessing the internet.

Because of decline of internet access prices, a client can subscribe to multiple
service providers. Many wireless internet access technologies such as 3G and 4G
internet have emerged. The use of smart phones and tablets for accessing the internet
has given users the flexibility of choosing among one or more service providers. These
devices are now being equipped with multiple “SIM” cards allowing subscription

TH-1482_08610101



4 CHAPTER 1. INTRODUCTION

Figure 1.2: Multi-tier internet

to services from more than one provider. Many clients have become multihomed
[24, 14]. A client can have wired and wireless internet access. A mobile user can be
multihomed because of multiple SIM cards and / or other methods to access network
such as WiFi.

There are many researches that present schemes that take advantage of multi
homing [51]. In [56], authors focus on managing multihoming clients. In [10], authors
mention multihoming architecture for mobile IPv6. In [66], auction based pricing for
internet access is mentioned. This auction based pricing also considers situations in
which there are multihomed clients.

Our solution also takes advantage of multihoming in which clients connect to ap-
propriate service providers. When a client accesses the internet and he has multiple
network interfaces, he can use any of those network interfaces to connect. How-
ever, many times one internet service provider may be congested and another service
provider may have sufficient available bandwidth. If a client chooses an appropri-
ate network interface, new traffic automatically gets diverted to less loaded service
providers. Our research uses this concept and presents solutions which make it pos-
sible to divert new clients to less loaded service providers.

TH-1482_08610101
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Figure 1.3: Load balancing by Dynamic Pricing

1.3 Motivation

Consider a system of multiple internet service providers and multihomed clients. A
client can connect to multiple service providers. Clients randomly request inter-
net access, take service and disconnect. The level of congestion in internet service
providers is different at different points of time. Consider a situation in which there
are few service providers with different congestion levels. This situation is depicted
in Figure 1.3. In the figure, there are five service service providers written as ISP 1
to ISP 5 and these are in descending order of congestion. ISP 1 is the most congested
and ISP 5 is the least. As shown in the figure, when client 1 wants to access the
internet he can connect to three ISPs. If client 1 connects to ISP 3, client 2 connects
to ISP 4 and client 3 connects to ISP 5, this will shift some load from highly loaded
ISPs to less loaded ISPs. Our research problem is to present a scheme and solu-
tion that enables new arriving clients to connect to appropriate ISPs. The methods
involve dynamic pricing and penalties.

1.4 Contribution of the thesis

The main objectives of the thesis are to present solutions that provide quality of
service to users accessing the internet by a scheme of dynamic pricing and penalties.
A client wants a good internet service and wants to pay less for the same service.

TH-1482_08610101



6 CHAPTER 1. INTRODUCTION

If a client is given the same service by two or more service service providers at
different prices, he is likely to take service from a service provider charging less price.
We have introduced dynamic pricing in our model. The next thing is to present a
mechanism such that a service provider charges high price when it is congested and
low price when it has high available bandwidth. Therefore, we introduce penalties
in our model. A service provider has to provide good service to clients and if it fails,
it has to pay penalties to the clients. If a service provider gets congested, it loses
money in the form of penalties. Therefore, a service provider will take appropriate
steps before congestion takes place. This is done by increasing the price to reduce
arrival rate of clients before and during congestion. Therefore, a consequence of our
solutions is that load among the ISPs also get balanced.

We have tried to make our model realistic. We assume Poisson arrival and ex-
ponential service times. We assume that a connected client is sometimes idle and
sometimes consumes bandwidth. When he is idle, he is connected but not consuming
bandwidth. When a client consumes bandwidth, he is termed as being in session.
The duration for which a client remains in idle state or in session are exponentially
distributed. After some time a client disconnects. We have introduced two guaran-
tees: connection guarantees and bandwidth guarantees. When a client requests for
connection, and the service provider refuses the request, it pays a connection penalty.
Once a connection is refused, no further requests are entertained to prevent a client
getting multiple penalties. When a client requests for bandwidth and has to wait for
the bandwidth, the service provider has to pay a penalty for the duration he has to
wait and it is the product of the penalty value and the duration for which the client
has to wait.

Initially we explored the problem using game theory. We developed a game the-
oretic solution based on obtaining Nash equilibrium. We found that the solution
had high space and time complexities and therefore, we also developed an approx-
imate Nash equilibrium solution. The approximate Nash equilibrium has relatively
low complexities but still the complexities were high. In addition the complexities
increase by increasing the number of service providers. To handle these limitations,
we considered non game theoretic solutions.

The non game theoretic solutions have relatively lower time and space complexi-
ties. We developed an accurate solution. But the complexity of an accurate solution
is still very high if we assume that a client can request for more than one unit band-
width. Therefore, we developed approximate solutions that have lower complexities.
The solutions have been compared using simulations. We could not find any exist-
ing solution with which we could compare our work. Therefore, we have compared
our solutions with a simple heuristic. The comparison observes income of service
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providers and quality of service provided to clients.

1.5 Organization of the thesis
The rest of the thesis is organized as follows.

Chapter 2 In this chapter, we present a survey of existing research in our research
area.

Chapter 3 This chapter presents our game theory model and solutions. The
objective is to find a Nash equilibrium solution between two service providers. We
present an accurate and an approximate solution and these are compared using
simulation.

Chapter 4 In this chapter we present our non game theoretic model, describe the
problem and present the solution.

Chapter 5 This chapter presents approximate solutions that have lower space and
time complexities than the accurate solution (Chapter 4). These are later compared
using simulations.

Chapter 6 In this chapter, we compare our non game-theoretic solutions with
each other and with a simple heuristic using simulations.

Chapter 7 In this chapter we conclude the thesis and present some future research
directions.
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Chapter 2

Literature Review

This thesis has internet pricing and service level agreements. We have presented
game theory solutions and non game theory solutions. There are a lot of existing
researches that are related to our work. In this chapter, we present an overview
of these researches. We have presented major existing internet pricing schemes and
these are given in section 2.1. The current prices charged by ISPs are given in section
2.2. These pricing schemes alone are insufficient to provide good service to clients.
Therefore, service level agreements are introduced and we present existing related
researches that are on service level agreements. These are given in section 2.3.

2.1 Different Internet Pricing Schemes

A service provider wants to maximize its profit and a client wants good internet ser-
vice by paying less money. Internet pricing effects both these needs. An appropriate
pricing scheme can satisfy both clients and service providers. This section presents
an overview of major pricing schemes.

Existing pricing schemes mainly belong to three types of pricing models [55].
These include static non-competitive pricing models, dynamic non-competitive pric-
ing models and dynamic competitive pricing models. In static non-competitive pric-
ing models, a seller decides prices for his products and clients buys a product based
on the price. The price once decided remains static and the clients do not have any
other seller as an option on this connection. In dynamic non-competitive pricing
model, there is only one seller and the seller charges different prices depending on
the load on the network. It is assumed that the arrival rate of clients’ is a function
of the price charged and it is called the demand function. Different papers assume
different demand functions. In a dynamic competitive pricing model, there are mul-

9
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tiple sellers and clients’ arrival rate is a function of price charged as well as some
other parameters. The demand functions have these additional parameters.

A simple pricing scheme is to fix some price and clients pay the price for service.
This type of pricing is called static pricing scheme. Static pricing is a pricing scheme
that is fixed for a large duration. This pricing scheme does not change dynamically.
However, a service provider may observe traffic for a long duration (for example few
months) and then decide appropriate prices. Few research works in static pricing are
given in section 2.1.1. In static pricing, price does not change when clients’ arrival
rate randomly changes. Therefore, this type of pricing cannot handle congestion that
is due to random change in arrival rate of clients. In addition, when clients’ arrival
rate increases or decreases, service providers cannot increase or decrease price and
earn more money.

The limitations of static pricing can be handled to some extent by dynamic
pricing. Dynamic pricing is a pricing scheme in which price can be changed at
any time by service providers. Few research works in dynamic pricing are given in
section 2.1.2. Few of the good survey papers in this area are [58, 23, 29, 61, 50, 17].

2.1.1 Static Pricing

Few Static Pricing schemes are: Flat Pricing [53], Cumulus Pricing [28], Usage Based
Pricing [27], Time of the Day Pricing [26] and Priority pricing schemes [16].

2.1.1.1 Flat Pricing

A simple static pricing scheme is to charge some price for a large duration (for
example a month) and allow clients to access unlimited service for this duration.
This type of pricing is called a flat pricing scheme [53]. This type of pricing is useful
when the service provider has large amount of bandwidth to provide unlimited service
to users. Flat pricing gives freedom to users to have unlimited access to service.
However, when service providers have limited bandwidth, this type of pricing is not
suitable to users.

2.1.1.2 Cumulus Pricing

In cumulus pricing [28], there are three steps:

1. Initially a service provider charges a flat price based on the expected resource
consumption by the client. A contract is decided between the service provider
and the client that consists of the resource requirement specification of the
client and the flat price. This flat price is charged for a specified time period.
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2. During the above time period, resource consumption of the client is observed.
This is reported to clients as Cumulus Points that indicate when the client has
violated the resource requirement specifications.

3. If the overall Cumulus Points exceed some predefined limit, the contract is
re-negotiated.

Cumulus pricing assumes that clients will have some mean data requirement and
it will not significantly fluctuate. For example, if a client consumes approximately
1 gigabyte of internet data per month and this trend continues, cumulus pricing
performs well. However, if a client’s data requirement has significant fluctuation
such as consuming 500 MB data for the first month, 2 GB in the second month,
100KB in thethird month etc., cumulus pricing will not perform well.

2.1.1.3 Usage Based Pricing

The above pricing schemes are not properly able to handle dynamic internet requests
by clients. In addition, a client gets unlimited access by paying some fixed price.
However, when multiple clients get unlimited access, there are chances that they will
consume a lot of resources. As internet access demand increase, it is not possible
to give unlimited access to all the internet clients and this is especially true in the
developing countries. A service provider can serve more clients if in some way it
is able to reduce the resource requirement of existing clients. This can be done by
charging clients based on resource consumption. When clients are charged based on
resource consumption, they will consume less resources and therefore pay less. A
client may be charged based on the actual time for which he uses service or based on
the data transferred. This type of pricing is called usage based pricing [27]. Because
of usage based pricing, a service provider can serve many clients and each client
will access service only when that access is of sufficient use. In [27] authors have
mentioned profit maximization strategies of monopoly ISPs. They have mentioned
ways to find optimal prices for bandwidth after considering time varying user demand
for bandwidth. Clients have time varying utility for accessing the internet. If their
utility is more than the cost of accessing the internet, they will use the service. The
paper mentions the relationship between flat price, usage price and customer’s utility
and how the ISPs should charge prices to maximize income.

2.1.1.4 Time of the day Pricing

Usually, the rate at which clients access the internet changes during a day. Sometimes
the resource requirement of clients is very high and sometimes it is very low. Some
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Figure 2.1: Dynamic Pricing with Alternatives

authors, have suggested pricing based on time [26]. In [26], authors mention that the
peak demand of users concentrate nearly at the same time. Existing pricing schemes
were unable to handle it. They present both static and dynamic time dependent
pricing. They propose a framework for time dependent pricing that can be used by
ISPs. They argue that their framework is computationally tractable.

2.1.1.5 Priority Pricing Scheme

The urgency of internet access is different for different people at different times.
Priority pricing schemes give clients access to service when clients are in urgent need
for internet access and they have to pay more. In priority pricing schemes, a service
provider maintains classes of service. A client can choose the class of service that he
wants. A client may get good service by paying a high price or get poorer service
during congestion by paying a low price.

In [16], a priority pricing scheme, Paris metro pricing, is proposed. The scheme
provides multiple classes of service to clients. There will be different prices for dif-
ferent classes. Most people will prefer to go for the cheaper classes. People who pay
more money go for the higher classes. Since there are fewer clients in the higher
class, clients of the higher class get better QoS. If a higher class and a lower class are
allotted the same bandwidth, clients in the higher class get better quality of service
because fewer clients are there in the higher class. A similar pricing scheme is men-
tioned in [62] for mobile calls. It is given in figure 2.1. In this scheme there are two
connection queues. The first queue is the conventional queue and the second queue
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is a priority queue. When a user dials a number, if the network is not congested, his
request will be placed in the conventional queue. If the network is congested and a
user dials a number, he will be notified the approximate time for which he has to
wait and if the user wishes, his request may be placed in the priority queue but the
user has to pay more. Based on the preference, the user may decide to place his call
in the priority queue or wait in the conventional queue or make a call after some
time.

2.1.2 Dynamic Pricing

There are many types of dynamic pricing schemes. Few classifications are given
in [50, 23]. Our research is on dynamic congestion pricing. Few Dynamic Pricing
Schemes are Priority Pricing [40], Auction Based Pricing [47], Congestion Pricing
[42] and Game Theoretic Pricing 2.1.2.4.

2.1.2.1 Priority Pricing

Dynamic pricing can also have priorities. The purpose of priority pricing is the same
as already mentioned in the static priority pricing schemes in that these schemes
give clients access to service when clients are in urgent need for internet access and
they have to pay more. A service provider announces different priority classes to a
client. Users can use any priority class according to their requirement. These priority
classes can be modified depending on networks conditions and bandwidth demand.
In [40] authors have mentioned a scheme in which a service provider specifies service
classes to clients. These service classes have their own service quality and a client can
specify his preference. The paper mentions three priority classes and these classes
have prices and QoS guarantee when the service provider gets congested. The prices
of priority classes can be modified by a service provider at any time.

2.1.2.2 Auction Based Pricing

In auction based pricing, buyers or sellers can bid for price of a product and based on
the bid an appropriate buyer or seller is chosen. Auctions are especially useful when
the price of a product is not decided and auctions are used to find the appropriate
price for the product. It is assumed that when a product is sold using auctions,
the buyers are ready to pay a price that is less than or equal to the actual value
of the product according to them. Therefore, the product will be sold at a high
price. Auctions are used to sell wireless spectrum to service providers [18]. One
important advantage of auctioning is that the bidder that has the highest value for
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the product gets the product. This means that the buyer who is likely produce
maximum profit from the spectrum gets the spectrum and in this way spectrum is
likely to be appropriately utilized.

[41] provides description of different types of auctions. Auction is also applied for
bandwidth pricing [66, 47]. In [47], a customer is given resources through bidding.
Clients have a choice to connect to multiple service providers and the service providers
do bidding. There can be negotiations between service providers and clients. Auc-
tions cannot be held very frequently and so they are used in scenarios where prices,
once decided through an auction, remain static over a relatively long period of time.

2.1.2.3 Congestion Pricing

In congestion pricing, prices of bandwidth is based on the congestion level of service
providers. When high price is charged, some clients will not access service and this
reduces congestion and gives higher profit to service providers during congestion.
Similarly when congestion is not there, low price is charged and it increases clients
to access service. Many researchers have presented schemes with congestion pricing
and some of these are given below.

In [42, 64], authors have assumed that a client can connect to only one service
provider. The mean arrival rate of clients is a function of price charged and a high
price discourages a client to connect. There is dynamic pricing and dynamic quality of
service. In [64], when a client wants to access service he has to make a choice between
multiple service classes. A service provider dynamically decides service classes based
on available resources. Each service class has two components: bandwidth and cost.
If a client does not find any service class suitable, he does not connect. When a client
does not choose any service class a penalty is incurred by the service provider. A
service provider has to maximize its income by attracting more clients and offering
appropriate service classes to clients depending on the current available bandwidth.
The solution method uses Bellman equations.

In [42], authors have considered a model in which a service provider has limited
bandwidth and clients make service requests. Calls belong to a fixed number of M
classes. Calls arrive according to Poisson processes and connection durations are
exponentially distributed. Mean connection duration for the ith class is 1

µi
. There

is a known demand function λi(ui) which represents the mean arrival rate of class i
and it is a function of price charged ui. If service provider increases price, the mean
arrival rate declines. A similar model is mentioned in [64]. Similarly in [46], dynamic
pricing scheme is applied for multimedia networks.

In [15], authors have considered a system with a single server queue and arrivals
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belonging to two classes. The service provider has to do dynamic pricing to maximize
profit. When arrivals wait, there is holding cost which is incurred by the queue owner.
The holding cost depends on the time for which arrivals have to wait. They have
used Markov decision processes to find properties of an optimal pricing policy.

There are many congestion pricing schemes to handle congestion in wireless cel-
lular networks [9]. In [39] a scheme is mentioned where a service provider divides
users into k quality of service(qos) classes. The difference between qos classes is call
admission probability. The purpose of the scheme is to provide the same quality
of service to users even at the time of congestion. The service provider provides
dynamic pricing to the qos classes to maintain the call admission probability. When
congestion occurs, the price is increased to discourage clients from connecting and
the clients who connect still get the same quality of service.

Another method to provide quality of service to clients is to provide congestion
discounts. In [34], the author present a scheme in which service providers try to shift
traffic from busy periods to non busy periods. When a client tries to take service
and there is congestion, the service provider gives him an offer called a congestion
discount. A client may accept the offer by deciding to access service with the discount
when there is no congestion or reject the offer by continuing service. A service
provider tries to minimize congestion discounts and also tries to satisfy all clients.

2.1.2.4 Game Theory in pricing

In access networks, there are usually two types of entities. These are service providers
and clients. They have their own objectives. Their interaction has been also modelled
using game theory [59]. Game theory is a study of decision making in which there
are a set of players trying to achieve some objective or reward, and strategy of a
player affects the reward of other players. The objective of game theory is to find an
appropriate strategy for a player.

Many papers have considered this as game theory problems [58]. Based on players,
game theory approaches are classified into three broad categories: service providers
vs service providers, clients vs service providers, and clients vs clients. The games
are further classified as cooperative or non-cooperative. In a cooperative game,
the players may cooperate with other players to achieve their objective. In a non-
cooperative game, there is no cooperative between the players and each player decides
his strategy independently.

An example of a game between ISP and client is given in [32]. The scheme
mentioned in [32] is that the complete day will be divided into time slots and users
have their own preference of using the internet in the time slots. The service provider
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has limited capacity and if more users access the internet in some time slot, he will
increase the price for the time slot. Users have different utility in accessing the
internet in different time slots. The paper talks about a game theory approach in
which the users and the service provider try to maximize their revenue and reach
equilibrium. A user knows the prices charged by the ISP and chooses proper time
slots to maximize his utility. As already mentioned, a client wants a good service in
terms of quality, etc. by paying least possible money and a service provider tries to
maximize its income. In the above papers it is assumed that a client will decide not
to access internet service in particular time slot when price is high. The problem is
that price is affecting a client’s decision to access the internet. This scheme does not
mention any load balancing among ISPs.

In many cases a client has the option to connect to multiple service providers. He
has to make a choice to find the best service provider. In [44, 45], a non-cooperative
game between service providers and clients is described. A client has the option to
connect to multiple service providers. A service provider tries to maximize his income
using dynamic pricing. A client uses multiple criteria to choose an appropriate service
provider. The criteria can be price, service provider’s reputation, mobility etc.

2.2 Current Practice of ISPs
[49] presents a survey of past and current pricing schemes used by internet service
providers. Traditionally, many ISPs have used flat pricing schemes. A client is
charged some monthly fee and the client can transfer unlimited data and access the
internet for unlimited time. Many variation of flat pricing is prevalent in the world.
For example, a service provider may allow clients to access unlimited service up to
some limit. This is called “flat up to a cap” pricing. Many internet service providers
of India offer 3G internet schemes that are “flat up to a cap” schemes. They also
offer usage based pricing for clients who are not subscribed to any 3G internet plan.
Another internet plan that is popular is “Cap then metered” plan. In this internet
scheme, a client is charged a flat price up to some limit of data transferred and after
this limit, usage based price is charged. Another variation of service provided by
many internet service providers in India is that a user can have limited access at
high bandwidth up to a limit but once the limit has been reached, the bandwidth
provided to the user will go down but there will be no extra charge. Another data
plan is “shared data plan” in which a client is allowed to share its data across all his
devices. Roger has been offering this plan in Canada [5]. A simple time of the day
pricing is two period pricing in which day is divided into two parts and price in the
two parts are different. BSNL offers unlimited download at timing 2 am to 8 am in
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Table 2.1: Access plans of an ISP
Plan period Data Limit Price Price beyond data limit
1 month 0 0 4p/KB
1 month 1GB 250 4p/KB
1 month 2GB 450 4p/KB
1 month 6 GB 950 4p/KB
1 month 10 GB 1500 4p/KB

many of its broadband plans. This is an example of time of the day pricing.
In many developing countries such as in India and Africa, service providers have

used innovative methods to reduce cost. Some of these methods are mentioned in
[6] and these apply only to voice calls. The African service provider MTN provides
dynamic congestion pricing in which cost of a call is decided every hour based on
the level of usage. This method reduces voice traffic during peak hours of a day
and many users make voice calls when charges are low. Similarly, Uninor in India is
providing location dependent pricing for voice calls [48]. In this scheme, a client is
offered discounts that is based on the level of congestion in the region from where he
is making a voice call.

Table 2.1 gives the access plans of an ISP in the Indian market in January 2015.
As far as quality of service is concerned, their web site states: “Actual Internet speed
would depend on multiple factors like device, web pages accessed, time of day, number
of simultaneous users etc.”. So there are no guarantees of service quality. There is no
mention of even the maximum speed that their network supports making the user
believe it is the maximum the technology being used supports (3G, 2G, etc.). This
model, which is typical of models available in the Indian market gives an assured
income to the ISP per client. The price beyond the data limit is very high (works
out to Rs. 4000/- for 1 GB) and this is another source of income from unsuspecting
and naive users. Users are therefore demanding service with service level agreements
guaranteeing minimum levels of speed and delay.

2.3 Pricing with Service Level Agreements

A service provider has the objective to maximize its profit. It is expected that when
a service provider has to make a choice between profit and quality of service for
its client, a service provider will select profit. Therefore there should be some way
to force a service provider to provide good service. This is done using service level
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agreements [36] between service providers and clients. A service level agreement is an
agreement between service provider and clients that specifies the services the service
provider will provide to clients. Service level agreements may define some penalties
those are paid to clients if promised service is not provided. A service provider tries
to minimize these penalties by providing good service.

A lot of research has been done in internet pricing. Dynamic pricing schemes can
be used to divert new arriving clients to appropriate service providers. Our view is
that dynamic pricing alone is not sufficient to provide good service to clients. An
appropriate scheme should put some pressure on service providers to provide good
service. Service level agreements with penalties should be used. The concept of
service level agreements with penalties is not new. In [21], authors have proposed a
scheme which has some features similar to our scheme. The quality of service being
guaranteed is bandwidth and penalties are imposed when the guarantees cannot be
met. A client negotiates a rate for some assured bandwidth. When the client does
not want to use some of the assured bandwidth, he can request the service provider to
reduce the assured bandwidth and thereby pay a discounted rate for the bandwidth
used. When a client wants that guaranteed bandwidth back, the service provider has
to give it to him. In case it is unable to do so, a penalty is imposed. Although they
mention delay dependent penalty, they use a fixed penalty to reduce complexity.
Since prices are fixed at admission time, and there are no connection guarantees,
the policy is to do appropriate admission control to maximize income. The problem
is then to find a suitable trunk reservation scheme where spare capacity is kept to
handle bandwidth return requests, and admission is done if sufficient bandwidth
can be reserved for the incoming client. They propose a heuristic to find such a
reservation scheme. Their scheme is more suitable for leased connections or for
VPNs, but not suitable for a retail environment like ours. Similarly, in [35], different
penalty functions are mentioned but the the authors did not present any analytical
solution.

Each of these proposals has a different model of user interaction and currently it
is not clear what will be an acceptable user model. To the best of our knowledge, no
proposal presents an appropriate solution when a user has the choice of connecting
to competing providers and no proposal talks about providing connection guarantees
to users with penalties in case a connection is refused. Our view is that a realistic
but simple model should be used to cater to retail internet users. Such a model
should have connection guarantees and bandwidth guarantees with penalties in case
of failure to provide these guarantees. Because of the complexity of the problem, we
restrict ourselves to only providing bandwidth guarantees and no other guarantees
such as response time. Finally, users must have some degree of certainty in pricing
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and a completely dynamic pricing scheme is unlikely to be acceptable to users. So we
propose a dynamic pricing scheme where the price is fixed at the time of admission
into the system.
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Chapter 3

Nash Equilibrium

Consider two internet service providers: service provider 1 and service provider 2.
These service providers will try to maximize their profits. Service provider 1 will
choose some strategy that maximizes its profit and then service provider 2 will re-
spond by finding a strategy that maximizes its profit. Again service provider 1 will
modify its strategy because service provider 2 has modified its strategy. This process
continues till neither service provider 1 nor service provider 2 can increase their profit
by modifying their strategies. Thus, we expect that when each service provider tries
to maximize its profit, the service providers are likely to reach an equilibrium such
that each service provider cannot increase its profit by modifying its strategy given
that the other service providers have fixed their strategy. This situation is called
Nash equilibrium. In this chapter, we present a Nash equilibrium solution for our re-
search problem. The research problem and solution are described in details in section
3.1. Our Nash equilibrium solution has high space and time complexities. Therefore,
we present an approximate Nash equilibrium solution in section 3.2. The accurate
and the approximate solutions are compared by running the solutions in section 3.3.
In section 3.4, we present a discussion of the existence of Nash equilibrium. In section
3.5, we present limitations of our Nash equilibrium solutions.

3.1 Research Problem and solution

We assume that there are two service providers and each client can connect to either
of the two ISPs. Each client requires exactly one unit of bandwidth (this is to reduce
the size of the solution space). As shown in Figure 3.1, when a client tries to connect,
each of his service providers announces a price from a finite set of possible prices. The
client connects to the ISP offering the lower price. If both offer the same price, then
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Figure 3.1: The connection process

the client randomly chooses one of the ISPs. If an ISP decides to reject a request,
it offers the highest possible price. This is done to avoid paying a penalty without a
client deciding to connect to it. So, if ISP 1 wants to reject and ISP 2 is offering the
highest price, the client will see both offering the highest price and it is only with a
50 % probability that ISP 1 will have to pay a penalty as the client may connect to
ISP 2 and get accepted. So only after an ISP is chosen, will the ISP accept or reject
the connection. In the latter case, the ISP will pay a penalty to the client. The
client will then connect to the second ISP. Here again there may be an acceptance
or a rejection.

As already mentioned, we assume that a service provider can charge prices from
a finite set. It is because the prices charged by internet service providers depend on
market conditions. A client buys a sim card to subscribe to a service provider. If
a service provider charges too high a price, its reputation decreases and its clients
will then subscribe to other service providers. If a service provider charges too low a
price, other service providers may also have to charge low prices and all the service
providers will be in loss. Therefore, a service provider can only charge a price from
some range. If two service providers charge slightly different prices, the difference
will be too small to be considered by clients. Therefore if a service provider wants to
attract (or repel) clients, a service provider has to charge a price which is sufficiently
low as compared to the price charged by other service providers. Therefore, in our
model we assume a finite set of discrete prices.

The arrival of clients is modelled as a Poisson process[8]. λ is the mean arrival rate
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Figure 3.2: Connected clients

of clients. After connection, a client sometimes remains idle and sometimes consumes
bandwidth and these durations are both exponentially distributed. When a client
consumes bandwidth, it is termed as being in session. When a client requests for
bandwidth but he has to wait, it is termed as waiting for session. When a connected
client is neither in session nor waiting for session, he is in an idle state. A client moves
out of idle state when he needs to enter the session state. He may have to wait to get
into the session state. If so, he gets a penalty from the ISP for the duration he has
to wait. He is then waiting for a session. Figure 3.2 illustrates the scheme. After a
session ends, with probability d the client exits the system. Otherwise, he goes into
the idle state.

3.1.1 Symbol Declaration

The state of a service provider is represented by a set of integers (m,n) where m is
the number of clients connected and n is the sum of the number of clients in session
and the number of clients waiting for a session. It is shortened to a single symbol s.
The definitions of all the symbols used are given in Table 3.1.
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Table 3.1: Symbol declaration
Symbol Definition
state It represents the state of a service provider which is the set

(m,n). As a shorthand, it is represented by s, s1, or s2 below.
m Number of connected clients of the service provider being

considered.
n Sum of the number of clients in session and the number of

clients waiting for session of the service provider being con-
sidered.

mmax Maximum possible value of m.
d Probability that a client disconnects immediately after clos-

ing a session.
1
S(i)

If i is zero, it is the mean duration for which a client remains
idle and then requests for bandwidth and if i is 1 it is the
mean duration for which a client consumes 1 unit bandwidth
and then releases bandwidth.

price() An array consisting of possible prices a service provider can
charge. The values are in ascending order. price(0) is the
least price.

C(i, s) The decision service provider i takes when the state of a
service provider is (s). When C(i, s) returns zero or less, the
client is accepted. When C(i, s) returns 1, the client should
be rejected. When C(i, s) is zero or less a new arriving client
is charged the price price(−C(i, s)).

Cchecked A set that is used to store collection of decisions (C(i, s)).
Pr(s1, s2) Probability that the state of service provider 1 is s1 and the

state of service provider 2 is s2.
Prt(s1, s2, t) Probability that the state of service provider 1 is s1 and the

state of service provider 2 is s2 at time t. Other things are
the same as in Pr().

λ The mean arrival rate of clients.
B1 Bandwidth of service provider 1.
B2 Bandwidth of service provider 2.
T Number of prices.
D Expected total data transferred by an arriving client.
I(i) Income per unit time at steady state of service provider i.
P (0) Penalty per unit time paid to a client waiting for bandwidth.
P (1) Penalty paid to the client being rejected.

Pri(m,n) Finite population steady state probability when the popula-
tion is m and (m − n) clients are idle. In other words, n is
the sum of the number of clients in session and the number
of clients waiting for session

E(i,m) The expected number of clients in session for service provider
i when m clients are connected and so the population is finite

Waiting(i, s) The expected number of clients waiting for session for service
provider i when state of service provider is sTH-1482_08610101
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3.1.2 Nash Equilibrium solution method (Accurate Solution)

Our solution finds a Nash equilibrium if it exists. Our payoff function (or the criterion
for deciding if a solution is the best) is the expected income of a service provider
at steady state. We now show an example of our model in which Nash equilibrium
exists. Consider two service providers who have large amounts of bandwidth. So
there will be no rejections and so no penalties. If the mean arrival rate of clients
and connection durations are very small, the service providers will always charge the
lowest possible price from arriving clients. This is because charging a higher prices
will result in clients going to another service provider who is charging a lower price.
This is an example of Nash equilibrium.

Solution steps

The method of finding a Nash equilibrium has the following steps. We use variable
x and y to denote the two service providers. To begin with, let x be service provider
1 and y be service provider 2.

1. Start with service provider x. The set of decisions it needs to take are the values
in the array C(x, s) as each element is indexed by the state of the system and
the value is the price to be charged or a decision to reject the client. Assume
some starting values for each entry of C(x, s). Initialize Cchecked as an empty
set.

2. Assume some values for each element of C(y, s) for service provider y.

3. Find the income per unit time at steady state of service provider y, given the
current values in C(x, s) and C(y, s). The method is given in section 3.1.3.

4. Repeat step 3 for all possible sets of values of C(y, s).

5. Choose that version of C(y, s) which gives the maximum expected income.
Assume that service provider y takes this decision.

6. Now interchange the roles of x and y and let the decision of service provider y
found in step 5 become the decision of service provider x in step 2.

7. Let Cchecked represent collection of decisions that have already been considered
in step 2. Store C(y, s) in Cchecked because C(y, s) has already been tried.
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8. Check if C(x, s) already exists in Cchecked. If it exists, choose a new C(x, s)
that does not exist in Cchecked. If no new C(x, s) exist, this means all possible
decisions have been checked for Nash equilibrium and so Nash equilibrium does
not exist. Repeat step 2 to step 8 till a Nash Equilibrium condition is satisfied
or till all possible values of C(y, s) have been considered. Nash Equilibrium
will be reached when, given the decision of service provider 1 is a, the decision
with maximum income per unit time of service provider 2 is b and given the
decision of service provider 2 is b, the decision with maximum income per unit
time of service provider 1 is a.

3.1.3 Finding income per unit time at steady state

Let D be the expected number of units of data transferred by an arriving client. We
assume that a client does not disconnect when he is waiting for a session. Therefore
the average data transferred by an arriving client does not depend on congestion.
Let Pr(s1, s2) be the steady state probability that service provider 1 is in state (s1)
and service provider 2 is in state (s2). Let I(1) be the income per unit time at steady
state of service provider 1 and I(2) be the income per unit time at steady state of
service provider 2. The income per unit time at steady state is found by multiplying
the steady state probability of being in a particular state by the income at that state
and then this is added for every possible state. The method to find the steady state
probability is shown in section 3.1.4.

The equation for finding I(1) is given below as Equation 3.1 and its explanation
is as follows. An arriving client connects to service provider 1 if it does not reject
the client, and it charges less than 2 or 2 rejects the client (this is the first term in
the first set). If provider 1 does not reject the client and it charges the same price as
provider 2, then with half the probability the arriving client goes to service provider
1 (term 2 in first set). A penalty of Waiting(1, s1)× P (0) (the second term) has to
be incurred and this will be non-zero if the number of clients in session (n) is more
than B1. The formula for Waiting(1, s1) is given in section 3.1.5. Finally, a penalty
of P (1)×λ has to be incurred if both providers reject the client and with probability
half if provider 1 rejects the client and provider 2 charges the highest possible price.
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I(1) =
∑
s1,s2

Pr(s1, s2)× {


λ×D × price(−C(1, s1)) C(1, s1) ≤ 0

, {C(2, s2) < C(1, s1) or C(2, s2) = 1}
λ
2
×D × price(−C(1, s1)) , C(1, s1) ≤ 0, C(2, s2) = C(1, s1)

0 , otherwise

−Waiting(1, s1)× P (0)

−


P (1)× λ ,C(1, s1) = 1, C(2, s2) = 1

P (1)× λ
2

, C(1, s1) = 1, C(2, s2) = −(T − 1)

0 , otherwise

} (3.1)

In a similar way, the value of I(2) can be found.
The method of finding D is as follows. As shown in figure 3.2, when a client

connects, he requests for bandwidth for some duration. The expected time for which a
client remains in session is 1

S(1)
. The probability that a client disconnects immediately

after releasing bandwidth is d. The probability that a client again requests for
bandwidth after remaining idle for some time is (1 − d). Therefore the total time
that a client spends on consuming bandwidth is

D =
1

S(1)
×
(
1 + (1− d) + (1− d)2 + (1− d)3...

)
This give us

D =
1

S(1)
×
(

1

1− (1− d)

)
On simplification, the value of D is :

D =
1

d× S(1)
(3.2)

3.1.4 Finding steady state probability

Let Prt(s1, s2, t) be the probability of service provider 1 in state s1 and service
provider 2 in state s2 at time t. Let dt be an infinitely small time such that the
probability of two or more events to take place in time dt is negligible. The method
of finding Prt(s1, s2, t+dt) is as follows. The probability of service providers being in
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some state at time t, Prt(s3, s2, t) is multiplied by the probability of state transition
in time dt to state s1 from state s3.It is similar for the case when the state is
Prt(s1, s3, t). As only one event can occur in time dt, we need to only consider
single state changes. If the current stae is Prt(s1, s2, t) then it is multiplied by the
probability of no state change in time dt. Probability of no state change in time dt
is (1-probability of state change in time dt). All these terms are summed for each
possible value of Prt(..., t) and the result is Prt(s1, s2, t + dt). Prt(s1, s2, t + dt) is
written in terms of Prt(..., t) as given below.

Prt(s1, s2, t+ dt) =∑
s3,s16=s3

{Prt(s3, s2, t)×

(Probability of state change from s3 to s1 in time dt) }
+

∑
s3,s2 6=s3

{Prt(s1, s3, t)×

(Probability of state change from s3 to s2 in time dt)}
+Prt(s1, s2, t)

(1−
∑

s3,s16=s3

{

(Probability of state change from s1 to s3 in time dt) }
−

∑
s3,s26=s3

{

(Probability of state change from s2 to s3 in time dt)}) (3.3)

Probability of state change from s3 to s1 and s3 to s2 depends on the event due
to which the change took place and it is the rate of change multiplied by dt. If the
number of events is two or more, the probability is zero because the time dt is so
small that the probability of more than one event is negligible. If one event can
change state from s3 to s1 or s3 to s2, this probability is the event rate multiplied
by dt.

If the event is an arrival then it is λ×dt when all clients come to service provider
1 or λ

2
× dt when half the clients come to service provider 1, otherwise it is zero.

Which alternative will hold depends on the values of the decision matrix C(), as can
be seen in the equation above. If s3 is (m3, n3), n3 is less than B1 and the event is a
departure, the departure probability is S(1)×d×n3×dt. The probability of a client
opening a session is S(0)× (m3− n3)× dt and the probability that a client closes a
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session and then becomes idle is S(1)× (1− d)×n3× dt. If n3 is greater than B1, it
is replaced by B1. For example the departure probability becomes S(1)×d×B1×dt.
The same way s3 to s2 probabilities are written. Similarly probability of state change
from s1 to s3 means the probability of state change from s1 to any other state. If s1
is (m,n), it is the sum of three terms: λ× dt or λ

2
× dt or zero, S(0)× (m− n)× dt

and S(1)× n× dt or S(1)×B1 × dt .
The equation is rearranged such that Prt(s1,s2,t+dt)−Prt(s1,s2,t)

dt
comes to the left

hand side. Probability of state change from s1 and s2 to s1 and s2 when divided
by dt, becomes the rate of state change from s1 and s2 to s1 and s2. Since we are
finding a solution for the steady state, the left hand side becomes zero and time is
removed from the equation. The following equation is then obtained.

0 =
∑

s3,s36=s1

{Pr(s3, s2)× (Rate of change of

state of service provider 1 from s3 to s1)}
+

∑
s3,s3 6=s2

{Pr(s1, s3)× (Rate of change of

state of service provider 2 from s3 to s2)}
+Pr(s1, s2)×
(−

∑
s3,s36=s1

{Rate of change of state of service

provider 1 from s1 to s3}
−

∑
s3,s36=s2

{Rate of change of state of service

provider 2 from s2 to s3})

The expanded equation is given below. Let state s1 be the state (m,n). And the
state s2 be the state (m′, n′). The expanded equation contains three sets of terms
and these are given separately inside three sets of curly brackets: {}. The first set
contains all the possible transitions of service provider 1 to the present state (m,n).
The second set contains all the possible transitions of service provider 2 to the present
state (m′, n′). The third set represents the possibility of both the service provider
being in the present state (m,n,m′, n′) and rate at which any service provider leaves
its present state.

The explanation of the first set is as follows. Pr(m − 1, n − 1,m′, n′) is the
probability that service provider 1 is in state (m− 1, n− 1) and service provider 2 is
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in state (m′, n′). It is multiplied by the mean arrival rate with which an arrival takes
place for service provider 1. This rate is λ when the arrival is accepted by service
provider 1 (given by C(1,m−1, n−1) ≤ 0) and the price charged by service provider
2 is more than the price charged by service provider 1 (given by C(1,m− 1, n− 1) >
C(2,m′, n′)) or service provider 2 rejects an arriving client (given by C(2,m′, n′) = 1).
This arrival rate is λ

2
when the arrival is accepted by service provider 1 (given by

C(1,m− 1, n− 1) ≤ 0) and the price charged by both the service providers are the
same (given by C(1,m − 1, n − 1) = C(2,m′, n′)). Similarly, (m + 1, n + 1,m′, n′)
is the state at which service provider 1 had an extra connected client and the rate
at which this client departs is S(1) × (n + 1) × d when n + 1 is greater than the
bandwidth B1 of service provider 1 or S(1) × B1 × d otherwise. (m,n + 1,m′, n′)
represents the state where service provider 1 has one extra client in session and this
client closes its session with the rate S(1)×(n+1)×(1−d) when n+1 is greater than
the bandwidth of service provider 1 or S(1)×B1×(1−d) otherwise. (m,n−1,m′, n′)
represents the possibility that service provider 1 has one client less in session (is idle)
and this client opens a session with the rate S(0)× (m− n+ 1).

The second set of terms are identical to the first set of terms and therefore, the
explanation is the same. As already mentioned, the third set represents the possibility
of both the service providers being in the present state (m,n,m′, n′) and rate at which
any service provider leaves its present state. The rate at which an arrival takes place
is λ when a service provider accepts an arriving client (given by C(1,m, n) ≤ 0 or
C(2,m′, n′) ≤ 0). The rate at which an idle client opens a session for service provider
1 is S(0)× (m−n) and for service provider 2 is S(0)× (m′−n′). The rate at which a

client in session closes a session for service provider 1 is S(1)×

({
n , n ≤ B1

B1 , otherwise

)

and for service provider 2 is S(1)×

({
n′ , n′ ≤ B2

B2 , otherwise

)
.
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0 = {
Pr(m− 1, n− 1,m′, n′) ,m 6= 0, n 6= 0

0 , otherwise

×



λ C(1,m− 1, n− 1) ≤ 0

, {C(1,m− 1, n− 1) > C(2,m′, n′)

or C(2,m′, n′) = 1}
,m 6= 0, n 6= 0

λ
2

, C(1,m− 1, n− 1) ≤ 0

, C(1,m− 1, n− 1) = C(2,m′, n′)

,m 6= 0, n 6= 0

0 , otherwise

+



Pr(m+ 1, n+ 1,m′, n′)× S(1)× (n+ 1)× d ,m < mmax

, n+ 1 ≤ B1

Pr(m+ 1, n+ 1,m′, n′)× S(1)×B1 × d ,m < mmax

, n+ 1 > B1

0 , otherwise

+



Pr(m,n+ 1,m′, n′)× S(1)× (n+ 1)× (1− d) , n < m

, n+ 1 ≤ B1

Pr(m,n+ 1,m′, n′)× S(1)×B1 × (1− d) , n < m

, n+ 1 > B1

0 , otherwise

+


Pr(m,n− 1,m′, n′)× S(0)× (m− n+ 1) , n > 0

0 , otherwise

}
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+{
Pr(m,n,m′ − 1, n′ − 1) ,m′ 6= 0, n′ 6= 0

0 , otherwise

λ C(2,m′ − 1, n′ − 1) ≤ 0

, {C(2,m′ − 1, n′ − 1) > C(1,m, n)

or C(1,m, n) = 1}
,m′ 6= 0, n′ 6= 0

λ
2

, C(2,m′ − 1, n′ − 1) ≤ 0

, C(2,m′ − 1, n′ − 1) = C(1,m, n)

,m′ 6= 0, n′ 6= 0

0 , otherwise

+



Pr(m,n,m′ + 1, n′ + 1)× S(1)× (n′ + 1)× d ,m′ < mmax

, n′ + 1 ≤ B2

Pr(m,n,m′ + 1, n′ + 1)× S(1)×B2 × d ,m′ < mmax

, n′ + 1 > B2

0 , otherwise

+



Pr(m,n,m′, n′ + 1)× S(1)× (n′ + 1)× (1− d) , n′ < m′

, n′ + 1 ≤ B2

Pr(m,n,m′, n′ + 1)× S(1)×B2 × (1− d) , n′ < m′

, n′ + 1 > B2

0 , otherwise

+


Pr(m,n,m′, n′ − 1)× S(0)× (m′ − n′ + 1) , n′ > 0

0 , otherwise

}
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−{Pr(m,n,m′, n′)

×(



λ ,C(1,m, n) ≤ 0

or C(2,m′, n′) ≤ 0

0 , otherwise

+ S(0)× (m− n) + S(0)× (m′ − n′)

+S(1)×

({
n , n ≤ B1

B1 , otherwise

)
+ S(1)×

({
n′ , n′ ≤ B2

B2 , otherwise

)
)

} (3.4)

Since the sum of probabilities is 1, another equation is :∑
s1,s2

Pr(s1, s2) = 1 (3.5)

The values of Pr() are found by solving equations 3.4 and 3.5. The method used
is LU Decomposition [7].

3.1.5 Finding Waiting(i, s1)

The value of the Waiting() function is the number of clients waiting for a session
for a given state. Given s1 is (m,n), there will be no waiting client if the n, is less
than the bandwidth B1 (remember, each client uses exactly one unit of bandwidth).
Otherwise, it will be n−B1, assuming a first come first serve queueing discipline. So
we get,

Waiting(i,m, n) =

{
0 , n ≤ B1

(n−B1) , otherwise
(3.6)

3.1.6 Accurate Solution Complexities

The complexity analysis consists of three components. The first is the space required
to store the decision matrix. It is the size of the result. The second is the time
complexity of finding the decision matrix. The third is the space complexity of
finding the decision matrix.

The decision matrix C stores an integer for every possible state. The number of
possible values of (m,n) is the space requirement of storing C. For a given value of
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m, the value of n ranges from 0 to m. The value of m ranges from 1 to mmax. By
multiplying all of these values, the space required to store C comes to be O(mmax

2).
The total time taken is the number of values of C for each service provider

multiplied by the time taken to find the value of Pr(). The number of values of C
decides the number of times steps 2 to 8 have to be executed in the solution method
in section 3.1.2. In these steps, for a given decision matrix of service provider x, the
best decision of service provider y is found. A simple method is to find all possible
decisions of service provider y and then choose the best. It is assumed that if a
service provider charges price p from an arriving client at state (m,n), he will charge
price p or less at state (x, y) given x ≤ m and y ≤ n. It is not expected that a service
provider will charge low price at state (5,0) and high price at state (2,0). Therefore,
for finding all possible decision matrix, the objective is to find the values in which
the decision changes from low prices to high prices and on reaching the highest price,
the decision becomes rejection.

Let c(i, n) be a matrix which represents the states at which the decision changes.
When i is zero, it is about a change in decision from lowest price to the second lowest
price. c(i, n) returns the value of m at which the decision is to charge price(i) or
higher price if i ≤ T − 1 or reject if i is T (T is the number of distinct prices). Below
this value of m the decision is to charge price(i− 1) or less. The number of possible
values of c(i, n) is O(mmax

T×mmax). It is because for each (i, n), the values can range
maximum from 0 to mmax and i can range from 0 to T − 1, and n depends on the
value of mmax.

In the best case the solution runs for all possible C matrix for the smaller ser-
vice provider and is O(mmax

T×mmax). In the worst case, it is for all possible values
of the C matrix for each service provider and the number of possibilities of deci-
sion possibilities for two service providers is then O((mmax

T×mmax)2) and it becomes
O(mmax

2×T×mmax). Finding income per unit time from equation 3.1 and finding the
value of D from equation 3.2 does not take much time and space; and it can be
ignored.

The next step is to find the time and space need to find the values of Pr() for given
C() values. For finding Pr(), and we use LU decomposition method ([7]) to solve the
equations. The number of possible equations is the number of possible values of Pr()
and it is O(mmax

4). It is possible to choose some Pr() values and write every other
Pr() values in terms of the chosen Pr() values. The chosen unknowns are the values
of Pr() in which all connected clients are idle in service provider 1. Finally all the Pr()
are written in terms of the chosen Pr() values. This reduces the number of equations
to be solved by mmax and it comes to be O(mmax

3). The step which takes maximum
time in LU decomposition method is triangular factorization[13]. In [13], authors
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have shown that if a time complexity to multiply two n by n matrix is O(x(n)) then
triangular factorization can also be done in O(x(n)) time. In [60], the authors have
shown it is possible to multiply n by n matrix in O(n2.3727) time. The number of
possible values of equation to be solved is O(mmax

3). Therefore the time complexity
is O((mmax

3)2.3727). After multiplying the time taken to find the the value of Pr()
for each C combination by the number of C combinations, time complexity comes to
be O({mmax

3}2.3727×mmax
T×mmax) in best case and O({mmax

3}2.3727×mmax
2×T×mmax)

in worst case. The complexity becomes O( mmax
7.12×mmax

T×mmax) in the best case
and O( mmax

7.12×mmax
2×T×mmax) in the worst case. Complexity can be reduced by

refining the method of search of the solution space, but details are omitted as the
complexity is high in any case.

The size of LU Matrix is O((mmax
3)2) which reduces to O(mmax

6). In the method
to find Nash equilibrium given in Section 3.1.2, multiple values of decisions have to
be stored in Cchecked. The space taken to store one decision to Cchecked is the size
of result and is O(mmax

2). In the best case, the number of such values is small and
can be ignored. In the worst case, it is not small but in the worst case a simple
algorithm is to check all possible decisions for Nash equilibrium. This brute force
algorithm does not use Cchecked and so the space complexity does not increase. The
space complexity is therefore the size of LU matrix and is O(mmax

6).
Clearly the complexity is very high and even for moderate values of mmax (say

100), a solution cannot be found practically. So we need to consider simplifications
to the problem.

3.2 Approximate solution
The process of finding the Nash Equilibrium using the above analysis requires high
memory space and computation time. Therefore, we present an approximate solution
which has low space and time complexity. This approximate solution is compared
with the accurate solution by running the two solutions for small values of mmax and
comparing the expected incomes.

In the approximate solution, the state of a service provider is represented by a
single integer m, the number of clients connected to the service provider. We do not
keep track of the number of clients that are in session or waiting for a session (n in
the accurate solution). Instead, we estimate the number of clients that are in session.
The method to find the approximate Nash equilibrium is similar to the method used
in the accurate solution. There are three differences: the first difference is that the
number of solution matrices to be consider is reduced because the state is represented
by a single integer, the second difference is that the equations of Pr() are different
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and the third difference is that the Waiting() function’s value is different.

3.2.1 Steady State Probability

The combined steady state probability Pr(s1, s2) represents the probability that
service provider 1 is in state s1 and service provider 2 is in state s2. Like the accurate
solution, the method to find Pr() is to consider Prt() and then write equations 3.3.
The next step is to remove time to obtain equation 3.4. In the approximate solution,
the state of a service provider is represented by a single integer and therefore, there
are some differences in the steady state probability formula. In the approximate
solution, E(i,m) is used to estimate the expected number of clients in session and
this is used instead of the actual (unknown) value, as an approximation. Equation
3.4 is expanded for the approximate solution as equation 3.7.

0 = Pr(m1 + 1,m2)×{
S(1)× d× E(1,m1 + 1) ,m1 6= mmax

0 , otherwise

+

({
Pr(m1 − 1,m2) ,m1 6= 0

0 , otherwise

)
×

λ
2

, C(1,m1 − 1) ≤ 0

, C(1,m1 − 1) = C(2,m2)

λ ,C(1,m1 − 1) ≤ 0

, {C(2,m2) < C(1,m1 − 1)

or C(2,m2) = 1}
+Pr(m1,m2 + 1)×{
S(1)× d× E(2,m2 + 1) ,m2 6= mmax

0 , otherwise
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+

({
Pr(m1,m2 − 1) ,m2 6= 0

0 , otherwise

)
×

λ
2

, C(2,m2 − 1) ≤ 0

, C(1,m1) = C(2,m2 − 1)

λ ,C(2,m2 − 1) ≤ 0

, {C(1,m1) < C(2,m2 − 1)

or C(1,m1) = 1}
−Pr(m1,m2)×

{

{
λ ,C(1,m1) ≤ 0 or C(2,m2) ≤ 0

0 , otherwise

+S(1)× d× E(1,m1) + S(1)× d× E(2,m2)} (3.7)

3.2.2 Finding expected clients in session and waiting for ses-
sion

3.2.2.1 Finding E(i,m)

E(i,m) is the expected number of clients in session when m clients are connected.
The equation is given below.

E(i,m) =
∑
n

(
Pri(m,n)×

{
Bi , n > Bi

n , otherwise

)
(3.8)

where Pri(m,n) is obtained using the finite source queueing theory formula[57].
This distribution applies as the service time is exponentially distributed,the arrival
process is Poisson, and the idle time is also exponentially distributed. The formula
for Pri(m,n) is:

Pri(m,n) =
(
m

n

)(
S(0)

(1−d)×S(1)

)n
Pr(m, 0) , n < Bi

m!
(m−n)!

1

Bi!×B
n−Bi
i

(
S(0)

(1−d)×S(1)

)n
Pr(m, 0) , n ≥ Bi

(3.9)
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and

Pri(m, 0) = {
Bi−1∑
n=0

(
m
n

)
×
(

S(0)

(1− d)× S(1)

)n
+

m∑
n=c

m!

(m− n)!
× 1

Bi!×Bn−Bi
i

×
(

S(0)

(1− d)× S(1)

)n
}−1 (3.10)

3.2.2.2 Finding Waiting(i, s)

As already mentioned, in the approximate solution the state of a service provider is
represented by a single integer. Therefore,Waiting(i, s) can be written asWaiting(i,m).
Waiting(i,m) is the expected number of waiting clients when m clients are con-
nected. The value of Waiting(i,m) is found in the same way as E(i,m). The
equation is given below.

Waiting(i,m) =
∑
n

(
Pri(m,n)

{
n−Bi , n > Bi

0 , otherwise

)
(3.11)

3.2.3 Approximate Solution Complexities

The space and time complexity depend on the computational time and memory
required to solve equation 3.7, equation 3.8 and equation 3.11. Other steps take less
time and space and therefore are ignored.

Equation 3.7 has mmax
2 unknowns. It is possible to choose some unknowns and

write everything else in terms of the chosen unknowns. The chosen unknowns are
those values of Pr() for which the first term is zero. The time taken to write all
unknowns in terms of the chosen unknowns is O(mmax

3) and the space taken is
O(mmax

2). This reduces the number of equations to be solved to mmax. The time
taken to solve mmax equations is within O(mmax

3) and the space taken is O(mmax
2).

The overall time complexity is O(mmax
3) and space complexity is O(mmax

2).
The number of possible values of Pri() in equation 3.8 and equation 3.11, for a

given value of m is O(m). It is because Pri(m,n) has two terms and for a given value
ofm, n ranges from 0 tom. m can range from 0 tommax so the total number of values
is O(mmax

2). The method of finding Pri() does not have any space requirement. The
only memory requirement is to store the values of E(m) that can have mmax values.
Therefore the time and space complexity to find E() is O(mmax

2) and O(mmax)
respectively.
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The method of finding Pr(); and E() has to be done separately. Therefore the
time and space complexity to find Pr() is the maximum of these; and the time
complexity is O(mmax

3) and space complexity is O(mmax
2).

The method of choosing the decisions of service provider 1 and then finding the
best decisions of service provider 2 and then finding best decisions of service provider
1 and so on requires finding of all possible values of C(). If there are T prices, the
decision that can be taken in a state is T+1. It is assumed that if a service provider
charges price p from an arriving client at state m, he will charge price p or less at
state (x) given x ≤ m. It is not expected that a service provider will charge low price
at state 5 and high price at state 2. Therefore, for finding all possible decision matrix,
the objective is to find the values in which the decision changes from low prices to
high prices and on reaching the highest price, the decision becomes rejection.

Let c(i) be a matrix which represents the states at which the decision changes.
When i is zero, it is about a change in decision from lowest price to second lowest
price. c(i) returns the value of m at which the decision is to charge price(i) or higher
price if i ≤ T − 1 or reject if i is T . Below this value of m the decision is to charge
price(i−1) or less. The number of possible values of c(i) is (mmax)T . It is because for
each i, the values can range maximum from 0 tommax and i can range from 0 to T−1.
Therefore, it takes O(mmax

T ) steps in the best case and O(mmax
2×T ) steps when all

possible C() are chosen. Therefore the overall time complexity is O(mmax
3+T ) in the

best case and O(mmax
3+2×T ) in the worst case; and space complexity is O(mmax

2) .

3.3 Comparison of the two solutions
We compare with two service providers. There are a number of comparisons and
in each comparison bandwidths are different. Bandwidth of service providers range
from 3 units to 5 units while the maximum number of users, mmax, is 8. The mean
arrival rate of clients is 0.2 per unit time. The clients’ mean idle time is 20 units,
the mean session duration is 12 units of time, and bandwidth is consumed by every
client at 1 unit per unit time. The value of d is 0.4. There are two prices and these
are 0.1 and 0.12 per unit data transfer. Penalty for session delay is 0.2 per unit time
and penalty for rejection is 1 per rejection. We find the values of the C arrays of the
two providers at Nash equilibrium using the method given in section 3.1.2. We then
calculate the expected incomes I(1) and I(2) using equation 3.1.

The result of the comparisons is given in Table 3.2. Each entry of the table
contains two values and these values are separated by a comma. The first value is
for service provider 1 and the second value is for service provider 2. Column 1 gives
the expected income of the service providers when the accurate solution is used and
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Table 3.2: Comparison between Accurate and Approximate solutions
Accurate solution income Approximate solution income Bandwidth

0.141, 0.141 0.120, 0.120 3,3
0.152, 0.228 0.132, 0.227 3,4
0.154, 0.306 0.138, 0.303 3,5
0.245, 0.245 0.237, 0.237 4,4
0.249, 0.292 0.230, 0.293 4,5
0.283, 0.283 0.283, 0.283 5,5

column two gives the expected income of the service providers when the approximate
solution is used. The bandwidths of the service providers is given in column 3. The
approximate solutions income is at most 15 % less (when the bandwidths are 3 for
both; with maximum 8 users, the chances of penalties are high in this case) to almost
no difference when the available bandwidth is high (in the case of bandwidths are 5
for both; the chances of penalties are low). So, these preliminary results show that,
if highly congested situations can be avoided (which the ISPs will strive to do as
otherwise penalties will increase), the approximate solution will perform as well as
the accurate solution.

3.4 Existence of Nash Equilibrium

We have presented Nash equilibrium solutions. These solutions can find Nash equi-
librium only if it exists. If any Nash equilibrium solution does not exist, our method
cannot find a Nash equilibrium. Therefore, the next question that arises is whether
Nash equilibrium exists in all cases. We do not have a proof regarding existence of
Nash equilibrium. However, we argue that Nash equilibrium should exist in all the
cases.

We assume that Nash equilibrium does not exist for some system configuration.
Consider two service providers and assume that they have chosen their strategies.
Each service provider will try to choose an appropriate strategy to maximize its
profit. Suppose service provider 1 chooses strategy A. Based on this strategy, service
provider 2 computes its best strategy and let it be strategy B. Given the strategy of
service provider 2, service provider 1 finds its best strategy and let it be strategy C.
The strategy C, should be different from its strategy A. If A and C are the same, this
means that the strategies are in Nash equilibrium. Based on strategy C of service
provider 1, service provider 2 recomputes its best strategy and let this strategy be
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strategy D. Similarly, if strategies B and D are the same, then this means that the
service providers are in Nash equilibrium. Therefore, we assume that strategies B
and D are different.

We assume that the main difference between strategies A and C is that there will
either be an increase in price charged and / or increase in connection rejections; or
a decrease in price charged and / or decrease in connection rejections. It may also
be possible that in decision C service provider 1 increases prices in some states and
decreases prices in some other states as compared to strategy A. However, we are
considering the overall effect and one set of decisions is unlikely to have a major effect
on the other service providers. Therefore, we assume that the main decisions that
service provider takes in strategy C as compared to strategy A is either to increase
prices and / or increase rejections; or decrease prices and / or decrease rejections.
The same argument applies for strategies B and D.

Consider strategies A and C. When one service provider takes some decisions,
its affect on the other service provider is that there is an increase or a decrease in
arrival rate of clients. When congestion is low, a service provider is likely to charge
low prices. When there is an increase in arrival rate, a service provider is likely to
increase prices charged and / or reject connection requests of arriving clients. When
one service provider increases price or increases number of rejections of arriving
clients, it will increase arrival rate of the other service provider and therefore, the
other service provider may also increase price or reject connection requests of arriving
clients. If in strategy C, service provider 1 increases prices and / or increase the
number of rejections of arriving clients as compared to strategy A, we expect that
service provider 2 may also increase price and / or increase the number of rejections
of arriving clients in strategy D as compared to strategy B. It is because if service
provider 1 increases price or increase rejections, it will reduce its arrival rate and the
arrivals for service provider 2 will increase and to reduce chances of congestion, service
provider 2 may also increase price or increase rejections. Similarly if service provider
1 decreases prices or decreases rejections, service provider 2 may also decrease prices
or decrease rejections. This means that decision of service provider 2 is likely to be
in the same direction as the decision of service provider 1. Based on the strategy of
service provider 2, service provider may again modify its strategy and this procedure
continues. The number of states are finite and therefore the number of possible
decisions are also finite. Since the change in decisions (from A to C and so on; and
from B to D and so on) will be in the same direction, it should not go to an infinite
loop and this change should stop somewhere and that is until Nash equilibrium is
reached. Therefore, we feel that Nash equilibrium should exist.
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3.5 Limitations of Nash Equilibrium
Our Nash equilibrium solutions have many limitations. Our Nash equilibrium so-
lutions have high time and space complexities. We have presented an approximate
solution but still the complexities are high. We have present Nash equilibrium for
two ISPs. If the same method is used to find Nash equilibrium for more than two
ISPs, the time and space requirements again increase. We have also put a restriction
on the maximum bandwidth a client can request to one unit. If this is increases,
the Nash equilibrium solution cannot handle it because of increased complexities.
To handle these limitations, we present non game theoretic solutions in the coming
chapters. The solutions have lower time and space complexities. The complexities
are independent of the number of ISPs.
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Non Game Theoretic solution

In this chapter, we present a non game theoretic model and its solution that provides
bandwidth and connection guarantees to clients. The solution has lower time and
space complexities than our game theoretic solutions and the complexities are inde-
pendent of the number of service providers. The system architecture and the model
are explained in section 4.1 and 4.2. Our solution and its space and time complexities
are described in section 4.3. This solution’s correctness is proved in section 4.3.6.

4.1 The System Architecture

The interaction between a client and service providers is almost the same as in
the Nash equilibrium solution and is already explained in Figure 3.1. The main
differences are: a client can connect to any number of service providers and a client
can request for bandwidth in the range 1 unit to e units. When a client wishes to
connect, he requests a price for some bandwidth in the range of ’1 to e’ units (we
assign probabilities G(i) for i units in our model (see below)). The ISP then offers
him a price (per unit of bandwidth consumed). The user obtains such prices from
all the ISPs he can connect to and makes a connection request to the ISP offering
the lowest price. In case more than one ISP is offering the lowest price, the client
randomly chooses one of them. The price offered to a user remains the same during
the entire duration the user is connected to the ISP. So this gives a connection of a
fixed number of units of bandwidth at a fixed price to a client for the entire duration
of his connection to the internet. When a connection request is made to an ISP, the
ISP decides whether to accept the connection or not. If it refuses the connection, the
client is paid a fixed penalty and no further requests are entertained from that client
till the price offered changes. These steps prevent a client from taking advantage of a
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congested ISP by making repeated requests to collect penalties. So, when the price is
offered, the ISP will offer the highest possible price if it is going to refuse connections.
The client will not know if the connection is going to be refused till it actually makes
a request and so it may make a request to this ISP only if all other ISPs are also
offering the highest price. Once a connection is refused, no further requests are
entertained to prevent a client getting multiple penalties. The ISP consults a table
where, for each possible state of the ISP, the decisions are given (the decisions are
a) whether to refuse or accept a connection, and b) if accepting, the price to offer).
We need to populate this table so that the mean income of the ISP at steady state
is maximised.

Once a client enters an ISP’s system, it is assumed that he will require bursts of
bandwidth (of the number of units he requested) and then he will be idle for a while
and then he will again request for a burst. So a client can be in one of three states
while connected: a) consuming bandwidth (he is said to be in session), b) idling (he
is in state idle), or c) waiting for bandwidth to be allocated (he is waiting to enter a
session). After consuming a burst of bandwidth, the client may leave the system or
it may go into the idle state. When a connected client has to wait to enter a session,
he earns a session delay penalty which is proportional to the time he is delayed. The
client has to pay for the amount of bandwidth he consumes.

Our premise is that QoS can be effectively imposed by penalties. While we have
penalties for delays, we also have penalties for rejection of connections as without
them, an ISP can oversubscribe users ensuring a good load always without getting
penalised for it. So when an ISP allows users to connect to it, it will use its past
knowledge to decide whether to accept new clients or not. With this feature, a client
gets “end-to-end” QoS guarantees, not merely when he succeeds in getting connected.
As already mentioned, this scheme introduces competition among ISPs. So on the
one hand, an ISP will try to attract as many clients as possible by lowering its
price. However, as its available bandwidth decreases, the chance of paying delay
penalties increases and so it will slow down the arrival of new clients by increasing
the offered price. A stage will be reached when it will be cost-effective to pay a
penalty and refuse a client’s request to connect. So a lightly loaded ISP is likely
to offer a low price, while a heavily loaded ISP is likely to offer a high price. As
clients will connect to that ISP offering the lowest price, load balancing among ISPs
is built-in in the scheme. From a client’s point of view, an assurance that he will not
get delayed due to want of bandwidth is given by the ISP in the scheme. To prevent
”squatting” (a client remains in idle state for long periods as he got a very good
price when connecting, but now the ISPs are all offering higher prices), connections
will have to be dropped if idle times exceed a threshold a pre-defined number of
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times during a connection. The state of an ISP is represented by an array of integers
(m,n1, n2, ..., ne, r1, r2, ..., re). For ease of exposition we group them and express it
as (m,N,R) where m represents the number of clients connected. Since a service
provider can reject an arriving client, the value of m is within some range from 0 to
mmax where mmax is the maximum possible value of m. e is the size of the arrays N
and R and it represents the maximum bandwidth which a client can request. It is
assumed that bandwidth is requested in discrete units from 1 unit to e units. N is
an array which represents the number of clients in session and its index ranges from
1 to e. So ni represents the number of clients in session with i units of bandwidth.
R is an array which represents the number of clients waiting for a session and its
index also ranges from 1 to e. ri represents the number of users who requested for i
units of bandwidth but are queued. So we have a finite state space and our goal is to
define the decisions to be taken on an arrival, for each state. So we have a decision
matrix C(m,N,R). When the value of C(m,N,R) is zero or less, the client is to be
accepted and the price to be charged is price(−C(m,N,R)), where price is an array
containing the different prices that can be levied. When C(m,N,R) is 1, the client
is to be rejected. All these definitions and functions derived from them are described
and shown in Table 4.1 and Table 4.2.

4.2 The Model
In order to find the values of the matrix, we introduce a simplified model that is
amenable to analysis. Further, the size of C() is very large for practical ISPs and so it
is not feasible to implement. Our model is depicted in Figure 4.1. The model mirrors
the architecture described above, except that it makes the following assumptions:

• Clients arrive at an ISP according to a Poisson process. The mean arrival
rate is dependent on the price being offered. It increases with a decrease in
price. These rates are assumed to be known a priori. In practice, they will
be determined by actually observing the arrival rates and using these rates
to make future decisions. The impact of prices charged by the other service
provider is coming in the change is the mean arrival rates, λ, when different
prices are charged. When price is increased, some clients may connect to other
service providers and so the mean arrival rate decreases; similarly when price
is decreased, the arrival rate increases.

• The service time of a client consuming bandwidth and the time spent in idle
state by a client are both assumed to be distributed exponentially with fixed
mean rates. All arrivals and departure processes are therefore “memoryless”.
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Table 4.1: Definition of Symbols
Symbol Description
λ(i) The mean arrival rate of clients at the service provider when price(i)

is being charged; i varies from 0 to T − 1
G(i) Probability of a client requesting i units of bandwidth when he ini-

tially has no bandwidth. Here i is an integer ranging from 1 to e.
1
S(i)

Mean session duration or idle duration for which a client consumes i
units of bandwidth. If i is zero, it is the mean time a client remains
idle. If i is non zero, it is the mean time for which a client remains in
session consuming i units of bandwidth.

price(i) price(i) is an array which stores the possible prices per unit data that
can be charged from an arriving client. The values stored in price(i)
are in ascending order. price(0) is the least price and price(T − 1) is
the maximum.

T Number of prices
p The price being charged from the client being considered.

mmax It is the maximum possible value of the number of clients connected.
B The total units of bandwidth available with the service provider
e Maximum amount of bandwidth a client can request from his service

provider. A client can request 1 to e units of bandwidth.
d Probability that a client disconnects immediately leaving idle state.

P (0) Penalty per unit time which is paid to a client when he waits for
Session entry.

P (1) Penalty which a client gets when his request to connect is rejected.
m The number of clients connected. It ranges from 1 to mmax.
N An array which represents the number of clients in session and its

index ranges from 1 to e. So ni represents the number of clients in
session with i units of bandwidth.

R An array which represents the number of clients waiting for a session
and its index also ranges from 1 to e. ri represents the number of
users who requested for i units of bandwidth but are queued where i
ranges from 1 to e.
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Table 4.2: Function declaration
Function Description
C(m,N,R) The decision a service provider takes on the arrival of a

client when the state of a service provider is (m,N,R).
When the value of C(m,N,R) is zero or less, the
client is to be accepted and the price to be charged is
price(−C(m,N,R)). When C(m,N,R) is 1, the client is
to be rejected. C(m,N,R) is a function, but its values
are calculated offline and stored in an array C() and at
run time, it is the array that is consulted.

Cnew(m,N,R) The decision which has maximum advantage based on the
current values of the array C(). Other things are the same
as in function C(m,N,R)

Copt(m,N,R) It represents the optimal set of decisions. When this func-
tion is used in decision making,the expected income is
maximized. Other things are the same as in function
C(m,N,R)

D(m,N,R,K, p) The advantage of having an extra client (the net expected
increase in income) when the state of the service provider
is (m,N,R). K is an array with two terms: k1 and k2. If
k1 = 0 then the extra client is connected and not queued
for session and k2 is the bandwidth which the extra client
asks for and is given. If k1 = 1 then the extra client is
connected and queued for session and k2 is the bandwidth
which the extra client has requested. p is the price charged
from the extra client.

D1(m,N,R,K, p) The expected income earned and lost in future due to
session delays, from the arrival of an extra client when the
state of the service provider is (m,N,R) and this client is
represented byK. The definition of inputs to this function
is the same as in the function D().

D1t(m,N,R,K, p, t) The expected income earned and lost in future by the
arrival of an extra client at time t when the state of the
service provider is (m,N,R). The definition of inputs to
this function is the same as in the function D1().

D2(m,N,R) The advantage of a service provider in being in state
(m,N,R) instead of state (0, 0, 0) (the state with no
clients) due to income earned from future newly arriving
clients.

D2t(m,N,R, t) The advantage of a service provider in being in state
(m,N,R) instead of state (0, 0, 0) at time t due to income
earned from newly arriving clients.
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• Among the connected clients the opening of and closing of sessions is modelled
as a finite population queuing system. Clients queued for entering a session
will in general have different bandwidth requirements and the total bandwidth
available is fixed. Therefore, there may not be enough spare bandwidth to
service the client first in the queue, but another client behind in the queue could
be serviced. So, to ease analysis, the queue servicing discipline is assumed to
be “least bandwidth required first”. In actual practice, a first-come-first-serve
policy with “queue-jumping” if service is not possible, should be used.

• Rather than associating a bandwidth requirement with each arriving client, in
the model it is assumed that clients’ bandwidth requirements are determined
at the time of moving out of the idle state and the allotted bandwidth is i units
with probability G(i). This makes the state of a client also “memoryless” and
assists in analysis.

Figure 4.1: A service provider in our model

4.3 Accurate Solution

In this section, we present a solution to our model. In the coming chapters, we
also present approximate solutions and to distinguish our non-approximate solution
with the approximate solutions, we use the term “accurate solution” for the non-
approximate solution. We present an algorithm below to find the accurate solution.
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4.3.1 Solution Method

4.3.1.1 Continuous Time Markov Decision Process

Our scheme can be modelled as a Continuous Time Markov Decision Process (CT-
MDP). [22] mentions a bandwidth pricing and call admission control scheme and
also models the problem as a CTMDP. A CTMDP has four properties [25]: a state
space, an action space, transition rates and reward rates. These properties for our
model are given below.

1. State space: The state space is given by (m,N,R). The number of states are
the unique possible value of (m,N,R). The state space is finite.

2. The action space is 0, 1, ..., T . which represents decision to be taken when
a client arrives. When chosen action ’a’ is less than T, price price(a) is
charged from the arriving client and the client is allowed to connect. Oth-
erwise, price(T − 1), is advertised but the client is rejected.

3. Transition rates depend on the decision taken at state (m,N,R). In our model,
there are four types of events: an arrival event; a client leaving idle state and
then requesting for bandwidth; a session close and then departure; and a session
close and then becoming idle. The rate at which the service provider moves
from one state to another state is the transition rate. For example, if from state
s1, an ISP can go to state s2 because of an arrival and the arrival requests for
one unit bandwidth initially, the transition rate is the arrival rate multiplied
by G(1). If a single event cannot change state from s1 to s2, the transition
rate is zero.

4. The Reward rate. The expected income earned per unit time when a service
provider is in a given state when a particular action is taken is the reward
rate. It is the sum of two components: the rate at which an arrival takes place
multiplied by the income earned from the arrival and the expected penalty paid
if any client(s) is/are waiting for bandwidth. When an arrival takes place, the
expected income earned from an arrival can be written as Ed× <price charged
from the arrival>, if arrival is rejected it is −P (1) where Ed is the expected
data to be consumed by an arriving client. The penalty to be paid is P(0) for
all waiting clients. The waiting clients are ri for i equal to 1 to e, where ri
are number of clients waiting for i units bandwidth. The reward rate at state
(m,N,R) when action a is taken, is therefore
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Reward rate =

({
λ(a)× Ed × price(a) , a < T

λ(T − 1)× (−P (1)) , a = T

)
−

e∑
i=1

ri × P (0)

There are three optimality criteria in the CTMDP as given in [25]. In our case,
the objective is to maximize the expected average reward. We use the policy iteration
method to find a solution. The method of policy iteration is to pick an initial policy,
improve the policy and then continue improvement till it converges. This method
assumes some initial solution and then based on the solution calculates a better
solution and this improvement continues. This algorithm is explained in Section
4.3.1.2. Later we prove in Section 4.3.6 that using this method we get an optimal
solution.

4.3.1.2 AAEC (Advantage of An Extra Client) Method

We start with some instance of the matrix C() and then improve it. An instance gets
improved, if, by changing some values in the matrix, the expected income increases.
This improvement continues till no more improvement is possible. The steps to find
the solution are given below.

1. Start with a random C() matrix.

2. For every element of C() (which corresponds to a state of the system), keeping
all other elements as it is, find that value which improves the mean income the
most (each value is a decision to be taken when in that state). It could be the
existing value or some other value. The value is the price to be charged to an
arriving client when the system is in that state or it could be the decision to
reject an incoming client. To find the increase or decrease in the mean income
due to a new value, we need to find the advantage of introducing an extra
client. An arriving client causes three things: gives some income to the ISP,
causes congestion to existing clients (incurring penalties) and makes future
arriving clients congested (incurring penalties again). The net effect is the
advantage. If the decision is to reject an arriving client, then the advantage is
negative, being the penalty of refusing a connection. So that decision which
gives the best advantage of an extra client is the decision whose value replaces
the existing value of the current element. If two or more decisions produce the
same maximum advantage and the existing decision is among them, choose the
existing decision (C()); otherwise choose any of the decisions that gives the
maximum advantage.

3. The changed C() is Cnew().
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4. If C(state) and Cnew(state) are the same for every possible ’state’, the optimal
result is obtained. If not, then copy Cnew() to C() and go to step 2.

4.3.1.3 Method to find advantage of a decision in terms of D()

When a service provider takes some decision, that decision affects the mean arrival
rate of clients and therefore it effects state transitions. A service provider can find
the advantage of a decision in terms of state transitions this decision produces. At
steady state, a service provider has to maximize the rate at which it earns income.
This rate means the product of mean arrival rate of clients and advantage of an
arrival (also referred to as an extra client). Suppose a service provider is in state
s1. If an arrival takes place in state s1, state becomes s2(i) with probability G(i),
where i is an integer whose value ranges from 1 to e. The difference between states
s1 and s2(i) is that in state s2(i), there is an extra client. The advantage of this
extra client can be found by the D() function defined in Table 4.2. The advantage
of an extra client is given by

∑e
i=1G(i)×D(s2(i), K(i),−C(s1)), where K(i) is the

state of the extra client (see below) and price(−C(s1)) is the price charged from
the extra client. Similarly if decision Cnew(s1) is taken and the decision is to charge
price(−Cnew(s1)) and accept the connection request of the client, then if an arrival
takes place, its advantage is

∑e
i=1G(i)×D(s2(i), K(i),−Cnew(s1)). The advantage

of taking decision C(s1) is λ(−C(s1)) × (
∑e

i=1G(i)×D(s2(i), K(i),−C(s1))) and
that of decision Cnew(s1) is λ(−Cnew(s1))×(

∑e
i=1G(i)×D(s2(i), K(i),−Cnew(s1))).

If decision C(s1) or Cnew(s1) is to reject the connection request of an arriving client,
advantage of the decision is λ(T − 1) × (−P (1)). The method to find the value of
D() is given in section 4.3.3.

4.3.2 Finding the value of Cnew(m,N,R)

We find the advantage of all possible decisions and choose the decision with the
maximum advantage. The decisions that can be taken are a) to reject the client and
pay a penalty resulting in a loss of P (1), or, b) to accept the client with a price of
p = price(i), for some i, i in the range of 0 to T − 1. The decision is stored as a
number which is 1 if the decision is to reject the client and which is −i if the decision
is to accept the client with price price(i).

The advantage of rejecting clients is λ(T − 1)× (−P (1)). Let adv(m,N,R, p) be
the advantage of an arrival at state (m,N,R) when price p is charged. The following
equations describe how Cnew(m,N,R), the decision with maximum advantage, is
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calculated.

adv(m,N,R, p) =
e∑
i=1

G(i)×{
D(m+ 1, n1, ..., ni + 1, ..., ne, R, k1 = 0, k2 = i, p) ,

∑e
j=1 nj × j + i ≤ B

D(m+ 1, N, r1, ..., ri + 1, ..., re, k1 = 1, k2 = i, p) , otherwise

(4.1)

The first term is for the case when there is bandwidth available out of the maximum
B, and the second term is for when there is no bandwidth and the client has to wait.

Bp(m,N,R) = i ∈ {0, 1, 2, ..., T − 1} : ∀j ∈ {0, 1, 2, ..., T − 1},
λ(i)× adv(m,N,R, price(i)) ≥ λ(j)× adv(m,N,R, price(j))

(4.2)

Find that price i which gives the maximum advantage.

Cnew(m,N,R) =
−Bp(m,N,R) , λ(Bp(m,N,R))× adv(m,N,R, price(Bp(m,N,R)))

≥ λ(T − 1)× (−P (1))
1 , otherwise

(4.3)

The value is the negative of the price found, or 1 if the best advantage is negative
and is worse than rejecting the incoming client (1 means reject the client). In equation
4.2, if there is more than one best price, any price is copied to Bp(m,N,R). If the
existing decision (C(m,N,R)) and the new decision (Cnew(m,N,R)) produces the
same advantage, the existing decision is copied to Cnew(m,N,R). This means that for
a given state (m,N,R) if C(m,N,R) and Cnew(m,N,R) are different, Cnew(m,N,R)
produces more advantage than C(m,N,R).

4.3.3 Finding the value of D()

The next step is to find the value of the functionD(m,N,R,K, p). In this subsection,
D() is written in terms of D1() and D2() and then the method of finding D1() and
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D2() is mentioned using function D1t() and D2t(). Their definitions are given in
Table 4.2. The advantage of having an extra client is the difference between the
expected income when the extra client is present and the expected income when the
extra client is not present. This value has two parts. The first part is the difference
between the expected income earned from all the clients who are connected when
the extra client is present and the expected income earned from all the clients who
are connected when the extra client is not present. The second part represents the
effect of the extra client on the subsequent newly arriving clients and is the expected
income difference between the income earned from the newly arriving clients when
the extra client is present and the expected income earned from the newly arriving
clients when the extra client is not present. The first part is in terms of the function
D1(), which represents the expected income earned by a client. The second part
represents the effect of the extra client on newly arriving clients and it is in terms of
D2().

For finding the first part, the expected income earned from all the connected
clients has to be found. This is done by finding the expected income for each of the
clients using D1() and multiplying it by the number of such clients. For example, if
five clients are connected and not in session, and the state of the service provider is
(m,N,R), we can find the expected income earned by a client who is connected but
not in session using D1() and then multiply it by 5. This has to be done for all the
clients. The first term on the right hand side is the sum of all such incomes. The
second term handles the case of i as there are ni + 1 clients. The third term is the
income of all clients that are waiting for a session (and so rj is used) and the fourth
term is for the clients that are idle which is (m−

∑e
j=1(nj + rj)). From the sum of

all these terms is subtracted the income when the extra client is not present.
The second part can be represented byD2(m,N,R)−D2(m′, N ′, R′) where (m,N,R)

is the state when the extra client is present and (m′, N ′, R′) is the state when the ex-
tra client is not present. For example, if the state of the service provider is (m,N,R),
and an extra client arrives and is given i units of bandwidth and there is no waiting,
then the state will become (m+1, n1, ...ni+1, ...ne, R). D2(m,N,R) has been artifi-
cially defined as the difference between the advantage (or disadvantage) due to newly
arriving clients in future when in state (m,N,R) to the advantage had these clients
arrived when the initial state was (0, 0, 0) (this represents the initial state where m
is zero and all elements of the arrays N and R are also 0). Since we are taking
the difference D2(m,N,R) −D2(m′, N ′, R′), the effect of state (0, 0, 0) will cancel
out. This has been done to reduce the complexity of D2. D2 would otherwise have
to be written as D2(state1, state2) and this would have increased the state space
tremendously.
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D() is given below as equation 4.4.

D(m+ 1, n1, ..., ni + 1, ..., ne, R, k1 = 0, k2 = i, p) =

[

(
e,j 6=i∑
j=1

D1(m+ 1, n1, ..., ni + 1, ..., ne, R, k1 = 0, k2 = j, p)× nj

)
+D1(m+ 1, n1, ..., ni + 1, ..., ne, R, k1 = 0, k2 = i, p)× (ni + 1)

+

(
e∑
j=1

D1(m+ 1, n1, ..., ni + 1, ..., ne, R, k1 = 1, k2 = j, p)× rj

)

+D1(m+ 1, n1, ..., ni + 1, ..., ne, R, k1 = 0, k2 = 0, p)× (m−
e∑
j=1

(nj + rj))]

−[
e∑
j=1

{D1(m,N,R, k1 = 0, k2 = j, p)× nj

+D1(m,N,R, k1 = 1, k2 = j, p)× rj}

+D1(m,N,R, k1 = 0, k2 = 0, p)× (m−
e∑
j=1

(nj + rj))]

+D2(m+ 1, n1, ..., ni + 1, ..., ne, R)−D2(m,N,R) (4.4)

The method of finding D1() is as follows. Let D1t(state1, K, p, t) be expected
income to be earned from a client at time t. Consider a very small time dt after time
t such that the probability of two events taking place in time dt is negligible. The
expected income after time t is the sum of two values and these are the expected
income earned between time t and time t+dt, and the expected future income earned
after time t+ dt. The expected future income earned between time t and time t+ dt
depends on the state of the client at time t. If the state of the client is idle, the
expected income is zero. If the state is session, the expected income is <bandwidth
consumed by extra client>×p × dt. If the state is waiting for session, the expected
income is −P (0) × dt. The expected future income after time t + dt is in terms of
D1t(state2, K

′, p, t + dt), where state2 is the state of service provider after time dt,
K ′ is state of client after time dt.

D1t(state1, K, p, t) is written in terms of D1t(state2, K
′, p, t + dt) for all state2

and K ′ as given in equation 4.5. D1t(state1, K, p, t) is the sum of three sets of terms,
which are separated by square brackets in the equation. The first set represents the
new D1t() values because of a change in the state of the service provider from state1
to state2 in time dt and a change in the state of the client from K to K ′. The second
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set represents no events taking place in time dt. The third set represents the income
earned from the extra client in the small time dt.

D1t(state1, K, p, t) =

[
∑
state2

{(probability of state change from state1 to state2 in time dt)

×
∑
K′

(probability of change in state of client from K to K’ in time dt)

×D1t(state2, K
′, p, t+ dt)}]

+[{1−
∑
state2

(probability of state change from state1 to state2 in time dt)}

×D1t(state1, K, p, t+ dt)]

+[

{
p× k2dt , k1 = 0

−P (0)dt , k1 = 1
] (4.5)

The probability of change in state from state1 to state2 depends on the event,
which causes the change. If this change takes place with changes in more than one
value (signifying two or more events), then the probability is zero. Otherwise, this
probability is the rate of the event multiplied by dt. For example, if the change in
state is caused by an arrival then it is the probability of an arrival in time dt, which
is ’mean arrival rate’ multiplied by dt. It is to be noted, that in state state1, this
arrival rate is λ(−C(state1)) if C(state1) is not 1. If it is one, then the arrival rate
is assumed to be λ(T − 1), the lowest possible rate. If this change is caused by a
departure then it is the mean departure rate multiplied by dt. If the change in state
from state1 to state2 reduces the number of clients who were in the same state of
the extra client, it might be possible that the state of the extra client would have
changed; otherwise the state of the extra client after time dt is the same as before
time dt. If the number of clients who were in the same state of the extra client was
x and this is reduced to (x − 1) after time dt, then with 1

x
probability, the state of

the extra client changed and with (1 − 1
x
) probability the state of the extra client

did not change. The new state K ′ is the new state of the extra client if the state
changed otherwise it is the same as K.

These cases are written in equation form below. This equation is later expanded
in section 4.3.4.
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D1t(state1, K, p, t) =

[
∑
state2

{(probability of an arrival in time dt at state1)

×(probability of state change from state1 to state2 due to an arrival)

×
∑
K′

(probability of change in state of client from K to K’ because of

state change to state2)×D1t(state2, K
′, p, t+ dt)}

+
∑
state2

{(probability that a client leaves idle state in time dt)

×[d× (probability of state change from state1 to state2 due to a departure)
+(1− d)× (probability of state change from state1 to state2 due to

session open)]×
∑
K′

(probability of change in state of client from K to K’

because of state change to state2)×D1t(state2, K
′, p, t+ dt)}

+
∑
state2

{(probability of a session close at state1 in time dt)

(probability of state change from state1 to state2 due to the session close)}

×
∑
K′

(probability of change in state of client from K to K’ because of

state change to state2)×D1t(state2, K
′, p, t+ dt)}]

+[{1−
∑
state2

(probability of state change from state1 to state2 in time dt)}

×D1t(state1, K, p, t+ dt)]

+[

{
p× k2dt , k1 = 0

−P (0)dt , k1 = 1
] (4.6)

The same way we find the value of the function D2(). We use a function
D2t(state1, t), which represents the advantage of being in state state1 at time t be-
cause of income earned from newly arriving clients. D2t(state1, t) is written in terms
of D2t(state2, t + dt) for some state2 as given below in equation 4.7. D2t(state1, t)
is the sum of three sets of terms separated by square brackets in the equation. The
first set is the difference between the expected income earned from an arrival in state
state1 and the expected income earned from an arrival in state (0, 0, 0) (this second
term will be zero except for transitions to states (1, x, y) as only one event can take
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place during dt. It is included for technical completeness). The second set of terms
are new D2() values if an event happens in state state1 or in state (0, 0, 0). The
third set of terms is the probability of no event taking place in time dt multiplied by
D2(state1, t+ dt).

The probability of change in state from state1 to state2 from an arrival only con-
siders the arrival events. The probability of an arrival in state state1 is λ(−C(state1))
or λ(T − 1) (as already discussed) multiplied by dt.

D2t(state1, t) =

[



{Probability of an arrival in state state1 in time dt}
×{-P(1)} , C(state1) = 1∑

state2 {Probability of state change from state1 to state2
in time dt due to an arrival}
×{D1(state2,K=state of new client,price(-C(state1)))} , C(state1) ≤ 0

−
∑
state2

{(Probability of state change from (0,0,0) to state2 in time dt

due to an arrival)
×D1(state2,K=state of new client,price(-C(0,0,0)))}]
+[
∑
state2

{(Probability of state change from state1 to state2 in time dt)

×D2t(state2, t+ dt)

−(Probability of state change from (0,0,0) to state2 in time dt)
×D2t(state2, t+ dt)}]
+[{1−

∑
state2

(probability of state change from state1 to state2 in time dt)}

×D2t(state1, t+ dt)] (4.7)

The next step is find the values of D1() and D2() from equations 4.6 and equation
4.7. The method to find D1() is to rearrange everything in equation 4.6 such that
the {D1t(state1, K, p, t) −D1t(state1, K, p, t + dt)} /dt comes to the left hand side.
At steady state, this rate of change of D1t(state1, K, p, t) becomes zero and time
is removed from the equations. We remove time from the function D1t() and the
function D1t(state,K, p, t) becomes D1(state,K, p) for all values of state and K. In
this way we get equations ofD1(). The same way from equation 4.7, we get equations
of D2().
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4.3.4 Expanded Equations of D1() and D2()

The detailed equations of D1() and D2() are given below. First we have described
equation of D1() and then equation of D2(). The equations of D1() and D2() are
picked from above and then the equations are expanded in details.

4.3.4.1 Expanded Equations of D1

We have got the following equation as equation 4.6.

D1t(state1, K, p, t) =

[
∑
state2

{(probability of an arrival in time dt at state1)

×(probability of state change from state1 to state2 due to an arrival)

×
∑
K′

(probability of change in state of client from K to K’ because of

state change to state2)×D1t(state2, K
′, p, t+ dt)}]

+[
∑
state2

{(probability that a client leaves idle state in time dt)

×{d× (probability of state change from state1 to state2 due to a departure)
+(1− d)× (probability of state change from state1 to state2 due to a

session open)} ×
∑
K′

(probability of change in state of client from K to K’

because of state change to state2)×D1t(state2, K
′, p, t+ dt)}]

+[
∑
state2

{(probability of a session close at state1 in time dt)×

(probability of state change from state1 to state2 due to the session close)

×
∑
K′

(probability of change in state of client from K to K’ because of

state change to state2)×D1t(state2, K
′, p, t+ dt)}]

+[{1−
∑
state2

(probability of state change from state1 to state2 in time dt)}

×D1t(state1, K, p, t+ dt)]

+[

{
p× k2dt , k1 = 0

−P (0)dt , k1 = 1
] (4.8)
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The left hand side of the equation contains D1t(state1, K, p, t). The right hand
side of the equation is grouped into five groups as given below. It is the sum of
these five groups. These groups represent respectively, the arrival of a new client, a
client leaving idle state, a client leaving session state, no change in state, and income
earned at time dt.

1. Arrival

∑
state2

{(probability of an arrival in time dt at state1)

×(probability of state change from state1 to state2 due to an arrival)

×
∑
K′

(probability of change in state of client from K to K’ because of

state change to state2)×D1t(state2, K
′, p, t+ dt)}

Probability of an arrival in time dt is λ(−C(m,N,R))dt if an arrival is ac-
cepted and λ(T − 1)dt if an arrival is rejected. If the arrival is accepted
(C(m,N,R)<1), the arriving client will request for i unit of bandwidth with
probability G(i). If bandwidth is available it will increase the number of clients
in session with i unit of bandwidth (ni) and if bandwidth is not available it
will increase the number of clients waiting for i unit of bandwidth (ri). If the
arrival is rejected (C(m,N,R)=1), there is no change in state. The function
D1() does not store the penalty when a new arriving client is rejected and in-
stead it is stored in function D2() which will be explained later. Probability of
change in state of client from K to K ′ is one when K ′ is K and zero otherwise.
In other words, the state of the extra client will not change due to an arrival.
The following expression is obtained.
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({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
dt

∑e
i=1G(i)×
D1t(m+ 1, n1, ..., ni + 1, ..., ne, R,

K, p, t+ dt) , B −
∑
i× ni ≥ i

D1t(m+ 1, N, r1, ..., ri + 1, ..., re,

K, p, t+ dt) , otherwise

, C(m,N,R) < 1

D1t(m,N,R,K, p, t+ dt) , C(m,N,R) = 1

2. Leaving idle state

+[
∑
state2

{(probability that a client leaves idle state in time dt)

×{d× (probability of state change from state1 to state2 due to a
departure)
+(1− d)× (probability of state change from state1 to state2 due to a

session open)} ×
∑
K′

(probability of change in state of client from K to K’

because of state change to state2)×D1t(state2, K
′, p, t+ dt)}]

When the difference between state1 and state2 is that state2, can be reached
by a departure from state1, the term “probability of state change from state1
to state2 due to a departure” will be positive and the term “probability of state
change from state1 to state2 due to a session open” will be zero. When the
value of state2 is such that it can be reached by opening a session at state1,
the term “probability of state change from state1 to state2 due to a session
open” will be positive and the term “probability of state change from state1 to
state2 due to a departure” will be zero. In other cases both the terms will be
zero. The expression is expanded as given below:
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∑
state2

(probability that a client leaves idle state in time dt)

×{d× (probability of state change from state1 to state2 due to a
departure)

×
∑
K′

(probability of change in state of client from K to K’

because of state change to state2)×D1t(state2, K, p, t+ dt)

+(1− d)× (probability of state change from state1 to state2 due to

session open)×
∑
K′

(probability of change in state of client from K to K’

because of state change to state2)×D1t(state2, K
′, p, t+ dt)}

When a client leaves idle state, the client will disconnect with probability d or
try to open a session with probability (1 − d). If the extra client was in idle
state and any other client disconnects, the new state will be (m− 1, N,R) and
the future income by the extra client is given by D1t(m− 1, N,R,K, p, t+ dt).
If the extra client disconnects, it is multiplied by zero and therefore the case
when the extra client disconnects is not given below. If the extra client was not
in idle state and then a client leaves, the state will become (m−1, N,R) and the
expected income by the extra client is given by D1t(m− 1, N,R,K, p, t+ dt).

The other possibility is that the client tries to open a session with probability
(1− d). If the extra client was in idle state then with some probability a client
other than the extra client opens a session and with some probability the extra
client opens a session. The difference between the two values is in the value of
K. If the extra client opens a session, the value of K will change. If the extra
client was not in idle state, any client opening a session will not change the
value of K. The following expression is obtained.
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(probability that a client leaves idle state in time dt)
×{

×[d×



Probability that a client other
than the extra client leaves idle state
×D1t(m− 1, N,R,K, p, t+ dt) ,The extra

client was idle
D1t(m− 1, N,R,K, p, t+ dt) ,The extra

client was not idle
+(1− d)×

Probability that a client other
than the extra client leaves idle state
×
∑e

i=1G(i)×

D1t(m,n1, n2, .ni + 1.., ne, R,

K, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,N, r1.ri + 1..re,

K, p, t+ dt) , otherwise


+Probability that the extra
client leaves idle state
×
∑e

i=1G(i)×
D1t(m,n1, n2, .ni + 1.., ne, R,

k1 = 0, k2 = i, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,N, r1.ri + 1..re,

k1 = 1, k2 = i, p, t+ dt) , otherwise

} ,The extra

client
was idle

×
∑e

i=1G(i)×

D1t(m,n1, n2, .ni + 1.., ne, R,

K, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,N, r1.ri + 1..re,

K, p, t+ dt) , otherwise

 ,The extra

client was
not idle
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The probability that a client leaves idle state is S(0)×(m−
∑e

i=1(ni+ri))dt. If
the extra client was in idle state, the probability that a client other than the ex-
tra client leaves idle state is number of idle clients -1

number of idle clients and it becomes m−
∑e

i=1(ni+ri)−1
m−

∑e
i=1(ni+ri)

;
and the probability that the extra client leaves idle state is 1

number of idle clients
and it becomes 1

m−
∑e

i=1(ni+ri)
. If k1 and k2 are zero, it means that the extra

client was idle and otherwise the extra client was not idle.

S(0)× (m−
e∑
i=1

(ni + ri))dt×

[d×


m−

∑e
i=1(ni+ri)−1

m−
∑e

i=1(ni+ri)
×D1t(m− 1, N,R,

K, p, t+ dt) , k1 = 0, k2 = 0

D1t(m− 1, N,R,K, p, t+ dt) , k1 = 0, k2 6= 0

+(1− d)×
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m−
∑e

i=1(ni+ri)−1
m−

∑e
i=1(ni+ri)

{
∑e

i=1G(i)×



D1t(m,

n1, n2, .ni + 1.., ne,

R,K, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,

N, r1..ri + 1..re,

K, p, t+ dt) , otherwise


}+ 1

m−
∑e

i=1(ni+ri)

∑e
i=1{G(i)×



D1t(m,

n1, n2, .ni + 1.., ne,

R, k1 = 0, k2 = i,

p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,

N, r1..ri + 1..re,

k1 = 1, k2 = i,

p, t+ dt) , otherwise


} ,m−

∑e
i=1(ni + ri) 6= 0

, k1 = 0, k2 = 0

∑e
i=1G(i)×



D1t(m,

n1, n2, .ni + 1.., ne,

R,K, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,

N, r1..ri + 1..re,

K, p, t+ dt) , otherwise


, otherwise,

,m−
∑e

i=1(ni + ri) 6= 0

0 ,m−
∑e

i=1(ni + ri) = 0

]

3. Closing of session
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∑
state2

{(probability of a session close at state1 in time dt)

(probability of state change from state1 to state2 due to the session
close)}

×
∑
K′

(probability of change in state of client from K to K’ because of

state change to state2)×D1t(state2, K
′, p, t+ dt)}]

The probability of session close for a client in session with i unit bandwidth
is ni × S(i)dt. It is multiplied by the D1t() value when the session is closed.
However, when a session is closed, some bandwidth is released and therefore
among the clients waiting for session, few may get bandwidth. We assume
a temporary function D1′t() which represents the value of D1t() when some
checking needs to be done for available bandwidth and if bandwidth is available,
bandwidth may be given to the waiting clients.

If the extra client was in session (given by k1 = 0, k2 6= 0), there are two
possibilities: the extra client leaves the session or any other client leaves
its session. If the extra client was in session, the extra client consumes k2
units of bandwidth. The summation

∑e,k2 6=i,ni 6=0
i=1 in the equation below rep-

resents the case when we consider that value of i which is different from
the bandwidth used by the extra client and the number of clients in ses-
sion with i unit bandwidth is not zero. The next term (nk2 − 1) × S(k2)dt ×
D1′t(m,n1, n2, .nk2 − 1.., ne, R,K, p, t+ dt) is for the clients other than the ex-
tra client consuming the same bandwidth as the extra client. The next term
S(k2)dt×D1′t(m,n1, n2, .nk2−1.., ne, R, k1 = 0, k2 = 0, p, t+dt) is for the extra
client closing a session and therefore, the value of k1 and k2 changes. If the extra
client was not in session, any client might close its session and the value of the
expression will be

∑e,ni 6=0
i=1 ni×S(i)dt×D1′t(m,n1, n2, .ni−1.., ne, R,K, p, t+dt).
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∑e,k2 6=i,ni 6=0
i=1 {ni × S(i)dt×

×D1′t(m,n1, n2, .ni − 1.., ne, R,K, p, t+ dt)}+
(nk2 − 1)× S(k2)dt×
D1′t(m,n1, n2, .nk2 − 1.., ne, R,K, p, t+ dt)

+S(k2)dt×
D1′t(m,n1, n2, .nk2 − 1.., ne, R, k1 = 0, k2 = 0, p, t+ dt) , k1 = 0, k2 6= 0

∑e,ni 6=0
i=1 ni × S(i)dt×

D1′t(m,n1, n2, .ni − 1.., ne, R,K, p, t+ dt) , otherwise

where D1′t() in terms of D1t() is given below. As mentioned earlier, D1′t() is
a temporary function that represents the value of D1t() when some checking
needs to be done for available bandwidth and if available, it may be given to the
waiting clients. The first possibility is checking for a client waiting for 1 unit
bandwidth and whether this much bandwidth is available. This possibility
is represented by , B −

∑e
j=1 j × nj ≥ 1, r1 6= 0. Similarly the possibility

of checking for a client waiting for i unit bandwidth and whether this much
bandwidth is available is represented by , B −

∑
j × nj ≥ i, ri 6= 0. If for

any value of i, the condition B −
∑
j × nj ≥ i, ri 6= 0 is true, it means that

bandwidth may be given to a client requesting for i unit bandwidth. After
giving the bandwidth, the value of ri decreases and the value of ni increases.
However, it is again possible that the extra client might have changed state
and therefore we consider the possibilities of the extra client being in waiting
state and going to session. If k1 = 1 and k2 = i, the extra client is waiting
for i unit bandwidth. In this case, with r1−1

r1
probability, a client other than

the extra client gets bandwidth and with 1
r1

probability, the extra client gets
bandwidth. If the extra client goes to session, the value of k1 becomes 0 and
the value of k2 remains unchanged.

Once this change is done, still the function D1′t() does not become D1t().
It is because this checking is done recursively until it is not possible to give
bandwidth to any waiting client. In that case, D1′t(m,N,R,K, p, t) becomes
D1t(m,N,R,K, p, t).
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D1′t(m,N,R,K, p, t) =





D1′t(m,n1 + 1, n2, ..., ne,

r1 − 1...re,

k1 = 0, k2 = 1, p, t)× 1
ri

+D1′t(m,n1 + 1, n2, ..., ne,

r1 − 1...re, K, p, t)× r1−1
r1

, k1 = 1

, k2 = 1

D1′t(m,n1 + 1, n2, ..., ne,

r1 − 1...re, K, p, t) , otherwise


, B −

∑e
j=1 j × nj ≥ 1

, r1 6= 0

...



D1′t(m,n1, n2, ..ni + 1., ne,

r1.ri − 1..re,

k1 = 0, k2 = i, p, t)× 1
ri

+D1′t(m,n1, n2, ..ni + 1., ne,

r1.ri − 1..re, K, p, t)× ri−1
ri

, k1 = 1

, k2 = i

D1′t(m,n1, n2, ..ni + 1., ne,

r1.ri − 1..re, K, p, t) , otherwise


, otherwise

, B −
∑
j × nj ≥ i

, ri 6= 0

... .



D1′t(m,n1, n2, ..., ne + 1

, r1...re − 1,

k1 = 0, k2 = e, p, t)× 1
ri

+D1′t(m,n1, n2, ..., ne + 1,

r1...re − 1, K, p, t)× re−1
re

, k1 = 1

, k2 = e

D1′t(m,n1, n2, ..., ne + 1,

r1...re − 1, K, p, t) , otherwise


, otherwise

, B −
∑
j × nj ≥ e

, re 6= 0

D1t(m,N,R,K, p, t) , otherwise
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4. No change in state

[{1−
∑
state2

(probability of state change from state1 to state2 in time dt)}

×D1t(state1, K, p, t+ dt)]

After substituting values, it becomes.

(1−

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
dt− S(0)× (m−

e∑
i=1

(ni + ri))dt

−
e∑
i=1

ni × S(i)dt)×D1t(m,N,R,K, p, t+ dt)

5. Income or loss during time dt

{
p× k2dt , k1 = 0

−P (0)dt , k1 = 1

The equations are rearranged to bring make the left hand side become the expression:
D1t(m,N,R,K,p,t)−D1t(m,N,R,K,p,t+dt)

dt
. This is done by bringing the D1t(m,N,R,K, p, t+

dt) term from the forth part ’No change in state’ to the left hand side of the equation
and then dividing everything by dt.

D1t(m,N,R,K,p,t)−D1t(m,N,R,K,p,t+dt)
dt

is equal to the sum of the following terms.

1. Arrival
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({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)


∑e
i=1G(i)×
D1t(m+ 1, n1, .ni + 1.., ne, R

,K, p, t+ dt) , B −
∑
i× ni ≥ i

D1t(m+ 1, N, r1.ri + 1..re

, K, p, t+ dt) , otherwise

, C(m,N,R) < 1

D1t(m,N,R,K, p, t+ dt) , otherwise

, C(m,N,R) = 1

2. Leaving idle state

S(0)× (m−
e∑
i=1

(ni + ri))×

[d×

{
m−

∑e
i=1(ni+ri)−1

m−
∑e

i=1(ni+ri)
×D1t(m− 1, N,R,K, p, t+ dt) , k1 = 0, k2 = 0

D1t(m− 1, N,R,K, p, t+ dt) , k1 = 0, k2 6= 0

+(1− d)×
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m−
∑e

i=1(ni+ri)−1
m−

∑e
i=1(ni+ri)

{
∑e

i=1G(i)×



D1t(m,

n1, n2, .ni + 1.., ne,

R,K, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,N, r1.ri + 1..re,

K, p, t+ dt) , otherwise


}+ 1

m−
∑e

i=1(ni+ri)

∑e
i=1{G(i)×



D1t(m,

n1, n2, .ni + 1.., ne,

R, k1 = 0, k2 = i,

p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,N, r1.ri + 1..re,

k1 = 1, k2 = i, p, t+ dt) , otherwise


} ,m−

∑e
i=1(ni + ri) 6= 0

, k1 = 0, k2 = 0∑e
i=1G(i)×



D1t(m,

n1, n2, .ni + 1.., ne,

R,K, p, t+ dt) , B −
∑
x× nx ≥ i

D1t(m,N,

r1.ri + 1..re,

K, p, t+ dt) , otherwise


, otherwise,

,m−
∑e

i=1(ni + ri) 6= 0

0 ,m−
∑e

i=1(ni + ri) = 0

]

3. Closing of session
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∑e,k2 6=i,ni 6=0
i=1 {ni × S(i)×

×D1′t(m,n1, n2, .ni − 1.., ne, R,K, p, t+ dt)}+
(nk2 − 1)× S(k2)×
D1′t(m,n1, n2, .nk2 − 1.., ne, R,K, p, t+ dt)

+S(k2)×
D1′t(m,n1, n2, .nk2 − 1.., ne, R, k1 = 0, k2 = 0, p, t+ dt) , k1 = 0, k2 6= 0

∑e,ni 6=0
i=1 ni × S(i)×

D1′t(m,n1, n2, .ni − 1.., ne, R,K, p, t+ dt) , otherwise

where D1′t() is remains the same and therefore, we have not written it again.

4. No change in state

−(

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
+ S(0)× (m−

e∑
i=1

(ni + ri))

+
e∑
i=1

ni × S(i))×D1t(m,N,R,K, p, t+ dt)

5. Income or loss during time dt

{
p× k2 , k1 = 0

−P (0) , k1 = 1
]

At steady state the left hand side becomes zero and time is removed from the equa-
tions. D1t() becomes D1() (and D1′t() becomes D1′()). Therefore the sum of the
following terms is zero for every valid value of (m,N,R,K, p).

1. Arrival
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({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)


∑e
i=1G(i)×{
D1(m+ 1, n1, .ni + 1.., ne, R,K, p) , B −

∑
i× ni ≥ i

D1(m+ 1, N, r1.ri + 1..re, K, p) , otherwise
, C(m,N,R) < 1

D1(m,N,R,K, p) , otherwise

, C(m,N,R) = 1

2. Leaving idle state

S(0)× (m−
e∑
i=1

(ni + ri))×

[d×


m−

∑e
i=1(ni+ri)−1

m−
∑e

i=1(ni+ri)
×D1(m− 1, N,R,K, p) , k1 = 0, k2 = 0

D1(m− 1, N,R,K, p) , k1 = 0, k2 6= 0

+(1− d)×
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m−
∑e

i=1(ni+ri)−1
m−

∑e
i=1(ni+ri)

{
∑e

i=1G(i)×



D1(m,

n1, n2, .ni + 1.., ne, R,

K, p) , B −
∑
x× nx ≥ i

D1(m,

N, r1.ri + 1..re,

K, p) , otherwise


}+ 1

m−
∑e

i=1(ni+ri)

∑e
i=1{G(i)×



D1(m,

n1, n2, .ni + 1.., ne, R,

k1 = 0, k2 = i, p) , B −
∑
x× nx ≥ i

D1(m,

N, r1.ri + 1..re,

k1 = 1, k2 = i, p) , otherwise


} ,m−

∑e
i=1(ni + ri) 6= 0

, k1 = 0, k2 = 0

∑e
i=1G(i)×



D1(m,

n1, n2, .ni + 1.., ne, R,

K, p) , B −
∑
x× nx ≥ i

D1(m,

N, r1.ri + 1..re,

K, p) , otherwise


, otherwise,

,m−
∑e

i=1(ni + ri) 6= 0

0 ,m−
∑e

i=1(ni + ri) = 0

]

3. Closing of session
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∑e,k2 6=i,ni 6=0
i=1 {ni × S(i)×

×D1′(m,n1, n2, .ni − 1.., ne, R,K, p)}+
(nk2 − 1)× S(k2)×D1′(m,n1, n2, .nk2 − 1.., ne, R,K, p)

+S(k2)×D1′(m,n1, n2, .nk2 − 1.., ne, R, k1 = 0, k2 = 0, p) , k1 = 0, k2 6= 0

∑e,ni 6=0
i=1 ni × S(i)×D1′(m,n1, n2, .ni − 1.., ne, R,K, p) , otherwise

where D1′() is given below
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D1′(m,N,R,K, p) =





D1′(m,n1 + 1, n2, ..., ne,

r1 − 1...re,

k1 = 0, k2 = 1, p)× 1
ri

+D1′(m,n1 + 1, n2, ..., ne,

r1 − 1...re, K, p)× r1−1
r1

, k1 = 1

, k2 = 1

D1′(m,n1 + 1, n2, ..., ne,

r1 − 1...re, K, p) , otherwise


, B −

∑e
j=1 j × nj ≥ 1

, r1 6= 0

...

.



D1′(m,n1, n2, ..ni + 1., ne,

r1.ri − 1..re,

k1 = 0, k2 = i, p)× 1
ri

+D1′(m,n1, n2, ..ni + 1., ne,

r1.ri − 1..re, K, p)× ri−1
ri

, k1 = 1

, k2 = i

D1′(m,n1, n2, ..ni + 1., ne,

r1.ri − 1..re, K, p) , otherwise


, otherwise

... , B −
∑
j × nj ≥ i

, ri 6= 0

. .



D1′(m,n1, n2, ..., ne + 1,

r1...re − 1,

k1 = 0, k2 = e, p)× 1
ri

+D1′(m,n1, n2, ..., ne + 1,

r1...re − 1, K, p)× re−1
re

, k1 = 1

, k2 = e

D1′(m,n1, n2, ..., ne + 1,

r1...re − 1, K, p) , otherwise


, otherwise

, B −
∑
j × nj ≥ e

, re 6= 0

D1(m,N,R,K, p) , otherwise
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4. No change in state

−(

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
+ S(0)× (m−

e∑
i=1

(ni + ri))

+
e∑
i=1

ni × S(i))×D1(m,N,R,K, p)

5. Income or loss

[

{
p× k2 , k1 = 0

−P (0) , k1 = 1
]

4.3.4.2 Expanded equation of D2

We have got the following equation as equation 4.7.

D2t(state1, t) =

[



{Probability of an arrival in state state1 in time dt}
×{-P(1)} , C(state1) = 1∑

state2 {Probability of state change from state1 to state2
in time dt due to an arrival}
×{D1(state2,K=state of new client,price(-C(state1)))} , C(state1) ≤ 0

−
∑
state2

{(Probability of state change from (0,0,0) to state2 in time dt

due to an arrival)
×D1(state2,K=state of new client,price(-C(0,0,0)))}]
+[
∑
state2

{(Probability of state change from state1 to state2 in time dt)

×D2t(state2, t+ dt)

−(Probability of state change from (0,0,0) to state2 in time dt)
×D2t(state2, t+ dt)}]
+[{1−

∑
state2

(probability of state change from state1 to state2 in time dt)}

×D2t(state1, t+ dt)] (4.9)
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It is expanded by separating the multiple ways by which state can change (like
in equation 4.8). The multiple ways are arrival, leaving idle state and then opening
a session or departing, and session close. The expanded equation is given below.

D2t(state1, t) =

[



{Probability of an arrival in state state1 in time dt}
×{-P(1)} , C(state1) = 1∑

state2 {Probability of state change from state1 to state2
in time dt due to an arrival}
×{D1(state2,K=state of new client,price(-C(state1)))} , C(state1) ≤ 0

−
∑
state2

{(Probability of state change from (0,0,0) to state2 in time dt

due to an arrival)
×D1(state2,K=state of new client,price(-C(0,0,0)))}]
+[
∑
state2

{(Probability of an arrival that chages state from state1 to state2

in time dt)×D2t(state2, t+ dt)

−(Probability of an arrival that changes state from (0,0,0) to state2 in time dt)
×D2t(state2, t+ dt)}]
+[
∑
state2

{(Probability of a client leaving idle state that

changes state from state1 to state2 in time dt)
×D2t(state2, t+ dt)]

+[
∑
state2

{(Probability of a client leaving session state that

changes state from state1 to state2 in time dt)
×D2t(state2, t+ dt)]

+[{1−
∑
state2

(probability of state change from state1 to state2 in time dt)}

×D2t(state1, t+ dt)] (4.10)

During time dt many state changes are possible. The right hand side of the
equation is grouped into four groups. These groups respectively the arrival of a new
client, a client leaving idle state, a client leaving session state, and no change in state.
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The function D2t(m,N,R) represents the advantage of a service provider in being
in state (m,N,R) instead of state (0, 0, 0) at time t due to income earned from newly
arriving clients. Therefore, we also consider the state change at state (0, 0, 0). At
state (0, 0, 0), only an arrival can take place. Since no client is connected at state
(0, 0, 0), state changes such as a client leaving idle state and a client closing a session
are not possible. If no state change takes place at state (0, 0, 0), its effect is also
zero because it is the product of two terms: <probability of no state change> and
−D2(0, 0, 0, t + dt). D2(0, 0, 0, t + dt) is advantage of being in state (0, 0, 0) as
compared to state (0, 0, 0) at time t + dt and therefore it is zero. Therefore, we use
state (0, 0, 0) only when we consider arrival of a new client.

1. Arrival

[



{Probability of an arrival in state state1 in time dt}
×{-P(1)} , C(state1) = 1∑

state2 {Probability of state change from state1 to
state2 in time dt due to an arrival}
×{D1(state2,K=state of new client,price(-C(state1)))} , C(state1) ≤ 0

−
∑
state2

{(Probability of state change from (0,0,0) to state2 in time dt

due to an arrival)
×D1(state2,K=state of new client,price(-C(0,0,0)))}]
+[
∑
state2

{(Probability of an arrival that chages state from state1 to state2

in time dt)×D2t(state2, t+ dt)

−(Probability of an arrival that changes state from (0,0,0) to state2
in time dt)×D2t(state2, t+ dt)}]

As already mentioned, probability of an arrival at state (m,N,R) in time dt
is λ(−C(m,N,R))dt if an arrival is accepted and λ(T − 1)dt if an arrival is
rejected. If the arrival is accepted (C(m,N,R)<1), the arriving client will
request for i unit of bandwidth with probability G(i). If bandwidth is available
it will increase the number of clients in session with i unit of bandwidth (ni)
and if bandwidth is not available it will increase the number of clients waiting
for i unit of bandwidth (ri). If the arrival is rejected (C(m,N,R)=1), there is
no change in state. Similarly, the probability of an arrival at state (0, 0, 0) in
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time dt is λ(−C(0, 0, 0))dt. We assume that at state (0, 0, 0), an arriving client
is not rejected.

As already mentioned, the function D2t(m,N,R) represents the advantage of
a service provider in being in state (m,N,R) instead of state (0, 0, 0) at time
t due to income earned from newly arriving clients. When an arrival takes
place in time dt, its effect is the sum of two set of terms: the expected income
earned from the arrival and the expected future congestion increase due to the
arrival. When an arrival takes place at state (m,N,R), the expected income
earned due to the arrival is calculated using function D1(). It is the difference
between the expected income earned at state (m,N,R) when an arrival takes
place at time dt and the expected income earned at state (0, 0, 0) when an
arrival takes place at time dt. We assume that the value of D1() is calculated
before calculating D2() and its value is available. The expected loss of income
from clients arriving in time dt is in terms of D2(). It is the difference between
the new D2() value when an arrival takes place at state (m,N,R) in time dt
and the new D2() value when an arrival takes place at state (0, 0, 0) in time
dt.

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
dt×

∑e
i=1G(i)×
D1(m+ 1, n1, .ni + 1.., ne, R,

k1 = 0, k2 = i, price(−C(m,N,R))) , B −
∑
i× ni ≥ i

D1(m+ 1, N, r1.ri + 1..re,

k1 = 1, k2 = i, price(−C(m,N,R))) , otherwise

, C(m,N,R) < 1

−P (1) , otherwise

, C(m,N,R) = 1

−λ(−C(0, 0, 0))dt(
e∑
i=1

G(i)×D1(m = 1, n1 = 0, .ni = 1.., ne = 0, R = 0,

k1 = 0, k2 = i, price(−C(0, 0, 0))))
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+

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
dt×

∑e
i=1G(i)×
D2t(m+ 1, n1, .ni + 1.., ne, R,

t+ dt) , B −
∑
i× ni ≥ i

D2t(m+ 1, N, r1.ri + 1..re,

t+ dt) , otherwise

, C(m,N,R) < 1

0 , otherwise

C(m,N,R) = 1

−λ(−C(0, 0, 0))dt(
e∑
i=1

G(i)×D2t(m = 1, n1 = 0, .ni = 1.., ne = 0, R = 0, t+ dt))

2. Leaving idle state

+[
∑
state2

{(Probability of a client leaving idle state that

changes state from state1 to state2 in time dt)
×D2t(state2, t+ dt)]

As mentioned earlier, the probability that a client leaves idle state is S(0)×(m−∑e
i=1(ni+ri))dt. When a client leaves idle state, the client will disconnect with

probability d or try to open a session with probability (1 − d). The following
expression is obtained.
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S(0)× (m−
e∑
i=1

(ni + ri))dt× [

d×D2t(m− 1, N,R, t+ dt)

+(1− d)×
e∑
i=1

{G(i)×{
D2t(m,n1, n2, .ni + 1.., ne, R, t+ dt) , B −

∑
x× nx ≥ i

D2t(m,N, r1.ri + 1..re, t+ dt) , otherwise
}]

3. Closing of a session

+[
∑
state2

{(Probability of a client leaving session state that

changes state from state1 to state2 in time dt)
×D2t(state2, t+ dt)]

The probability of a session close for a client in session with i unit bandwidth
is ni × S(i)dt. It is multiplied by the D2t() value when the session is closed.
However, when a session is closed, some bandwidth is released and therefore
among the clients waiting for session, few may get bandwidth. We assume
a temporary function D2′t() which represents the value of D2t() when some
checking needs to be done for available bandwidth and if available, bandwidth
may be given to the waiting clients.

e,ni 6=0∑
i=1

D2′t(m,n1, n2, .ni − 1.., ne, R, t+ dt)× ni × S(i)dt

where D2′t() in terms of D2t() is given below. As mentioned earlier, D2′t() is a
temporary function. The first possibility is checking for a client waiting for 1
unit bandwidth and whether this much bandwidth is available. This possibility
is represented by , B −

∑e
j=1 j × nj ≥ 1, r1 6= 0. Similarly the possibility

of checking for a client waiting for i unit bandwidth and whether this much
bandwidth is available is represented by , B −

∑
j × nj ≥ i, ri 6= 0. If for any
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value of i, the conditionB−
∑
j×nj ≥ i, ri 6= 0 is true, it means that bandwidth

may be given to a client requesting for i unit bandwidth. After giving the
bandwidth, the value of ri decreases and the value of ni increases. Once this
change is done, still the function D2′t() does not become D2t(). It is because
this checking is done recursively until it is not possible to give bandwidth to
any waiting client. In that case, D2′t(m,N,R, t) becomes D2t(m,N,R, t).

D2′t(m,N,R, t) =

D2′t(m,n1 + 1, n2, ..., ne, r1 − 1...re, t) , B −
∑
i× ni ≥ 1

, r1 6= 0

... .

D2′t(m,n1, n2, ..ni + 1., ne, r1.ri − 1..re, t) , otherwise

, B −
∑
j × nj ≥ i

, ri 6= 0

... .

D2′t(m,n1, n2, ..., ne + 1, r1...re − 1, t) , otherwise

, B −
∑
j × nj ≥ e

, re 6= 0

D2t(m,N,R, t) , otherwise

4. No change in state

[{1−
∑
state2

(probability of state change from state1 to state2 in time dt)}

×D2t(state1, t+ dt)]

It becomes

(1−

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
dt− S(0)× (m−

e∑
i=1

(ni + ri))dt

−
e∑
i=1

ni × S(i)dt)×D2t(m,N,R, t+ dt)
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The equations are rearranged to bring make the left hand side become the expression:
D2t(m,N,R,t)−D2t(m,N,R,t+dt)

dt
. This is done by bringing theD2t(m,N,R, t+dt) term from

the forth part ’No change in state’ and then everything is divided by dt.
D2t(m,N,R,t)−D2t(m,N,R,t+dt)

dt
is equal to the sum of the following terms.

1. Arrival

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
×

∑e
i=1G(i)×
D1(m+ 1, n1, .ni + 1.., ne, R,

k1 = 0, k2 = i, price(−C(m,N,R))) , B −
∑
i× ni ≥ i

D1(m+ 1, N, r1.ri + 1..re,

k1 = 1, k2 = i, price(−C(m,N,R))) , otherwise

, C(m,N,R) < 1

−P (1) , otherwise

, C(m,N,R) = 1

−λ(−C(0, 0, 0))(
e∑
i=1

G(i)×D1(m = 1, n1 = 0, .ni = 1.., ne = 0, R = 0,

k1 = 0, k2 = i, price(−C(0, 0, 0))))

+

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
×

∑e
i=1G(i)×{
D2t(m+ 1, n1, .ni + 1.., ne, R, t+ dt) , B −

∑
i× ni ≥ i

D2t(m+ 1, N, r1.ri + 1..re, t+ dt) , otherwise
, C(m,N,R) < 1

0 , otherwise

, C(m,N,R) = 1

−λ(−C(0, 0, 0))(
e∑
i=1

G(i)×D2t(m = 1, n1 = 0, .ni = 1.., ne = 0, R = 0, t+ dt))
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2. Leaving idle state

S(0)× (m−
e∑
i=1

(ni + ri))× [

d×D2t(m− 1, N,R, t+ dt)

+(1− d)×
e∑
i=1

{G(i)×{
D2t(m,n1, n2, .ni + 1.., ne, R, t+ dt) , B −

∑
x× nx ≥ i

D2t(m,N, r1.ri + 1..re, t+ dt) , otherwise
}]

3. Closing of session

e,ni 6=0∑
i=1

D2′t(m,n1, n2, .ni − 1.., ne, R, t+ dt)× ni × S(i)

where D2′t() is written as

D2′t(m,N,R, t) =

D2′t(m,n1 + 1, n2, ..., ne, r1 − 1...re, t) , B −
∑
i× ni ≥ 1

, r1 6= 0

... .

D2′t(m,n1, n2, ..ni + 1., ne, r1.ri − 1..re, t) , otherwise

, B −
∑
j × nj ≥ i

, ri 6= 0

... .

D2′t(m,n1, n2, ..., ne + 1, r1...re − 1, t) , otherwise

, B −
∑
j × nj ≥ e

, re 6= 0

D2t(m,N,R, t) , otherwise

TH-1482_08610101



4.3. ACCURATE SOLUTION 85

4. No change in state

−(

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
dt+ S(0)× (m−

e∑
i=1

(ni + ri))dt

+
e∑
i=1

ni × S(i)dt)×D2t(m,N,R, t+ dt)

At steady state the left hand side becomes zero and time is removed from the equa-
tions. D2t() becomes D2() (and D2′t() becomes D2′()). Therefore the sum of the
following terms is zero for every valid value of (m,N,R).

1. Arrival

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
×

∑e
i=1G(i)×
D1(m+ 1, n1, .ni + 1.., ne, R,

k1 = 0, k2 = i, price(−C(m,N,R))) , B −
∑
i× ni ≥ i

D1(m+ 1, N, r1.ri + 1..re,

k1 = 1, k2 = i, price(−C(m,N,R))) , otherwise

, C(m,N,R) < 1

−P (1) , otherwise

, C(m,N,R) = 1
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−λ(−C(0, 0, 0))(
e∑
i=1

G(i)×D1(m = 1, n1 = 0, .ni = 1.., ne = 0, R = 0,

k1 = 0, k2 = i, price(−C(0, 0, 0))))

+

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
×

∑e
i=1G(i)×{
D2(m+ 1, n1, .ni + 1.., ne, R) , B −

∑
i× ni ≥ i

D2(m+ 1, N, r1.ri + 1..re) , otherwise
, C(m,N,R) < 1

0 , otherwise

, C(m,N,R) = 1

−λ(−C(0, 0, 0))(
e∑
i=1

G(i)×D2(m = 1, n1 = 0, .ni = 1.., ne = 0, R = 0))

2. Leaving idle state

S(0)× (m−
e∑
i=1

(ni + ri))× [

d×D2(m− 1, N,R)

+(1− d)×
e∑
i=1

{G(i)×

{
D2(m,n1, n2, .ni + 1.., ne, R) , B −

∑
x× nx ≥ i

D2(m,N, r1.ri + 1..re) , otherwise
}]

3. Closing of session

e,ni 6=0∑
i=1

D2′(m,n1, n2, .ni − 1.., ne, R)× ni × S(i)
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where D2′() is written as

D2′(m,N,R) =

D2′(m,n1 + 1, n2, ..., ne, r1 − 1...re) , B −
∑
i× ni ≥ 1

, r1 6= 0

... .

D2′(m,n1, n2, ..ni + 1., ne, r1.ri − 1..re) , otherwise

, B −
∑
j × nj ≥ i

, ri 6= 0

... .

D2′(m,n1, n2, ..., ne + 1, r1...re − 1) , otherwise

, B −
∑
j × nj ≥ e

, re 6= 0

D2(m,N,R) , otherwise

4. No change in state

−(

({
λ(−C(m,N,R)) , C(m,N,R) ≤ 0

λ(T − 1) , C(m,N,R) = 1

)
+ S(0)× (m−

e∑
i=1

(ni + ri))

+
e∑
i=1

ni × S(i))×D2(m,N,R)

4.3.5 Solution and Complexity analysis

In this subsection, we present the complexity analysis of our solution.

4.3.5.1 Solution and Complexity analysis

We need to estimate the time and space required to get a correct decision matrix C.
Further, we need to estimate the amount of space that will be required to store C.
The C array stores an integer for each value of state. The space required to store C
is the number of possible values of state (m,N,R). The number of service classes is
e. As m becomes large, the number of possible values of ni for every i will depend
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on the bandwidth B and not on m. So the number of possible values of N becomes
O(Be). But the possible values of ri for every i will depend on m. Therefore, the
number of possible values of R becomes O(mmax

e). The number of possible values
of (m,N,R) comes to be O(mmax

e+1×Be). Therefore, the space required to store C
is O(mmax

e+1×Be).
The total time taken is the number of possible values of C being checked multi-

plied by the time taken to verify the correctness of C values. The total time taken
is the time taken to find D() from C() multiplied by the number of C() values to
be checked for correctness. As already shown, to find D() from C(), some equations
have to be solved and the number of equations are the number of possible values of
(m,N,R,K) divided by mmax. The other steps take less time and space and can be
ignored. There are many equation in D1() and D2() and these equations have to
be solved. The number of equations of D1() is the number of unique possibilities of
(m,N,R,K, p). The number of equations of D2() is the number of unique possibili-
ties of (m,N,R). The method to find D1() and D2() is the same. D1() consists of
more unknowns and therefore the time and space taken to find D1() is more than the
time and space taken to find D2(). Therefore, we ignore the time and space taken
to find D2().

We consider each price separately so the number of possibilities now are (m,N,R,K).
To solve these equations, we choose some unknowns, write every other unknown in
terms of those chosen unknowns, and then solve for those chosen unknowns. The cho-
sen unknowns are those values of D1() and D2() for which m is mmax. This reduces
the number of possible equations by mmax. The time taken to write every unknowns
in terms of the chosen unknowns is the product of the number of chosen unknowns
and the number of unknowns. It is O(mmax

e×Be) multiplied by O(mmax
e+1×Be).

It becomes O(mmax
2e+1×B2e). This value is usually small as compared to the time

taken to solve the equation we get below (O(mmax ×B)2.3727×e) and can be ignored.
The space taken is the square of the chosen unknowns and it does not affect the
overall complexity so it can also be ignored. The main time and space taken to find
D1() and D2() is the time to solve the equations containing chosen unknowns.

We use LU Decomposition method to solve the equations. In the method of
solving LU decomposition[7], the step which takes maximum time is triangular
factorization[13]. In [13], authors have shown that if an algorithm to multiply two n
by n matrix has some time complexity then triangular factorization can also be done
with the same time complexity. In [60], the authors have shown that multiplication of
n by n matrix can be done in O(n2.3727) time. Therefore the time complexity reduces
to {(number of possible values of (m,N,R,K))/mmax}2.3727×(number of prices). The
space complexity is of order {(number of possible values of (m,N,R,K))/mmax}2 be-
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cause this is the size of matrix in LU decomposition method.

We find the complexity in terms of mmax, e and B by finding the number of
possible values of (m,N,R,K). m ranges from 1 tommax inD1() function. As shown
above, space taken to store all the possible values of (m,N,R) is O(mmax

e+1×Be).
K represents the state of the extra client and it is of the order of the number of
possible states of the extra client. A client can be idle, in session or waiting for
session. Therefore, the number of possible states is 1 + 2 × e and therefore K is of
order e.

The number of possible values of D1() for a given price p is (mmax
e+1×Be)

×e/mmax. It is of order O((mmax
e×Be) × e). This makes the time complexity

of finding D() from C() and then finding Cnew() from D() equal to O((mmax
e×Be)

×e)2.3727 ×(number of prices)), which reduces to O((mmax×B)2.3747×e×T ) and space
complexity equal to O(((mmax

e×Be) ×e)2), which reduces to O((mmax ×B)2×e).

Assume that x is the number of different values of C() which have to be checked
for correctness. As shown above, the time taken to find Cnew() from C() is of
O(((mmax

e×Be) ×e)2.3727 ×T ). The overall time taken is of order O(((mmax
e×Be)

×e)2.3727 ×T ×x). The value of x is not known. In the best case, x will be very
small and can be ignored. So the complexity reduces to O((mmax×B)2.4×e× T ). In
the worst case, x can be very large. The number of possible values of (m,N,R) are
exponentially large. In each state, ’T +1’ decisions can be taken and therefore there
can be (T + 1)(mmax)e+1×Be decisions. However, it is possible to reduce the number
of possible decisions that are valid. As the connected clients increase or number of
clients in session increase, a client is being charged a higher price instead of a low
price or a client is rejected instead of being charged the higher price. It will not
happen that a client was being rejected at lower value of m and is being accepted
at higher value of m when N and R remain the same. Therefore, the objective is
to find those states at which the best decision of a service provider changes. This
reduced the number of possible states to be checked but still it is quite large.

So we obtain a time and space complexity of calculating the C matrix to be
O((mmax × B)2.4×e × T ) and O((mmax × B)2×e) respectively. The size of the C
matrix is O((mmax ×B)e). Unless e is 1, it is not possible to calculate the C values
except for small values of mmax and B. So with a maximum of 1000 users, 200 Mbps
of bandwidth, two values for e and two prices, it will take approximately 1767 million
years to calculate C with a one nanosecond per operation time. The size of C will
be 400 MB.
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4.3.5.2 Reduced complexities when e = 1

The time and the space complexities of the accurate solution is not too high when e is
1. When e is 1, the state of a service provider can be represented by just two integers
(m,n) where m is the number of connected clients and n is sum of the number of
clients in session and the number of clients waiting for session. The solution matrix
takes two inputs m and n where m ranges from 0 to mmax and for each value of m, n
ranges from 0 to m. Therefore, the space required to store C() matrix is O(mmax

2).
When e becomes 1, just one integer is used to store the number of clients in

session and the number of clients waiting for session. This removes the bandwidth
term from the above complexities when e can take any value. Therefore, the time
complexity O((mmax×B)2.4×e×T ) becomes O((mmax)

2.4×T ); and space complexity
O((mmax ×B)2×e) becomes O(mmax)

2.

4.3.6 Proof that the AAEC method always produces an op-
timal solution

We assume that a service provider considers a solution C() and then using the AAEC
method obtains Cnew(). The first theorem is to show that when C() and Cnew() differ
in some values, Cnew() produces more income than C() at steady state. The second
theorem proves that starting from any C(), using AAEC steps, it is guaranteed in
finite steps the solution converges. The third theorem proves that when C() and
Cnew() do not differ in any value, C() is an optimal solution.

Theorem 1. If C() and Cnew() are different, at steady state, Cnew() produces more
income than C().

Proof. Let Income(X()) be income produced per unit time at steady state when
solution X is used. Assume that C() and Cnew() are different. We need to prove
that Income(Cnew()) is greater than Income(C()). Suppose at run time, solution C()
is being used. Consider a state s1 for which C(s1) and Cnew(s1) are different. When a
service provider reaches state s1, taking decision Cnew(s1) instead of C(s1) increases
income according to our equations that are used to calculate Cnew(). Therefore, the
decision at state s1 may be replaced by Cnew(s1). Now let the service provider reach
any other state s2 for which C(s2) and Cnew(s2) are different. All the state changes
in our model have exponential distribution and this distribution has memoryless
property. According to this property, the future state depends on the present state
and is independent of the past. Therefore, the best decision to be taken in a state
also does not depend on the decisions that were taken in the past. Therefore, the
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decision taken in state s1 does not affect the decision to be taken in state s2. It
means that now the decision state state s2 may be modified to Cnew(s2) and this
increases income. Therefore, in every state si for which C(si) and Cnew(si) are
different, taking decision Cnew(si) instead of C(si) increases income because of the
memoryless property of the system. Therefore, C() may be replaced by Cnew() at
runtime and expected future income increases. Therefore, Income(Cnew()) is greater
than Income(C()).

Theorem 2. The AAEC method is guaranteed to converge to a state where C() is
equal to Cnew().

Proof. According to theorem 1, at each iteration of the AAEC method, the steady
state income increases. mmax represents the maximum number of connected clients.
When a service provider reaches this capacity, an arriving client is rejected. This
makes the state space finite. Because the state space is finite, the number of possible
solutions, C() are also finite. At each AAEC iteration, among all possible solutions,
an improved solution is found. Due to the memoryless property of the system, this
means that a solution once reached cannot be reached again. Therefore, the AAEC
method is guaranteed to give a solution which will be a maximum and therefore C()
will be equal to Cnew()

Theorem 3. C() and Cnew() are the same, if and only if C() is a globally optimal
solution.

Proof. While there may be more than one globally optimal solution, the method
adopted keeps C() if C() is found to be equal to Cnew(). We can therefore prove the
reverse direction by definition: since C() is an optimal solution, any solution derived
from C() must be the same as C(), and so C() must be equal to Cnew(). For the
forward direction, suppose there is a solution C() such that C() is equal to Cnew()
(that is they have the same value for every state). Suppose there exists a globally
optimal solution Copt() which is different from C(). Suppose at run time, solution C()
is being used. Consider a state s1 for which C(s1) and Copt(s1) are different. When
a service provider reaches state s1, taking decision Copt(s1) instead of C(s1) will not
increase income because, if that were so, then it means that C(s1) would have been
replaced by Copt(s1) during the AAEC method. But C(s1) is equal to Cnew(s1).
Therefore, if the decision at state s1 is replaced by Copt(s1) income will not increase.
Now suppose the service provider reaches some other state s2 for which C(s2) and
Copt(s2) are different. As already mentioned, because of the memoryless property of
our system, past decisions do not effect the present decisions. Therefore, a decision
taken in state s1 does not affect any decision taken in state s2. It means that now
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if the decision state state s2 is modified to Copt(s2), this will not increase income.
Therefore in every state si for which C(si) and Copt(si) are different, taking decision
Copt(si) instead of C(si) will not increase income. This means Income(Copt()) is
less than or equal to Income(C()). Because Copt() is an optimal solution, income
produced by Copt() cannot be less than income produced by any other solution.
Therefore, both C() and Copt() produce the same income at steady state. Therefore
C() is a globally optimal solution.
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Approximate Solutions

We present two approximate solutions. The first is the session approximate solution.
The second is the grouped approximate solution. It is possible to combine the two
approximate solutions and in that case it is called the session grouped approximate
solution.

5.1 Definition of Symbols
Let λ(i) be the mean arrival rate of clients that connect to the service provider when
the price being charged is price(i). As the price increases, the arrival rate goes down.
The actual correlation between the prices and the mean arrival rate is left as inputs
to the model. In practice, it is assumed that the mean arrival rates and prices will
be set periodically based on historical data. The arrival of clients is modeled as a
Poisson process. The session duration for a client consuming i units of bandwidth is
modeled by an exponential distribution with a mean service time of 1

S(i)
. The idle

duration is also modeled by an exponential duration with mean 1
S(0)

. After the idle
duration ends, a client disconnects with probability d or again requests for bandwidth
with probability (1− d).

As already mentioned, the state of a service provider is represented as (m,N,R)
where m represents the number of clients connected. All the symbols and their
definitions are described and shown in Table 5.1 and Table 5.2. The definition of
those symbols whose values are taken as input are given in Table 5.1 and the definition
of symbols whose values are calculated are given in Table 5.2. The goal is therefore
to find the values of the decision matrix that gives an optimal solution. These values
can be found off-line, beforehand.

At steady state, a service provider earns some income per unit time. The decisions

93
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Table 5.1: Definition of Symbols
Symbol Description
λ(i) The mean arrival rate of clients at the service provider when

price(i) is being charged; i varies from 0 to T − 1 (unit: num-
ber of clients/time)

G(i) Probability of a client requesting i units of bandwidth when he
initially has no bandwidth. Here i is an integer ranging from 1 to
e.

1
S(i)

Mean session duration or idle duration for which a client consumes
i units of bandwidth. If i is zero, it is the mean time a client
remains idle. If i is non zero, it is the mean time for which a client
remains in session consuming i units of bandwidth. (time)

price(i) price(i) is an array which stores the possible prices per unit data
that can be charged from an arriving client. The values stored
in price(i) are in ascending order. price(0) is the least price and
price(T − 1) is the maximum. (rupee/data-unit)

T Number of prices
mmax It is the maximum possible value of the number of clients con-

nected.
B The total units of bandwidth available with the service provider

(data-units / time)
e Maximum number of units of bandwidth a client can request from

his service provider. A client can request 1 to e units of bandwidth
(data-units / time; also used as an index to arrays).

d Probability that a client disconnects immediately after leaving the
idle state.

P (0) Penalty per unit time which is paid to a client when he waits for
Session entry. (rupee/time)

P (1) Penalty which a client gets when his request to connect is rejected.
(rupee)

m The number of clients connected. It ranges from 1 to mmax.
N An array which represents the number of clients in session and its

index ranges from 1 to e. So ni represents the number of clients
in session with i units of bandwidth.

R An array which represents the number of clients waiting for a
session and its index also ranges from 1 to e. ri represents the
number of users who requested for i units of bandwidth but are
queued where i ranges from 1 to e.
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Table 5.2: Definition of Symbols whose values are calculated
Symbol Description

C(m,N,R) The decision a service provider takes on the
arrival of a client when the state of a ser-
vice provider is (m,N,R). When the value
of C(m,N,R) is zero or less, the client is to
be accepted and the price to be charged is
price(−C(m,N,R)). When C(m,N,R) is 1, the
client is to be rejected. C(m,N,R) is a function
in the analysis, but its values are calculated of-
fline and stored in an array C and at run time, it
is the array that is consulted. (an integer)

Ca(m) It stores the decisions to be taken at state m in
the simplified model. The values of C(m,N,R)
are obtained as given below (an integer)

C(m,N,R) = Ca(m),∀N,R

.
Income Expected income per unit time. (rupee/time)
Pri(m) Steady state probability of m clients being con-

nected when arriving clients have infinite popu-
lation

Pr(m,n1, ..ne, r1, ..re) The steady state probability that ni clients in
session consuming i units of bandwidth and ri
clients queued for session for i units of bandwidth
where i is an integer ranging from 1 to e and the
total population is finite and is m.

Waiting(m) Expected number of clients waiting for band-
width when m clients are connected

I(m) Expected number of idle clients when m clients
are connected

Ed It is the expected data transferred by a newly
arriving client (data-unit)
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that produces the maximum steady state income per unit time are optimal decisions.
We do not assume that an optimal decision is unique. There may be multiple optimal
decisions and each of those decisions may produce the same income at steady state.
The objective is to get any optimal decision. To make the analysis tractable, we
consider only the number of clients connected in taking any decision. For a given
value of the number of connected clients, the number that will be idle and the number
that will be waiting for a session are estimated. So we find the optimal set of values
for the array Ca(m) and then map them to the array C(m,N,R).

5.2 Session Approximate Solution
In the session approximate solution, the state of a service provider is represented by
an integer m, which is the number of connected clients. This reduces the state space
considerably. The decision a service provider takes at state m is given by Ca(m).
Out of the m clients the expected number in session and the expected number in idle
state are estimated as shown below in the analysis. The problem is to find that value
of Ca(m), for every m, which maximises the average income of the service provider.
Once the solution is obtained, Ca(m) is then used for all C(m,N,R) as given below.

C(m,N,R) = Ca(m), ∀N,R

5.2.1 Finding solution Ca()

The method is to iterate through all possible values of Ca() and in each case find the
expected income. The solution is that Ca() which provides the maximum expected
income. It is assumed that a service provider charges a low price when no client is
connected and increases its price when more clients are connected. Therefore, the
number of possible permutations of Ca() which have to be considered is not too high
if the number of possible prices are limited. The details of the number of possible
permutations of Ca() to be considered is given in section 5.2.6.

5.2.2 Finding Income

The expected income per unit time is found by multiplying the probability of a
service provider being in state m by the income per unit time earned at state m for
every possible state m and summing the results. The expected income earned at
state m consists of two terms as shown in the equation below: the first term is the
loss because of clients waiting for a session. There are waiting(m) clients expected
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to be waiting and the penalty rate is P(0). The first part of the second term is the
expected income from arriving clients. This is the rate at which clients arrive when
in state m times the expected number of data units each client requests times the
price per data unit when in this state. The second part of the second term is to
handle the case when the client is rejected, and this is a loss and is the arrival rate
at the highest price times the penalty to be paid.

Income =
mmax∑
m=0

Pri(m)

×

−Waiting(m)× P (0) +



λ(−Ca(m))×
Ed × price(−Ca(m)) , Ca(m) ≤ 0

−λ(T − 1)× P (1) , otherwise




(5.1)

As can be seen, the expected income depends on the decision taken which is the
value of Ca(m). So to find the best expected income rate, we have to find the proper
values of Ca(m).

5.2.3 Finding Waiting()

As the state space has been reduced, the number of clients waiting for bandwidth
(for a session) is approximated by calculating the expected number of clients waiting
when m clients are connected and this is denoted by Waiting(m). The method to
find Waiting(m) is as follows. The expected number of clients waiting when the
state is (m,n1, n2, ..., ne, r1,..., re) is multiplied by the probability that the state is
(m,n1, n2,..., ne, r1,..., re) when m clients are connected and this is added for every
possible value of ni and ri, for all i. When m clients are connected, the probability
that the state is (m,n1, n2,..., ne, r1,..., re) is given by Pr(m,n1, n2, ..., ne, r1, ..., re).
The number of clients waiting when state is (m,n1, n2, ..ne, r1, ..., re) is by definition∑e

i=1 ri. So

Waiting(m) =
∑

(n1,...,ne,r1,...,re)

(
Pr(m,n1, n2, ..ne, r1, ..., re)×

e∑
i=1

ri

)
(5.2)

When a client is connected, he may be in idle state, in session or waiting for
a session. When m clients are connected, the probability that ni clients are in
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session and ri clients are waiting for a session for i ranging from 1 to e is given
by Pr(m,n1, n2, ..ne, r1, ..re). If the value of e is 1 (all clients request exactly one
unit of bandwidth), Pr() can be obtained using the finite source queueing theory
formula[57].

Pr(m,n1, r1) =
m!

(m− n1 − r1)!× n1!×Br1

{(
S(0)

S(1)

)n1+r1
}

×Pr(m, 0, 0) (5.3)

and

Pr(m, 0, 0) =
1∑

n1,r1
m!

(m−n1−r1)!×n1!×Br1

{(
S(0)
S(1)

)n1+r1
}

For values of e > 1, we expand the terms of the above equation in a “natural”
manner (we are unable to prove that this is an accurate formula), and, for m clients,
we use the following expression for steady state probability.

Pr(m,n1, n2, ..ne, r1, ..., re) =
m!

(m−
∑e

i=1{ni + ri})!× (
∑e

i=1 ni)!×
∏e

i=1

(
B
i

)ri
×

e∏
i=1

{(
S(0)×G(i)

S(i)

)ni+ri
}
× Pr(m, 0, 0, ..., 0)

(5.4)

The sum of probabilities is 1. Therefore, another equation is∑
(n1,...,ne,r1,...,re)

Pr(m,n1, n2, ..ne, r1, ..., re) = 1

On substituting the value of Pr(m,n1, n2, ..ne, r1, ..., re) from equation 5.4, we
get

∑
(n1,...,ne,r1,...,re)

[
m!

(m−
∑e

i=1{ni + ri})!× (
∑e

i=1 ni)!×
∏e

i=1

(
B
i

)ri
×

e∏
i=1

{(
S(0)×G(i)

S(i)

)ni+ri
}
× Pr(m, 0, 0, ..., 0)] = 1
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From this the value of Pr(m, 0, 0...0) is

Pr(m, 0, 0, ..., 0) =(
∑

(n1,...,ne,r1,...,re)

{ m!

(m−
∑e

i=1{ni + ri})!× (
∑e

i=1 ni)!×
∏e

i=1

(
B
i

)ri
e∏
i=1

(
S(0)×G(i)

S(i)

)ni+ri

})−1 (5.5)

5.2.4 Finding Pri()

I(m), the expected number of idle clients when there are m clients in the system can
be found the same way as Waiting(m). So, the expression is

I(m) =
∑

(n1,...,ne,r1,...,re)

{
Pr(m,n1, n2, ..ne, r1, ..., re)× (m−

e∑
i=1

{ni + ri})!

}
(5.6)

Now, the departure rate from the system is I(m)× d× S(0) by definition of the
model. If we consider this departure process to be memoryless and if we ignore the
rejection of clients at connection time (making the arrival process memoryless), then
the system can be modelled as a Markov Chain and the global balancing equation
can be applied:

Pri(m)× departure rate = Pri(m− 1)× arrival rate (5.7)

equation where Pri(m) is the steady state probability of m connected clients. The
mean arrival rate when there are m − 1 clients is λm−1, and this depends on the
price being charged in state m − 1. By our definition given in Table 5.1 this is
λ(−Ca(m− 1)). So we get,

Pri(m)× I(m)× d× S(0) = Pri(m− 1)× λ(−Ca(m− 1)) (5.8)

This can be re-written as

Pri(m) =
1

I(m)

(
λ(−Ca(m− 1))

d× S(0)

)
× Pri(m− 1) (5.9)

Further, the following will hold and the two equations can be used to solve for
Pri(m).

1 =
mmax∑
i=0

Pri(i) (5.10)
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5.2.5 Finding Ed

The method to find the approximate data consumption by an arriving client, Ed is
given below. When a client connects, he consumes i units of bandwidth for a period
with mean 1

S(i)
with probability G(i) and then becomes idle for a period with mean

1
S(0)

. At the end of this idle period he disconnects with probability d. Otherwise, he
again requests for bandwidth with probability (1 − d) and therefore again transfers
Ed units of data. So we get,

Ed =
e∑
i=1

G(i)× 1

S(i)
× i+ (1− d)× Ed

This can be re-written as

Ed =
e∑
i=1

(
G(i)

d× S(i)
× i
)

(5.11)

.

5.2.6 Complexity Analysis

The values of Pr() and Waiting(m) have to be calculated only once because these
do not depend on the values of Ca(). The number of times Pr() has to be computed
depends on the number of unique possible values of Pr(m,n1, ..ne, r1, ..re). m ranges
from 0 to mmax. When mmax is large, n1 to ne depend on B and not on mmax so they
are of order (B). r1 to re are of order (mmax). By multiplying all of them, the number
of possible values of Pr() for mmax connected clients is O(mmax

e×Be). Since m can
range from 0 tommax, this complexity has to be multiplied bymmax to get the number
of possible values of Pr(). For a given value of m, the value of Pr() is computed by
using equations 5.4 and 5.5. Their complexity is the same as the number of values
computed. The time complexity is therefore given by O(mmax

e+1×Be). For example,
if e is 2, mmax is 100 and B is 20, the time taken is O(1002+1×202) (O(4×108)).

As can be seen from equation 5.4, the values of Pr(m,n1, ..., ne, r1, ..re) are in
terms of Pr(m, 0, 0, ..., 0). For finding Pr(m, 0, 0, ..., 0), equation 5.5 is solved which
has constant space requirement. Once Pr(m, 0, 0, .., 0) is computed, every other
value can be computed by using equation 5.4. Therefore, the space requirement to
compute all values of Pr() is a constant.

Once Pr() is found,Waiting() is computed and its value has to be stored. There-
fore, the space complexity depends on the value ofWaiting(). The space complexity
is O(mmax).
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The time taken to find income and Pri(m) from equations 5.9 and 5.10 is
O(mmax).

The next step is to find the number of possible values of Ca(). As already men-
tioned, a service provider has to consider all possible values of Ca() and to choose that
Ca() which maximizes the expected income. It is asserted without proof (although
it is intuitively obvious if the model is examined) that, in any optimal solution, the
price charged when there are k users will always be greater than or equal to the price
charged when there are j users when k>j. So all permutations of the array Ca() do
not have to be considered. We have a case of permutations of lengthmmax (the length
of Ca() ) with elements ranging from 1 to T with repetitions allowed, but with all
numbers in a permutation in non-decreasing order left to right. These permutations
can be generated by T nested loops with indices i1, i2 ...iT and each index ranging
from i(j) = i(j − 1) to mmax , with i1 starting from 0. The number of instances
of Ca() that will be generated will be of the order of mmax

T . For each instance the
time to find the income has already been shown to be O(mmax). So the time com-
plexity of the method is O(mmax

T+1). This complexity of O(mmax
T+1) is under the

assumption that the value of Pr(), Waiting(), Ed are already known. The overall
time complexity is the maximum of the two and it is O(mmax

e+1×Be+mmax
T+1). If

the solution is recomputed after modifying only the mean arrival rate λ(), the values
of Pr(), Waiting(), Ed need not be recomputed and therefore the time taken will
be O(mmax

T+1). When the solution is implemented, a service provider observes the
mean arrival rate of clients and based on this it calculates the output. If the mean
arrival rate of client changes, it may recalculate the solution.

5.3 Grouped approximate solution
When a service provider becomes very large, a single client will be too small to be
considered for taking a decision. Therefore, a service provider, instead of considering
each client, may consider him in groups. A service provider does not consider exactly
how many clients are present but considers the approximate value. The approxima-
tion depends on group size. For example, suppose the group size is 100. The input
to the solution is not exactly how many clients are present but is some range. For
example, the input may be that 500 to 600 clients are connected but not the exact
number. When arrival takes place, with 1

100
probability the number of clients, change

to ‘600 to 700’ from ‘500 to 600’.
For finding the solution, the values of mmax, B, λ() and connected clients are

divided by the group size and the new values are the input to the problem. The
result is applied to the actual scenario. Other things remain the same.
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This grouping reduces the space and time complexity of the solution. For finding
the space and time complexity, the value of mmax and B is divided by group size and
everything else is the same. A service provider can trade off accuracy against time
complexity by varying the group size.

It is possible to have a combination of session approximate and grouped approx-
imate solution. In that case it is termed as session grouped approximate solution.

5.4 A Simple Heuristic

We need a basis of comparing our solutions to other possible solutions. We cannot
compare our results with flat pricing schemes as the QoS requirements do not exist
there. In this section, we present a simple heuristic which fixes the price based on an
estimate of how loaded the system is and which pays penalties like our methods. In
this method, a service provider estimates the bandwidth requirement by connected
clients. If it is greater than or equal to the actual bandwidth, a newly arriving
client is rejected. Otherwise, an arriving client is charged an appropriate price and
is allowed to connect. The appropriate price is given below. An arriving client is
charged price price(i) if the following two conditions are satisfied.

i ≤
(
<estimated bandwidth requirement>

<total bandwidth>
× T

)
and

i+ 1 >

(
<estimated bandwidth requirement>

<total bandwidth>
× T

)
where T is the number of prices. The value of total bandwidth and number of

prices is known. The only thing to be found is the bandwidth required by connected
clients. The method to find the estimated bandwidth requirement by connected
clients is as follows. Let there be m connected clients. With burst times much less
than inter-arrival times of new clients, this can be considered a finite population
system in steady state. A connected client sometimes remains idle and sometimes
consumes bandwidth. Let x be the estimated number of idle clients. These clients
open sessions needing i units of bandwidth at the rate S(0)×x× (1−d)×G(i). The
estimated number of clients consuming i units of bandwidth is ni. The clients who
are in session with i units of bandwidth complete their sessions at the rate of S(i)×ni
. Both the rates are equal at steady state and so S(0)×x× (1−d)×G(i)= S(i)×ni

Therefore,
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x

ni
=

S(i)

G(i)× (1− d)× S(0)
Rearranging we get,

ni
x

=
G(i)× (1− d)× S(0)

S(i)
(5.12)

Therefore,

ni = x× G(i)× (1− d)× S(0)
S(i)

(5.13)

The total number of clients connected is m. As a simplification for estimation
purposes, we assume that no client waits for bandwidth. Therefore, m is the sum of
the estimated number of idle clients and the sum of the estimated number of clients
consuming bandwidth:

m = x+
e∑
i=1

ni

With this the following terms are obtained.

m = x+ x×
e∑
i=1

G(i)× (1− d)× S(0)
S(i)

The ratio of the number of connected clients and the estimated number of idle
clients is obtained by the following steps.

m

x
= 1 +

e∑
i=1

G(i)× (1− d)× S(0)
S(i)

x

m
=

1

1 +
∑e

i=1
G(i)×(1−d)×S(0)

S(i)

(5.14)

Therefore,

ni
m

=
ni
x
× x

m

After substituting the value of ni

x
from equation 5.12 and the value of x

m
from

equation 5.14, we get
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ni
m

=
G(i)× (1− d)× S(0)

S(i)
× 1

1 +
∑e

i=1
G(i)×(1−d)×S(0)

S(i)

ni = m× G(i)× (1− d)× S(0)
S(i)

× 1

1 +
∑e

i=1
G(i)×(1−d)×S(0)

S(i)

Estimated bandwidth consumed is

e∑
i=1

i× ni

After substituting the value of ni, the estimated bandwidth consumed is found
to be

e∑
i=1

i×m× G(i)× (1− d)× S(0)
S(i)

× 1

1 +
∑e

i=1
G(i)×(1−d)×S(0)

S(i)
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Chapter 6

Simulations

We have presented an accurate solution, approximate solutions and a simple heuristic
solution. The accurate solution has high time and space complexities and is not
suitable for large sized service providers. Even for medium sized service providers it
works only when we apply a restriction that a client can request for only one unit
of bandwidth (when e=1). Therefore, we have presented solutions with lower time
and space complexities. These solutions however are approximate and need to be
evaluated. In this chapter, we evaluate the performance of our approximate solutions
and our simple heuristic solution. We simulate the clients and the observe the income
of service providers and quality of service provided to clients.

For each simulation, the performance of the solutions is in terms of income of
a service provider when a given solutions is used, total delay for which connected
clients have to wait for bandwidth and the total number of connection requests
rejected. In each comparison, service providers are identical (have same bandwidth,
mmax, etc. and may differ only based on the solution they use) and this is done
for fair comparison of our solutions. These simulations are categorized into various
categories based on their purpose. These are given below.

1. Comparison of our accurate solution, our session approximate solu-
tion and the simple heuristic solutions. As already mentioned, the main
objective of our simulations is to evaluate our approximate solutions and our
simple heuristic solution. In these simulations, we directly compare our ap-
proximate solutions and simple heuristic solution with our accurate solution.
However, these simulations have limitations. Because of high time and space
complexities of our accurate solution, the solution generally works for small
sized service providers. Only in the specific case when the maximum band-
width that may be requested by a client is restricted to one unit, it works for

105

TH-1482_08610101



106 CHAPTER 6. SIMULATIONS

medium sized service providers. These simulations are given in Section 6.1.
The simulations show that the session approximate solution works well and
the average decline in income when the session approximate solution is used
instead of the accurate solution is approximately within 10 percent.

2. Simulating solutions that work for medium and large service providers.
We have done another set of simulations in which we compare our solutions
that work for medium and large sized service providers. As already mentioned,
our accurate solution generally works for only small sized service providers
and therefore we have compared our non accurate solutions with each other in
these simulations. We compare our solutions by varying the important simula-
tion parameters and observe the performance difference. These simulations are
given in Section 6.2. The simulations show that our approximate solutions per-
form well for medium and large service providers. Our solutions provide better
income and quality of service as compared to the simple heuristic solution.

3. Simulation to find which approximate solution is better. After doing
the above simulations, we found that one of our approximate solutions per-
forms well for some configuration and another performs well for some other
configuration. Therefore, we have done another set of simulations to find the
appropriate solution to be used for different configurations. These simulations
are given in Section 6.3.

4. Checking the performance of our simple heuristic solution. In most of
the above simulations, our accurate and approximate solutions perform better
than the simple heuristic solution. This raises a question on the performance
of our simple heuristic solution. Therefore, we have also compared our simple
heuristic with a simpler heuristic and a random solution to find out whether
our chosen heuristic is good enough. These simulations are given in Section
6.4. Our simple heuristic generates a better income as compared to the simpler
heuristic and the random solution.

5. Simulation for realistic schemes. In the above simulations, arrival of client
is based on the price charged by service providers. The mean arrival rate
of clients is λ(i) when a service provider charges price price(i). However, in
the simulations for realistic schemes, the mean arrival rate of clients is fixed
and a service provider observes the rate at which clients connect to it. These
simulations are given in Section 6.5. Our solutions perform well in the realistic
schemes in most of the cases.

TH-1482_08610101



6.1. COMPARISON WITH OUR ACCURATE SOLUTION 107

In simulations 6.1, 6.2, 6.3 and 6.4, for each simulation specification, the system is
simulated two or three times and each time with a different solution. This comparison
helps in finding the effect of changing a solution on the output. These simulations
run for one hour. In 6.5, only one simulation is done for each simulation specification.
Each simulation consists of multiple identical competing service providers and these
service provider may differ only based on the solution they are using. The simulations
run for three hours. For the first two hours, service providers observe the arrival rate
of clients and in the performance of a solution in the third hour is the simulation
output. The simulation result does not contain the performance of a solution for the
first two hours.

6.1 Comparison with our accurate solution

We have presented five solutions: the accurate solution, the session approximate
solution, the grouped approximate solution, the session grouped approximate so-
lution and the simple heuristic solution. The grouped approximate solution is an
approximation of the accurate solution and the session approximate solution is an
approximation of the session approximate solution. Therefore, we have not included
the grouped approximate solution and the session grouped approximate solution in
this section. These solutions are included in the next section. In this section, our
session approximate solution and the simple heuristic solutions are compared with
the accurate solution.

There are three groups of simulations. In the first group (Section 6.1.1), the size
of service providers is small. There are multiple sets of simulations and in each set,
the mean arrival rate of clients (λ) is different. In the second and third group (Section
6.1.2 and Section 6.1.3), the size of service provider is medium. In the second group,
the multiple set of simulations differ in the bandwidth of service providers and in the
third group, simulation sets differ in the penalty function.

6.1.1 Small ISP Simulation and variation of mean arrival rates

Simulation specifications are given in Table 6.1. There are three prices and therefore
there are three mean arrival rates that are based on the price charged. The value of
λ(2) takes two values 0.075 and 0.15. For each value of λ(2), λ(1) takes two values,
λ(2) + 0.075 and λ(2) + 0.15. For each combination of λ(2) and λ(1), λ(0) takes
two values, λ(1) + 0.075 and λ(1) + 0.15. The total number of combinations are
2×2×2=8. For each combination, the system is simulated thrice.
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Table 6.1: Simulation Details: Accurate-approximate-heuristic comparison 1
Variable Value

d 0.4
B 5

mmax 14
e 2
T 3

price(0) 0.1 per unit data
price(1) 0.12 per unit data
price(2) 0.15 per unit data
P (0) 0.4 per second
P (1) 5

Mean idle time ( 1
S(0)

) 20
Mean session duration ( 1

S(1)
, 1
S(2)

) Mean idle time
5

G(1) 0.3
G(2) 0.7

Simulation results are given in Table 6.2. The value of mean arrival rates for
each of the simulations is given in the table. For finding the average performance
of the three solutions, the incomes, delays and rejections are added for each of the
simulations. Simulation results show that income produced by the accurate solution
and the session approximate solution is almost three times as compared to the simple
heuristic solution. The difference between incomes of the accurate solution and
the session approximate solution is approximately within 10% of the income in the
accurate solution. The quality of service is improved in both the accurate solution
and the session approximate solutions. The accurate solution improves delay by
approximately 67 % and number of rejections by approximately 15 %. The session
approximate solution improves delay by approximately 57 % and number of rejections
by approximately 72 %. This shows that the session approximate solution and the
accurate solution each significantly improves income and quality of service.

6.1.2 Variation of bandwidth

When the value of e is 1, the symbol G(i) is removed. Simulation specifications are
given in Table 6.3. We considered multiple values of bandwidth and compared the
results. The value of bandwidth takes five values 20 to 40 in multiple of 5 (20, 25,
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Table 6.2: Simulation Result: Accurate-approximate-heuristic comparison 1

λ(0) λ(1) λ(2)
Accurate Solution Session Approximate Solu-

tion

Simple Heuristic

Income Delay Reject Income Delay Reject Income Delay Reject

0.225 0.15 0.075 724 776 0 634 746 0 393 1669 2

0.3 0.15 0.075 699 938 3 603 1027 0 382 2126 0

0.3 0.225 0.075 800 674 2 759 951 3 337 2356 5

0.375 0.225 0.075 747 1031 3 725 944 3 406 2167 4

0.3 0.225 0.15 842 741 5 848 1181 3 99 2939 9

0.375 0.225 0.15 849 820 5 747 1400 0 187 2812 7

0.375 0.3 0.15 915 862 9 884 1346 2 9 3319 16

0.45 0.3 0.15 823 976 12 875 1258 2 163 3029 3

Total 6399 6818 39 6075 8853 13 1976 20417 46

Percentage of

deviation from values

in the simple heuristic

solution

+224% -67% -15% +207% -57% -72% - - -

30, 35, 40). Therefore, there are five sets of simulations.
Simulation results are given in Table 6.4. For each of the five sets of simula-

tions, the value of bandwidth is given in the table. Simulation result shows that
income produced by the accurate solution and the session approximate solution is
approximately 50% more as compared to the simple heuristic solution. The differ-
ence between incomes of the accurate solution and the session approximate solution
is approximately within 10 % of the income in the accurate solution. The accurate
solution improves delay by approximately 89 % but the number of rejections increase
by approximately 44 %. The session approximate solution improves delay by approx-
imately 63 % and number of rejections by approximately 7 %. This shows that the
session approximate solution and the accurate solution each improves income and
quality of service on average.

6.1.3 Variation of Penalties

In order to assess how the methods perform when the penalties P (0) (delay penalty
per second) and P (1) (penalty per rejection) are varied, a set of simulations were
carried with different values of P (0) and P (1). The value of P (0) ranged from 0 to
0.6 in multiples of 0.2. The value of P (1) ranged from 0 to 3. The simulation was run
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Table 6.3: Simulation Details: Accurate-approximate-heuristic comparison 2
Variable Value

d 0.3
B 20 to 40

mmax 130
e 1

λ(0) 2.5
λ(1) 2
λ(2) 1.5
T 3

price(0) 0.1 per unit data
price(1) 0.2 per unit data
price(2) 0.3 per unit data
P (0) 0.3 per second
P (1) 3

Mean idle time ( 1
S(0)

) 15
Mean session duration ( 1

S(1)
) 5

Table 6.4: Simulation Result: Accurate-approximate-heuristic comparison 2

Bandwidth
Accurate Solution Session Approximate Solu-

tion

Simple Heuristic

Income Delay Reject Income Delay Reject Income Delay Reject

20 13,959 4,631 1,427 11,041 21,896 1,036 -5,296 79,747 893

25 20,841 5,901 561 17,065 25,650 262 10,716 48,498 87

30 26,302 4,016 18 25,403 3,089 0 22,794 7,289 30

35 26,779 316 0 26,531 338 0 22,390 3,234 62

40 27,258 8 0 26,569 12 0 20,729 371 320

Total 115,140 14,871 2,006 106,609 50,983 1,298 71,332 139,140 1,392

Percentage of

deviation from

values in the

simple heuristic

solution

+61% -89% +44% +49% -63% -7% - - -
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Table 6.5: Simulation Details: Accurate-approximate-heuristic comparison 3
Variable Value

d 0.3
B 25

mmax 130
e 1
T 3

price(0) 0.1 per unit data
price(1) 0.2 per unit data
price(2) 0.3 per unit data
λ(0) 2.5
λ(1) 2
λ(2) 1.5
P (0) 0 to 0.6 per second
P (1) 0 to 3

Mean idle time ( 1
S(0)

) 15
1

S(1)
5

withmmax as 130 and e=1 to allow the accurate solution to also be compared. All the
parameters of the simulation are given in Table 6.5. There are sixteen simulations
and in each simulation penalties are different.

The results are given in Table 6.6. First of all, as is to be expected, the simple
heuristic is not sensitive to change in the penalty values as penalties are not used
in the decision making process, only the load is. Secondly, it is seen that except for
the case when there are no penalties - when all three methods perform similarly -
both the accurate and session approximate methods perform better than the simple
heuristic in all three parameters. So we can infer that our earlier results are not
sensitive to the penalty values. Both the solutions are more sensitive to the delay
penalty than the rejection penalty. For the same rejection penalty, as the delay
penalty value increases, the total delay penalty decreases. On the other hand, for
the same delay penalty, increasing the rejection penalty does not have that much
of an affect on the total number of rejections. So, the delay penalty is playing a
large role in controlling both the total delay as well as the total number of rejections.
Intuitively this makes sense because below a certain load level delays will be few and
so increasing rejections to further reduce the load will not accrue any benefit. So
reducing the penalty for rejection may not result in an increase in rejections.
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Table 6.6: Simulation Result: Accurate-approximate-heuristic comparison 3
Penalties Accurate solution Session Approximate Solu-

tion

Simple Heuristic

P(0) P(1) Income Delay Reject Income Delay Reject Income Delay Reject

0 0 26254 59096 181 25981 50843 151 25622 48857 88

0.2 0 23193 5713 578 20833 23092 236 16654 44251 93

0.4 0 22429 2536 770 20266 11239 382 6039 48778 139

0.6 0 22054 1480 804 19742 6987 548 1418 40249 69

0 1 26072 59096 181 25829 50843 151 25533 48857 88

0.2 1 22588 6386 540 19814 29585 172 16473 43919 82

0.4 1 21748 2718 659 18925 14042 366 7635 45004 81

0.6 1 21317 1826 826 18740 8264 489 -1795 45138 89

0 2 25890 59096 181 25677 50843 151 25444 48857 88

0.2 2 22092 7914 530 19096 31948 165 16555 42999 65

0.4 2 20974 3806 700 17597 16822 289 9408 40064 84

0.6 2 20430 2238 803 17423 10244 445 34 41912 125

0 3 25708 59096 181 25525 50843 151 25355 48857 88

0.2 3 21551 8988 467 17309 39631 138 16876 42589 56

0.4 3 20406 4461 668 17580 16823 332 6961 45606 78

0.6 3 19805 2601 745 16064 12638 377 -246 42364 95

6.2 Solutions for medium and large service providers

The grouped approximate solution, the session approximate solution and the simple
heuristic solution can work for medium sized service providers. For large sized ser-
vice providers, the grouped approximate can work by further increasing the group
size; and the session grouped approximate solution replaces the session approximate
solution. In this section, we compare these three solution with the simple heuristic
solution.

There are multiple groups of simulations. In the first group (Section 6.2.1), the
size of service providers is medium. There are multiple sets of simulations and in
each set, the mean arrival rate of clients (λ) is different. In the second group (Section
6.2.2), the size of service provider is large and again there is variation in mean arrival
rates. In the third group (Section 6.2.3), the size of the service providers is medium
and multiple set of simulations differ in bandwidth of service provider.
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Table 6.7: Simulation Details: Approximate-heuristic comparison 1
Variable Value

d 0.4
B 60

mmax 200
e 2
T 3

price(0) 0.1 per unit data
price(1) 0.12 per unit data
price(2) 0.15 per unit data
P (0) 0.4 per second
P (1) 5

Mean idle time ( 1
S(0)

) 20
Mean session duration ( 1

S(1)
, 1
S(2)

) Mean idle time
5

G(1) 0.3
G(2) 0.7

6.2.1 Variation of mean arrival rates in Medium ISP

In these simulations, we compare the three solutions: the grouped approximate so-
lution, the session approximate solution, and the simple heuristic solution. In the
grouped approximate solution, the group size is 20. There are few differences in
simulation specifications as compared to the simulation given in Section 6.1.1. The
value of mmax is 200 and the value of B is 60. There are three prices and therefore
there are three mean arrival rates that are based on the price charged. The value of
λ(2) takes two values 2 and 4. For each value of λ(2), λ(1) takes two values λ(2)+ 2
and λ(2) + 4. For each combination of λ(2) and λ(1), λ(0) takes two values λ(1) + 2
and λ(1)+4. The total number of combinations are 2×2×2=8. Therefore, there are
8 simulations. The parameters of simulation are given in Table 6.7.

Simulation results are given in Table 6.8. There are eight simulations and the
value of mean arrival rates for each of the simulation is given. Simulation results
show that session approximate solution improves income by 35 % as compared to
the simple heuristic solution. The grouped approximate solution produces almost no
delay and the session approximate solution reduces the delay by approximately 36
%. The improvement in number of rejections in the grouped approximate solution
is 31 % and in the session approximate solution is 72 %. The simulation shows that
both the approximate solutions improve income and quality of service.
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Table 6.8: Simulation Result: Approximate-heuristic comparison 1

λ(0) λ(1) λ(2)
Grouped Approximate Solu-

tion (group size = 20)

Session Approximate Solu-

tion

Simple Heuristic

Income Delay Reject Income Delay Reject Income Delay Reject

6 4 2 17268 0 19 20725 9847 13 18436 12708 64

8 4 2 17241 0 11 20847 9330 12 18472 12502 54

8 6 2 17441 0 9 21923 9773 12 17054 15780 164

10 6 2 17323 0 12 21981 9500 20 16562 16919 171

8 6 4 17013 0 199 24980 10121 70 16810 16557 148

10 6 4 17105 0 195 24874 10314 57 16514 17264 155

10 8 4 16995 0 191 25005 9900 66 16704 16086 208

12 8 4 17011 0 175 24988 10031 83 16726 15804 210

Total 137397 0 811 185323 78816 333 137278 123620 1174

Percentage of

deviation from

values in the

simple heuristic

solution

0% -100% -31% +35% -36% -72% - - -

6.2.2 Variation of mean arrival rates in large ISPs

In these simulations, we compare the three solutions: the grouped approximate so-
lution, the session grouped approximate solution, and the simple heuristic solution.
In the grouped approximate , the group size is 200. In the session grouped approxi-
mate, the group size is 10. There are a few differences in simulation specifications as
compared to the above simulation. The value of mmax is 2000 and the value of B is
600. There are three prices and therefore there are three mean arrival rates that are
based on the price charged. The value of λ(2) takes two values 20 and 40. For each
value of λ(2), λ(1) takes two values λ(2) + 20 and λ(2) + 40. For each combination
of λ(2) and λ(1), λ(0) takes two values λ(1) + 20 and λ(1) + 40. The total number
of combinations are 2×2×2=8. Therefore, there are 8 simulations.

Simulation results are given in Table 6.9. The format of the result is the same as
that of earlier simulations. Simulation results show that the grouped approximate
solution improves income by 11 % and the session grouped approximate solution
improves income by 35 % as compared to the simple heuristic solution. The grouped
approximate solution produces almost no delay and the session approximate solution
reduces the delay be approximately 59 %. The improvement in number of rejections
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Table 6.9: Simulation Result: Approximate-heuristic comparison 2

λ(0) λ(1) λ(2)
Grouped Approximate Solu-

tion (group size = 200)

Session Grouped Approxi-

mate Solution (group size =

10)

Simple Heuristic

Income Delay Reject Income Delay Reject Income Delay Reject

60 40 20 362926 0 0 438612 2070 0 397056 5674 567

80 40 20 364771 0 0 438798 1872 0 397614 5435 557

80 60 20 363290 0 0 476592 3437 0 392201 10490 1545

100 60 20 365552 0 0 475994 3837 0 392784 11701 1535

80 60 40 508268 0 1082 600082 4648 581 392230 12192 1516

100 60 40 507770 0 1113 599820 5013 586 392828 10763 1518

100 80 40 508685 0 1003 598951 7308 515 387481 17733 2055

120 80 40 508758 0 1039 598186 9501 548 387669 17418 2029

Total 3490020 0 4237 4227035 37686 2230 3139863 91406 11322

Percentage of

deviation from

values in the

simple heuristic

solution

+11% -100% -63% +35% -59% -80% - - -

in the grouped approximate solution is 63 % and in the session grouped approximate
solution is 80 %. The simulation shows that both the approximate solutions improve
income and quality of service.

6.2.3 Variation of Bandwidth

In these simulations, we compare the three solutions: the grouped approximate so-
lution, the session approximate solution, and the simple heuristic solution. We run
multiple simulations and divide them in groups and the difference in each group is
only the bandwidth. We take the average performance of each group. The simula-
tion specifications are given in Table 6.10. The value of mean idle time takes two
values 15 and 20. For each value of mean idle time 1

S(1)
takes two values 3 and 5.

For each combinations of mean idle time and 1
S(1)

, the value of 1
S(2)

takes two values
3 and 5. There are 8 combinations of 1

S()
. For each of the combinations the value of

bandwidth ranges from 50 to 70 units in multiple of 2.
Simulation results are given in Table 6.11. Simulation results show that each

of our two approximate solutions perform well in different simulation specifications.
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Table 6.10: Simulation Details: Approximate-heuristic comparison 3
Variable Value

d 0.5
B 50 to 70

mmax 200
e 2
T 3

price(0) 0.1 per unit data
price(1) 0.2 per unit data
price(2) 0.3 per unit data
λ(0) 8
λ(1) 6
λ(2) 4
P (0) 0.2 per second
P (1) 2

Mean idle time ( 1
S(0)

) 15, 20
Mean session duration ( 1

S(1)
, 1
S(2)

) 3, 5
G(1) 0.5
G(2) 0.5

Therefore, later we also run simulations to find which approximate solutions should
be used when. Simulations also show that when bandwidth is low, the difference in
performance of our solutions in large and when bandwidth is high, the difference in
performance in our simulations is low.

6.3 Which approximate solution is better?

The above simulations show that both the approximate solutions perform well for
different simulation specifications. In the session approximate solution, a service
provider takes decision based on the number of connected clients. A connected client
can be in the following states: idle state, session state and waiting for session state.
We generally assume that a client is expected to be in idle state for more time as
compared to session state or waiting state. If mean idle time for a client is much
larger than the mean non idle time (the sum of the session duration and the waiting
time), this means that among the connected clients, large number of clients are idle.
A client will open session, remain in session for a small amount of time and then
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become idle.
When a client is expected to be in more than one state for large amount of time,

the state of the client becomes more unpredictable. When the ratio of the mean idle
time to mean non idle time is more, the probability that a connected client is idle
will be more. For example, if with 99 percent probability, the actual state of a client
is idle, the decision taken just by looking at the number of connected clients is likely
to perform well. When a client can be in more than one state for more time, the
present state of the client cannot be so accurately predicted. For example, with 60%
probability the client is idle and with 40% probability the client is in session. In
this case, the decision taken just by looking at the number of connected clients may
not work well. In the session approximate solution, decisions are just based on the
number of connected clients. Therefore, we expect it not to perform well if the ratio
of the mean idle time to mean non idle time is small and otherwise we expect it to
perform well.

In Section 6.3.1, we run multiple sets of simulations and in each set we vary the
mean idle time. In Section 6.3.2, we run multiple sets of simulations and in each
set we vary the bandwidth of the service providers. In Section 6.3.3, we present the
method to find an appropriate approximate solution that is likely to perform better
for a given simulation specification.

6.3.1 Effect of varying mean idle time on the two solutions

Simulation specifications are given in Table 6.12. There are 9 simulations, and in
each simulation the value of mean idle time is different. The mean idle time is in
the range 4 to 20 in multiples of 2. We compare grouped approximate solution and
session approximate solution. The group size in grouped approximate solution is 20.

Simulation result is given in Table 6.13. As shown, when the mean idle time is
low, the grouped approximate solution performs better and when it is is high, the
session approximate solution performs better. This is because when the mean idle
time is low, the ratio of the mean idle time to mean non idle time is low and when
the mean idle time is high, the ratio of the mean idle time to mean non idle time is
high.

6.3.2 Effect of congestion on the two solutions

In the above simulations, when the ratio of the mean idle time to the mean non idle
time is low, the grouped approximate solution performs better and when the ratio
is high, the session approximate solution performs better. When there is congestion,
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Table 6.12: Simulation Details: Search for an appropriate approximate solution 1
Variable Value

d 0.3
B 50

mmax 250
e 2
T 3

price(0) 0.1 per unit data
price(1) 0.2 per unit data
price(2) 0.3 per unit data
λ(0) 10
λ(1) 8
λ(2) 6
P (0) 0.1 per second
P (1) 1

Mean idle time ( 1
S(0)

) 4 to 20
Mean session duration ( 1

S(1)
, 1
S(2)

) 2
G(1) 0.5
G(2) 0.5

Table 6.13: Simulation Result: Search for an appropriate approximate solution 1

Mean idle time
Grouped Approximate Session Approximate

Income Delay Rejects Income Delay Rejects

4 43126 63652 3957 28618 214032 3535

6 44189 48646 4086 21545 283871 3539

8 44613 40681 3989 21832 279748 3643

10 44466 44177 3982 33735 160646 3553

12 44614 24189 4595 43192 54988 4037

14 40564 5294 5771 42417 10718 5254

16 34809 1454 7280 37098 2844 7088

18 29196 255 8764 31576 527 8386

20 25176 49 9640 26723 108 9433
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Table 6.14: Simulation Details: Search for an appropriate approximate solution 2
Variable Value

d 0.3
B 40 to 60

mmax 250
e 2
T 3

price(0) 0.1 per unit data
price(1) 0.2 per unit data
price(2) 0.3 per unit data
λ(0) 10
λ(1) 8
λ(2) 6
P (0) 0.1 per second
P (1) 1

Mean idle time ( 1
S(0)

) 12
Mean session duration ( 1

S(1)
, 1
S(2)

) 2
G(1) 0.5
G(2) 0.5

a client will spend more time in waiting state. This mean that the time spent by
a client in non idle state will increase. Therefore, we expect congestion to improve
the performance of the grouped approximate solution as compared to the session
approximate solution.

We have done simulations by varying the value of bandwidth. Simulation spec-
ifications are given in Table 6.14. There are 11 simulations and in each simulation
bandwidth is different. The value of bandwidth ranges from 40 to 60 in multiples of
2. Simulation result are given in Table 6.15. The simulation shows that congestion
decreases the performance of the session approximate solution. When the bandwidth
is low, the grouped approximate solution performs better and when the bandwidth
is high, the session approximate solution performs better.

6.3.3 Which solution should be used when?

The above simulations show that the ratio of mean idle time to mean non idle time
seems to be the criteria for the better performance of one approximate solution over
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Table 6.15: Simulation Result: Search for an appropriate approximate solution 2

Bandwidth
Grouped Approximate Session Approximate

Income Delay Rejection Income Delay Rejection

40 28410 71262 7182 13740 216415 7380

42 31902 63434 6564 20141 181593 6573

44 35230 55620 6033 26191 146808 6019

46 38676 48947 5288 31935 116907 5446

48 42090 35981 4760 38298 79578 4705

50 44614 24189 4595 43192 54988 4037

52 46696 14940 3958 46843 32965 3691

54 47464 8003 4111 49595 19227 3448

56 48217 4005 3961 50771 11790 3270

58 48136 2269 4185 51745 7569 3117

60 49942 2532 3630 52448 4221 3091

the other. In this subsection, we estimate this ratio. This is done by estimating the
mean idle time, mean session time and mean waiting time.

Let λ represent the mean arrival rate to a service provider. It excludes rejection.
As shown in Figure 6.1 (copy of Figure 4.1), an arriving client after arrival requests
i units of bandwidth with probability G(i). He remains in session for approximately
1
S(i)

time and then becomes idle. He then departs with probability d and again
requests for bandwidth with probability (1− d).

Therefore, the mean session time is

e∑
i=1

G(i)× 1

S(i)
× (1 + (1− d) + (1− d)2...)

=
e∑
i=1

G(i)× 1

S(i)
× 1

1− (1− d)

=
e∑
i=1

G(i)× 1

d× S(i)

The mean time spend in idle state is
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1

S(0)
(1 + (1− d) + (1− d)2...)

=
1

S(0)
× 1

1− (1− d)

=
1

d× S(0)
The mean time spent in waiting for one client is unknown. It can be found by

observing it. It is the total delay divided by the number of clients arrived. The
number of clients arrived is <mean arrival rate> multiplied by the time duration.

Figure 6.1: A service provider in our model

After calculating the ratio of mean idle time and mean non idle time, the following
results are obtained. Table 6.13 is re written below as Table 6.16. Similarly, Table
6.15 is rewritten below as Table 6.17. The results show that when the ratio of
mean idle time to mean non idle time is 6 or more, the performance of the session
approximate solution is better and when it is less, the performance of the grouped
approximate solution is better.

6.4 Evaluation of our simple heuristic solution
We have used a simple heuristic. In these simulations we check the performance our
simple heuristic to check if it is a reasonably good heuristic. We compare our simple
heuristic solutions with a simpler heuristic and a random solution. The simpler
heuristic and the random solution are described below.

Simpler heuristic

In this method, a service provider finds the bandwidth consumed by connected
clients. If it is equal to the actual bandwidth, a newly arriving client is rejected.
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Table 6.16: Simulation Result: Search for an appropriate approximate solution 1
analyzed

Mean idle time
Grouped Approximate Session Approximate

Income Ratio of mean idle

time to mean non idle

time

Income Ratio of mean idle

time of mean non idle

time

4 43126 2 28618 1

6 44189 2 21545 1

8 44613 3 21832 2

10 44466 4 33735 3

12 44614 5 43192 5

14 40564 7 42417 7

16 34809 8 37098 8

18 29196 9 31576 9

20 25176 10 26723 10

Table 6.17: Simulation Result: Search for an appropriate approximate solution 2
analyzed

Bandwidth
Grouped Approximate Session Approximate

Income Ratio of mean idle

time to mean non idle

time

Income Ratio of mean idle

time to mean non idle

time

40 28410 4 13740 3

42 31902 5 20141 3

44 35230 5 26191 3

46 38676 5 31935 4

48 42090 5 38298 4

50 44614 5 43192 5

52 46696 6 46843 5

54 47464 6 49595 5

56 48217 6 50771 6

58 48136 6 51745 6

60 49942 6 52448 6
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Otherwise, an arriving client is charged an appropriate price and is allowed to con-
nect. The appropriate price is given below. An arriving client is charged price
price(i) if the following two conditions are satisfied.

i ≤
(
<bandwidth consumed>

<total bandwidth>
× T

)
and

i+ 1 >

(
<bandwidth consumed>

<total bandwidth>
× T

)
where T is the number of prices. The value of total bandwidth and number of

prices is known.

Random Solution

In this solution a service provider randomly takes any decision with equal probability.
The number of possible decisions are T +1. A service provider takes a decision with
1

T+1
probability.

Simulation

We have done forty simulations and taken the average of all the simulations. There
are ten values of bandwidth in range 51 to 60. For each value of bandwidth, d takes
four values from 0.2 to 0.8 in multiples of 0.2. Therefore, there are 40 simulations.
Simulation details are given in table 6.18. Simulation results are given in Table 6.19.
The result shows that our simple heuristic performs much better than the simpler
heuristic. The random solution fails to produce any net income. This shows that
our simple heuristic is good enough for comparison with our solutions.

6.5 Realistic schemes

In these simulations, we simulate our solution in scenarios that seems to be realistic.
We compare the three solutions: the grouped approximate solution, the session ap-
proximate solution and the simple heuristic. Each simulation consists of six identical
competing service providers and these service provider may differ only based on the
solution they are using. Among the six service providers, two use the grouped ap-
proximate solution, two use the session approximate solution and two use the simple
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Table 6.18: Simulation Details: Evaluation of the simple heuristic
Variable Value

d 0.2 to 0.8
B 51 to 60

mmax 200
e 2
T 3

price(0) 0.1 per unit data
price(1) 0.2 per unit data
price(2) 0.3 per unit data
λ(0) 4
λ(1) 3
λ(2) 2
P (0) 0.3 per second
P (1) 3

Mean idle time ( 1
S(0)

) 20
Mean session duration ( 1

S(1)
, 1
S(2)

) 5
G(1) 0.5
G(2) 0.5

Table 6.19: Simulation Result: Evaluation of the simple heuristic
Simple Heuristic Simpler Heuristic Random Solution

Total Income 1,052,687 99,035 -843,227

Total delay 771,896 1,374,773 0

Total rejections 19,582 64,145 281,038
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heuristic. In the grouped approximate solution, the group size is 20. The simulations
run for three hours. For the first two hours, service providers observe the arrival rate
of clients and the simulation result contains the performance of a solution in the
third hour. The simulation result does not contain the performance of a solution for
the first two hours. In few of our simulations results, income of one or more service
providers were negative. In actual scenarios, a service provider is likely to earn a
positive income and to increase income, it will choose a solution. Therefore, we feel
that the simulations with negative income are not realistic. In almost all of the
simulations with negative income, the simple heuristic solution produced negative
income. We are comparing our solutions with the simple heuristic and we should
choose those simulation specifications in which the simple heuristic should produce
a positive income. Therefore, we have removed simulations with negative income.

We consider three schemes in which our solutions can be applied. In each of
these schemes, service providers observe arrival rate of clients when a given price is
charged. The first scheme assumes a system of six service providers and multihomed
internet clients. Each client can connect to two service providers. This scheme is
given in Section 6.5.1. The second scheme assumes that each client has access to all
the six service providers. When a clients connects, he observes the prices charged
by all the service providers and chooses the service provider who charges the least
price. This scheme is given in Section 6.5.2. The third schemes is a modification
of the first scheme and in this scheme a client decides the bandwidth he will use at
the beginning of the connection (instead of a decision taken everytime he moves to
session based on G(i) ). This scheme is given in Section 6.5.3.

6.5.1 Scheme 1: Each client has access to two service providers

As already mentioned, we assume that there are six service providers. Each client has
access to two service providers. Based on prices advertised by the service providers,
an arriving client chooses the service provider oferring the lower price. Simulation
specifications are given in Table 6.20. The mean arrival rate of clients common to
every pair of service providers is 1.4 clients per second. Thus each service provider
sees arrivals at the rate of 7 (5×1.4) clients per second and for each arrival there is a
single competing service provider. The value of mmax is 200. The value of bandwidth
ranges from 40 to 70 in multiples of 2 (40, 42, 44,...70). For each of the bandwidth,
there are four combinations of penalties: P(0) and P(1) where P(0) takes two values:
0.05 and 0.1 and P(1) takes two values 0.5 and 1. The total number of combinations
are 16×4=64. Therefore, there are 64 simulations. As already mentioned. the
simulations in which a service provider earns negative income are removed.
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Table 6.20: Simulation Details: Realistic Scheme 1
Variable Value

d 0.5
B 40 to 70

mmax 200
e 2
T 3

price(0) 0.1
price(1) 0.12
price(2) 0.15
P (0) 0.05 and 0.1 per second
P (1) 0.5 and 1

Mean idle time ( 1
S(0)

) 22
Mean session duration ( 1

S(1)
, 1
S(2)

) 6
G(1) 0.5
G(2) 0.5

Simulation results are given in Table 6.21. The incomes, delays and rejections
are added for each of the simulations and these are displayed in the table. Simula-
tion result shows that the grouped approximate solution produces maximum income
among the three solutions and the improvement is 56% as compared to the simple
heuristic solution.

6.5.2 Scheme 2: Each client has access to all service providers

In these simulations, we assume that each client has access to all the six service
providers. The mean arrival rate of clients is 20 per second. The other specifications
are the same as in the above simulation.

Simulation result is given in Table 6.22. The incomes, delays and rejections are
added for each of the simulations and these are displayed in the table. Simula-
tion result shows that both of our solutions improve income and quality of service
as compared to the simple heuristics. The grouped approximate solution produces
maximum income among the three solutions and the improvement is 45% as com-
pared to the simple heuristic solution. Both the approximate solutions improves the
quality of service.
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Table 6.21: Simulation Result: Realistic Scheme 1
Grouped Approximate Solu-

tion (group size = 20)

Session Approximate Solu-

tion

Simple Heuristic

Total Income 2,404,237 2,142,351 1,538,885
Percentage change in

total income as

compared to total

income in the simple

heuristic solution

+56% +39% -

Total delay 4,421,361 9,246,264 9,214,609
Percentage change in

total delay as

compared to total

delay in the simple

heuristic solution

-52% +0% -

Total rejections 478,772 472,824 778,484
Percentage change in

total rejection as

compared to total

rejection in the simple

heuristic solution

-38% -39% -
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Table 6.22: Simulation Result: Realistic Scheme 2
Grouped Approximate Solu-

tion (group size = 20)

Session Approximate Solu-

tion

Simple Heuristic

Total Income 1,608,396 1,570,629 1,111,706

Percentage change in

total income as

compared to total

income in the simple

heuristic solution

+45% +41%

Total delay 2,023,252 4,368,201 4,526,906

Percentage change in

total delay as

compared to total

delay in the simple

heuristic solution

-55% -4%

Total rejections 555,545 517,853 838,303

Percentage change in

total rejection as

compared to total

rejection in the simple

heuristic solution

-34% -38%
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Table 6.23: Simulation Result: Realistic Scheme 3
Grouped Approximate Solu-

tion (group size = 20)

Session Approximate Solu-

tion

Simple Heuristic

Total Income 2,242,191 1,962,629 1,662,017

Percentage change in

total income as

compared to total

income in the simple

heuristic solution

+35% +18% -

Total delay 4,102,986 10,140,375 9,493,557

Percentage change in

total delay as

compared to total

delay in the simple

heuristic solution

-57% +7% -

Total rejections 194,573 209,716 284,293

Percentage change in

total rejection as

compared to total

rejection in the simple

heuristic solution

-32% -26% -

6.5.3 Scheme 3: A client consumed fixed bandwidth for com-
plete connection duration

In this scheme, a client can connect to two service providers (like in the simulation
given in Section 6.5.1). The bandwidth a client can request and consume is decided
at the beginning of his connection. A client after connection decides the bandwidth
he wants to consume and he consumes that much bandwidth every time he goes into
session. The mean arrival rate for clients common to each pair of service providers
is 2 per seconds. Other things are the same as in the above simulation.

Simulation results are given in Table 6.23. The incomes, delays and rejections
are added for each of the simulations and these are displayed in the table. Simula-
tion result shows that both of our solutions improve income and quality of service as
compared to the simple heuristics. The grouped approximate solution produces max-
imum income among the three solutions and the improvement is 35% as compared
to the simple heuristic solution.

TH-1482_08610101



Chapter 7

Conclusion and Future Work

The internet has revolutionized the working and living of people. Clients want to
have a good, reliable, and predictable internet service. The number of people with
internet access and the internet access speeds are different in different parts of the
world. Many regions of the world face shortage of bandwidth. We have presented
a scheme and solutions that contains assurance from service providers to clients
regarding good internet service and if clients do not get assured service, service
providers pay penalties to clients. As in such schemes with penalties, a side effect is
to balance load among service providers.

7.1 Conclusion

Initially we explored the problem using game theory. We developed a game theoretic
solution based on obtaining Nash equilibrium. This solution assumes that there
are just two ISPs and each client can request just one unit of bandwidth. The
algorithmic complexities of the solutions is shown in Table 7.1. We have compared
the two solutions by running them and observed the expected income when both
the service providers used the accurate solution and when both the service providers
used the approximate solutions. There were six comparison with multiple variations
of bandwidth. The result shows that when both the service providers used the
approximate Nash equilibrium instead of the accurate Nash equilibrium solution,
the performance decline is at most 15% when the congestion is high to almost no
difference when the congestion is low.

The Nash equilibrium solutions have many limitations. These have high time
and space complexities. In addition to that, if the same method to find the Nash
equilibrium is extended for more than two service providers, the complexities increase

131
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Table 7.1: Complexities of our Nash Equilibrium solutions
Size of solution Time complexity Space complexity

Accurate Nash
Equilibrium

O(mmax
2) Best case: O(

mmax
7.12×mmax

T×mmax)
Worst case: O(
mmax

7.12×mmax
2×T×mmax)

O(mmax
6)

Approximate
Nash Equilib-
rium

O(mmax) Best case: O((mmax)3+T )
Worst case:
O((mmax)3+2×T )

O(mmax)2

exponentially. We do not have a proof that a Nash equilibrium will always exist.
Therefore, we have also presented non-Nash equilibrium solutions. We presented a
model in which an arriving client can request for more than one unit bandwidth and
there is no restriction on the number of service providers.

We presented an accurate solution for the non-game theoretic model. The method
to find the accurate solution is to start with a solution and then improve it; and
this improvement continues till no more improvement is possible. The accurate
solutions has significantly lower time and space complexities than the accurate Nash
equilibrium solution. However, as the size of service providers increase, there was
a need for solutions with lower complexities. Therefore, we presented approximate
solutions: the session approximate solution, the grouped approximate solution and
the session grouped approximate solution. The complexities of the accurate solution
and the approximate solutions are given in Table 7.2. The accurate solution can run
for very small sized service providers (when mmax' 10 and e=2) and for medium
sized service providers only when the maximum bandwidth that can be requested by
a client is 1 (when mmax' 100 and e=1). The session approximate solution can run
for medium sized service providers (when mmax' 100 and e=2) but cannot run for
large sized service providers (whenmmax> 1000 and e≥2). The grouped approximate
solution and the session grouped approximate solution can run for large sized service
providers.

The session approximate solution, the grouped approximate solution and the ses-
sion grouped approximate solution are approximate and we have evaluated these
solutions by simulating them. As already mentioned, we compared these solutions
with a simple heuristic. The accurate solution and the session approximate solution
were compared with the simple heuristic solution for small and medium ISPs. The
decline in income when the session approximate solution is used instead of the ac-
curate solution is approximately 10% and both performed significantly better than
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Table 7.2: Complexities of our Non Game-theoretic solutions
Size of solution Time complexity Space complexity

Accurate Solu-
tion

O(mmax
e+1×Be) Best case:

When e 6= 1: O((mmax×
B)2.4×e × T )
When e=1:
O((mmax)

2.4 × T )

O((mmax ×B)2×e)

Session Approxi-
mate Solution

O(mmax) Finding solution for the
first time
O(mmax

e+1×Be+mmax
T+1)

Updating solution if
just the mean arrival
rates change
O(mmax

T+1)

O(mmax)

Grouped Ap-
proximate

Replace mmax with mmax

group size and B with B
group size in the ac-

curate solution complexities
Session Grouped
Approximate So-
lution

Replace mmax with mmax

group size and B with B
group size in the ses-

sion approximate solution complexities

the simple heuristic. We also did simulations for medium and large sized service
providers and found that there is an improvement in income and quality of ser-
vice in our accurate and approximate solutions (the session approximate solution,
the grouped approximate solution and the session grouped approximate solution) as
compared to the simple heuristic in almost all the simulations. We also did simula-
tions for real scenarios in which there are multihomed clients and service providers
observe arrival rate of clients instead of being told arrival rates when a given price is
charged. The simulations show that our accurate and approximate solutions perform
better as compared to the simple heuristic solution in most of our simulations.

7.2 Future Work

The thesis opens many future research directions. These are given below.
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7.2.1 Game Theory Solution

We have presented a Nash Equilibrium solution for two service providers. We were
unable to prove the existence of a Nash equilibrium solution in all cases. One fu-
ture direction is to present Nash equilibrium solutions for more than two service
providers. Apart from Nash equilibrium solutions, there are many other game the-
oretic models and solutions that can be explored. For example, the game between
service providers can be cooperative or non cooperative. There may be coalition
among service providers.

7.2.2 Improvement of time and space complexities of our ac-
curate solutions

Our accurate solutions (Both Nash equilibrium and non game theoretic solutions)
have high time and space complexities and therefore, one direction is to try and
reduce the time or the space complexities of our accurate solutions. We tried to get
a closed form solution but we could not get it and so this is also a future research
direction. The other option is to present a simpler model whose solution has lower
time and space complexities.

7.2.3 More general model

Our model can be made more general in multiple directions. For example, we assume
that all the clients are identical. In some cases, clients may not be identical. Different
clients use the internet for different purpose. This additional knowledge can help a
service provider in deciding what he should do when a new client arrived.

7.2.4 Inclusion of other QoS parameters

In our research problem, we considered only bandwidth guarantees. The research
can be extended to include other QoS parameters such as packet delay, jitter, packet
loss, etc.
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7.3 Publications

Published papers

1. R. Tripathi and G. Barua. “Dynamic Internet Pricing and Bandwidth Guar-
antees with Nash Equilibrium”. In 16th Asia-Pacific Network Operations and
Management Symposium (APNOMS), 2014.

2. R. Tripathi and G. Barua. “Pricing with Bandwidth Guarantees for Clients
with multi-ISP Connections”. In 16th International Conference on Distributed
Computing and Networking (ICDCN), 2015.

Papers accepted for publication

1. R. Tripathi and G. Barua. “Dynamic internet Pricing with service level agree-
ments for multihomed clients”. NETNOMICS: Economic Research and Elec-
tronic Networking, Springer.
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