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Abstract
The thesis investigates the ground state phase diagram of interacting bosons using
mean field theory on a Bose Hubbard model (BHM). A number of different relevant
issues have been addressed here. They include the effects of the periodic environment
of the (optical) lattice on a Bose Einstein condensate. The work nicely portrays the
interplay of the condensate properties and symmetry of the underlying lattice vis a
vis its coordination number. A work on random disorder with a uniform distribution
in a BHM follows. The Bose glass phase is seen to occur as the sites with integer
fillings form a percolating cluster in a two dimensional square lattice, with the
threshold being very similar to that of a random site percolation model that is
well studied in statistical mechanics. The Bose glass phase seems to prolong the
superfluid phase and occurs intervening to the superfluid and the insulating phases.
Dipolar interactions are hence discussed to include long range (nearest neighbour
density exchange) interactions in a BHM. In presence of such extended interactions,
a variety of density ordered and supersolid phases are seen to emerge. The thesis
has particularly focused on the prototype of a kagome lattice, a classic example
of a non-bipartite lattice. As extension of the above study is made to include the
harmonic trapping effects which are indispensable in the study of cold atomic gases
in optical lattices. The trap renders the system inhomogeneous and a variety of
phases, such as the superfluid, Mott insulating, density ordered, supersolid etc.
are seen to coexist. The thesis finally concludes with a study of a three component
bosonic mixture which shows exotic mixed phases, where one component may exhibit
superfluid character while the other two may possess insulating properties. Thus
correlation effects which go beyond incorporating interatomic interactions to include
the effects of symmetry of underlying lattice, along with disorder effects on a system
of interacting bosons form the central focus of the thesis.
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Chapter 1

Introduction
1.1

Optical Lattice

The study of cold atomic systems have seen an extremely intense growing research
interest over the last two decades after the realization of the Bose-Einstein condensate (Anderson et al., 1995 [1] ; Bradley et al., 1995 [2] ; Davis et al., 1995 [3] ). The
experiments that were developed to achieve temperatures of the scale of a few nanoKelvin or micro-Kelvin required for attaining Bose-Einstein condensation (BEC),
are laser cooling techniques [4] , evaporative cooling [5] etc. These kinds of research
and development activities have helped in the fundamental progress in the study of
a variety of many body phenomena, such as quantum phase transitions, superfluid
properties, aspects of matter-wave coherence and collective excitations in trapped
Bose gases etc.
The real crystals are usually very complex, due to the presence of Coulomb
interactions among carriers, coupling of carriers to lattice vibrations, disorder and
impurities present in the crystal etc. In a single theory it is often difficult to take into
account all these effects at once and solve such a complicated many body system to
our satisfaction. It is also very hard to point out which effects are relevant to describe
a particular physical situation of a system and which are not while interpreting the
outcome of experiments. An alternative was first developed by Jaksch et al. [6] and
Greiner et al. [7] , where the strongly correlated systems can be studied with cold
atomic gases by loading them into optical lattices, with the latter being formed
by standing waves of counter propagating laser beams. Coupled with techniques to
achieve ultracold temperatures, the progress in the research on cold atoms in optical
lattices from then on, has expanded in leaps and bounds.
Optical lattices are periodic potentials created by the interference pattern of
1
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counter propagating laser beams by means of light-matter interactions. The atoms
interact with the light field. The energy of internal states of an atom depends on
the electric field intensity of laser light. Thus the interference pattern which has a
spatial dependence, thereby creates a spatially dependent potential, known as an
optical potential. Such optical potentials have a regular arrangement of maxima
and minima which are separated by a distance of the order of the wavelength of the
laser beam used. The neutral atoms can be trapped in these optical potentials when
they are sufficiently cooled.
As said earlier, the cooling of atoms can be done via various techniques, such
as laser cooling technique [8–11] , evaporative cooling process [5] etc. In a laser cooling
process, as an atom absorbs a photon from the incident laser beam, it receives an
impulse along the direction of the incoming photon and creates an excitation. If
the atom emits a photon, it will recoil in the opposite direction. Since emission
is a random process, it therefore, may transfer zero momentum due to emission [8] .
For red detuned laser (laser frequency is less than that of the atomic transitions),
absorption of a photon is only possible when the atom is moving towards the laser
field so that the Doppler shift compensates for the detuning. Hence the atom slows
down resulting in a loss of kinetic energy and hence low temperatures. This method,
sometime also known as “optical molasses” [8] . This process is the simplest way of
laser cooling, while other sophisticated methods are also available e.g. Sisyphus
cooling [10,12] etc.
The atoms thus cooled, as well can be trapped by the most commonly used device
is the magneto-optical trap [10] . The main idea behind it is to use position dependent
magnetic field, which induces a position dependent Zeeman-splitting. As a result,
the force exerted by the laser beams also becomes position dependent, yielding a net
force towards the center of the trap. Note that this trapping potential in general
is approximated as harmonic, which makes the system inhomogeneous. To further
achieve low temperatures, the method of “forced evaporative cooling” is used. The
detailed discussions on cooling methods can be found in Ref.[13].
Cold atoms in an optical lattice potential resemble in many respects with that of
electrons in an ion-lattice potential of real crystals studied in solid state physics. But
the optical lattices have many advantages with respect to the real crystals. They
are defect free and have no impurity. The lattice properties can be controlled easily
by laser parameters. For example, the interaction between the atoms can be tuned
using a magnetic field via Feshbach resonance (described later). The lattice depth
can be controlled by changing the laser intensity, the orientation of the lattice can
2
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be changed by tuning the polarization of the laser light, various lattice geometries
such as square, triangular, honeycomb, kagome etc. can be achieved by changing the
laser configuration. Also, quite importantly, the lattice spacing is typically 103 times
larger compared to the real crystals. The atoms or ions play the role of electrons
in solid, they hop through the lattice site as electrons would tunnel through a solid.
Thus there are enough indications that cold atoms in optical lattices can provide a
new paradigm for observing several quantum phenomena.
Let us now briefly discuss the physical principles governing the formation of
optical lattices. The interaction between the cold atom and the effective laser field
arising out of the interference pattern induces an electric dipole moment on the
atoms. The atomic dipole in turn interacts with the electric field of the laser beams
and modify the energy level via a phenomenon called as AC Stark effect. We briefly
review the physics here.

1.1.1

Dipole Potential

Here we describe how the laser beams interact with the cold atoms and generate
trapping potential. Let us consider a time varying electric field of the standing wave
produced by counter propagating laser beams as,
E(r, t) = êE(r)e−iωt ,

(1.1)

where ê is the unit vector along the polarization direction, E(r) is the spatial part
of the electric field and ω is the driving frequency of the laser beams. When an
~ an atomic dipole moment P is induced that
atom is placed in this electric field, E,
oscillates by the driving frequency ω as,
P(r, t) = êP (r)e−iωt

(1.2)

P (r) is the amplitude of the dipole oscillator. The relation between P (r) and E(r)
(of Eq. (1.1)) is given by,
P (r) = α(ω)E(r),

(1.3)

where α(ω) is the complex polarizability that depends on the driving frequency, ω.
The induced dipole moment P(r, t) interacts with the laser field E(r, t) and gives
rise to an effective potential, Vdip (r) which is denoted by,
1
1
Re(α)I(r)
Vdip (r) = − hP(r, t).E(r, t)i = −
2
2ǫ0 c
3
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here the angular bracket denotes the time average over the rapidly oscillating term.
The field intensity is related to the amplitude of the electric field as,
I(r) = ǫ0 c|E(r)|2.

(1.5)

Therefore the atom feels the potential that is proportional to the field intensity I(r)
and the real part of the polarizability. If I(r) is periodic, there will be a number of
minima or maxima, providing an environment that is akin to lattice potential for
the atom.
The atomic dipole may also absorb energy from the field that leads to heating
of the atom, which should be avoided. The scattering rate for the absorption of
photons by the dipole is related to the field intensity and the imaginary part of the
polarizability as shown in the following
Γsc (r) =

1
Im(α)I(r).
~ǫ0 c

(1.6)

Thus the two quantities, that is the effective dipole potential Vdip (r) and the scattering rate Γsc (r) play crucial roles for trapping of atoms in an optical lattice.
The field intensity can be easily calculated for a given configuration of laser
beams. The polarizability, α(ω) in general is a complex function of frequency, also
depends on the electronic structure of the atoms and needs a quantum treatment.
However when the driving frequency, ω, far from the atomic transition frequency,
ω0 , it can be calculated by considering the atom in Lorentz’s model of a classical
oscillator. The detailed derivation of α(ω) can be found in Ref.[14]. The effective
potential and the scattering rate can be expressed as,
 
3πc2 Γ
I(r)
Vdip (r) = − 3
2ω0 δ
 2
3πc2 Γ
Γsc (r) = 3 3
I(r)
2~ ω0 δ

(1.7)
(1.8)

where δ = ω − ω0 denotes the detuning parameter. The following observation can
be made from the above two equations, which are important for practical uses:
• Sign of detuning: If δ < 0 (“red detuned”), the dipole potential is negative and

hence atoms are attracted to the potential minima, that is, regions with maximum
field intensity I(r). For δ > 0 (“blue detuning”), the case is opposite and atoms are
attracted towards the maximum intensity region.
• Scaling with intensity and detuning: The dipole potential scales as Iδ , whereas the
4
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scattering rate scales as

I
.
δ2

To minimize the scattering rate and for a reasonable

potential depth, one has to use high intensity and large detuning δ.
The other way to calculate the atomic polarizability is by considering the atoms
as a two-level quantum system interacting with the classical radiation field in a
semi-classical approach. In this approach, the damping rate Γ (corresponding to the
spontaneous decay rate of the excited level) can be determined by the dipole matrix
element between the ground state |gi and the excited state |ei as,
Γsc (r) =

ω03
|he|µ̂|gi|2
3πǫ0 ~c3

(1.9)

where µ̂ is the dipole operator. When the intensity of the driving field is very high,
the excited state gets strongly populated, and the classical treatment fails to be
valid [14] .

1.1.2

The AC Stark Shift

In general, neutral atoms do not have an electric dipole moment. The interaction
between the neutral atoms and the electric field of laser beams can induce an dipole
moment by means of an AC Stark effect [14,15] . To describe the process, consider the
effect of far-detuned laser light on a two level atom. The energy shift of the internal
atomic states can be obtained from the second order energy correction, treating
the electric field as a perturbation. The amount of energy shift can be shown (for
non-degenerate states) to be
∆ǫ =

X |hi|Hint |ji|2
ǫi − ǫj

i6=j

(1.10)

where Hint = −µ̂.E is the interactions between a single atom and the laser field
with µ̂ = −er represents the atomic dipole operator, E is the laser field and ǫi are
the energies of the atom in presence of a laser field. Here the ground state energy is
the sum of the internal energy of the atom, which is zero, and the laser field energy
n~ω for n photons that yields a total energy ǫi = n~ω for the unperturbed ground
state |ii. When the atoms absorb a photon from the electric field, the total energy
of the combined system becomes,
ǫj = n~ω0 + (n − 1)~ω = −~δi,j + n~ω
5
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h ω0

Excited State

hω
Ground State

0

11
00
00
11

Figure 1.1: AC Stark shift for a two-level atom due to light-matter interaction. ω and
ω0 are the laser frequency and atomic transition frequency respectively. Red-detuned
light (δ < 0) shifts the ground state down and excited state up by same amount (in left)
with respect to unperturbed situation. A Gaussian laser beam produces a ground state
potential well, in which an atom can be trapped (right). The Figure is extracted from
Ref.[14].

where δi,j = ω − ω0 is the detuning parameter. Thus for a two level atomic system
with an internal ground state |gi (= |ii) and an excited state |ei (a specific |ji), Eq.
(1.10) reduces to

3πc2 Γ
|he|µ|gi|2 2
|E| = ±
I.
∆ǫ = ±
δ
2ω0 δ

(1.12)

The upper and lower signs stand for ground and excited states respectively (see Fig.
1.1) where we have used the relation I = 2ǫ0 c|E(r)|2. Thus the energy shift due to
AC stark effect is directly proportional to the light intensity. Therefore, a spatially
dependent light field can be used to generate different variation of the intensity
profile, which equivalently can be thought of as a variety of potential wells in which
the atoms can be trapped in its ground state at very low temperatures, as shown
in Fig 1.1. In a similar way, the perturbation theory can be extended for the case
of multi-level systems. The energy shift for multi-level systems further depends on
the polarization of the light, magnetic sub-level mF of a certain hyperfine ground
state F . In a previous study [14] , it was found that the linearly polarized light is
usually a better choice for a dipole trap for the multi-level alkali atoms, the detailed
discussion of which can be found in Ref.[14].

1.1.3

Lattice Geometry

We have discussed how artificial crystals can be formed by light and atom
interaction, where atoms feel spatially dependent periodic potential due to AC Stark
6
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effect. A variety of lattice geometries for the trapping potential can be formed with
different configurations of laser light sources, which in turn may prove to be very
useful for simulation of different condensed matter systems. The periodic potential
can be formed by creating a standing wave profile formed by the interference pattern
of two counter propagating laser beams. It is possible to generate various kinds of
optical lattices by using different frequencies and orientations for each pair of the
laser beams in one, two, or three dimensions. For example, consider two counterpropagating laser beams having frequency ωL , wavelengths λ1,2 and corresponding
wavevectors k1,2 . If both the beams are linearly polarized, the resultant electric field
in the x direction can be written as,


E = E0 ê1 ei(k1 x−ωL t) + ê2 e−i(k2 x+ωL t)

(1.13)

where ê1 and eˆ2 are the polarization vectors for the two beams and E0 is the
amplitude of the electric field. The field intensity, I, can be found as,

 
∗
I ∝ |E|2 = E02 ê1 ei(k1 x−ωL t) + ê2 e−i(k2 x+ωLt) . ê1 ei(k1 x−ωL t) + ê2 e−i(k2 x+ωL t)
= 2E02 [1 + ê1 .ê2 cos(k1 + k2 )x] .

(1.14)

The atoms effectively feel the lattice potential, Vopt (x) ∝ I. In Eq. (1.14), the last
term corresponds to the interference between the two beams, and it vanishes if the
polarizations of the two beams are orthogonal. For linearly polarized beams having
same frequency, ω and wavevector, k, the time-averaged potential is hence given by
Vopt (x) ∝ E02 (1 + cos 2kx).

(1.15)

In similar way, a periodic potential in higher dimensions can be created by superimposing additional pairs of laser beams in different directions. For example, two
orthogonal sets of counter-propagating beams the lattice potential takes the form,


Vopt (x, y) ∝ E02 cos2 (kx) + cos2 (ky) + 2ê1 .ê2 cos φ cos(kx) cos(ky)

(1.16)

where φ is the temporal phase between them, and ê1 and ê2 are the polarizations
of the two laser beams along x and y directions respectively. The interference term
in Eq. (1.16) only arises if the two lasers are coherently coupled, which can be
avoided by choosing orthogonal polarization vectors and by using slightly different
wavelengths for the standing wave.

7
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Two and three dimensional optical lattices can be formed by superimposing two
or three mutually perpendicular standing wave from two sets of counter propagation laser beams respectively having orthogonal polarizations. If the polarization
vectors are not orthogonal but the laser frequencies are the same, they interfere
and the optical potential changes depending on the relative phase of the beams.
This leads to a variation of the geometry of the lattice having a checker board like
pattern. A simple square lattice with one atomic basis can be created by choosing
orthogonal polarizations between the standing waves. In this case the interference
term vanishes and the resulting potential is just the sum of two superimposed 1D
lattice potentials. A variety of two dimensional (2D) lattices can be created from
the interference of three laser beams by changing their orientations and signs of the
detuning parameter [16] . An elaborate discussion on the latter is included in chapter
2.

1.1.4

Atomic Interactions in an Optical Lattice and Feshbach Resonance

Interactions between the atoms play a crucial role in order in determining the
principles of many body physics. Excellent control on a system of ultracold atoms
in optical lattices implies the possibility of tuning the interaction among the atoms.
In solid state physics, the origin of two particle interactions is short ranged arising
due to a Van der Waals force and is often described by a Lennard-Jones potential
′
which falls of U(r − r ) ∝ |r−r1 ′ |6 . In cold atomic systems, at sufficiently low tem-

peratures the interactions present in the cold atomic gases are also short ranged
and may completely be described by the s-wave scattering length as . The two body
interactions can be denoted by short range pseudopotential as,
′

U(r − r ) ≃

4π~2 as
′
δ(r − r )
2Mr

(1.17)

where Mr is the reduced mass and the two-body s-wave scattering length, as can be
tuned via a Feshbach resonance.
To make the discussion complete, we provide a brief note on the Feshbach resonance here. The direct way to control the interaction between the atoms in ultracold
gases are Feshbach resonance, which allows an increase of the scattering lengths beyond the average interparticle spacing [17] . A Feshbach resonance in a two particle
collision process appears when the bound molecular state in the closed channel en8
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bound
state

incident
energy
closed
channel

open
channel

Interatomic
distance
Figure 1.2: Figure from Ref.[17]. The two-channel model for a Feshbach resonance.
Atoms prepared in the open channel, corresponding to the interaction potential Vop (r)
(red line), undergo a collision at low incident energy. In the course of the collision, the
open channel is coupled to the closed channel Vcl (blue line). When a bound state of the
closed channel has an energy close to zero, a scattering resonance occurs. The position
of the closed channel can be tuned with respect to the open one, e.g., by varying the
magnetic ﬁeld B.

ergetically approaches the scattering state in the open channel (see Fig. 1.2). Then
even weak coupling can lead to strong mixing between the two channels. The energy
difference can be controlled by changing the magnetic field when the corresponding
magnetic moment are different. The magnetically tuning method is the common
way to achieve resonant coupling and it has numerous applications [18] . In a magnetically tuned Feshbach resonance, the s-wave scattering length, as as a function
of the magnetic field B is given by [19] ,

as (B) = abg 1 −

Γ
B − B0



(1.18)

where abg is the background scattering length associated with the interaction potential of the open channel and represents the off-resonant value. The parameter
B0 denotes the resonance position where the scattering length diverges (a → ∞)
and Γ is the resonance width [18] . Fig. 1.3 shows a schematic plot of the resonance
expression. It can be noted that both abg and as can be negative or positive, which
9
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2

3

(B-B0)/Γ
Figure 1.3: The variation of the (normalized) scattering length, as /abg as a function of
magnetic ﬁeld, B in a magnetically tuned Feshbach resonance.

means both attractive and repulsive interactions can be realized. Alternatively, Feshbach resonance can be achieved by optical methods, leading to optical Feshbach
resonances that are very similar to the magnetically tuned ones.

1.1.5

Disorder in an Optical Lattice

The optical lattices offer an ultra-clean environment, and hence are defect-free,
besides being free of phonons, and thus have the advantage over the conventional
crystal lattices. Abilities to control the interparticle interaction potential make it
possible to incorporate disorder in these systems with precisely tunable disorder
strengths. The disorder in optical lattices can be generated by means of speckle
lasers [20–23] , two-colour superlattices [24–26] and other means [27] .
A speckle is the random intensity pattern produced by a coherent laser light when
scattered from a rough surface. Hence the resultant intensity pattern is characterized
by a spatially modulated phase and amplitude of the electric field vectors. Such
partial waves with no definite phase relationship among each other, originating from
different scattering sites of the rough surface, interfere at any spatial position leading
to constructive or destructive interferences [28] . This produces a high contrast pattern
of randomly distributed grains of light. A fully developed speckle pattern is created
when the rough surface contains sufficient number of scatterers to diffuse all the
10
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incident light so that there is no directly transmitted light.
In the case of two colour superlattices, a nonuniform lattice potential is generated by superposing two collinear laser standing waves with different wavelengths
of the laser beams [24] . The interference pattern of such standing waves produces
a superlattice with a sinusoidal modulation of the depth of the lattice potential.
More complex topologies can be realized experimentally by using a superposition of
several laser beams with different wavelengths [29] .
An immediate task is to utilize all the information collected so far and look for
a simple model for a fluid of interacting bosonic atoms on a (optical) lattice. The
following discussion will serve our purpose.

1.2

Ultracold Atoms on Optical Lattice and Bose Hubbard Model

In 1989 a simple model was proposed by Fisher et al. [30] for interacting bosons
in a lattice potential. The model is known as Bose Hubbard model (BHM) which is
capable of predicting a quantum phase transition from a superfluid (SF) to a Mott
insulating phase (MI) at zero temperature [30] . The SF (MI) phase characterized
by a non-zero (zero) SF order parameter and finite (vanishing) compressibility. A
detailed discussion is included in the next subsection.
The Hamiltonian in its second quantization formulation reads,
H = −t

X
hi,ji

(b†i bj + h.c.) +

X
UX
n̂i (n̂i − 1) +
(ǫi − µ)n̂i
2 i
i

(1.19)

where the angular bracket indicates i and j as nearest neighbouring sites, b†i (bi )
creates (annihilates) a boson on site i, and n̂i = b†i bi , is the local density operator
for bosons. The first term is the kinetic energy, describing the hopping with strength
t between the neighbouring sites. The second term determines the onsite interaction
energy between the bosons. The parameter U measures the strengths of interaction
at a site i. In last term, chemical potential energy, µ controls the number of particles
in the system and ǫi is the random onsite energy that may be used to model disorder.
At this stage there is no way to ascertain the explicit presence of an optical lattice
in the system under consideration, however the connection can be understood in the
following sense (that also paves the way of our dealing with the interacting Bose gas
on a lattice).
11
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In 1998, Jaksch et al. [6] realized that the dynamics of cold atoms in optical lattices
can be described by BHM with a excellent control on the Hamiltonian parameters
by tuning the properties of the laser field. The Hamiltonian can be simulated with
a great accuracy by loading bosonic atoms in an optical lattice to study SF-MI
transition at T = 0 by varying the depth of the optical potential [6] . The atoms
are thus held together by a trapping potential, VT along with an optical lattice
potential, V0 thereby confining the atoms to individual lattice sites. As mentioned
earlier, the interaction between the ultracold atoms are mostly determined by the
s-wave scattering length as . The resulting many body Hamiltonian is given by,


~2 2
∇ + V0 (x) + VT (x) ψ(x)
H=
d xψ (x) −
2m
Z
1 4πas ~2
d3 xψ † (x)ψ † (x)ψ(x)ψ(x).
+
2 m
3

R

†

(1.20)

Expanding the bosonic field operators ψ and ψ † in site localized Wannier basis as [31] ,
ψ(x) =

X
i

w(x − xi )bi

(1.21)

where w(x − xi ) represents the Wannier orbitals localized at site xi . Considering the
lowest vibrational states (assuming the energy scale involved is sufficient up to the
excitation energy of the first band), Eq. (1.20) reduces to the BMH in Eq. (1.19),
where the Hamiltonian parameters are defined as,

~2 2
∇ + V0 (x) w(x − xj )
t = − d x w (x − xi ) −
2m
Z
4πas ~2
d3 x |w(x)|4 .
U =
m
Z

3



∗

(1.22)
(1.23)

In the limit V0 ≫ Er (Er is the recoil energy of the atom), where a single band
approximation is valid, the hopping parameter, t can be obtained as [32] ,
4
t = √ Er
π



V0
Er

 34

√
e−2 V0 /Er .

(1.24)

Also the form of the onsite interaction parameter, U in terms of V0 and Er is given
by the equation,
8
U = √ Er kas
π

12
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V0
Er

 43

(1.25)
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as being the s-wave scattering length and k is the wave vector of the laser field.
After such a connection being established between the BHM and atoms in an
optical lattice, the signature of SF-MI quantum phase transition was observed experimentally by Greiner et al. [7] in 2002 in a gas of ultracold 87R b atoms in three
dimensional optical lattice. This observation of the quantum phase transition from
a SF to a MI phase has offered a first glimpse of the plethora of physical phenomena
that were awaiting. Later on the SF-MI phase transition was found also in 1D [33]
and 2D [34] . Thereafter, the theoretical studies of cold atomic gases have dramatically increased. These include the theoretical studies of disordered bosonic system [35–38] multi-component Bose mixture [39–41] Bose-Fermi mixture [42,43] . Besides,
a large number of analytical and computational methods are proposed to study
the BHM such as, strong coupling expansion [44,45] , projection method [46,47] , mean
field theories (MFT) [48–54] , Gutzwiller approach [46,55] , quantum Monte Carlo (QMC)
method [56–62] etc.
Recent progress in the experiments with cold Chromium atoms [63] suggested
that an extension to the BHM is experimentally relevant. Unlike the alkali atoms,
which have been used in most of the optical lattice experiments so far, 52 Cr atoms
have a large dipole moment which leads to long range dipolar interactions. This
makes 52 Cr atoms in an optical lattice a potentially ideal system for experimentally
exploring the phase diagram of the BHM with long range interactions, known as the
extended Bose Hubbard model (EBHM). To understand the effect of longer range
repulsive interactions among the atoms, an intersite potential term of the form,
P
V hi,ji ni nj is added to the Hamiltonian in Eq. (1.19) that takes into account the

interaction between nearest neighbors, a scenario that is capable of giving rise to a
rich quantum phase diagram, which should be experimentally accessible. A large
number of theoretical studies have been carried out to investigate the possibility of
different exotic phases in the EBHM [64–67] .

1.2.1

SF-MI Transition

As emphasized in the preceding discussion, at zero temperature, bosons in
a periodic potential exhibit two type of phases: a superfluid phase and a Mott
insulating phase [30] . In the context of the BHM, let us see what it means. The
model is characterized mainly by two energies. One is the tunneling energy, t which
determines the probability amplitude of an atom to hop from a lattice site to another
neighbouring site and the onsite interaction energy, U which is the interaction energy
13
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between the atoms located in the same site. Depending upon the strengths of these
parameter, the physics described by the BHM can be divided into two separate
regimes. One is the kinetic energy dominated regime when the onsite interaction is
small compared to the hopping amplitude, where the ground state is a superfluid
as it tries to delocalize the bosons over the entire lattice. In the opposite limit,
where onsite interaction supersedes the tunneling energy, the ground state is in the
MI phase in which the bosons are localized and each lattice site having an integer
occupation density.
When the kinetic energy term dominates the Hamiltonian, that is, when the
tunneling amplitude is sufficient to delocalized the bosons, quantum correlation can
be ignored and the system can be described by a macroscopic wavefunction (since the
many body state is a product over single identical particle wavefunctions). There is a
macroscopic well defined phase and the system is a superfluid. This is because when
atoms are delocalized over the lattice with equal relative phases between adjacent
sites, they exhibit an interference pattern from an array of phase coherent matter
wave sources [68] . As interaction increases, the average kinetic energy required for an
atom to hop from one site to the next becomes insufficient to overcome the potential
energy cost. Thus atoms tend to get localized at individual lattice sites and number
fluctuations are suppressed. Hence in the MI phase, the ground state of the system,
instead consists of localized atomic wavefunctions with a fixed number of atoms per
site. The lowest lying excitations that conserve particle number (U(1) symmetry)
are the particle-hole excitations. This phase is characterized by the existence of
an energy gap. The gap is determined by the energy necessary to create one such
particle-hole pair.
In experiments, the SF-MI transition was observed by Greiner et al. [7] by loading
87
Rb atoms from a Bose-Einstein condensate into a three dimensional optical lattice
potential. The condensate is a superfluid, where bosons can tunnel from one site
to the next. When the lattice potential is turned on smoothly, the system remains
in the SF phase, till the interaction between the atoms are small compared to tunneling strength. If the lattice potential depth is increased, the repulsive interaction
between the atoms becomes large compared to the tunneling term, which whence
induces the superfluid to a Mott insulator transition. In the MI phase the total
energy is minimized when each lattice site is filled with a fixed numbers of bosons.
Hence the fluctuation in atom number reduces on each site, leading to enhanced
fluctuation in the phase of the wavefunction [69] . Thus the phase coherence is lost.
These feature was observed in the experiment by recording absorption images af14

TH-1276_09612119

1.2. Ultracold Atoms on Optical Lattice and Bose Hubbard Model

Figure 1.4: Figure from Ref.[7] of absorption images of multiple matter wave interference patterns of ultracold atoms released from an optical lattice across the superﬂuid to
Mott insulator transition. As one goes from a to h, the depth of the lattice potential is
increased. The time interval of imaging is ﬁxed at τ = 15ms. The SF phase yields to
sharp interference peaks, the vanishing of pattern indicating transition to MI phase (g and
h etc.).

ter suddenly releasing the atoms from the lattice potential at an interval of time
τ = 15ms. The respective images corresponding to the different values of the lattice potential depth are presented in Fig. 1.4 from Ref.[7]. The absorption images
confirm the signature of SF-MI phase transition. When the depth of the potential
is relatively small, the atoms have a reasonable kinetic energy. Hence the system
is in superfluid state which signals the emergence of coherent matter waves during
the expansion and appears as Bragg-like interference pattern provided by the absorption images (Fig. 1.4). With increasing the potential depth, sharp peaks in
the absorption pattern vanish, indicating the transition to a Mott insulator phase.
Further the critical ratio (U/t)c at which SF-MI transition occurs obtained from the
experiment is in good agreement with the theoretical prediction [6,30,70,71] .

1.2.2

Bose Glass Phase

Motivated by the experimental results on superfluidity in 4 He on Vicor glass [72] ,
Fisher et al. [30] discussed the behaviour of bosons with short range interactions moving in random external potentials. Unlike the SF and MI phase for pure system,
a Bose glass (BG) phase intervening to SF and MI phases, was predicted in presence of disorder [73] . The BG phase is characterized by a gap in the particle-hole
excitations, however finite compressibility, but the system is still an insulator be15

TH-1276_09612119

Chapter 1. Introduction
cause of the localization effect of the random potential [30] . In this study it was
argued that a direct transition between SF and MI phase was unlikely, though not
fundamentally impossible. Since then, a large number of analytical, computational
and experimental studies have been carried out for finding the correct answer about
the location and nature of the BG phase and in many cases reaching contradicting
conclusions [44,74–82] .
The emergence of BG phase along with SF and MI phases described by the
disordered BHM in its parameter space can be understand as follows. When the interaction is sufficiently strong and the total number of bosons is an integral multiple
of the number of lattice sites, the model should describe a Mott insulator. In this
phase, the bosons are strongly localized in the potential wells of the optical lattice.
When both interaction and disorder strengths are weak, the model should describe
a superfluid phase. In presence of disorder, depending on the system parameters,
the BG phase appears and can be described either by localized single particle states
or as an isolated superfluid region. The BG does not allow phase coherence to extend over the entire lattice, and as mentioned before, is characterized by a finite
compressibility and gapless particle-hole excitations.

1.2.2.1

Theorem of Inclusions

A rigorous proof for the absence of a direct transition between a SF phase to an
MI phase is given by Pollet et al. [73] in form of a theorem referred to as ’theorem
of inclusions’. The theorem asserts that ’rare regions’ of the competing phases
always exist on either side of the transition line corresponding to a generic bounded
disorder. Thus a BG phase will always intervene between the superfluid and the
Mott insulator.
Numerical simulations using Worm algorithm Monte Carlo techniques have further provided important leads, where a critical value of the onsite interaction parameter, U (see Eq. (1.19)) is proposed for a direct transition from superfluid to
a Mott insulator phase in presence of weak disorder. Summarizing the criterion,
(0)
(0)
a direct transition from SF to MI phase is possible for U > Uc (Uc being the
Mott transition point of the pure system) for weak disorder, where the disorder first
destroys the Mott insulator, turning it into a compressible Bose glass and this will
inevitably happen when the disorder strength (call it ∆c , where ∆ characterize the
disorder potential) is greater than Eg (U)/2, where Eg is the Mott gap in the pure
system at a given value of U.
16
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1.3

Methods of Solution of the BHM

The techniques that are applied to study the BHM (or equivalent model, such as
model in presence of disorder, long range interaction, trapping potential etc.) have
included a large number of approaches. For example exact diagonalization (ED)
method [6,83,84] , MFT [70,71,85–88] , QMC schemes [61,89–93] etc.
In this section, we review a few important methods that are used to solve and
find the ground state of the BHM for a minimal characterization of the system by
evaluating certain correlation functions. First we shall describe the simplest way
(but numerically intense) of solving bosonic Hamiltonian exactly, known as exact
diagonalization. This method is not suitable for large systems because of the exponential growth of the Hilbert space with increase in the system size. A mean field
scheme can reduce the complexity of the problem by decoupling appropriate term
in the Hamiltonian. A Bogoliubov approach is one of such scheme which decouple
the interaction term. But it is unable to capture the SF-MI phase transition. This
method turns out very useful for enumerating condensate properties of a quantum
fluid in regime of weak interactions. A site decoupled mean field scheme based on the
decoupling of the hopping term succeeds in providing a SF-MI phase transition. The
method was first proposed by Sheshadri et al. [70] to study a homogeneous system.
Latter it was extended to the inhomogeneous cases [88,94] . This approach is analogous to the the Gutzwiller method, which was first introduced to study the fermionic
Hubbard model and then applied to the bosonic cases [6,85] . The QMC approach employs a wide class of techniques, some of which are statistically exact because they
give unbiased estimates of physical quantities. Recently one most common QMC
approach used to study bosonic system is based on the Worm algorithm [95] .
It may be noted that we have used only a couple of techniques in this thesis to
solve the BHM that are simple, but efficient, however, for the sake of completeness,
present brief notes on a few other techniques that are mentioned above and have
widely been used.

1.3.1

Exact Diagonalization

Here we briefly review the ED method. The procedure for diagonalizing the
Hamiltonian is the following:
First choose the basis of the Hilbert space of the system. Let for the system consists
of D states, the basis is {|Φi}j=1,....,D .
Construct the matrix representation of the Hamiltonian in the chosen basis by com17
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puting the matrix element as Hi,j = hΦj |H|Φj i. The dimension of the matrix is

D × D.
Find the set eigenvalues and eigenvectors {Ej , |Vj i}j=1,....,D by diagonalizing the matrix Hi,j .
The lowest eigenvalue is identified as the ground state energy Egs of the system
and corresponding eigenvector |Vgs i is the ground state wavefunction in the basis

{|Φi}j=1,....,D as given by,

Egs = min (Ej )j=1,....,D

(1.26)

H|Vgsi = Egs |Vgs i.

(1.27)

Any observable that is describable through an operator Â can be computed by taking
an expectation value on the ground state, |Ψ0 i as,
hΨ0 |Â|Ψ0 i =

D
X
j=1

|Vgsj |2 hφj |Â|φj i.

(1.28)

For a system of Ns lattice sites with N bosons, the dimension of the Hilbert space
is given by,
D=

(N + Ns − 1)!
.
N!(Ns − 1)!

(1.29)

From the above equation it can be seen that even for a small lattice and having few
bosons, the value of the D is large. For example, a system having Ns = 16 lattice
sites with one boson per site, the dimension D is 300540195.

1.3.2

Bogoliubov Approximation

In this subsection we review the Bogoliuvov approach (BA) based on Ref.[71]
which is applicable in the weak interaction regime. We consider a BHM as in Eq.
(1.19) on a d-dimensional hypercubic lattice with spacing a. The Hamiltonian can
be transformed in momentum space by introducing the the operators b†k and bk as,
1 X
1 X † −
bi = √
ak e− ik.ri , b†i = √
a e ik.ri
NS k
NS k k

(1.30)

where Ns is the total number of lattice sites. Using the above transformation the
Hamiltonian in momentum space can be written as,
H=

X
k

(ǭ − µ)a†k ak +

1U X X † †
a a ′ a ′′ a ′′′ δ ′ δ ′′ ′′′ .
2 Ns ′ ′′ ′′′ k k k k k+k k +k
k,k k ,k

18

TH-1276_09612119

(1.31)

1.3. Methods of Solution of the BHM
In the weak coupling regime, we can consider the number of condensate atoms
N0 = ha†k ak ik=0 is much larger than one. Choosing the expectation value of a†k=0
and ak=0 (call them as a†0 and a0 respectively) to be real, the BA consists of replacing
these operators with their average plus a fluctuation that are denoted by,
p
N0 + a0
p
→
N0 + a†0 .

a0 →
a†0

(1.32)

The above substitution up to second order in bosonic operators yields an effective
Hamiltonian in k-space of the type,
X
1X
1
[ωk − (ǫk + Un0 )] +
ωk b†k bk
H ef f = − Un0 N0 +
2
2
k

where,

(1.33)

k

q
ǫ2k + 2Un0 ǫk


1 ǫk + Un0
2
2
−1
|vk | = |uk | − 1 =
2
ωk
ωk =

(1.34)
(1.35)

ωk refers to the quasiparticle dispersion (these are called as Bogoliubov quasiparticles). The detailed derivation leading to the above form is given in chapter 2. To
obtain the total density, n of bosonic atoms, we note that n consists of two parts −
the condensate density, n0 and the excited state density (k6= 0)
1 X †
ha ak i ef f
NS k k H


1
1 X
2
2
2
(|uk | + |vk | ) βω
= n0 +
+ |vk |
NS k6=0
e k −1

n =

(1.36)

where h..iH ef f denotes the expectation values calculated with respect to the effective
Hamiltonian H ef f . At zero temperature, the condensate density is related to the
total density in the following manner,


1 X ǫk + Un0 1
n = n0 +
−
.
Ns k6=0
2 ωk
2

(1.37)

Eq. (1.37) can be used to calculated the condensate fraction n0 /n for different filling
factor n as a function of interaction parameter.

19
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1.3.3

Other Mean Field Techniques

In this subsection we shall review the site decoupling mean field techniques
for Bose Hubbard model [70,88,96,97] . This scheme is mainly based on the decoupling
of the hopping term of the Hamiltonian. Unlike the BA, this approach succeeds
in predicting the SF-MI transitions. A site decoupling mean field theory (MFT)
transforms the BHM into a single site effective Hamiltonian and thus is expected to
miss out on the intersite correlations. Although the fluctuations are inevitable, one
still obtains a qualitatively correct phase diagram at zero temperature for all finite
values of interaction parameters. A multisite version of the MFT is introduced,
where the hopping among a cluster of sites is treated exactly, while the inter cluster
couplings are treated within an MFT to capture the fluctuation in the physical
variables [97–99] . A brief description of the single site and multisite mean field theories
are presented in the following.

1.3.3.1

Single Site MFT

The method consists of decoupling the kinetic energy operator which can be
shown as,
b†i bj → hb†i ibj + b†i hbj i − hb†i ihbj i = ψi bj + ψj b†i − ψi ψj

(1.38)

where ψi = hb†i i = hbi i is the order parameter which for the number conserving case,
is real. In the single site mean field techniques, the couplings between the sites are
completely replaced by average fields as shown in Fig. 1.5(a). Now the Hamiltonian
in Eq. (1.19) can be written as a sum of single site Hamiltonian as,
H=

X

HiM F (ψi , φi )

(1.39)

i

where φi =
given by,

Pz

j=1 ψj ,

HiM F (ψi , φi )

z being the coordination number of the lattice. HiM F is hence


h
i
U
n̂i (n̂i − 1) − µn̂i − zt φi (bi + b†i ) + ψi φi .
=
2


(1.40)

For a homogeneous system, the observables are independent of the lattice site and
we can set φi = ψi = ψ. Hence the Hamiltonian becomes site independent and can
20
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2

1

(a)

(b)

Figure 1.5: The decoupling scheme of a single site in (a) and for a cluster of two site
in (b) is presented. The angular brackets is used to indicate average ﬁeld of the bosonic
operators.

be written as,
H

MF




U
=
n̂(n̂ − 1) − µn̂ − ψ(b + b† ) + ψ 2 .
2

(1.41)

In the above equation the interaction parameter, U and the chemical potential, µ
are scaled by the energy zt. The matrix representation of the above Hamiltonian
can be obtained in the occupation number basis, |ni (truncated at some maximum
value n = nmax ) by computing the matrix elements as


h √
i
√
U
′
′
′
hn |H |ni = ψ + n(n − 1) − µn δn,n − ψ( n + 1δn+1,n + nδn−1,n )
2
(1.42)
†
where the operators bi and b are the raising and lowering operators of the quantum
′

MF



2

harmonic oscillator. Thus,
b†i |ni =
bi |ni =

√
√

n + 1|n + 1i
n|n − 1i.
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Suppose nmax = 3, then the order of the matrix becomes 4 × 4 and the matrix

representation of the Hamiltonian is,







ψ2
−ψ
0
0
√
0
−ψ ψ 2 − µ
− 2ψ
√
√
2
− 3ψ
0 − 2ψ ψ − 2µ + U
√
2
0
0
− 3ψ
ψ − 3µ + 3U





.



The eigenvalues and eigenstates for a homogeneous system can be found by
diagonalizing the above matrix. The order parameter which is to be obtained self
consistently as, ψ = hbi(= hb† i for a real ψ). In Fig. 1.6, the ground state energy (Eg )
variation as function of nmax is shown which yields the following. When nmax < 6,
Eg depends on the choice of nmax . So to attain a stable ground state, the value of
nmax should be atleast 6. We have worked mostly nmax = 8.
For an inhomogeneous system (which can results from disorder, harmonic potential), the order parameter no longer remains site independent. Hence the Hamiltonian at each site will have to be treated individually and since each site is connected
to z neighbours, a simultaneous selfconsistent solution of the problem at all sites is
necessary.

-8

U=6, µ=10

Eg

-12

-16

-20
0

2

4

nmax

6

8

10

Figure 1.6: The plot shows the variation of ground state energy, Eg as a function of
truncated occupation number, nmax . For nmax < 6, Eg depends on nmax . But after that
values, Eg is independent of the choice of nmax .
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1.3.3.2

Multisite MFT

In the site decoupled mean field theory, the intersite correlations which allow
for fluctuations of various physical quantity are completely neglected. For example,
the occupation density in the MI phase of a homogeneous system is precisely an
integer, whereas in reality there must be some (albeit small) fluctuations occur in
the occupation density [97] . These effects can be captured, at least to some extent, by
the multisite MFT (MSMFT). In MSMFT, the hopping among a cluster of sites are
treated exactly, while the inter cluster couplings are treated within a MFT [97,99,100] .
This approximation has yielded systematic improvement of the results for the MI-SF
phase boundary and in particular, the critical values of the phase space parameters
are refined as the size of the cluster is increased. This approach is used in many
cases such as to study the the MI-SF transition in superlattices [99] and also for
the disordered BHM [101] . Here we describe a two site cluster mean field theory by
treating two lattice site exactly and taking the average contributions from their
neighbours (see Fig. 1.5(b)) in the following manner. In the homogeneous BHM,
the hopping term decouples as,
HtM F = −t

X
hi,ji

h
i
b†i bj = −t b†1 b2 + b†2 b1 + 3ψ(b†1 + b1 + b†2 + b2 − 2ψ)

(1.44)

here the subscripts of the bosonic operator denote lattice site indices that are treated
exactly. Therefore the MF Hamiltonian becomes,
H M F = HtM F +




U
n̂1 (n̂1 − 1) + n̂2 (n̂2 − 1) − µ n̂1 + n̂2 .
2

(1.45)

The matrix representation of the above Hamiltonian can be found by computing
the matrix element in the occupation number basis. In this case the basis is chosen
as |n1 , n2 i truncated at sum maximum occupancies n1max and n2max corresponding

to the two sites. If the maximum occupation number for both the sites choose
n1max = n2max = 3, in this case the dimension of the matrix becomes 42 × 42 . The

matrix elements of the MF Hamiltonian are calculated as,
′

′

′

′

hn1 , n2 |H M F |n1 , n2 i = hn1 n2 |HtM F |n1 , n2 i
U ′ ′
hn , n |n̂1 (n̂1 − 1) + n̂2 (n̂2 − 1)|n1 , n2 i
+
2 1 2
′
′
− µhn1 , n2 |n̂1 + n̂2 |n1 , n2 i
23

TH-1276_09612119

(1.46)

Chapter 1. Introduction
where each term on the right hand side is calculated as,
√
√
′
′
hn1 n2 |HtM F |n1 , n2 i = −t n1 + 1 n2 δn1 +1,n′ δn2 −1,n′
1
2
√ √
n1 n2 + 1δn1 −1,n′ −1 δn2 +1,n′
+
1
2
√
√
′
′
′
+ 3ψ( n1 + 1δn1 +1,n δn2 ,n + n1 δn1 −1 , n1 δn2 ,n′
1
2
2
√
√
′
n2 + 1δn1 ,n′ δn2 +1,n′ + n2 δn1 , n1 δn2 −1,n′ ) , (1.47)
+
1

2

2

U
U ′ ′
n1 (n1 − 1)
hn1 , n2 |n̂1 (n̂1 − 1) + n̂2 (n̂2 − 1)|n1 , n2 i =
2
2

+ n2 (n2 − 1) δn1 ,n′ δn2 ,n′
1

and



′
′
µhn1 , n2 |n̂1 + n̂2 |n1 , n2 i = µ n1 + n2 δn1 ,n′ δn2 ,n′ .
1

2

2

(1.48)

(1.49)

The matrix can subsequently be diagonalized to yield the ground state energy and
wavefunction of the system from the lowest eigenvalue and the corresponding eigenvector respectively.

1.3.3.3

Limitations of MFT

It may be noted that the agreement between the MFT and the other more refined
techniques is only qualitative in one dimension [102] , but it becomes progressively
better in two and three dimensions [47,103] . In Ref.[103] the deviation of various
techniques, such as the MFT, strong coupling expansions, variational methods and
field theoretic methods with that of the quantum Monte Carlo data for the critical
parameters are presented in the context of two and three dimensions. It should
further be stressed that the MFT results agree with those obtained from other
techniques in most parts of the boundary that separates the compressible (SF) and
incompressible (MI) phases, however the agreement becomes poor at the tip of the
Mott lobes which is the most sensitive region. This can be understood as follows.
The fluctuation in the order parameter is ignored by MFT and hence it yields a
continuous phase boundary with smooth boundaries separating the SF-MI phases,
while more refined methods, such as a field theoretic method and a QMC may miss
a real solution at certain discrete values of the chemical potential near the tip lobe.
24
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1.3.4

Strong Coupling Perturbation Technique

In the limit Ut → ∞, the mean field Hamiltonian in Eq. (1.41) can be written as
′
sum of unperturbed Hamiltonian, H (0) and a perturbation term, H as,
H = H 0 + ψH
where

′

(1.50)




U
2
H =
n̂(n̂ − 1) − µn̂ + ψ .
2
0

(1.51)

The perturbation term comprises of the boson operators as,
′

H = −ψ(b + b† ).

(1.52)

The ground state energy corresponding to H 0 in the occupation number basis |gi
(g is the occupation number corresponding to ground state) is computed as,
Eg(0) = hg|H 0|gi.

(1.53)
′

The first order correction to the energy due to perturbation term, H is zero, because
it is linear in the bosonic operators. The second order correction to the ground state
energy is given by,
Eg(2) = ψ 2

X |hg|H ′ |ni|2
(0)

n6=g

(0)

Eg − En

.

(1.54)

Therefore the total energy up to a second order correction is,
E = Eg(0) + Eg(2) .

(1.55)

The minimization of above energy with respect to the SF order parameter, ψ will
give the phase boundaries between various incompressible and compressible phases.

1.3.5

Gutzwiller Ansatz

The Gutzwiller method is a variational ansatz that was first introduced to study
the fermionic Hubbard model then it has then been applied also in the context of
the bosonic model [46,55] . The variational ansatz is that the ground state is written
25
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as a product of independent wavefunctions on every site as,
|Ψg i =

" ∞
NS
Y
X
i=1

ni =0

#

fni i |ni i ,

(1.56)

where the coefficients fni are to be optimized in the variational procedure and Ns is
the number of lattice sites. In the above choice of the wavefunction, the dimension
D of Hilbert space is restricted to
D = NS × (nmax+1 ),

(1.57)

where nmax is the maximum site occupation number. This quantity (D) increases
only linearly with the system size, thus making it possible to study larger systems,
as compared to the ones that can be studied by exact diagonalization methods.
The drawback is that the Gutzwiller wavefunction ignores the correlations between
different sites of the lattice. Using the Gutzwiller ansatz, the different ground state
correlation functions can be calculated using,
∞
X

hb†i bj ig =
hb†i bi ig =
hb†i b†i bi bi ig =
hbi ig =

ni =0
∞
X

ni =0
∞
X

ni =0
∞
X

!

√

fn∗ii +1 fni i ni + 1 

∞
X

fn∗jj fnj j +1

nj =0

p

|fni i |2 ni



nj + 1

(1.58)

(1.59)

|fni i |2 ni (ni − 1)

(1.60)

√
fn∗ii fni i +1 ni + 1.

(1.61)

ni =0

Hence the expectation value of the BHM on with respect to |Ψg i is given by,
hHig = − t

X
hi,ji

∞
X

ni =0
∞
X

!

√
fn∗ii +1 fni i ni + 1 

∞
X

fn∗jj fnj j +1

nj =0

p

nj + 1

∞
X
X
UX
i 2
+
|f | ni (ni − 1) +
(ǫi − µ)
|fni i |2 ni .
2 i n =0 ni
n =0
i
i

i
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In the homogeneous case (ǫi = 0), the coefficients fn are independent of the site
index. Therefore Eq. (1.62) reduces to
"

#
∞
∞ X
∞
X
X
√
U
hHig
∗
|fn |2
= −zt
fn∗ fn−1 fm−1
fm nm +
n(n − 1) − µn . (1.63)
Ns
2
n=0
n=1 m=1
To describe the ground state of the system, the values of the coefficients fn are
such that it minimizes the expectation value of the Hamiltonian in Eq. (1.63).
Once the coefficients, fn are known, various observables can be computed using Eq.
(1.58)-(1.61).

1.3.6

Quantum Monte Carlo Techniques

Numerical simulations based on Monte Carlo techniques have been used extensively to study the BHM. A variational Monte Carlo, particularly in presence of
disorder, which can interpolate between the superfluid, Bose glass and the Mott
insulating phases by appropriately adjusting the variational state can conveniently
be used [104,105] . The variational state uses a Gutzwiller wavefunction supplemented
by a density-density Jastrow factor applied to a condensate state where all the
bosons macroscopically occupy the lowest momentum state. The disorder is hence
modeled by site dependent Jastrow factors that include some additional variational
parameters.
In addition, a Greens functions Monte Carlo technique can be used at zero temperature which is capable of providing numerically exact results owing to the absence
of the ’sign problem’ which impedes its usage in fermionic systems [106,107] The method
starts with a trial wavefunction and decimates the larger energy modes by iterative
applications of the imaginary time evolution operator. However still the reliability
of the method largely depends on finding accurate variational states describing the
true ground state.
We do not elaborate on these elegant numerical methods any further, mainly
because we have not used them directly in the thesis, although have compared the
results of these with our mean field results, and furthermore there are dedicated
reviews on these techniques.
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1.4

Outline of the Thesis

Since experimentally, a large number of optical lattice geometry are realizable,
an enumeration of the different condensate properties in these geometries becomes
necessary. We characterize a condensate of bosons in different lattice geometries.
We also want to understand the location and nature of the BG phase in the phase
diagram for ’dirty’ bosons. As the results on bipartite lattices such as a square
or a cubic lattice is well documented, we perform the corresponding study in nonbipartite environment. As an example, we have considered a kagome lattice and
investigate the phases therein. Since trapping effects are inevitable in the study
of cold bosons, we considered bosons in presence of a harmonic confinement. An
inhomogeneous version of the mean field theory is found to be suitable to describe
different phases and coexistence of them for a kagome lattice. Also as studies on
single component bosons are abundant in literature, and that there are experimental
evidences of two component fluids, we consider a three component bosonic mixture.
Different possibilities of mixed SF and MI phases and MI phases with fractional
occupancies are discussed.
In the following, we present a more elaborate plan of the thesis by including a
description of the various problems that have been tackled in the form of chapters
of the thesis.
In Chapter 2, motivated by the availability of optical lattices with tunable
geometries in experiments, we compute different physical properties such as condensate fraction, fluctuations therein, depletion of the condensate density and quasiparticle velocity as a function of the interparticle interaction strength for bosons
in various 2D optical potentials that correspond to square, triangular and honeycomb geometries. Our results demonstrate an interplay of these features with that
of the coordination number of the lattice. A triangular lattice, which has a coordination number, z = 6 show large condensate fraction and fluctuation of the
condensate density, along with a low depletion of the ground state occupancy. The
other candidates, namely, the square lattice (z = 4) and honeycomb lattice (z = 3)
occupy second and third places respectively with regard to these properties. The
quasiparticle velocities for these geometries follow a similar pattern as that of the
condensate fraction data. The observations are explained by the behaviour of the
low energy quasiparticle density of states. Finally, to make the role of lattice geometry obvious, we have included a discussion on a kagome lattice, a classic example
of a non-bipartite lattice, which in spite of having the same coordination number as
28
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that of a square lattice, that is z = 4, yields a significantly low condensate fraction
than that of the square lattice for all values of the interacting strengths, thereby
underscoring the interplay of lattice geometry and condensate properties.
In Chapter 3, we consider a case of a bounded random onsite disorder potential
in a BHM. Such a disorder is known to yield a glassy phase, called as the BG phase,
that interrupts a direct transition from a SF to MI phases. Within a site decoupled
mean field theory of the BHM, an SF (MI) phases are characterized by nonzero
(zero) values of order parameter, and a BG phase by a zero order parameter, yet
nonzero compressibility. The accurate distinction between various phases is done
via computing a number of relevant physical quantities such as, a ratio of the sites
containing integer density of the bosons to that of the total number of sites, compressibility, or a close variant of it and the entropy etc. Quite intriguingly, assuming
the appearance of a spanning cluster of sites with integer occupancies to signal the
onset of the BG phase, we find that the percolation threshold is very similar to that
of random site percolation model in two dimensions. This similarity between two
completely different systems is thought to be accidental, but may open up more
studies in the future to critically examine the issue. Further with the data obtained
from our analysis, we have been able to obtain a complete phase diagram defined
by the local interparticle interaction parameter (U) and the chemical potential (µ)
averaged over several random configurations at different disorder values.
Chapter 4 deals with the phase diagram of interacting bosons in a tripartite
lattice in two dimensions with a long range density density interaction. An analytic
computation of the phase diagram is done via a second order strong coupling perturbation theory on the extended Bose Hubbard model, which is hence supplemented
by numerical mean field calculations. Interesting results emerge in the form of exotic density ordered phases with one-third, two-third and integer filling of bosons
per trimer. These are often referred to as charge density wave of bosonic systems.
Further a supersolid phase, characterized by finite and distinct order parameters and
densities. The pattern repeats as the chemical potential is increased. Regions of
supersolid and superfluid phases are noted in the numerical study of the mean field
model where the phase diagram shows a transition from compressible to insulating
phases.
In Chapter 5, expecting that studies of the phase diagram on non-bipartite
lattices can yield exciting features, and motivated by the possibility of obtaining
a trimerized optical lattice, such as a kagome lattice experimentally by employing
counter propagating laser beams, we investigate the phase diagram of correlated
29
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bosons in a kagome lattice. Then we also include a harmonic trap in the present
context as a confining potential usually accompanies the discussion on the optical
lattices. It is emphasized that such trapping effects (together with the density exchange term) lead to the necessity of considering the detailed geometry of the lattice,
and thus the measured quantities appeal to a particular geometry, kagome lattice
being the case here. The phase diagram thus obtained yields coexistence of different
compressible and incompressible phases. There are distinct signatures of superfluid,
insulating, density ordered and supersolid phases as one moves towards the edge of
the lattice starting from the center of the confining potential. A comparison of the
results obtained for the order parameters corresponding to other geometries, such
as square and honeycomb lattices are presented. Relevant to the “time of flight”
experiments, the order parameters have been computed in the momentum space,
which corroborate the coexistence of different phases for a kagome lattice.
In Chapter 6, a three component bosonic mixture is considered as a representative of the multi-component mixtures that is capable of demonstrating a significantly
rich phase diagram in comparison to a two component mixture or a single component fluid. With the experimental studies on the multi-component mixtures gaining
momentum, and comparatively little theoretical efforts, we consider an interacting three component Bose gas on a lattice and, via a strong coupling expansion of
the Bose Hubbard model, and study a variety of situations, such as the inter and
intraspecies interactions being same and different, attractive and repulsive etc. Scenario of rich phase diagrams emerges where one specie of atoms can be in the MI
phase, while the other two may be in SF phases. Such a mixed phase diagram with
different species coexisting in different phases is an exciting one: a possibility that
can be explored in selective “time of flight” experiments. Numerical solution of the
mean field equations has further demonstrated the occurrence of insulating phases
with fractional filling of each specie of atoms.
In Chapter 7, we conclude with a highlight of the results obtained in the thesis.
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Chapter 2

Lattice Potential Effects on the
Condensate Properties of Bosons: a
Bogoliubov Approach
2.1

Introduction

Before we survey the phase transition scenario in a quantum fluid of interacting
bosons, it is a good idea to look at the effects of the underlying periodic structure
of the optical lattice on the condensate properties of the system. As emphasized
earlier in the previous chapter, optical lattices with a variety of lattice geometries are
experimentally realizable in different dimensions by manipulating the configuration
of the assembly of laser beams that are used for this purpose. Motivated by the early
works of Grynberg et al. [108] on interesting profiles of the optical potential with three
coplanar laser beams, each of which makes an angle 2π/3 with each other, and the
recent realization of graphene in two dimension (2D) [109–111] , there has been growing
interest in studying interacting bosons on triangular [112–114] and honeycomb lattices
in 2D [115–118] . While most of these studies have predominantly concentrated on
understanding the quantum phase transitions in different optical lattice geometries,
little effort is devoted so far to explore the interplay of the physical properties with
the underlying symmetry of the optical lattices in details.
The present work will surely gain importance if experiments are designed to test
the interplay of the condensate data and the parameter of the optical lattice. Usually information about the condensate density of a BEC is obtained via the time
of flight measurements which estimate the fraction of atoms in different momentum
components of the ground state [119,120] . The technique ascertains the phase coher31
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ence of the condensate atoms across the optical lattice, where upon switching off
all the trapping potentials, the atomic cloud is allowed to expand ballistically and
hence “ imaged“ . Phase coherence is implied by a sharp peak in the spectrum while
a broad pattern denotes absence of long range order.
Of particular interest to us in the present context are two dimensional planar
geometries such as square, triangular, honeycomb and kagome lattices [16,114,121–123] .
We organize this chapter in the following way. The discussion is split into two
parts. In the next section we include details on the optical potentials which yield
different lattice geometries corresponding to different orientation of the counterpropagating laser beams. This material covered in this section should complement
and serve as a motivation for the discussion carried out in section 2.3 that deals with
computing the condensate fraction of the interacting bosons using a Bogoliubov
approximation on a Bose Hubbard model. Our studies are further substantiated
by calculating the relative fluctuations and depletion of the condensate density for
different optical lattices geometries. The results are shown to have relevance with the
coordination number and symmetry of the underlying lattice. Finally in section 2.4,
to illustrate the importance of the underlying lattice geometry, we have presented the
condensate fraction data for a kagome lattice and compared with the corresponding
data for a square lattice. The comparison is meaningful as both this have the same
coordination number. We end with a brief discussion of our results in section 2.5.

2.2

Optical Lattice Potentials

Here we illustrate how various lattice geometries can be achieved in 2D by using
a three laser beam configuration [16,124] . It may be noted that a significant part of
the thesis deals with different lattice geometries, and mostly non-bipartite lattices,
making the following discussion very relevant for us. We start with this result and
field configurations due to three linearly polarized beams in the x − y plane making

angle θj (j = 1, 2, 3), with x- axis as shown in Fig. 2.1. The total electric field in
this case can be written as,
E(r, t) =

X

Ej (r, t)

(2.1)

j=1,2,3

where Ej is the electric field vector due to the three intersecting linearly polarized
beams (polarization being orthogonal to x − y plane), all having same frequency, ω0
32

TH-1276_09612119

2.2.

Optical Lattice Potentials

and are given by,
Ej = E0j ei(kj .r) e−iω0 t ẑ

(2.2)

where kj ’s are parameterized in terms of the wavevector, k0 (ω0 = ck0 , c being the

Figure 2.1: The three wavevectors corresponding to three laser beams conﬁgurations
are shown. The wavevectors k1 , k2 and k3 make angles θ1 , θ2 and θ3 with the x-axis.
The θ values in table 2.1 are shown corresponding to square, triangular and honeycomb
geometries.

speed of light) of the incoming beam. The optical potential, which is proportional
to the resultant intensity is given by,
Vopt (r) = |E(r, t)|2
= V0 [3 + 2 cos(p1 .r) + 2 cos(p2 .r) + 2 cos[(p1 + p2 ).r]]

(2.3)

where p1 = k3 −k1 , p2 = k1 −k2 and V0 is a coefficient that depends on the detuning

parameter (see Eq. (1.7) and the subsequent discussion).
At this stage, let us demonstrate how the optical potential in Eq. (2.3) can be
used to generate different kind of periodic structures by appropriately choosing the
wavevectors, kj of the incoming beams (see table 2.1). We shall consider square,
triangular and honeycomb geometries. The 2D wavevectors are written as,
kj = k0 (cos θj x̂ + sin θj ŷ).

(2.4)

The vectors p1 and p2 calculated from the above choices for k1 , k2 and k3 represent the reciprocal lattice vectors for the corresponding geometries. For example,
√
√
for a 2D triangular lattice, the reciprocal lattice vectors are 3k0 ( 23 x̂ − 21 ŷ) and
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Geometry
Square
Triangular
Honeycomb

θ1
θ2
θ3
sign of V0
detuning
◦
◦
◦
0
90 180
negative
red-detuning
◦
◦
◦
0 120 240
negative
red-detuning
0◦ 120◦ 240◦ positive blue-detuning

Table 2.1: The values of the parameters, θj and V0 needed to create diﬀerent lattice
geometries are shown.
0

0

9

-3

-3

6

-6

-6

3

-9

-9

0

(a)

(b)

(c)

Figure 2.2: The surface plots of the optical lattice potentials given by Eq. (2.3) for the
three beam laser conﬁguration are shown. Three kind of geometries, (a) square lattice, (b)
triangular lattice and (c) honeycomb lattice are achieved by choosing the parameters, θj
and V0 as presented in table 2.1. The horizontal and vertical axes are presented in units
of λ1 , λ being the wavelength of the laser beam.

√

√

3k0 (− 23 x̂ − 21 ŷ), which are precisely p1 and p2 for the choices of k1 , k2 and k3 as
given in table 2.1. The surface plots of the optical lattice potentials for different θ
values and signs of V0 are presented in the table are shown in Fig. 2.2.

2.3

Model, Formalism and Calculation of the Physical Properties

To investigate the superfluid properties of interacting bosons on a 2D lattice,
we consider a Bose Hubbard Hamiltonian given by Eq. (1.19). For convenience we
rewrite the same here,
H = −t

X
hiji

(a†i aj + h.c.) +

X
UX
n̂i (n̂i − 1) − µ
n̂i
2 i
i

(2.5)

with symbols having usual significance. Transforming Eq. (2.5) in the reciprocal
space and hence applying Bogoliubov approximation, by following the approach of
Ref.[71] that amounts to replacing the creation and annihilation operators in the
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following fashion,
ak →

p

N0 δk,0 + ak

(2.6)

where N0 is the number of atoms in the k = 0 state, usually referred to as the
condensate number. The above substitution up to second order in bosonic operators
yields,
H = H (0) + H (1) + H (2)
(2.7)
the superscripts denote the order of the bosonic operators retained in the terms.
The zeroth order term is given by,
H (0) = (ǭ0 − µ)N0 +
where ǭk = −t

Pz

j=1

1U 2
N
2 Ns 0

(2.8)

cos(kj a) is the single particle dispersion, z being the number

of nearest neighbours. The second term in Eq. (2.7) containing the first order in
bosonic operators is,
H (1) = (ǭ0 − µ +

√
U
N0 ) N 0 (a0 + a†0 )
Ns

(2.9)

and the last term, second order in bosonic operators is,
H (2) =

X
k

(ǭk − µ)a†k ak +

X
1U
N0
(ak a−k + 4a†k ak + a†−k a†k )
2 Ns
k

(2.10)

here Ns denotes the number of lattice sites in the system. The Bogoliubov approximation implies putting the coefficient of the linear term (Eq. (2.9)) zero, which
yields,
µ = ǭ0 + Un0

(2.11)

Thus including the zeroth and the second order term, the effective Hamiltonian is
given by,
X
X
1
1
(ak a−k + a†−k a†k )
H ef f = − Un0 N0 +
(ǫk + Un0 )a†k ak + Un0
k
2
2
k

(2.12)

where ǫk = zt + ǭk . To diagonalize the above effective Hamiltonian in Eq. (2.12),
we consider a Bogoliubov transformation given by,
bk = uk ak + vk a†−k
with
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Lattice
Square
Triangular

Coordination Nearest neighbor
number, z
positions
4
(±1, 0) and (0, ±1)

Single particle
dispersion, ǭk
−2t[cos(kx ) + cos(ky )]

6

−2t[cos(kx )
√
+2 cos(kx /2) cos( 3ky /2)]

√
(±1/2, ± 3/2)
and (±1, 0)

√
(0, 1/ 3), √
±t[1 + 4 cos2 (kx /2)
√
1
(1/2, −1/2 3) √ +4 cos(kx /2) cos( 3ky /2)] 2
and (−1/2, −1/2 3)

Honeycomb 3

Table 2.2: The table contains the coordination number z, position of the nearest neighbours and single particle dispersion ǭk for three type of lattices [125] which are obtained by
diagonalizing the noninteracting Hamiltonian, that is the ﬁrst term in Eq. (2.5).

where bk and b†k satisfy the usual bosonic commutation relations, [bk , b†k ] = δkk′ .
The diagonal Hamiltonian (same as Eq. (1.33)) takes the following form (~ = 1 is
assumed),
X
1X
1
[ωk − (ǫk + Un0 )] +
ωk b†k bk
H ef f = − Un0 N0 +
2
2
k

(2.14)

k

with the values of the coefficients uk and vk given by,



1 ǫk + Un0
|vk | = |uk | − 1 =
−1
2
ωk
2

2

and
ωk =

q

ǫ2k + 2Un0 ǫk

(2.15)

(2.16)

refers to the the quasiparticle dispersion (these are called as Bogoliubov quasiparticles).
To obtain the total density, n of bosonic atoms, we note that n consists of two
parts− (i) the condensate density, n0 and (ii) the excited state occupancy. At zero
temperature, the condensate density is related to the total density in the following
manner,


1 X ǫk + Un0 1
.
(2.17)
−
n = n0 +
Ns k6=0
2 ωk
2
We compute this equation numerically to solve for n0 corresponding to a given n by
using a bisection algorithm for different lattice geometries such as square, triangular
and honeycomb by appropriately substituting for the single particle dispersions, ǭk
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as given in table 2.2. The k-sum is performed over a grid of 100 × 100 k-points.

The result for the condensate fraction, n0 /n for a given value of n = 1 is plotted in Fig. 2.3 for square, triangular and honeycomb lattices as a function of the
interaction, U. The plots demonstrate that the condensate fraction decreases as U
increases, albeit remaining finite at very large U (twice the band width is usually
taken as a large value for U). The results can initially be understood as in the
following. The second term in Eq. (2.17) increases with the increase in U, thereby
implying an increase in the excited state occupancy. These results are elaborated
later. The absence of onset of an insulating phase is an artifact of the approximation, that is the Bogoliubov approximation, which is known to have the deficiency
of accessing the phase transition from a superfluid to a Mott insulating phase.

1.0

n0/n

0.8

0.6

0.4
0

triangular lattice
square lattice
honeycomb lattice

2

4

U/t

6

8

Figure 2.3: The condensate fraction n0 /n is plotted as a function of U for square,
triangular and honeycomb lattices. At all values of U , n0 /n is the largest for the triangular
lattice. The total density is n = 1.0 and remains same for all the plots.

The point which is worthy to note here is that the condensate fraction depends
on the number of nearest neighbors, that is coordination number, z of the lattice.
For a given U, n0 /n is largest for the triangular lattice (z = 6) and lowest for
honeycomb lattice (z = 3), with it being intermediate between these two for the
square lattice (z = 4). Same qualitative results are also obtained for other values of
the total density, n as shown in Fig. 2.4, where n = 2 and n = 4 are used. Hence
the rest of the results presented in this work correspond to n = 1.
The condensate density fluctuation [126] , a measurable property for a condensate
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Figure 2.4: The condensate fraction n0 /n is plotted as a function of U for square,
triangular and honeycomb lattices for n = 2 in (a) and n = 4 in (b). The behaviour of
n0 /n as a function of U remains same as it is in Fig. 2.3 (n = 1). U is presented in units
of hopping energy, t and is true for all subsequent plots.

can be obtained as,
q
hn̂20 i − hn̂0 i2
s
n0 X
|uk − vk |2
=
N k

δn0 =

(2.18)

where uk and vk are defined in Eq. (2.13) and N denote the number of k-points. A
sketch of derivation of the above formula is given in Appendix A.
The depletion of the condensate density that how the excited states get populated
will yield a quantitative estimate of the loss of atoms in the ground states and is
given by [126] ,
1 X 2
v
(2.19)
d=
N k k
δn0 and d are calculated for the various lattice geometries as a function of U. The

fluctuation in the condensate density tracks the condensate fraction data as a large
density of the bosons in the k = 0 state imply large fluctuations. At a given U,
say U = 4 (in units of hopping, t) the normalized fluctuation in the number density
of atoms, δn0 /n for the triangular lattice is about 0.75, while it is only about 0.5
for the honeycomb lattice, with the square lattice acquiring an intermediate value.
The nature of the condensate density depletion is just the opposite, that is the
depletion is maximum for the honeycomb lattice followed by square and triangular
lattices respectively. Since a smaller depletion of the number of atoms in the ground
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Figure 2.5: The condensate density ﬂuctuations, δn0 /n (deﬁned in text) are shown as a
function of U for square, triangular and honeycomb lattices. The ﬂuctuation is largest for
the triangular lattice. For all cases we have taken total density, n = 1.0.

state implies a robust condensate, Fig. 2.6 supports the condensate fraction data
presented in Fig. 2.3.

0.6

d

0.4

triangular lattice
square lattice
honeycomb lattice

0.2
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2

4
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6
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Figure 2.6: The depletion of the condensate densities, d (deﬁned in text) as a function
of interaction U are shown for diﬀerent lattices. The triangular lattice registers a lowest
depletion, while it is the highest for the honeycomb lattice.

We explain the results obtained above in the following discussion. In the long-
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Lattice
Square
Triangular
Honeycomb

vqp
√
2Un0 t
√
3Un0 t
q
U n0 t
2

Table 2.3:
√ diﬀerent
√ plattices. It can be seen that in
√ The quasiparticle velocity, vqp for
units of U n0 t, the ratio of the velocities is 3 : 2 : 1/2 for triangular, square and
honeycomb lattices respectively.

wavelength limit (k → 0), the quasiparticle velocity is given by,
vqp = ωk /k

(2.20)

vqp is hence obtained for three kind of geometries and are presented in table 2.3.
As can be noted that vqp is the largest for the triangular lattice and is greater than
the corresponding value for the honeycomb lattice by a factor of 2.5. This has
the following implication. The contribution from the second term in Eq. (2.17) is
smaller (due to a larger denominator of the first term inside the bracket). Now for
a given (total) density, n of atoms, this will lead to an enhanced n0 .
Further we present a plot of the quasiparticle density of states (DOS) defined
by,
ρ(ω) =

1 X
δ(ω − ωk )
N k

(2.21)

where N is the number of k-points and ωk is the quasiparticle dispersion given in Eq.
(2.16). To compute Eq. (2.21), a Lorentzian form with an width of the order of level
spacing (between successive entries in the energy spectrum) such as the following
ρ(ω) = lim

η→0

X
k

η
(ω − ωk )2 + η 2

(2.22)

is used. Fig. 2.7 shows a large DOS at low energies for the honeycomb lattice, while
for the square lattice it is small and even smaller for the triangular lattice. The
implication of this data on our results can be explained as below. The chances that
the low lying excited states get occupied easily is greatest for the honeycomb lattice
and lowest for the triangular lattice. Now since occupancy of the low lying excited
states affects the density of the condensate atoms, we get a support for the trend of
the condensate fraction data presented in Fig. 2.3.
Here we make an attempt to put things in perspective by connecting the results
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Figure 2.7: The quasiparticle density of states, ρ(ω), for square, triangular and honeycomb lattices for U = 1 (in units of t). The low energy DOS for the triangular lattice is
much lesser compared to that of the honeycomb or square lattices.

on the physical properties obtained in section 2.3 to the discussion on optical potentials contained in section 2.2. Fig. 2.8 shows the form of the optical potential
drawn along one particular direction in the lattice. The x−axes is plotted in terms
of a dimensionless quantity, x (x = k.r), where r for the different lattice geometries
are defined in the figure caption of Fig. 2.8 and the y- axes are plotted in units of
V0 . Notice that the y−axis has negative values for triangular and square lattices
(red detuned), while it is positive (blue detuned) for the honeycomb lattice. With
, λ being wavelength of the laser beam used, the distance between the nodes is
k = 2π
λ
the largest for the triangular lattice, followed respectively by square and honeycomb
lattices. As the optical lattice is a result of the formation of a standing wave pattern
due to counter propagating laser beams, we can take λ ≃ 2a, a being the lattice

constant. It is obvious that the lattice constants for different lattice geometries will
follow,
ahoneycomb > asquare > atriangular .
(2.23)
The lattice constant, a being the distance between the wells in the optical lattice,
will determine the tunneling rate t between the lattice sites [6] , where a large lattice
constant would imply a reduced tunneling. Since the condensate fraction depends on
′

the effective interaction parameter U = U/zt, a lower tunneling rate, t (along with
′
a low coordination number) implies a larger U , thereby yielding a low condensate
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Figure 2.8: 1D cut of the 2D optical potential is plotted as a function of the dimensionless
parameter x = k.r for diﬀerent lattice geometries. Here r is taken along the diagonal,
x−axis and y−axis for square, triangular and honeycomb lattices respectively.

density for a honeycomb lattice than that of a triangular lattice.
To emphasize that the condensate data do not depend solely upon the coordination number and that the underlying lattice geometry plays an important role, we
present a brief comparison between square and kagome lattices in the next section.
Since both have four neighbours (though kagome has two neighbours each of two
different kinds), any difference in the condensate fraction data is likely to highlight
the role of lattice geometry in the present context.

2.4

Kagome Lattice

To resolve whether the condensate properties solely depend upon the number
of neighbour present, or answer a more direct question, what effect does the underlying lattice geometry has on the condensate state, we consider a kagome lattice
geometry which is a well known example for a non bipartite lattice and has the same
coordination number as that of square lattice that is z = 4.
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(a)

Kagome Lattice

(b)

Figure 2.9: The plot shows the three bands of the tight binding dispersion in (a) of a
kagome lattice in the ﬁrst Brillouin zone as shown in (b). There is a ﬂat band at 2 (in
units of the hopping energy) with the other two being dispersive as given in Eq. (2.24)
which touch each other at six points.

The tight binding dispersion, ǭk for the kagome lattice can be obtained by solving
the noninteracting ground state Hamiltonian H0 , in a three sublattice basis as given
below [127] ,


0

cos(k.c1 ) cos(k.c2 )





0

A B







H0 = −2t  cos(k.c1 )
0
cos(k.c3 )  = −2t  A 0 C 
B C 0
cos(k.c2 ) cos(k.c3 )
0
where A = cos(k.c1 ), B = cos(k.c2 ) and C = cos(k.c3 ). Thus the three energy
levels are given by, ǭ1k = 2t, and
p


2 (k.c ) + cos2 (k.c ) + cos2 (k.c )) − 3 .
ǭ2,3
=
t
−
1
±
4(cos
1
2
3
k

Here c1 = (1, 0), c2 = ( 21 , −

√

3
),
2

(2.24)

and c3 = c2 − c1 . In Fig. 2.9, we plot the above

three dispersions for the kagome lattice in the first Brillouin zone in absence of
interaction.

To make our discussion complete we refer to the ′ superlattice ′ technique of using
a three beam geometry that generates an optical kagome lattice [121,122] . The optical
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Figure 2.10: Figure from Ref.[121] of the proposed experimental setup for generating
kagome lattice potential. (a) Each arrow indicates wavevector of a standing wave laser. (b)
The surface plot of optical potential for the kagome lattice. The dark blue spots indicate
lattice minima for a kagome lattice. (c) A one dimensional variation of optical potential
along the lattice minima.

potential for a trimerized kagome lattice is given by,
V (r) = V0

3
X

[cos(kj .r + 3σj φ/2) + 2 cos(kj .r/3 + σj φ/2) + 4 cos(kj .r/9 + σj φ/6)]

j=1

(2.25)
and k3 = k0 (−1, 0) are the
where σ1 = −σ2 = σ3 = 1 and k1,2 =
wavevectors of the laser beams. For φ = π, the minima of the potential given by
√
k0 ( 12 , ± 23 )

Eq. (2.25) form a uniform kagome lattice as shown in Fig. 2.10. A one dimensional
representation of the optical potential is shown in Fig. 2.10(c).
To calculate the condensate fraction, n0 /n we consider the lowest band of the
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Figure 2.11: The plot shows the condensate density for square and kagome lattices with
n = 1.

dispersions in Eq. (2.24) and solve Eq. (2.17) as a function of U. From Fig. 2.11 the
condensate density for the kagome lattice is found to be significantly lower than that
of the square lattice for all values of U. Since Both the geometries correspond to
z = 4, the condensate properties can not solely depend upon the effective interaction
′
U
). The underlying lattice symmetry must be playing an important
parameter U (= zt
role.
The above result can be explained again by invoking the nature of the quasiparticle DOS presented in Fig. 2.12. The low energy DOS for the kagome lattice
is considerably larger than that of the square lattice, thus allowing the condensate
atoms to easily escape the ground state and occupy the higher energy levels, thereby
depleting the condensate fraction.

2.5

Conclusions

Our work addresses the interplay of the coordination number and the underlying
geometry with that of condensate properties of interacting bosons in 2D optical
lattices. The work is likely to be interesting to experimentalists. We have started
by demonstrating that a three laser beam configuration with definite polarizations
can generate lattice potentials corresponding to square, triangular and honeycomb
geometries. A comparison between them with regard to a number of condensate
properties, shows an enhanced condensate density in the triangular lattice geometry,
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Figure 2.12: The quasiparticle density of states for square and kagome lattices. The
plot of ρ(ω) is obtained at U = 1. The low energy quasiparticle DOS for kagome lattice is
larger than that of the square lattice.

followed respectively by square and honeycomb lattices. Thus a large coordination
number, a large quasiparticle velocity seem to assist condensate properties in these
systems. The quasiparticle density of states data for these geometries corroborate
the above scenario. To ascertain whether the condensate characteristics are solely
functions of the coordination number, or equivalently, whether they depend only
on the dimensionless effective interaction parameter, namely, U/zt, we compare the
condensate fraction data for square and kagome lattices as both these have same
coordination number. The result indeed shows a dependence on the lattice geometry.
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Chapter 3

Effect of Random Disorder:
Understanding the Bose Glass Phase
via a Percolation Scenario
3.1

Introduction

The study of the interplay between disorder and interaction has kept the research
on condensed matter physics alive and active for a long stretch of time. As studies involving disorder is a more widely ventured topic in fermionic systems, a brief
comparison between the fermion and bosonic systems are indeed compelling. For
fermions, the noninteracting ground state is usually the reference point about which
the system is perturbed by the disorder potential, however for the bosons, that is
not the case, as the noninteracting limit denotes a superfluid. The origin of superconductivity in Fermi systems is in the formation of cooper pairs induced by the
attractive interaction that makes the Fermi liquid state unstable, while, as stressed
earlier, the superfluidity in a bosonic system occurs due to the competition between
the kinetic energy which tends to delocalize the particles, vis a vis the interaction
potential which minimizes the density fluctuations by localizing them. Presence of a
random disorder plays a very crucial role in either of the cases. Third, and a significant difference between the Bose and Fermi systems, is in their individual response
to disorder. Disorder tends to destroy superconducting correlations by inducing localization of the fermion wavefunctions that leads to an insulating behaviour. Very
differently, as we shall show in this chapter, random disorder extends the superfluid
phase of the bosonic systems. We feel, for reasons elaborated in this work, that there
are some unsettled issues in the case of disordered bosons, especially in relation to

TH-1276_09612119

47

Chapter 3. Effect of Random Disorder: Understanding the Bose Glass Phase via a
Percolation Scenario
the occurrence of a glassy phase, known as the Bose glass (BG), which need to be
addressed and discussed in details.
The pioneering studies on bosonic systems, in the presence of disorder [30] were
motivated by the experimental results on superfluidity in thin 4 He films on Vycor
glass [72] . The scope of studying the interplay of disorder and interaction effects in
Bose systems have been vastly expanded with the advent of cold atoms in optical
lattices. By and large, optical lattices offer defect free systems and a situation in
which the interatomic interaction can be conveniently modified using a Feshbach resonance. Technical advancement at a rapid pace is going on to incorporate disorder in
optical lattices, such as laser speckle pattern [21,22,128,129] , two colour superlattice [24,26]
or using different atomic species that may mimic random disorder [27,43,130] . A short
description of these have already been presented in the introduction.
An important dividend of the whole endeavour of studying disorder in bosonic
systems is the emergence of a compressible glassy phase with no long range order,
called the Bose glass phase [131] . Initially the question was whether a BG phase is
always intercepted between a SF phase and a Mott insulating (MI) phase. The
question was comprehensively answered in the form of a theorem, namely ”theorem
of inclusions” [73] (see introduction).
In our work, we take a clue from all these inputs and ask a basic question: what
is the extent of the BG phase in the interaction-chemical potential (U − µ), T = 0
phase diagram? How does it intervene between the SF and MI phases? While attempting to answer some of these questions, we found that the BG phase appears
as the sites with integer occupancy percolates through the two dimensional lattice.
To our surprise, the percolation threshold is found to be nearly the same as that for
a (noninteracting) random site percolation model [132] . The percolation threshold is
critically examined by observing a spanning cluster of integer sites to appear for the
first time. Such a site percolation scenario was proposed recently in the context of
extended BHM to understand the disorder induced supersolid phase in a cubic lattice [133] . However in contrast to our work, the authors of Ref.[133] used the random
site percolation threshold, namely 0.31 (in three dimensions), to estimate the critical disorder strength for the supersolid phase to appear. Nonetheless, percolation
is believed to provide an intuitive picture for explaining the onset of the supersolid
phase details of which will be taken up for discussion in subsequent chapters.
We organize this chapter as follows. In the next section, for the sake of completeness, a quick recapitulation of the mean-field formalism on the disordered BHM
that we have used to study the BG phase is presented. Hence we have included a
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discussion on the distribution of the superfluid order parameter and the occupation density (defined in the following section). Further, we define quantities such
as the ratio of the sites with integer occupancies with no superfluid order to the
total number of sites, relative fluctuation of boson density and information entropy
etc. Such physical quantities will be instrumental in distinguishing the BG phase
from that of the SF and MI phases. In section 3.3, we present our results on the
percolation scenario that marks the onset of the BG phase by observing a spanning
cluster to appear and hence compute the number of sites in the spanning cluster
and the corresponding mean cluster size. The implications and importance of our
results are presented thereafter.

3.2

Models and the Physical Properties

Our starting point is the disordered BHM, which is written as,
HBHM = −t

X
hiji

(b†i bj + h.c.) +

X
UX
n̂i (n̂i − 1) +
(ǫi − µ)n̂i
2 i
i

(3.1)

where b†i (bi ) creates (annihilates) a particle at site i, t represents the nearest neighbour hopping term, U is the interparticle repulsion, µ is the chemical potential, ni
is the number of bosons and ǫi is a random onsite energy picked from a uniform
rectangular distribution (mentioned later). All the energy parameters, namely, U,
µ and ǫi (or ∆ as explained later) hereafter are scaled by the hopping zt (z: coordination number). Thus, henceforth all the parameter values will simply be quoted
as numbers with the understanding that they are denoted in units of zt. Same is
true for all the subsequent chapters.
The standard mean field approach involves a decoupling of the kinetic energy
into the following form,
b†i bj → hb†i ibj + b†i hbj i − hb†i ihb†j i.

(3.2)

Here hb† i = hbi = ψ (say) represents the superfluid order parameter, vanishing of
which marks the onset of an insulating phase. This decoupling reduces the many
particle Hamiltonian in Eq. (3.1) to a single particle one and leaving aside the site
index and the nearest neighbour contribution on ψ is neglected (see Eq. (1.40)),
which should be valid at low disorder strengths (where mean field theory is justifi-
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able), the Hamiltonian can be written as,
HMF =

U
n̂(n̂ − 1) − (µ − ǫ)n̂ − ψ(b + b† ) + |ψ|2 .
2

(3.3)

We have solved Eq. (3.3) selfconsistently in the truncated occupation number basis
|ni with nmax = 8 [70] . We have checked that the ground state energy converges for
this value of nmax (see Fig. 1.6 in chapter 1).

About incorporating the disorder contribution in our calculations, we have taken
an energy ǫi at each site randomly from a uniform, normalized rectangular distribution (see Fig. 3.1), P (ǫ) given by,
1
; −∆ ≤ ǫi ≤ ∆
2∆
= 0; otherwise

P (ǫi ) =

(3.4)

where ∆ represents the strength of disorder. The disorder introduces a Bose glass

<
P(εi)

<

∆

-∆

εi

Figure 3.1: The schematic diagram of the distribution probability P (ǫi ) of the local
onsite random potential energy ǫi .

phase, which otherwise is absent. The Bose glass phase is characterized by a zero
(bulk) superfluid order parameter (ψ = 0) and nonzero compressibility. Based on
this information, we wish to locate the region spanned by the BG phase in the phase
diagram defined by the U and µ.
It will be helpful at this stage to define a few quantities that are of importance
for our subsequent discussion. They are ratio of the sites with integer occupancies
with vanishing order parameter, ψ to that of the total number of sites, denoted
by γ; the compressibility, κ or equivalently the density fluctuation, δnrel and the
information entropy, S. We shall provide a quick enumeration of these quantities
and a discussion to demonstrate how these quantities are of relevance in identifying
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the extent of the BG phase or even more generally, distinguishing between the SF,
BG, and MI phases.
Based on the criterion provided in Ref.[70], the appearance of a percolating
cluster of sites with integer occupancy is linked with the onset of the BG phase.
Hence γ can be calculated corresponding to such a situation and can thus be used
to distinguish between the MI, SF and BG phases. For small values of U, γ = 0
indicates absence of sites with integer occupancy, or equivalently the presence of
a SF phase. The pure case registers a sudden jump of γ from 0 to 1 at U = Uc
which marks a direct transition from a SF to a MI phase. However in the presence
of disorder, the increase of γ with increase in U is more gradual, hinting at the
appearance of a significant region (in the µ − U phase diagram) occupied by the BG
phase that intervenes between the SF and MI phase.

There is a subtle point that deserves a special mention. As mentioned earlier,
we also demand the order parameter ψ to be zero, while defining γ. This is so, since
in the SF region of the phase diagram (i.e. for U < Uc ), there is a unique line along
which all the sites acquire integer occupancies (n = 1, n = 2 etc.) and hence γ will
assume a value unity. However this line does not belong to the MI phase as the
order parameter is non-vanishing along the line and thus denotes a SF phase. Since
this issue does not have an impact on the central theme of the calculations, we shall
ignore it in the subsequent discussion.
We illustrate the percolation scenario by observing the formation of a spanning
cluster of sites with integer occupancies. The way to do this is to calculate a γ∞
defined by the ratio of sites in the spanning cluster to the number of sites with
integer occupancies. Before a spanning cluster is formed, γ∞ remains at zero, while

it becomes finite as soon as a spanning cluster appears.

One has to be careful in distinguishing this with the random site percolation
problem. In the latter case, the tuning parameter is the random occupation probability, whereas for our case, the percolation threshold is reached by tuning the
parameters of the Hamiltonian, namely, U and µ, thereby signaling an impending
transition to a BG phase. Further, the size dependence of γ∞ , which is a generic
feature of the percolation problem, seems to be absent here. These issues have been
elaborate in section 3.3.
To gain further insights into the ongoing discussion, we compute the probability
that a site with integer occupancy (and ψ = 0) chosen at random is a part of a
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’s’-site cluster and the mean cluster size which is defined by,
P 2
s ns (γ)
Cs = Ps
s sns (γ)

(3.5)

where ns (γ) is the mean cluster size distribution written as, [134]
ns (γ) =

average number of clusters of size ′ s′
.
Total number of lattice sites

(3.6)

Incidentally the correlation (or connectivity) length, ξ that diverges at the percolation threshold is also proportional to the mean cluster size [135] . Cs and ξ have
counterparts in the thermally driven phase transition. For example, Cs plays the
role of compressibility in fluids and ξ diverges near the critical point.
To supplement our results on obtaining the phase diagram, we compute the
2
compressibility, κ which is defined as κ = − ∂∂µF2 , F being the free energy. A measure
of it is provided by the relative number fluctuations of the bosonic density [136] ,
2

δn

rel

hn̂2 i − hn̂i2
=
hn̂i2

(3.7)

where hni = hb† bi. A plot of δnrel as a function of the interparticle repulsion, U in
presence of a random disorder potential yields a gradual decrease of δnrel as U is
increased. It complements the information obtained from γ in the following way. At
large U, δnrel should vanish, thereby implying an insulating phase. At lower values
of U, δnrel is finite. What may distinguish between a direct SF to MI transition
to that of one that is intervened by a BG phase is the sharpness with which δnrel
vanishes. In the pure system, the vanishing of δnrel is sharp, indicating the presence
of a sharp MI-SF boundary. However the presence of disorder yields a gradual fall
off, delaying a complete disappearance of the number fluctuations. The delay is due
to the emergence of the BG phase which is characterized by a finite compressibility
and hence a finite fluctuation of the boson density. A comparison with the pure case
yields an estimate of the extent of the BG phase in the phase diagram.
A third useful quantity in this regard can be the configurational entropy (or
simply referred to as entropy hereafter) of the system which is defined by [137] ,
N
1 X
ni ln ni
S=
N i=1
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where ni = hbi † bi i. As earlier, for a given value of the random disorder and at smaller

values of U, S should be independent of disorder, thereby implying the robustness
of the superfluid phase. However at larger U, or corresponding to the boundary of
MI-SF phases, presence of disorder distinguishes the behaviour of the entropy and
the distinction becomes clear at larger values of disorder, as will be shown in the
next section.

3.3

Results

In this section we present our results that distinguish and ascertain various phases
for the system of bosons in the presence of disorder. The first step in this direction
is taken by solving Eq. (3.3) numerically, as mentioned earlier, on a two dimensional
square lattice of size L × L (L = 32 taken everywhere) in the occupation number
basis, |ni, for a maximum occupation number nmax = 8. It may be noted that
we have considered even larger values of L, however the main results of this thesis
remain qualitatively unaltered. Hence selfconsistent determination of the superfluid
order parameter, ψ (= hbi) is done. ψ 6= 0 defines a SF phase and vanishing of ψ
defines the MI phase.

Another subtle issue at this point is worth mentioning. We calibrate the value of
the order parameter that defines the MI phase as in the following. In other words,
we answer the question that what should be the value of ψ in numerics so as to term
it as ’zero’ and thereby define the MI phase. The critical value of the interparticle
repulsion, namely Uc at which the MI phase is realized for the first time (corresponds
to the boson density n = 1) is a known value, namely 5.83 [70] . Calibrating against
this known value of Uc yields ψ to be approximately O(10−3 ). Thus values for ψ
equal or smaller than 10−3 taken as ψ ≃ 0 and thus will define the MI phase, while
the value of ψ in the SF phase is of the order of unity. This discussion will also be
relevant later. For the pure case (∆ = 0), there is a sharp boundary that separates
the MI (ψ ≃ 0) and SF (ψ 6= 0) phases. At ∆ 6= 0, BG phase should intervene.

In Fig. 3.2(a) and (b), we show the distribution of the superfluid order, ψ and
also the occupation density, n in (c) and (d) for a given disorder configuration (we
have seen a number of different random configurations with no noticeable change).
For the SF phase, Fig. 3.2(a) and (c), P (ψ) attains a significant value only for ψ ≃ 1
and the density, n remains a non-integer respectively. However in the BG phase,
P (ψ) stays vanishingly small for all finite ψ, while P (n) peaks at n = 1 (Fig. 3.2(b)
and (d)), as we are in the vicinity of the n = 1 MI lobe. To us, this is the simplest

TH-1276_09612119

53

0.5

1.0

0.4

0.8

0.3

0.6

P(ψ)

P( ψ )

Chapter 3. Effect of Random Disorder: Understanding the Bose Glass Phase via a
Percolation Scenario

0.2
0.1
0.0
0.0

0.4
0.2

0.2

0.4

ψ

0.6

0.8

0.0
0.0

1.0

0.2

0.4

(a)

ψ

0.6

0.8

1.0

(b)
1.0

0.020

0.8

P(n)

P(n)

0.015

0.010

0.005

0.000

0.6
0.4
0.2

0.5

n

0.0
0.0

1.0

(c)

0.2

0.4

0.6

n

0.8

1.0

1.2

1.4

(d)

Figure 3.2: The distribution of the order parameter, ψ and the occupation density, n
are shown. (a) and (c) correspond to superﬂuid phases and (b) and (d) denote the BG
phases.

demonstration of the existence of the BG phase. It may be noted that for the MI
phase, P (ψ) and P (n) will be nonzero only for ψ = 0 and n = 1 respectively.
Now we reiterate some of the questions that we raised earlier. They are, what
is the extent and location of the BG phase? Does the BG phase encroach into the
SF phase or the MI lobes? Given a set of µ, U and a disorder strength ∆, can we
determine the phase with confidence?
To answer these questions satisfactorily we need to rely upon some quantities
that should support each other in terms of determining the location, shape and
extension of the BG phase. Our idea is to take an intersection of the information
thus obtained and generate the phase diagram.
As said earlier, we predominantly depend upon the concept of appearance of a
percolating cluster of sites with integer occupancies and vanishing order parameter
as the onset of the Bose glass phase [96] , where the system effectively splits into two
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(a)

(b)

(c)

(d)

(e)

(f )

Figure 3.3: The real space plots of boson densities having integer (dark blue) and noninteger (light blue) occupancies for a 32 × 32 lattice at disorder strength ∆ = 2 are shown.
(a)-(c) correspond to ﬁxed µ = 6 and at U values 7.5, 8.75 and 10.15 respectively. (d)-(f )
are for U = 10 and µ values 1, 1.7 and 3.2 respectively. γ ∼ 0.6 in (b) and (e), integer
sites percolate for the ﬁrst time. (a) and (d) are corresponding to γ < 0.6 whereas (c) and
(f ) are for γ > 0.95. In both the cases (b) and (e), the percolating paths are shown by
small red circles. U , ∆ and µ are denoted in units of zt (z: coordination number) and is
true for all subsequent plots.

large superfluid islands separated by an insulating strip. In our work, the appearance
of the percolating cluster is confirmed by carefully examining the presence of a
percolating path of sites with integer occupancies (with ψ = 0) at all U, µ values for
a given value of disorder. We see that the percolating cluster scenario occurs at a γ
value of 0.598 (the computation of this precise value and its reliability is mentioned
in subsequent discussion) and this value remains same for both the disorder strengths
∆ = 1 and ∆ = 2 that are considered in this work. In Fig. 3.3 we show the real
space plot for the bosonic density. The sites with integer filling are marked by dark
blue colour and non-integer ones are marked by light blue colour for different sets
of (U, µ). Fig. 3.3(a)-(c) probes the system at a given value of µ (= 6) [138] for three
different U values (7.5, 8.75 and 10.15) such that we are able to scan phase diagram
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Figure 3.4: The variation of γ∞ (in (a)) and the mean cluster size, Cs (in (b)) (deﬁned
in text) are shown as a function of γ. γ∞ becomes nonzero for the ﬁrst time at ≃ 0.598,
a value well known as a percolation threshold of a random site percolation model.
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Figure 3.5: The variation of γ deﬁned in text is presented in (a) as a function of U at
µ = 6 and in (b) as a function of µ at U = 10 for diﬀerent disorder strengths ∆ of value 1
(in red squares) and 2 (in blue triangles). The pure case (in black circles) is included for
comparison. The sharp change in the values of γ between 0 and 1 in absence of disorder
indicates direct SF-MI transition. Gradual change of γ indicates the transition occurs
between SF and MI phase via a BG phase in presence of disorder. The results shown are
averaged over 25 distinct realizations. The error bars are computed using Eq. (3.10).

(formed by U − µ) horizontally.

To access a vertical scan, we consider three different µ values (1, 1.7 and 3.2) for
a given U(= 10) and are shown in Fig.3.3 (d)-(f ). The reason behind choosing the
(U, µ) values are such that we are able to address all of SF, BG and MI phases. The
percolating paths of the integer sites are shown in Figs. 3.3(b) and (e) corresponding
to the onset of the BG phase. In both cases, γ is found to be 0.598, a value close
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to that known for a square lattice in the random site percolation problem. Thus
the formation of the BG phase starts at the corresponding U, µ values at which the
percolating cluster appears for the first time.
However finding the ”appearance of the percolating cluster for the first time” is
a considerable job, although crucial for us, as the appearance of the BG phase is
linked with this issue. To shed light on this, we compute the ratio γ∞ , defined as,
γ∞ =

Number of sites in the spanning cluster
Total number of sites with integer occupancy and ψ = 0

(3.9)

γ∞ is zero for γ < γc , where γc denotes the percolation threshold. Thus we look for
the value of γ for which γ∞ becomes nonzero for the first time for a given value of
disorder by tuning U and µ values, so as to access the onset of BG phase. Close to
γc , U and µ values are carefully monitored and we get γ∞ to become nonzero for
the first time at γ = 0.598 (see Fig. 3.4(a)). We further investigate the percolation
scenario by computing the cluster size distribution and hence mean cluster size, Cs
(defined by Eq. (3.5)), which as a function of γ, is shown in Fig. 3.4(b). It can be
seen that Cs becomes significant only at γ ≃ γc .
We consider Fig. 3.4 to be an important component of the ongoing analysis as it
is able to track the onset of the BG phase in a satisfactory manner. It is a dividend
that the value at which it occurs is very nearly the same with that of a random
site percolation model. We wish to reiterate that such a similarity in the value
of the percolation threshold between a noninteracting random model to that of a
model interacting boson is truly an accidental one in which the random occupation
probability is replaced by γ. The latter constitutes an important machinery of our
analysis.
The next task is, how to find till what (U, µ) values does the BG phase extend
to. To find out that, we refer to Fig. 3.5(a) and look for γ as a function of U for
a given µ [138] to reach about 0.95, such that the order parameter ψ becomes of the
order of 10−3 which can be taken as zero (as discussed earlier), beyond that value
of U.
For the pure case, γ is seen to have a very sharp jump from a value 0 (SF) to 1
(MI) at a particular U (= 8.4) indicating a sharp boundary between the MI and SF
phases. However the sharpness of the jump goes away in presence of disorder, where
the rise in γ becomes more gradual. The higher disorder value (∆ = 2) registers an
even slower increase, thereby implying a large region in the U − µ phase diagram
for the BG phase at this value of disorder. Further the positive slope of γ indicates
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Figure 3.6: The relative ﬂuctuations, δnrel (deﬁned in text) as a function of U in (a)
and µ in (b) for same disorder strengths as in Fig. 3.5. δnrel vanishes sharply for the pure
case, while the fall oﬀ is slow for disordered cases. A vanishing δnrel indicates the MI
phase.

that the BG phase encroaches into the MI phase (the right portion of the dashed
vertical line in Fig. 3.5(a) is the MI phase for the pure case) and also yields bigger
room for the SF phase (γ < 0.6).
The error bar shown in the figures are computed using the following formula [139] ,
v
u
u
σ=t

N

c
X
1
(xi − x̄)2
(Nc − 1) i

(3.10)

P c
where the average x̄ is defined by x̄ = N1c N
i xi , Nc being the number of disorder
realization considered here and xi is the data corresponding to ith realization. In
most of the cases we have taken Nc = 25.
It is also useful to scrutinize the situation corresponding to a constant U and
as a function of µ, which suggests taking a vertical scan of the phase diagram. In
Fig. 3.5(b), corresponding to U = 10, again a sharp rise in the γ value from 0 to
1 is noted for the pure case at some threshold value of U, while one sees a more
gradual increase in γ for the disordered cases. For higher µ values, we realize again
an emergence of a SF phase via a BG phase (a direct MI-SF transition for the pure
case).
To seek further support of the above scenario, we compute the relative fluctuations of the boson density (which as discussed is proportional to the compressibility)
and again notice a sharp fall off as a function of U for a given µ (= 6) at U (= 8.4),
while the fall off is delayed for the disordered cases as seen in Fig. 3.6(a). The slow

TH-1276_09612119

58

3.3. Results
0.6

1.0

µ = 6.0
∆ = 0.0
∆ = 1.0
∆ = 2.0

|S|

0.6

0.5
0.4

|S|

0.8

U = 10
∆ = 0.0
∆ = 1.0
∆ = 2.0

0.3

0.4
0.2
0.2
0.0
5

0.1
6

7

8

U

9

10

11

12

(a)

0.0
0

2

4

6

µ
(b)

8

10

12

Figure 3.7: The entropy S (deﬁned in text) is presented for (a) µ = 6 as a function of
U and (b) U = 10 as a function of µ for disorder strengths as in Fig. 3.5.

fall off beyond U = 8.4 is taken as proof for the presence of the BG phase and the
region to the right of that value of U yields a measure of the extent of the BG phase.
It is easily noticeable that there are enhanced fluctuations as one moves closer to the
SF-BG boundary (SF-MI boundary for the pure case) before the fluctuations vanish
(onset of MI phase). However, enhanced fluctuations are damped in the disordered
case. A similar notion emerges from Fig. 3.6(b) which shows the relative fluctuation
of the particle density of bosons as a function of the chemical potential, µ for a given
U = 10.
We substantiate our claim further on the above findings by computing the entropy, S as defined in Eq. (3.8) which for a particular µ and a function of U (Fig.
3.7(a)) repeats a quick fall off for the pure case (∆ = 0) and a gradual vanishing for
the disordered cases (∆ 6= 0). When we move vertically in the phase diagram, new
features emerge (see Fig. 3.7(b)). At lower values of µ, S has noticeably different
values for the disordered and pure cases, indicating the existence of a BG phase in
the vicinity of the boundary separating the SF and MI phases. The above is followed
by a large region of µ where S vanishes (since the occupancy is unity) and there
is no distinction between the pure and disordered cases, thereby signaling a large
region within the (n = 1) MI lobe, which is hence subtended by another BG region
at larger values of µ.
The results are summarized in table 3.1, which shows the finite entropy change for
three disorder strengths. A closer inspection of the values corresponding to different
phases reveals that the change in entropy δS = |SSF − SBG | decreases with increase
in disorder strengths, that is δS∆=2 < δS∆=1 . Since the non-integer site occupancies
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Phase
SF
BG
MI

S0
0.498
−−−
0.0

S1
0.493
0.004
0.0

S2
0.495
0.047
0.0

Table 3.1: The table shows the value of entropy, S deﬁned in the text, at (U , µ) values
(10, 6), (10, 7) and (10, 9.5). The (U , µ) values that correspond to deep inside the MI, BG
and SF phases respectively. The subscript of S denotes the disorder strength. In the SF
and MI phases, S is independent of ∆, whereas its value depends on ∆ in the BG phase.
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Figure 3.8: The variation of γ as a function of U for diﬀerent system sizes, L in (a) and
in (b) dependence of one data point for γ as a function of system size L are shown. Both
the plots show γ to be independent of L.

contribute to the finiteness in S (and integer occupancies contribute zero), a decrease
in δS as a function of disorder indicates a prolonged SF phase and hence the notion
of the BG phase consuming the Mott lobes in the phase diagram is appropriately
justified.
Further, we have not noted any noticeable system size effects for the quantities
that are calculated in our work. A representative study of the size dependence on
γ as a function of interaction parameter, U is shown in Fig. 3.8(a). Here we have
chosen a particular value of chemical potential, µ and disorder, ∆. The reason for
choosing such parameter values will be clear in the next section. Fig. 3.8(b) shows
the dependence of one particular data point for γ at a given U as a function of
system size L. The system size effect, if any, is vanishingly small.
Based on all the information presented above, we present the phase diagram
in Fig. 3.9(a) − (c). In each of the figures, the inner lobe denotes the MI phase

characterized by γ ≃ 1 (and ψ = 0), the region that envelopes the MI lobe is the
BG phase for 0.6 ≤ γ < 0.95), and finally the outer region at low U values denotes
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Figure 3.9: Phase diagram in the U −µ
plane for the pure case and with disorder
are shown. In the pure case (∆ = 0.0),
(a) there is no BG phase, the system undergoes a direct SF to MI transition. But
in the presence of disorder, (b) ∆ = 1
and (c) ∆ = 2, the boundary between
SF and MI phases is aﬀected and transition occurs between SF and MI through
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the SF phase with γ < 0.6 (γ vanishes deep inside the SF phase).
We show our results for two values of disorder, viz. ∆ = 1 and ∆ = 2. The pure
case (∆ = 0) is included for comparison. The BG phase is shown to appear only for
the disordered cases and it grows in size as the disorder is increased.
An alternate method to obtain the phase diagram via minimization of the free
energy for the uniform disorder case is demonstrated in the Appendix B. The method
described there can trivially be extended to other kinds of (non-uniform) disorder
models.

3.4

Conclusion

Using the physical quantities such as the ratio of the sites with integer occupancies
to that of the total number of sites, relative fluctuation of the particle number for
bosons and information entropy, we have been able to precisely obtain the phase
diagram for the Bose Hubbard Model in the presence of random onsite disorder.
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These results were thoroughly tested by taking horizontal (µ fixed and as a function
of U) and vertical (U fixed and as a function of µ) scans of the phase diagram. Thus
to be able to unambiguously determine the phase of the system at arbitrary values
of U, µ and ∆ is the central theme of this work. Further, the BG phase is seen to
encroach and consume the area otherwise spanned by Mott lobes without disorder,
thereby creating a larger regime for the SF phase. This precisely differentiates
between the Bose and Fermi cases, where in the latter, long range is destroyed by
the disorder, while it is stabilized in the former. Hence the SF phase persists till
large value of U. The BG phase itself increases in size with disorder. The emergence
of the BG phase is marked by the formation of percolating cluster of integer sites
with zero superfluid order with the percolation threshold to be same as the value
obtained for a random site percolation model in two dimensions.
It may be noted that the continuous percolation induced transition to the BG
phase, where γ smoothly evolves from a value below ∼ 0.6(SF), to above that
(BG), can be looked upon as an artifact of the mean field theory where all the
sites of a lattice are decoupled. The argument can be substantiated in the following
sense. As one goes beyond the mean field picture, and say resort to a random
phase approximation (RPA) study [96] , localization is seen to be enhanced by the
percolation scenario as evident from the behaviour of the participation ratio (or its
inverse) which is a measure of the extent of the region over which the eigenstates of
the system extend as a function of the disorder strength, ∆ (see Fig. 3 of Ref.[96]).
A steady increase in the participation ratio as a function of ∆ signals a percolation
enhanced localization tendency, a feature missed out in the mean field picture.
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Chapter 4

Phase Diagram of Bosons in a
Tripartite Lattice: Case Study for
Non Bipartite Lattices
4.1

Introduction

We have amply stressed that the physics of the cold atoms in optical lattices
has developed into an intense research area due to its possible relevance to quite
a few interesting quantum many body phenomena that are abundant in condensed
matter physics. The research interest is intensified due to the unprecedented control on various parameters of the Hamiltonian [6,7] . Further possibility of achieving
different kind of lattice geometries by employing counter propagating laser beams
have increased the research interest in the study of interacting bosons on optical
lattices with exotic geometries [112,114,115,117,140–147] . We have discussed in chapter 2
that how the trimerized optical kagome lattices have been created experimentally
by using three standing waves with a π/3 angle between them, where each standing
wave results from three sets of counter propagating laser beams as shown in Figs.
2.10 of chapter 2.
While the stage appears set for experimentally realizing different polymerized
lattices, need for a theoretical prediction of the phase diagram seems necessary. In
this work we present a phase diagram of bosons on a tripartite lattice.
At the outset we make it clear that by a tripartite lattice, we mean that the lattice
sites can be divided into three types, where sites of each type has neighbours of the
other two types, and discuss various density ordered phases that bear signatures of
such a three sublattice structure. Let the three types of sites are denoted by A,
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B and C. So A will have two neighbours each of types B and C and so on. The
diagram in Fig. 4.1 show this schematically.
We organize this chapter as follows. Mean field decoupling scheme [30,70] is revisited for an extended Bose Hubbard model (EBHM) which reduces the Hamiltonian
for the entire lattice to a three site problem. A strong coupling expansion is hence
done to obtain the ground state energy of the system in terms of the order parameters, which is hence minimized to obtain a phase diagram. Further support and
additional input in terms of realizing supersolid phases is achieved by numerically
solving the mean field Hamiltonian as described later in the chapter.

4.2

Formalism and Results

The utility of an extended model that includes a longer range (nearest neighbour)
interaction term to mimic the dipolar interaction found in certain atomic species
as discussed in chapter 1. A longer range interaction on a lattice is modeled by a
nearest density interaction and thus we have started with an extended Bose Hubbard
Hamiltonian, denoted by,
H = −t

X
hiji

(b†i bj + h.c.) + V

X

n̂i n̂j +

hiji

X
UX
n̂i (n̂i − 1) −
µi n̂i
2 i
i

(4.1)

while all other symbols carry the same meaning as earlier, V represents the nearest
neighbour exchange interaction of occupation densities. In presence of the nearest
neighbour term (i.e. V > 0) the ground state of the model in Eq. (4.1) exhibits
density ordered (DW) phase (see table 4.2 and the discussion thereof). Unlike a
bipartite lattice, where the insulating ground state alternates between a superfluid
(SF) to a Mott insulating (MI) or DW and MI phases [67,94,148] , we consider three
different sublattices and obtained additional phases such as DW ( 31 ), DW ( 32 ) and
MI (1) insulating phases which repeat in that order with increased occupancies as
the chemical potential is increased.
To solve the Hamiltonian in Eq. (4.1) in the truncated on-site occupation number basis |ni, we use standard mean field decoupling scheme for the hopping and
extended terms as [94] ,
b†i bj → hb†i ibj + b†i hbj i − hb†i ihbj i
n̂i n̂j → hn̂i in̂j + n̂i hn̂j i − hn̂i ihn̂j i.

TH-1276_09612119

64

(4.2)
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The above decoupling reduces Hamiltonian in Eq. (4.1) again to a sum over single
site Hamiltonians and can be written as,
HMF =

X

HiM F

i∈A,B,C

where,
HiM F =

U
n̂i (n̂i − 1) − µi n̂i − φi (bi + b†i ) + ψi φi + V (n̂i ρ̄i − ρi ρ̄i )
2

(4.3)

where ψi = hb†i i = hbi i represents the superfluid order parameter, vanishing of which,
as usual, marks the onset of an insulating phase. Also ρi = hn̂i i is the local density
P
P
and the order parameter averaged over z neighbours, φi = z1 zj=1 ψj , ρ̄i = z1 zj=1 ρj ,
z being the coordination number. Here as the boson numbers are conserved, ψi and
φi are real. It may be mentioned here that U and µ are in units of zt, while V is in
unit of t which, as all preceding discussions, is set as unity.

Figure 4.1: The ﬁgure shows the schematic diagram of three sublattice structure where
the three diﬀerent sublattices indicated by a striped circle (A sublattice), ﬁlled circle
(B sublattice) and an unﬁlled circle (C sublattice). It may be noted that the nearest
neighbours of each of these points belong to the other two.

In case of a tripartite lattice, the entire system can be divided into three sublattices, say, A, B and C as shown in Fig. 4.1. Each site of the three sublattice
structure has four nearest neighbours consisting of two sites each of the other two
types. To make our notations clear, we present table 4.1 containing definitions of
various ψ’s and ρ’s for three different sublattices. Now the Hamiltonian in Eq. (4.3)
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i belongs to ψi
sublattice
A
ψA
B
ψB
C
ψC

φi
1
(ψB
2
1
(ψC
2
1
(ψA
2

+ ψC )
+ ψA )
+ ψB )

ρi

ρ̄i

ρA
ρB
ρB

1
(ρ
2 B
1
(ρ
2 C
1
(ρ
2 A

+ ρC )
+ ρA )
+ ρB )

Table 4.1: The table represents the deﬁnition of various order parameters, ψi , φi , ρi , ρ̄i
for three sublattices. See text for details.

can be written as a sum of three terms as in the following,
HiM F ≡

X

HjM F

(4.4)

j∈A, B, C

where each of the HjM F corresponding to the three sublattices can be written as,
HAM F =
+
HBM F =
+
HCM F =
+

1
1
U
n̂A (n̂A − 1) − µA n̂A − (ψB + ψC )(bA + b†A ) + ψA (ψB + ψC )
2
2
2
1
V (ρB + ρC )(n̂A − ρA )
(4.5)
2
1
1
U
n̂B (n̂B − 1) − µB n̂B − (ψC + ψA )(bB + b†B ) + ψB (ψC + ψA )
2
2
2
1
V (ρC + ρA )(n̂B − ρB )
(4.6)
2
U
1
1
n̂C (n̂C − 1) − µC n̂C − (ψA + ψB )(bC + b†C ) + ψC (ψA + ψB )
2
2
2
1
V (ρA + ρB )(n̂C − ρC ).
(4.7)
2

In a compact notation, they are represented by,
HjM F ≡

U
n̂ (n̂j
2 j

− 1) − µj n̂j − 21 (ψk + ψl )(bj + b†j ) + 21 ψj (ψk + ψl )
+ 21 V (ρk + ρl )(n̂j − ρj )

(4.8)

where k and l are neighbours of j. That is, if j ∈ A sublattice, k and l will belong
to B and C sublattices (see Fig. 4.1) and so on. To obtain the mean field phase
diagram, we solve Eq. (4.4) for ψi and ρi selfconsistently in the onsite occupation
number basis |ni, truncated at some number nmax . The number nmax is chosen
such that the ground state energy saturates for this value [70,94] . The different phases
of the system can be distinguished based upon the values of the order parameters,
namely ψA , ψB and ψC and the occupancies, ρA , ρB and ρC as discussed later.
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Ground state of the system
Vacuum
DW ( 31 )
DW ( 23 )
MI (1)
DW ( 43 )
DW ( 53 )
MI (2)

(ρA ,ρB ,ρC ,)
(0, 0, 0)
(0, 0, 1)
(0, 1, 1)
(1, 1, 1)
(1, 1, 2)
(1, 2, 2)
(2, 2, 2)

Range of µ
µ≤0
0 ≤ µ ≤ 21 V
1
V ≤µ≤V
2
V ≤µ≤U +V
U + V ≤ µ ≤ U + 23 V
U + 23 V ≤ µ ≤ U + 2V
U + 2V ≤ µ ≤ 2U + 2V

Table 4.2: The table contains the range of µ in terms of on-site interaction, U and nearest
neighbour exchange V for diﬀerent incompressible phases. The ’chemical-potential width’
(for deﬁnition see text)of the DW and MI phases are 21 V and U respectively.

To get an idea about the position of the different insulating phase boundaries in
the U − µ plane, we analyze the extended Bose Hubbard Hamiltonian in the atomic

limit ( Ut → ∞). Following the analysis for a bipartite lattice [67,148] , we deduce the
limiting values of µ that correspond to various insulating phases (i.e. ψ = 0) as
presented in Table 4.2. Thus in the atomic limit, the ’chemical-potential width’,
that is the width along the µ-axis of various DW phases, scales as 12 V , while that for
the MI phases, it scales as U. The detailed calculations for arriving at the limiting
values of µ are presented in Appendix C. The energies corresponding to different
ground states are computed in the atomic limit to map out the phase diagram. For
example, the energy of the state nA = 0, nB = 0 and nC = 1 (DW( 13 )) is degenerate
with that of the state nA = 0, nB = 1 and nC = 1 (DW( 23 )), which happens
for µ values in the range [0, V2 ] and [ V2 , V ] and corresponding to energies at which
µ = Un0 + 21 V (n0 + 1) and µ = Un0 + V (n0 + 1) as illustrated in Appendix C. The
other ranges for µ and energy can be obtained in a similar manner.

4.2.1

Strong Coupling Perturbation Theory

Now we shall discuss the phase boundary between the superfluid and insulating
phases using a second order strong coupling ( Ut → ∞) perturbation theory. The
effective Hamiltonian can be written as sum of unperturbed Hamiltonian, H 0 and a
′

perturbation term, H as,
H ef f = H 0 + φH

TH-1276_09612119

67

′

Chapter 4. Phase Diagram of Bosons in a Tripartite Lattice: Case Study for Non
Bipartite Lattices
where
H0 =

U
n̂(n̂
2

− 1) − µn̂ + ψφ + V (n̂ρ̄ − ρρ̄)
′

H = −(b + b† ).

(4.9)

Here the site index is skipped for brevity. In Eq. (4.9), the perturbation term is
first order in creation and annihilation operators. So in the occupation number
′

′

′

basis, the first order correction will vanish, that is hn |H |ni = 0 for all n and n .
Thus computing the second order correction in energy, in powers of φ around the
insulating phase, the (total) ground state energy is obtained as [71] (for derivation,
see Appendix D),


ρ
ρ+1
U
2
. (4.10)
+
Eg (φ) = ρ(ρ − 1) − µρ + ψφ + φ
2
U(ρ − 1) − µ + V ρ̄ µ − Uρ − V ρ̄
Following Landau’s theory of second order phase transitions, minimizing Eq. (4.10)
with respect to φ, we obtained the order parameter equation as [148] ,



ρ+1
ρ
ψ = 2φ
.
−
Uρ + V ρ̄ − µ U(ρ − 1) − µ + V ρ̄

(4.11)

To obtain the phase boundary between the insulating (ψi → 0, i ∈ A, B and C )

and compressible phases (ψi 6= 0) for the tripartite lattice, one can solve Eq. (4.11),
which gives three coupled equations for the order parameters ψA , ψB and ψC . The
condition that those equations have a unique solution is,
h

×

×
h

ρA +1
U ρA + 12 V (ρB +ρC )−µ

h

−

ρB +1
U ρB + 21 V (ρC +ρA )−µ

ρC +1
U ρC + 12 V (ρA +ρB )−µ

−

ρA
U (ρA −1)−µ+ 12 V (ρB +ρC )

−

i

ρB
U (ρB −1)−µ+ 12 V (ρC +ρA )

ρC
U (ρC −1)−µ+ 12 V (ρA +ρB )

i

i

= 1.

(4.12)

We solve Eq. (4.12) to obtain the boundary between the insulating (ψi = 0)
and compressible (ψi 6= 0) phases as shown in Fig. 4.2, for various choices of the

occupation densities, ρA , ρB and ρC corresponding to the three sites of the tripartite
lattice. For the DW ( 31 ) phase, where the density in any one of the sites per trimer
is unity, while the other two being zero, e.g. ρA = 0, ρB = 0, ρC = 1; for the DW
( 23 ) phase where the density in two of the sites are unity, while the other one being
zero, e.g. ρA = 0, ρB = 1, ρC = 1; and for the MI (1) phase ρA = 1, ρB = 1, ρC = 1.
The results are checked against a critical value for the onsite bosonic interaction
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Figure 4.2: The ﬁgure shows mean-ﬁeld phase diagram using second order perturbation
theory in the U − µ plane. The value of nearest neighbour exchange is taken to be 0.65U .

parameter corresponding to the MI-SF mean field transition which is noted as 5.83,
a value well established in literature [70,71] . Here we follow the convention that the
number appearing in brackets denotes the occupancy per trimer. Thus we analytically get the insulating lobes corresponding to DW ( 13 ), DW ( 23 ) and MI (1). At low
U (basically U < 5.83) for all values of µ, superfluid phase prevails.
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Figure 4.3: The ﬁgure shows phase diagram of an extended BHM for a tripartite lattice
in the U − µ plane and for V = 0.65U . The colours light blue, red, yellow, blue, gray and
black indicate SF, DW ( 31 ), DW ( 32 ), SS type-I, SS type-II and MI respectively.
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4.2.2

Numerical Results

To provide support to the above phase diagram, we have solved the equations
in Eq. (4.4) selfconsistently for the order parameters, namely of ψ’s and ρ’s corresponding to the three sublattices. To distinguish between the different phases, we
use the condition on the values of the order parameters ψA , ψB and ψC and onsite
occupation densities ρA , ρB and ρC as discussed in table 4.3.
Phase
SF
SS-I
SS-II
MI
DW

Order parameter
ψA = ψB = ψC > 0
ψA = ψB 6= ψC > 0
ψA 6= ψB = ψC > 0
ψA = ψB = ψC = 0
ψA = ψB = ψC = 0

Occupation density
ρA = ρB = ρC > 0
ρA = ρB 6= ρC > 0
ρA 6= ρB = ρC > 0
ρA = ρB = ρC = m (integer)
ρA , ρB , ρC are integer and
two of them differ from the
other one

Table 4.3: The table represents the condition on the order parameters ψA , ψB and ψC
and occupation densities ρA , ρB and ρC that characterize the diﬀerent compressible and
insulating phases.

However there is a new phase, which is a supersolid (SS) phase that was missed
out in our analytic approach. The reason is that we can only address transition
from compressible (ψi 6= 0) to incompressible (ψi = 0) phases. A transition from a
SF (ψ 6= 0) to an SS (ψ 6= 0) thus remains inaccessible. The SS phase is defined by
a nonzero order parameter and unequal densities, at least for one of the three sites
in a trimer (see table 4.3).
Fig. 4.3 represents the phase diagram obtained numerically in the U − µ plane
where different phases such as, SF (light blue), DW ( 13 ) (red), DW ( 23 ) (yellow),
SS type-I (blue), SS type-II (gray) and MI (black) are shown for a specific value
of the nearest neighbour repulsion, V , for example, V = 0.65U. We get very good
agreement between Figs. 4.2 and 4.3 with regard to the boundaries separating the
compressible and incompressible (DW and MI) phases.
In Fig. 4.4 (a) we plot the superfluid order parameters, ψA , ψB and ψC for A,
B and C sublattices as a function of µ, keeping U = 20 and V = 0.65U fixed. Fig.
4.4(b) shows the variation of occupation densities for the three sublattices again as
a function of µ and at same values of U and V as that of in Fig. 4.4 (a). With
increasing µ, the variation of the occupation densities, namely, ρA , ρB and ρC yields
different phases. The corresponding plots in (a) and (b) are magnified, that is taken
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Figure 4.4: The plots show the variation of order parameter ψA , ψB and ψC in (a)
and particle densities order ρA , ρB and ρC in (b) as a function of chemical potential µ for
U = 20 and V = 0.65U respectively. In (c) and (d), we again present magniﬁed plots of ψ
and ρ respectively, that is over a small range of µ.

over a smaller range of µ in Fig. 4.4 (c) and (d). In Fig. 4.4 (c) and (d), for µ ≃ 0,
all of ψA , ψB and ψc and the densities ρA , ρB and ρC respectively are equal and
finite, thus indicating the occurrence of a SF phase. This is followed by a vanishing
of all the order parameters and two of the sites having zero occupancy with the rest
with unit filling, indicating a DW ( 13 ) phase, which is hence followed by SS type-I
with finite with ψA = ψB 6= ψC and similar for the occupation densities. A type-II
SS phase follows immediately afterwards with ψA 6= ψB = ψC , complemented by
a similar behaviour for ρ. A DW ( 23 ) and an MI phase with a thin intervening
superfluid region are found to occur afterwards.
We have noted that the widths of the DW lobes at a given value of U (here
U = 20), denoted by w (for both one-third and two-third fillings) increase as V
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Figure 4.5: The plots show the widths of the DW lobes corresponding to one-third and
two-third ﬁllings per trimer as a function of nearest neighbour exchange interaction, V at
U = 20.

is increased, as shown in Fig. 4.5 which is further accompanied by a change in
the position of the MI lobes. It may be noted that the difference in the plots for
w corresponding to DW ( 31 ) and DW ( 23 ) phases as a function of V /U is small
albeit finite. While it easy to understand that the interaction between the nearest
neighbour occupation densities is the origin of density orderings, the effect of V on
the extent of the DW lobes in the phase diagram was, to the best of our knowledge,
yet to be ascertained. The scaled plot in Fig. 4.5 between w/U and V /U shows
nearly a linear relationship with a slope of 0.55. Of course for V = 0, the system
possesses only SF-MI transition.

4.2.3

Physical Quantities: Compressibility, Structure Factor and Superfluid Stiffness

∂ ρ̄
The compressibility data, with κ = ∂µ
where ρ̄ is the average density per trimer,
that is, ρ̄ = (ρA + ρB + ρC )/3, as shown in Fig. 4.6, yields interesting behaviour as a

function of chemical potential, µ for a given U and V . Instead of periodic humps as
in Fig. 5 of Ref.[149], the plots show a series of high and sharp peaks at transitions
between different compressible to incompressible (such as SF to DW) phases and
also at the transition between SS type-I and SS type-II phases. At small µ (µ ≃ 0)
the finite compressibility denotes the presence of the SF phase. The immediate
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Figure 4.6: The compressibility κ = ∂µ
for three sublattices are plotted as a function
of chemical potential, µ. The value interaction parameter, U and boson-boson repulsion
V is chosen same as that of Fig. 4.4.

jump in κ represents the transition from SF to DW ( 13 ) (see Fig. 4.3). Which is
hence followed by a zero κ, signifying the presence of DW ( 13 ) lobe. The SS type-I
registers a nonzero value around µ = 5.9, with again a sharp peak signaling a SS
type-I to SS type-II transition. The adjoining step like nonzero value of κ denotes
SS type-II lobe which is followed by an incompressible DW ( 32 ) phase, and further
a sharp peak corresponding to DW ( 32 )-SF transition with a compressible SF phase
to follow and so on. It is further interesting to note that the SS phase is marginally
more compressible than the SF phase.
To make the distinction between various phases of the system more lucid, we calculate the static structure factor, Sq and superfluid stiffness αs . The static structure
factor at wave vector q is defined as [24,133] ,
Sq =

1 X iq.(rj −rk )
e
hnj nk i
Ns j,k

(4.13)

where Ns is the number of terms in the sum. For a three sublattice structure, in the
mean field limit, Sq is given by [133] ,
Sπ =
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(ρA − ρB )2 + (ρB − ρC )2 + (ρC − ρA )2 for q = (π, π).
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The superfluid stiffness is defined by [133] ,
αs =

1 X †
hb bk + h.c.i.
Ns j,k j

(4.15)

Again in the mean field limit, for three sublattice basis, αs reduces to
αs =


1
(ψA + ψB )2 + (ψB + ψC )2 + (ψC + ψA )2 .
6

(4.16)

Sπ is finite in the DW phase and the two types of SS phases, while it should vanish
in the SF and MI phases. On the other hand the αs is nonzero in the compressible
phases, such as the SS and SF phases and vanishes in the incompressible phases,
such as DW and MI phases. The results for κ, Sπ and αs for different phases are
summarized in table 4.4.
Phase
SF
SS-I
SS-II
MI
DW

κ
6= 0
6= 0
6= 0
=0
=0

Sπ
=0
6= 0
6= 0
=0
6= 0

αs
6= 0
6= 0
6= 0
=0
=0

Table 4.4: The table contains the list of phases and the values of various physical quantities such as compressibility, κ, static structure factor, Sπ and the superﬂuid stiﬀness, αs
for diﬀerent phases.

A brief comment on the order of the phase transition between various phases
can be made as follows. We would like to recall the density profile as given in Fig.
4.4 (d) and the compressibility plot of Fig. 4.6, where the transitions between SF
to DW and SS-I to SS-II seem to suggest of a first order transition, as seen form
the discontinuity of the density variation as a function of µ and also by a sharp
jump in the compressibility. However the transition between SF to MI continues
to be second order transition which is evident from the continuous variation of the
particle density across the phase boundary (see Fig. 4.4 (d)).

4.3

Conclusions

Thus to conclude, using an analytic strong coupling expansion followed by a
numerical solution of the mean field equations for an extended Bose Hubbard model,
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we obtained a rich phase diagram for bosons in a tripartite lattice. The different
insulating phases (zero superfluid order) are density ordered, DW ( 31 ), DW ( 23 ) and
Mott insulating MI (1) phases with the lobes repeating in that order with increased
occupancies as the chemical potential is increased. It may be mentioned that such
exotic fractional filling (per trimer) phases can very difficult to achieve for crystal
lattices, while the creation of optical lattices with tripartite structure (such as a
kagome lattice) may be able to capture them. The results are complimented with
the behaviour of the order parameters, occupation densities and the compressibility
data. Further support to our results have been provided by computing the static
structure factor and the superfluid stiffness for various phases.
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Chapter 5

Effect of Harmonic Confinement via
Inhomogeneous Mean Field Theory
5.1

Introduction

It is useful to remember at this stage of our ongoing discussions that in experiments involving cold atoms, a harmonic trapping potential is usually unavoidable.
The trapping potential creates spatial inhomogeneities, thereby compelling the coexistence of the superfluid (SF), Mott insulating (MI) and other kinds of ordered
phases, such as density wave (DW) and supersolid (SS) phases. The chemical potential for the inhomogeneous case is renormalized by the trapping potential and
varies from one site to another across the lattice, thereby controlling the number of
bosons at those sites.
As it is evident from the preceding discussions that we have employed the single
site mean field theory in this thesis. A few points in this regard are in order.
Despite enjoying success of yielding the correct phase diagram in the parameter
space that describes the Hamiltonian, the MFT still remains a one site theory (the
environment is replaced by its average) and thus cannot distinguish the symmetry of
the lattice potentials that the bosons are subjected to. To state it more lucidly, the
phase diagram of the correlated bosons in a two dimensional square lattice will be
indistinguishable from that of, say for example, triangular, honeycomb and kagome
lattices. The question is especially relevant as optical lattices with a variety of
lattice geometries are experimentally realizable [150] that are pristine and simulate
the paradigmatic Hamiltonian such as a BHM.
In this chapter we exploit this inhomogeneity in the following way. We write
down the EBHM introduced in chapter 4 on a square or a honeycomb (bipartite) and
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a kagome (tripartite) lattice in presence of a trapping potential. Hence we correctly
identify the neighbours corresponding to a particular lattice site for these geometries.
Subsequently a MFT is employed to compute the ground state eigensolutions for a
given lattice site selfconsistently in terms of the order parameters. This helps us in
identifying different phases and the procedure is repeated for all sites of the lattice.
The selfconsistent solution of the order parameters are obtained simultaneously at
all sites. It may be noted that in the absence of harmonic potential as was the
case in preceding section, it would have sufficed to solve for two sites for a bipartite
square or a honeycomb lattice and three sites for a tripartite kagome lattice [94] . The
inhomogeneity caused by the trap, compels the necessity to identify the lattice sites
distinctly, thereby explicitly invoking the effect of lattice symmetries in the study
of the phase diagram.
We organize this chapter as follows. At the onset we sketch a way to build a
kagome lattice by keeping track of the coordinates of the lattice points and further
labeling them so as to efficiently identify the neighbours. The topological equivalents
of the honeycomb and kagome lattices come handy in the context [151,152] . Hence we
presents our results for the order parameters that distinguish between the various
phases for different choices of the chemical potential, onsite interaction, density exchange interaction, trapping potential etc. We further demonstrate the coexistence
of different phases as one navigates away from the center of the trapping potential.
The location of the center of the trap may be deliberately chosen to be in either of
the SF, MI, DW or SS phases. Hence we present the Fourier transformed superfluid
order and density profiles either of which are relevant to the ’time of flight’ experiments [7] . Finally we attempt comparing and contrasting phase diagrams at various
sites in the lattice in presence of the confining potential. This has yielded limited
success owing to unavailability of selfconsistent solutions or other reasons that are
elaborated in the text.

5.2

Extended Bose Hubbard Model with a Harmonic
Trapping

The starting point is the writing down the extended Bose-Hubbard Hamiltonian,
for the inhomogeneous case as,
H = −t
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X
UX
n̂i (n̂i − 1) −
µi n̂i
2 i
i

(5.1)

5.2. Extended Bose Hubbard Model with a Harmonic Trapping
where all the symbols have their usual meanings and µi is the potential which is now
inhomogeneous due to the presence of trapping potential VT . In the inhomogeneous
case that is in presence of confining potential the the onsite chemical potential at
site i is
µi = µ − VT (ri − r0 )2

(5.2)

where µ is the chemical potential, VT is the strength of the harmonic confinement, ri
and r0 are the positions of the lattice site i and that of the trap center respectively.
The conventional MFT was extended for the inhomogeneous case [96] . For a two
sublattice system, Eq. (5.1) shows different kind of density ordered phases, such as
the SS and DW ordering along with the usual SF and MI phases. The inhomogeneous
mean field theory for EBHM with VT > 0 was developed for a two sublattice system
in Ref.[94], which shows nonuniform superfluid and density wave order parameters
and the system splits into different insulating (DW and MI) and compressible (SF
and SS) phases.
In the previous chapter, we have considered a three sublattice structure (a single
plaquette of the kagome lattice consisting of three different lattice points belonging
to different sublattices) and solved EBHM via mean field theory and obtained a
rich phase diagram. When VT = 0, the ground state of model in Eq. (5.1) exhibits
SF, density ordered DW ( 31 ) (one site of the plaquette is occupied by one boson,
while the other two are empty), SS, DW ( 23 ) (two of them are occupied and one
empty), SF and MI (1) (all three sites belonging to different sublattices have unit
occupancy for the MI(1) phase) phases, all of which repeat in that fashion with
increased occupancies as the chemical potential is increased.
Now the task is to introduce a trapping potential (i.e. VT > 0) in a kagome
lattice (see Fig. 5.1). The claim is that the inhomogeneity, introduced by external
harmonic trapping, is capable of capturing the underlying lattice geometry, details
of which will be discussed later.
The decoupling of the kinetic energy and density exchange terms discussed in
the previous chapter (Eq. (4.2)) reduces the Hamiltonian in Eq. (5.1) to a sum over
single site Hamiltonians which can be solved in the truncated onsite occupation
number basis, |ni and can be written as,
HMF =

X
i
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where,
HiM F =

U
n̂i (n̂i − 1) − µi n̂i − φi (bi + b†i ) + ψi φi + V (n̂i ρ̄i − ρi ρ̄i )
2

(5.3)

where ψi = hb†i i = hbi i is the the superfluid order parameter, ρi = hn̂i i is the local
P
P
density and the order parameter, φi = 1z zj=1 ψj , and ρ̄i = z1 zj=1 ρj , z being the

coordination number. The only additional feature of the Hamiltonian in Eq. (5.3)
lies in its inhomogeneous chemical potential described by Eq. (5.2).

(a)

(b)

Figure 5.1: The schematic diagram of a kagome lattice (a) and its topological equivalent
(b). The three diﬀerent sublattices of the kagome lattice are indicated by a blue circle (A
sublattice), cyan circle (B sublattice) and magenta circle (C sublattice). It may be noted
that the nearest neighbours of each of these points belong to the other two sublattices.

5.3

Identifying the Neighbours of a Kagome Lattice

Now we shall discuss how the kagome lattice geometry can be captured in the
inhomogeneous (VT > 0) case. The kagome lattice can be considered as a square
lattice with some additional adjustments which are emphasized in Fig. 5.1 [151] . The
equivalent of a kagome lattice can be constructed by connecting the lattice points
of a square lattice as shown in Fig. 5.1(b). The points which are at the center of
the tilted hexagon are skipped. Thus the lattice points connected by the line in
the equivalent lattice correspond to the four neighbours of a kagome lattice, where
each site belongs to different sublattices. Thus corresponding to a lattice point
belonging to sublattice A (blue circles) in Fig. 5.1(b) has two neighbours belonging
to sublattice B (cyan circles) while the other two belong to sublattice C (magenta
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circles). The position of the lattice sites for such a kagome lattice can be obtained
by translating the basis vectors from any lattice point centered at a chosen origin.
Thus for this purpose we use (i, j) indices for each lattice site and identify all the
neighbours corresponding to this site as presented in table 5.1.
Condition of i and j
i and j both odd
i odd, j even

Lattice point
∈ A sublattice
∈ B sublattice

i even, j odd

∈ C sublattice

i and j both even

points do not belong
to lattice

Neighbours
(i ± 1, j), (i, j ± 1)
(i, j ± 1), (i − 1, j − 1),
(i + 1, j + 1)
(i ± 1, j), (i − 1, j − 1),
(i + 1, j + 1)
no neighbours

Table 5.1: The table represents all the neighbours of a particular site that belongs to
diﬀerent sublattices. For this purpose we choose (i, j) values starting with (1, 1).

5.4

Numerical Results

To obtain the ground state energy and the corresponding wave function, we
have computed the matrix elements of Hi M F in the occupation number basis |ni i
truncated at some value nmax (= 8 here) for a set of initial guess values of ψi and
ρi . The ground state solutions are obtained by diagonalizing the Hamiltonian in Eq.
(5.3) from the selfconsistent values of ψi and ρi . We use the conditions on the values
of ψi and ρi so as to distinguish between various phases as present in table 5.2. To
obtain the selfconsistent solutions for ψi and ρi , we exploit the circular symmetry
of the trapping potential. This symmetry can be seen in Fig. 5.2 which denotes
the surface plot of the onsite chemical potential, µi in the plane of the lattice for
a particular value of VT , namely VT = 0.0007. The plot shows the constant energy
contours as a function of distance from the center of the trapping potential that are
responsible for the emergence of different phases in the form of concentric shells as
will be shown later. Here the uniform part of the chemical potential, µ in Eq. (5.2)
is chosen as µ = 8. To present the results, we have mostly chosen two representative
values of VT . One of which is VT = 0.0007, where the trapping effect is small and
the onsite chemical potential varies slowly form one site to another such that the
width of different phases are prominent. The other value is taken as VT = 0.0025,
for which µi changes over a larger range, thereby demonstrating a variety of phases
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as a function of the distance from the trap center. Different other choices of VT have
also been taken into consideration. Apart from affecting the width of the different
phases, such as SF, SS, DW etc., there is no other physical significance that has been
found which is relevant to the present work and hence the issue is not elaborated
further. At the edge of the lattice, with this value of VT , µi becomes negative which
yields an empty (zero occupation density) phase. We have explored other values
for the strength of the confinement as well, however the discussion on them is not
relevant to the present context.
Phase
SF
SS
MI
DW

Order parameter
(ψi )
ψi > 0
ψi > 0
ψi = 0
ψi = 0

Occupation density
(ρi )
ρi > 0
ρi > 0
ρi = m (integer)
ρi = m

Behaviour of ρ and ψ
non-oscillatory
oscillatory
non-oscillatory
oscillatory

Table 5.2: The table represents the condition on the order parameters, ψi and occupation
densities, ρi that characterize the diﬀerent compressible and insulating phases.
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Figure 5.2: The surface plot of onsite chemical potential µi (see Eq. (5.2)) in x − y plane
for VT = 0.0007 and µ = 8 for a kagome lattice. The µi proﬁle shows circular symmetry.

Now we focus on the results that are specific to a kagome lattice. Also we present
a few results for square and honeycomb lattices for comparison. In all cases, we have
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considered a L × L (L = 256) lattice and keep the trap center (where µ = µi ) at the

middle of the lattice, i.e. at (x, y)=(L/2, L/2). To show the existence of different
phases, we present the plots for the order parameter, ψi and occupation density, ρi
as a function of distance from the trap center.

Figure 5.3: The ﬁgure shows a L × L (L = 8) lattice that is equivalent to a kagome
lattice as illustrated in Fig. 5.1(b). Here the red line corresponds to y = 1 + L/2 which
visits the lattice points belonging to A-B-A-B.... and blue line corresponds to y = L/2
which visits the lattice points belonging to C. It may be noted that it is not possible to
visit sites belonging to all three sublattices via a single line.

The plots are presented for a square and a honeycomb lattice along a particular direction in Figs. 5.4(a)-(d). Specifically, we choose the distance along the
x-direction (x-axis of our plots) for all our real space order parameter data, where
we plot the results corresponding to y = L/2, which capture the two sublattices of
a bipartite lattice alternately. It may be noted that an equivalent of a honeycomb
lattice, known as brick-wall lattice, is used for this purpose [151] . For the convenience
of readers, an elaborate discussion of several such lattice geometries and their topological equivalents are discussed in Ref.[151].
The situation is little more tricky in the case of a kagome lattice as in a unidirectional scan as done for the bipartite lattice, it is difficult to capture all the three
different sublattices. To circumvent this difficulty, we choose the lines corresponding
to y = 1 + L/2 (so as to capture the sites belonging to two of the sublattices, say
A and B) and y = L/2 (belonging to the third sublattice that is C) (see Fig. 5.3).
The one dimensional plots presented in Figs. 5.4-5.7.
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5.4.1

Phase Diagram

To commence a discussion on the phase diagram, we present our results in the
following way. To illustrate the appearance of different phases, we manipulate the
values of the parameters (U, µ, VT , V ) such that the trap center falls in either of the
SF, MI, DW or SS phase. This will enable a scrutiny of different sequence of phases
that one shall encounter while moving away from the trap center and approaching
towards the edge of the lattice.
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Figure 5.4: The variation of ρi in (a) and (c) and ψi in (b) and (d) (black dashed line
and square symbols) along chosen direction as discussed in text correspond to bipartite
lattices, of which (a) and (b) for a square lattice and (c) and (d) for a honeycomb lattice
while, in (e) and (f ) (black dashed line and square symbols for A and B sublattice and red
solid line and triangle symbols for C sublattice) are that for a kagome lattice. In all the
cases, we have taken U = 9, µ = 8, V = 0.65U and VT = 0.0007 such that the trap center
is in MI(1) phase, where the occupation density ρi = 1 and ψi = 0 for all sublattices. For
the bipartite lattice ((a)-(d)), the sequence of phases are MI(1), SF, SS, DW( 12 ), thin SS,
SF and an empty phase as a function of distance from trap center. For a kagome lattice,
the sequence is MI(1), SF, thin SS, DW( 32 ), SS DW( 13 ) and SF phase. The lines, symbols
and colours used are same as that for Figs. 5.5-5.7.

In Fig. 5.4 we present the ρi and ψi plots for a kagome lattice where the corresponding plots for a square and a honeycomb lattice are included for comparison.
For all the order parameter plots, we use black dashed line and square symbols
for bipartite lattices. For the kagome lattice, we use black dashed line and square
symbols for A and B sublattice and red solid line and triangle symbols for the C
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sublattice . The same colour and symbol convention have been used throughout. For
all these cases in Fig. 5.4, the particular values of the parameters are chosen U = 9,
µ = 8, V = 0.65U and VT = 0.0007. At these parameter values, the trap center is
in the MI(1) phase as seen from the plots (i.e. ψ = 0, ρ = 1). As one moves away
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Figure 5.5: The plots show the variation of occupation density order, ρi and superﬂuid
order parameter, ψi for a kagome lattice along chosen direction as discussed in text. In
(a) and (b) the plots correspond to the parameter values, U = 20, µ = 10, V = 0.65U and
VT = 0.0025, such that the trap center is in the DW( 32 ) phase and the sequence of phases
is as DW( 32 ), thin SS, DW( 13 ), thin SS, thin SF and vacuum. In (c) and (d), the plots
correspond to the parameter values, U = 14, µ = 5, V = 0.65U and VT = 0.0025, the trap
center is in the SS phase and the corresponding sequence is SS, DW( 13 ), thin SS, SF and
ﬁnally a vacuum.

from the trap center, different compressible and insulating phases emerge. In Figs.
5.4(a) and (b), for square lattice, we get MI(1), SF, SS, DW( 21 ), SS and SF phases
respectively as a function of the distance from the center of the trap. The phase
ordering is identical for a honeycomb lattice, as expected (see Figs. 5.4 (c) and
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Figure 5.6: The variation of ρi and ψi for a kagome lattice along a chosen direction as
discussed in text. In (a) and (b), the parameter values are chosen as, U = 5.5, µ = 10,
V = 0.65U and VT = 0.001 where the trap center lies in the SF phase for which almost the
entire lattice in in SF phase with a thin vacuum phase at the edges. In (c) and (d) the plots
correspond to the parameter values, U = 14, µ = 10, V = 0.65U and VT = 0.0025. The
trap center here is in the SF phase and the sequence of phases are SF, thin SS, DW( 23 ),
SS and DW( 13 ), SS, SF and vacuum.

(d)). In case of the kagome lattice, the emergence of various phases as a function of
distance from the trap center (see Figs. 5.4 (e) and (f )) is more interesting. As one
move radially outward from trap center, immediately the system starts showing an
SF character with uniform values of ψi (> 0) and ρi (> 0). After this SF phase, there
is a very narrow SS region, where both the ρi and ψi are nonzero and oscillating (as
one moves from one lattice point to another). If we move away further, one enters
into a DW( 23 ) phase, where ψi = 0 but ρi oscillating between 0 and 1 between two
of the sublattices, while the third sublattice stays at ρi = 1. This phase is hence
followed by again an SS phase and hence a DW( 31 ) phase is noted for which ψi = 0
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and ρi oscillate between 0 and 1 for two of the sublattices, but it remains at zero for
the other sublattice. There is eventually another thin slice of an SS region, which
is further followed by an SF phase as one reaches towards the edge of the lattice.
Our results for the order parameter and density profiles for a planar bipartite lattice
obtained via an inhomogeneous MFT agrees well to those for a cubic lattice [94] .
Location of
trap center
MI(1)
DW( 23 )
SS
SF

Parameter values
(U, µ, VT )
(9, 8, 0.007)
(20, 10, 0.0025)
(14, 5, 0.0025)
(14, 10, 0.0025)

Sequence of phases
(moving outward from trap center)
MI(1), SF, SS, DW( 32 ), SS, DW( 13 ), SS, SF
DW( 32 ), SS, DW( 13 ), SS, SF, Vacuum
SF, DW( 31 ), SS, SF, Vacuum
SF, SS, DW( 32 ), SS, DW( 13 ), SS, SF, Vacuum

Table 5.3: The sequence of phases are listed in the above table for a kagome lattice when
the center of the trap is in MI, DW, SS, SF phases. For all the cases, the density exchange
interaction is kept as V = 0.65U .

Next we discuss a similar scenario of having the trap center in different phases,
such as SF, SS, DW etc. by appropriately choosing the system parameters. The aim
is to investigate how the evolution of various phases across the lattice in presence
of the harmonic trap is affected if the center of the trap is allowed to be in one of
the phases. In Figs. 5.5 (a) and (b), the sequence of phases are DW( 23 ), thin SS,
DW( 13 ), thin SS, thin SF and vacuum (ψi = 0 and ρi = 0) as one traverses away from
the trap center (which is in the DW( 32 ) phase) for U = 20, µ = 10, V = 0.65U and
VT = 0.0025. For the other two plots, 5.5 (c) and (d), we have chosen U = 14, µ = 5,
V = 0.65U and VT = 0.0025 and the sequence of the phases found corresponding
to this case is SS, DW( 31 ), again a thin SS, SF and finally a vacuum (ρi = 0). For
other set of parameter values, we present the same where the sequence are SF and
vacuum (in Figs. 5.6 (a) and (b)) for U = 5.5, µ = 10, V = 0.65U and VT = 0.001
and SF, thin SS, DW( 23 ), SS, DW( 31 ) , thin SS, thin SF and vacuum (in Figs. 5.6
(c) and (d)) for U = 14, µ = 10, V = 0.65U and VT = 0.0025. The above results
illustrating different sequence of phases are nicely summarized in table 5.3.
In Fig. 5.7 we present the surface plot of the SF order parameter in the x − y

plane (bottom) and the occupation density, ρ as a function of distance from the
trap center along the x-direction (top). The various phases are distinguished from
the behaviour of ρ and ψ values as mentioned in table 5.2. The sequence of phases
observed are MI (1), SF, thin SS, DW( 23 ), SS and DW( 13 ). The purpose of this plot
is to correlate the appearance of different insulating and compressible shells with
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Figure 5.7: Top: The plot shows the real space variation of the occupation density, ρi .
Bottom: The surface plot for order parameter, ψ in x − y plane. The parameter values
are U = 9, µ = 8, V = 0.65U and VT = 0.0006. The shells of insulating and compressible
phases denote MI (1), SF, thin SS, DW( 32 ), SS and DW( 13 ) etc. as a function of distance
from the trap center.

the one dimensional scan of the density profile. The transitions from one phase to
another that are seen via the change in occupation densities (see in the top plot)
are seen to coincide well with the boundaries of the annular region in the ψi plot
(bottom).
Having established a distinction between different lattice geometries with regard
to the coexistence of various phases we move on to compute some physical quantities.
It may be noted that computation of such physical quantities is not trivial owing to
the inhomogeneity caused by the trapping potential. Thus the information about
these quantities at several locations in the lattice may be a helpful input. Such efforts
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by us have not yielded results to our satisfaction, as attainment of selfconsistency
for the order parameters at all sites of the lattice poses a considerable difficulty,
possibly because of the variation of the chemical potential, µi from one site to
another. A compromise can be made in the form of computing these quantities at a
few locations, wherever possible, still containing the information about the trapping
potential and the lattice geometry.
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Figure 5.8: The plot shows the variation of square ﬂuctuation, δn2 (deﬁned in text) as
a function of chemical potential, µ for VT = 0.0007 (black line and circle) and VT = 0.0
(red line and square) for U = 9, V = 0.65U at a particular location in the lattice given by
(x, y)=(200, 129).

5.4.2

Density Fluctuations

Away from the trap center, where the trapping effects are moderate, yet perceivable, we have computed the mean square fluctuation of the occupation density δn2 ,
a measure of the compressibility of the system [136] which is defined as,
δn2 = hn̂2 i − hn̂i2

(5.4)

as a function of the chemical potential, µ. In Fig. 5.8, we present δn2 vs µ at
the location (200, 129) in the lattice ((128, 128) being the coordinate for the trap
center) for a particular VT , namely VT = 0.0007 (black line and circle). The plot
shows that, at this point, as the chemical potential is varied, a series of compressible
and insulating phases appear which can be understood by the nonzero values and
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vanishing of δn2 respectively. The effect of the trapping potential on the emergence
of the various phases can be demonstrated by switching off the trap (VT = 0) as
shown here (red line and square). The phase boundaries are now shifted along the
µ−axis and no compressible phase is found for µ ≥ 8 which is clearly different than
that for VT 6= 0.

5.4.3

Momentum Space Plots

To further distinguish the signature of different phases that emerge in a kagome
lattice to those corresponding to, for example, a square lattice, we present the surface
plots of the Fourier transformed occupation density, ρk . The plots should be relevant
to the ’time of flight’ experiments that are performed by releasing the cold gases
from an optical lattice suddenly and hence after a certain time of flight note down
the momentum distribution using standard absorption imaging methods [7,17,153] (see
chapter 1). If a single Bloch state, or a particular k-value is macroscopically occupied, such as, the zero momentum state (k = 0) of a Bose Einstein condensate, then
a series of interference maxima can be observed at each time of flight recording after
a specific interval of time. We wish to demonstrate that such data will differentiate
between different lattice geometries by demonstrating different phases for the same
values of the system parameters. In Figs. 5.9(a)-(d) we present the surface plots of
ρk and ψk in kx -ky plane for the kagome lattice and in Figs. 5.9 (e)-(f ) for a square
lattice for comparison. In Figs. 5.9 (a) and (b), the parameter values are chosen as
U = 5.5, µ = 10, V = 0.65U and VT = 0.001, such that the entire lattice is in the
2π
), (π, √π3 ),
SF phase (see Figs. 5.6 (a) and (b)) and thus the peaks at (0, 0), (0, √
3
2π
) etc. correspond to the SF phase. In Figs. 5.9 (c) and (d), additional peaks
(2π, √
3
2π
) for the parameter values, U = 9, µ = 8, V = 0.65U
are observed at (0, π) and (π, √
3

and VT = 0.0007. At these values, the system possesses all possible phases such as
SF, MI, DW, and SS phase (see ρ and ψ plots in Figs. 5.4(e) and (f )). Hence
these additional peaks arise due to the emergence of SS and DW phases. We have
included the square lattice for comparison in Figs. 5.9 (e) and (f ) where, the parameter values used are same as that of in Figs. 5.9 (c) and (d). The peaks observed
for a square lattice at (0, 0), (0, 2π), (2π, 0) and (2π, 2π) correspond to SF and MI
phases and that at (π, π) is due to SS or DW phases. Thus the positions of various
peaks in the k-space are different for square and kagome lattices and thus the plots
in Fig. 5.9 substantiate our claim of the ability to capture lattice geometry via an
inhomogeneous mean field theory.
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Figure 5.9: The plots show the Fourier transformed occupation density ρk and superﬂuid
order ψk in kx − ky plane. The peaks signify the occurrence of diﬀerent phases. In Figs.
(a) − (d), the plots are presented for a kagome lattice and in Figs. (e) and (f ) the plots
correspond to a square lattice. In (a) and (b), the parameter values kept at U = 5.5,
µ = 10, V = 0.65U and VT = 0.001. In (c) and (f ), the parameter values are U = 9,
µ = 8, V = 0.65U and VT = 0.0007. A comparison between (c) and (e) (or (d) and (f )
which corresponding to same parameter values but represent kagome and square lattice
respectively, shows peaks at diﬀerent (kx , ky ) values for the kagome lattice than that for
the square lattice.
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5.5

Conclusions

To conclude, the drawbacks of a mean field theory lies in the inability to capture
the effect of underlying lattice geometry on the physical quantities. In this work, we
show that, an extended range (nearest neighbour here) interaction, in conjunction
with a harmonic confinement, can yield results that are specific to a particular
lattice geometry. Kagome lattice is chosen as a candidate to provide support to our
claims as it denotes a complex structure, a non-bipartite lattice and can be achieved
by optical means. Detailed studies are carried out to establish a phase diagram
that show a variety of compressible and incompressible phases via computing the
mean field order parameters. A comparison of the results with familiar bipartite
lattices such as square and honeycomb lattices are included. The order parameter
computed in k−space and having possible relevance to ’time of flight’ experiments
are presented.
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Chapter 6

Multi-Component Mixtures:
Emergence of Exotic Phases
6.1

Introduction

Two component quantum fluids, consisting of bosonic atoms, fermionic atoms or
Bose Fermi mixtures, exhibit a rich phase diagram that is inaccessible to single component fluids. Among other features, the phase separation observed in 3 He −4 He
mixtures [154,155] has initiated a large volume of studies to investigate the behaviour of
one quantum fluid in presence of another. The wonderful platform that has evolved
in terms of the technical advances in tuning the two body interaction potential via a
Feshbach resonance, provides the possibility of arriving at a detailed phase diagram
that can comment on the miscibility of the interacting fluids [156] . Several studies
have followed since then to address various static and dynamical properties of these
two component mixtures [41,157–161] .
In the past, experimental studies on condensing different species of atoms focused
on the different isotopes of the same atomic species such as 85 Rb and 87 Rb [162] . Later
on different atomic species, such as 41 K and 87 Rb etc were considered together [156,163] .
Photoassociation spectroscopy with different isotopes of Ytterbium atoms was done
to determine the s-wave scattering lengths that characterize the two body interaction
parameters [164] . A large number of isotopes (seven of them) have been used and a
comprehensive database has been created for the scattering lengths which shows the
possibilities of attractive interaction either between same species or among different
species. Theoretical efforts have also been made to enumerate the stability criteria
for both the attractive and repulsive condensates [165] . Importantly, presence of a
second component and its role on the stability of the mixture are discussed [62] ,
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which has essentially motivated us to add one more component and study a three
component bosonic fluid.
Another reason for us to initiate studies on the phase diagram of three component
systems is: two component mixtures have received some, although limited, attention
from the theoretical community. Mean field (MF) studies of two component Bose
Hubbard model reveals the existence of mixed phases where one specie of atoms
can be in a superfluid (SF) phase while the other kind represents a Mott insulating
(MI) lobe [166] . Support for the occurrence of such mixed phases are obtained via
quantum Monte Carlo simulations where renormalization of the phase boundary of
one component is explored in presence of another [62] . A three component mixture
thus holds the promise of offering more exotic phases and a versatile phase diagram.
Within the mean field scheme, the atomic interaction strengths are given by,
gij = 2π~2aij /m [156] , where the subscripts i and j denotes different components,
a and m being the relevant s-wave scattering lengths and the mass of the atoms
respectively. In a two component fluid, the stability of the system is enumerated in
√
terms of a reduced interaction parameter namely ∆ = g12 / g11 g22 [158,161] . Taking a
clue from this, we model the existence of different participating species by allowing
for different intra and interspecies interaction potentials in the Bose Hubbard model
(BHM).
In the present work, we perform MF calculations on a three component BHM
and analytically compute the ground state energy using a standard strong coupling
perturbation theory with the intersite hopping term as the perturbation [166] . Phase
boundaries are evaluated by minimizing the ground state energy fluctuation with
regard to the order parameter for each of the species of bosons. A number of
cases relevant to the experimental scenario for multi-component systems, such as
different interspecies and intraspecies, attractive and repulsive parameters have been
considered and explored situations which advocate the existence of mixed phases, for
example, one specie in the superfluid phase and the other two may denote insulating
phases. Finally we have computed the phase diagram numerically via a selfconsistent
solution of the mean field equations.
We organize this chapter as follows. The next section introduces the mean field
Hamiltonian for three species of bosons. The third section deals with the strong
coupling perturbation theory on a three component BHM and an analytic evaluation
of the MF phase diagram for a three component bosonic mixture. In section 6.4
we study the fully selfconsistent numerical solutions of the mean field equations to
obtain the phase diagram and compare those with the phase diagram obtained using
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analytic technique that are obtained in section 6.3. The corresponding results are
presented in section 6.5. Some of the insulating Mott lobes consisting fractional
densities for each of the components, while the total density for all the components
put together summed up to an integer, are seen to emerge that are missed in our
analytic work. We conclude the chapter with a mention of the relevance of the
present work with the experimental scenario and the highlights of our work.

6.2

BHM for a Three Component Mixture

For a system of three component bosons, we start with the Bose Hubbard
Hamiltonian explicitly written for three components namely A, B and C as in the
following,
H= −

i
Xh
tA (b†iA bjA + h.c.) + tB (b†iB bjB + h.c.) + tC (b†iC bjC + h.c.)
hiji

#
"
X UA X
UB
UC
n̂iA (n̂iA − 1) +
n̂iB (n̂iB − 1) +
n̂iC (n̂iC − 1)
+
2 i
2
2
i
X
+
(UAB n̂iA n̂iB + UBC n̂iB n̂iC + UAC n̂iA n̂iC )
i

−

X

(µiA n̂iA + µiB n̂iB + µiC n̂iC )

(6.1)

i

where b†iα (biα ) creates (annihilates) a particle at site i for α-specie (α ∈ A, B, C)
of bosons and n̂iα = b†iα biα is the boson number operator for the bosons of type
α. tα being the nearest neighbour hopping amplitude, and Uα , denote the onsite
interspecies repulsion for A, B and C species respectively. The mutual interaction,
Uαβ between the different species are taken as UAB , UBC and UAC and respective the
onsite chemical potentials are µA , µB and µC , that control the bosons density for
the three species. For simplicity, we set the hopping amplitudes for different species
as same that is tA = tB = tC = t.
To solve Eq. (6.1), we use the standard mean field theory to arrive at
HMF =

X

HiM F

i

where HiM F is the single site, mean field Hamiltonian scaled by an energy zt, (z
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being the coordination number) and is given by
HiM F



1 X UA
UB
UC
=
n̂iA (n̂iA − 1) +
n̂iB (n̂iB − 1) +
n̂iC (n̂iC − 1)
zt i
2
2
2
1 X
(UAB n̂iA n̂iB + UBC n̂iB n̂iC + UAC n̂iA n̂iC )
+
zt i
1 X
−
(µiA n̂iA + µiB n̂iB + µiC n̂iC ) − (φiA b†iA + φiB b†iB + φiC b†iC + h.c.)
zt i
∗
∗
∗
+ ψiA
φiA + ψiB
φiB + ψiC
φiC .

Here ψiα = hbiα i = hb†iα i and φiα =

1
z

(6.2)

P

j

ψjα , j stand for neighbours of site i for the

α component. In the case of a homogeneous lattice we can set, µiA = µA , µiB = µB
and µiC = µC . Also φiA = ψiA = ψA , φiB = ψiB = ψB and φiC = ψiC = ψC are
independent of the site index, i. Incorporating such simplifications, the resulting
mean field Hamiltonian for the three species of bosons can be written as,
H




UA
UB
UC
=
n̂A (n̂A − 1) +
n̂B (n̂B − 1) +
n̂C (n̂C − 1)
2
2
2
+ (UAB n̂A n̂B + UBC n̂B n̂C + UAC n̂A n̂C ) − (µA n̂A + µB n̂B + µC n̂C )

MF

− (ψA b†A + ψB b†B + ψC b†C + h.c.) + (ψA2 + ψB2 + ψC2 ).

(6.3)

Here all the interaction parameters and chemical potentials of the system are scaled
by the energy zt. This implies that, for example
the above equation and so on.

6.3

Uα
zt

( µztα ) has been set as Uα (µα ) in

Strong Coupling Expansion

In the strong coupling limit ( Ut → ∞), the hopping term can be taken as pertur-

bation and the Hamiltonian in Eq. (6.3) can be written as a sum of unperturbed
Hamiltonian and a perturbation term as,
HMF = H0 + H

′

′

where H 0 and H are given by,
UB
UC
UA
n̂A (n̂A − 1) +
n̂B (n̂B − 1) +
n̂C (n̂C − 1)
2
2
2
+ (UAB n̂A n̂B + UBC n̂B n̂C + UAC n̂A n̂C ) − (µA n̂A + µB n̂B + µC n̂C ) (6.4)

H0 =
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and
H

′



= − ψA (b†A + bA ) + ψB (b†B + bB ) + ψC (b†C + bC )
+ (ψA2 + ψB2 + ψC2 ).

(6.5)

To find the ground state, we calculate the energy of the unperturbed Hamiltonian in
Eq. (6.4) by choosing the basis formed by the occupation numbers corresponding to
the three species, namely |ni = |nA i ⊗ |nB i ⊗ |nc i = |nA , nB , nC i. The MF ground
state wave function in the above basis can be written as [166] ,
|Ψ0 i =

Y †
(bA )nA (b†B )nB (b†C )nC |0i.

(6.6)

n

The ground state energy of the system can be calculated by minimizing the energy
(0)
function En (nA , nB , nC ), the latter of which is computed from Eq. (6.4) as,
1
UA nA (nA − 1) + UB nB (nB − 1) + UC nC (nC − 1)
2

+ 2(UAB nA nB + UBC nB nC + UAC nA nC )

En(0) (nA , nB , nC ) =

− (µA nA + µB nB + µC nC ).

(6.7)

First we consider the fact that the occupation numbers nA , nB and nC all are
integers, then the minimization conditions for the above energy functional are given
by,
UA
2
UB
UB nB + UAB nA + UBC nC = µB + 2
UC nC + UAC nA + UBC nB = µC + U2C .

UA nA + UAB nB + UAC nC = µA +

(6.8)

The solutions for nA , nB and nC can be obtained by solving the three coupled linear
equations in Eq. (6.8) and is given by
nA =

ñA
ñB
ñC
, nB =
and nC =
D
D
D

where,
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2
ñA = 2UAB UC µB + UBC
(UA + 2µA ) + UB (UAB UC − UA UC + UAC UC − 2µA UC
+ 2UAC µC ) − UBC (UB UAC + 2UAC µB + UAB (UC + 2µC )),

2
ñB = 2UBC UA µC + UAC
(UB + 2µB ) + UC (UBC UA − UA UB + UAB UA − 2µB UA
+ 2UAB µA ) − UAC (UC UAB + 2UAB µC + UBC (UA + 2µA )),

2
ñC = 2UAC UB µA + UAB
(UC + 2µC ) + UA (UAC UB − UB UC + UBC UB − 2µC UB
+ 2UBC µB ) − UAB (UA UBC + 2UBC µA + UAC (UB + 2µB ))

and
2
2
2
D = 2(UAB
UC + UBC
UA + UAC
UB − 2UAB UBC UAC − UA UB UC )

Owing to the fact that the occupation numbers may not be only integers (for
example, as in the superfluid phase for all the three components the occupation
numbers are fractions), we choose three closest integers n0A , n0B and n0C corresponding
to the values of nA , nB and nC respectively in Eq. 6.9. Thus we can write the
occupation number for three species in terms of closest integers as,
nA = n0A + β, nB = n0B + γ and nC = n0C + δ

(6.10)

where the fractional parts β, γ and δ satisfy the relations are given by,
1
1
− < β = nA − n0A <
2
2
1
1
− < γ = nB − n0B <
2
2
1
1
− < δ = nC − n0C < .
2
2

(6.11)
(0)

Thus for the actual minimization of the ground state energy En (nA , nB , nC ) corresponding to the occupation numbers n0A , n0B and n0C , the Hamiltonian parameters
satisfy the following conditions:
ñA 1
− < n0A
D
2
ñ
1
B
n0B − 1 <
− < n0B
D
2
1
ñ
C
− < n0C .
n0C − 1 <
D
2
n0A − 1 <
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(6.12)
(6.13)
(6.14)

6.3. Strong Coupling Expansion
Let us go back to the discussion of the perturbation technique. The first order
′

correction to the energy due to the first term in the perturbation Hamiltonian, H
(see Eq. (6.5)) is zero, since it contain linear terms in the bosonic operator and
the ground state is the product of states in the occupation number basis. Thus
(1)
the first order correction only gives the constant energy shift by an amount Eg =
ψA2 + ψB2 + ψC2 (see Eq. (6.5)). Hence the second order correction to the free energy
can be calculated using,
Eg(2) =

X |hg|H ′ |ni|2
(0)

n6=g

(0)

Eg − En

(0)

where Eg (n0A , n0B , n0C ) is the ground state energy of the unperturbed Hamiltonian
and n0A , n0B and n0C are the occupation numbers corresponding to the ground state,
|gi = |n0A , n0B , n0C i. Thus the total ground state energy including this correction is

given by,

Eg(0) + Eg(1) + Eg(2) = Eg(0) + ψA2 + ψB2 + ψC2
i
h
n0A +1
n0A
+
+ ψA2 −µA +UA (n0 −1)+U
0
0
µA −UA n0A −UAB n0B −UAC n0C
AB nB +UAC nC
A
i
h
0
n0B +1
nB
2
+ ψB −µB +UB (n0 −1)+UAB n0 +UBC n0 + µB −UB n0 −UAB n0 −UBC n0
C
C
A
A
B
A
h
i
0
0 +1
n
n
C
C
+ ψC2 −µC +UC (n0 −1)+U
.
+
0
0
0
0
0
µC −UC n −UBC n −UAC n
AC n +UBC n
A

C

B

C

B

A

(6.15)

To obtain the phase boundary between the SF and MI phases, we minimize the total
(0)

(1)

(2)

ground state energy, Eg + Eg + Eg with respect to the three order parameters
ψA , ψB , and ψC corresponding to the three bosonic species respectively [71,148,166] .
The minimization condition yields three coupled equations that are given by,
1+

1+
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n0A
−µA + UA (n0A − 1) + UAB n0B + UAC n0C

n0A + 1
+
= 0,
µA − UA n0A − UAB n0B − UAC n0C


n0B
−µB + UB (n0B − 1) + UAB n0A + UBC n0C

n0B + 1
+
= 0,
µB − UB n0B − UAB n0A − UBC n0C
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1+

n0C
−µC + UC (n0C − 1) + UAC n0A + UBC n0B

n0C + 1
+
= 0.
µC − UC n0C − UAC n0A − UBC n0B


(6.16)

The solution of these equations yield the phase boundaries between the SF and MI
phases through the following equations
µ±
A =
±
µ±
B =
±
µ±
C =
±

1
[2(UAB n0B + UAC n0C ) + UA (2n0A − 1) − 1]
2
q
UA2 − 2UA (2n0A + 1)

1
[2(UAB n0A + UBC n0C ) + UB (2n0B − 1) − 1]
2
q
UB2 − 2UB (2n0B + 1)

1
[2(UAC n0A + UBC n0B ) + UC (2n0C − 1) − 1]
2
q
UC2 − 2UC (2n0C + 1).

(6.17)

The results obtained by solving Eq. (6.17) are presented and discussed in section
6.5.

6.4

Numerical Solution

A fully selfconsistent numerical solution of Eq. (6.3) is an additional option to
obtain and hence compare and contrast with the analytic phase diagram obtained as
discussed above. To capture the possible phases first we obtain the matrix elements
of the Hamiltonian in the onsite occupation number basis |nA , nB , nC i, in Eq. (6.3)

for a set of initial choices for the values of ψA , ψB and ψC . The occupation numbers are truncated at some maximum value |nmax i (nmax = 8 here) for each species.

Hence we diagonalize the matrix to find lowest energy and corresponding wave function that may be denoted by Eg (ψA , ψB , ψC ) and Ψg (ψA , ψB , ψC ) respectively. Then
we obtain the new SF order parameters ψα as given by,
ψα = hΨg (ψA , ψB , ψC )|bα |Ψg (ψA , ψB , ψC )i

(6.18)

for all the three species respectively. Now the initial choices are replaced by updated values and again repeat this process until we get the selfconsistent solutions,
that is the solutions that correspond to a global minima. This procedure is equiv-
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alent to a minimization of total energy, Eg (ψA , ψB , ψC ) with respect to ψA , ψB and
ψC [70,88,94,96] . Once we found the equilibrium solutions, the occupation densities for
the three species can be computed from,
ρα = hΨg (ψA , ψB , ψC )|nα |Ψg (ψA , ψB , ψC )i.

(6.19)

The SF and MI phases are identified by nonzero order parameters (and noninteger
densities) and vanishing order parameters (and integer densities) respectively.

6.5
6.5.1

Results
The Strong Coupling Phase Diagram

In Fig. 6.1, we present the results on the phase diagram that are obtained form the
strong coupling expansion technique. The boundaries between the superfluid and
Mott insulator phase in the U − µ parameter space are computed from Eq. (6.17)
for different choices of the parameters of the BHM in Eq. (6.1). Here the black
solid line, green dashed line and magenta dot-dashed line are used for indicating
the phase boundaries for A, B and C species respectively. In Fig. 6.1(a), we have
shown the phase boundaries of MI(1)A -MI(1)B -MI(1)C as Mott insulating phases
for nA = nB = nC = 1 and MI(2)A -MI(2)B -MI(2)C for Mott insulating phases
corresponding to nA = nB = nC = 2 which are the two lowest Mott lobes when
all the intraspecies interactions are same, that is, UA = UB = UC = U and no
interspecies interaction, that is UAB = UBC = UAC = 0. We choose to call these
phases as MMM phase (M: Mott insulating). These results exactly map on to the
results for a single-component BHM as found in earlier studies [71] . This is obvious
because when the intraspecies interactions are same and mutual interactions between
the interspecies are turned off, three component mixture becomes identical with and
behave like a single component fluid.
To investigate the scenario that will emerge as the intra and interspecies interactions are tuned (that are experimentally possible), we have chosen a few typical cases. In Figs. 6.1(b) and (c), we have shown the phase diagram corresponding to UA = UB = UC = U and UA = U 6= UB 6= UC respectively for
UAB = UBC = UAC = 0.6U where only the first Mott lobe corresponding to
nA = nB = nC = 1 are shown. In Fig. 6.1(b), for non-zero interspecies interactions, the horizontal position of the tip of the Mott lobe (critical values of the UA ,
UB and UC for three species respectively) as well as the shape of the phase boundary
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Figure 6.1: The phase diagrams of
three component BHM as obtained using perturbation technique. The colours
and line styles used: black solid line,
green dashed line and dot-dashed magenta line for A, B and C species respectively. The interaction parameters
and occupation densities are chosen as:
(a) UA = UB = UC = U , UAB = UBC =
UAC = 0, and nA = nB = nC = 1 (lower
MI lobe) and nA = nB = nC = 2 (upper MI lobe); (b) UA = UB = UC = U ,
UAB = UBC = UAC = 0.6U , and nA =
nB = nC = 1; (c) UA = U , UB = UC =
0.9U , UAB = UBC = UAC = 0.6U and
nA = nB = nC = 1.

that separate the Mott insulating from the superfluid phase remain unaltered, however its position gets shifted vertically, that is shift towards larger µ values. Thus
from Figs. 6.1(a) and (b), it is seen that the system possesses only the SF and MI
phases corresponding to three species with boundary for each one of them coinciding with each other, a feature that is linked to the interspacies interaction being the
same.
Hence in Fig. 6.1(c), we set UA = U and UB = UC = 0.9U, a part of the phase
boundary for specie A separates out from that of B or C components giving rise
to a new phase which can be termed as Mott insulator-superfluid-superfluid (MSS)
in the region of the U − µ plane that is intervening the black solid line and green
dashed line or magenta dot-dashed line. In this region, A specie belongs to the MI
phase, with nA = 1 (called it MI(1)A ), whereas B and C components remain in SF
phase with a gapless excitation spectrum for each.
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Figure 6.2: The Mott lobes are shown
for nA = nB = nC = 1 and diﬀerent choices of the interaction parameters.
The colours and line styles used same
as that in Fig.6.1. The parameter are
chosen as: (a) UA = UB = UC = U ,
UAB = UBC = 0.6U , UAC = −0.6U ;
(b) UA = UB = UC = U , UAB = 0.6U ,
UBC = UAC = −0.6U ; (c) UA = UB =
U , UC = −U , UAB = 0.6U , UBC =
UAC = −0.6U .

In Fig. 6.2, we show the phase diagram for the Mott lobes for three sets of
interaction parameter values, with both repulsive and attractive combination of the
interspecies and intraspecies interaction terms since the possibility of an attraction among different or same species have been predicted by experiments [164] . In
Fig. 6.2(a), we keep intraspecies interaction UA = UB = UC = U and interspecies
interactions UAB = UBC = 0.6U (all repulsive) while the remaining interspacies
interaction, UAC = −0.6U as attractive. The boundary of MI(1)B for B specie

now separates out from the that of the A and C species, creating a superfluid-Mott
insulating-superfluid (SMS) and Mott insulating-superfluid-Mott insulating (MSM)
mixed phases as indicated in the figure.
In Fig. 6.2(b) we show the phase diagrams keeping the interaction parameters
same in magnitude as in Fig. 6.2(a) but with different set of choices for the attractive
and repulsive interactions. In Fig. 6.2(b), the phase boundary of the MI(1) lobe for
the C specie separates out from the other two species when UBC = UAC = −0.6U

and hence create superfluid-superfluid-Mott insulating (SSM) and Mott insulatingMott insulating-superfluid (MMS) mixed phases. Importantly, the lobe (MI(1)C )
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Figure 6.3: The phases are shown for
nA = nB = nC = 1 and other sets of interaction parameters than that are used
in Fig. 6.1 and Fig. 6.2. In (a) UA = U ,
UB = 0.9U , UC = 0.8U , UAB = UBC =
UAC = 0; (b) UA = UB = UC = U ,
UAB = 0.6U , UBC = 0.5U , UAC = 0.4U ;
(c) UA = UB = UC = U , UAB = 2U ,
UBC = U , UAC = 0.5U . The colours
and line styles used are same as that in
Fig.6.1 and Fig.6.2.

(c)
occurs at negative values of the chemical potential, with the lobes corresponding to
the other two components occur at positive µ values.
In Fig. 6.2(c), it is observed that when UC , UBC and UAC are made attractive,
the Mott boundary for C specie separates away and its tip also shifts towards significantly lower values of U as shown in Fig. 6.2(c). Again the Mott lobe for the
C specie is found in the negative µ regime. The orientation of the MI(1)C is also
considerably altered with its tip pointing upwards, that is, towards less negative
µ values. Further such choices for the intra and interspecies interactions will give
rise to additional features, however a few representative cases showing mixed phases
were sufficient to demonstrate the interest contained therein.
In Fig. 6.3, we present the phase diagram for mutually unequal strengths of
the interspecies and intraspecies interactions. In Fig. 6.3(a), the parameter values
are taken as: UAB = UBC = UAC = 0 and UA = U, UB = 0.9U and UC = 0.8U.
The upper phase boundary of the MI(1)B and MI(1)C lobes shifts to lower values
of µ, as the intraspecies interaction strengths are reduced. When the intraspecies
interactions are same, but interspecies interaction are slightly different form each
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other (UAB = 0.6U, UBC = 0.5U, UAC = 0.4U), both the upper and lower boundaries
get separated for the three species and also shift to higher values of the chemical
potential and are shown in Fig. 6.3(b). In Fig. 6.3(c), when the difference between
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30 U =0.6U
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µA/B

µA/B

the values of interspecies is somewhat large (UAB = 2U, UBC = U, UAC = 0.5U),
the MI(1)C lobe for C component gets completely separated out and gives rise to
various mixed phases.
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Figure 6.4: The phase boundaries of two component BHM in the U −µ plane as obtained
via perturbation technique for parameter values UA = UB = U , UAB = 0.6U in (a) and
UA = U , UB = 0.9U , UAB = 0.6U in (b). The colours and line styles used as black solid
line and green dashed line for A and B species respectively.

To complete the discussion on the phase diagrams that are obtained from perturbation technique, we present the results for a two component bosonic mixture
that can be found in our calculation by putting one of the onsite intraspecies interaction and two of the interspecies interaction to be zero. For example, we can
put UC = UAC = UBC = 0 to describe a two component mixture as shown in Fig.
6.4. To compare the results with those for three component mixtures presented in
Fig. 6.1(b) and (c), we choose the parameter values as UA = UB = U, UAB = 0.6U
in Fig. 6.4(a) and UA = U UB = 0.9U, UAB = 0.6U in Fig. 6.4(b) respectively.
In both the cases the MI(1)A -MI(1)B (MM) and MI(1)A -SFB (MS) phase occur at
lower values of µ compared to MI(1)A -MI(1)B -MI(1)C and MI(1)A -SFB -SFC phases
in Fig. 6.1(b) and (c). Qualitatively similar results are obtained in Ref.[166].

6.5.2

The Numerical Phase Diagram

A corroboration of the above results can be obtained via numerical solution of the
MF Hamiltonian in Eq. (6.3). Quite interestingly, there are emergence of insulating
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Figure 6.5: The plots show the numerically obtained phase diagrams in (a), (d) and (g)
and in second and third columns we show the 1D plots of ψ and ρ as a function of chemical
potential, µ for U = 10. (see (b), (e), (h)) and U = 16 (see (c), (f ), (i)) respectively. The
colours for diﬀerent phases and colour codes and line styles for 1D plots are indicated
below the ﬁgure. For comparison, in ﬁrst column, we present the phase diagrams for the
same parameter values as that used in Fig. 6.1.

phases formed by fractional occupancies of the individual components, which when
summed over yields an integer. These insulating phase could not be accessed earlier
via the strong coupling methods. In Fig. 6.5, we show results obtained from these
numerical calculations. In the first column (Figs. (a), (d) and (g)), we present the
phase diagrams based upon the behaviour of SF order parameters, ψα and densities,
ρα (same as that of n as used in the strong coupling expansion section) corresponding
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to the three bosonic components for different choices of the parameter values of the
Hamiltonian. While in second and third columns, we show the variation of SF order
parameters and densities corresponding vertical scan of the phase diagram, that is
as a function of the chemical potential at few different values of the onsite potential,
U. To distinguish the different phases in the phase diagrams, we use certain colour
codes based on the values of ψα and ρα that are presented in table 6.1. The phase
diagrams are presented in Figs. 6.5 (a), (d) and (g) for the parameter values same
as that in Figs. 6.1(a), (b) and (c) respectively. The variation of ψα and ρα as a
function of µ at two different values of U (U = 10 and U = 16) for each of the
three phase diagrams are shown in Figs. 6.5 (b), (c) Figs. 6.5 (e), (f ) and Figs. 6.5
(h), (i) respectively. For this purpose we use black (magenta) solid line, red (cyan)
dashed line and green (blue) dot-dashed line are used for ψA (ρA ), ψB (ρB ) and ψC
(ρC ) respectively. These vertical scans of the phase diagrams yield values of ψα and
ρα corresponding to different phases which are are presented in table 6.1.
Colour
blue
red
cyan
grey
magenta
white

(ψA , ρA )
(0, 13 )
(0, 23 )
(0, 1)
(0, 1)
(0, 2)
(>0, >0)

(ψB , ρB )
(0, 13 )
(0, 23 )
(0, 1)
(>0, >0)
(0, 2)
(>0, >0)

(ψC , ρC )
(0, 31 )
(0, 32 )
(0, 1)
(>0, >0)
(0, 2)
(>0, >0)

(ψ, ρ)
(0,1)
(0, 2)
(0, 3)
(0, > 1)
(0, 6)
(>0, >0)

Phase
MI(1)
MI(2)
MI(1)A -MI(1)B -MI(1)C
MI(1)A -SFB -SFC
MI(2)A -MI(2)B -MI(2)C
SF

Table 6.1: The table represents the value of the order parameters ψα , and occupation
densities, ρα that characterize the diﬀerent compressible and insulating phases in Figs.
6.5 (a), (d) and (g). Also the colour codes that are used to diﬀerentiate various phases in
the phase diagrams are mentioned.

It is interesting to note that the first Mott lobe is formed with ρA = ρB = ρC ≃ 31
such that the total density becomes unity and the second lobe (ρ = 2) corresponds
to each of the densities being 32 . Other fractional values for the densities which add
up to an integer, such as a combination ( 14 , 14 , 21 ) (or a combination of fractional and
integer occupancies, such as ( 12 , 21 , 1) or any permutation therein) may or may not
appear in the phase diagram. A lot will depend upon the choice of the interaction
parameters. We indeed have scanned the scenario for a few other sets of values for
the interaction parameters, however have found no evidence for phases with such
different combinations as cited above; although not ruling out their possibilities.
As earlier, the results corresponding to a two component mixture can be useful
for a comparison with those for the three component mixtures. For this purpose,
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we solved the MF Hamiltonian for a two component bosonic mixture and presented
the results in Fig. 6.6. Again we choose the parameter values as UA = UB = U,
UAB = 0.6U in Fig. 6.6(a) and UA = U, UB = 0.9U, UAB = 0.6U in Fig. 6.6(d) in
order to make a comparison with the results for three species as presented in Figs.
6.5 (d), (g) respectively. The phase diagrams presented in Fig. 6.6(a) and (d) show:
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Figure 6.6: The numerically obtained phase diagrams in the U −µ plane for the parameter
values UA = UB = U , UAB = 0.6U in (a) and UA = U , UB = 0.9U , UAB = 0.6U in (d).
The colours blue, cyan and gray are used to indicate the MI(1), MI(1)A -MI(1)B and
MI(1)A -SFB respectively (see text for detailed discussion). In second and third columns
we show the 1D plots of ψ and ρ as a function of chemical potential, µ for U = 10. (see
(b), (e)) and U = 16 (see (c), (f )) respectively. The black and magenta solid lines are used
for ψA and ρA and red and cyan dashed lines are used for ψB and ρB .

(i) an SF phase (white colour) in which both species are superfluid (ψA 6= ψB > 0),

(ii) a MI(1) lobe (blue colour) denoting a MI phase in which ψA 6= ψB = 0 and
ρA ≃ ρB = 21 , (iii) a Mott insulating phase, MI(1)A -MI(1)B (cyan colour) and (iv)
a Mott insulating-superfluid (MI(1)A -SFB ) phase (gray colour) in which ψA = 0,

ρA = 1, ψB > 0 and ρB > 0. Figs. 6.6(b), (c), (e) and (f ) show the variation of
ψ and ρ for two species A and B as a function of µ that correspond to the vertical
scans of the phase diagrams in Figs. 6.6(a) and (d) at U = 10 (U = 16) in Figs.
6.6(b) and (d) (Figs. 6.6(c) and (f )) respectively. Thus the ψ and ρ values that
define different phases can be seen from the one dimensional plots.
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6.5.3

Compressibility

To see the behaviour of a physical quantity for a three component mixture,
we compute the compressibility corresponding to the three species defined as κα =
∂ρα
as a function of chemical potential are shown in Fig. 6.7. It is obvious that
∂µ
the compressibility is finite for the superfluid phase while it vanishes in the Mott
insulator phase. In Fig. 6.7 we have shown the variation of κα (α ∈ A, B, C)
as µ increases for the interaction parameters, UA = U, UB = UC = 0.9U, and
UAB = UBC = UAC = 0.6U at U = 10 in Fig. 6.7(a) and U = 16 in Fig. 6.7(b)
(same parameters as in Fig. 6.5(h) and (i) respectively). It is found that the κα is
zero in the MI(1), MI(2) and MI(1)A -MI(1)B -MI(1)C . But in the MI(1)A -SFB -SFC
phase, the compressibility is zero for component A, while it is non zero for B and
C species, thereby strengthening the claim for occurrence of the mixed phases.
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Figure 6.7: The variation of compressibility, κα (α ∈ A, B, C) as a function of chemical
potential, µ for the values of interaction parameters chosen for (a) and (b) same as that
used in Fig. 6.5(h) and (i) respectively.

6.6

Possible Relevance on the Experimental Scenario

The stability criterion of a bosonic mixtures can be determined by the intra and
interparticle interaction parameters which in turn depend on the s-wave scattering
lengths (see section 6.1) . Hence we attempt to find out possible conditions on the
interaction parameters for a three component bosonic mixture that is of interest
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to us. To find the condition for a uniform ground state, we looked at the energy
landscape. Assuming it is to be quadratic in terms of bosonic densities, one can
write the ground state energy as,
1
UA n2A + UB n2B + UC n2C
2

+2(UAB nA nB + UBC nB nC + UAC nA nC ) .

Egs =

(6.20)

Rewriting the above equation in matrix notations (in the bases of nA , nB and nC ),
we get,
Egs =

"

UA
4
UAB
2

UAB
2
UB
4

#

+

"

UB
4
UBC
2

UBC
2
UC
4

#

+

"

UA
4
UAC
2

UAC
2
UC
4

#

.
(6.21)

Then we diagonalize each of the 2 × 2 matrices to obtain their eigenvalues. For
example, the eigenvalues of the first matrix on the left hand side of Eq. (6.21) is
given by,
"

1
λ± =
(UA + UB ) ±
8

s


 #
U
U
A
B
2
−
.
(UA + UB )2 + 4 UAB
4

(6.22)

To avoid λ− from being negative, UA , UB and UAB must satisfy the following con-

dition,

1
2
(6.23)
UAB
≤ UA UB .
4
Similarly, from the other matrices, the relations between the other interaction parameters can be found as,

1
2
UBC
≤ UB UC
4

(6.24)

and

1
2
UAC
≤ UA UC .
(6.25)
4
Thus combining all the three conditions appearing in Eqs. (6.23)-(6.24) we find,
2
2
2
UAB
+ UBC
+ UAC
≤


1
UA UB + UB UC + UA UC
4

(6.26)

which may be considered as the stability criterion for the three component bosonic
mixture.
To establish a connection with experiments, we look for the s-wave scattering
lengths of bosonic atoms that were used in experiments with two component mix-
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tures. Let us take a particular case of a two component

168

Y b −170 Y b bosonic

mixture [164] . The s-wave scattering lengths of 168 Y b −168 Y b, 168 Y b −170 Y b and
170
Y b −170 Y b are 13.33, 6.19 and 3.38 (in units of a0 , a0 being the Bohr radius)

respectively. The masses of these isotopes being almost the same, the onsite interaction parameter is expected to depend solely on the s-wave scattering lengths.
Thus we see that the intraspecies interaction strengths, viz. 168 Y b −170 Y b (that is

UAB (say)) is greater than 170 Y b −170 Y b (UB (say)). Thus the condition obtained
in Eq. (6.23) is violated. Hence an immediate connection with experiments can
not be established. However, without trepidation it can be said that the intra and
interatomic interaction between bosons play a crucial role for the stability of the
mixture. Possibly a more refined treatment is needed to address the issue.

6.7

Conclusions

Analytic computation of the strong coupling phase diagram for a system comprising of a mixture of three bosonic species yields interesting mixed phases. Example
of such mixed phases consists of one specie of atoms being in the superfluid phase,
denoting a zero gap in the excitation spectrum for that specie, with the other two
species showing an insulating behaviour. If “time of flight” experiments are selectively possible for the individual components, which may be feasible if the masses
(and hence the interaction parameters) of the participating species are considerably
different from each other, then such mixed phases may be experimentally realizable.
Further, signatures of insulating phases with fractional occupancies for the individual components emerge from the numerical studies of the mean field Bose Hubbard
model.
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Chapter 7

Summary and Conclusions
Investigation of Model Hamiltonians with competing interactions and their relevance to the experimental paradigm has always been fascinating to the condensed
matter physicists. With the realization of Bose Einstein condensation in the laboratories and creation of lattice structures using laser beams have contributed immensely to the study of atomic gases in a periodic environment. What made such
systems more appealing than electrons in a crystal lattice, is that its availability in
a pure form, that is without defects and phonons, easy tunability of the interatomic
interactions and a very large lattice constant. A number of quantum phenomena,
which were otherwise difficult to observe in crystal lattices, can therefore have the
possibility of being observed in optical lattices.
Mott insulator (MI) to a superfluid (SF) transition in a system of interacting
bosons is one such phenomenon which was observed experimentally via ”time of
flight” spectroscopic methods. The SF-MI transition can easily be captured theoretically using a Bose Hubbard model (BHM). A simple minded single site mean
field theory on the BHM predicts the qualitatively correct phase diagram.
After a quick survey of literature, during the early days of working on the thesis,
we found that the mean field theory, albeit simple, still holds the promise of answering a few questions that we have in mind. The questions mainly were concerned
about the roles of the optical lattice, disorder and the Bose glass (BG) phase, dipolar
interactions, multi-component mixtures etc. Hopefully we have been able to answer
some of them to our satisfaction. A brief recap of the main results follows after this.
In this thesis we have studied the ground state properties of interacting bosons on
a lattice for a few different cases. The first one deals with the condensate properties
of bosons in different 2D lattice geometries. The second problem deals with the
disordered BHM to characterize and contrast the BG phase from MI and SF phases
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in the phase diagram defined by the plane formed of the chemical potential and
the onsite interaction. Next we investigate the existence of different exotic density
ordered phases in presence of exchange interaction in the BHM for non-bipartite
lattice for homogeneous case. Then we extend this work in presence of a quadratic
confining potential. Finally we observed the possible emergence of various phases in
a three component bosonic mixture. A little more elaboration of the main results
obtained by us in the preceding chapters is included here.
We have investigated how the condensate properties depend on the coordination
number and the underlying geometry of interacting bosons in 2D optical lattices.
For this purpose we have chosen square, triangular, honeycomb and kagome lattice
geometries. The condensate properties, showed an enhanced condensate density for
the triangular lattice geometry, followed by square and honeycomb lattices. The
results can be explained by noting a large coordination number, a large quasiparticle velocity, the quasiparticle density of states data corresponding to the geometry.
Further to investigate whether the condensate properties solely depends on the coordination number, we have compared the condensate fraction data for square and
kagome lattice geometries as both these have the same coordination number. The
result indeed showed enhanced condensate density fraction for the square lattice
compared to that of the kagome lattice. All the above mentioned results form the
content of chapter 2.
In chapter 3, we have presented the phase diagram of disordered BHM via a
percolation scenario in presence of random onsite disorder. The different emerging
phases were characterized by various physical quantities such as the ratio of the sites
having integer occupancies and vanishing SF order parameter to the total number
of sites, relative fluctuation of the boson densities and the information entropy.
The onset of the BG phase was found to occur as the sites with integer density
started percolating through the lattice. This happened very nearly at the percolation
threshold of 0.598, a value well known for the random site percolation model in 2D.
We succeeded in obtaining the phase diagram of the disordered BHM only by looking
the γ values. It is observed that in presence of disorder, the SF phase persisted till
large value of U and the BG phase itself increased in size as disorder strength was
increased.
Further we studied the phase diagram of dipolar bosons in non-bipartite lattices
by solving the extended BHM (EBHM). Prototype of a kagome lattice was considered as an example here. We performed strong coupling expansion on the EBHM,
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and hence supported it by the numerical solution of the mean field Hamiltonian.
We found that the ’chemical potential width’ of DW phases only depends of the
exchange interaction strengths while for MI phases depends on onsite interaction
strengths. We observed emergence of exotic density ordered phases such as DW( 13 ),
DW( 23 ) etc. and a supersolid phase. Various physical properties, such as structure
factor, superfluid stiffness, compressibility etc. were computed to characterize all
the compressible (SF, SS) and insulating (MI, DW) phases. The discussions were
included in chapter 4.
We extended the work of chapter 4 by including the effects of harmonic trapping
in chapter 5. The EBHM with a quadratic potential term is studied via inhomogeneous mean field theory. We observed the coexistence of different phases, such as
SF, MI, supersolid, density ordered phases etc. The lattice had split into various
concentric shells owing to the symmetry of the onsite potential. The corresponding
scenario for the bipartite lattices was compared and contrasted. Physical quantities,
such as order parameter and density in the momentum space compressibility were
computed.
Finally we have studied a three component BHM. We observed various kinds of
mixed phases, with one component in the MI phase and the other two in the SF
phase (denoted by MSS) etc. Cases corresponding to the same and different, attractive and repulsive inter and intraspecies interaction parameters were considered.
MI phases with fractional occupancies for the individual components were noted.
The compressibility for different component of bosons are computed to characterize different superfluid and insulating phases. Further we have observed MI phases
formed by fractional densities of the individual components which of course, sum
up to an integer. We have also included the results for two component mixtures for
comparison. Chapter 6 comprises of the above findings.
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Appendix A

Number Fluctuations of the
Condensate Atoms
First we consider a condensate of bosonic atoms in a double well potential [126] .
In the ’two mode’ approximation, the number fluctuation is given by,
(∆n)2 = h(n̂1 − n̂2 )2 i − h(n̂1 − n̂2 )i2

(A.1)

where n̂i = a†i ai represents the bosonic density in a given well labeled by i. Applying
Bogoliubov approximation, the number operators can be written as,
n̂1 = (z0∗ + δ̂1† )(z0 + δ̂1 )
n̂2 = (z0∗ + δ̂2† )(z0 + δ̂2 )

(A.2)

z0 being the average value of bosonic operators which is a real quantity and δ̂ be the
fluctuation around the ground state. Neglecting the higher order fluctuation terms,
the quantity (n̂1 − n̂2 ) in Eq. (A.1) can be written as,
h
i
†
†
(n̂1 − n̂2 ) = z0 (δ̂1 + δ̂1 ) − (δ̂2 + δ̂2 ) .

(A.3)

By introducing, δ̂± defined by,
1
δ̂± = √ (δ̂1 ± δ̂2 ).
2
Eq. (A.3) becomes
(n̂1 − n̂2 ) =

TH-1276_09612119

√

†
2z0 (δ̂− + δ̂−
).
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(A.5)

Appendix A. Number Fluctuations of the Condensate Atoms
We then use Bogoliubov transformation for the operators δ̂± as,
∗ †
δ̂± = u± α̂ + v±
α̂

(A.6)

where u± , v± are amplitudes and the operators α̂ and α̂† follow the usual bosonic
commutation relation, [α̂k , α̂k† ′ ] = δkk′ . In terms of α̂ and α̂† , Eq. (A.5) reduces to
(n̂1 − n̂2 ) =

√



∗ †
2z0 (u− α̂ − v−
α̂ ) + (u∗− α̂† − v− α̂) .

(A.7)

Hence, the mean square fluctuation can be written as,

(∆n)2 = h(n̂1 − n̂2 )2 i − h(n̂1 − n̂2 )i2

∗ †
= 2z02 ((u− α̂ − v−
α̂ ) + (u∗− α̂† − v− α̂))2

= N0 (u− − v− )2

(A.8)

where N0 is the total number of atoms in the two wells.
Generalizing it to a lattice in a similar manner, the fluctuation of the number of
atoms in the same manner can be found to acquire the following form.
(∆n0 )2 = h(n̂i )2 − h(n̂i )i2 i =

n0 X
|uk − vk |2
N k

(A.9)

where n0 is the condensate density and N denote the total number of k-points in
the sum.

TH-1276_09612119

118

Appendix B

Obtaining Phase Diagram via
perturbation Calculation for Uniform
Disorder
The mean field Hamiltonian from Eq. (3.3) is,
1
H M F = U n̂(n̂ − 1)(µ − ǫ)n̂ − φ(b + b† ) + |ψ|2
2

(B.1)

where we have ignored the site indices. First we shall describe the phase boundary
for the homogeneous system. We resort to a strong coupling theory and treat the
kinetic energy term as perturbation.
H ef f = H 0 + ψH

′

′

where H (0) and H is given by,
1
H 0 = U n̂(n̂ − 1) − µn̂ + ψ 2
2

(B.2)

and
′

H = −(b + b† ).

(B.3)

The unperturbed ground state energy with g particle in its ground state is
1
Eg(0) = Ug(g − 1) − µg + ψ 2 .
2
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Disorder
The second order energy correction is given by,
Eg(2)

=

X |hg|H ′ |ni|2
(0)

(0)

Eg − En


g
g+1
2
= ψ
.
+
U(g − 1) − µ µ − Ug
n6=g

(B.5)

Following the Landau procedure for second order phase transitions, the free energy
in terms of the order parameter ψ is given by,
F (ψ) = a0 + a2 |ψ|2 + a4 |ψ|4 + ...

(B.6)

The phase boundary between the SF and MI phases can be obtained by equating
the coefficient of |ψ|2 that is, a2 = 0 which gives



g
g+1
a2 =
+ 1 = 0.
+
U(g − 1) − µ µ − Ug

(B.7)

The above equation yields the phase boundary and is given by the bounding values
of the chemical potential, µ,
1p 2
1
µ± = [U(2g − 1) − 1] ±
U − 2U(2g + 1) + 1.
2
2

(B.8)

In presence of an on-site random disorder with a homogeneous distribution, the
chemical potential is rendered inhomogeneous, and hence one has to calculate the
disorder averaged free energy of the system F (ψ) [136] . In this case, the equation
a2 = 0 will give the phase boundary. Where a2 = 0 represents the disorder average
coefficient. Hence


Z +∞
g+1
g
′
′
+ 1 = 0.
(B.9)
+
dµ p(µ − µ )
U(g − 1) − µ′ µ′ − Ug
−∞
For a homogeneous disorder distribution in the interval ǫ ∈ [−∆, ∆]
p(ǫ) =
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1
[Θ(ǫ + ∆) − Θ(ǫ − ∆)] .
2
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(B.10)

See Fig. 3.1. Eq. (B.9) reduces to,


Z µ+∆
1
g
g+1
′
= −1
dµ
+
2∆ µ−∆
U(g − 1) − µ′ µ′ − Ug


µ − U(g − 1) + ∆
Ug − µ − ∆
1
g ln
= 1.(B.11)
− (g + 1) ln
⇒
2∆
µ − U(g − 1) − ∆
Ug − µ + ∆
Solving this equation numerically, we have shown the phase boundary (see Fig. B.1)
of the SF and the MI phases in the U − µ plane for ∆ = 4. The results for ∆ = 0
using Eq. (B.8) is introduced for comparison. The region intervening between ∆ = 0
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U
Figure B.1: The plot shows the phase boundaries between SF and MI phases for ∆ = 4
are obtained from perturbation calculation. ∆ = 0 case is introduced to demarcate the
BG region.

and ∆ = 4 represents the Bose glass phase.

TH-1276_09612119

121

TH-1276_09612119

122

Appendix C

Calculation of
′Chemical Potential Width′ of

Various Incompressible (DW, MI)
Phases for EBHM

In the atomic t = 0 limit, the kinetic energy vanishes, hence the boson number operator n̂i commutes with all of the remaining term of the Hamiltonian [67] . Therefore
each lattice site is occupied with a fixed number of bosons, n and hence the system
is said to be in an insulating phase. In this limit the single site Hamiltonian can be
written as,

1
U
n̂j (n̂j − 1) − µj n̂j + V n̂j (n̂k + n̂l )
(C.1)
2
2
where k and l are neighbours of j. For example, if j ∈ A sublattice, then k and
Hj =

l belong to B and C sublattices respectively and so on. We consider the boson
occupancies of sublattices A, B and C to be nA , nB and nC respectively. Thus
energies corresponding to the Mott phase for nA = nB = nC = n0 at each site of
the three sublattices are same and hence given by,
EgA/B/C (n0 , n0 , n0 ) =
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1
U
n0 (n0 − 1) − µn0 + V n0 (n0 + n0 ).
2
2
123
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Appendix C. Calculation of ′ Chemical Potential Width′ of Various
Incompressible (DW, MI) Phases for EBHM
In the DW phase, occupancies can assume nA = nB = n0 and nc = n0 + 1. Again
the energies at different lattice sites are given by,
U
1
n0 (n0 − 1) − µn0 + V n0 (n0 + n0 + 1)
(C.3)
2
2
1
U
n0 (n0 − 1) − µn0 + V n0 (n0 + n0 + 1)
(C.4)
EgB (n0 , n0 , n0 + 1) =
2
2
U
1
EgC (n0 , n0 , n0 + 1) =
(n0 + 1)n0 − µ(n0 + 1) + V (n0 + 1)(n0 + n0 ).(C.5)
2
2
EgA (n0 , n0 , n0 + 1) =

Since the phase is homogeneous, the energy must be same at all lattice sites belonging to the same sublattice. So EgC − EgA = 0, yields µ = Un0 − 12 V n0 , at which the
energy corresponding to the state (nA = n0 , nB = n0 , nC = n0 ) is degenerate with
that of the state (nA = n0 , nB = n0 , nC = n0 + 1).
For nA = n0 and nB = nc = n0 + 1, the energies at different sublattice sites are
given by,
EgA (n0 , n0 + 1, n0 + 1)
EgB (n0 , n0 + 1, n0 + 1)

EgC (n0 , n0 + 1, n0 + 1)

U
1
n0 (n0 − 1) − µn0 V n0 (n0 + n0 + 2) (C.6)
2
2
U
(n0 + 1)n0 − µ(n0 + 1)
=
2
1
V (n0 + 1)(n0 + n0 + 1)
(C.7)
+
2
U
=
(n0 + 1)n0 − µ(n0 + 1)
2
1
+
V (n0 + 1)(n0 + n0 + 1).
(C.8)
2

=

Again in this phase, the energy must be same at each lattice site belonging to the
same sublattice. Hence EgC − EgA = 0 yields µ = Un0 − 12 V (n0 + 1), at which the

energy corresponding to the state (nA = n0 , nB = n0 , nC = n0 + 1) is degenerate
with that of the state (nA = n0 , nB = n0 + 1, nC = n0 + 1).
Similarly it turns out that the ground state energy of (nA = n0 , nB = n0 + 1,
nC = n0 + 1) state is degenerate with the (nA = n0 + 1, nB = n0 + 1, nC = n0 + 1)
states at µ = Un0 + V (n0 + 1) respectively.

For the higher occupancy states such as (nA = n0 + 1, nB = n0 + 1, nC = n0 + 2)
state, the energy is degenerate with those of the (nA = n0 + 1, nB = n0 + 1, nC =
n0 +1) and (nA = n0 +1, nB = n0 +2, nC = n0 +2) states at µ = U(n0 +1)+V (n0 +1)
and µ = U(n0 + 1) + 12 V (n0 + 3) respectively. This is how we have generated the
information presented in table 4.1.

TH-1276_09612119

124

Appendix D

Second Order Perturbation Theory
on the Extended Bose Hubbard
Model (EBHM)
Considering the kinetic energy term as perturbation, the mean field Hamiltonian in
Eq. 4.3 can be written as,
′
H ef f = H (0) + φH
′

where H (0) and H is given by,
1
H (0) = U n̂(n̂ − 1) − µn̂ + φψ + V (n̂ρ̄ − ρρ̄)
2

(D.1)

and
′

H = −(b + b† ).

(D.2)

we skip the site index. If |ni denotes the unperturbed state with n particle of which

n = g are in the ground state then ground state energy can be calculated using
hn|H (0) |ni and is given by,
1
Eg(0) = Ug(g − 1) − µg + φψ + V (g ρ̄ − ρρ̄).
2

(D.3)

The second order correction to the energy with Eq. (D.2) as the perturbation is,
Eg(2)

=

X |hg|H ′ |ni|2
(0)

n6=g

= φ
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2



(0)

Eg − En


g+1
g
.
−
U(g − 1) − µ + V ρ̄ µ − Ug − V ρ̄
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(D.4)

Appendix D. Second Order Perturbation Theory on the Extended Bose Hubbard
Model (EBHM)
Hence the total ground state energy up to second order correction is given by (for
our convenience we use occupation density g as ρ),
1
Uρ(ρ − 1) − µρ + φψ + V (ρρ̄ − ρρ̄)
2 

ρ+1
ρ
2
.
−
+ φ
U(ρ − 1) − µ + V ρ̄ µ − Uρ − V ρ̄

Eg (φ) =

(D.5)

The minimization of the above energy with respect to order parameter φ gives rise
to order parameter equation which is given by,



ρ+1
ρ
.
ψ = 2φ
−
Uρ + V ρ̄ − µ U(ρ − 1) − µ + V ρ̄

(D.6)

This order parameter equation consists of three coupled equations for the three
sublattices and need to be solved simultaneously. They are given by,



ρA + 1
ρA
ψA = (ψB + ψC )
−
,
UρA + 12 V (ρB + ρC ) − µ U(ρA − 1) − µ + 12 V (ρB + ρC )
(D.7)


ρB
ρB + 1
−
,
ψB = (ψC + ψA )
UρB + 12 V (ρC + ρA ) − µ U(ρB − 1) − µ + 21 V (ρC + ρA )
(D.8)


and

ρC
ρC + 1
−
.
ψC = (ψA + ψB )
UρC + 12 V (ρA + ρB ) − µ U(ρC − 1) − µ + 21 V (ρA + ρB )
(D.9)


At the phase boundary ψA , ψB and ψC vanishes and the boundary between SF and
various incompressible phases can be found from the following equation,
h

×
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×
h

ρA +1
U ρA + 12 V (ρB +ρC )−µ

h

−

ρB +1
U ρB + 21 V (ρC +ρA )−µ

ρC +1
U ρC + 21 V (ρA +ρB )−µ

−

ρA
U (ρA −1)−µ+ 12 V (ρB +ρC )

−

i

ρB
U (ρB −1)−µ+ 12 V (ρC +ρA )

ρC
U (ρC −1)−µ+ 12 V (ρA +ρB )
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i

i

=1

(D.10)
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[124] K. L. Lee, B. Grémaud, R. Han, B.-G. Englert, and C. Miniatura, Phys. Rev. A 80,
043411 (2009).
[125] T. Hanisch, B. Kleine, A. Ritzl, and E. Müller-Hartmann, Ann. Phys. 507, 303
(1995).
[126] K. Burnett, M. Edwards, C. W. Clark, and M. Shotter, J. Phys. B: At., Mol. Opt.
Phys. 35, 1671 (2002).
[127] A. O’Brien, F. Pollmann, and P. Fulde, Phys. Rev. B 81, 235115 (2010).
[128] C. Fort, L. Fallani, V. Guarrera, J. E. Lye, M. Modugno, D. S. Wiersma, and
M. Inguscio, Phys. Rev. Lett. 95, 170410 (2005).
[129] T. Schulte et al., Phys. Rev. Lett. 95, 170411 (2005).
[130] P. Vignolo, Z. Akdeniz, and M. P. Tosi, J. Phys. B: At., Mol. Opt. Phys. 36, 4535
(2003).
[131] T. Giamarchi and H. J. Schulz, Phys. Rev. B 37, 325 (1988).
[132] A. Aharony and D. Stauﬀer, Introduction to percolation theory, Taylor & Francis,
2003.
[133] B. M. Kemburi and V. W. Scarola, Phys. Rev. B 85, 020501 (2012).
[134] H. Gould, J. Tobochnik, W. Christian, and E. Ayars, An introduction to computer
simulation methods: applications to physical systems, volume 1, Addison-Wesley
Reading, 1988.
[135] The proportionality holds strictly in one dimension. In higher dimensions, the relationship is more complicated.
[136] K. V. Krutitsky, A. Pelster, and R. Graham, New J. of Phys. 8, 187 (2006).
[137] S. Chakravarty, Int. J. Mod. Phys. B 24, 1823 (2010).
[138] We choose the value µ (or U ) such that we are at the vicinity of the MI-SF boundary
and thus can access all the three viz. SF, BG and MI phases distinctly.
[139] E. Kreyszig, Advanced engineering mathematics, John Wiley & Sons, 2007.
[140] H.-C. Jiang, L. Fu, and C. Xu, Phys. Rev. B 86, 045129 (2012).
[141] J.-Y. Ye, V. Mizeikis, Y. Xu, S. Matsuo, and H. Misawa, Opt. Comm. 211, 205
(2002).
[142] Z. Chen and B. Wu, Phys. Rev. Lett. 107, 065301 (2011).
[143] L. Tarruell, D. Greif, T. Uehlinger, G. Jotzu, and T. Esslinger, Nature 483, 302
(2012).
[144] G.-B. Jo, J. Guzman, C. K. Thomas, P. Hosur, A. Vishwanath, and D. M. Stamper-

TH-1276_09612119

131

Bibliography
Kurn, Phys. Rev. Lett. 108, 045305 (2012).
[145] D. Yamamoto, I. Danshita, and C. A. R. Sá de Melo, Phys. Rev. A 85, 021601
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