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Abstract

The nonlinear optical response of graphene has been studied by the newly developed

technique which is an alternative to rotating wave approximation (RWA). This is re-

ferred to as asymptotic RWA (ARWA). “Graphene” is a single layer of graphite material

possessing a degree of freedom known as pseudospin. It is a bridge between condensed

matter and relativistic electrodynamics, since the low energy spectrum of graphene near

some particular points called Dirac points is linear in momentum. The interaction be-

tween the charge carrier and the periodic potential of graphene leads to quasiparticles

which obey the Dirac relativistic equation. At the Dirac points, the conduction band

just touches the valance band due to which it is also called zero band gap semicon-

ductor. These peculiar properties of graphene are the motivation behind our work and

are studied using optical means, specifically through nonlinear optical response. As

the title of the thesis itself suggests, this work is the study of the well-known coherent

optical phenomenon in nonlinear optics viz. Rabi oscillation - a periodic exchange of

energy between a two level system in case of atoms and two band system in case of

semiconductors and the applied optical field. It is the oscillation in the population and

polarization of carries (with a given wave-vector in case of a band) with a frequency ωR

determined by the intensity of the externally applied optical field. This frequency ωR

is typically much smaller than the optical frequency ω itself. This phenomenon is well

described in various textbooks on quantum optics. The same phenomenon manifests

itself in semiconductors, which have bands instead of energy levels. It is therefore ap-

propriate to investigate the same effects in graphene where the bands are linear instead

of parabolic and the system is two dimensional instead of three and there is pseu-

dospin character. The phenomenon of Rabi oscillations in graphene has been studied

by Mishchenko among others, near the particle-hole resonance using the well known

rotating wave approximation (RWA). Our main contribution has been to show that

graphene exhibits a second ‘anomalous’ Rabi oscillation that occurs far from resonance
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when the applied frequency is much larger than the particle-hole energy. To study these

new oscillations we have had to invoke a method we refer to as asymptotic rotating wave

appoximation or ARWA for short. This alternative approach is able to show that for

systems with pseudospin such as graphene, the current density in the frequency do-

main exhibits a crossover from one type of singular behavior close to the normal Rabi

frequency to another type of singular behavior close to the (typically even smaller)

‘anomalous’ Rabi frequency. A comparison with an exactly solvable model identical to

graphene in all respects except lacking in pseudospin shows that the anomalous Rabi

frequency is peculiar to models with pseudospin.

The natural question that now arises is how to detect this kind of anomalous Rabi

oscillations in graphene? The method which we have suggested is pump-probe spec-

troscopy, where our analysis shows that varying pump probe delay or pump duration

with all else being fixed is the key to the detection of anomalous Rabi oscillations.

Pump-probe spectroscopy is typically used to study the relaxation dynamics of nonequi-

librium photoexcited band electrons. Using this technique we have shown the probe

susceptibility depends upon the area of the pump field and it has oscillatory behavior as

a function of pump duration. The frequency of these oscillations is just the anomalous

Rabi frequency. This oscillatory behavior is robust since it is present even when the

system has decaying terms. The theoretical prediction of anomalous Rabi oscillations

is experimentally verified by the available data (details are given in chapter 3).

Till now we have treated the electromagnetic field as purely classical, but what

would happen if the field is treated quantum mechanically? It is well known that in

this case, Rabi oscillations collapse and revive due to the discrete nature of the Fock

states of the coherent photon field described by Poisson statistics. In our case, collapse

and revival extends to anomalous Rabi oscillations as well. From a semiclassical per-

spective, an atom in an excited state cannot make a transition to a lower level in the

absence of an external field whereas in the quantum case, this transition is possible even

in a vacuum because of spontaneous emission (zero point quantum fluctuations of radi-

ation). A solvable model of quantum radiation interacting with a two-level system has

been given by Jaynes and Cummings. The most interesting phenomena in this model

are the collapse and revival oscillations that occur when the electromagnetic (EM) field

is in a coherent state. These phenomena may be intuitively understood as follows.

The population density consists of a sum of oscillating terms, each corresponding to a

well-defined photon number n and each term oscillates with a particular Rabi frequency
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proportional to
√
n+ 1. In this case, one may see that even without any relaxation, the

distribution of Rabi frequencies produces an initial dephasing (‘collapse’) in the sinu-

soidal Rabi oscillations. The basic reason is, if two neighboring terms oscillate 180◦ out

of phase, they destructively interfere whereas if they are in phase, there is constructive

interference. In case of collapse, the various contributions destructively interfere thereby

producing the effect of decay or dephasing. Revival is purely a quantum phenomenon,

however. Revival refers to the resurrection of previously extinguished oscillations due

to destructive interference gradually diminishing, revealing the original oscillations. It

depends not only upon the coherent state of photons but also on the statistical dis-

tribution of photon numbers. A continuous photon distribution would give a collapse

just like a classical field, but no revivals. The interaction between a two level atom and

a quantized electromagnetic field viz. the phenomenon of collapse and revival of Rabi

oscillations have been observed in experiments such as cavity quantum electrodynamics

(CQED), performed with circular Rydberg atoms (atoms excited to highly quantum

number state) and also center-of-mass motion of a trapped ion. It remains to be seen

if these phenomena will be seen in graphene as well.
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Chapter 1

Introduction

Carbon, the stuff of life, is one of the most abundant elements found on earth after

hydrogen, helium and oxygen. In its pure form, it is found in nature in two completely

different allotropic forms - diamond and graphite. They have very different proper-

ties, even though they differ only in the arrangement of carbon atoms. A suitable

arrangement of carbon atoms leads to diamond which is insulating and very hard while

graphite is conducting and lubricative. Carbon by itself is responsible for a branch

of chemistry known as organic chemistry. The first artificial pure carbon material

known as fullerene [1] was found in 1985. Thereafter, an intense research effort on other

allotropic forms of carbon was set in motion. In 1991, the one-dimensional carbon nan-

otube [2] was produced. By that time, the known allotropes of carbon had swelled to,

diamond, graphite, fullerene and carbon nanotubes. The final addition to this family

was graphene. The humble element, carbon, was the star of a Nobel prize winning

discovery of this real two dimensional material [3,4]. Graphene, a single sheet of carbon

atoms arranged in a honeycomb pattern was first synthesised by the group of physicists

at Manchester, Andre Geim and Konstantin Novoselov in 2004. However the literature

shows ultathin graphite (but not one atomic thick) was already reported [5–9] in the early

1960’s. The invention of graphene started a new field of research in nanomaterials due

to its amazing properties that had never been observed before.

After the synthesis of graphene, the Nobel prize committee of the Royal Swedish

Academy said, “Carbon - the basis of all known life on the earth, has surprised us once

again”.

Graphene, a wonder discovery of 21st century, is the building block of all graphite-

related materials. It can be wrapped up into zero dimension (0D) called fullerene, one

1
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Chapter 1. Introduction

Figure 1.1: The Nobel laureates(from the right) A. K. Geim and K. S. Novoselov during
the press conference in 2010 (picture has been taken from the Wikipedia-page of graphene)

dimension (1D) as carbon nanotube, 2D graphene sheet or it can be stacked into three

dimension known as graphite given by the following figure,

Figure 1.2: Three different carbon allotropes (picture has been taken from PPT presented
in summer conference by Korea Magnetic Society 2008).

Graphene [3,4] is the bridge between condensed matter and relativistic electrody-

namics [10], since the low energy dispersion spectrum (energy vs momentum relation) of

graphene near some particular points called Dirac points [4] is linear. The linear energy

spectrum leads to the term ‘massless Dirac fermions’ since the charge carriers obey

Dirac relativistic equation [11–16]. At the Dirac points, the conduction band just touches

the valence band, due to that it is also called zero band gap semiconductor. The most

relevant difference between conventional semiconductor and graphene is that, in case of

graphene, the charge carriers obey the relativistic Dirac equation near the Dirac point,

and have a pseudo spin degree of freedom [4], while in the case of conventional semicon-

2
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1.1 Definition

ductors, the charged particles obey a parabolic dispersion relation ( p2

2m
) and lack pseudo

spin. The motivation behind our work is based upon attempting to elucidate these pe-

culiar properties of graphene using optical means, specifically through nonlinear optical

response.

1.1 Definition

Graphene [3,4] is a one atom thick, single layer of graphite material completely made of

carbon atoms arranged in a honeycomb crystal lattice. The honeycomb crystal lattice

can be split in to two triangular sub-lattices which are generally labeled by ‘A’ and ‘B’

sublattices.

1.2 Graphene: 2 dimensional or NOT !

The famous Mermin-Wagner [17] theorem, states that it is impossible to have a long

range crystalline order in two dimension because of large thermodynamic fluctuations

which prevent a strictly 2D crystalline structure, consequently dislocations appear in

two dimensional crystals at any finite temperature. This theory is supported by Landau

and Peierls that strictly two dimensional crystals could not exist in nature due to the

same reason. The natural doubt to come to mind is that since graphene is a one atomic

thick layer of graphite, and the atom is three dimensional then how would it be two

dimensional? The reason why it is a 2D is that the electron in the graphene lattice

confined in the two dimensional plane. In other words, its dynamics is governed by

a Hamiltonian in two spatial dimensions. The 2D-electron behavior is experimentally

verified by De Heer and his collaborators [9].

1.3 Peculiar properties of graphene

The low energy spectrum of graphene is conical which distinguishes it from conventional

semiconductors where the energy bands are parabolic. Neither the conduction and

valence band are separated by the energy gap nor they do overlap due to which it is

also called ‘gapless’ semiconductor or semi-metal. The conduction and valence band

intersect at two inequivalent point generally called Dirac points ‘K’ and ‘K ′’ in first

3
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Chapter 1. Introduction

Brillouin zone. In case of undoped graphene, the Fermi energy level lies exactly at the

intersection points. The other distinguishing property of graphene is the unique nature

of its charge carriers. Usually in condensed matter physics, the electronic behavior is

governed by the usual Schrodinger equation while in case of graphene the charge carriers

obey the massless Dirac relativistic equation [11–16,18–20]. The relativistic equation obeyed

by the charge carriers does not mean that the velocity of electrons in the honeycomb

lattice is relativistic but the interaction with a periodic two dimensional potential leads

to the new quasi-particles, due to which the low energy spectrum becomes linearly

in the momentum, accurately described by the Dirac relativistic equation with the

effective speed approximately equal to the 1
300

of the speed of light in vacuum. These

quasi-particles are generally known as “massless Dirac fermions”. The literature survey

shows the study of graphene has branched out into different areas such as electronic

properties [4], transport properties [21], optical properties [22–27] and also in other graphene

based systems [28–31].

Let us move on to the description of atomic and band structure of graphene as

follows,

1.3.1 Atomic or crystal structure

As we have described above, graphene is a monolayer of carbon atoms with honeycomb

crystal lattice. Each carbon atom has four electrons in its outer shell called valence

electrons, sharing three electrons with its neighboring carbon atoms. In terms of bond

theory its atomic structure can be described by the two type of carbon-carbon bonds

known as sigma (σ) and pi (π) bonds. An isolated carbon atom possesses the valence

orbital configuration 2s2, 2p2. The energy difference between 2s2, 2p2 orbital is much

smaller than the binding energy of neighboring carbon atoms, hence the wavefunction of

electrons mixed up easily by the process called hybridization [32]. Therefore each carbon

atom has sp2 hybridized orbital (orbital formed from one s and two p orbitals). In sp2

hybridization the 2s, 2px and 2py orbitals mix to form the ‘σ’ bond that lies in the x-y

plane with 120◦ as the angle between two neighboring chemical bonds. The remaining

one electron with 2pz orbital forms a ‘π’ bond aligned in a ‘z’ direction. These ‘π-orbital’

electrons are free and responsible for the conduction and transport process in graphene.

The hybridization in graphene i.e. sp2 leads to a trigonal planar structure. Graphene

can be thought of as the interpenetration of two trigonal planar structures referred to

4
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1.3 Peculiar properties of graphene

as A and B sublattices. The graphene lattice has two atoms per unit cell and the A

type of atoms are connected with B type of atoms with time reversal symmetry. The

nearest carbon-carbon distance is 1.42 Å. The figure (1.3) shows the ideal monolayer

R1

R2

x

y
A B

∆1
∆3

∆2

Unit Cell

dc-c

Figure 1.3: The figure depicts the ideal 2D graphene honeycomb lattice made by the
interpenetration of two triangular sublattices labeled ‘A’ and ‘B’ type of atoms. The unit
cell of graphene lattice contain 2 atoms (shown in the figure). The figure on the right can be
taken as the unit cell since it effectively contains two atoms.

graphene with the direct lattice vector ~R1 and ~R2 and the nearest neighbor vector ~δi

(i= 1,2 and 3) in real space. The direct lattice vectors are given by,

~R1 =
3

2
dc−c x̂+

√
3

2
dc−c ŷ, ~R2 =

3

2
dc−c x̂−

√
3

2
dc−c ŷ, (1.1)

where, dc−c is the carbon-carbon distance (≈ 1.42 Å), |~R1| = |~R2| =
√
3dc−c is the

lattice constant and x̂ and ŷ are the unit vectors. The vector form of nearest neighbor

distances can be expressed as,

~δ1 =
1

2
dc−c x̂+

√
3

2
dc−c ŷ, ~δ2 =

1

2
dc−c x̂−

√
3

2
dc−c ŷ, ~δ3 = −dc−c x̂ (1.2)

From this basis we may construct the reciprocal lattice as points ~G. The first Brillouin

zone is a volume in reciprocal lattice space (Fig.(1.4)). It is the minimum volume

enclosed by planes that bisect the nearest neighbors in reciprocal space. The reciprocal

lattice of graphene is tilted through 90◦ with respect to the graphene direct lattice

5
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as shown in the following figure, The center of the first Brillouin zone is denoted by

Direct Lattice Points

Wigner - Seitz primitive cell

HMinimum Bounded AreaL

Direct Lattice

Reciprocal

Lattice Point

G1

First Brillouin Zone

HWigner -

Seitz primitive cellL

G2

G

K

K '

R1

R2

Figure 1.4: In the plot, the left figure shows generally how to prepare the Wigner-Seitz
primitive cell from the direct lattice of graphene. The second figure shows the reciprocal
lattice of graphene, tilted through 90◦ from the direct lattice with reciprocal lattice vector G1

and G2, this figure also depicts the formation of Wigner-Seitz primitive cell (first Brillouin
zone) from the reciprocal lattice point. Γ is the center point and ‘K’, ‘K ′’ are the edges of
the first Brillouin zone made by the reciprocal lattice of graphene.

Γ, corners points by K and K ′. These corner points are generally known as Dirac

points. They are of special interest because at these points the conduction and valence

band touch. These Dirac points have very high degree of symmetry related through

time reversal symmetry [4]. The reciprocal lattice vector ~G1 and ~G2 can be calculated

through the following relation,
~Ri · ~Gj = 2πδi,j,

or,
~R1 · ~G1 = 2π, ~R2 · ~G1 = 0

where, δi,j is the Kronecker delta. The reciprocal lattice vectors are,

~G1 =
2π

3dc−c
x̂+

2π√
3dc−c

ŷ, ~G2 =
2π

3dc−c
x̂− 2π√

3dc−c

ŷ (1.3)

The first Brillouin zone in momentum space has two sets of inequivalent Dirac points (K

and K ′) and each set contains three equivalent Dirac points. The vector representation

of these Dirac points in momentum space is given by,

~K =
2π

3dc−c

x̂+
2π

3
√
3dc−c

ŷ, ~K ′ =
2π

3dc−c

x̂− 2π

3
√
3dc−c

ŷ (1.4)
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1.3 Peculiar properties of graphene

1.3.2 Electronic band structure: Tight binding approach

The tight binding (TB) method is one of the standard methods to calculate the elec-

tronic band structure in condensed matter systems. It is based upon the linear com-

bination of atomic orbitals (LCAO), explained in various text books [33,34]. In the TB

approximation, localized orbitals are associated with each atomic site. The wavefunc-

tion of the system is assumed to be a linear combination of these basis eigenfunctions.

After solving the eigenvalue equation, we get an energy dispersion relation which de-

scribes the band structure of the given condensed matter system.

In 1947, Wallace [35] calculated the electronic band structure of graphite on the basis

of hopping of electrons within nearest and next nearest neighboring atoms using the

tight binding approximation. This led to further developments on tight binding study

of graphene [36–38].

For the sake of simplicity, we take only the nearest neighbor hopping [4,35,39], in order

to calculate the band structure of graphene. We start with the following hopping based

Hamiltonian,

Ĥ = −t
∑

〈i,j〉,σ

(

â†σi b̂σj + h.c.
)

, (1.5)

where, â†σi(b̂σi) creates(annihilate) one electron with spin σ at ith(jth) site of A (B) sub-

lattice called creation (annihilation) operator, 〈i, j〉 stand for nearest neighbor hopping,

‘t’ denotes the hopping parameter with hopping value approximately of the order of 2.8

eV and h.c. stands for the Hermitian conjugate.

The eigenfunction of graphene is represented by the two component spinor wave

functions described in the section (1.3.4). Hence in the TB approximation, it is better

to write the eigenfunctions in terms of the spinor denoted by

(

ψA(~k)

ψB(~k)

)

, where each

component of the spinor labeled by A and B represent the amplitude of A and B type

of atoms respectively within a unit cell labeled by the reference point ~R0
i . From our

convention, we choose the B atom separated by a A atom by distance ~δ1 provided A atom

is taken as a reference point ~R0
i . In this case the eigenfunction becomes [39](suppressing

the spin index),
(

ψA(~k)

ψB(~k)

)

=
∑

i

ei
~k·~R0

i

(

a†ie
−i~k·~δ1/2

b†ie
i~k·~δ1/2

)

.
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Chapter 1. Introduction

Hence the Hamiltonian becomes off-diagonal, represented in momentum space as,

Ĥ =

(

0 ∆µ

∆∗
µ 0

)

where, the component ∆µ is given in terms of direct lattice vector as,

∆µ = −t
(

e−i~k·~R1 + e−i~k·~R2 + 1
)

(1.6)

The eigenvalues of Hamiltonian Ĥ are given by,

ε(k) = ±|∆µ| = ±t

√

3 + 2 cos(
√
3kydc−c) + 4 cos(

√
3

2
kydc−c) cos(

3

2
kxdc−c). (1.7)

From the above expression, one can easily generate the band structure of graphene

shown below, It is interesting to know where the energy eigenvalue vanishes i.e. the

point where the conduction and valence band touch each other. It can be easily seen

from Eq. (1.7) that there are two choices,

3

2
kxdc−c = 2nπ, cos(

3

2
kxdc−c) = −1

2

or,
3

2
kxdc−c = (2n+ 1)π, cos(

3

2
kxdc−c) =

1

2
,

where, n is an integer. The first choice is not possible since the component ky is lies out

side the first Brillouin zone since ky =
2π

3
√
3dc−c

. The second choice is best because it lies

exactly at the corner points of the first Brillouin zone denoted by ‘K’ and ‘K ′’ known as

Dirac points. Now we move on to the calculation of low energy graphene Hamiltonian

from the TB approximation. To calculate the low energy dispersion relation, use the

Taylor series expansion of the Eq. (1.6) near one of the Dirac points i.e. at ~k = ~K + ~q,

where q is the small wave vector [39], we have,

∆µ,K(~q) = 2e−iKxdc−c~q · ~∇1

(

e3ikxdc−c/2 cos(

√
3

2
kydc−c)

)

k=K

= − 3t

2dc−c
e−iKxdc−c (iqx − qy) (1.8)

8
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ky dc-c
kx dc-c

E

KK '

Figure 1.5: 3D reciprocal lattice of graphene band structure, shows the conduction band and
valence band vanishes at the particular (Dirac) points where the energy momentum relation
is linear (shown in inset).

The constant factor e−iKxdc−c does not affect the result. Hence the low energy Hamil-

tonian can be written as,

∆µ,K(q) = ~vF (qx + iqy) +O(q/K)2 (1.9)

where vF = 3t
2dc−c

∼= 106m/sec. If we expand the same Eq. (1.6) close to another Dirac

point ‘K ′’, we obtain,

∆µ,K ′ (q) = ~vF (qx − iqy) = ∆∗
µ,K(~q).

Therefore the low energy Hamiltonian can be finally written as,

H ≡ ~vF

(

0 qx + iqy

qx − iqy 0

)

≡ ~vF (~σ · ~q) (1.10)

9
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Therefore the energy eigenvalue is E(q) = ±~vF |q| where σ̂ are the Pauli spin matrices.

We can see that the eigenvalues are functions only of the magnitude of q and not on the

direction. Comparison with Eq. (1.7) shows that equation (1.10) is the Hamiltonian for

mass-less relativistic particle of spin 1/2 with velocity of light c replaced by the Fermi

velocity vF which is 300 times smaller than velocity of light [39]. The reciprocal lattice

of honeycomb graphene lattice is also in hexagonal shape shown by the figure (1.6).

-2 0 2

-505

Dirac Points
K

K '

Figure 1.6: The 3D reciprocal lattice of graphene clearly shows the hexagonal shape with
six number of edges, coupled in to two sets labeled by K and K ′ related to time reversal
symmetry.

1.3.3 Alternative approach to graphene band structure

The energy spectrum can also be calculated by the much simpler way [40]. From the TB

method the graphene Hamiltonian can be written as,

Ĥ = t
∑

i,δ,σ

(

â†i,σ b̂i+δ,σ + b̂†i+δ,σâi,σ

)

where, δ is the nearest neighbor distances, individually it is δ1, δ2 and δ3. Define the

following Fourier transformation equations,

âi,σ =
1√
N

∑

k

e−i~k·~R0
i âk,σ, b̂i+δ,σ =

1√
N

∑

k

e−i~k·(~R0
i+

~δ) b̂k,σ,

where, N is the number of atomic sites and ~R0
i is the initial vector of atom ‘A’ (or ‘B’).

10
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1.3 Peculiar properties of graphene

After substitution the Hamiltonian become,

Ĥ = t
1

N

∑

k,δ,σ

(

e−i~k·δâ†k,σb̂k,σ + ei
~k·δb̂†k,σâk,σ

)

or, in matrix form,

Ĥ =
1

N
t
∑

k,δ,σ

( b̂†k,σ â†k,σ )

(

0
∑

δ e
i~k·~δ

∑

δ e
−i~k·~δ 0

)(

b̂k,σ

âk,σ

)

The energy spectrum can be calculated through the following matrix,

H = t

(

0
∑

δ e
i~k·~δ

∑

δ e
−i~k·~δ 0

)

(1.11)

The eigenvalue of the above matrix,

ε(k) = ±t
∑

δ

|ei~k·~δ| = ±t|ei~k·~δ1 + ei
~k·~δ2 + ei

~k·~δ3 |

After substituting the value of nearest neighbor vectors from Eq. (1.2) we get the

desired energy spectrum of graphene given by,

ε(k) = ±t

√

1 + 4 cos2(

√
3

2
kydc−c) + 4 cos(

√
3

2
kydc−c) cos(

3

2
kxdc−c)

= ±t

√

3 + 2 cos(
√
3kydc−c) + 4 cos(

√
3

2
kydc−c) cos(

3

2
kxdc−c) (1.12)

which is nothing but the band structure derived in previous section matches with

Eq.(1.7).

To calculate the low energy dispersion relation, start with the following eigenvalue

matrix (1.7) at one of the Dirac point K,

HK = t

(

0
∑

δ e
i~k·~δ

∑

δ e
−i~k·~δ 0

)

11
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Near the Dirac point we can write the wave vector ‘~k’ as,

~k = ~K + ~q, | ~K| � |~q|.

Applying the Taylor series expansion rule in the following expression near one of the

Dirac point ‘K’ we have,

∑

δ

ei
~k·~δ =

∑

δ

ei(
~K+~q)·~δ =

∑

δ

ei
~K·~δ (1 + i~q · ~δ) = 3t

2
dc−c (qx − iqy)

The final expression for the low energy spectrum of the Hamiltonian is given by,

HK =
3t

2
dc−c

(

0 qx − iqy

qx + iqy 0

)

=
3t

2
dc−c (~σ · ~q) (1.13)

where, σ = (σx, σy) is the set pseudo-spin pauli matrices. The eigenvalue of above

Hamiltonian can simply be written as,

E(k = K + q) =
3t

2
dc−c

√

q2x + q2y = vF |~q|,

where, vF (=
3t
2
dc−c) defined as the Fermi velocity.

Similarly, if we expand the low energy at spectrum near the other Dirac point ‘K ′’,

we get the following expression for the Hamiltonian,

HK ′ = vF

(

0 qx + iqy

qx − iqy 0

)

= vF (~σ∗ · ~q) (1.14)

where, σ∗ = (σx,−σy). Thus we see that the Hamiltonian (1.13) and (1.14) are linear

dependant on momentum and they are related to each other by time reversal symme-

try [4].

1.3.4 ‘Pseudospin’ property: An additional degree of freedom

Graphene is formed by the interpenetration of two triangular sublattice labeled by

‘A’ and ‘B’. This interpenetration gives us an additional degree of freedom known as

pseudospin [4], not present in conventional 2D systems, which leads to the exceptional

electronic properties [4]. In graphene, the eigenvalue equation near one of the Dirac

12
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point ‘K’ with wave function ψ(k) describing the two component spinor function and

the Hamiltonian (1.10) may be written as,

ĤK ψ(~k) = E ψ(~k), ĤK = vF (~σ · ~p),

where, vF is the group velocity or Fermi velocity near the Dirac point ‘K’, E defines the

eigenvalue and ‘σ’ is 2D pseudospin matrix describes the two sublattices of honeycomb

lattice. The expression for ψ(k) can be written as,

ψ(~k) =

(

ψA(~k)

ψB(~k)

)

.

Hence the above eigenvalue equation changes to,

~vF

(

0 kx − iky

kx + iky 0

) (

ψA(~k)

ψB(~k)

)

= E

(

ψA(~k)

ψB(~k)

)

.

After solving the two component spinor wave function and energy eigenvalue can be

written as,

ψ±,K(~k) =
1√
2

(

e−iθk/2

±eiθk/2

)

, E = ±~vF

√

k2x + k2y ,

where, θk is the phase factor (or the angle between between the wave vector ‘k’ and to

the x-axis) and the ± sign denotes the conduction band (or π bond) and valence band

(or π∗ bond) respectively.

Similarly one can find the wave function around the other Dirac point (K
′
) given

as,

ψ±,K ′(~k) =
1√
2

(

eiθk/2

±e−iθk/2

)

.

It is easy to find from above wave functions that if the phase factor θk is rotated by

2π then the wave function changes its sign indicating a phase of π, this change in the

phase is generally known as Berry phase. The property is usually the characteristic

property of a spinor wave function due to which the wave function of graphene is the

two component spinor. The projection of pseudospin along the direction of momentum

13
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defines helicity or chirality of electron define through the following operator,

Ôhel =
1

√

p2x + p2y
(~σ · ~p) .

From the above equation it is clear that the two component spinor wave function ψK(~k)

is the eigenfunction of the helicity operator which leads to the conclusion that electron

and holes in graphene have definite helicity. The wave functions associated with the

Dirac points have time reversal symmetry if we choose the origin exactly at the mid

point of the line joining to the Dirac points K and K ′ in momentum space. In this case,

the time reversal become equivalent by the reflection along kx axis (kx, ky → kx,−ky).
We have tried to emphasize here that the linear spectrum near the Dirac points is not

the only essential feature of the band structure. The electronic state near the ‘K’ and

‘K ′’ are composed of states belonging to different sublattices leading to two component

wave functions (spinors) which requires an index to indicate sublattice ‘A’ and sublattice

‘B’ which is very much similar to the spin index in quantum electrodynamics referred

to as ‘psudospin’.

1.3.5 Electronic and transport properties

Undoped graphene is either a semi-metal or zero band gap semiconductor. The en-

ergy spectrum of graphene Hamiltonian obtained from tight binding approximation

expanded near Dirac points leads to the energy relation: E = ~vF |k|, where ‘k’ is the

wave number. This linear spectrum of graphene leads to many interesting properties

and also links with relativistic phenomena. The obtained energy dispersion relation for

a relativistic charged particle from the Dirac relativistic equation leads to the graphene

energy dispersion relation if we set mass equal to zero in that equation where the

Fermi velocity plays the same role as the velocity of light E = ~c|k|. Experimentally

the transport properties of graphene shows a very high electron mobility more than

15000 cm2V −1s−1 under ambient conditions [3,41–43]. Recent experimental study of bal-

listic transport properties of graphene nanoribbons [44] shows the electronic resistance

changes like step function following quantum mechanical rules. The graphene nanorib-

bons act like optical wave guide which allow the electrons flow smoothly along the edges

of the material whereas in conventional conductors like copper, nickel, the electrical re-

sistance increases in proportion to the length as the electrons encounter with more

14
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impurities while moving through it. The resistance of the graphene nanoribbons does

not depend on temperature, also it does not depend upon the amount current putting

through it. These properties are a great incentive for experimental and theoretical

studies on graphene.

1.3.6 Optical properties

Apart from these properties, optical properties of graphene lead to the most remarkable

phenomena that are described in various textbooks [45–49] and original literature [22–31].

These works indicate the importance attached by the community to the study of inter-

action of graphene with light from both experimental as well as theoretical perspectives.

1.3.6.1 Theoretical study

In 1947 Wallace [35] conducted the first theoretical study of graphite with the calcula-

tion of electronic band structure which was followed by optical studies of graphite by

others [28–31] all of which pointed to graphene as the building block. Although the theo-

retical background for graphene was known 60 years ago, the two dimensional material

actually came into existence after Geim and Novoselov synthesised it in 2004. After

the experimental realization of graphene, the research on graphene as branched out

in many directions including in quantum optics. Optics related issues that have been

studied in the context of graphene are, optical conductivity, optical Stark effect [46] and

Rabi oscillations [45–47,49]. Minimum quantum conductivity of graphene has been exper-

imentally observed with the finite value [42] ( e
2

h
), where, h is the plank constant. A lot

of theory [13,14,16,19,21,50–52] also discuss the minimum conductivity of graphene near the

vanishing density of states and zero field for the linear 2D spectrum. Optical conduc-

tivity of graphene and graphene based systems are also studied in various regions of the

electromagnetic spectrum such as visible, far infrared region etc. Coming back to the

issue of Rabi oscillations, defined as the periodic oscillation of energy between the two

level systems and the applied optical field which can be understood by the following

pictorial diagram.
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Oscillating Optical Field

Level 2

Level 1

Figure 1.7: A schematic diagram of atomic oscillations (Rabi oscillations) between two level
systems in presence of applied optical field.

In order to understand the phenomena of Rabi oscillations in two level system, con-

sider the hydrogen atom interacting with light field leads to the following Schrodinger

equation [46],

i~
∂

∂t
ψ(~r, t) = [H0 +HI(t)] ψ(~r, t), (1.15)

where, H0 = −~2∇2

2m0
− e2

r
is defined as the unperturbed Hamiltonian for the hydrogen

atom, HI(t) = −~d · ~E(t) is the interacting Hamiltonian in which ‘d’ represents dipole

moment operator, ~E(t) = ~E(ωin) (eiωint + c.c.) monochromatic incident electric field

and ψ(~r, t) is the time dependent wave function, which can be further written in terms

of stationary eigenfunctions as follows,

ψ(~r, t) =
∑

n

bn(t)e
−iωnt ψn(t),

where, bn is related to probability amplitude, εn is the eigen value and ψn(t) is the eigen

function of the unperturbed Hamiltonian H0.

With the help of Eqn.(1.15) one can write the equation of motion for the probability

amplitude ‘bm’ as,

i~
∂

∂t
bm = −E(t)

∑

n

e−iωnmt 〈m|d|n〉 bn,

where, ωnm = ωn − ωm is the frequency difference and 〈m|d|n〉 =
∫

d3rψ∗
mdψn ≡ dmn

is defined as the dipole matrix element. The equation of motion for the probability
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coefficients ‘b1’ and ‘b2’ is given by,

i~
∂

∂t
b1 = −E(t)e−iω21t 〈1|d|2〉 b2,

and,

i~
∂

∂t
bm = −E(t) e−iω21t 〈1|d|2〉 b1,

or,

i~
∂

∂t
b1 = −d12

E(ωin)

2

(

e−i(ωin+ω21)t + e−i(ωin−ω21)t
)

b2,

and,

i~
∂

∂t
b2 = −d21

E(ωin)

2

(

e−i(ωin−ω21)t + ei(ωin+ω21)t
)

b1,

These equations are generally called the optical Bloch equations. If the light in-

teract with the hydrogen atom nearly around the resonance i.e. ωin − ω12 then one

can see that the exponential factor ei(ωin−ω12) is almost time independent, whereas the

other exponential, ei(ωin+ω12) oscillates very fast almost double of the incident frequency.

Within the reasonable time interval the average contribution of the fast oscillating term

will nearly vanish. In quantum optics this approximation has a specific name called

‘rotating wave approximation’ (RWA). Within this approximation the above equation

reduces as,

i~
∂

∂t
b1 = −d12

E(ωin)

2
e−i(ωin−ω21)t b2,

and,

i~
∂

∂t
b2 = −d21

E(ωin)

2
e−i(ωin−ω21)t b1,

At exact resonance, both coupled equation reduces as,

d2

dt2
b2 = i

d12E(ωin)

2~

b1
dt

= −|d12E(ω12)

2~
| b2 = −ω

2
R

4
b2.

The solution of above equation reflect the oscillatory behavior of the probability am-

plitude factor with a certain frequency, ωR = |~d21· ~E(ωin)|
~

, known as the Rabi frequency.

The frequency (ωR) depends only upon the intensity of the applied optical field and

is independent to the applied frequency. In most of the cases, Rabi frequency (ωR) is

always less than the frequency of incident applied optical field.

Even though these phenomena in two level systems were predicted theoretically a
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along time ago, they have been observed in conventional semiconductors (bands instead

of levels) only in the 1980’s. Recently one of the coherent optical properties, Rabi

oscillations has also been studied in case graphene in presence of classical [53–55] and

quantum fields [56] in the various regimes with various approximations [53]. In presence

of a quantum EM field, the observed Rabi oscillations [56] are quite different from those

observed in presence of a classical field [53]. Other than coherent effects such as Rabi

oscillations, incoherent effects too have been studied, such as optical dephasing and

relaxation of band electrons (intra-band as well as inter-band) [57,58].

1.3.6.2 Experimental study

Since graphene single layer can not be seen with bare eyes it can only be realized ex-

perimentally. The first experiment based upon interference effect [3] has been used to

detect the single layer graphene on silicon dioxide substrate. After that a lot of experi-

mental techniques have been developed for the experimental verification of single layer

graphene [59]. Raman spectroscopy is one of them which detect not only the single layer

but also differentiate between the single layer, bilayer and multilayer samples [22–27].

Thickness of graphene layers can also be done with the contrast spectroscopy [60]. Re-

cently a lot of literature survey based on the optical properties which can be further clas-

sified as coherent optical properties such as optical Stark effect [46], optical conductivity,

Rabi oscillations [45–47,49], universal optical conductance [13,14,16,19,21,42,50–52], measurement

of fine structure constant [61], four wave mixing [49] and incoherent optical properties like

optical dephasing [46], relaxation of charge carriers, both inter-band and intra-band in

graphene and graphene based systems on various substrate has been reported exper-

imentally by pump-probe technique [57,58,62–66]. One of the important phenomena that

is worth addressing is how the charge carriers relax after excitation in conventional

semiconductors [46] as well as in graphene [57,58,62–66]. This is traditionally investigated

using pump-probe spectroscopy where two successive laser pulses are used with a vari-

able time delay. The earlier pulse called the pump is much stronger than the later one

which is called the probe. The differential transmission coefficient viz. the change in

transmission coefficient of the probe with and without the pump is plotted and the

relaxation times are then inferred from this plot.
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1.3.7 Other interesting properties

The peculiar effect shown by the graphene is not limited to the ones we have described

so far. Many of its properties like zitterbewegung [14,67], Klein paradox [15,68] etc. can

be explained by relativistic electrodynamics. Other important properties such as elec-

tric field effect [3,69], Aharonov Bohm effect [70,71], integer quantum Hall effect [43,72–76],

universal conductivity [77,78], minimum conductivity [79,80] etc. are seen in single layer

graphene.

1.4 Method of obtaining graphene

Experimentally, graphene can be obtained by the following methods,

1.4.1 Mechanical method: Scotch tape

The scotch tape method Fig.(1.8) or drawing method was used by the Manchester group

of Andre Geim and K. S. Novoselov to obtain a single layer of graphene from graphite

material for the first time. This method is based upon the splitting of weakly bonded

layers of graphite coupled to each other by Van der Waals force. For instance, one

could employ the following approach - initially a flake of graphite material is put on

the scotch tape and then the tape is rubbed against itself many times thereby causing

the graphite flake to spread over the surface of the tape [81]. On this surface, there

will be some spot that is one atomic layer thick exhibiting the properties of graphene.

This way of producing graphene is easiest for research purposes but not for large scale

production. For industrial use, graphene with reasonable dimensions is required. After

obtaining a two dimensional spot of graphene over the tape, one may transfer it onto

a SiO2 substrate to make it visible. This is possible due to the visual appearance of

colors caused by light interference compared to bare substrate.

1.4.2 Epitaxial growth on various substrate

Epitaxial growth means the deposition of a material in crystalline order on a crys-

talline substrate with a concomitant weak coupling between the layers. In this method,

graphene layers are grown on a three dimensional substrate where the fluctuations are

suppressed by substrate material. By an appropriate chemical method, the substrate
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Figure 1.8: Scotch tape method for the mechanical exfoliation of graphene (picture has
been taken from the Wikipedia-page of graphene)

can be removed and one can recover the graphene layers only. Silicon carbide (SiC) is

used as a major substrate material for the epitaxial growth of graphene because this

material produces insulating environment [82] automatically. Graphene layers can also

be grown on metallic substrate such as Rubedium, Platinum and Iridium via chemi-

cal method deposition (CVD) method [83] within high temperature environment. High

quality graphene layers can be obtained by chemical vapor deposition method in which

deposition takes place on thin nickel film and methane used as a carbon source, then

these layers can be transferred to various substrate leading to the numerous electronic

applications [84,85]. But these methods are very costly due to the requirement of high

temperature and very high vacuum.

1.5 Recent experimental study on graphene based sys-

tems

Researchers at the University of Maryland reported that bilayer graphene, a two atomic

thick layer of graphene, can be used to make a very sensitive photodetector known as a

“hot electron bolometer” [86]. Due to the unique properties of graphene, the detector is

expected to be very sensitive to a broad range of light energies from infrared to visible

range.

Recent experimental studies on ballistic transport properties of graphene nanorib-

bons show unusual characteristics [44], which can be used as an optical waveguide. In

this regard, Prof. Walt A. de Heer said, “due to an unusual ballistic transport prop-
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erty, this material could result a new class of coherent electronic devices based on room

temperature, such devices would be very different from what we make today in silicon.”

Scientists at the University of Vienna reported that calcium doped graphene is a

superconducting material [87], but they are still trying to estimate the superconduct-

ing critical temperature. They performed angle-resolved photoemission spectroscopy

(ARPES) to find an electron donor for graphene that is capable of inducing strong

electron-phonon coupling and superconductivity. However, phonon mediated supercon-

ductivity has already been observed in graphene by lithium deposition [88].

1.6 Graphene dreams: Applications

Graphene is not only of immense interest to physicists due to its unique electronic and

other properties but it has important applications as well. It presents an opportunity

for enabling new classes of electronics, optoelectronics and electromechanical devices.

However, for industrial applications, efficient and cheap methods of large scale pro-

duction is yet to achieved. From an application point of view, graphene can be used

in to the field of electronics, sensors, data storage devices. The experimental result

shows that the transistors made from graphene nanoribbons make efficient magnetic

field sensors [89]. It has also been reported that the carbon nanotube is an excellent

material for the solid state gas sensors [90]. A finite band gap in graphene is obtained in

a strained sample [91] which may be used to make switchable devices. It can also be used

as spin valve and superconducting field effect transistors as the recent report describing

magneto-resistance [92] and substantial bipolar supercurrents [93]. Bilayer graphene may

also be used to make a sensitive detector of infrared light [86] with applications includ-

ing remote detection of chemical and biochemical weapons. Experiments on graphene

nanoribbons show unusual ballistic transport properties [44]. This property can be ex-

ploited in the construction of optical waveguides and quantum dots.
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Chapter 2

Coherent Rabi oscillations in graphene

2.1 Introduction

The study of interaction of light with matter has always led to novel outcomes. One of

the most well-studied coherent phenomenon in nonlinear optics is the phenomenon of

Rabi oscillations [94]. A coherent periodic exchange of energy between a two level system

and the applied optical field is known as Rabi oscillation. This represents the oscilla-

tions in the population and polarization of carries (with a given wave-vector in case

of a band) with a frequency ωR determined by the intensity of the externally applied

optical field. This frequency ωR is typically much smaller than the optical frequency

ω itself. This phenomenon is most easily understood in two level systems studied in

atomic physics [45,94]. The same phenomenon manifests itself in semiconductors, which

have bands instead of energy levels and where there is a mixing of these energies due to

long-range Coulomb interactions. This leads to, among other effects, the phenomenon

of excitonic quantum beats and excitonic optical Stark effect [46]. It is therefore, appro-

priate to investigate the same effects in graphene where the bands are linear instead of

parabolic and the system is two dimensional instead of three and there is pseudospin

character. A recurring theme in the subject of nonlinear optics of semiconductors

has been the comparison between nonlinear optical processes that occur in two-level

atoms [45] and conventional semiconductors as described in the extensive literature on

the subject [46,95–104]. With the advent of graphene, the comparison is now between

conventional semiconductors and graphene. This comparative effort is well underway

as may be seen from the emergence of several papers on the subject [54,55,104–111]. It is

23

TH-1269_09612107



Chapter 2. Coherent Rabi oscillations in graphene

our intention therefore, to contribute to this growing literature and the present inves-

tigation being a modest start. Nonlinear optics of graphene is a nascent field judging

by the small number of papers in the field to date [110,111]. Indeed Romanets et.al. [110]

even make a remark to the effect that there are very few works either experimental

or theoretical in the field of nonlinear optics of graphene in the introduction to their

paper. Mischenko [54] has studied the nonlinear response of graphene and investigated

saturation effects in the current due to relaxation (at the single photon level). These

works have studied detailed many body effects including relaxation processes when

new physics at the level of coherent phenomena are still unexplored. Hendry et.al. [105]

and Mikhailov et.al. [106–108] have stressed the importance of including higher harmon-

ics in the evaluation of nonlinear optical response in graphene. It is the purpose of

this chapter to highlight simple yet important new phenomena at the level of coherent

mean-field approximations. We also find new phenomena upon inclusion of higher har-

monics. Non-resonant/nonlinear optical response of graphene in the time domain has

been investigated by Ishikawa [55]. The resonant nonlinear dynamics of establishment

of electron-hole coherent superpositions states in graphene by multi-photon resonant

excitation of inter- band transitions in laser fields with corresponding Rabi oscillations

of Fermi-Dirac sea has been considered by Avetissian et al. [109]. These works are closest

in spirit to the present work although our methods are considerably different.

The main advancement reported here is the use of an alternative to the rotating wave

approximation (RWA) (which we have called ‘asymptotic rotating wave approximation’)

used in the context of two-level systems. This alternative approach is able to show that

for systems with the pseudospin such as graphene, a second anomalous Rabi frequency is

present, and the current density exhibits a crossover from one type of singular behavior

close to the normal Rabi frequency to another type of singular behavior close to the

(typically smaller) ‘anomalous’ Rabi frequency. A comparison with an exactly solvable

model identical to graphene in all respects except lacking in pseudospin shows that

the anomalous Rabi frequency is peculiar to models with pseudospin. This exactly

solvable model also validates the new technique we refer to as asymptotic rotating wave

approximation (ARWA) (the ARWA on this model agrees with the appropriate limit

of the exact solution). Lastly, we introduce an analytical technique that interpolates

between these two regimes (RWA and ARWA) and express the nonlinear current in a

closed form. The numerically exact solution of coherent Bloch equations also reconfirm

these findings.
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2.2 Problem formulation

In this chapter, we present a theoretical description of one of the better known optical

properties - Rabi oscillations. We study this phenomenon in the presence of both a high

intensity continuous optical field and a high intensity optical pulse. At resonance, when

the frequency of incident optical field is comparable to the frequency corresponding to

particle hole energy, Rabi oscillations have been analyzed by Mishchenko [54] using the

well known rotating wave approximation (RWA). The main original contribution of the

present work is to show that in addition to conventional Rabi oscillations, a new kind of

slow oscillation in population and polarization densities is present only in graphene-like

systems that is seen far from conventional resonance. This phenomenon has been stud-

ied using an alternate technique to RWA which we refer to as asymptotic rotating wave

approximation (ARWA) which is also an original contribution. We provide an interpo-

lation scheme between RWA and ARWA regime in order to complete the description

and place these ideas in their proper context.

This chapter starts with the study of coherent Rabi oscillations in the presence of a

classical EM field studied in the velocity gauge (and later with the length gauge as

well) in two different regimes - RWA and ARWA. Interpolation between these two

different regimes is done both analytically and by a numerical simulation of coherent

Bloch equations. This is followed by the Result and Discussion section that analyses

the results with the help of various plots.

2.3 Bloch equations of graphene in presence of con-

tinuous optical pump field

In the tight binding approach, graphene is modeled using a lattice Hamiltonian with

hopping and interaction terms. The low energy part of the Hamiltonian is expressible

in terms of creation and annihilation operators. We also include coupling to a gauge

field using the radiation gauge. In what follows, we treat the radiation classically

and the matter fields as quantum. With these assumptions, the low energy dispersion

relation near the Dirac points can be expressed as [4,35](for the derivation, refer to (A.1)

of Appendix-A),

Ĥ =
∑

α,β

vF ~σα,β · (~p−
e

c
~A(t)) ĉ†p,αĉp,β (2.1)
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where the Greek indices stand for either sublattice A or sublattice B of the honeycomb

lattice and ĉ†p (ĉp) is the creation (annihilation) operators, ~σ are the three set of pseudo

spin Pauli matrices, ~p is momentum and in addition to sublattice index the fermions

also carry a spin index and a valley index. If we take these indices in to account, the

full form of ĉ would be ĉ~p,α,σ,λ where α = A,B and σ ∈ {↑, ↓} and λ ∈ {1, 2}, where,
λ stands for valley indices. In the remainder of this chapter, we suppress the spin and

valley indices since they are important only when Coulomb terms are studied or when

magnetic impurities are present since these situations involve valley to valley scattering

and/or flipping of spins. We shall make these terms more explicit in future publications

that deal with excitonic effects.

With the help of Heisenberg’s equation (i~ ∂
∂t
〈Ô〉 = 〈[Ĥ, Ô]〉) followed by anti-

commutation relations ({x̂, ŷ} = x̂ŷ + ŷx̂), we have derived the equation of motion

for the following physical quantities,

ndiff (~k, t) = nA(~k, t)− nB(~k, t) = 〈c†k,A(t)ck,A(t)〉 − 〈c†k,B(t)ck,B(t)〉

and

p(~k, t) = 〈c†k,A(t)ck,B(t)〉

where, ndiff (~k, t) is the population excess between sublattice ‘A’ and sublattice ‘B’, and

p(~k, t) is defined as polarization. The equations are (setting ~ = 1),

∂

∂t
ndiff (~k, t) = 4 Im

(

vF ~σAB · (~k − e

c
~A∗(t))p(~k, t)

)

(2.2)

and,

i
∂

∂t
p(~k, t) = vF~σBA · (~k − e

c
~A(t))ndiff (~k, t) (2.3)

In keeping with custom, when dealing with sinusoidal fields, we choose to regard the

vector potential as complex and write ~A(t) = ~A(0)e−iωt and ~A∗(t) = ~A∗(0)eiωt. How-

ever, one may derive the equations below assuming ~A(t) is purely real (e.g. Ax(t) =

Cxcos(ωt+ δx) and Ay(t) = Cycos(ωt+ δy)) and then promote them to complex quanti-

ties (e.g. Ax(t) = Cxe
−i(ωt+δx) and Ay(t) = Cye

−i(ωt+δy)) consistent with the requirement

that ndiff is purely real and slow oscillations of ndiff at the Dirac points are due to one

branch of p only that oscillates with frequency e−iωt. The difference between treating

~A(t) real and complex only appears in the explicit formulas relating say, Rabi frequen-
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cies and the components of the fields. The phenomenon of anomalous Rabi oscillations

can also be obtained by treating the vector potential as purely real (see the appendix).

In this chapter we only care about establishing the phenomenon of anomalous Rabi

oscillations and comparing this frequency with that of resonant Rabi oscillations for

which any approach will suffice.

The above equations are also called coherent Bloch equations for graphene because of

the absence of a relaxation term. The relaxation terms lead to incoherent or dissipative

processes. These equations may be solved close to resonance using the well-known

rotating wave approximation. Far from resonance, a new version of RWA namely ARWA

has been employed. In the next two sections, we study these Bloch equations in the

regime where the frequency of incident optical field is much higher than the frequency

corresponding to the particle hole energy. We refer to this regime as the ‘ARWA

regime’. Whereas in the second section, we study these equations in the RWA regime,

the regime where the frequency of incident optical field is nearly equal to the frequency

corresponding to the particle hole energy and compare and contrast the results obtained

in these two cases.

2.4 Rabi oscillations in graphene

When a system of two level atoms interact with the externally applied optical field,

oscillation of atoms between the levels take place viz. a periodic exchange of energy

between the two level atoms and the applied optical field. This oscillation is known as

Rabi oscillation [94] and the frequency of such periodic oscillations is known as the Rabi

frequency. The frequency of these oscillations (the Rabi frequency) depends upon the

strength of applied field rather than its frequency. The sinusoidal oscillations have a

maximum amplitude at resonance. Since Rabi oscillations are associated with the two

level system, it is conceivable that a study the same phenomenon in case of graphene

where the levels are replaced by bands and possess a pseudospin degree of freedom,

may lead to some interesting novel phenomena.
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2.4.1 Conventional Rabi oscillations using rotating wave ap-

proximation

In this subsection, we derive the equations of motion of the population excess and

polarization (also known as density matrix equations) (2.2) and (2.3) in the RWA

regime. Traditionally [94], RWA refers to an approximation where the driving frequency

is close to one of the excitation or resonant frequencies of the system and the time

dependence of the dynamical quantities are factored into ‘fast’ and ‘slow’ variables: fast

being the external frequency, and slow referring to the difference between the external

frequency and the resonant frequency - characteristic of the two-level/two-band system.

The basic idea behind this approximation is that when we compute the time average of

the rapidly varying terms contained in density matrix equation over any a time interval

long compared to the rather small period of these rapidly varying terms, the result may

be expected to be very small. Hence we may therefore, neglect the rapidly varying

terms. This justification of RWA is not perfect, since it is just an approximation. In

1940 Bloch and Siegert showed that the terms which RWA neglects gives rise to a shift

in the true resonance frequency of the dipoles [45,112].

The Bloch equation (2.2) and (2.3) can be written in matrix form as,

i ∂t







ndiff (~k, t)

p(~k, t)

p∗(~k, t)






=







0 2zk −2z∗k
z∗k 0 0

−zk 0 0













ndiff (~k, t)

p(~k, t)

p∗(~k, t)







+







0 −2z∗A 2zA

−zA 0 0

z∗A 0 0













ndiff (~k, t)

p(~k, t)

p∗(~k, t)







where, zk = vF (~σAB · ~k) and zA = vF (~σBA · e
c
~A(t)) and ∂t is stand for ∂

∂t
. Diagonalize

the unperturbed Hamiltonian and make the following substitution,







ndiff (~k, t)

p(~k, t)

p∗(~k, t)






=









0 2
√

z∗
k

zk
−2
√

z∗
k

zk
z∗
k

zk
−z∗

k

zk
−z∗

k

zk

1 1 1















ñdiff (~k, t)

p̃(~k, t)

p̃
′
(~k, t)







After substituting we get a set of equations followed by the further substitutions
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p̃(~k, t) = e2ivF |k| P (~k, t), p̃′(~k, t) = e−2ivF |k| P ′(~k, t) and applying RWA we have,

i∂tñdiff (~k, t) = −e−i∆t zRzk
vF |k|

P (~k, t)− z∗Rz
∗
k

vF |k|
ei∆tP

′

(~k, t)

i∂tP (~k, t) = −ei∆t z
∗
Rz

∗
k

2vF |k|
ñdiff (~k, t)

i∂tP
′

(~k, t) = −e−i∆t zRzk
2vF |k|

ñdiff (~k, t)

where, ∆ = ω − 2vF |k| defined as small detuning.

Upon solving these equations, we may write the solution for ndiff (~k, t) and p(~k, t)

as (for detailed calculation see the Appendix-A),

ndiff (~k, t) =
1

2i (vF |k|) ΩB
(z∗kz

∗
R eiωt − zkzR e−iωt) sin(ΩB t)

− ∆

2(vF |k|) Ω2
B

(z∗kz
∗
R eiωt + zkzR e−iωt) (1− cos(ΩB t))

and,

p(~k, t) =

(−(vF |k|) ∆2

2zk Ω2
B

+
z∗kz

∗
R ∆

4zk Ω2
B

eiωt − zR ∆

4Ω2
B

e−iωt

)

−
(

z∗kz
∗
R

4izkΩB
eiωt +

zR
4i ΩB

e−iωt

)

sin(ΩB t)−
(

(vF |k|)ωR
2

2zk Ω2
B

+
z∗kz

∗
R ∆

4zk Ω2
B

eiωt − zR ∆

4Ω2
B

e−iωt

)

cos(ΩB t),

and the expression for the generalized Rabi frequency (in RWA regime) is given by,

ΩB =
√

∆2 + ω2
R (2.4)

and ∆ = ω − 2vF |k| is defined as small detuning.

Mischenko and Ishikawa use the following formulas to evaluate the current density

(for detailed calculation of current density see the Appendix-A)

~J(t) = 4
∑

~k

~j~k = 4evF
∑

~k

p∗(k, t)~σBA + 4evF
∑

~k

p(~k, t)~σAB

where the prefactor 4 = 2× 2 is for spin and valley degeneracy. For the small detuning
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case the expression for the p(~k, t) becomes (see for example the textbook by Haug),

p(~k, t) ∼ − zR
4iΩB

sin(ΩBt) e
−iωt

If one presumes that this expression is valid for all |k| then one may extract the slowly

varying part of the current density and use the Fourier transform in the frequency

domain one obtains,

~jslow,B(ω
′

) = −4evF~σAB

∑

k

zR
4iΩB

∫ +∞

−∞
dt sin(ΩB t) e−iω

′
t

This means for ω
′
> ωR,

~jslow,B(ω
′

) = −evF~σAB
zR
ωR

A
ω

4vF

ω
′

vF
√

ω′2 − ω2
R

(2.5)

and ~jslow,B(ω
′
) = 0 for ω

′
< ωR. In real time domain the expression for currents density

is given by (the physical current is the real part of this expressions),

~JB(t) = evF~σAB zRA
iω

8v2F
Y1(ωR|t|) Sign(t) e−iωt (2.6)

where, Y1 is the Bessel function of first kind.

2.4.2 Anomalous Rabi oscillations using asymptotic rotating

wave approximation

In the earlier section we described the conventional approach of obtaining an approx-

imate solution of the Bloch equations (2.2) and (2.3), viz. the RWA, but this is valid

only close to conventional resonance. The main contribution of this thesis is the obser-

vation that in graphene pseudospin affords other resonances not probed by RWA. In

order to probe resonances that are solely due to pseudospin new approximations have

to be introduced. One such approximation goes by the name of asymptotic rotating

wave approximation (ARWA) which is the alternative to rotating wave approximation

(RWA). The RWA interpretation is valid close to (conventional) resonance whereas

ARWA is valid when the driving frequency is much larger than any of the resonant

frequencies of the system i.e. extreme non-resonance case. The basic idea behind the

30

TH-1269_09612107
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ARWA interpretation is that the unknowns in the problem namely the number density

and polarization density are expressible as a harmonic series involving the largest of the

frequencies. The coefficients are assumed to be slowly varying on the scale of the largest

of frequencies. The equations for these coefficients are then solved by retaining only the

leading harmonics (see Results and Discussion section for a justification). In what fol-

lows we postulate that the largest frequency is ω which is the frequency of the external

field. One assumes that the external driving frequency ω is always much larger than

the conventional Rabi frequency ωR which in turn we assume is much larger than the

‘resonant’ frequency for the creation of particle hole pairs namely 2vF |k| (ω � ωR and

ω � 2vF |k|). This is in contrast to the usual condition (RWA) namely |ω−2vF |k|| � ω.

The main purpose of this work is to provide a contrast between the predictions made

using these two very different assumptions. In light of the observations just made, we

may write,

ndiff (~k, t) = ns(~k, t) + nf (~k, t) e
−iωt + n∗

f (
~k, t) eiωt

and

p(~k, t) = ps(~k, t) + p+(~k, t) e
−iωt + p−(~k, t) e

iωt

where, ns(~k, t) and ps(~k, t) are the slow variables and nf (~k, t), p+(~k, t), p−(~k, t) are

the fast variable along with e±iωt and ‘*’ appear at superscript position stand for the

complex conjugate. Substituting these values in to the equations (2.2) and (2.3) and

comparing the coefficients, the slowly varying parts obey the equations below,

∂tns(~k, t) = 4 Im
(

zk ps(~k, t)
)

+ 4 Im
(

zR p∗+(
~k, t)

)

and

i∂tps(~k, t) = z∗k ns(~k, t)− zR n∗
f(
~k, t)

whereas the rapidly varying parts obey the equations given by,

i∂tp+(~k, t) + ω p+(~k, t) = −zR ns(~k, t) + z∗k nf (~k, t),

i∂tp−(~k, t)− ω p−(~k, t) = z∗k n
∗
f(
~k, t)

and,

i∂tnf (~k, t) + ω nf(~k, t) = 2zk p+(~k, t) + 2zR p∗s(
~k, t)− 2z∗k p

∗
−(
~k, t)
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where we define zk ≡ vF (~σAB · ~k), z∗k ≡ vF (~σBA · ~k), zR = vF (~σBA · e
c
~A(0)), z∗R =

vF (~σAB · e
c
~A∗(0)) and ∂t as partial time derivative. In the remainder of this section, we

focus on the case when mutual interactions between the particles are absent (Vq = 0).

In other words we postpone the discussion of excitonic effects such as Excitonic Optical

Stark effect, dephasing and other incoherent effects brought about by carrier-phonon

scattering and carrier-carrier scattering to future works. Now we turn to the solutions

of above equations in ARWA regime.

The above set of equations may be solved analytically using an ansatz of the form,

X(~k, t) = X(~k, 0) cos(Ωt) + 1
Ω
Ẋ(~k, 0) sin(Ωt) where X = ns, nf , p+, p−, ps. From

the set of all possible solutions we may extract the effective Rabi frequencies Ω that

are relevant in the various limits under consideration. In general, one finds that Ω

is one of several possible solutions to a polynomial equation of a high degree. Fur-

ther approximations are needed to extract the frequencies in interesting limits. From

Mishchenko’s [54] work, we may infer that the Rabi frequency (for the Fermi bilin-

ears) is Ω ≈ (ω2
R + (ω − 2vF |k|)2)

1
2 valid in the limit |ω − 2vF |k|| � ωR � ω where

ωR = vF | ec~σBA · ~A(0)|. The main disadvantage of this limit is that for a fixed external

frequency ω, the results for polarization and population are available only for momenta

such that |k| ∼ ω
2vF

. Upon including Coulomb interaction, the various momenta get

mixed up and this solution becomes rather less useful. Hence we wish to focus on a

more general case. In particular we choose the limit ω � ωR and ω � vF |k|. In this

limit we find that |dX
dt
| � ω|X| hence terms such dX

dt
may be ignored in comparison

with ωX . This leads to the following solution for the slow and fast components of the

occupation and polarization.

nf (~k, t) ≈
2zR
ω

p∗s(
~k, t); n∗

f (
~k, t) ≈ 2z∗R

ω
ps(~k, t)

and

p+(~k, t) ≈ −zR
ω
ns(~k, t); p−(~k, t) ≈ −2z∗Rz

∗
k

ω2
ps(~k, t)

Therefore, equation for the slowly varying coefficient is given by,

i∂tps(~k, t) = z∗k ns(~k, t)−
2z∗RzR
ω

ps(~k, t)

and

∂tns(~k, t) = 4 Im
(

zk ps(~k, t)
)
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The solution above coupled equations may be written down as,

ns(~k, t) = ns(~k, 0) cos(ΩRt)

ps(~k, t) =
ΩRz

∗
kns(~k, 0)

4i(vFk)2

(

sin(ΩRt)− i
2ω2

R

ΩRω
cos(ΩRt)

)

(2.7)

where, ΩR appear in the above equations is defined as the generalized Rabi frequency

given by the following expression,

ΩR = 2

√

ω4
R + (vF |k|)2ω2

ω
(2.8)

and ωR = vF |~σBA · e
c
~A(0)| is the conventional Rabi frequency and ns(~k, 0) = ω(vF |k|)

ω2
R

,

p0(~k) = −kx+iky
2|k| is the value of polarization at t = 0 (for detailed calculation see the

Appendix-A). To calculate the equilibrium value of polarization we have considered an

undoped graphene system. Note that since we are operating in the limit ωR � ω and

vF |k| � ω it is quite possible that (vF |k|)ω ∼ ω2
R hence both these terms are retained

in the formula for ΩR.

To evaluate the current density in ARWA regime we use the same formula (2.4.1) as

in earlier section. Considering that one has to sum over all possible values of ~k and the

results obtained in earlier section (RWA regime) are valid only for |k| ∼ ω
2vF

it seems

more appropriate that we use our results which is valid for all |k| � ω
2vF

and ωR � ω.

We have to use the polarization formula given below,

p(~k, t) ≈ ps(~k, t)−
zR(vF |k|)

ω2
R

cos(ΩRt)e
−iωt.

The slowly varying part ps drops out upon summing over ~k leaving a term that oscillates

with the same frequency and in phase with the external field as we may have expected.

Thus the total current is,

~J(t) = −4evF~σAB

∑

k

zR(vF |k|)
ω2
R

cos(ΩRt) e
−iωt.

The experimentalist should extract the amplitude of the current that is oscillating with

frequency ω, Fourier transform it and plot it as a function of frequency. The Fourier
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transform of the slowly varying part of the current is,

~jslow(t) = −4evF~σAB

∑

k

zR(vF |k|)
ω2
R

cos(ΩRt)

=

∫ +∞

−∞

dω
′

2π
eiω

′
t ~jslow(ω

′

)

therefore,

~jslow(ω
′

) = −2e~σAB A
zR
ω2
R

(

ω
′2

4
− ω4

R

ω2

)

1
2 |ω′|

4vF
(2.9)

where, ω
′2

4
>

ω4
R

ω2 and ~jslow(ω
′
) = 0 otherwise. The slowly varying part of the net current

density in the system exhibits a threshold behavior in frequency domain with threshold

frequency equal to
2ω2

R

ω
. This is one of the main predictions of the present work. In real

time domain the current density is(t 6= 0 and ωR∗ =
2ω2

R

ω
),

~JR(t) = −evF~σAB A
zR

8v2Fω
2
R

ω2
R∗J2(ωR∗t)

|t| e−iωt (2.10)

where J2 is the Bessel function of second kind.

2.4.2.1 Solution of Bloch equations

In this section we justify why we are taking only upto first harmonics in ARWA analysis.

At the outset it is clear that if one includes only the slowly varying terms and drops

all the rapidly oscillating terms, the conventional Rabi resonance is lost. Therefore it

is important to include at least the first harmonic. Higher harmonics are important

at stronger field strengths where strong nonlinearity leads to effects such as the Bloch

Siegert shift [45,112] and so forth. But for graphene something more interesting is seen far

from resonance where a new form of Rabi oscillation attributable to pseudospin emerges

with a Rabi frequency small compared to the conventional Rabi frequency. Inclusion

of higher harmonics leads to newer anomalous resonances unlike in conventional Rabi

oscillations where inclusion of higher harmonics merely causes a shift in the conventional

resonance frequency. There is one special situation where the Bloch equations (2.2) and

(2.3) may be solved analytically. That special point is at the tip of the Dirac cones :
~k = 0. Exactly at the Dirac point, the Bloch equations become (where the momentum
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vanish),

i∂t ndiff (~0, t) = −2z∗R e
iωtp(~0, t) + 2zR e

−iωtp∗(~0, t)

and

i∂t p(~0, t) = −zR e−iωtndiff (~0, t)

The following substitution turns these equations into ODEs with constant coefficients

that may be solved analytically. Set p(~0, t) = e−iωtp̃(~0, t) to obtain,

i ∂t ndiff (~0, t) = 2 zR p̃∗(~0, t)− 2 z∗R p̃(~0, t)

and

ω p̃(~0, t) + i ∂t p̃(~0, t) = −zR ndiff (~0, t)

which leads to the solution p̃(~0, t) ∼ e± i
√

ω2+4ω2
R

t p̃(~0, 0). After back substitution we

may see that the slowly varying part of the polarization density for ω � ωR oscillates

with the anomalous Rabi frequency
2ω2

R

ω
.

2.4.3 Difference between conventional RWA and ARWA

In RWA limit, the applied optical frequency is comparable to the transition frequency

of the system i.e. the detuning (∆ = ω − ω0) is small compared to ω whereas in the

ARWA case, the applied optical frequency is much larger than the transition frequency.

Mathematically, the RWA is effected by keeping the detuning (difference between ω

and ω0) fixed while taking the ω → ∞ limit, whereas it the product of ω and ω0 that

is fixed in ARWA.

2.4.4 Comparison between the results obtained in RWA and

ARWA regimes

Above analysis shows two important conclusions - one is the crossover phenomenon

from anomalous to conventional Rabi oscillation as a function of the wave number

of the electron bands when the external frequency is kept fixed and the other is the

threshold behavior exhibited by the current density in the two different regimes. The

expression for the generalized Rabi frequencies ΩR (Eq.(2.8)) obtained in ARWA regime

and ΩB (Eq.(2.4)) inferred from the RWA reveals the crossover phenomenon. Fig.(2.1)
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which is the central result of our work describes this cross-over pictorially. A more

detailed description of this figure will be given later. The other significant observation

ARWA RWA HRWA

0 50 100 150
0

50

100

150

200

ek

W

Figure 2.1: This is the central result of our work. It depicts the dependence of the effective
or generalized Rabi frequency on the band energy ek = vF |k| for a fixed value of external
frequency (ω = 100) and Rabi frequency for zero detuning (ωR = 10) in generalized unit
(~ = 1). The solid black line ignore all harmonics in external frequency, The blue dot-dash
line line includes first harmonic and ignore second and higher harmonics. The green dashed
line includes upto second harmonic in the external frequency. The second inset figure shows
the small shift in minima which is nothing but the Bloch-Siegert shift.

is the two quite different threshold behaviors in frequency domain, in case of ARWA

Eq.(2.9) shows that the current approaches zero as a power law with threshold frequency

equal to
2ω2

R

ω
whereas in case of conventional resonance (RWA), Eq.(2.5) shows that the

current diverges as a power law with the threshold frequency being the simple Rabi

frequency ωR. In real time, the distinction is less obvious. For the sake of comparison,

the two currents in the frequency domain and time domain are given in Fig.(2.2) and

Fig.(2.3).

Our results are valid when vF
2π
a
� ω � ωR where a is the lattice spacing, so that

the Dirac cone approximation is still valid.

Till now we have discussed the Rabi oscillations and obtained the results using the

velocity gauge. For the sake of highlighting the nature of gauge choices, the next section

is totally devoted to the length gauge. This exercise is also meant to highlight the gauge

invariance of experimentally measurable quantities.
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Ω
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Figure 2.2: This plots shows the dependence of the slow part of the current density on
frequency. We have chosen ωR = 4Z∗Z = 1. The red solid curve is for graphene and blue
dotted one is for the exactly solvable model. In case of graphene there are two thresholds,

the smaller one is at
2ω2

R

ω (anomalous Rabi frequency) below which there is no current

2.5 Analysis under length gauge: The question of gauge

invariance

Here we wish to address the important question as to whether the results obtained so far,

especially the notion of anomalous Rabi frequency and cross-over, are gauge invariant

notions. This is important since only gauge invariant quantities are experimentally

accessible. In the earlier sections we have computed the current density which is gauge

invariant. In this section we investigate this issue in greater depth.

In earlier sections we have employed the so-called velocity gauge (only vector poten-

tial is present but no scalar potential). We now wish to show that the same results are

obtained with the other extreme choice namely - the length gauge (vice versa). This

transformation is well known and a good description may be found in this reference [113].

The required transformation is given in Eq.(10) of this paper. We wish to apply this

transformation to the Bloch equations (2.2) and (2.3) that uses the velocity gauge. We

can rewrite these equations in real space as,

i ∂tNdiff (~r, t) = 2vF

(

~σAB · (i∇− e

c
~A∗(t))P (~r, t)− ~σBA · (i∇− e

c
~A(t))P ∗(−~r, t)

)

,
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RWAARWA
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Figure 2.3: Here we see the slowly varying part of the current density with time of graphene
only. The dotted red curve is ARWA whereas solid green curve is RWA. The frequency

associated with the red curve is the anomalous Rabi frequency
2ω2

R

ω . The frequency with the
simple green curve is conventional Rabi frequency ωR

i ∂tP (~r, t) = vF~σBA · (i∇− e

c
~A(t))Ndiff (~r, t),

where we have used the following definition to write Ndiff (~k, t) and p(~k, t) in real space,

ψ(~r, t) =
1√
A
ei
~k·~r ck(t), ψ†(~r, t) =

1√
A
e−i~k·~r c†k(t).

Hence,

Ndiff (~r − ~r′, t) ≡ 〈ψ†
A(~r, t)ψA(~r′, t)〉 − 〈ψ†

B(~r, t)ψB(~r′, t)〉

=
1

A

∑

~k

e−i~k.(~r−~r′) ndiff (~k, t),

P (~r − ~r′, t) ≡ 〈ψ†
A(~r, t)ψB(~r′, t)〉 =

1

A

∑

~k

e−i~k.(~r−~r′) p(~k, t),
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Setting ~r′ = 0 the above equation becomes,

Ndiff (~r, t) ≡ 〈ψ†
A(~r, t)ψA(~0, t)〉 − 〈ψ†

B(~r, t)ψB(~0, t)〉

=
1

A

∑

~k

e−i~k.(~r) ndiff (~k, t),

P (~r, t) ≡ 〈ψ†
A(~r, t)ψB(~0, t)〉 =

1

A

∑

~k

e−i~k.(~r) p(~k, t).

Note that due to translational symmetry of the propagators, N∗
diff (~r, t) = Ndiff (−~r, t).

These equations are written in a specific gauge namely the velocity gauge where the

scalar potential is zero. In order to demonstrate gauge invariance we have to restore the

scalar potential and study the general equations. The presence of the scalar potential al-

ters the Hamiltonian by the addition of a piece
∫

d2r e(φ(~r, t)−φ(~0, t)) (ψ†
A(~r, t)ψA(~r, t)+

ψ†
B(~r, t)ψB(~r, t)).

i ∂tNdiff (~r, t) = 2vF ~σAB · (i∇− e

c
~A∗(t))P (~r, t)− 2vF ~σBA · (i∇− e

c
~A(t))P ∗(−~r, t)

−eφ(~r, t)Ndiff (~r, t) (2.11)

i ∂tP (~r, t) = vF~σBA · (i∇− e

c
~A(t))Ndiff (~r, t)− eφ(~r, t)P (~r, t) (2.12)

Now we wish to effect a gauge transformation. This means we have to change the

field variables ψ̃A,B(~r, t) = e−ieχ(~r,t)ψA,B(~r, t) by a local phase factor and simultaneously

shift the vector and scalar potentials by some amount that is going to be related to this

χ(~r, t). We set,

~̃A(t) = ~A(t)−∇cχ(~r, t), φ̃(~r, t) = φ(~r, t) +
∂

∂t
χ(~r, t).

We assert that the same equations hold for the new fields. We substitute these into the

equations to get,

X̃(~r, t) = eieχ(~r,t) X(~r, t)

for X = Ndiff , P . Thus the equations (2.11) and (2.12) are gauge invariant under

the gauge transformations defined above . Now we consider two different possibilities,
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first is the velocity gauge of the previous section. In this case, φ = 0 but ~A 6= 0. Its

antithesis is the length gauge wherein φ̃ 6= 0 but ~̃A = 0. Since we have just established

the relation between these two we may write,

φ̃(~r, t) = φ(~r, t) +
∂

∂t
χ(~r, t) = 0 +

∂

∂t
χ(~r, t),

0 = ~̃A(t) = ~A(t)−∇cχ(~r, t),

from this it follows that,

χ(~r, t) =
1

c
~r · ~A(t).

Thus in the length gauge we have to couple the equations to a scalar potential given

by φ̃(~r, t) = 1
c
~r · ∂

∂t
~A(t) = −~r · ~E(t) where ~E(t) is the applied electric field whereas the

vector potential is zero ~̃A = 0. Thus in the length gauge the Bloch equations read as

follows,

i ∂tÑdiff (~r, t) = 2vF ~σAB · i∇P̃ (~r, t)− 2vF ~σBA · i∇P̃ ∗(−~r, t)
+e~r · ~E(t)Ñdiff (~r, t) (2.13)

i ∂tP̃ (~r, t) = vF~σBA · i∇Ñdiff (~r, t) + e~r · ~E(t)P̃ (~r, t) (2.14)

Note that here ~E(t) is taken to be real. Now we wish to show that these equations also

lead to the anomalous Rabi frequency, thereby establishing the gauge invariance of the

concept of cross-over of Rabi oscillations. We note at the outset that the results for the

Rabi frequencies depend crucially on what we precisely mean by Rabi frequency. In the

cited works they refer to slow oscillations of wavefunctions relative to a predesignated

fast frequency. In this case, the results of the length gauge are not guaranteed to agree

with those obtained using the velocity gauge since wavefunctions are not gauge invari-

ant. Indeed it is well known that the Rabi frequency associated with the wavefunction

(rather than its bilinears) is given in the velocity gauge as [54].

ωRabi,V G = |sin(θp)|
eEvF
~ω

(2.15)
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whereas in the length gauge it is [109],

ωRabi,LG = |sin(θp)|
eE

2p
(2.16)

where tan(θp) =
py
px
. An accidental equality emerges at exact resonance 2pvF = ~ω. We

have to focus on quantities that are gauge invariant in order to extract Rabi frequencies

that are independent of choice of gauge. The gauge invariant quantities are naturally

- densities and currents. In case of graphene, the current is already gauge invariant

without the need to introduce a vector potential: J(~r, t) = evFψ
†(~r)~σψ(~r). Solving

Eq.(2.13) and Eq.(2.14) in real space directly using the analytical methods of previous

section seems not feasible.

To see this let us rewrite these equations in a form reminiscent of the time-dependent

Schrodinger equation (in the present context, ‘Dirac equation’ would be a better term).

X(~r, t) =







P̃ ∗(−~r, t)
Ñdiff (~r, t)

P̃ (~r, t)






(2.17)

H0(−i∇) ≡







0 −vF~σAB · i∇ 0

−2vF~σBA · i∇ 0 2vF~σAB · i∇
0 vF ~σBA · i∇ 0






(2.18)

i∂tX(~r, t) = (H0(−i∇) + ~r · e ~E(t))X(~r, t) (2.19)

We now wish to diagonalize the full Hamiltonian to find a set of basis functions.

(H0(−i∇) + ~r · e ~E(t))ϕ(~r, t) = λ(t)ϕ(~r, t)

Thus we are compelled to find solutions to the following eigenvalue problem ϕ ≡
(ϕ−1, ϕ0, ϕ1)

T .

−vF~σAB · i∇ϕ0(~r, t) = (λ(t)− ~r · e ~E(t))ϕ−1(~r, t)

−2vF~σBA · i∇ϕ−1(~r, t) + 2vF~σAB · i∇ϕ1(~r, t) = (λ(t)− ~r · e ~E(t))ϕ0(~r, t)
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vF ~σBA · i∇ϕ0(~r, t) = (λ(t)− ~r · e ~E(t))ϕ1(~r, t).

This is difficult to do. The simpler route is to transform away the potential part via

a unitary transformation which will lead us back to the velocity gauge where a simple

solution is possible as we have already shown in earlier section.

Thus showing that our results are recovered also in the length gauge amounts to

first transforming the equations to the length gauge, realizing that the two formalisms

are equivalent, also realizing that explicit analytical results are hard to obtain sys-

tematically due to the combined presence of a position vector and gradient operator,

transforming back to the velocity gauge and showing that the equations are solvable

analytically due to the absence of gradients and position vectors and so on. The reason

why Ishikawa, Avetissian et al. are able work with the length gauge is because they

deal with wavefunctions and single out one special direction namely the direction of the

electric field and when the external momentum is parallel to this field the equation for

the wavefunctions (the Dirac equation) becomes analytically soluble. However we deal

with equations for the bilinears that do not appear to have any such feature. We feel

our approach is natural as it is similar to much of the discussion on optical properties

of semiconductors as discussed in the book by Haug and Koch [46].

2.5.1 Computations of gauge invariant quantities

The preceding discussion makes it clear that in the present context, the notion of a Rabi

frequency is not particularly meaningful as it is tied to a specific choice of gauge. Thus

in order to give universal meaning to this notion we have to focus on gauge invariant

quantities. From the earlier section it is clear that the quantities P (~r, t), Ndiff (~r, t) are

in general not gauge invariant. However P (~0, t) = 〈ψ†
A(~0, t)ψB(~0, t)〉 and Ndiff (~0, t) =

〈ψ†
A(~0, t)ψA(~0, t)〉 − 〈ψ†

B(~0, t)ψB(~0, t)〉 are in fact gauge invariant. Thus we have to

somehow solve for these quantities and then examine whether they exhibit oscillations

that may be characterized as Rabi oscillations. To this end we rewrite Eq.(2.13) and

Eq.(2.14) as a time dependent Schrodinger (Dirac) equation (we work in the velocity

gauge φ ≡ 0 as we have just argued that this is the ideal gauge when dealing with

bilinears of the fields).

i ∂tP
∗(−~r, t) = −vF~σAB · (i∇− e

c
~A∗(t))Ndiff (~r, t) (2.20)
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i ∂tNdiff (~r, t) = 2vF

(

~σAB · (i∇− e

c
~A∗(t))P (~r, t)

−~σBA · (i∇− e

c
~A(t))P ∗(−~r, t)

)

(2.21)

i ∂tP (~r, t) = vF~σBA · (i∇− e

c
~A(t))Ndiff (~r, t) (2.22)

Define X as,

X(~r, t) =







P̃ ∗(−~r, t)
Ñdiff (~r, t)

P̃ (~r, t)






(2.23)

also,

V̂ (t) ≡







0 vF~σAB · e
c
~A∗(t) 0

2vF~σBA · e
c
~A(t) 0 −2vF~σAB · e

c
~A∗(t)

0 −vF ~σBA · e
c
~A(t) 0






(2.24)

In momentum space,

X(~r, t) =
1

A

∑

~k

e−i~k·~rx(~k, t)

If,

H0 ≡







0 −vF~σAB · ~k 0

−2vF~σBA · ~k 0 2vF~σAB · ~k
0 vF ~σBA · ~k 0






(2.25)

then,

i∂tx(~k, t) = (H0 + V̂ (t))x(~k, t)

Till now no approximations have been made. We now decompose these variables in

terms of harmonics of ω, neglecting second and higher harmonics. We write

x(~k, t) = xs(~k, t) + x+(~k, t)e
iωt + x−(~k, t)e

−iωt,

V̂ (t) = eiωt V+ + e−iωt V−
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where,

V+ =







0 vF~σAB · e
c
~A∗(0) 0

0 0 −2vF~σAB · e
c
~A∗(0)

0 0 0







V− =







0 0 0

2vF~σBA · e
c
~A(0) 0 0

0 −vF ~σBA · e
c
~A(0) 0







We have to stress at this stage that we are trying to determine x(~k, t) so that we may

then compute X(~0, t) = 1
A

∑

~k x(
~k, t) which is a gauge invariant rather that x(~k, t) itself.

The very definition of a slowly varying function means that we are entitled to consider

|ẋ±(~k, t)| � |x±(~k, t)|ω.

i∂txs(~k, t) = H0xs(~k, t) + V̂+x−(~k, t) + V̂−x+(~k, t), (2.26)

(−ω −H0) x+(~k, t) = V̂+xs(~k, t) ; (ω −H0) x−(~k, t) = V̂− xs(~k, t). (2.27)

From this we may derive an equation for the slowly varying part of the fundamental

quantities of this work,

i∂txs(~k, t) = Hfull xs(~k, t) (2.28)

where,

Hfull =





















−
2ω2

R
ω

((2vF k)2−ω2)
−(kx − iky)vF

(

1 −
2ω2

R
((2vF k)2−ω2)

)

0

2(kx + iky)vF

(

−1 +
2ω2

R
((2vF k)2−ω2)

)

0 2(kx − iky)vF

(

1 −
2ω2

R
((2vF k)2−ω2)

)

0 (kx + iky)vF

(

1 −
2ω2

R
((2vF k)2−ω2)

)

2ω2
R

ω

((2vF k)2−ω2)





















(2.29)

In this case three regimes occur naturally :

(i) ω � 2vFk (ii) ω ≈ 2vFk (iii) ω � 2vFk.

The first case is what we have been calling ARWA. The second case is the conventional

RWA. The third case is equivalent to the free particle situation. We will always assume

ω � ωR.
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(i)

Hfull ≈







2ω2
R

ω
−(kx − iky)vF 0

−2(kx + iky)vF 0 2(kx − iky)vF

0 (kx + iky)vF −2ω2
R

ω







(ii)

Hfull ≈









− 2ω2
Rω

((2vF k)2−ω2)
(kx − iky)vF

2ω2
R

((2vF k)2−ω2)
0

2(kx + iky)vF
2ω2

R

((2vF k)2−ω2)
0 −2(kx − iky)vF

2ω2
R

((2vF k)2−ω2)

0 −(kx + iky)vF
2ω2

R

((2vF k)2−ω2)

2ω2
R
ω

((2vF k)2−ω2)









(iii)

Hfull ≈







0 −(kx − iky)vF 0

−2(kx + iky)vF 0 2(kx − iky)vF

0 (kx + iky)vF 0







We may formally write the solution as U(t) = e−itHfull,

xs(~k, t) = U(t) xs(~k, 0)

xs(~k, t→ −∞) = U(−∞) xs(~k, 0).

In case of ARWA (i) using Mathematica we may show that,

U(i)(−∞) =









(kvFω)2

2((kvF ω)2+ω4
R
)

(kx−iky)vFωω2
R

2((kvF ω)2+ω4
R
)

(kx−iky)2v2F ω2

2((kvF ω)2+ω4
R
)

(kx+iky)vF ωω2
R

((kvF ω)2+ω4
R
)

ω4
R

((kvF ω)2+ω4
R
)

(kx−iky)vFωω2
R

((kvFω)2+ω4
R
)

(kx+iky)2v2Fω2

2((kvF ω)2+ω4
R
)

(kx+iky)vFωω2
R

2((kvF ω)2+ω4
R
)

(kvF ω)2

2((kvF ω)2+ω4
R
)
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In general we may write,

U(i)(t) = U(i)(−∞) + e2it
√

ω4
R

+(kvF ω)2

ω U(i)+ + e−2it

√
ω4
R

+(kvF ω)2

ω U(i)−

where

U(i)+ =







(kF vF ω)2+2ω4
R

−2ω2
R

√

(kvF ω)2+ω4
R

4(ω4
R

+(kvF ω)2)
−

(kx−iky)vF ω(ω2
R

−

√

(kvF ω)2+ω4
R

)

4(ω4
R

+(kvF ω)2)
−

(kx−iky)2v2
F

ω2

4(ω4
R

+(kvF ω)2)

−
(kx+iky)vF ω(ω2

R
−

√

(kvF ω)2+ω4
R

)

2(ω4
R

+(kvF ω)2)

(kvF ω)2

2(ω4
R

+(kvF ω)2)
−

(kx−iky)vF ω(ω2
R

+
√

ω4
R

+(kvF ω)2

2(ω4
R

+(kvF ω)2)

−
(kx+iky)2v2

F
ω2

4(ω4
R

+(kvF ω)2)
−

(kx+iky)vF ω(ω2
R

+
√

(kvF ω)2+ω4
R

)

4(ω4
R

+(kvF ω)2)

(kvF ω)2+2ω4
R

+2ω2
R

√

(kvF ω)2+ω4
R

4(ω4
R

+(kvF ω)2)







U(i)− =







(kF vF ω)2+2ω4
R

+2ω2
R

√

(kvF ω)2+ω4
R

4(ω4
R

+(kvF ω)2)
−

(kx−iky)vF ω(ω2
R

+
√

(kvF ω)2+ω4
R

)

4(ω4
R

+(kvF ω)2)
−

(kx−iky)2v2
F

ω2

4(ω4
R

+(kvF ω)2)

−
(kx+iky)vF ω(ω2

R
+
√

(kvF ω)2+ω4
R

)

2(ω4
R

+(kvF ω)2)

(kvF ω)2

2(ω4
R

+(kvF ω)2)
−

(kx−iky)vF ω(ω2
R

−

√

ω4
R

+(kvF ω)2

2(ω4
R

+(kvF ω)2)

−
(kx+iky)2v2

F
ω2

4(ω4
R

+(kvF ω)2)
−

(kx+iky)vF ω(ω2
R

−

√

(kvF ω)2+ω4
R

)

4(ω4
R

+(kvF ω)2)

(kvF ω)2+2ω4
R

−2ω2
R

√

(kvF ω)2+ω4
R

4(ω4
R

+(kvF ω)2)







In case of RWA we may see that,

U(ii)(−∞) =





2(vF k)2

((2vF k)2+ω2)

(kx−iky)vF ω

((2vF k)2+ω2)

2(kx−iky)2v2
F

((2vF k)2+ω2)
2(kx+iky)vF ω

((2vF k)2+ω2)
ω2

((2vF k)2+ω2)

2(kx−iky)vF ω

((2vF k)2+ω2)

2v2
F

(kx+iky)2

((2vF k)2+ω2)

(kx+iky)vF ω

((2vF k)2+ω2)

2(vF k)2

((2vF k)2+ω2)





and similar matrices U(ii)+ and U(ii)− so that,

U(ii)(t) = U(ii)(−∞) + U(ii)+e
2it

√
ω2+(2vF k)2ω2

R

ω2−(2vF k)2 + U(ii)−e
−2it

√
ω2+(2vF k)2ω2

R

ω2−(2vF k)2

Finally in the free case 2vFk � ω � ωR (θk = Tan−1( ky
kx
)),

U(iii)(t) =







cos2(vFkt)
i
2
sin(2vFkt)e

−iθk sin2(vFkt)e
−2iθk

ieiθksin(2vFkt) cos(2vFkt) −isin(2vF kt)e−iθk

sin2(vFkt)e
2iθk − i

2
sin(2vFkt)e

iθk cos2(vFkt)







We have to compute the gauge invariant quantity,

∑

~k

xs(~k, t) =
∑

~k

U(t)U−1(−∞)xeq(~k)

where xeq(~k) is the equilibrium value of the vector x. While doing so we note that the

dominant contribution comes from the ARWA regime. The conventional RWA in fact
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is quite singular since the frequency associated with it is 2

√
ω2+(2vF k)2ω2

R

ω2−(2vF k)2
. This diverges

in the RWA regime when ω ∼ 2vFk. This means we may ignore this contribution

while evaluating the slowly varying contributions since a divergent frequency means the

dependent variables average out to zero due to rapid oscillations. Similarly the free case

has frequency 2vF |k| � ω � ωR which may also be ignored while evaluating the slowest

contributions. Thus the slowest contributions to the gauge invariant quantities comes

from the ARWA regime and corresponds to the anomalous Rabi frequency 2

√
ω4
R
+(kvFω)2

ω
.

The gauge invariant current density associated with ARWA has already been computed

in an earlier section.

This discussion clearly shows that non-resonant excitations produce slow time vary-

ing currents in graphene. This feature is unique to graphene and is attributable to the

pseudospin character of the graphene Hamiltonian as we have pointed out on several

occasions. This feature is absent in the toy model which we shall discuss in the next

section that shares all qualities of graphene except pseudospin. The discussion in this

section also shows that the concept of anomalous Rabi frequency is a gauge invariant

notion since the gauge invariant current has been shown oscillate with this frequency.

2.6 Toy model: Analogous to graphene except “pseu-

dospin”

In conventional semiconductors, the dispersion of carriers is parabolic and three dimen-

sional, and no pseudospin-like term is present unlike graphene, where the off-diagonal

terms present in the Hamiltonian show pseudospin. The notion of pseudospin requires

elaboration. Since a Hamiltonian of the form H = vF~σ · ~p is unitarily equivalent to

H = vF |p|σz which is purely diagonal it is not proper to attribute pseudospin to the

presence of off-diagonal terms alone. While these two forms are unitarily equivalent,

cast in real space, one of them is local and the other is not. By this we mean in the

former case an identification p → −i d
dx

poses no difficulty in interpretation whereas in

the second case it is problematic. The problem becomes even more severe with mini-

mal coupling to a vector potential. Hence we may unambigiously claim that there is

a qualitative difference between the local graphene Hamiltonian and its diagonalised

non-local version. It is the original form of the Hamiltonian H = vF~σ · ~p that be-

comes H = vF~σ · (~p − e
c
~A(t)) upon minimal coupling to a vector potential. It is the
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non-diagonal but local nature of this Hamiltonian that leads to anomalous Rabi oscil-

lations. A nondiagonal local Hamiltonian is said to possess pseudospin whereas a local

diagonal Hamiltonian such as H = p2

2me
σz does not posesses pseudospin and shows no

anomalous Rabi oscillation. Nonlinear optical processes have been extensively stud-

ied in semiconductors [46]. We now wish to present an exactly solvable analog of the

graphene Hamiltonian identical to the latter in all respects except one - namely that

no pseudospin character is present. We then go on to show that the cross-over phe-

nomenon we saw earlier for graphene is absent in the exactly solvable model. Thus

the crossover to a new smaller ‘anamolous’ Rabi frequency may be directly attributed

to the pseudo-spin character of the Hamiltonian of graphene. Consider the following

Hamiltonian,

H = H0 +HI

where,

H0 =
∑

~p

vF |p|(c†~p c~p + d†~p d~p), HI =
∑

~p

(

− e

mc
~A(t) · ~pvc c†~p d

†
−~p + c.c.

)

,

where, c†, (c) is the creation (annihilation) operator corresponding to electron associ-

ated with conduction band whereas d†, (d) is for holes associated with valence band.

This model is identical to graphene in all respects - the (kinetic energy) dispersion

is linear, the system is two dimensional, the band gap is zero and there is particle

hole symmetry. The only thing absent is pseudospin. The quantities of interest are

p(~k, t) = 〈d−~k c~k〉, ne(~k, t) = 〈c†~kc~k〉, nh(~k, t) = 〈d†−~k
d−~k〉, n(~k, t) = ne(~k, t) + nh(~k, t).

Using same procedure as in earlier section, the equation of motion is given as,

i∂tn(~k, t) =
2e

mc

(

− ~A(t) · ~pvc p∗(~k, t) + ~A∗(t) · ~p ∗
vc p(

~k, t)
)

, (2.30)

i∂tp(~k, t) = 2vF |k| p(~k, t)−
e

mc
~A(t) · ~pvc (1− n(~k, t)). (2.31)

One could apply the same two ideas on these equations to see what differences emerge

from the graphene case. As it happens, due to a high degree of symmetry these equations

may be solved exactly unlike the graphene case which is quite messy. The final results
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may be easily verified by simple substitution (here ∆ = ω − 2vF |k| is the detuning),

n(~k, t) =
4Z∗Z(1− cos(ΩRt))

Ω2
R

, (2.32)

p(~k, t) = e−iωt Z(−∆+∆cos(ΩRt) + iΩR sin(ΩRt))

Ω2
R

(2.33)

where ΩR = (∆2 + 4Z∗Z)
1
2 is the effective Rabi frequency and Z = e

mc
~A(0) · ~pvc (we

have chosen n(~k, 0) = p(~k, 0) = 0). For zero detuning the Rabi frequency is 2|Z|. In the

other extreme, we obtain a result similar to the graphene case but with some differences.

In the large frequency limit, we may expand the effective Rabi frequency in powers of

ω−1 as,

ΩR = (∆2 + 4Z∗Z)
1
2 ≈ (ω − 2vF |k|+

2Z∗Z

ω
)

then Eq.(2.33) becomes,

p(~k, t) =
Z

ω
(−e−iωt + eit(−2vF |k|+ 2Z∗Z

ω
)) (2.34)

Thus the part that oscillates with the external frequency (ω) has a constant amplitude

making the current in frequency domain a delta function - a very different result from

what we saw in the graphene case. Alternatively, one may obtain the same result using

the ARWA procedure we employed for graphene Bloch equations (2.2) and (2.3),

p+(~k, t) ≈ −Z
ω

; nf (~k, t) = −2Z

ω
p∗s(
~k, t) ; ns(~k, t) = O(

1

ω2
)

and

(i∂t − 2vF |k|)ps(~k, t) ≈ − 2Z∗Z

ω
ps(~k, t).

Thus the solution given earlier, Eq.(2.34), is consistent with these equations. Hence we

may expect our predictions in the case of graphene to be valid since the methods have

been validated by testing against an exact solution. Analogous to the graphene case

we may use the exact solution to extract the a.c. current in the frequency and time
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domains. For ω
′
> 0 (define ∆

′
=

√
ω′2 − 4Z∗Z),

~jslow,EXACT (ω
′

) = ~K δ(ω
′

) +
∑

s=±1

s~pvc
A

4v2F
θ(ω − s∆

′

)(ω − s∆
′

)

Z(s∆
′

2
+ 1

2
ω

′
)

ω′2

θ(ω
′ −

√
4Z∗Z)

∆′ ω
′

, (2.35)

where ~K is some constant that depends also on the lattice spacing, ΩR = (∆2+4Z∗Z)
1
2

, ∆ = ω − 2vF |k|.

The current density in time domain is given by,

~Jslow(t) = ~pvc
A

(2π)

ω

2vF

iZ

vF

π

2
0F

1[1,−t2Z∗Z]Sign[t], (2.36)

where 0F
1 is the regularized Hypergeometric function.

One can see from this exact result (Eq.(2.35)) that there is a spike at zero frequency

followed by a gap and then power-law behavior near a threshold at the canonical Rabi

frequency ωR =
√
4Z∗Z. This may be contrasted with the approximate result described

in Eq.(2.34) from where we may derive,

~jslow,ARWA(ω
′

) = ~K δ(ω
′

). (2.37)

Thus the behavior at very low frequencies is well described by ARWA but not at higher

frequencies. As a final comparison we study the exact result in the resonant limit

(conventional RWA) when detuning is small. In this case Eq.(2.33) reduces to,

p(~k, t) ≈ e−iωt (Zi)
sin(ΩRt)

ΩR

using this result, the current density in frequency domain can be written as,

~jslow,RWA(ω
′

) =
∑

s=±1

sAe~σAB Z

4π
θ(ω − s∆

′

)π(ω − s∆
′

)
θ(ω

′ −
√
4Z∗Z)

∆′ (2.38)

The equations Eq.(2.35), Eq.(2.37) and Eq.(2.38) are particularly illuminating. We see

that the exact current is nothing but the sum of the RWA and ARWA currents so long
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as we focus only on the threshold or singular behavior. Thus we may write,

~jEXACT (ω
′

) = ~jRWA(ω
′

) +~jARWA(ω
′

).

When ω
′
is close to the conventional Rabi frequency, the exact current is well approx-

imated by the simple RWA current. However when the frequency ω
′
is close to the

anomalous Rabi frequency (in this case it is zero) then the exact current is well approx-

imated by the ARWA current. We expect a similar observation to hold in the case of

graphene where the equations cannot be solved exactly due to pseudospin.

Having an exact solution to test approximations against is always a boon and we

have convincingly demonstrated that the scheme that we applied to graphene is valid.

From this description, it is clear that conventional RWA shows threshold behavior near

the canonical Rabi frequency, whereas ARWA shows possible threshold behavior or

other type of singular behavior at a ‘crossed over’ Rabi frequency, typically much smaller

than the conventional Rabi frequency. We can see that the phenomenon of crossover

is quite generic, except that in the case of graphene it is more interesting since the

singular behavior in the crossed over low frequency regime is also a power law threshold

behavior. More importantly, in case of models with pseudospin the ‘anomalous’ Rabi

frequency is non-zero. Before we move to a description of the plots, it is desirable to have

a deeper understanding of why the graphene equations are not exactly soluble whereas

the pseudospin-less model has an exact solution. A comparison of Eq.(2.2), Eq.(2.3)

with Eq.(2.33), Eq.(2.33) shows why. The latter equations are invariant under a phase

transformation p(~k, t) → p(~k, t) eiθ, ~A(t) → ~A(t) eiθ and n(~k, t) → n(~k, t) whereas the

Eq.(2.2) and Eq.(2.3) are not. This symmetry may be exploited to generate a solution.

The Noether constant associated with this symmetry may be written down as,

Q = n(~k, t)∆ + 4Re
( e

mc
~p ∗
vc · ~A∗(t) p(~k, t)

)

. (2.39)

The absence of such a symmetry means that the polarization and occupation involve all

higher harmonics in the external frequency whereas this is not the case in the exactly

solvable model, the polarization is expressible in terms of a prefactor e−iωt times a slowly

varying term. In other words, the presence of pseudospin means that the equations are

not exactly solvable. This also seems to lead to two non-trivial Rabi frequencies rather

than one for the integrable model. We do not have a deeper understanding of this

phenomenon other than to attribute this to (or to the lack of) pseudospin.
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Till now we have discussed the phenomenon of anomalous Rabi oscillations in

graphene in presence of continuous intense optical field, in the next section we will

show that pulses of a finite duration also produce anomalous Rabi oscillations.

2.7 Anomalous Rabi oscillations with pulsed non-resonant

excitation

It is well known that finite duration pulses also produce Rabi oscillations. Here the new

ingredient that enters into the formalism is known as the “area of the pulse” defined

as the area under the pulse envelope well described in various textbooks [45]. We now

wish to show that similar considerations apply when one studies graphene far from

resonance. At this stage, a few words regarding the choice of gauge seems appropriate.

Typically one starts with the density matrix ρi,j(P,P
′
) (a bilinear in the fields) where P

is the canonical momentum. Here ρi,j(P,P
′
) describes the distribution and transitions

in the canonical momentum space. For example, ρ1,1(P,P) is the probability to find

the particle in the lower band with canonical momentum P. In the case of length

gauge, interaction is described by the potential energy V̂ = er · E(t) and “p-space”

corresponds to kinetic momentum. Thus, in this case ρi,j(p,p
′
) is the probability to

find the particle in the upper band with kinetic momentum p. The relation between

kinetic and canonical momentum is p = P − e
c
A(t). In the velocity gauge, only when

A(t < ti) = 0 (before the pulse) and when A(t > tf ) = 0 (after the pulse) one may

regard P as the kinetic (physical) momentum.

We now present a physical explanation of slow oscillations similar to Rabi, far from

resonance. The Rabi frequency describes the rate of the oscillations of the state’s

populations and it is meaningful for a resonant interaction. In case of graphene it

should describe the rates of interband transitions and with an appropriate choice of

the “interaction area” one should be able to obtain desired electron-hole superposition

states. Hence we wish to show that due to the interaction with wave pulse (A = 0

before and after the interaction) one can obtain nonzero inter-band transitions due

to slow oscillations far from resonance. The situation close to resonance in atomic

(two-level) systems is well described in various text books [45]. The far from resonance

condition is something we have been calling ARWA. Strictly speaking, the only criterion

that applies in case of ARWA is that ω - the external driving frequency - is the largest.
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For the case of pulsed excitation, the vector potential is ~A(t) = ~As(t)e
−iωt where ~As(t)

is the slowly varying part of the vector potential. In ARWA, no assumption is needed

regarding the relative sizes of the quantity we call zR(t) = vF (~σBA · e
c
~As(t)) and 2vF |k|.

For pulsed excitation ~As(t) = 0 before and after the pulse has passed. Hence in these

regimes 2vF |k| � |zR| = 0, however at all times one has to ensure that ω � |zR|, 2vF |k|.
Notice that by definition, zR(t) is complex. Thus while, zR(t) = vF (~σBA· ec ~As(t)) whereas

z∗R(t) = vF (~σAB · ec ~A∗
s(t)). For a pulse,

~As(t) ≡ 0 when t > tf and t < ti where T = tf−ti
is the pulse duration. From an earlier section we may write down the ARWA equations

for a pulse instead of a continuous wave train,

p+(~k, t) ≈ −zR(t)
ω

ns(~k, t) ; nf (~k, t) ≈
2zR(t)

ω
p∗s(
~k, t)

and,

p−(~k, t) ≈ −2z∗R(t)z
∗
k

ω2
ps(~k, t)

Therefore, the equation for slowly varying coefficients become

i∂tps(~k, t) = z∗k ns(~k, t)−
2z∗R(t)zR(t)

ω
ps(~k, t)

and

∂tns(~k, t) = 4 Im
(

zk ps(~k, t)
)

where zk = vF (kx − iky). The only assumptions involved in deriving these have been

that ω is the largest of the frequencies so that |Ẋ| � ω|X|. We now define ω2
R(t) ≡

z∗R(t)zR(t), as the (square of the) effective Rabi frequency for the pulse. By substituting

one equation into another we get,

∂tns(~k, t) = 4 Im
(

zk ps(~k, t)
)

i∂tps(~k, t) = z∗k ns(~k, t)−
2ω2

R(t)

ω
ps(~k, t)

In case ωR(t) varies slowly (|ω̇R(t)| � ω2
R), we my write the approximate solution

by replacing ωR by ωR(t) the earlier solution for a continuous wave train. The only

difference now is that instead of ΩRt we have to write Φ(t), defined by the following
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expression,

Φ(t) ≡
∫ t

ti

dt
′

ΩR(t
′

)dt
′

which is nothing but the area of the pulse. For example if Φ = π an atom in the grand

state initially, ends up in the excited state at the end of the pulse. A pulse with this

area is known as a π pulse. If the pulse area is 2π the atom ends up back in its initial

state. Thus we can see that the cyclic nature is completely determined by the area of

the pulse. Hence, in case of a pulse, the earlier solution in presence of a continuous

wave train modified as follows,

ns(~k, t) = ns(~k, ti) cosΦ(t)

ps(~k, t) =
ΩR,∗z

∗
kns(~k, ti)

4i(vFk)2

(

sinΦ(t)− i
2ω2

R,∗
ΩR,∗ω

cos Φ(t)

)

(2.40)

ΩR(t) = 2

√

ω4
R(t) + (vF |k|)2ω2

ω
(2.41)

and ns(~k, ti) =
ω(vF |k|)
ω2
R,∗

, p0(~k) = −kx+iky
2|k| is the value of polarization at t = ti (we only

discuss undoped graphene). Where we have defined ωR(t) = vF |~σBA · e
c
~As(t)| as Rabi

frequency. (we may use the average value of this namely ωR,∗ outside the argument of

trignometric functions). Since ns(t) = nA(t)− nB(t) measures the population excess of

the A sublattice relative to the B sublattice, we see a quasi-sinusoidal oscillation where

one sublattice is filled initially and the other is empty and over time the situation is

reversed and so on until the pulse lasts. Once the pulse is switched off, close to the

bottom of the bands vF |k| ≈ 0 we see that the population excess freezes to a value

determined entirely by the total area of the pulse Φmax =
∫ tf
ti
dt

′
ΩR(t

′
)dt

′
. Thus,

ns(~k, tf) = ns(~k, ti) cosΦmax

for a pulse such that Φmax = π we see a complete inversion of population. Thus the

situation is entirely analogous to the resonant two-level case except that the conven-

tional Rabi frequency is replaced by the anomalous Rabi frequency. This is only true

on time scales small compared to (2vF |k|)−1. For longer time scales, the inversion is not
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permanent and it also oscillates with the frequency 2vF |k|. As pointed out earlier, the

anomalous Rabi frequency far from resonance arises due to pseudospin and is peculiar

to graphene.

The next section is devoted to addressing what superficially appears to be a non-

issue, viz. why we chose a complex vector potential instead of a real one. In linear

response theory, the choice is a matter of convenience. An exponential time dependence

is far more convenient to deal with than a trignometric one, since upon differentiation

an exponential remains the same apart from multiplicative constants. Hence choosing a

complex exponential time dependence has become customary. But when we go beyond

linear response, higher powers of the fields mean that these two choices are no longer

equivalent.

2.8 Issue of the vector potential: Real vs complex

Here we show that treating the vector potential as a real quantity leads to a formula

for the Rabi frequency found by Mishchenko [54] whereas treating it as complex with

one branch only viz. e−iωt leads to our formula [53]. We favor treating the vector poten-

tial complex since it simplifies the introduction of higher harmonics while paying the

small price of getting a trigonometric factor wrong in the final formula for the Rabi

frequency. This is a small price to pay since the discrepancy between the two results

is significant only when the electric field and the momentum are in the same direction.

While summing over momenta to find the current density, all directions are included

and thus the discrepancy is mitigated. To see this more clearly we proceed as follows.

The graphene Hamiltonian is,

H = ψ†
AvF~σAB · (~p− e

c
~A(t))ψB + ψ†

BvF~σBA · (~p− e

c
~A∗(t))ψA

The polarization and populations are defined as,

p(t) = ψ†
A(t)ψB(t); p

∗(t) = ψ†
B(t)ψA(t);

n(t) = ψ†
A(t)ψA(t)− ψ†

B(t)ψB(t)
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Thus equation of motion,

i ∂t n(t) = 2vF ~σAB · (~p− e

c
~A(t)) p(t)− c.c.

i ∂t p(t) = vF ~σBA · (~p− e

c
~A∗(t)) n(t)

i ∂t p
∗(t) = −vF ~σAB · (~p− e

c
~A(t)) n(t)

Choices:

(i) Mishchenko : ~A(t) = ~A∗(t) = −x̂ cE
ω
sin(ωt).

(ii) Enamullah et.al. [53] : ~A(t) = (Ax(0)x̂ + Ay(0)ŷ)e
−iωt, ~A∗(t) = (A∗

x(0)x̂ +

A∗
y(0)ŷ)e

iωt

First Mishchenko’s theorem: If ~A(t) is real and linearly polarized along ~p, there

are no Rabi oscillations.

Proof: In this case we may write e
c
~A(t) = ~pa(t) so that ~σAB · ~p = px − ipy = p−. This

means,

i∂tn(t) = 2vFp−(1− a(t))p(t)− 2vFp+(1− a(t))p∗(t),

i∂tp(t) = vFp+(1− a(t))n(t), i∂tp
∗(t) = −vF p−(1− a(t))n(t).

Set p−p(t)− p+p
∗(t) ≡ z(t). This gives the following simplified coupled equations:

i∂tz(t) = 2vF |p|2(1− a(t))n(t),

i∂tn(t) = 2vF (1− a(t))z(t).

There is a bilinear conserved quantity associated with these equations that may be

exploited to generate a solution. z2(t)− |p|2 n2(t) = −C2 where C is a constant. This

means we may write,

z(t) = i C cos θ(t); |p| n(t) = C sin θ(t).

Therefore,

θ(t) = θ(0) + 2vF |p|(t−
∫ t

0

dt
′

a(t
′

)).

56

TH-1269_09612107



2.8 Issue of the vector potential: Real vs complex

Setting a(t) = a
′
(0)
ω

sin(ωt) we conclude that at resonance, ω = 2vF |p|, the quantities

z(t) and n(t) have no terms that have a frequency other than the harmonics of ω, i.e.

no Rabi frequency.

Corollary: If e
c
~A(t) = ~pa(0)e−iωt is complex but linearly polarized along ~p, there are

Rabi oscillations with the frequency the same as what is found in text books on two-level

systems.

Here we have three coupled equations:

i∂tn(t) = 2vF p−(1− a(0)e−iωt)p(t)− 2vF p+(1− a∗(0)eiωt)p∗(t),

i∂tp(t) = vF p+ (1− a∗(0)eiωt) n(t), i∂tp
∗(t) = −vF p− (1− a(0)e−iωt) n(t).

In this situation the three coupled equations do not reduce to two.

To solve the above equations we employ the conventional RWA where we set ω =

2ε + ∆ and ignore terms that are varying with frequency 2ω, 4ω e.t.c. This yields

the following conventional Rabi frequency, Ω2 = (∆2 + |a(0)|2(pvF )2). Since e
c
~A(t) =

~pa(0)e−iωt, it follows that, vF e
c
(~σBA · ~A(0)) = vFp+a(0) i.e. the Rabi frequency become,

ωR = |vFe
c
~σBA · ~A(0)| = vF |p||a(0)|.

This means the Rabi frequency is what is found in the context of two-level atoms, i.e.

Ω =
√

∆2 + ω2
R. Thus we see there are qualitative differences in treating the field as

having a real sinusoidal time dependence versus a complex exponential time dependence.

We prefer the complex exponential since allows us to maintain contact with the two-

level system and is also easier to handle than the trigonometric functions when higher

harmonics are involved. We are more interested in establishing the general results that

graphene exhibits peudospin-linked anomalous Rabi oscillations rather than obtaining

an accurate and realistic formula for the Rabi frequency in terms of the components of

the fields. With this limited goal in mind, a mathematically elegant method that can

bring out these ideas is more desirable than one that is tedious but more realistic.

Second Mishchenko’s theorem: If ~A(t) is real and linearly polarized making an

angle χp with the vector ~p, conventional Rabi oscillations exist with Rabi frequency

ωR = evFE
ω

sin(χp). Set e
c
~A(t) = −e E

ω
x̂ sin(ωt). Without loss of generality we have
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chosen the x axis to coincide with the direction of the linearly polarized field.

Proof: This theorem has been proved in Mishchenko’s paper [54]

Existence theorem of ARO : Even when the vector potential is chosen real and

sinusoidal, anomalous Rabi oscillations are seen even though the dependence of the

anomalous Rabi frequency on the components of the electric field depend on whether

the fields are treated as (i) complex and exponential or (ii) real and sinusoidal.

In the work [53] we proved (i).

To prove (ii) we set,
~A(t) = Re( ~A0e

−iωt)

where ~A0 = ~A0(cos(θ)x̂ + sin(θ)eiδŷ) where θ, δ, ω and A0 are real. The real vector

potential is given by, ~A(t) = ~A0 cos(θ) x̂ cos(ωt) + A0 sin(θ) ŷ cos(ωt− δ) where θ is

the angle made by the electric field and the x-axis and δ is the phase difference between

the x and y components and A0 is the amplitude, all real quantities. We follow the

ARWA procedure,

n(t) = ns(t) + nf(t)e
−iωt + n∗

f (t)e
iωt

p(t) = ps(t) + p+(t)e
−iωt + p−(t)e

iωt (2.42)

After comparing the coefficient we have,

ωnf(t) = −2vF
e

c
A0 cos θ

1

2
(ps(t)− p∗s(t)) + i2vF

e

c
A0 sin θ

1

2
(ps(t) + p∗s(t)) e

iδ,

ωp+(t) = −vF
e

c
A0 cos θ

1

2
ns(t)− vF

e

c
iA0 sin θ

1

2
eiδns(t),

−ωp−(t) = −vF
e

c
A0 cos θ

1

2
ns(t)− vF

e

c
iA0 sin θ

1

2
e−iδns(t),

together with,

ps(t) =
(vF

e
c
A0)

2

ω
sin(2θ) sin δ

1

4p−vF
ns(t) +

1

4p−vF
i∂tns(t),

ns(t) = ns(0) cos(ωARWAt).
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The anomalous Rabi frequency is given by,

ωARWA = (4v2Fp
2 +

(vF
e
c
A0)

4

ω2
sin2(2θ) sin2 δ)

1
2 (2.43)

We see that when the fields are real, the anomalous Rabi frequency is zero when the

electric field is linearly polarized. We saw in the earlier work that the anomalous Rabi

frequency is simply related to the conventional one through the relation ωARWA(p =

0) =
2ω2

RWA(∆=0)

ω
when we treat the fields as complex exponential time varying fields.

We now evaluate the conventional Rabi frequency and see if the same relationship

between conventional and anomalous Rabi frequency holds when the fields are real

and sinusoidal. One finds the result, ΩRWA =
√

ω2
RWA +∆2 where the zero detuning

conventional Rabi frequency is,

ωRWA =
A0evF
c

√

(1− cos(2θ) cos(2χp)− cos(δ) sin(2θ) sin(2χp))

where χp = tan−1(py/px). We see that this relationship is not strictly obeyed now.

However magnitude wise, it is still true that ωARWA ∼ ω2
RWA

ω
. The main point we are

making is that no matter what, there is such a thing as anomalous Rabi oscillations

in graphene which is absent in conventional (pseudospinless) systems whose frequency

is smaller compared to the zero detuned conventional Rabi frequency (ωRWA) by a

factor of ωRWA

ω
. These two approaches (real versus complex fields) are equivalent when

considering linear equations but for nonlinear systems such as the one we consider here,

they are different. Mathematically, this may understood as follows: while Im(eiωt) =

sin(ωt) so that the two approaches are the same for linear fields, from the observation

that Im(e2iωt) 6= (sin(ωt))2 we may conclude that it does not work in nonlinear (Rabi-

like) situations. While Mishchenko’s [54] approach has the appeal that it uses a physical

real electric field, our approach has the appeal that the model with complex vector

potentials (the Hamiltonians are real, of course) is able to map the graphene system at

resonance to the two-level system with the Rabi frequency given by the textbook value

which depends on the electric field alone (it does not vanish in some situations unlike

Mishchenko’s). Furthermore, our approach of using time varying complex exponentials

renders calculations involving higher harmonics (which is the norm in few-layer graphene

e.g. or while considering higher order effects such as Bloch Siegert shift) quite easy and

elegant unlike what would be the case had we insisted on using real fields.
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2.9 Interpolation between RWA and ARWA regimes

In this section, we present an analytical method for interpolating between the RWA and

ARWA regimes and obtain a Rabi frequency that crosses over from the conventional

Rabi frequency ωR close to resonance to the anomalous Rabi frequency
2ω2

R

ω
far from

resonance. This exercise enables us to uncover precisely how the crossover takes place

and what new features if any may be expected in the intermediate region. Further, it

is possible to write down an analytical expression for the nonlinear current in graphene

in the coherent regime in the absence of excitonic effects - an important and new

development in its own right. The interpolation scheme presented here is two-tiered. In

the first instance, we ignore frequency doubling effects and demonstrate the nature of the

crossover including in the intermediate region. In the second instance we generalize the

approach to include frequency doubling effects and compare with the results obtained by

ignoring these effects. It must be stressed that a novel combination of fully analytical

and fully numerical approach (next section) presented in this chapter is designed to

highlight coherent optical processes unique to graphene attributable to pseudospin.

The interpolation is effected by the use of Fourier transforms. The k-dependence

may be suppressed in polarization and density so that the Bloch equations (2.2) and

(2.3)may be written compactly as,

i ṅ(t) = 2(z∗k − z∗R e
iωt)p(t)− 2(zk − zR e

−iωt)p∗(t) (2.44)

and,

i ṗ(t) = (zk − zR e
−iωt) n(t). (2.45)

Use the following definition of the Fourier transforms,

P (ω) =

∫ ∞

−∞

dω

2π
e−iωt p(t); N(ω) =

∫ ∞

−∞

dω

2π
e−iωt n(t),

after substituting, the Eq. (2.44) and Eq. (2.45) become,

−ω′

N(ω
′

) = 2z∗kP (ω
′

)− 2zkP
∗(−ω′

) + 2zRP
∗(−ω′ − ω)− 2z∗R P (ω

′ − ω), (2.46)

and,

−ω′

P (ω
′

) = (zk N(ω
′

)− zR N(ω + ω
′

)). (2.47)
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With the help of equation (2.46) and (2.47) we obtain the following eigenvalue equation,

−ω′

N(ω
′

) = −2z∗k
ω′ (zk N(ω

′

)− zR N(ω + ω
′

))

−2zk
ω′ (z

∗
k N(ω

′

)− z∗R N(−ω + ω
′

)) + 2zR
1

ω′ + ω
(z∗k N(ω

′

+ ω)− z∗R N(ω
′

))

−2z∗R
1

(−ω′ + ω)
(zk N(ω

′ − ω)− zR N(ω
′

)). (2.48)

To solve we make further assumptions about the importance of harmonics. In the first

instance we make the assumption that frequency doubling effects are absent. This is

the same as saying that we neglect a term such as N(ω
′ ± 2ω). One is then led to the

following formula for the eigenvalue ω
′
,

D0(ω
′

) = (ω + ω
′

)− 4(vF |k|)2
ω + ω′ − 2ω2

R

ω′ + 2ω
− 2ω2

R

ω′

and,

0 = D0(ω
′ − ω)− 4(vF |k|)2ω2

R

(

1
ω+ω

′ + 1
ω
′

)2

D0(ω
′)

+ 4(vF |k|)2ω2
R

(

1
ω
′−ω

+ 1
ω
′

)2

D0(−ω′)
(2.49)

The above (Eq.(2.49)) has ten solutions apart from the trivial one ω
′
= 0. Of these,

only one of them is positive and a meromorphic function of the other variables such as

vF |k| (according to Mathematica). This is the Rabi frequency. In the regime ω � ωR

and ω � 2vF |k| i.e. in ARWA regime we may write the solution of (Eq.(2.49)) as,

ω
′

=
2
√

(vF |k|)2ω2 + ω4
R

ω
(1− ω2

R

ω2
+ ...)

This is the same result we derived earlier.

Conversely, in the resonant case i.e. in RWA regime (ω = 2vF |k| + ∆ where ∆ �
2vF |k|) we get,

ω
′

=
√

∆2 + ω2
R +

(ω2
R ∆)

(4
√

∆2 + ω2
R vF |k|)

+O

(

1

(vF |k|)2
)

(2.50)

which is precisely the result obtained from RWA. Also of interest is the correction term

that shows deviation from the prediction of RWA. This is needed since eventually RWA
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gives way to ARWA. Now it is natural to become curious as to what happens in the

region between RWA and ARWA. In other words, what additional features if any are

seen on this crossover route. To answer this we have plotted in Fig.(2.1), the effective

(or generalized) Rabi frequency Ωeff = ω
′
versus ek = vF |k| in units of ωR = 1 and by

choosing ω = 100 in the same units. Also shown is the answer to the same question

when frequency doubling effects are included but triple frequencies are excluded. This

involves solving a slightly more complicated set of equations shown below.

D1(ω
′

) = D0(ω
′

)− 4(vF |k|)2ω2
R

(

1
2ω+ω′ + 1

(ω′+ω)

)2

D0(ω
′ + ω)

The equation to be solved is,

0 = D0(ω
′ − ω)− 4(vF |k|)2ω2

R

(

1
ω+ω′ + 1

ω′

)2

D1(ω
′)

+ 4(vF |k|)2ω2
R

(

1
ω′−ω

+ 1
ω′

)2

D1(−ω′)
(2.51)

From the way it is written it is easy to suspect that in general, including all harmonics

amounts to solving the equations,

0 = D0(ω
′ − ω)− 4(vF |k|)2ω2

R

(

1
ω+ω′ + 1

ω′

)2

Dn+1(ω
′)

+ 4(vF |k|)2ω2
R

(

1
ω′−ω

+ 1
ω′

)2

Dn+1(−ω′)
(2.52)

where,

Dn+1(ω
′

) = Dn(ω
′

)− 4(vF |k|)2ω2
R

(

1
(n+2)ω+ω′ + 1

(ω′+(n+1)ω)

)2

Dn(ω
′ + ω)

An examination of the plots (Fig.(2.1)) show that the effective Rabi frequency upon

inclusion of second harmonics may be well approximated by the following formula,

Ω(vF |k| <
ω

4
) =

2
√

(vF |k|)2ω2 + ω4
R

ω
→ ARWA

Ω(
ω

4
< vF |k| <

3ω

4
) =

√

ω2
R + (ω − 2vF |k|)2 → RWA

Ω(
3ω

4
< vF |k| <

3ω

2
) =

√

ω4
R

ω2
+ 4(ω − vF |k|)2 → RWA 2nd Harmonic Generation
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Ω(vF |k| >
3ω

2
) = ω

This function is continuous if we assert that ω � ωR. We may see different regimes

and the different kinds of Rabi frequency associated with those regimes. In addition to

ARWA we also see that there is an anomalous RWA at frequency ω = vF |k| provided
we include the effect of second harmonics. This effect is absent if we ignore frequency

doubling phenomena. Of these Rabi frequencies, the one that is associated with a region

close to the tip of the Dirac cone corresponds to ARWA. Thus for obtaining low energy

physics we expect ARWA to be more important than RWA. The earlier sections have

thoroughly studied the effects of ARWA on the induced current in the system. Now we

move on to a description of a purely numerical solution to the Bloch equations.

2.10 Numerical solution of the Bloch equation

So far the efforts have been purely analytical. It is worthwhile to attempt a numerical

solution of Bloch equations which would once and for all validate the assertions made

in the other sections. This is especially desirable since we are dealing with a simple

system that neglects Coulomb terms and is easily solved with present day computing

resources. This has already been done by Mischenko [54] and Mikhailov [106–108] among

others. Thus the present section while not particularly novel is still important since it is

needed to make contact with the analytical approaches of earlier sections. Besides, the

focus of our efforts (highlighting the pseudo-spin origin of the cross-over phenomenon)

is somewhat different from these authors. We also stress that numerical approaches

though powerful, fail to provide explicit formulas (as distinct from numerical values)

for quantities such as the anomalous Rabi frequency that is the central new concept.

We have used the NDSolve routine (non-stiff Adams method or a stiff Gear backward

differentiation formula) of Mathematica to generate the plots shown here. They fully

confirm the expectations of earlier sections and provide a solid foundation on which to

base future analytical explorations involving excitons and so on.

2.11 Results and discussion

In this section, we plot the results obtained thus far in order to visualize the cross-

over phenomenon. The Fig.(2.1) is the central result. It shows the dependence of
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the effective Rabi frequency on the band energy vF |k| for a fixed value of external

frequency (ω = 100) and Rabi frequency for zero detuning (ωR = 10). The black

solid line which includes only the slowly varying contribution captures only the ARWA

regime correctly while completely missing the conventional RWA result. The blue dot-

dashed line includes the first harmonic in the external frequency in addition to slowly

varying terms, correctly captures both the ARWA and RWA regimes. Upon inclusion

of second harmonic terms we see the emergence of a new regime which we may call

higher rotating wave approximation regime (HRWA). This new regime is solely to due

the frequency doubling phenomenon and the effective Rabi frequency goes through a

minimum in this region. In Fig.(2.2), between the anomalous Rabi frequency and ωR

(usual Rabi frequency) the current is obtained using ARWA. The threshold behavior

of the current at the anomalous Rabi frequency is seen where the current goes to zero

as a power law. Above and close to the second threshold (namely, ωR) there is a power

law divergence. This region is well described by the conventional RWA. This situation

for graphene is in contrast with the exactly solvable model that possess all the qualities

of graphene except pseudospin. The blue dotted curve shows that there is only one

non-zero threshold frequency namely ωR where there is a power law behavior. The

smaller frequency where something singular occurs is exactly at zero frequency. In

Fig.(2.3) we see the slowly varying part of the current density with time. The red curve

is ARWA and the blue curve is RWA. The frequency associated with the red curve is

small compared to the frequency associated with the blue curve for reasons we have

already alluded to.

Fig.(2.4) depicts the overall slow current (both thresholds included) in the time

domain. We may see the beats are quite different in the two cases. In the exactly

solvable case (blue dotted) there is only one non-zero characteristic frequency (ωR)

thus the beats are regular. In the graphene case (red solid) the beat train may be seen

to undulate. This undulation occurs with a smaller frequency which is nothing but the

anomalous Rabi frequency. This is made more explicit in the next plot Fig.(2.5) where

we plot the function f(t) = sin(t)+ sin(10t) as a function of time and this also exhibits

the undulation. Thus the undulation is due to a linear superposition of waves with the

anomalous and usual Rabi frequencies.

One definitive indication for the presence of an anomalous Rabi frequency would be

to test for the variation of the undulation frequency with the external driving frequency

but keeping the conventional Rabi frequency ωR fixed. If the undulation frequency
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Figure 2.4: This figure depicts the overall slow current in the time domain. The beat
frequency associated with the dotted blue plot (exactly solvable model) is the conventional
Rabi frequency, whereas in the case of graphene (solid red plot) these beats are also undulating
(arrows) with a smaller frequency.
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Figure 2.5: A plot of f(t) = sin(t) + sin(10t) versus t shows that undulation of beat trains
is a simple consequence of linear superposition of two frequencies.

appears to be inversely related to the external driving frequency then that would be

a confirmation of the cross-over phenomenon. Fig.(2.6) shows a density plot of the

effective Rabi frequency versus the band energy vF |k| and the Rabi frequency for zero

detuning ωR (related to the intensity of radiation). The most prominent feature of this

plot is the alternating dark and light blue regions depicting minima and maxima of the

Rabi frequency before they give way to a yellow region of constant Rabi frequency. One

also sees a faint periodic dependence of the effective Rabi frequency on the conventional

Rabi frequency for band energies corresponding to the light blue regions.

The Fig.(2.7), Fig.(2.8), Fig.(2.9) and Fig.(2.10) are the numerical solution (ex-

act) of the Bloch equation in different regimes. We consider ARWA for Fig.(2.7) and
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Figure 2.6: This density plot shows the effective Rabi frequency versus the band energy
ek = vF |k| and the Rabi frequency for zero detuning ωR for a fixed external frequency ω = 100
in generalized units.
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Figure 2.7: This figure depicts the variation of the slowly as well as rapidly varying part
(inset) of ndiff (~k, t) versus t. To plot, we have chosen these parameters : zk = 0.001, zR =
10, ω = 2000. In the terminology, this corresponds to ARWA. The anomalous Rabi frequency
obtained numerically (frequency of the slow part) matches with the analytical result quoted.

Fig.(2.8) and RWA for Fig.(2.9) and Fig.(2.10). The frequencies obtained analytically

for ndiff (~k, t) and p(~k, t) within these approximations are verified by these numerical

results. In Fig.10 the inset shows a feeble oscillatory behavior of an otherwise mono-

tonic curve. The frequency we deduce by examining the inset is - twice the external

frequency. Since we have chosen to ignore harmonic generation (in the first instance)

in our approximations (including in RWA) we do not expect to reproduce this feature

analytically. In figures (2.7), (2.8) and (2.9), the frequency of the slowly varying oscil-

lations corresponds to either the standard or the anomalous Rabi frequency, the rapid

oscillations are due to the frequency of the externally applied field. In Fig. (2.10)
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Figure 2.8: The above plot shows the variation of slowly as well as rapidly varying part
(inset) of the polarization Re[p(~k, t)] versus time within ARWA limit and to plot we have
taken the parameters as zk = 0.001, zR = 10, ω = 2000. The frequencies obtained from this
plot match with expectation both in the low and high frequency regions.

however, the frequency of the rapidly varying part is twice the external frequency (2ω).

Before we conclude it is worthwhile pointing out that ignoring relaxation terms

misses some saturation phenomena discussed by Mischenko [54]. Our present focus is

rather different and this omission is therefore justifiable. Next, even though we have

ignored frequency doubling effects for the most part, we argue that for some purposes

this is not an unreasonable approximation. Indeed graphene’s optical response is highly

nonlinear and one has to take into account higher harmonics [106–108]. However, we take

the point of view that only the leading harmonics may be extracted from the series and

studied independently.

If ~J(t) is the total current including all higher harmonics then we may extract the

slowly varying part of the current by multiplying this by eiωt and averaging over one

cycle of the external frequency. Thus, ~Jslow(t) =
1
τ

∫ t+τ

t
dt

′
eiωt

′
~J(t

′
).

This is justified in the context of the results shown in Fig.(2.1) where higher harmon-

ics are important only for band energies of the order of the external driving frequency

- in other words where the Dirac cone approximation is likely to be questionable. Thus

while there are certainly going to be modifications upon inclusion of higher harmonics

(such as the emergence of additional minima in the plot of effective Rabi frequency

versus the band energy), we expect the presence of two Rabi scales - ωR and
2ω2

R

ω
to be

robust as it is related to the Bloch equations of graphene lacking symmetry under phase

transformations and the presence of pseudospin in graphene. Lastly, ignoring excitonic

effects is justified if the excitonic binding energies are very different from the two Rabi
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Figure 2.9: This figure depicts the slowly as well as rapidly varying part (inset) of ndiff (~k, t)
versus t. To plot we have taken the parameters as zk = 100, zR = 1, ω = 200. This corresponds
to standard RWA. The frequencies obtained are consistent with expectations in both the high
and low frequency regions.
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Figure 2.10: The above plot shows the slowly as well as rapidly varying part (inset) of
Re[p(~k, t)] versus time. To plot we have taken the parameters as zk = 100, zR = 1, ω = 200.
This corresponds to RWA with zero detuning. The smaller Rabi frequency matches with
expectations however the higher frequency (inset) is due to second harmonic generation which
we have ignored in some of the analytical calculations.

frequencies so that they may be resolved. Besides, the anomalous Rabi frequency has

a well defined dependence on the external frequency whereas the excitonic energies are

independent of the external frequency. Incoherent effects (mainly due to phonon relax-

ation) have been evaluated in great detail by Romanets et.al. [110] who show that they

operate on a time scale of 0.1 − 0.2ps and argue that Rabi oscillations may be easily

observed at femtosecond time scales with pump intensities of 3− 30GW/cm2.

In this chapter, we have derived the Bloch equations for carriers in graphene. We

have employed successive approximations in order to solve these equations. First we
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ignore the relaxation terms and focus on the coherent processes. Next we ignore the

higher harmonics in the external driving frequency thereby ignoring frequency doubling

effects. Lastly we derive expressions for the effective Rabi frequency when Coulomb in-

teractions are absent, postponing the more interesting discussion of excitonic optical

Stark effect and so on for later publications. The effective Rabi frequency in general

is shown to obey a secular equation of a high degree. Further simplifications are made

by examining limiting cases such as when detuning is small or when the wave number

of the polarization/density is small compared to the external driving frequency (di-

vided by Fermi velocity), an exercise that illustrates the phenomenon of crossover of

Rabi frequency. We also compute the current density (nonlinear response) and demon-

strate that the slowly varying part of the current density exhibits threshold behavior

in frequency domain with threshold frequency
2ω2

R

ω
and with exponent equal to 1/2.

2.12 Conclusions

In conclusion, we have studied the nonlinear electromagnetic response of graphene the-

oretically. The main technical advancement reported here is the use of an alternative

to the well-known rotating wave approximation (which we have called ‘asymptotic ro-

tating wave approximation’). This alternative approach applicable far from resonance

is able to show that for systems with pseudospin such as graphene, a second anomalous

Rabi frequency is present and the current density in the frequency domain exhibits

a crossover from one type of singular behavior close to the normal Rabi frequency

to another type of singular behavior close to the (typically smaller) anomalous Rabi

frequency. A comparison with an exactly solvable model identical to graphene in all

respects except lacking in pseudospin shows that the second anomalous Rabi frequency

is peculiar to models with pseudospin. This exactly solvable model also validates the

asymptotic rotating wave approximation (this approximation on the solvable model

agrees with the appropriate limit of the exact solution) which is the new technique ad-

vocated here. An analytical interpolation method that interpolates between these two

regimes shows new minima in the effective Rabi frequency brought about by frequency

doubling.

The alternative to the rotating wave approximation namely, asymptotic RWA should

pave the way for a detailed study of excitonic and other effects in graphene based

systems and is hence likely to be of broad significance.
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Chapter 3

Detection of anomalous Rabi

oscillations in graphene

3.1 Introduction

Theoretical prediction of any physical phenomena is fully convincing only if it is verified

experimentally. This chapter is devoted to the study of above predicted anomalous Rabi

oscillations [53] in graphene using pump-probe spectroscopy [57,58,62,114,115]. Typically, in-

coherent optical properties such as optical dephasing and relaxation of band electrons

in semiconductors are studied using the pump-probe experiment [45,46] in which two suc-

cessive laser pulses are used, one to prepare the system in a certain way, called pump

pulse and one to test it after a variable time delay, called probe pulse. To study a

phenomenon such as optical dephasing and relaxation of nonequilibrium photoexcited

band electrons one has to use femtosecond laser pulses because the characteristic time

scales for these phenomena, be they carrier-carrier scattering or carrier-phonon scat-

tering are very short. Carrier relaxation in semiconductors is explained by incoherent

interactions such as Coulomb carrier-carrier scattering and carrier-phonon (optical or

acoustical) scattering, both phenomena occur in interaband as well as interband tran-

sitions of semiconductors. Coherent optical responses e.g. the Excitonic Optical Stark

Effect (EOSE) of a semiconductor [116–118] may also be studied using the pump-probe

technique in which the pump pulse excites the material energetically below the exci-

ton resonance and probe pulse monitors the transmission change at exciton resonance.

Recent observations on relaxation dynamics of photoexcited electrons in graphene on
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different substrate depends upon the number of layers with the shortest time constant

of 150 fs for single layer graphene. So it is appropriate to investigate such nonlinear

properties in case of two dimensional single layer graphene (SLG), bilayer graphene

(BLG), trilayer graphene (TLG) and multi layer graphene (MLG) where the bands are

linear in the case of SLG, parabolic in BLG and cubic in trilayer but all of them possess

a property unique to these systems viz. - pseudospin. Therefore, while typically, pump

probe spectroscopy is used to investigate incoherent phenomena such as dephasing, it

has also been used to study coherent phenomena such as EOSE. The next section ex-

plains how to study an equally interesting coherent optical phenomenon viz. anomalous

Rabi oscillations using pump probe spectroscopy.

3.2 Problem formulation

In this chapter, we present a theoretical description of how to detect the anomalous

Rabi oscillations (ARO) in graphene and verify the theoretical value of anomalous Rabi

frequency with existing experimental data [115]. The suggested experimental method we

favor to detect the anomalous Rabi frequency is the ultrafast pump probe technique.

We start the chapter with a study of coherent Bloch equations for graphene in presence

of a pump field considered as a pulse. This is followed by a study of linearized Bloch

equations for a weak probe pulse. The main outcome of this study is the prediction

that the differential transmission coefficient (the probe transmission with and without

the pump) is an oscillatory function of the pump-probe delay, all else remaining fixed.

The frequency of these oscillations are shown to be identical to the anomalous Rabi

frequency thereby providing an explicit experimental method to study these anomalous

oscillations. Furthermore these oscillations are robust in the sense that they persist

even with dephasing and so on but with a diminished amplitude.

3.3 Experimental results on the relaxation dynamics in

graphene

The method of choice for measuring transient relaxation phenomena is the pump probe

experiment. Dephasing and other relaxation rates are often obtained by measuring the

dependence of the differential transmission coefficient on the time delay between pump
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and probe pulses. One sees an exponential decay as function of the delay and the decay

constant is nothing but the dephasing rate. It is interesting to note that by studying

the details of this plot in graphene more carefully, we are able to also infer the presence

of anomalous Rabi oscillations which is a coherent phenomenon. This is explained in

detail in a later section.

Recently, a large number of experiments on the relaxation of the carrier dynamics in

graphene on different substrates has been performed [57,58,62–66,114,119]. Some of the exper-

imental efforts are summarized below. Ultrafast relaxation of photogenerated carriers

in epitaxially grown graphene layers on SiC substrate [62] depends upon the intraband

carrier-carrier and intraband carrier-phonon scattering. The plot between the differen-

tial transmission coefficient
(

T−T0

T0

)

where, T (T0) is the probe transmission coefficient

with (without) pump field, vs time delay between pump and probe pulse shows two type

of relaxation (τ1) and (τ2) with different pump pulse energy and different temperature.

The fast relaxation time (τ1) with range nearly (70-120) fs and the slow relaxation

time (τ2) with the range (0.4-1.2) ps. Fast relaxation (τ1) is due to the consequence

of the intraband carrier-carrier scattering leads to the quaisequilibrium states with a

Fermi-Dirac distribution which is consistent with the theoretically predicted intraband

carrier-carrier relaxation in graphene [120]. The slower time delay (τ2) is attributed to

the further thermalization such as intraband carrier-phonon scattering.

The experimental plot between the differential transmission coefficient
(

T−T0

T0

)

vs

delay time between pump and probe pulses of carrier relaxation in graphene on mica

substrate using femtosecond laser [58] is almost the same as earlier experiments [62] bar-

ring some intermittent discrepancies in sign. The plot shows the initial increase (almost

linear) in differential transmission coefficient is due to Pauli blocking or due to the

repulsion by the initially generated electron-hole density on further generated photo-

electrons. The subsequent decrease in transmission coefficient is due to intra-band

carrier-carrier and intra-band carrier-phonon scattering. One conclusion of this exper-

iment is that carrier relaxation in graphene is almost same as that of graphite. This

means coupling between different graphite layers play a minor role in ultrafast carrier

relaxation. Wang [66] et. al. studied the relaxation dynamics of hot optical phonons

in few-layer and multi-layer graphene grown on a silicon carbide substrate and found

that the optical phonon cooling on short time scale are independent of factors such

as growth technique, number of graphene layers and type of substrate. Time resolved

terahertz spectroscopy has been a powerful tool in the investigation of carrier dynam-
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ics in semiconductors [121]. The work on multi-layer graphene nanostructures [122,123] are

particularly relevant for applications to optoelectronics.

Another experiment performed by Kumar et.al. [57] on the relaxation dynamics of

carriers in graphene with different solvents using a femtosecond laser also shows the two

types of relaxation, fast relaxation (τ1) in the range of (130-330) fs and slow relaxation

(τ2) in (3.5-4.9) ps. Fast relaxation is related to the carrier-carrier scattering while

slower one related to the carrier-phonon scattering.

The experiments performed by the above authors specially Dawalty et.al. [62], Kumar

et.al. [57] and Breusing et.al. [58] are the one we shall be studying closely in order to infer

the presence of anomalous Rabi oscillations in graphene.

In the following section, we perform a theoretical analysis of the pump-probe ex-

periment where we calculate probe susceptibility of the system of interest as a function

of the area of the pump pulse assuming the probe is a delta function (broad band) in

time. Anomalous Rabi oscillations manifest themselves as periodic oscillations of the

probe susceptibility as a function of pump duration at each probe frequency where the

pump probe delay is assumed to be zero. The period associated with these oscillations

corresponds to the anomalous Rabi frequency. It has been estimated by the authors

cited that a quasi-equilibrium state due to Coulomb scattering is reached in graphene

in a time scale of ∼ 100 − 250 fs and phonon assisted energy relaxation takes place

in a time scale of 1 − 2 ps. This means that the phenomena of the present work are

seen clearly when a sufficient number of oscillations fit into a time scale of the order of

250 fs. This in turn translates into a constraint on the peak electric field of the pulses

used. More detailed numerical estimates will be provided in the results and discussion

section.

Subsequent to this, we theoretically analyse the more commonly performed version

of the pump-probe experiment where the pump and probe pulses are identical except

that the probe pulse is much weaker than the pump pulse and arrives after a certain

time delay. The differential transmission coefficient is studied as a function of the

pump-probe delay yielding information about relaxation phenomena. We shall see that

a closer examination of this dependence also reveals anomalous Rabi oscillations which

appears to have been seen also in the actual pump-probe experiment performed by

Breusing et.al. [58].
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3.4 Coherent Bloch equations in presence of an intense

optical pump pulse

In what follows, we describe the effect of a finite duration pump pulse on the time evo-

lution of the polarization and densities of charge carriers in graphene. This has been

done in detail in our earlier work [53] hence we shall be content at reproducing only the

salient features. Upon extinguishing the pump pulse, the dynamical quantities in the

system temporarily freeze to their respective values determined by the so-called area

of the pulse [45]. These then serve as background for the probe pulse that follows im-

mediately afterward (this assumption makes the analysis simpler, later we also include

time delay). The idea is that, a study of the probe susceptibility as a function of the

pump pulse duration is able to extract the anomalous Rabi frequency - a characteristic

unique to the graphene systems as we have already pointed out.

3.4.1 Bloch equations for single layer graphene

The Hamiltonian for the low energy spectrum of graphene in presence of an intense

optical pump pulse may be written in the second quantization language as [4,35],

Ĥ =
∑

p,α,β

vF ~σα,β · (~p−
e

c
~A(t)) ĉ†p,αĉp,β,

where all the parameters have defined in chapter 2 except the complex vector potential
~A(t) = ~As(t) e

−iωt, corresponds to the pump pulse and ~As(t) is the slowly varying

envelope function (in chapter 2, this was independent of time for all time) for the

duration of the pulse. With the help of Heisenberg’s equation of motion we have

derived the equation of motion for the elements of reduced density matrix ndiff (~k, t) =

nA(~k, t)−nB(~k, t) = 〈c†k,A(t)ck,A(t)〉−〈c†k,B(t)ck,B(t)〉 and 〈c†k,A(t)ck,B(t)〉 = p(~k, t). The

optical Bloch equation without Coulomb interaction in presence of pump field taken as

pulse (similar derivation as in chapter 2) is given by,

i ∂t ndiff (~k, t) = 2(zk − z∗A(t)) p(
~k, t)− 2(z∗k − zA(t)) p

∗(~k, t) (3.1)

i ∂t p(~k, t) = (z∗k − zA(t)) ndiff (~k, t) (3.2)
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where we define, zk = vF (~σAB · ~k) and zA(t) = vF (~σBA · e
c
~A(t)). These Bloch equations

may be solved using an alternative to the well-known rotating wave approximation

(RWA), which have called asymptotic RWA (ARWA) [53]. A detailed justification for

the use of this approximation is given in the previous chapter. Hence we can directly

write the pump solution as follows,

nf (~k, t) ≈
2zR(t)

ω
p∗s(
~k, t), p+(~k, t) ≈ −zR(t)

ω
ns(~k, t), p−(~k, t) ≈ −2z∗R(t)z

∗
k

ω2
ps(~k, t)

and the equilibrium value of polarization and number density are given by (before the

pump field)

ps(~k, t ≤ Ti) = −kx + iky
2|k| = − z∗k

2vF |k|
; ns(~k, t ≤ Ti) = 0

where we take the pump pulse field to be in the interval Ti < t < Tf . The solution for

slowly varying part is,

ns(~k, t ≥ Ti) = ns(~k, Ti) cosΦ(t), ns(~k, Ti) =
ω(vF |k|)
ω2
R(t̄)

ps(~k, t ≥ Ti) =
ΩR(t̄)z

∗
kω

4i(vF |k|)ω2
R(t̄)

(

sinΦ(t)− i
2ω2

R(t̄)

ω ΩR(t̄)
cosΦ(t)

)

where ΩAR(~k, t) is the generalized anomalous Rabi frequency given by the following

expression,

ΩAR(~k, t) =

√

4(vF |k|)2 +
(

2ω2
R(t)

ω

)2

the quantity Φ(~k, t) =
∫ t

Ti
ΩR(~k, t

′) dt′ is called ‘the area of pulse’. The quantity ω2
R(t) =

z∗R(t)zR(t) = |vF e
c
(~σBA · ~As(t))|2 is the square of the conventional Rabi frequency at zero

detuning, changing adiabatically in time as a function of the pump envelope field. Also,

ω2
R(t̄) =

∫ t
Ti

dt
′
ω2
R(t

′
)

(t−Ti)
is the time average of the square of the conventional Rabi frequency.

For the purposes of the present work, we choose the shape of the slowly varying part
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of vector potential ~As(t) as,

~As(t) =

√
2 ~A(0)

√

Tf − Ti
(t− Ti)

1
2Θ(

Ti + Tf
2

− t)Θ(Tf − t)

+

√
2 ~A(0)

√

Tf − Ti
(Tf − t)

1
2Θ(t− Ti + Tf

2
)Θ(Tf − t)

The precise shape, of course, does not matter since the basic physics we are after is,

establishing the phenomenon of anomalous Rabi oscillations. The expression for the

area of pulse becomes (φ(k) =
√

16(vF |k|)2 + (Tf − Ti)2Z2),

Φ(~k, t ≥ Tf ) =
1

4
(Tf − Ti)φ(k) +

2(vF |k|)2
Z

log

∣

∣

∣

∣

φ(k) + (Tf − Ti)Z

φ(k)− (Tf − Ti)Z

∣

∣

∣

∣

+ 2vF |k|(t− Tf),

where, Z = 4|zmax|2
ω(Tf−Ti)

. In the discussion that follows, we assume that the probe pulse

is immediately applied upon extinguishing the pump pulse and the former is of such

a short duration that it is legitimate to use a delta function probe. The main reason

for this assumption is we want only the anomalous Rabi frequency to contribute to the

area of the pulse and not the free particle dispersion (even if k is small 2vF |k|(tpr −Tf )

may not be small if tpr � Tf). In this case, the time average of Rabi frequency and

generalized Rabi frequencies become,

ω2
R(t̄) =

∫ Tf

Ti
dt

′
ω2
R(t

′
)

(Tf − Ti)
=

|zmax|2
2

, ΩAR(~k, t̄) =

√

4(vF |k|)2 +
|zmax|4
ω2

and for the small value of band momentum ‘k’ the area of the pulse may be simply

written as,

Φ(tpr) = (Tf − Ti)
|zmax|2
ω

= (Tf − Ti)
2ω2

R(t̄)

ω

In passing, we note that the Bloch equations are a special case of what is known as the

Floquet equation [124] in mathematics. This formalism has also been used extensively

in the physics literature especially in the field of atomic physics where atom-light in-

teractions are studied [125]. The Rabi frequency that we deduce (both anomalous and

conventional) are known as Floquet exponents. In this sense, there is nothing myste-
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rious about the anomalous Rabi frequency or indeed the conventional one. However,

the point we have been stressing is that these exponents vanish in some regime for peu-

dospinless systems whereas they do not when there is pseudo spin (hence the adjective

‘anomalous’). In the present situation, according to that theory, there are three Floquet

exponents that add up to zero. Since they are symmetrically placed, one of them is

zero the other two are equal and opposite in sign. This is the Rabi frequency. However,

this theory does not provide a simple analytical expression for these coefficients and in

most situations, they have to be obtained numerically if the exact answer is needed.

Hence our analytical approach, though approximate unlike the numerical approach, is

needed to establish the general relationships between the Rabi frequency and models

under study and regimes considered.

3.5 Linear response due to the probe pulse

The effect generated by the pump pulse in graphene may be studied by the probe field

which being weak, obeys linearized Bloch equations. In order to linearize the Bloch

equations, we make the following substitution,

ndiff (~k, t) → ndiff (~k, t) + δndiff (~k, t), p(~k, t) → p(~k, t) + δp(~k, t),

zA(t) → zA(t) + δzA(t)

where, δndiff (~k, t), δp(~k, t) are the linear response functions due to the probe pulse

δzA(t). Obtaining the probe response involves ignoring the nonlinear terms, i.e. terms

involving products of the changes in polarizations and number densities. For the pur-

poses of the present section, we also assume that the probe pulse is applied just after

the pump pulse i.e. there is a very short time duration between the pump pulse and

the probe pulse. The next subsections are devoted to the effect of the probe pulse on

single layer graphene driven out of equilibrium by the pump pulse.
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3.5.1 Linear response of graphene

The Bloch equations (3.1) and (3.2) may be linearized to yield,

i ∂tδndiff (~k, t) = 2zk δp(~k, t)− 2z∗k δp
∗(~k, t) +Q(~k, t),

i ∂tδp(~k, t) = z∗k δndiff (~k, t)− δzA(t) ns(~k, t),

i ∂tδp
∗(~k, t) = −zk δndiff (~k, t) + δz∗A(t) ns(~k, t)

where, Q(~k, t) = −2δz∗A(t) ps(
~k, t) + 2δzA(t) p

∗
s(
~k, t). To derive the above linearized

Bloch equations we ignore terms such as zA(t)×δp(~k, t), zA(t)×δp(~k, t), zA(t)×δzA(t)
since we assume as in the previous section, that there is a finite time duration (very

short) between the pump pulse and probe pulse i.e. we are discussing the case of

non-overlapping pump and probe pulses.

We solve these coupled equations with initial condition δndiff (~k, tpr) = 0 and

δp(~k, tpr) = 0 at time t = tpr and assume that the probe field is weak and a very

short duration pulse so that one can assume it as a delta function probe (for theo-

retical simplification). In other words we set, δzA(t) = (δzA,maxtpr) δ(t − tpr). After

solving above equations in presence of a probe field we get the following expression for

δndiff (~k, t) and δp(~k, t) as,

δndiff (~k, t) = −iQ(tpr)Θ(t− tpr) cos(2|zk|(t− tpr))

+
ns(tpr)

|zk|
2Re (zkδA(tpr))Θ(t− tpr) cos(2|zk|(t− tpr))

and

δp(~k, t) = −ns(~k, tpr)

zk
Im (zk(δzA,maxtpr))Θ(t− tpr)

+
i ns(~k, tpr)

zk
Re (zk δzA,maxtpr) cos(2vF |k|(t− tpr))

Θ(t− tpr) +
2i|zk|
zk

Im
(

(δzA,maxtpr) p
∗
s(
~k, tpr)

)

sin(2vF |k|(tpr − t)) Θ(t− tpr)

where Q(~k, tpr) = −2δz∗A(tpr) ps(
~k, tpr) + 2δzA(tpr) p

∗
s(
~k, tpr) and Θ(x) is Heaviside’s

step function. Take the Fourier transform of δp(~k, t) followed by summation over ‘k’ we
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have,

δp(ω
′

) =
∑

k

|k|vF
4i

ΩR(t̄)ω

vF |k|ω2
R(t̄)

(

sinΦ + i
2ω2

R(t̄)

ωΩR(t̄)

)

2vF |k|
(2vF |k|)2 − ω′2

2πievF
ω′ δE(ω

′

)

+
∑

k

ins(tpr)δzA(tpr)

(

− i

ω′ +
iω

′

(2vF |k|)2 − ω′2

)

2πievF
ω′ δE(ω

′

)

where we have used the following relations,

∫ +∞

tpr

e−iω
′
t sin(2vF |k|(t− tpr)) dt =

2vF |k|
(2vF |k|)2 − ω′2

e−iω
′
tpr ,

∫ +∞

tpr

e−iω
′
t dt = − i

ω′ e
−iω

′
tpr ,

∫ +∞

tpr

e−iω
′
t cos(2vF |k|(t− tpr)) dt =

iω
′

(2vF |k|)2 − ω′2
e−iω

′
tpr ,

δzA(tpr) e
−iω

′
t =

2πievF
ω′ δE(ω

′

).

The probe susceptibility may be defined by the following relation,

δp(ω
′

) = χ(ω
′

) δE(ω
′

),

where δE(ω
′
) is the electric field due to the probe. Extracting the probe susceptibility

and then apply the ARWA limit we have,

χ(ω
′

) =
∑

k

i
ω|k|2

2mω2
R(t̄)

δzA(tpr)

(

− i

ω′ +
iω

′

(2vF |k|)2 − ω′2

)

2πievF
ω′ cos Φ

χ(ω
′

) ∼ cos Φ.

We may see that the probe susceptibility depends upon the area of the pump pulse

and it has oscillatory behavior as a function of the duration of the pump field. Further

simplification implies the following expression,

χ(ω
′
)

χmax(ω
′)

= cosΦ, Φ =
v2F
~2ω3

|~σBA · e ~Emax|2(Tf − Ti). (3.3)

Here we have restored Planck’s constant to facilitate experimental verification of our
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central claim viz. Eq.(3.3). Also, χmax(ω
′
) is the susceptibility when cosΦ = 1. The

central result of Eq.(3.3) may be depicted graphically as shown by the diagram in results

section.

3.5.2 Experimental verification of ARO’s: Differential trans-

mission coefficient

The above description was an ideal pump probe experiment where the probe duration is

taken to be much smaller than the pump duration, so much so that we have used an ideal

delta function in time to describe the probe. This enables an elegant analytical solution

of the probe susceptibility at each probe frequency. This solution also clearly and easily

brings out the important physics we are after viz. that the probe susceptibility is a

sinusoidal function of the pump duration with the probe frequency and the pump Rabi

frequency (electric field strength) remaining fixed. The period of these oscillations is

the anomalous Rabi frequency. Realistic experiments [57,58,62,114] typically use the same

pulse for pump and probe except that the probe beam is much less intense than the

pump and comes after a time delay following the pump. Therefore, in order to compare

with existing experimental data we wish to study this problem. When delays are present

it is important to take into account dephasing rates.

In presence of a decaying term, the optical Bloch equations (3.1) and (3.2) can be

written as,

∂tndiff (~k, t) = 4Im
(

vF~σAB · (~k − e

c
~A∗(t))p(~k, t)

)

(3.4)

i ∂tp(~k, t) = vF~σBA · (~k − e

c
~A(t))ndiff (~k, t)− i

p(~k, t)− p0(~k)

T2
(3.5)

Here 1
T2

is the polarization dephasing rate (we ignore the decaying term due to electron-

hole recombination viz. population decay since it is small in comparison to 1
T2
) and

p0(~k) = − z∗
k

2vF |k| is the equilibrium polarization. The above equation ensures that the

polarization decays to the equilibrium value after a time large compared to T2 once the

pump is turned off.

The probe response of Eq.(3.4) and Eq.(3.5) are given by,

∂tδndiff (~k, t) = 4vF Im(~σAB · (−e
c
δ ~A∗(t)) p(~k, t)) + 4vF Im((~σAB · ~k) δp(~k, t)), (3.6)
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i ∂tδp(~k, t) = vF~σBA · (−e
c
δ ~A(t))ndiff (~k, t) + vF (~σBA · ~k) δndiff (~k, t)− i

δp(~k, t)

T2
. (3.7)

We have solved these equations using the the methods already outlined to obtain the

following formulas for the transmission coefficient. In graphene we think of the induced

field as proportional to the induced current which is in turn proportional to the polar-

ization. Therefore we choose the contribution to the signal induced by the probe pulse

as,

δ~π(t) = vF~σAB δp(t) + vF~σBA δp∗(t)

where δp(t) = 1
A

∑

k
δp(k, t). The signal due to the probe only is chosen for dimen-

sional consistency as δ~πext(t) =
ev2F
c2
δEext(t). The net transmitted signal is δ~πtrans(t) =

δ~πind(t)+δ~πext(t) where δ~πind(t) is the induced signal that propagates in the same direc-

tion as δ~πext(t). The transmitted intensity is 〈δ~π∗
trans(t) · δ~πtrans(t)〉 where the average

denotes time average and the incident intensity is 〈δ~π∗
ext(t) · δ~πext(t)〉. The transmission

coefficient is,
∆T

T0
=

〈δ~π∗
trans(t) · δ~πtrans(t)〉

〈δ~π∗
ext(t) · δ~πext(t)〉

.

What we are really interested in is the change in this coefficient with and without

the pump. This means we have to calculate ∆T+−∆T
T0

where ∆T+ refers to the probe

transmission with the pump and ∆T is the same without the pump. In present case

the induced signal is much weaker that the incident probe signal (it is well known

that graphene is quite transparent ∼ 97%), hence we may write for the differential

transmission coefficient,

η ≡ ∆T+ −∆T

T0
=

〈δ~π∗
ext(t) · (δ~πind,+(t)− δ~πind(t))〉+ 〈(δ~π∗

ind,+(t)− δ~π∗
ind(t)) · δ~πext(t)〉

〈δ~π∗
ext(t) · δ~πext(t)〉

We have computed η explicitly and it may be written as,

η = − ic2

ω2A

∑

k

eλ2τ
1

τd

(eλ2τd − 1)2

ΩARWA(0)
+ c.c. (3.8)

where,

λ2 = − 1

2T2
− Ω2

ARWA(0)

2T2Ω2
ARWA(k)

− iΩARWA(k) (3.9)

and ΩARWA(k) is the effective anomalous Rabi frequency and τ is the time delay between

82

TH-1269_09612107



3.5 Linear response due to the probe pulse

the end of the pump pulse and start of the probe pulse. Also τd is the common duration

of the pump and probe pulses. This may be explicitly evaluated for graphene to yield,

η = − c2

(4πv2F (τ + τd)(τ + 2τd)ω2)

×((4 +
2τ

τd
) cos

(

2ω2
R

ω
(τ + τd)

)

e
− (τ+τd)

T2 − (τ + τd)

τd
cos

(

2ω2
R

ω
(τ + 2τd)

)

e
− (τ+2τd)

T2

+(−3 − τ

τd
− 2τd

τ
) cos

(

2ω2
R

ω
τ

)

e
− τ

T2 ) (3.10)

It is clear that the above formula is consistent with the claims of the earlier dis-

cussion which involved using a delta function probe, viz. that the susceptibility is

a sinusoidal function of the pulse duration. Here however some differences are ex-

pected since both the pump pulse and the probe pulse have the same duration which

means harmonics of the anomalous Rabi frequency are also seen since a term such as

cos
(

2ω2
R

ω
(τd,probe + τd,pump)

)

also appears, which in the earlier discussion simply reduced

to cos
(

2ω2
R

ω
τd

)

since τd,probe = 0 but here since τd,probe = τd,pump = τd there are har-

monics as well. In this case, T2 � τ � τd. If we also ensure that
2ω2

R

ω
τ ∼ 10 so

that there are around 10 anomalous Rabi oscillations in the duration between pump

and probe, this phenomenon is seen clearly in the periodic variation of the differential

transmission coefficient as a function of delay. This formula also shows good agreement

with experimental data [57,58,62,114]. Specifically, in the work of Breusing et al. [58], a 7fs

pump and probe pulse was used with pump fluence of 0.2mJ/cm2 corresponding to an

intensity of I0 = 2.857 × 1014Watt/m2 and the r.m.s. electric field corresponding to

this intensity is E = 3270.0 kV/cm. The central frequency of the pump corresponds to

~ω = 1.5eV and the polarization dephasing time is taken to be T2 = 140fs. This leads

to the following realistic values for the various frequency scales. The driving frequency

is ω = 2.27× 1015rad/sec, the conventional Rabi frequency is ωR = 2.19× 1014rad/sec

and the anomalous Rabi frequency is ΩARWA =
2ω2

R

ω
= 4.2 × 1013rad/sec. This means

that in the duration of each pulse there are ∼ 16 oscillations with frequency ω, making

this notion well-defined. Also within the decay time there are ∼ 6 anomalous Rabi

oscillations making this also easily detectable. We may see that these numbers are

completely consistent with the assumptions made in the asymptotic rotating wave ap-

proximation - each differ from the other by an order of magnitude or more. Now we
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wish to plot the theoretical analog (see figure 3.1) of the data shown in Fig.1(c) of

Breusing et al. [58].
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Figure 3.1: These figures depicts the variation of differential transmission coefficient (η)
versus the time duration between the pump and probe field (τ).

In that work we see the following important features. The change in transmission

is positive for time delays τ < 300fs and negative thereafter. The data points show

oscillatory behavior superimposed on an overall decay. The claim we are making is that

this oscillatory behavior is nothing but the anomalous Rabi oscillation. Indeed, an esti-

mation of the period of these oscillations from Fig 1(c) of Breusing et al. gives a period

of 107fs. This corresponds to a circular frequency of 5.8× 1013rad/sec which is rather

close to the anomalous Rabi frequency ΩARWA = 4.2× 1013rad/sec. Other features of

this plot Fig.1(c) of Breusing et al. that are in broad agreement with Eq.(3.10) are,

(a) In both these plots, there is an sharp drop in the magnitude with increasing delays

especially for small delays (b) In both these plots there is the all important oscillation

superimposed on this decay whose frequencies are in good agreement - a signature of

anomalous Rabi oscillation (c) Both change sign after a certain time delay (however

the numerical values of those times do not match, also the numerical values of the

coefficient do not match at all, ours is a bit too high).

The important point is that the oscillatory behavior is characteristic and robust and

common to both theory and experiment.
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3.6 Results and discussion

In this section, we plot a graph obtained from Eq.(3.3) which reveals that the sus-

ceptibility due to the probe field depends upon the area of pump pulse. This area is

proportional to the pump pulse duration (Tf − Ti), provided the conventional Rabi

frequency is held fixed. The frequency of oscillations of the probe susceptibility as a

function of pump pulse duration is just the anomalous Rabi frequency.
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Figure 3.2: The figure depicts the variation of probe susceptibility with the area of the pump
pulse.

At this stage, it is desirable to perform some numerical estimates to decide when

these phenomena are going to be seen most clearly. The basic idea is that within a

relaxation time, sufficient number of oscillations should occur so that one may then

extract a proper frequency. Assuming the relaxation time to be T2 we expect,

Ωa−Rabi ≡
v2F
~2ω3

|~σBA · e ~Emax|2 ∼ 10
2π

T2
,

corresponding to 10 anomalous Rabi oscillations within a time interval of T2. Also we

choose the external pump frequency to be 10 times the anomalous Rabi frequency. This

means that the frequency of the pump pulse is ν = 100
T2

. According to Ulbricht et.al. [121],

the maximum electric field generated by terahertz radiation pulses is, Emax ∼ 120−400

kV/cm corresponding to pump frequency of 0.6 × 1012 Hz to 4 × 1012 Hz. From our

assumptions, this means that the relaxation time is constrained to be between T2 = 25

ps to T2 = 167 ps. But other works [62,63] have shown that phonon assisted energy

relaxation in graphene is in the subpicosecond time scale (∼ 0.4 − 1.7 ps), therefore it
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appears that a hundred times higher frequency than THz may be required. However

just for purposes of getting some insight into the various time scales and electric fields

involved, let us for the moment assume that a T2 ∼ 25 ps can be achieved.

In this case, Emax ∼ 131 kV/m is the peak field needed. This is two orders of

magnitude smaller than the maximum that can be achieved using THz pulses. Therefore

this experiment is indeed quite feasible.

Alternatively, graphene mimicked using cold atoms [126] could also be a possibility where

such constraints may be circumvented as the experiments can be tailor-made to a

theory’s specifications. The surface states of a three dimensional topological insulator

are also Dirac fermions [127,128] but they possess conventional spin rather than pseudo

spin. The analysis of the present work shows that in such systems too (gapped or

without gap), anomalous Rabi oscillations may be expected.

3.7 Conclusions

The work contained in this chapter has shown how pump-probe experiments can detect

anomalous Rabi oscillations in graphene. Anomalous Rabi oscillations are like conven-

tional Rabi oscillations - periodic exchange of energy between the light field and the

system in question. However, instead of these oscillations taking place close to the

resonance criterion where the applied frequency is nearly equal to the frequency for

creating a particle-hole pair, anomalous Rabi oscillations are seen when the external

frequency is larger than all others in the system. We have shown that these anomalous

oscillations have a frequency equal to
2ω2

R

ω
where ωR is the conventional Rabi frequency

and ω is the applied frequency. These anomalous oscillations have been shown in an

earlier work to be solely due to pseudo-spin/conventional spin, Dirac-fermion nature of

the quasiparticles. These qualities are shared by both the graphene system and surface

states of topological insulators. These anomalous oscillations manifest themselves in the

pump-probe experiment as a periodic variation of the probe susceptibility as a function

of pump duration when the conventional Rabi frequency is held fixed or as a periodic

variation of the differential transmission coefficient as a function of pump-probe delay

with other parameters held fixed.
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Chapter 4

Quantum Rabi oscillations in graphene

4.1 Introduction

The previous two chapters discussed the phenomenon of matter-field interaction, where

the EM field was treated as purely classical. However, there are several cases where a

classical description of the radiation field is not valid. Experimentally observed quan-

tum phenomena such as photoelectric effect, Raman effect, stimulated emission and

absorption, spontaneous emission etc. can not be explained by the classical theory of

radiation, these phenomena are explained only by quantum aspect of the radiation field.

Semiclassical analogue of the Rabi oscillations, resulting from the interaction of the light

field with a two level system shows sinusoidal oscillations (infinite wave train) in the ab-

sence of any relaxation terms. Treating the radiation field quantum mechanically [47–49],

some new phenomena are observed in Rabi oscillations known as quantum ‘collapse’

and ‘revival’. From a semiclassical perspective, an atom in an excited state cannot make

a transition to a lower level in the absence of an external field whereas in the quantum

case, this transition is possible even in a vacuum because of spontaneous emission (zero

point quantum fluctuations of radiation). A solvable model of quantum radiation in-

teracting with a two-level system has been given by Jaynes and Cummings [129,130]. The

most interesting phenomena in this model are the collapse and revival oscillations that

occur when the electromagnetic (EM) field is in a coherent state [131–134]. These phenom-

ena may be intuitively understood as follows. The population density consists of a sum

of oscillating terms, each corresponding to a well-defined photon number n and each

term oscillates with a particular Rabi frequency proportional to
√
n+ 1 [130]. In this
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case, one may see that even without any relaxation, the distribution of Rabi frequen-

cies produces an initial dephasing (‘collapse’) in the sinusoidal Rabi oscillations [129].

The basic reason is, if two neighboring terms oscillate 180◦ out of phase, they destruc-

tively interfere whereas if they are in phase, there is constructive interference [47]. In

case of collapse, the various contributions destructively interfere thereby producing the

effect of decay or dephasing. Revival is purely a quantum phenomenon, however. Re-

vival refers to the resurrection of previously extinguished oscillations due to destructive

interference gradually diminishing, progressively revealing the original oscillations. It

depends not only upon the coherent state of photons but also on the statistical distri-

bution of photon numbers. A continuous photon distribution would lead to a collapse

just like as in a classical field, but no revivals. The experimental realization of the

interaction between a two level atom and a quantized electromagnetic field have been

experimentally observed in experiments [103] such as cavity quantum electrodynamics

(CQED), performed with circular Rydberg atoms (atoms excited to highly quantum

number state) and center-of-mass motion of a trapped ion. Rabi oscillations have long

been studied in semiconductors [46] as well, where energy levels are replaced by bands.

Rabi oscillations in graphene has been studied by Mischenko [54] and Ishikawa [55] using

the well known rotating wave approximation [45] (RWA) close to resonance. Recently, we

predicted anomalous Rabi oscillations in graphene that occur far from resonance using

an alternative to RWA which we have been calling asymptotic rotating wave approx-

imation [53] (ARWA). This is the regime where the incident optical frequency is much

higher than the frequency corresponding to particle hole energy.

In this chapter, we wish to show that the phenomenon of anomalous Rabi oscillations

occur even when the EM field is quantum, thereby establishing unequivocally that the

ARO are due to pseudospin and not due to approximations or assumptions we have

made.

4.2 Problem formulation

The preceding chapters were devoted to the study of the Rabi oscillations using optical

Bloch equations in the presence of not only a continuous optical field but also with a

pump pulse. In this chapter, we describe the phenomenon of Rabi oscillations in the

presence of a purely quantum field which shows collapse and revival along with Rabi

oscillations.
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We start this chapter with the probability amplitude equation to study anomalous Rabi

oscillations in the presence of a quantum field. The result obtained is compared with

the model of pseudospinless graphene. Thereafter we study the interpolation between

the RWA and ARWA regime. This is followed by a description of collapse and revival

phenomena in presence of a coherent radiation field. Which is then followed by result

and discussion section with various plots.

4.3 Quantum Rabi oscillations in graphene: Probability

amplitude equation

The Hamiltonian for the low energy spectrum of graphene near the Dirac points in

presence of a quantum field is given by the following expression,

Ĥ = c†A (~σAB · ~ε) cB + c†B (~σBA · ~ε) cA + λ b c†BcA + λ∗ c†AcB b† + ω b†b, (4.1)

where the first two terms represents the low energy Hamiltonian of graphene, third

and fourth terms represents the interaction between graphene with quantum field and

the last term represents the field Hamiltonian, [b, b†] = 1 are the photon operators, ‘~ε’

represents the momentum dependent vector and ‘λ’ is the coupling constant.

In order to study differences that emerge when radiation is treated classically or

quantum mechanically, it is best to keep the matter sector as simple as possible. To

this end, we assert that all processes in case of graphene involve just one electron

either on site A or B. This means that in case of graphene, the only initial non-

zero amplitudes are, 〈0, 1, n|Φ(t)〉in and 〈1, 0, n|Φ(t)〉in, where the suffix “in” stand

for initial state. Using Schrodinger/Dirac equation, i~ ∂
∂t
|Φ(t)〉 = Ĥ|Φ(t)〉 and with

the unitary transformation 〈0, 1, n|Φ(t)〉in = 〈0, 1, n|Φ(t)〉 e−iωnt, 〈1, 0, n|Φ(t)〉in =

〈1, 0, n|Φ(t)〉 eiωnt, one can get the general probability amplitude equation as follows

(setting ~ = 1) (for the derivation see the Appendix-C),

i∂t〈0, 1, n|Φ(t)〉 = ~σBA · ~ε 〈1, 0, n|Φ(t)〉+
√
n+ 1λ e−iωt 〈1, 0, n+ 1|Φ(t)〉 (4.2)

and,

i∂t〈1, 0, n+ 1|Φ(t)〉 = ~σAB · ~ε 〈0, 1, n+ 1|Φ(t)〉+
√
n + 1λ∗ eiωt 〈0, 1, n|Φ(t)〉. (4.3)
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These equations may be solved in two different regimes near conventional resonance

it may be solved using the well known RWA where as far from resonance it is solved

using the ARWA technique.

In this section, we explore the two main regions where Rabi oscillations occur according

to our earlier work [53] and see if they still survive in the extreme quantum limit of

the radiation field. In that work, we showed that Rabi oscillations in graphene occur

at resonance when the external frequency matches the particle-hole frequency – an

unsurprising result shared by many systems such as two-level atoms, semiconductors

and so on. But we found that grapheme, due to the pseudospin degree of freedom,

exhibits anomalous Rabi oscillations for frequencies much higher than the frequency

associated with particle-hole creation. We find below that both types of oscillations

survive in the ultra quantum limit as well. Indeed there are even zero-point anomalous

Rabi oscillations in a vacuum. This means that the notion of ARO is robust and not

an artifact of any approximations.

4.3.1 Anomalous Rabi oscillations

In order to solve the graphene amplitude equations Eq.(4.2) and Eq.(4.3) in the regime

where the incident applied frequency (ω) is much higher than the frequency correspond-

ing to particle hole energy (2ε), we use the ARWA method, within this approximation

we set,

〈〉 = 〈〉s + 〈〉+ e−iωt + 〈〉− eiωt

Inserting this into the full amplitude equations Eq.(4.2) and Eq.(4.3) and comparing

the coefficients we obtain (keeping in mind that |i∂tgs,±| � |ωgs,±|),

〈0, 1, n|Φ(t)〉+ =

√
n+ 1λ

ω
〈1, 0, n+ 1|Φ(t)〉s,

〈1, 0, n+ 1|Φ(t)〉+ =
(~σAB · ~ε)

ω
〈0, 1, n+ 1|Φ(t)〉+,

〈0, 1, n|Φ(t)〉− = −(~σBA · ~ε)
ω

〈1, 0, n|Φ(t)〉−,

〈1, 0, n+ 1|Φ(t)〉− = −
√
n + 1λ∗

ω
〈0, 1, n|Φ(t)〉s,

90

TH-1269_09612107



4.3 Quantum Rabi oscillations in graphene: Probability amplitude equation

and the equations for the slow part of the amplitude,

(

i∂t +
(n + 1)|λ|2

ω

)

〈0, 1, n|Φ(t)〉s = (~σBA · ~ε) 〈1, 0, n|Φ(t)〉s, (4.4)

(

i∂t −
n|λ|2
ω

)

〈1, 0, n|Φ(t)〉s = (~σAB · ~ε) 〈0, 1, n|Φ(t)〉s (4.5)

To obtain the amplitude Rabi frequency we set i∂t ≡ Ω which correspond to a secular

equation for Ω.

|λ|4n(1 + n)− |λ|2ωΩ+ ω2(ε− Ω)(ε+ Ω) = 0 (4.6)

Therefore the amplitude Rabi frequency is,

Ω±(n) =
−|λ|2 ±

√

|λ|4(1 + 2n)2 + 4ε2ω2

2ω
(4.7)

This is the Rabi frequency associated with the probability amplitude: ψ± ∼ eiΩ±t. But

the current density is defined as, j ∼ ψ†
+ψ−, hence the actual Rabi frequency in the

ARWA regime associated with the current density is,

ΩAR(n) = 2

√

|λ|4(n+ 1
2
)2 + ε2ω2

ω
(4.8)

In the semi-classical limit, when n = n0 � 1 we obtain the formula of our earlier work

viz. ΩAR(n
0) = 2

√

ω4
R + ε2ω2/ω, where ωR =

√
n0|λ|.

4.3.1.1 Single photon anomalous Rabi oscillations

The equation for generalized anomalous Rabi frequency Eq.(4.8) suggest that the same

effect survives also in the single (or even zero) photon limit. The smallest anomalous

Rabi frequency is one for which n = 0. We see that zero-point fluctuations of the photon

field leads to anomalous Rabi oscillations even in a vacuum, which is detectable only

when |λ|2
2

� εω. In this case of single photon limit the expression for the generalized

Rabi frequency is given by the following expression,

Ω
(n=1)
AR = 2

√

|λ|4
4

+ ε2ω2

ω
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Thus anomalous Rabi oscillations present in the single photon limit. Now we wish to

ascertain if conventional Rabi oscillations are also present in the single photon limit.

4.3.2 Conventional Rabi oscillations

In this section, we study the other extreme limit where the incident frequency is nearly

equal to the frequency corresponding to particle hole energy. This is the RWA regime:

ω ≈ 2ε. In the semiclassical case we replace (n + 1) from the probability amplitude

equations Eq.(4.2) and Eq.(4.3) to n we have (in matrix form),

i
∂

∂t

(

〈0, 1, n|Φ(t)〉
〈1, 0, n|Φ(t)〉

)

=

(

0 εBA

εAB 0

)(

〈0, 1, n|Φ(t)〉
〈1, 0, n|Φ(t)〉

)

+

(

0 λ
√
n e−iωt

λ∗
√
n eiωt 0

)(

〈0, 1, n|Φ(t)〉
〈1, 0, n|Φ(t)〉

)

where, ~σBA · ~ε = εBA and ~σAB · ~ε = εAB. To obtain the expression for generalized Rabi

frequency, diagonalize the first matrix then after make the following substitution,

(

〈0, 1, n|Φ(t)〉
〈1, 0, n|Φ(t)〉

)

=

(

εBA

|ε| − εBA

|ε|
1 1

)(

˜〈0, 1, n|Φ(t)〉
˜〈1, 0, n|Φ(t)〉

)

The matrix equation which we have got after the above substitution, make the further

substitution,

˜〈0, 1, n|Φ(t)〉 = e−iεt ˜̃〈0, 1, n|Φ(t)〉; ˜〈1, 0, n|Φ(t)〉 = eiεt
˜̃〈1, 0, n|Φ(t)〉,

using the RWA approximation we have,

i∂t
˜̃〈0, 1, n|Φ(t)〉 = λ

√
n

2|ε| εAB e−i∆t ˜̃〈1, 0, n|Φ(t)〉,

and,

i∂t
˜̃〈1, 0, n|Φ(t)〉 = λ∗

√
n

2|ε| εBA e
i∆t ˜̃〈0, 1, n|Φ(t)〉

where, ∆ = ω − 2|ε|. A solution of these coupled equations yield the amplitude Rabi

frequency as ΩR,± = 1
2
(∆ ±

√

∆2 + n|λ|2) since the amplitude is ψ± ∼ eiΩR,±t. This

means that the slow part of the current oscillates as js(t) ∼ eiΩRt, where, ΩR is the
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generalized Rabi frequency given by the following expression,

ΩR =
√

∆2 + ω2
R,

where, ωR =
√
n|λ| is defined as Rabi frequency with zero detuning.

4.3.2.1 Conventional Rabi oscillations: Single photon limit

Consider the special limit where there is only one photon present. In this case, in an

amplitude such as 〈0, 1, n|Φ(t)〉 the value of n is either one or zero. Hence the amplitude

equations Eq.(4.2) and Eq.(4.3) for graphene reduces as follows,

i∂t 〈0, 1, 0|Φ(t)〉 = (~σBA · ~ε) 〈1, 0, 0|Φ(t)〉+ λe−iωt 〈1, 0, 1|Φ(t)〉,
i∂t 〈0, 1, 1|Φ(t)〉 = (~σBA · ~ε) 〈1, 0, 1|Φ(t)〉,
i∂t 〈1, 0, 1|Φ(t)〉 = (~σAB · ~ε) 〈0, 1, 1|Φ(t)〉+ λ∗eiωt 〈0, 1, 0|Φ(t)〉,
i∂t 〈1, 0, 0|Φ(t)〉 = (~σAB · ~ε) 〈0, 1, 0|Φ(t)〉

A solution to these coupled equations yield the amplitude Rabi frequency as,

ΩR =
1

2
(∆±

√
∆2 + λ2),

since the current density is defined as, j ∼ ψ†
+ψ−, the Rabi frequency associated with

the current is given by the following expression,

ΩR =
√
∆2 + λ2.

Thus we can see that conventional Rabi oscillations are also present in the single photon

limit in graphene (details missing from this section are contained in appendix )

4.3.3 Collapse and revival

In this section, we study the phenomenon of collapse and revival oscillations. These

are well explained in various textbooks on quantum optics [45,47]. The phenomenon of

collapse is the extinguishing of Rabi oscillations after a large number of cycles. This

could be a purely classical effect brought about by dephasing, or more interestingly it

could be due to the quantum nature of light which causes destructive interference that
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progressively builds up and finally destroys the oscillations. This is in fact the case in

the exactly solvable Jaynes Cummings (JC) model which describes a two level system

coupled to a single mode photon. While collapse could be due to any one of these

causes, the reverse phenomenon viz. revival is a purely quantum effect. Dephasing is

irreversible and therefore cannot be the reason for revival. Revivals are caused when

the destructive interference due to the quantum nature of light progressively diminishes

revealing the original Rabi oscillations. We wish to study these phenomena both in

the exactly solvable pseudospinless model (JC model) and also in graphene. Close to

resonance ω ∼ 2ε, both graphene and the JC model show identical behavior. Hence

the collapse and revival oscillations in this case are identical to what may be found in

textbooks. We therefore focus on the other extreme case namely far from resonance

where only graphene is expected to show Rabi-like oscillations. Collapse and revival

phenomena occur when the radiation is in a coherent state.

In the textbooks, the photon number states are used as basis where the calculations

involve a saddle point approximation around a classical average number of photons

n = 〈n〉 + δn which then leads to a closed formula for the dynamical variables which

then is seen to exhibit collapse and revival oscillations. To see this, we first explicitly

solve the equations Eq.(4.4) and Eq.(4.5). Since the terms 〈...〉± are smaller than 〈...〉s
by factors of λ

ω
or ε

ω
, we may apply the initial conditions on the slow parts without

introducing much error. We assert, |Φ(t)〉s = |1, 0〉|w〉 where |w〉 is the boson coherent

state [47,48,134] can be expressed in terms of vacuum state as,

|w〉 = e−
1
2
w̄wewb†|0〉.

Solving Eq.(4.4) and Eq.(4.5) with the following initial condition at t = 0,

〈0, 1, n|Φ(0)〉s = 0, 〈1, 0, n|Φ(0)〉s = e−
1
2
w̄w wn

√
n!

we have the solution for slowly varying part,

〈0, 1, n|Φ(t)〉s = −e− 1
2
w̄w wn

√

(n)!

ε2

εABΩAR(n)
(e−iΩ−(n)t − e−iΩ+(n)t), (4.9)

94

TH-1269_09612107



4.3 Quantum Rabi oscillations in graphene: Probability amplitude equation

〈1, 0, n|Φ(t)〉s = e−
1
2
w̄w w̄n

√
n!

1

2ΩAR(n)

[(

ω ΩAR(n) + (2n+ 1)|λ|2
)

e−iΩ+(n)t

+
(

ω ΩAR(n)− (2n+ 1)|λ|2
)

e−iΩ−(n)t
]

(4.10)

and the solution for rapidly varying part,

〈0, 1, n|Φ(t)〉+ =
λ
√
n+ 1

ω
e−

1
2
w̄w w(n+1)

√

(n+ 1)!

1

2ωΩAR(n+ 1)
[(

ω ΩAR(n+ 1) + (2n+ 3)|λ|2
)

e−iΩ+(n+1)t

+
(

ω ΩAR(n+ 1)− (2n+ 3)|λ|2
)

e−iΩ−(n+1)t
]

, (4.11)

〈1, 0, n|Φ(t)〉− =
nλ∗

ω
e−

1
2
w̄ww

n−1

√
n!

εBA

ΩAR(n− 1)
(e−iΩ−(n−1)t − e−iΩ+(n−1)t) (4.12)

where the amplitude Rabi frequencies come out to be,

Ω±(n) =
−|λ|2 ± 2

√

|λ|4(n+ 1
2
)2 + ε2ω2

2ω
. (4.13)

The polarization function in case of graphene can be defined as,

p(t) = 〈Φ(t)|c†AcB|Φ(t)〉,

inserting the completeness condition the above equation becomes,

p(t) =
∑

nA,nB,nν ,n′
A
,n′

B
,n′

ν

〈Φ(t)|nA, nB, nν〉〈nA, nB, nν |c†AcB|n′
A, n

′
B, n

′
ν〉〈n′

A, n
′
B, n

′
ν |Φ(t)〉,

using the definition of creation (annihilation) operator we have,

p(t) =
∑

nA,nB,nν

〈Φ(t)|nA, nB, nν〉
√
nA

√
nB + 1 〈nA − 1, nB + 1, nν|Φ(t)〉,
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only two possibility exist either (nA = 1, nB = 0) or (nA = 0, nB = 1) we have,

p(t) =

∞
∑

n=0

〈Φ(t)|1, 0, n〉〈0, 1, n|Φ(t)〉. (4.14)

In case of ARWA, the amplitude 〈0, 1, n|Φ(t)〉 and 〈Φ(t)|1, 0, n〉 can be written as,

〈0, 1, n|Φ(t)〉 = 〈0, 1, n|Φ(t)〉s + 〈0, 1, n|Φ(t)〉+ e−iωt + 〈0, 1, n|Φ(t)〉− eiωt

and,

〈Φ(t)|1, 0, n〉 = 〈1, 0, n|Φ(t)〉∗s + 〈1, 0, n|Φ(t)〉∗+ eiωt + 〈1, 0, n|Φ(t)〉∗− e−iωt.

Since the amplitude 〈Φ(t)|1, 0, n〉 is the complex conjugate of 〈1, 0, n|Φ(t)〉. Substituting
these values in to the Eq.(4.14) and equating only the amplitude of the part of that

oscillates as e−iωt is (we are interested only to take the coefficient of e−iωt because only

this will survive after summing over ‘k’ and we can neglect the coefficient of eiωt since

it contain 1
ω
term),

p+(t) =

∞
∑

n=0

((〈1, 0, n|Φ(t)〉s)∗ 〈0, 1, n|Φ(t)〉+

+(〈1, 0, n+ 1|Φ(t)〉−)∗ 〈0, 1, n+ 1|Φ(t)〉s) ,

after substituting all the values in to above polarization equation we have,

p+(t) =

∞
∑

n=0

λ e−
1
2
w̄ww(ww̄)

n

n! 4ω3

1

ΩAR(n)ΩAR(n+ 1)
[(

ω ΩAR(n) + (2n+ 1)|λ|2
)

eiΩ+(n)t +
(

ω ΩAR(n)− (2n+ 1)|λ|2
)

eiΩ−(n)t
]

[(

ω ΩAR(n+ 1) + (2n+ 3)|λ|2
)

e−iΩ+(n+1)t +
(

ω ΩAR(n + 1)− (2n+ 3)|λ|2
)

e−iΩ−(n+1)t
]

−
∞
∑

n=0

e−
1
2
w̄w (ww̄)

n

w̄ n!

nλ|ε|2
ω

1

ΩAR(n− 1)ΩAR(n)

(

(eiΩ−(n−1)t − eiΩ+(n−1)t)

(e−iΩ−(n)t − e−iΩ+(n)t)
)

.

Using the saddle point approximation we have (suppose we have the maximum distri-
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bution at n = n̄ ),

p+(t) =

∞
∑

n=0

e−
1
2
w̄wwλ(n̄)

n

n! 4ω3

1

ΩAR(n̄)ΩAR(n̄+ 1)
[

(

ω ΩAR(n̄) + (2n̄+ 1)|λ|2
)

ei(Ω+(n̄)+(n−n̄)Ω
′

+(n̄))t

+
(

ω ΩAR(n̄)− (2n̄ + 1)|λ|2
)

ei(Ω−(n̄)+(n−n̄)Ω
′

−(n̄))t
]

[

(

ω ΩAR(n̄+ 1) + (2n̄+ 3)|λ|2
)

e−i(Ω+(n̄+1)+(n−n̄)Ω
′

+(n̄+1))t

+
(

ω ΩAR(n̄+ 1)− (2n̄+ 3)|λ|2
)

e−i(Ω−(n̄+1)+(n−n̄)Ω
′

−(n̄+1))t
]

−
∞
∑

n=0

e−w̄w (n̄)
n

w̄ n!

n̄λ|ε|2
ω

1

ΩAR(n̄− 1)ΩAR(n̄)

(

ei(Ω−(n̄−1)−(n−n̄)Ω
′

−(n̄−1))t

−ei(Ω+(n−1)−(n−n̄)Ω
′

+(n̄−1))t
)(

e−i(Ω−(n̄)−(n−n̄)Ω
′

−(n̄))t − e−i(Ω+(n̄)−(n−n̄)Ω
′

+(n̄))t
)

,

further simplification gives (for n̄� 1),

p+(t) ≈
∞
∑

n=0

λ

ω
w e−n̄ n̄

n

n!

(2ε2 + (1
2
Ω

′

AR(n̄)− 2|λ|2
ω

)(1
2
ΩAR(n̄) +

n̄|λ|2
ω

))

Ω2
AR(n̄)

eiΩAR(n̄)tei(n−n̄)Ω
′

AR(n̄)t. (4.15)

This expression shows that there is a threshold behavior in the current density [53] in fre-

quency domain with the threshold frequency (with ε = 0) given by ΩAR,0 = 2 (n̄+1/2)|λ|2
ω

.

Thus we shall be content at examining the expressions in this situation. The induced

current density is given by j(t) = j+(t)e
−iωt where j+(t) =

∑

k
p+(t) where ε = vF |k|.

Therefore the envelope of the current density is,

j+(t) =
1

2π

|λ|2
4iv2Fωt

∞
∑

n=0

λ

ω
w e−n̄ n̄n

n!
ei

2|λ|2(n̄+1
2 )

ω
tei(n−n̄)

2|λ|2

ω
t. (4.16)

We see that the current density in the time domain has an oscillatory behavior governed

by the threshold anomalous Rabi frequency ΩAR,0 and an envelope that has a power

law decay (∼ t−1) with exponent −1. This exponent is characteristic of the the linear

dispersion of the single layer graphene quasiparticles, e.g. this exponent is different in

bilayer graphene. After summing over all momenta we obtain Eq.(4.16) and if we plot

the real part of its current density (j+(t)) versus dimensionless time variable ( |λ
2|
ω
t),
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shows the anomalous collapse and revival but with the decreasing envelope amplitude

governed by the factor 1
t
. The method for evaluating this sum over the integer n is

described by Eberly et. al. [131] and also in various textbooks [45,47]. It involves noting

that the Poisson distribution is sharply peaked at n = n̄ ≡ w̄w for w̄w � 1 so that we

may write n = n̄+(n− n̄) and ignore terms of order (n− n̄)2 and higher. However it is

important to retain the discrete summation over n (rather than replace by integration

e.g.) since this leads to the phenomenon of revivals.

4.3.3.1 Collapse and revival time

From the expression (4.15), it is possible to extract the collapse and revival times.

Revival occurs when successive terms interfere constructively. Thus if trev represents the

revival time then eiΩ
′

AR
(n̄)trev = 1. This means the oscillations revive roughly (because

we used the saddle point approximation) after every trev such that,

trev =
2πm

Ω
′

AR(n̄)

where m = 1, 2, ...

To study the phenomenon of collapse, take the following terms from the expression

(4.15) and let us say it as I,

I =
∞
∑

n=0

e−n̄ n̄n

n!
eiΩAR(n̄)tei(n−n̄)Ω

′

AR
(n̄)t

after performing the summation we have,

I = eiΩAR(n̄)te−in̄Ω
′

AR(n̄)te−n̄ en̄ Exp[itΩ
′

AR(n̄)]

collapse occurs on a time scale small compared to trev so that we may expand as,

Exp[itΩ
′

AR(n̄)] ≈ 1 + itΩ
′

AR(n̄) +
1

2
(itΩ

′

AR(n̄))
2 + ...

then we have,

I ≈ eiΩAR(n̄)t e−n̄ 1
2
t2Ω

′2
AR

(n̄)

We define collapse time tcol as the time at which the amplitude is 1/10 of the original.
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This means,

e−n̄ 1
2
t2
col

Ω
′2
AR(n̄) =

1

10

so that,

tcol =

√

2 log(10)

n̄Ω
′2
AR(n̄)

We note that trev
tcol

= 2π
√

n̄
2 log(10)

which means it is sufficient to study any one of these

times as a function of other parameters. Consider the two revival times: the revival time

of conventional Rabi oscillation trev,R = 2π

Ω
′
R
(n̄)

and the revival time of anomalous Rabi

oscillation trev,AR = 2π

Ω
′
AR

(n̄)
. But we know from the earlier discussion that, ΩR(n̄) =

√
n̄|λ| and ΩAR(n̄) =

2Ω2
R
(n̄)

ω
≈ 2n̄|λ|2

ω
so that, Ω

′

R(n̄) = 1
2
√
n̄
|λ| and Ω

′

AR(n̄) ≈ 2|λ|2
ω

.

Therefore,

trev,AR =
ωπ

|λ|2 ; tcol,AR =
1

2π

√

2 log(10)

n̄

ωπ

|λ|2 ;

trev,R =
4π

√
n̄

|λ| ; tcol,R =
1

2π

√

2 log(10)
4π

|λ| ;

Till now we have discussed the coherent interaction of graphene with quantized EM field

and demonstrated the phenomenon of anomalous Rabi oscillations. In the next section

we compare the result obtained so far with the exactly solvable analogue of graphene

which does not have pseudospin and show that the anomalous Rabi oscillations in

graphene is because of its pseudospin nature.

4.4 Exactly solvable analogue of graphene: “Pseudospin-

less” graphene

In this section, we introduce a model that describes two species of fermionic oscilla-

tors coupled to a single mode photon. This is meant to isolate and highlight the role

played by pseudospin in determining the nature of anomalous Rabi oscillations far from

resonance in the presence of a quantized single mode photon field. We demonstrate

through an exact solution and otherwise the central result viz. that anomalous oscilla-

tions far from resonance occur only in graphene or graphene-like systems that possess

pseudospin. In addition, conventional Rabi oscillations seen in pseudospinless systems

(e.g. the Jaynes Cummings model) are of course, also present.
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Here we wish to show that in the ARWA limit, the amplitude of the part of cur-

rent density which oscillates with the frequency of the external radiation in case of

pseudospinless graphene is constant, whereas in the case of graphene this amplitude

oscillates slowly with the anomalous Rabi frequency which we have already shown in

the previous section.The Hamiltonian for the pseudospinless graphene that possesses

all the attributes of graphene barring pseudospin is obtained by making the correspon-

dence cA → d†, c†B → c†, where d† creates one hole in the valence band and c† creates

one electron in the conduction band, but now the kinetic energy is chosen to be purely

diagonal.

ĤPSL = ε (c†c+ d† d) + λ c† d† b+ λ∗ b† d c+ ω b†b. (4.17)

Here the subscript ‘PSL’ stand for a pseudospinless system. These Hamiltonians are

designed so that when the fields are treated classically, b =
√
n - a constant, the

results, both for graphene and the peudospinless system, are identical to the ones found

in our earlier work [53]. Hence the reason for this particular choice of Hamiltonians.

Furthermore, the Hamiltonian in Eq.(4.17) which we have been calling [53] PSL graphene

deserves such an epithet only because we choose to think of ε as being linearly related

to the momentum. Since the kinetic term is purely diagonal, it is also ‘pseudospinless’.

We make use of the observation that this model is exactly solvable even when b is an

operator. This is not surprising since this model may be mapped to the well-known

Jaynes-Cummings model through the following identifications,

σ+ = c†d†; σ− = dc

together with a unitary transformation on the photons which means we replace b with

be−iωt.

4.4.1 Equation of motion for the probability amplitude

A pseudospinless graphene system can be treated as a conventional semiconductor with

zero band gap and linear energy-momentum relation near the vicinity of vanishing

energy. In case of the PSL system each state has either (i) no electron or hole or (ii) one

electron and one hole. This means the only non-zero amplitudes are 〈0, 0, n|Φ(t)〉PSL,in

and 〈1, 1, n|Φ(t)〉PSL,in. Using the Schrodinger/Dirac equation followed by the unitary

transformation, the equation of motion for the probability amplitudes is given as (detail
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calculations contained in the Appendix-C),

i∂t〈0, 0, n|Φ(t)〉PSL =
√
nλ∗ eiωt〈1, 1, n− 1|Φ(t)〉PSL, (4.18)

(i∂t − 2ε) 〈1, 1, n− 1|Φ(t)〉PSL =
√
nλ e−iωt〈0, 0, n|Φ(t)〉PSL, (4.19)

where, the state 〈0, 0, n|Φ(t)〉PSL,in and 〈0, 0, n|Φ(t)〉PSL are related with the unitary

transformation. Unlike the graphene equations Eq.(4.2) and Eq.(4.3) that require

domain-specific approximate methods for their solution (to be discussed subsequently),

the equations for the pseudospinless model viz. Eq.(4.18) and Eq.(4.19) are exactly

solvable by virtue of being the same as the equations for the Jaynes Cummings model.

The current density in case of graphene is defined by, ~j = ~σABc
†
AcB +~σBAc

†
BcA, whereas

in case of a pseudospinless system it is, ~jPSL = −~pvc(c†d† + dc). We wish to evaluate,

the expectation value of current density in both the cases. In the case of graphene’s

toy model, we assume that there is one electron so that we have two possible states

(nA, nB) = (0, 1), (1, 0)

〈~j(t)〉 = ~σBA

∑

n

〈Φ(t)|0, 1, n〉〈1, 0, n|Φ(t)〉+ ~σAB

∑

n

〈Φ(t)|1, 0, n〉〈0, 1, n|Φ(t)〉,

whereas in case of pseudospinless system, we assert that (nc, nd) is either (0,0) or (1,1),

〈~jPSL(t)〉 = −~pvc
∑

n

(〈Φ(t)|1, 1, n〉〈0, 0, n|Φ(t)〉+ 〈Φ(t)|0, 0, n〉〈1, 1, n|Φ(t)〉) (4.20)

In case of graphene, the polarization function in our earlier work was defined by the

following expression,

p(t) = 〈Φ(t)|c†AcB|Φ(t)〉 =
∑

n

〈Φ(t)|1, 0, n〉〈0, 1, n|Φ(t)〉

whereas in case of PSL it is,

pPSL(t) = 〈Φ(t)|dc|Φ(t)〉 =
∑

n

〈Φ(t)|0, 0, n〉〈1, 1, n|Φ(t)〉 (4.21)

We now make the observation that the equations Eq.(4.18) and Eq.(4.19) for the PSL

system (essentially the Jaynes Cummings model) may be solved through the following
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substitution.

〈0, 0, n|Φ(t)〉PSL = 〈0, 0, n|Φ(t)〉PSL,r e
iωt (4.22)

We have observed earlier [53] that this is tied to the global symmetry,

〈1, 1, n|Φ(t)〉PSL → 〈1, 1, n|Φ(t)〉PSL e
iθ , 〈0, 0, n|Φ(t)〉PSL → 〈0, 0, n|Φ(t)〉PSL , λ →

eiθλ enjoyed by the PSL equations. With this substitution, the solution for the PSL

equations may be written down as follows,

〈0, 0, n|Φ(t)〉PSL,r =
e−

1
2
t(2iε+iω+iz)

2z
(2ε(eitz) + ω + z + eitz(−ω + z)) (4.23)

and,

〈1, 1, n− 1|Φ(t)〉PSL = −e
− 1

2
t(2iε+iω+iz)(−1 + eitz)λ

z

√
n (4.24)

where, z =
√

4n|λ|2 + (−2ε+ ω)2. Substituting the above values of probability ampli-

tudes into Eq.(4.20) and extracting the coefficient of e−iωt within ARWA limit allow

us to conclude that there are no anomalous Rabi oscillations in this situation. The

only Rabi oscillations occur close to resonance viz. ω ∼ 2ε. However, the graphene

system may not be solved by a simple substitution. But there are some limits in which

the graphene system may also be studied. One is the semi-classical radiation limit.

In this case n = n0 � 1, a fixed quantity. Since now we may set n − 1 ≈ n, the

equations Eq.(4.2) and Eq.(4.3) instead of being an infinite tower (in the variable n)

of coupled equations, just becomes two coupled equations. One may then proceed to

study them either using the conventional rotating wave approximation (RWA) or the

newly introduced asymptotic RWA [53] valid far from resonance where we encountered

the phenomenon of anomalous Rabi oscillation.

4.4.2 Analysis of ‘pseudospinless’ probability amplitude equa-

tions within ARWA

In order to examine the phenomenon of anomalous Rabi oscillations in ‘pseudospin-

less’ model of graphene in the extreme non-resonance condition we make the following

substitutions in to the Eq.(4.18) and Eq.(4.19),

〈0, 0, n|Φ(t)〉PSL = 〈0, 0, n|Φ(t)〉+ 〈0, 0, n|Φ(t)〉+ e−iωt + 〈0, 0, n|Φ(t)〉− eiωt
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and

〈1, 1, n−1|Φ(t)〉PSL = 〈1, 1, n−1|Φ(t)〉s+〈1, 1, n−1|Φ(t)〉+ e−iωt+〈1, 1, n−1|Φ(t)〉− eiωt.

Upon substitution, the solution for the rapidly varying part becomes,

〈0, 0, n|Φ(t)〉+ = 0, 〈0, 0, n|Φ(t)〉− = −
√
nλ∗

ω
〈1, 1, n− 1|Φ(t)〉s,

〈1, 1, n− 1|Φ(t)〉+ =

√
nλ

ω
〈0, 0, n|Φ(t)〉s, 〈1, 1, n− 1|Φ(t)〉− = 0

and the equation for the slowly varying part is,

i∂t〈0, 0, n|Φ(t)〉s =
n|λ|2
ω

〈0, 0, n|Φ(t)〉s,

i∂t〈1, 1, n− 1|Φ(t)〉s =
(

2ε− n|λ|2
ω

)

〈1, 1, n− 1|Φ(t)〉s

leads to the following solution,

〈0, 0, n|Φ(t)〉s = c1 e
−in|λ|2

ω
t, 〈1, 1, n− 1|Φ(t)〉s = c2 e

2iεte−in|λ|2

ω
t,

where c1 and c2 are constants.

within ARWA limit, the Eq.(4.20) can be written as (we are interested to take only

the coefficient of e−iωt),

〈~jPSL,+(t)〉 = −~pvc
∑

n

(〈Φ(t)|1, 1, n〉s〈0, 0, n|Φ(t)〉+ + 〈Φ(t)|1, 1, n〉−〈0, 0, n|Φ(t)〉s)

−~pvc
∑

n

(〈Φ(t)|0, 0, n〉s〈1, 1, n|Φ(t)〉+ + 〈Φ(t)|0, 0, n〉−〈1, 1, n|Φ(t)〉s)

After substituting the value of probability amplitudes in the above expression leads to a

constant term, we may conclude that there are no anomalous Rabi oscillations present

in ‘pseudospinless’ model of graphene far extreme non-resonance.

4.5 Interpolation

As in the earlier work [53], we wish to find a single formula for the Rabi frequency

that interpolates between the two regimes discussed above. The best way to solve
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the graphene equations is by use of Fourier transforms. This method yielded [53] one

formula for the Rabi frequency valid both close to resonance and far from resonance

which matches with the results obtained by solving these equations separately in those

limits. To this end, we make the following identifications.

〈0, 1, n|Φ(t)〉 =
∫ ∞

−∞

dω
′

2π
e−iω

′
t f01(n, ω

′

);

〈1, 0, n|Φ(t)〉 =
∫ ∞

−∞

dω
′

2π
e−iω

′
t f10(n, ω

′

), (4.25)

where, f01(n, ω
′
) is the Fourier transform of 〈0, 1, n|Φ(t)〉. Substituting these into the

graphene equations above yields the following set of coupled double recursion relations,

ω
′

f01(n, ω
′

) = ~σBA · ~ε f10(n, ω
′

) +
√
n + 1λ f10(n+ 1, ω

′ − ω), (4.26)

ω
′

f10(n+ 1, ω
′

) = ~σAB · ~ε f01(n + 1, ω
′

) +
√
n + 1λ∗ f01(n, ω

′

+ ω) (4.27)

We may also combine these two equations into one as,

c1(ω
′

, n)f01(n, ω
′

) = a1(ω
′

, n)f01(n− 1, ω
′

+ ω) + b1(ω
′

, n)f01(n+ 1, ω
′ − ω) (4.28)

by defining,

c1(ω
′

, n) = (ω
′ − ε2

ω′ −
(n + 1)|λ|2
ω′ − ω

);

a1(ω
′

, n) = (~σBA · ~ε)
√
nλ∗

ω′ ;

b1(ω
′

, n) =
√
n+ 1λ

(~σAB · ~ε)
(ω′ − ω)

.

Include up to the first harmonics in Eq. (4.28) put ω
′ → ω

′
+ ω we have,

f01(ω
′

+ ω, n− 1) =
b1(ω

′
+ ω, n− 1)

c1(ω
′ + ω, n− 1)

f01(ω
′

, n),

and put ω
′ → ω

′ − ω in same equation we gave,

f01(ω
′ − ω, n+ 1) =

a1(ω
′ − ω, n+ 1)

c1(ω
′ − ω, n+ 1)

f01(ω
′

, n),
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back substitution in to Eq.(4.28) gives,

c1(ω
′

, n)− a1(ω
′

, n)
b1(ω

′
+ ω, n− 1)

c1(ω
′ + ω, n− 1)

− b1(ω
′

, n)
a1(ω

′ − ω, n+ 1)

c1(ω
′ − ω, n+ 1)

= 0.

Since Eq.(4.28) is a homogeneous system of equations, it defines an eigenvalue problem.

The eigenvalues are precisely the variable ω
′
. An iterative solution of this eigenvalue

problem yields a continued fraction description of the eigenvalue equation. The contin-

ued fraction method of solution of the Rabi problem has been introduced in the context

of the study of Bloch-Siegert shift [112] by Swain [135,136].

c2n(ω
′

, n) f01(n, ω
′

) = a2n(ω
′

, n) f01(n− 2n, ω
′

+ 2nω)

+b2n(ω
′

, n) f01(n+ 2n, ω
′ − 2nω)

c2n(ω
′

, n) = c2n−1(ω
′

, n)− a2n−1(ω
′
, n) b2n−1(ω

′
+ 2n−1ω, n− 2n−1)

c2n−1(ω′ + 2n−1ω, n− 2n−1)

−b2n−1(ω
′
, n) a2n−1(ω

′ − 2n−1ω, n+ 2n−1)

C2n−1(ω′ − 2n−1ω, n+ 2n−1)
(4.29)

a2n(ω
′

, n) =
a2n−1(ω

′
, n) a2n−1(ω

′
+ 2n−1ω, n− 2n−1)

c2n−1(ω′ + 2n−1ω, n− 2n−1)

b2n(ω
′

, n) =
b2n−1(ω

′
, n) b2n−1(ω

′ − 2n−1ω, n+ 2n−1)

c2n−1(ω′ − 2n−1ω, n+ 2n−1)

The Rabi frequency ω
′
is determined by the solution of

c2n(ω
′

, n) = 0

where n is the level of iteration. We saw in our earlier work [53], that choosing n = 0

amounts to ignoring all harmonics (even the first harmonic). This leads to an erroneous

result for the Rabi frequency when ω ∼ 2ε (the conventional RWA), but is quite ade-

quate for obtaining the ARWA result when ε → 0. Here too we find that when ε = 0,

c1(ω
′
, n) = 0 gives,

c1(ω
′

, n) ≈ (ω
′ − (n+ 1)|λ|2

−ω ) = 0.
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Thus the Rabi frequency associated with the probability amplitude comes out as (n+1)|λ|2
ω

which is
ω2
R

ω
for n large compared to unity. The Rabi frequency associated with polar-

ization and current is twice this value - a result that matches with the one obtained

in the earlier work [53]. We need to do better of course. We need one equation that

correctly describes both the regimes - the RWA and the ARWA regimes. Again, the

earlier work shows the way. Just iterating once more gets the job done.

c2(ω
′

, n) ≡ f2(ω
′

, ω, ε) = ω
′ − ε2

ω′ −
|λ|2(1 + n)

(ω′ − ω)
(4.30)

− (1 + n)ε2|λ|2

(ω′ − ω)2(ω′ − |λ|2(2+n)

(ω′−2ω)
− ε2

(ω′−ω)
− ω)

− nε2|λ|2

ω′2(− |λ|2n
ω′ + ω′ + ω − ε2

(ω′+ω)
)
= 0.

Consider the two regions separately - (i) RWA: ∆ ≡ ω− 2ε� ω and ε� ωR ≡
√

|λ|2n
and (ii) ARWA: ω � ε, ωR but ωε = b2 ∼ ω2

R. In order to investigate case (i) we have

to examine the limit,

Limε→∞ f2(ε+ x, 2ε+∆, ε) = 2x− |λ|2(n + 1)

2(x−∆)
+O(

1

ε
) = 0 (4.31)

The conventional Rabi frequency associated with the probability amplitude is ψ± ∼
eiΩR,±t,

Ω±(n) = ε+
1

2
(∆±

√

|λ|2(1 + n) + ∆2) (4.32)

Thus the conventional Rabi frequency associated with the current j ∼ ψ†
+ψ− is there-

fore,

ΩR(n) =
√

|λ|2(1 + n) + ∆2 (4.33)

This result matches the ones obtained in our earlier work [53] when n � 1. In order to

investigate case (ii) we have to examine the limit,

Limω→∞ f2(
x

ω
, ω,

r

ω
) =

1

ω
(|λ|2(n+ 1) +

r2

|λ|2n− x
+ x) +O(

1

ω2
) = 0

Therefore, the anomalous Rabi frequency associated with the probability amplitude is,

Ω±(n) =
1

2ω
(−|λ|2 ±

√

|λ|4(1 + 2n)2 + 4r2). (4.34)
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The anomalous Rabi frequency matches with the one obtained earlier - Eq.(4.7), by a

series solution of the differential equation. The ARWA frequency for the current is,

ΩAR(n) = 2

√

|λ|4(n+ 1
2
)2 + ε2ω2

ω
. (4.35)

These results are identical to what we obtained earlier. It is now important to ascertain

that these values are retained when we do a further iteration. We have remarked that

iterating the recursion Eq.(4.29) once (i.e. set n = 1) is sufficient to reproduce both the

RWA and ARWA frequencies correctly. Now we must make sure that these expectations

continue to hold even at the next level of iteration, i.e. n = 2. This is indeed the case

since,

Limε→∞ (f4(ε+ x, 2ε+∆, ε)− f2(ε+ x, 2ε+∆, ε)) =
|λ|4(n+ 1)(n+ 2)

96(x−∆)2ε

+O(
1

ε2
) + ...... (4.36)

Therefore, differences show up only at strong enough fields. In the ARWA case, the

agreement is even more striking.

Limω→∞ (f4(
x

ω
, ω,

r

ω
)− f2(

x

ω
, ω,

r

ω
)) = − |λ|4(n− 1)nr4

2(|λ|2n− x)2ω7
. (4.37)

4.6 Results and discussion

In this section, we plot the graphs obtained from above calculations. In Fig.(4.1), the

real part of the polarization for graphene p+(t) is plotted versus t |λ|
2

ω
with n̄ = 15.

This figure depicts anomalous Rabi oscillations followed by collapse and revival with

this sequence repeating indefinitely (in the saddle point scheme). In the left plot of

the Fig.(4.2) we see the collapse time associated with both conventional and anomalous

Rabi oscillations in arbitrary units with a choice ω = 100 and |λ| = 1 versus n̄. Whereas

the other plot of Fig.(4.2) we see the corresponding plot for the revival times.

107

TH-1269_09612107



Chapter 4. Quantum Rabi oscillations in graphene

2 4 6 8 10 12

-100
-50

0
50

100
150

t Λ2

Ω

p +

Figure 4.1: The figure depicts the collapse and revival phenomenon. The real part of the

polarization is plotted versus time ( t|λ|
2

ω ). To plot, we have taken n̄ = 10 .
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Figure 4.2: The above figures depicts the collapse times (left figure), revival time (right
figure) versus the average number of photons n̄.

4.7 Conclusions

In this chapter, we have conclusively established that the phenomenon of anomalous

Rabi oscillations that occur far from resonance, shown to be unique to graphene-like

systems in an earlier work and attributable to pseudospin, survive even when radia-

tion is treated quantum mechanically. New phenomena such as zero-point or vacuum

anomalous Rabi oscillations in graphene have now been predicted. In the presence of a

coherent photon field, the phenomenon of collapse and revival is seen both in conven-

tional and anomalous Rabi oscillations. The anomalous collapse and revival times of

graphene are extracted and contrasted with the corresponding forms seen in the Jaynes
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Cummings model.
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Chapter 5

Summary, conclusions and future

directions

In this thesis, we have investigated various coherent nonlinear phenomena that arise

from an interaction of graphene with an electromagnetic field. The goal of the thesis is

to study one of the well-known coherent optical effect viz. Rabi oscillations in graphene

with the matter-field interaction treated both semiclassically as well as quantum me-

chanically. More specifically, it is the study of coherent Rabi oscillations in graphene

in the presence of classical as well as quantum field in two different regimes namely

close to conventional resonance and at far from resonance. Rabi oscillation is one of

the well-studied optical phenomenon predicted theoretically a long time ago in case of

two level systems. Conventionally, the phenomena of Rabi oscillations take place when

the frequency of the incident optical field is nearly equal to the transition frequency of

the two level systems, referred to as the resonance condition. This phenomenon is also

seen in two-band systems such as semiconductors (with levels being replaced by bands)

though this came a long time after its theoretical prediction in the 1980’s. Far from

resonance when the frequency of external radiation is large compared to the frequency

corresponding to the energy of a particle-hole pair, the Rabi oscillations have not been

observed in two level systems or in conventional semiconductors. In case of graphene,

however, we predicted a second kind of Rabi oscillation that occur far-from resonance.

Among all the peculiarities of graphene, pseudospin is one of the most striking which

is not present in the conventional semiconductors. We have demonstrated in this thesis

that the existence of anomalous Rabi oscillations is because of the pseudospin nature

of graphene. Finally, we would like to present a brief summary of each of the chapters
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in the following way.

chapter 1 is an introduction to the basic notions involved in this thesis. It includes a

survey of relevant literature dating back to the work of Wallace on the electronic struc-

ture of graphite all the way to cutting edge applications of graphene being contemplated

today.

In chapter 2, we proposed theoretically, a second kind of (anomalous) Rabi oscilla-

tions present in graphene. The main technical advancement reported here is the use

of a new technique viz. an alternative to the well-known rotating wave approximation

(which we have called ‘asymptotic rotating wave approximation’). This alternative ap-

proach is applicable far from resonance, where it is able to show that for systems with

pseudospin such as graphene, a second anomalous Rabi frequency is present, and the

current density in the frequency domain exhibits a crossover from one kind of singu-

lar behavior close to the normal Rabi frequency to another kind of singular behavior

close to the (typically smaller) anomalous Rabi frequency (
2ω2

R

ω
). We have studied the

phenomenon of crossover of Rabi oscillations as a function of detuning - the differ-

ence between the frequency of the incident wave and inter-band energy (2vF |k|). It is

shown by comparison with an exactly solved model with bands having linear dispersion

but lacking pseudospin that this crossover is unique to graphene, attributable to the

pseudospin character of the graphene Hamiltonian. This exactly solvable model also

validates the asymptotic rotating wave approximation (this approximation on the solv-

able model agrees with the appropriate limit of the exact solution) which is the new

technique introduced in this thesis. A group theoretic argument for why this model

is solvable is given. We compute the nonlinear current using our formalism, the main

prediction being the threshold behavior (with exponent equal to 1/2) of the slowly

varying part of the current in the frequency domain with threshold frequency being
2ω2

R

ω

(‘anomalous’ Rabi frequency) where ωR is the Rabi frequency for zero detuning. The

novelty of our approach is the introduction of an alternative to the rotating wave ap-

proximation (RWA) (called asymptotic RWA here) which is argued to be important in

demonstrating this crossover. We provide an interpolation method between these two

regimes, that shows novel phenomena attributable to harmonic generation and also the

new minima (resonances) in the effective Rabi frequency brought about by frequency

doubling. A fully numerical solution to the Bloch equations verifies the analytical re-

sults and the various approximation schemes.

In chapter 3, we proposed an experimental technique - pump probe spectroscopy
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that can detect anomalous Rabi oscillations in graphene. Pump-probe experiments are

typically used to study relaxation phenomena in nonlinear optical systems, however, we

use it as a tool to detect experimentally the phenomenon of anomalous Rabi oscillations

in graphene which is a coherent phenomenon. Unlike, conventional Rabi oscillations,

anomalous Rabi oscillations are unique to graphene (and possibly to surface states of

topological insulators (TI)), attributable to the pseudospin (conventional spin for TI)

degree of freedom and Dirac-fermion character of the graphene system. A pump pulse

of a finite duration long enough to contain a large number of cycles induces a current

density that oscillates with the frequency of the pump pulse. The amplitude associated

with these fast oscillations is seen to exhibit much slower oscillations with a frequency

equal to the anomalous Rabi frequency. This effect is easily probed by a probe pulse

subsequent to the pump, where it manifests itself as periodic oscillations of the probe

susceptibility as a function of pump duration at each probe frequency. Alternatively,

it is also seen as an oscillatory function of the pump probe delay with other variables

remaining fixed. This period corresponds to the anomalous Rabi frequency. An analy-

sis of previously reported experimental data confirms the presence of anomalous Rabi

oscillations in graphene.

In preceding two chapters, the study of anomalous Rabi oscillations has been re-

ported in the presence of classical field. However, chapter 4 shows that both anomalous

and conventional Rabi oscillations survive even with the radiation field treated quantum

mechanically. New phenomena such as zero-point or vacuum anomalous Rabi oscilla-

tions in graphene have been predicted. This is to be expected for conventional Rabi

oscillations, however, the prediction that anomalous Rabi oscillations also occur in the

single-photon situation means that this notion of ARO is robust and not an artifact of

approximations. We reported collapse and revival of both conventional and anomalous

Rabi oscillations in response to a coherent radiation field. The anomalous collapse and

revival times of graphene are extracted and contrasted with the corresponding forms

seen in the Jaynes Cummings model.

In this thesis, we have discussed the coherent nonlinear optical response of graphene

without taking into account the interaction between the charge carriers. Future research

will be based upon the Coulomb interactions that are present between charge carriers

in the system. The alternative to the rotating wave approximation namely, asymptotic

RWA should pave the way for a detailed study of excitonic and other effects in graphene

based systems and is hence likely to be of broad significance.

113

TH-1269_09612107



114

TH-1269_09612107



Appendix A

Detailed Calculations

In this appendix A, we present the detailed theoretical calculation of chapter 1 and

chapter 2.

A.1 Derivation of low energy Hamiltonian in terms of

creation(annihilation) operators

In order to derive the low energy Hamiltonian (2.1) in terms of the basis vectors

(c†p,A c†p,B), rewrite the Hamiltonian (1.10) as (here ‘q’ is replaced by ‘p’),

Ĥ = ~vF

(

c†p,A c†p,B

)

(

0 px + ipy

px − ipy 0

)(

cp,A

cp,B

)

After little simplification we have,

Ĥ = ~vF (px + ipy) c
†
p,Bcp,A + (px − ipy) c

†
p,Acp,B = ~vF

∑

α,β=A,B

(~σ · ~p)α,β c†p,αcp,β

A.2 Calculation for the value of population excess and

polarization at time ‘t = 0’

In absence of field the Hamiltonian (2.1) can be written as,

Ĥ0 =
∑

p,α,β

c†pα (~σ.~p) cp,β,
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where, all parameters has been defined in chapter 1. The above Hamiltonian can be

written in extended form as,

H0 =
∑

p

c†pA (px − ipy) cpB +
∑

p

c†pB (px + ipy) cpA.

Expectation value of any operator can be written as,

〈Ô〉 =
Tr
(

e−β(H0−µN) Ô
)

Z
,

where, Z = Tr(e−β(H0−µN)) is the partition function, β = 1
k T

, k is the Boltazmaan

constant, T is the temperature, µ is the chemical potential, N =
∑

p (c
†
pA cpA+c

†
pB cpB)

is the number operator. We have to find out the expectation value polarization density

defined as p0(k) = 〈c†kA ckB〉,

〈c†ps cps′〉 =
Tr
(

e−β(H0−µN) c†ps cps′
)

Z
=
Tr
(

cps′ e
−β(H0−µN) c†ps

)

Z

=
Tr
(

e−β(H0−µN) eβ(H0−µN) cps′ e
−β(H0−µN) c†ps

)

Z
.

Define, f(β, s′) = eβ(H0−µN) cps′ e
−β(H0−µN) differentiate w.r.t. β we have,

∂

∂β
f(β, s′) = eβ(H0−µN) [(H0 − µN), cps′] e

−β(H0−µN).

One can easily find the value of [(H0−µN), cps′] using operator’s commutation relation

as,

[(H0 − µN), cpA] = −vF (px − ipy) cpB + µ cpA,

[(H0 − µN), cpB] = −vF (px + ipy) cpA + µ cpB.

After substituting these values in to the above equation we have,

∂

∂β
f(β,A) = eβ(H0−µN) (−vF (px − ipy) cpB + µ cpA) e

−β(H0−µN)

and,
∂

∂β
f(β,B) = eβ(H0−µN) (−vF (px + ipy) cpA + µ cpB) e

−β(H0−µN)
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After solving these coupled equations we have,

f(β,A) = eβµ
(

cpA cosh(pvFβ)−
px − ipy

|p| cpB sinh(pvFβ)

)

,

f(β,B) = eβµ
(

cpB cosh(pvFβ)−
px + ipy

|p| cpA sinh(pvFβ)

)

Hence the equation for 〈c†ps cpA〉,

〈c†ps cpA〉 =
Tr
(

e−β(H0−µN) f(β,A) c†ps
)

Z
,

〈c†ps cpB〉 =
Tr
(

e−β(H0−µN) f(β,B) c†ps
)

Z

Putting the value of f(β,A) and f(β,B) in to the above equations we have,

〈c†ps cpA〉 =
Tr
(

e−β(H0−µN) eβµ
(

cpA cosh(pvFβ)− px−ipy
|p| cpB sinh(pvFβ)

)

c†ps

)

Z
,

〈c†ps cpB〉 =
Tr
(

e−β(H0−µN) eβµ
(

cpB cosh(pvFβ)− px+ipy
|p| cpA sinh(pvFβ)

)

c†ps

)

Z

or,

〈c†ps cpA〉 = eβµ
(

(δs,A − 〈c†ps cpA) cosh(pvFβ)−
px − ipy

|p| (δs,B − 〈c†ps cpB) sinh(pvFβ)

)

,

〈c†ps cpB〉 = eβµ
(

(δs,B − 〈c†ps cpB) cosh(pvFβ)−
px + ipy

|p| (δs,A − 〈c†ps cpA) sinh(pvFβ)

)

Solving above coupled equations at temperature T=0 or β → ∞ we get,

〈c†ps cpA〉 =
1
2
(δs,A − δs,B

px−ipy
|p| )eβ(pvF−µ) + δs,A

eβ(pvF−µ) + 1
.

Here we have two cases,

A.2.1 When vF |p| > µ

〈c†ps cpA〉 =
1

2

(

δs,A − δs,B
px − ipy

|p|

)

; 〈c†ps cpB〉 =
1

2

(

δs,B − δs,A
px + ipy

|p|

)

.
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A.2.2 When vF |p| < µ

〈c†ps cpA〉 = δs,A ; 〈c†ps cpB〉 = δs,B.

Finally, the equilibrium zero temperature distributions are,

〈c†ps cpA〉 = Θ(vF |p| − µ)
1

2
(δs,A − δs,B

px − ipy
|p| ) + Θ(µ− vF |p|) δs,A,

〈c†ps cpB〉 = Θ(vF |p| − µ)
1

2
(δs,B − δs,A

px + ipy
|p| ) + Θ(µ− vF |p|) δs,B

where, Θ(x) is the step function.

Thus we can write the value of population density and polarization density at t=0,

NA = 〈c†pA cpA〉 =
1

2
Θ(vF |p| − µ) + Θ(µ− vF |p|),

NB = 〈c†pB cpB〉 =
1

2
Θ(vF |p| − µ) + Θ(µ− vF |p|)

p0 = 〈c†pA cpB〉 = −Θ(vF |p| − µ)
px + ipy
2|p| , p∗0 = 〈c†pB cpA〉 = −Θ(vF |p| − µ)

px − ipy
2|p|

which is the value of polarization density at t=0.

A.3 Current density calculations

In second quantization language, low energy hamiltonian for graphene (2.1) in absence

of field can be expressed as,

Ĥ =

∫

d2r′ vF

(

c†A(
~r′, t)(p

′

x − ip
′

y)cB(~r
′, t) + c†B(

~r′, t)(p
′

x + ip
′

y)cA(~r
′, t)
)

.

From Heisenberg equation of motion,

i~∂t Â = [Â, Ĥ ].

To calculate the expression for current density we use the equation of continuity

~∇ · Ĵ(~r, t) + ∂tρ̂(~r, t) = 0,
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where, ρ̂(~r, t) = e c†A(~r, t) cA(~r, t) + e c†B(~r, t) cB(~r, t) defined as the charge density,

First we have to calculate the equation for charge density. With the help of above

Heisenberg equation we can get the following result easily (To derive these equations

we have used the property of Dirac delta function),

i~∂t cA(~r, t) = vF (px − ipy) cB(~r, t), i~∂t cB(~r, t) = vF (px + ipy) cA(~r, t)

i~∂t c
†
A(~r, t) = vF (px + ipy) c

†
B(~r, t), i~∂t c

†
B(~r, t) = vF (px − ipy) cA(~r, t)

Equation of motion for ρ̂(~r, t) is given by,

i~∂t ρ̂(~r, t) = e
(

i~∂t c
†
A(~r, t)

)

cA(~r, t) + e c†A(~r, t) (i~∂t cA(~r, t))

+e
(

i~∂t c
†
B(~r, t)

)

cB(~r, t) + e c†B(~r, t) (i~∂t cB(~r, t)) ,

after putting the values the above equation becomes,

i~∂t ρ̂(~r, t) = (e vF (px + ipy) c
†
B(~r, t)) cA(~r, t) + c†A(~r, t) (e vF (px − ipy) cB(~r, t))

+(e vF (px − ipy) c
†
A(~r, t)) cB(~r, t) + c†B(~r, t) (e vF (px + ipy) cA(~r, t)),

since px = i~ ∂
∂x

and py = i~ ∂
∂y

are operators, using these properties we have,

i~∂t ρ̂(~r, t) = e vF (px + ipy) (c
†
B(~r, t) cA(~r, t)) + e vF (px − ipy) (c

†
A(~r, t) cB(~r, t)),

or,

∂tρ̂(~r, t) =
1

i~
e vF

(

(px + ipy) P
†(~r, t) + (px − ipy) P (~r, t)

)

,

where, P (~r, t) = c†A(~r, t) cB(~r, t) is defined as polarization density and P †(~r, t) =

c†B(~r, t) cA(~r, t) as hermitian conjugate of P (~r, t).

Using equation of continuity we have,

jx = e vF (P †(~r, t) + P (~r, t)), jy = i e vF (P †(~r, t)− P (~r, t))

or,

J(~r, t) = jx x̂+ jy ŷ = e vF P
†(~r, t)(x̂+ iŷ) + e vF P (~r, t)(x̂− iŷ)
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Using Pauli’s matrices, the expression for current density,

J(~r, t) = e vF P
†(~r, t) ~σBA + e vF P (~r, t) ~σAB

A.4 Analysis of Bloch equation in RWA regime

Bloch equation (2.2) and (2.3) can be written in matrix form as (including complex

conjugate of Eq. (2.3)),

i ∂t







ndiff (~k, t)

p(~k, t)

p∗(~k, t)






=







0 2zk −2z∗k
z∗k 0 0

−zk 0 0













ndiff (~k, t)

p(~k, t)

p∗(~k, t)







+







0 −2z∗A 2zA

−zA 0 0

z∗A 0 0













ndiff (~k, t)

p(~k, t)

p∗(~k, t)






(A.1)

where, zk = vF (~σAB · ~k) and zA = vF (~σBA · e
c
~A(t)).

Diagonalize the first matrix of Eqn (A.1) (matrix corresponding to unperturbed

hamiltonian) than after make the following substitutions,







ndiff (~k, t)

p(~k, t)

p∗(~k, t)






=









0 2
√

z∗
k

zk
−2
√

z∗
k

zk
z∗
k

zk
−z∗

k

zk
−z∗

k

zk

1 1 1















ñdiff (~k, t)

p̃(~k, t)

p̃
′
(~k, t)







After substitution, Eqn (A.1) becomes,

i ∂t







ñdiff (~k, t)

p̃(~k, t)

p̃
′
(~k, t)






=







0 0 0

0 −2vF |k| 0

0 0 2vF |k|













ñdiff (~k, t)

p̃(~k, t)

p̃
′
(~k, t)







+









0
−zAzk+z∗Az∗

k

vF |k|
zAzk−z∗Az∗

k

vF |k|
zAzk−z∗

A
z∗
k

2vF |k|
zAzk+z∗

A
z∗
k

vF |k| 0
−zAzk+z∗Az∗

k

2vF |k| 0 −zAzk+z∗Az∗
k

vF |k|















ñdiff (~k, t)

p̃(~k, t)

p̃
′
(~k, t)







Applying RWA after making the substitutions, p̃
′
(~k, t) = e−2ivF |k|tP

′
(~k, t), p̃(~k, t) =
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e2ivF |k|tP (~k, t) we have,

i∂tñdiff (~k, t) = −e−i∆t zRzk
vF |k|

P (~k, t)− z∗Rz
∗
k

vF |k|
ei∆tP

′

(~k, t)

i∂tP (~k, t) = −ei∆t z
∗
Rz

∗
k

2vF |k|
ñdiff (~k, t)

i∂tP
′

(~k, t) = −e−i∆t zRzk
2vF |k|

ñdiff (~k, t)

where, ∆ = ω − 2vF |k|. Further substitution P
′
(~k, t) = e−i∆t u

′
(~k, t), P (~k, t) =

ei∆t u(~k, t) gives the above equations in to the following form,

i∂tñdiff (~k, t) = − zRzk
vF |k|

u(~k, t)− z∗Rz
∗
k

vF |k|
u

′

(~k, t)

i∂tu(~k, t)−∆ u(~k, t) = − z∗Rz
∗
k

2vF |k|
ñdiff (~k, t)

i∂tu
′

(~k, t) + ∆ u
′

(~k, t) = − zRzk
2vF |k|

ñdiff (~k, t)

After solving these coupled equations we have,

u(~k, t) = A(~k) sin(
√

∆2 + ω2
R t) +B(~k) (1− cos(

√

∆2 + ω2
R t))

u
′

(~k, t) = A
′

(~k) sin(
√

∆2 + ω2
R t) +B

′

(~k) (1− cos(
√

∆2 + ω2
R t))

where, A(~k), B(~k), A
′
(~k), and B

′
(~k) are the ‘k’ dependent coefficients. Back substitution

gives the following set of equations for ñdiff (~k, t),

−∆ B(~k) + A(~k) i
√

∆2 + ω2
R cos(

√

∆2 + ω2
R t) + ∆ B(~k) cos(

√

∆2 + ω2
R t)

+B(~k) i
√

∆2 + ω2
R sin(

√

∆2 + ω2
R t)−∆ A(~k) sin(

√

∆2 + ω2
R t)

= − z∗Rz
∗
k

2vF |k|
ñdiff (~k, t)

and,

∆ B
′

(~k) + A
′

(~k) i
√

∆2 + ω2
R cos(

√

∆2 + ω2
R t)−∆ B

′

(~k) cos(
√

∆2 + ω2
R t)
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+B
′

(~k) i
√

∆2 + ω2
R sin(

√

∆2 + ω2
R t) + ∆ A

′

(~k) sin(
√

∆2 + ω2
R t)

= − zRzk
2vF |k|

ñdiff (~k, t)

The value of the coefficients at t=0 (since we know that ndiff (~k, 0) = 0 and p(~k, 0) =

−θ(vF |k| − µ)
z∗
k

2vF |k|),

A(~k) =
z∗R

4i
√

∆2 + ω2
R

θ(vF |k| − µ), B(~k) = − z∗R ∆

4 (∆2 + ω2
R)
θ(vF |k| − µ)

A
′

(~k) =
zRzk
z∗k

1

4i
√

∆2 + ω2
R

θ(vF |k| − µ), B
′

(~k) =
zRzk
z∗k

∆

4 (∆2 + ω2
R)
θ(vF |k| − µ)

Hence the solution for ñdiff (~k, t), u(~k, t) and u
′
(~k, t) is given by,

ñdiff (~k, t) = −vF |k|
z∗k

∆2 θ(vF |k| − µ)

2 (∆2 + ω2
R)

− vF |k|
2z∗k

ω2
R θ(vF |k| − µ)

(∆2 + ω2
R)

cos(
√

∆2 + ω2
R t)

u(~k, t) =
z∗R θ(vF |k| − µ)

4i
√

∆2 + ω2
R

sin(
√

∆2 + ω2
R t)−

z∗R ∆ θ(vF |k| − µ)

4 (∆2 + ω2
R)

(1−cos(
√

∆2 + ω2
R t))

u
′

(~k, t) =
zRzk
z∗k

θ(vF |k| − µ)

4i
√

∆2 + ω2
R

sin(
√

∆2 + ω2
R t)+

zRzk
z∗k

∆ θ(vF |k| − µ)

4 (∆2 + ω2
R)

(1−cos(
√

∆2 + ω2
R t))

Back substitution gives the solution for ndiff (~k, t), p(~k, t) as,

ndiff (~k, t) =
θ(vF |k| − µ)

2i (vF |k|)
√

∆2 + ω2
R

(z∗kz
∗
R e

iωt − zkzR e
−iωt) sin(

√

∆2 + ω2
R t)

− ∆ θ(vF |k| − µ)

2(vF |k|) (∆2 + ω2
R)

(z∗kz
∗
R e

iωt + zkzR e
−iωt) (1− cos(

√

∆2 + ω2
R t))

and,

p(~k, t) =

(−(vF |k|) ∆2 θ(vF |k| − µ)

2zk (∆2 + ω2
R)

+
z∗kz

∗
R ∆ θ(vF |k| − µ)

4zk (∆2 + ω2
R)

eiωt − zR ∆ θ(vF |k| − µ)

4(∆2 + ω2
R)

e−iωt

)

−
(

z∗kz
∗
R θ(vF |k| − µ)

4izk(
√

∆2 + ω2
R)
eiωt +

zR θ(vF |k| − µ)

4i (
√

∆2 + ω2
R)
e−iωt

)

sin(
√

∆2 + ω2
R t)
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−
(

(vF |k|)ωR
2 θ(vF |k| − µ)

2zk (∆2 + ω2
R)

+
z∗kz

∗
R ∆ θ(vF |k| − µ)

4zk (∆2 + ω2
R)

eiωt − zR ∆ θ(vF |k| − µ)

4(∆2 + ω2
R)

e−iωt

)

cos(
√

∆2 + ω2
R t)
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Appendix B

Detailed Calculations

In this appendix we present the detail calculations of chapter 3.

B.1 Probe equations

The pump equations,

i∂t ndiff (~k, t) = 2(zk − z∗A(t)) p(
~k, t)− 2(z∗k − zA(t)) p

∗(~k, t)

i∂t p(~k, t) = (z∗k − zA(t)) ndiff (~k, t)

To get the probe response make the following substitutions in to above equations,

ndiff (~k, t) → ndiff (~k, t) + δndiff (~k, t), p(~k, t) → p(~k, t) + δp(~k, t),

zA(t) → zA(t) + δzA(t)

i∂t (ndiff (~k, t) + δndiff (~k, t)) = 2(zk − z∗A(t)− δz∗A(t)) (p(
~k, t) + δp(~k, t))

−2(z∗k − zA(t)− δzA(t)) (p
∗(~k, t) + δp∗(~k, t))

i∂t (p(~k, t) + δp(~k, t)) = (z∗k − zA(t)− δzA(t)) (ndiff (~k, t) + δndiff (~k, t))
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or,

i∂t δndiff (~k, t) = 2(zk − z∗A(t)) δp(
~k, t)− 2δz∗A(t)) (p(

~k, t) + δp(~k, t))

−2(z∗k − zA(t)) δp
∗(~k, t) + 2δzA(t) (p

∗(~k, t) + δp∗(~k, t))

i∂t δp(~k, t) = (z∗k − zA(t)) δndiff (~k, t)− δzA(t)) (ndiff (~k, t) + δndiff (~k, t))

while deriving the Linearized Bloch equations we have taken the non-overlapping case

i.e. there is finite time duration between the pump and probe field. keeping this assump-

tion in mind we can ignore the terms; z∗A(t) δp(
~k, t), zA(t) δp

∗(~k, t), zA(t) δndiff (~k, t),

and we can neglect the terms δz∗A(t) δp(
~k, t), δzA(t) δp

∗(~k, t), since it is the product of

probe field and probe response.

Hence the linearized Bloch equations,

i∂t δndiff (~k, t) = 2zk δp(~k, t)− 2δz∗A(t) p(
~k, t)− 2z∗k δp

∗(~k, t) + 2δzA(t) p
∗(~k, t)

i∂t δp(~k, t) = z∗k δndiff (~k, t)− δzA(t) ndiff (~k, t)
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Detailed Calculations

In this appendix we present the detail calculations of chapter 4.

C.1 Probability amplitude equation for graphene

The objective is to find the probability amplitude equation for the state 〈0, 1, n|φ(t)〉in
and 〈1, 0, n|φ(t)〉in. Initially let us find the general probability amplitude equation for

〈nA, nB, nν |φ(t)〉in using the Hamiltonian (4.1) and with the following Schodinger/Dirac

equation,

i~ ∂t|φ(t)〉 = Ĥ |φ(t)〉

From the completeness condition (taking ~ = 1) ,

i ∂t|φ(t)〉 =
∑

n′
A
,n′

B
,n′

ν

Ĥ (|n′
A, n

′
B, n

′
ν〉〈n′

A, n
′
B, n

′
ν |) |φ(t)〉

using the following relations,

ĉ |n〉 =
√
n |n− 1〉, ĉ† |n〉 =

√
n + 1 |n+ 1〉
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After some straight forward calculation, the equation of motion becomes,

i ∂t|φ(t)〉 =
∑

n′
A
,n′

B
,n′

ν

(~σAB · ~ε)
√

(n′
A + 1)n′

B |n′
A + 1, n′

B − 1, n′
ν〉〈n′

A, n
′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

(~σBA · ~ε)
√

n′
A(n

′
B + 1) |n′

A − 1, n′
B + 1, n′

ν〉〈n′
A, n

′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

λ∗
√

(n′
A + 1)n′

B(n
′
ν + 1) |n′

A + 1, n′
B − 1, n′

ν + 1〉〈n′
A, n

′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

λ
√

n′
A(n

′
B + 1)n′

ν |n′
A − 1, n′

B + 1, n′
ν − 1〉〈n′

A, n
′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

ω n′
ν |n′

A, n
′
B, n

′
ν〉〈n′

A, n
′
B, n

′
ν |φ(t)〉

or,

i ∂t〈nA, nB, nν |φ(t)〉 =
∑

n′
A
,n′

B
,n′

ν

(~σAB · ~ε)
√

(n′
A + 1)n′

B δnA,n′
A
+1δnB ,n′

B
−1δnν ,n′

ν
〈n′

A, n
′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

(~σBA · ~ε)
√

n′
A(n

′
B + 1) δnA,n′

A
−1δnB,n′

B
+1δnν ,n′

ν
〈n′

A, n
′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

λ∗
√

(n′
A + 1)n′

B(n
′
ν + 1) δnA,n′

A
+1δnB ,n′

B
−1δnν ,n′

ν+1〈n′
A, n

′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

λ
√

n′
A(n

′
B + 1)n′

ν δnA,n′
A
−1δnB ,n′

B
+1δnν ,n′

ν−1〈n′
A, n

′
B, n

′
ν |φ(t)〉

+
∑

n′
A
,n′

B
,n′

ν

ω n′
ν δnA,n′

A
δnB ,n′

B
δnν ,n′

ν
〈n′

A, n
′
B, n

′
ν |φ(t)〉

Hence the equation of motion for the 〈nA, nB, nν |φ(t)〉 is given by,

i ∂t〈nA, nB, nν |φ(t)〉 = (~σAB · ~ε)
√

nA(nB + 1) 〈nA − 1, nB + 1, nν |φ(t)〉
+ (~σBA · ~ε)

√

(nA + 1)nB 〈nA + 1, nB − 1, nν |φ(t)〉
+λ∗

√

nA(nB + 1)nν 〈nA − 1, nB + 1, nν − 1|φ(t)〉
+λ

√

(nA + 1)nB(nν + 1) 〈nA + 1, nB − 1, nν + 1|φ(t)〉+ ω nν 〈nA, nB, nν |φ(t)〉
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C.2 Probability amplitude equation for “pseudospinless” graphene

To find the equation of motion for 〈0, 1, N |φ(t)〉in, put nA = 0, nB = 1, nν = N we

have,

i ∂t〈0, 1, N |φ(t)〉in = (~σBA · ~ε) 〈1, 0, N |φ(t)〉in + λ
√
N + 1 〈1, 0, N + 1|φ(t)〉in

+ω N 〈0, 1, N |φ(t)〉in

Again to find the equation of motion for 〈1, 0, N +1|φ(t)〉in, put nA = 1, nB = 0, nν =

N + 1,

i ∂t〈1, 0, N + 1|φ(t)〉in = (~σAB · ~ε) 〈0, 1, N + 1|φ(t)〉in + λ∗
√
N + 1 〈0, 1, N |φ(t)〉in

+ω N 〈1, 0, N |φ(t)〉in

Make the following unitary transformation,

〈0, 1, N |φ(t)〉in = 〈0, 1, N |φ(t)〉 e−iωnt, 〈1, 0, N |φ(t)〉in = 〈1, 0, N |φ(t)〉 e−iωnt

Hence the equation of motion for 〈0, 1, N |φ(t)〉 and 〈1, 0, N |φ(t)〉 are given by,

i ∂t〈0, 1, N |φ(t)〉 = (~σBA · ~ε) 〈1, 0, N |φ(t)〉+ λ
√
N + 1 e−iωt 〈1, 0, N + 1|φ(t)〉

and,

i ∂t〈1, 0, N + 1|φ(t)〉 = (~σAB · ~ε) 〈0, 1, N + 1|φ(t)〉+ λ∗
√
N + 1 eiωt 〈0, 1, N |φ(t)〉

C.2 Probability amplitude equation for “pseudospinless”

graphene

The general equation for the probability amplitude 〈nc, nd, nν |φ(t)〉 using the “pseu-

dospinless” graphene Hamiltonian (4.17) is given by,

i∂t 〈nc, nd, nν |φ(t)〉 = 〈nc, nd, nν |ĤPSL|φ(t)〉
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Chapter C. Detailed Calculations

using the similar derivation from the earlier section one can easily find the following

equation of motion,

i∂t 〈nc, nd, nν |φ(t)〉 = ε (nc + nd) 〈nc, nd, nν |φ(t)〉+ λ
√

ncnd(nν + 1)

〈nc − 1, nd − 1, nν + 1|φ(t)〉+ λ∗
√

(nc + 1)(nd + 1)nν 〈nc + 1, nd + 1, nν − 1|φ(t)〉
+ωnν 〈nc, nd, nν |φ(t)〉

To find the equation of motion for 〈0, 0, n|φ(t)〉PSL,in and 〈nc, nd, nν |φ(t)〉PSL,in put

nc = 0, nd = 0, nν = n and nc = 1, nd = 1, nν = n− 1 respectively, we get,

i∂t 〈0, 0, n|φ(t)〉PSL,in = λ∗
√
n 〈1, 1, n− 1|φ(t)〉PSL,in + ωn 〈0, 0, n|φ(t)〉PSL,in

and,

i∂t 〈1, 1, n− 1|φ(t)〉PSL,in = 2ε 〈1, 1, n− 1|φ(t)〉PSL,in + λ
√
n 〈0, 0, n|φ(t)〉

+ω(n− 1) 〈1, 1, n− 1|φ(t)〉PSL,in

using the unitary transformation 〈0, 0, n|φ(t)〉PSL,in = 〈0, 0, n|φ(t)〉PSL e
−iωnt and 〈1, 1, n−

1|φ(t)〉PSL,in = 〈1, 1, n− 1|φ(t)〉PSL e
−iω(n−1)t we get the desired equation of motion,

i∂t 〈0, 0, n|φ(t)〉PSL = λ∗
√
n 〈1, 1, n− 1|φ(t)〉PSL

and,

i∂t 〈1, 1, n− 1|φ(t)〉PSL = 2ε 〈1, 1, n− 1|φ(t)〉PSL + λ
√
n e−iωt 〈0, 0, n|φ(t)〉PSL
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