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Abstract
Modulation instability (MI) is a well known and most ubiquitous and widespread type of
instability that appears in most nonlinear systems. In Physics, it appears in many branches of
physics such as hydrodynamics, plasma physics, and electrodynamics, low temperature
physics, and quite obviously in nonlinear optics. One of the most fascinating and important
manifestations of the phenomenon of modulation instability is the solitary waves, commonly
called solitons. Solitons are robust, localized travelling waves of permanent form. They are
recognized as the modes of a nonlinear system. This thesis is primarily devoted towards study
of moduational instability and solitary waves in the following nonlinear optical systems:
nonlinear negative index metamaterials, non-Kerr media exhibiting power law nonlinearity
and very briefly, silicon waveguides. The recent emergence of the so-called negative
refractive index metamaterials (NIM) or simply known as metamaterials (MM) have made
nonlinear optics research a very useful and exciting activity. This thesis proposes a new
generalized coupled nonlinear field equations for pulse propagation in MM embedded into a
Kerr medium. The model successfully recovers previously proposed models by other authors.
Moreover, it contains some additional terms like magnetic self-steepening effect connecting
both the electric and the magnetic field envelopes. MI analysis is carried out using this new
model and is extended later to the case of an MM embedded into a medium with cubicquintic nonlinearity. The generalized nonlinear Schrodinger equation, appropriate to model
nonlinear pulse propagation in non-Kerr cubic quintic media is integrated to find the exact
solitary wave solutions. The parameter domain restrictions have also been identified in the
process of obtaining these solutions. The MI analysis is also carried out in this media and the
effect of higher order dispersion and higher order nonlinearity on MI gain spectrum is
discussed. The exact dark soliton solutions to the generalized nonlinear Schrödinger equation
with coefficients dependent on the evolution parameters are obtained. Finally, a numerical
investigation of solitary wave propagation in a silicon waveguide is reported.
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Chapter 1
Introduction

1.1 Background
Modulation instability (MI) is a well known and most ubiquitous and widespread type of
instability that appears in most nonlinear systems [1-2]. In fact, a search on the Internet with
the term ‘Modulation instability’ returns millions of hits! In Physics, it appears in many
branches of physics such as hydrodynamics, plasma physics, and electrodynamics, low
temperature physics, and quite obviously in nonlinear optics [2-15]. It is very difficult to say
who started MI research first. However, Benjamin and Feir was the first to observe the MI
process on deep water waves in 1967 [6-7]. Since then MI is also sometimes known as
Benjamin-Feir instability. MI has been experimentally observed for electromagnetic waves in
radio-wave signal by Zagryadskaya and Ostrovsky in 1969 [8]. Later, numerous studies on
MI has been carried out in the field of nonlinear optics [2,14-22] In optics, the interest in MI
stems from its possible applications and relevance in ultrafast pulse generation with high
repetition rate, ultra-broadband super continuum generation etc.[15-19]. MI is useful to
generate ultrashort pulses whose repetition rate could be externally controlled. Nowadays MI
is used as a technique to generate ultra-short pulses with repetition rate higher than those
attainable from mode locked-laser [2]. Also, MI is now widely recognized as the precursor of
soliton formation. In the context of nonlinear fiber optics, the possibility of MI was predicted
theoretically in optical fiber by Hasegawa in 1984 [20] and have been experimentally verified
by Tai et al [21-22]. In general, MI occurs in the anomalous group velocity dispersion (GVD)
regime for a focusing nonlinearity [2]. MI is possible in the normal GVD regime also but it is
limited to some special cases only [23-27]. It is interesting to know that, recently, the study of
MI process has even been extended to oceanography, to understand the phenomena behind
the generation of the so-called rogue waves [28-31].
The essential physics behind MI could be understood as follows [32]. Let us consider
a periodic wave train propagating, say in a cubic nonlinear media, along the z-direction
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represented by: A = a0 cos(k0 z − ω0t ) where a0 is the amplitude, k0 and ω0 are the fundamental
wave number and frequency respectively. Now, a weak disturbance is introduced on it which
consists of two waves, lower and upper sidebands, represented by a1 cos(k1 z − ω1t ) and
a2 cos( k2 z − ω2t ) respectively with a1 , a2 << a0 . The lower side band has wave number
k1 = (1 − η )k0 and frequency ω1 = (1 − δ )ω0 and an upper sideband has wave number
k2 = (1 + η )k0 and frequency ω2 = (1 + δ )ω0 . η and δ are very small parameters, such that

η << 1 , δ << 1 . In a linear situation, i.e. when a0 is small, the modes within the wave
envelope would only spread out owing to dispersion. But when the amplitude is sufficiently
large the modes undergo nonlinear interaction due to cubic nonlinearity. This would result in
the

generation

of

harmonics

of

the

fundamental

wave

with

phase

2 ( k0 z − ω0t ) ,3 ( k0 z − ω0t ) ,........ etc. Now mixing of the harmonics with one another may take
place. For example, a second harmonic wave, say a02 cos 2 ( k0 z − ω0t ) , may interact with the
lower sideband or upper sideband to give a02 a1 cos ( k2 z − ω2 t ) or a02 a2 cos ( k1 z − ω1 t ) .
Clearly, a mutual reinforcement of each sideband modes and second harmonic wave takes
place triggering a kind of chain reaction! The resonant forcing effect felt by one side band
(say, lower) increases the amplitude of the other side band (say, upper) and in this way, the
two amplitudes of the weak perturbations grows exponentially due to nonlinear interaction.
As time goes on, the fundamental wave train becomes unstable and which is known as MI. It
should be noted that the dispersion relation for the resonant mechanism to occur is
k1 + k 2 = 2k 0 and ω1 + ω2 = 2ω 0 . This process is similar to the so-called four wave mixing

(FWM) process in nonlinear optics [33]. Fig.1.1 explains this close analogy between FWM
and MI process.
The fundamental wave with frequency ω0 interact with the probe wave at frequency

ω0 + δ and owing to nonlinear wave mixing process it generates new idler frequency ω0 − δ
as shown in Fig.1.1 . Physically, two quanta at ω0 interacts with another quanta at ω0 + δ to
generate a quanta at ω0 − δ due to FWM process. Again, the generated quanta at ω0 − δ may
interact through nonlinear process to create a quanta at ω0 + δ . Depending upon the type of
perturbation i.e. whether the perturbation is induced from outside or from inside the medium,
say due to noise, MI is categorized as induced or spontaneous MI respectively.

2
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Fig1.1: Schematic diagram of Four wave mixing (FWM) and MI process.

One of the fascinating manifestations of the phenomenon of modulation instability is
the solitary waves, commonly called solitons [34].
[ ]. Solitons are universal in nature in the
sense that, they exist in the sky as density waves in spiral galaxies; they exist in the ocean as
waves bombarding oil wells; they exist in laser pulses propagating in solids, magnetic
systems, liquid crystals, polymers,
lymers, as well as elementary particles etc. [35-41].
[35
Solitons are
recognized as the modes of a nonlinear system. Hence, solitons appear in any branch of
science and mathematics which discuss nonlinearity [42-43].
[
]. Solitons are robust, localized
travelling waves of permanent form. Mathematically, they are the solutions of some nonlinear
partial differential equations with the following properties: solitons are spatially localized; a
single soliton is a travelling wave; they are stable; when a single soliton collides with another
one, both of them retain identities after collision [34-35].. The last property is related to the
integrability of the system and appears very rarely in real physical systems. Mathematicians
insist that all the four properties should be
be there for a solution to be called soliton. However,
a solitary wave may be defined more generally than a soliton.
soliton Any
ny solution of a nonlinear
system which represents a hump-shaped
hump
wave of permanent form, whether it is a soliton or
not can be termed as a solitary wave.
wave In this sense, in physics it is preferable to use the word
'solitary wave', rather than 'soliton'.
soliton'. However, nowadays it is common, especially in physics
p
to use the word 'soliton'.. And we are also no exception to this! In this thesis we would discuss
3
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solitons primarily in the context of nonlinear optics [45-47]; however, some of the results
may be quite general. The term 'soliton' was introduced in 1965 [44], but the scientific
research of solitons had started way back in 1834 when John Scott-Russell observed a large
solitary wave propagating at a constant speed without changing its shape over a long distance
in a canal near Edinburgh [48]. In the days of Scott Russell, there was much debate from the
leading scientific scholars of the day regarding the very existence of this kind of solitary
waves. In 1845, Airy’s nonlinear shallow-water wave theory predicted that a wave with
elevation of finite amplitude cannot propagate without change of its form i.e. solitary waves
could not exist [49]. Later on in 1849, Stokes showed that it is possible to have solitary waves
with finite amplitude and permanent shape in deep water and they are periodic wave trains
[50]. Then it was followed by water tank experiments by H. Brazin [51] and the theoretical
developments

by

Joseph

Boussinesq

in

1871

and

Lord

Rayleigh

in

1876

independently[52,53]. In 1895, Korteweg and de Vries derived a mathematical model
equation, popularly known as the KdV equation, which describes the unidirectional
propagation of shallow water waves [54]. The KdV equation successfully explained the 1834
observations of J. S. Russel. Though the existence of solitary waves were proved beyond
doubt, not much progress have been made until the 1960s when N. Zabusky and M. Kruskal
numerically re-investigated the KdV equation and discovered the elastic collision between
KdV solitary waves [44]. It is worth noting that Zabusky and Kruskal were motivated to
study the KdV equation numerically by the so-called Fermi, Pasta and Ulam (FPU) problem
[55]. In 1967, Gardner et al obtained the analytical solution of the KdV equation for the
localized solitary waves by using the idea of Inverse Scattering method and their results
agreed well with the experimental results obtained by John Scott Russell [56]. This
pioneering work triggered unprecedented burst of research activities on nonlinear waves and
which is continuing till today. One year later, Lax generalized their results [57] and in 1972,
Zakharov and Shabat exactly solved the nonlinear evolution equation known as nonlinear
Schrodinger equation (NLS) for weakly nonlinear deep water waves by the same method and
they termed the solutions as envelope soliton [58]. In the context of nonlinear optics,
Hasegawa and Tappert in 1973 showed theoretically the existence of optical solitons inside
an optical fiber [59] where the propagation of light is modeled by the NLS equation and it
was experimentally observed by Mollenauer et al in 1980[60]. Since then optical solitons
have found practical applications in long distance communicational systems, producing short
pulse lasers, pulse compression technique, electronic devices like optical switching and
optical logic gates etc [61-66].
4
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Optical solitons are classified as temporal or spatial depending on the confinement of light
occurs in time or space during wave propagation. Optical solitons originate from the delicate
balance between the dispersion effect and the nonlinear effect, manifesting through the socalled optical Kerr effect [2, 41]. The Kerr effect leads to the intensity dependent refractive
index, which results in self-phase modulation (SPM) of an optical pulse. As a result of the
time varying nonlinear phase shift, the instantaneous frequency becomes time dependent as

ωins = ω0 + ( dφNL dt ) with φNL = n2 I z . ω0 is the carrier frequency, I is the intensity of the
pulse, z is the distance of propagation and n2 is the nonlinear-index coefficient of the medium
[2]. For a medium with n2 > 0 , due to SPM the leading edge of the pulse get red shifted
while the trailing edge gets blue shifted. This chirping effect could be exactly cancelled if the
medium exhibits anomalous group velocity dispersion (GVD) and an appropriately shaped
optical pulse is used. In the presence of anomalous dispersion, higher frequency components
of a pulse travels faster and lower ones travel slower, resulting in blue-shift at the leading
edge and red-shift in the trailing edge. Thus the effects of both anomalous group velocity
dispersion and nonlinearity could be neutralized to establish undistorted propagation of
optical pulse with special pulse shape. Such special optical pulses are termed as bright optical
solitons [59]. It is interesting to note that in some systems, showing normal GVD, an absence
of energy could behave like a soliton, called dark solitons. These darks solitons appears as a
region of reduced amplitude set against a continuous background. Dark solitons have better
stability in presence of perturbation like noise, mutual interaction between two pulses etc.
The dark soliton has been observed experimentally first in optical fiber in 1988[67]. Very
recently, for the first time dark soliton has been experimentally observed on the surface of
water also [68]. The shape and width of these water-wave dark solitons depend on the water
depth, carrier frequency, and the amplitude of the background wave. This recent experimental
result excellently matches the theoretical results as predicted by the nonlinear Schrodinger
(NLS) equation. As discussed above, temporal soliton is formed when SPM balances the
temporal broadening of the pulse. On the other hand, spatial soliton represents self-guided
beam that remain confined in the transverse direction orthogonal to the direction of wave
propagation. A spatial soliton is formed when the natural diffraction induced spreading
balances the self-focusing, arising due to nonlinearity, of an optical beam.
The nonlinear Schrӧdinger equation (NLSE) is used to describe the pulse propagation
in an optical medium and is written in the following form:
5
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i

∂A β 2 ∂ 2 A
∓
+ γ | A |2 A = 0
2
∂ z 2 ∂T

(1.1)

Here A is the pulse envelope, γ is the nonlinear parameter arising due to the intensity
dependent refractive index, z is the propagation distance and T is the evolution time. This
equation explains the propagation of temporal solitons; while the same equation, with an
interchange of the z and T variables, could also be used to describe spatial solitons. Bright
solitons are the solution of the NLS equation in the anomalous GVD regime ( β 2 < 0 ). In the
normal dispersion regime with β 2 > 0 , the corresponding solution of NLSE, supports the socalled dark solitons.
It is worthwhile to mention that the NLSE described Eq. (1.1) cannot be used to
model propagation of optical pulse with pulse width T0 < 1 ps [2]. For such short optical
pulses, the nonlinear effects like self-steepening, intrapulse Raman scattering etc. become
extremely relevant [69-72]. Also one must have to consider higher order dispersion effects.
Hence, a more generalized evolution equation for pulse propagation, known as the
generalized nonlinear Schrodinger equation (GNLSE) is used. In normalized units, it is given
by:

( )q

i q z + a qtt + b | q |2 q = i α q − i δ qttt + i λ (| q |2 q )t + iν q

2

(1.2)

t

Here q ( z , t ) is the pulse envelope, z is the normalized distance along the fiber and t is the
normalized time with the frame of reference moving along the fiber at the group velocity. The
co-efficient a , b , α , λ ,ν and δ represent GVD, SPM, self-steepening , self-frequency shift
due to intrapulse Raman scattering and third order dispersion (TOD) respectively in the
normalized units. A brief outline of some of these various effects may be useful.
The self-steepening effect arises owing to the intensity dependence of the group
velocity. Physically it represents for n2 > 0 , the peak of the pulse is slowed down more than
the edges of the pulse and this leads to the progressive steepening of the trailing edge of the
pulse. It introduces asymmetry in the SPM broadened pulse spectrum. The self-steepening
effect would continue until the pulse develops a region where the temporal intensity becomes
discontinuous and form an optical shock front. A schematic is shown in Fig. 1.2 to illustrate
the effect of SS on the pulse envelope.

6
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Fig 1.2: Self-steepening of a Gaussian pulse without dispersion effect.

The last term on the RHS of Eq.(1.2) incorporates the so-called intra-pulse Raman scattering.
For pulses with a wide spectrum and T0 < 1 fs , the Raman gain can amplify the lowfrequency components of a pulse by transferring energy from the high-frequency components
of the same pulse. As a result of it, the pulse spectrum shifts toward the low-frequency
(redshifted) side as the pulse propagates inside a medium; this phenomenon is referred to as
the self-frequency shift also [73-74]. The physical origin of this effect is related to the
delayed nature of the Raman (vibrational) response. On the other hand, the TOD results
owing to the frequency dependence of the GVD parameter. TOD generally distorts the pulse
such that it become asymmetric and oscillations occur near the trailing edge or leading edge
depending on the sign of the TOD parameter. When the pulse width T0 < 0.01 ps , the fourth
order dispersion (FOD) term also become relevant. The exact solitary wave solutions of the
generalized NLSE are not easy to find because of the non integrable nature of the equation.
But, in recent years a lot of research effort is made for various reasons to get the exact
solitary wave solutions of Eq. (1.2) [75-79].
The Kerr effect is not the only nonlinear effect that produces the optical solitons.
Solitons have been reported in media lacking inversion symmetry, such as lithium niobate or

β − barium-borate, also [80]. Even in systems where the source of nonlinearity is the so
called photon-phonon interactions, solitons have been observed [81]. In this thesis, we would
be interested in the so called power-law nonlinearity and cubic-quintic nonlinearities [41, 82].
Power-law nonlinearity is exhibited in various materials including semiconductors. This law
also occurs in a media for which higher order photon processes dominate at different
7
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intensities. Moreover in nonlinear plasmas, the power law solves the problem of small-K
condensation in weak turbulence theory [82-83]. For power law the refractive index is given
by n = n0 + n2 E

2p

, n0 is the linear refractive index and n2 is the nonlinear refractive index

arising due to the third order polarization. On the other hand, for cubic-quintic nonlinearity
2

the refractive index is given by: n = n0 + n2 E + n4 E

4

with n2 = 3χ (3) 8n0

and

n4 = 3χ (5) 16n0 . Here n2 and n4 represents the nonlinear refractive indexes arising due to

the third and fifth order nonlinear susceptibilities respectively. Recently, it was
experimentally observed that CdSxSe1-x doped glasses shows a significant amount of fifth
order nonlinearity. It was also reported that a considerable amount of fifth order nonlinearity
exists in a transparent glass in intense femto second pulses at 620 nm. The organic nonlinear
material polydiacetylene para-toluene sulfonate (PTS) is another material which exhibits
cubic-quintic nonlinearity [84-86].

1.2 The relevance and the aim of the topic of research
In the given thesis we focus mainly on the following nonlinear optical systems: nonlinear
negative index metamaterials, non-Kerr media exhibiting power law nonlinearity and very
briefly, silicon waveguides.
Recently, the emergence of a new type of novel artificially structured materials called
negative refractive index metamaterials (NIM) or simply known as metamaterials (MM) have
made nonlinear optics research a very useful and exciting activity [87]. Study of solitary
waves in such novel nonlinear optical systems is extremely challenging and fruitful.
Considering the significance and importance of this newly structured material and its
relevance to the present thesis we discuss negative index metamaterials, in some details, in
the next section. Because of the recent experimental realization of MM at infrared and optical
frequencies, MM research is now getting a new dimension [88-89]. The possibility of
nonlinear MMs is demonstrated by embedding split-ring resonators (SRR) in nonlinear Kerr
type dielectrics [90]. In this context, study of linear and nonlinear pulse propagation in MMs
is of paramount importance owing to their numerous possible practical applications.
Recently, many authors have investigated and proposed various nonlinear pulse propagation
models [91-92]. One of our research goals is to study the pulse propagation models more
thoroughly. We would derive an appropriate pulse propagation equation, starting with the so
8
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called Maxwell's equations, in order to model pulse propagation in a MM embedded into a
Kerr and as well as a non-Kerr medium. Also we intend to carry out MI analysis and look for
solitary wave solutions. Linear stability analysis technique has been used to carry out the
modulation instability analysis [2].
The existence of solitons in Kerr-like media, e.g. optical fiber, is now a well
established fact both from theoretical and experimental view point. The NLS equation is
routinely used to describe the pulse propagation dynamics in such media. However, it turns
out that in many practical situations, due to the non-saturable nature of the Kerr-nonlinearity,
it is inadequate to describe the soliton dynamics in non-Kerr media such as silicate and
chalcogenide based fibers [82]. Also, non-Kerr nonlinearity becomes more important when
higher order nonlinearities and higher order dispersions needs to be considered for
femtosecond pulse propagation through optical media [71,93]. In order to realize practical
low power optical devices, whose operating principles are based on nonlinear phenomena,
materials with higher nonlinearities must be used. The conventional optical fiber (silica) has
very low Kerr-nonlinearity. Various dopants are added to fibers to greatly increase their
nonlinearities. Recently, it has been experimentally observed that semiconductor doped
glasses and chalcogenide fibers exhibit higher order nonlinearity at very low peak power
level [94-95]. Motivated by these developments, in this thesis, we have carried out an
analysis to study solitary wave solutions in a non-Kerr medium. We would like to emphasize
that one of the very important aspects of soliton research is the issue of integrability in the
presence of perturbation terms, specifically for non-Kerr law nonlinearity [82]. Generally,
these perturbative effects are studied using numerical simulation [96-97]. But exact soliton
solutions always offer many useful pieces of information, thereby supplementing the
numerics. This is why one of the primary theme in this thesis is to obtain exact solitary wave
solutions to the nonlinear evolution equations appropriate to a particular nonlinear optical
system. However, there are situations where these methods could not be applied and one
needs to rely on numerical methods. One such example would be found in the context of
silicon photonics. Silica based fibers are never suitable for applications related to optical
devices based on nonlinear phenomena. This is due to the extremely low nonlinear parameter
exhibited by silica at low optical power [2]. However due to significant technological
advancements in the fabrication of silicon-on-insulator (SOI) waveguides, they are getting
considerable attention from the researchers [98-102]. It is to be noted that because of the
large values of the Kerr parameter and the tight mode confinement of the optical mode,
9
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nonlinear effects are enhanced considerably in SOI waveguides. The formation of optical
soliton in an SOI waveguide is reported [103] which may lead to new applications of SOI
waveguides related to high-speed optical switching and optical interconnects [104105].Unlike silica, in silicon based waveguides, the so-called two photon absorption (TPA)
would not be neglected [106-107]. In fact the presence of TPA parameter in NLSE makes the
equation non-integrable and we need to use numerical methods to investigate solitons in a
silicon-based waveguide. In the final chapter of the thesis, we would primarily focus on
studying the effect of TPA on soliton propagation in Si waveguide. In order to study solitary
waves, we have adopted solitary wave ansatz method [108]. However, analytical methods
could not be applied to study the soliton propagation in the context of silicon photonics and
we have to rely on the numerical techniques. The well known split-step Fourier method is
been used to study the pulse propagation numerically in silicon waveguide [2].

1.3 Negative refractive index metamaterials
Novel electromagnetic properties could be realized by creating an artificially structured
composite consisting of well-arranged functional inclusions of subwavelength dimensions.
Generally, the unit cell size of such artificial structures are much smaller than the wavelength
of interest and the electromagnetic response of such structures are expressed in terms of
homogenized, effective material parameters [87]. These artificial, man-made, structures are
termed as metamaterials. Although there is no universal definition of the term 'metamaterial',
we prefer the following definition put forward by W. Cai and V. Shalaev [109]: "A
metamaterial is an artificially structured material which attains its properties from the unit
structure rather than the constituent materials. A metamaterial has an inhomogeneity scale
that is much smaller than the wavelength of interest, and its electromagnetic response is
expressed in terms of homogenized material parameters". One of the most fascinating
example of such structures is the so called negative-index metamaterials (NIM). In this thesis,
by metamaterials (MM) we would mean negative refractive index metamaterials.
In 1904, H. Lamb for the first time mentioned the possibility of the existence of
backward propagating waves [110]. This work remained unnoticed for nearly forty years
until the famous Mandelshtam’s work [111] was published, in which he predicted and gave a
detailed explanation of a surprising occurrence, i.e., the negative refraction of rays. The next
considerable step was made by Sivuhin [112]; in this work it was first shown that the group
10
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and phase velocities are directed opposite to each other in a medium with simultaneously
negative values of permittivity

ε and permeability µ .The concept of negative refractive

index was studied very systematically by the Russian physicist Victor G. Veselago in 1968
[113]. He started by asking a question on the ambiguity in choosing the sign of refractive
index 'n', defined by n = ± εµ , where ε and µ are permittivity and permeability
respectively. For all naturally occurring transparent materials both ε and µ are positive and
thus we need to choose the positive sign. Veselago pointed out that if both ε and µ are
negative, one must choose the negative sign and write n = − εµ . As at that time and even
afterwards, no naturally occurring materials were discovered, this study of Veselago lied as a
mere theoretical exercise for a long time. In 2000, a group at University of California led by
D. R. Smith demonstrated a composite medium, based on a periodic array of interspaced
conducting nonmagnetic split ring resonators and continuous wires, that exhibits a frequency
region in the microwave regime with simultaneously negative values of effective permittivity

ε (ω ) and permeability µ (ω ) [114]. This demonstration revived Veselago's idea and gave rise
to explosive research activities in the area of negative refractive index metamaterials.
Specifically, J. B. Pendry's work on the possibility of realizing a perfect lens [115] added
another dimension to the area. Exhibition of various exotic and unusual properties, yet to be
found in naturally occurring materials, by MMs at microwave frequencies, inspired the
researchers to extend MMs to the terahertz, infrared and visible bands of frequencies [88-89,
116]. Today, the artificial structures exhibiting electromagnetic responses at light
frequencies, known as optical metamaterials, are considered to be one of the most fascinating
and fruitful area of MMs research.
It is well understood in elementary physics that if either the permittivity ε or the
permeability µ is negative, while the other one is positive, then the refractive index is purely
imaginary resulting in no propagating waves. If we assume that materials with both ε < 0
and µ < 0 exists, then one can show that propagating waves are possible and one must write

n = − εµ due to causality condition. It may be explained as follows. Let us consider a
passive medium with ε = −ε1 + i ε2 and µ = −µ1 + i µ2 , where ε2  ε1 and µ2  µ1 . Then we
have

11
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n = ± ε µ = ± (−ε1 + i ε2 )(−µ1 + i µ2 )
(1.3)


ε µ + ε2 µ1 
≈ ± ε1 µ1 1− i 1 2

2ε1µ1 


Causality requires that the imaginary part of the refractive index must be positive for any
passive medium and hence we must choose the negative sign, when the real parts of both ε
and µ are negative. One can immediately see some of the consequences of negative
refractive index and of the fact that ε, µ < 0 .
Left-handedness:
Let us consider a plane electromagnetic wave propagating through a medium, where
 
  i k . r−ω t )
the electric field is written as: E = E0 e (
where E0 , k and ω are electric field amplitude,
wave

vector and angular frequency of the wave. Maxwell's curl equations


 
∂B   ∂ D
∇× E = −
, ∇× H =
take the following form in an isotropic medium:
∂t
∂t
 
  

k × E = ω µ (ω ) H , k × H = −ω ε (ω ) E . For a common material, ε (ω ) , µ (ω ) > 0 and so the
 


vectors E , H and k form a right-handed coordinate system. Also the wave vector k is
  
parallel to the Poynting vector S = E × H . On the other hand, for a negative index material,
 

for which ε (ω ) , µ (ω ) < 0 , the vectors E , H and k form a left-handed coordinate system.
This is reason NIMs are known as left-handed materials also. It is interesting to note that in
E

E
k
k
S

S

H

H

(a)RHM

(b) LHM

Fig.1.3: Orientation of E, H, k and S in (a) Right handed medium (RHM) (b) Left handed medium
(LHM).
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NIM the wave vector is directed opposite the Poynting vector. This physically means that in
MM, the energy propagates opposite to the wave vector direction and the phase is advanced
in the propagation direction.
Reversal of Snell's law:
Let us consider a plane wave incident from a positive index medium (i.e. n > 0 ) , say
medium 1, to a medium with negative index (i.e. n < 0 ), say medium 2. If θ1 and θ2 are the
angle of incidence and angle refraction respectively, then according to Snell's law we have:
θ1

θ1

n1

n1
n2<0

n2>0
θ2

θ2

(a) Conventional material

(b) Negative index metamaterial

Fig.1.4: Ray diagram of Snell’s law in (a) conventional material (b) negative index metamaterial

n1 sin θ1 = n2 sin θ2 . Now n2 < 0 implies that we must have sin θ2 < 0 , which in turn implies
that the refracted ray makes a negative angle with respect to the normal to the interface.
Physically speaking, the refracted beam is bent at the same side of the normal to the interface.
Reversal of Snell's law in MM is already demonstrated experimentally in the microwave
frequency domain [117].
Apart from the above two phenomena, many interesting phenomena such as reversal of the
Doppler effect [118-119], reversal of Cerenkov radiation [120], reversal of Goos-Hanchen
shift [121] etc. have been realized in negative index metamaterials.
Dispersion and loss in MM:
The energy density of an electromagnetic wave propagating through a non-dispersive and noloss media is given by
u=

 2
1 2
ε E + µ H 
4
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Clearly, because ε, µ < 0 , for a NIM, we get a non-physical result of negative energy density
if this expression is used. On the other hand, the correct expression for the energy density,
away from any absorption resonances, for a quasi-monochromatic wave-packet propagating
through a dispersive media is:

2 ∂

1 ∂
u =  (ω ε (ω )) E +
ω µ (ω )) H
(
4  ∂ω
∂ω

2





(1.5)

where the derivatives are evaluated at the central frequency of the wavepacket. The physical
requirement of u > 0 implies that
∂
∂
(ω ε (ω )) > 0 and (ω µ (ω )) > 0
∂ω
∂ω

(1.6)

Above conditions are compatible with ε, µ < 0 if ∂ε / ∂ω > ε / ω and ∂µ / ∂ω > µ / ω . This
means that NIMs must be highly dispersive. It should also be noted that due to causality,
generally well explained through the so called Kramers-Kronig relations, the negative NIMs
must be lossy.
In order to achieve negative refractive index, the material must possesses
simultaneously negative permittivity and negative permeability at the same frequency. There
are natural materials like gold, silver and other novel metals which possess ε<0 and few

antiferromagnets and insulating ferromagnets that show µ<0. But, the resonance frequencies
for ε<0 occur mostly at few THz while the magnetic resonances limit to relatively very low
frequencies for µ<0. One can overcome this problem using artificially engineered
metamaterials where 'meta-atoms' are designed to exhibit both electric and magnetic
responses in the same frequency range. John Pendry proposed a structure of very thin
conducting wires arranged in a periodic lattice to achieve ε<0 at microwave frequencies
[122]. The plasma frequency of this type of thin wires of radius ‘r’ and lattice spacing ‘a’ is
reduced significantly due to the spatial confinement of the electrons to the thin wires, the
effective electron density, N eff , is decreased and moreover the self-inductance of the wires
greatly enhances the effective mass meff .It could be understood from the expression of
plasma frequency given by:

2
ω pe
= N eff e2 meff ε 0 = 2π c 2 a 2 ln(a r ) , where ε 0 is the

permittivity of free space. Clearly, ω pe depends only on the wire radii and their spacing and
with judicious engineering frequency in the Giga-Hertz range could be obtained. But, the
most critical issue is to achieve the negative magnetic permeability at microwave frequency.
14
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The first attempt to solve this problem was made by Pendry who suggested use of split ring
resonator (SRR) structures as meta atoms to have negative permeability [123]. Following this
idea, Smith and his coworkers combined the two structures, SRRs and thin wires, and
experimentally demonstrated the realization of simultaneous negative ε and µ over a
frequency band [114, 117]. The first experimental realization of negative refractive index was
demonstrated by Shelby et al at microwave frequencies [124]. In recent years, various 2D
and 3D composite structures have been proposed as well as experimentally realized by
various research groups to achieve negative refractive index at microwave frequency [87].
For practical applications it is very important to achieve negative refractive index in
optical domain. Also, it is a very challenging affair to extend negative refractive index to
optical frequency as it requires scaling down of the artificial composite structure from
millimeter size to nanometer size. Owing to the rapidly developing nanotechnology and
subwavelegth imaging techniques this goal is already achieved in some laboratories, though
commercialization would take a while. Researchers have fabricated MM at infrared
frequency by using double SRRs structure [88-89]. But at optical frequency, the
electromagnetic response is totally different as the metal required for fabrication deviates
from an ideal conductor behavior. This distinction prohibits scaling down the same structure
used in microwave frequency. The first experimental realization of optical negative index
material was demonstrated by Shalaev et al in 2005 designing a structure of double periodic
array of pairs of parallel gold nano rods[89]. However, in the same year a new design called
double fishnet structure, which contains a pair of metal fishnet, was used to achieve negative
refractive index [125]. After that using these structures several research group reported NIM
in optical frequency [126-130]. One of the most critical issues of optical negative index
metamaterial is the significant loss in optical frequencies. This is a major hindrance in using
optical metamaterials for the purpose of practical applications. At optical wavelength MM
suffers from very high dissipative losses due to the metallic nature of their constituents
metamolecules. But recently in 2010, Shalaev and his co-workers experimentally
demonstrated that by inserting gain materials in the high-local-field areas of fishnet structure
it is possible to fabricate an extremely low loss and active optical negative index MM [130].
A great deal of research has been exclusively focused on the linear MMs both
theoretically and experimentally [131-135]. In the linear region, it has been assumed that the
electric permittivity ε and magnetic permeability µ does not depend on the intensity of
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incident radiation. Recently, the nonlinear effects in MMs become interesting field of
research particularly among the theoretical physicists. As the linear responses of MMs show
various unusual properties which are not found in naturally occurring materials, in the same
way the study of nonlinear MMs may have a path breaking impact in context of nonlinear
optics. Kivshar and his colleagues were the first to explore theoretically the nonlinear
properties of metamaterial [90]. The nonlinear MMs are created by the combination of arrays
of wires and SRRs embedded in a nonlinear Kerr dielectric medium or by inserting certain
nonlinear elements in the SRR’s path [90,136]. The nonlinear response of this structure arises
from two different contributions. Firstly, the nonlinear electric response of the electric
permittivity is intensity dependent Kerr type nonlinearity which arises due to embedding the
metamaterial in an optical Kerr medium. The effective dielectric permittivity (εeff) of the
nonlinear composite material is given by:

(

ε eff (ω ) = ε 0 ε L 0 + α E

2

)

(1.7)

where α = ± 1 Ec2 represents focusing and defocusing nonlinearity, Ec is the characteristic
electric field, ε L 0 is linear dielectric permittivity. Secondly, the nonlinear response of the
magnetic permeability shows very complicated behavior. The response comes from the
resonance behavior of effective permeability ( µ eff ) as SRR capacitance or SRR eigen
frequency depends on the strength of the magnitude of electric field (Eg), localized within the
SRR gap. The intensity of the electric field in turn depends on the electromotive force inside
the resonator loop, which is generated by the external magnetic field (H). The effective
nonlinear permeability is given by:



µeff (ω ) = µ0 1 −





2
ω 2 − ω02NL ( H ) 
Fω2

2

(1.8)
2

where ω0 NL = ω0 NL ( H ) is nonlinear resonant frequency which depends on H as [132]:
2

α Ω 2 X 6 H = A2 Ec2 (1 − X 2 )( X 2 − Ω 2 ) 2

(1.9)

where X = ω0 NL ω0 , Ω = ω ω0 and A is a function of the physical and the geometrical
parameters of the composite structure. For relatively small fields, when µ eff is truly field
2

dependent, one may consider the nonlinear behavior of µ eff as : µeff = µ + µ NL ( H ) i.e. Kerr
type of magnetic nonlinearity. Hence, one of the most of striking feature of nonlinear MM is
16
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that the magnitude of magnetic field plays a significant role on the nonlinear behavior of
magnetic permeability and the magnetic nonlinearity has been found to be much stronger
than the nonlinearity in the dielectric response owing to the enhancement of field in the gaps
of SRRs. The intensity dependence of magnetic permeability can be allowed to switch from
positive to negative values which in turn can tune the material properties from positive index
materials to negative index materials. These may have useful application in nonlinear optical
devices like optical memory and optical diodes. Cloaking devices are another peculiar
example of the application of negative index materials that has been first demonstrated in
2006 [137] i.e. MM could be used to hide objects. Recently, MM cloak is experimentally
designed for microwaves with the help of transformation optics formulation [138].

1.4 Thesis Overview
The contents of chapters in the remaining part of the present thesis are described very briefly
below:
Chapter 2:

This chapter begins with the literature review of various nonlinear pulse

propagation models for Metamaterials. Then starting with the Maxwell’s equation and
considering the lossy Drude model to describe the permittivity and permeability in MM, we
derive a generalized coupled nonlinear field equations for pulse propagation in a MM
embedded into a Kerr medium. Our model successfully recovers previously proposed models
to describe pulse propagation in MMs exhibiting Kerr nonlinearity. Moreover, it contains a
few additional terms like magnetic self-steepening effect connecting both the electric and
magnetic field envelopes in an MM. We have studied MI using these coupled equations and it
is found that one could control the MI gain in an MM by tuning the initial electric or
magnetic field amplitudes. We have also reported solitary wave solutions to the propose
model.
Chapter 3: In this chapter, we have focused on the study of exact solitary wave solutions and
MI of the generalized nonlinear Schrödinger equation in the context of a non-Kerr medium.
The nonlinear Schrodinger equation, appropriate to model nonlinear pulse propagation in a
cubic-uintic non-kerr media, is studied to obtain the exact bright and dark solitary wave
solutions. We have also carried out the MI analysis of the model equation and discuss the
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effect of higher order dispersion and nonlinear effect on MI both in the anomalous and the
normal dispersion regime.
Chapter 4: This chapter is aimed at studying the MI analysis in an MM embedded in a
cubic-quintic non-Kerr medium. We have derived a theoretical model appropriate for pulse
propagation in this nonlinear media with higher order dispersion effect and cubic quintic
nonlinear effect. We have discussed the issue of loss in MMs in the context of MI. The effect
of higher order dispersion effects and the cubic-quintic nonlinear effect has also been
discussed.
Chapter 5: The generalized NLSE with variable coefficients is studied in this chapter. The
coefficients corresponding to the group velocity dispersion, the self-phase modulation, the
self-steepening etc. are considered to be dependent on the evolution parameter. The dynamics
of dark optical solitons with power-law nonlinearity in the presence of linear attenuation,
TOD and self-steepening term, all with evolution parameter dependent coefficient is studied.
We have used solitary wave ansatz method to carry out the integration and obtain the exact
solitary wave solutions. As a special case, we have also reported the exact bright and dark
solitary wave solutions of the generalized NLSE with constant co-efficient of the above
mention higher order dispersion and nonlinear effects.
Chapter 6: This chapter begins with an overview of silicon waveguide. Silicon photonics
has received considerable attention in recent times due to its capability for IC integration via
SOI technology. In silicon waveguide, nonlinear absorption via the so called TPA is an
extremely important effect that limits the extent of SPM. We demonstrate the formation of a
fundamental soliton from a higher order soliton in silicon waveguide by exploiting the TPA
effect. Soliton-soliton interaction is also discussed.
Chapter 7: We give a brief summary of the results and analysis of the problems considered
in the thesis. Also, we give the future directions of research in this ever expanding area of
research.
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Chapter 2
Modulation Instability of coupled nonlinear field
equations for pulse propagation in Metamaterial
embedded into a Kerr medium*

2.1 Introduction
Recently, negative index metamaterials (NIMs) have been demonstrated experimentally at
infrared (IR) and optical frequencies [88-89], thereby motivating the researchers to study
pulse propagation in such media [123-130]. A great deal of research has been carried out on
the propagation of electromagnetic waves in the linear regime, specially the basic dynamics
of ultrashort pulses undergoing negative refractive index has been discussed [131-135]. Study
of nonlinear pulse propagation in Metamaterials(MMs) have started after the demonstration
of nonlinear MMs, created by arrays of wires and split-ring resonators embedded in a Kerr
dielectric [90] or by inserting certain nonlinear elements like diodes in the split ring
resonator’s path [136]. Very recently, many authors have investigated and proposed nonlinear
ultrashort pulse propagation models in NIMs in various contexts [91,139-147]. Scalora et
al.[91] first derived a new generalized nonlinear Schrodinger (NLS) equation, to describe the
propagation of ultrashort pulses in bulk negative index media exhibiting frequency dependent
dielectric susceptibility and magnetic permeability. Going beyond the usual slowly varying
envelope approximation (SVEA), they investigated the propagation of pulses for at least a
few tens of optical cycles in MMs. They did not consider magnetic nonlinearity in their
approach. Wen et al. have derived a (3+1) dimensional evolution equation for NIM with a
Kerr nonlinear polarization by following the same procedure as applied to the case of
ordinary materials [139]. Based on the propagation equation, they studied the MI analysis and
summed up with the conclusion that MI in MMs may occur for all the combinations of dispe*Part of the results presented in this chapter have been published in the paper, A. K. Sarma and M.
Saha, “Modulational instability of coupled nonlinear field equations for pulse propagation in a
negative index material embedded into a Kerr medium” Journal of Optical Society of America B Vol.
28, p.944 (2011)
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-rsion and nonlinearities, unlike ordinary materials for which MI can occur only for some
specific combination of dispersion and nonlinearities.

On the other hand, Lazarides and

Tsironis[141] derived a system of coupled nonlinear Schrodinger equations (NLSE) for the
envelopes of the propagating electric and magnetic fields in an isotropic and homogeneous
nonlinear left-handed materials taking both nonlinear polarization and magnetization into
account. However, they used perturbative approach and focused only on a completely
integrable Manakov-type model. They also studied the bright and dark solitary wave
solutions of their proposed model equations. Based on this model, Kourikas and Shukla
investigated the stability of the nonlinear system [142]. Later, Wen et al. have derived a more
generalized coupled NLSE suitable for few cycle pulse propagation in a NIM considering
both nonlinear electric and magnetic polarization [143-147]. In this context optical soliton is
a new and exciting field of research [148-149].
In this chapter, we derive a mathematical model describing pulse propagation in an
MM created from split-ring resonators and arrays of wires embedded in a Kerr medium,
exhibiting both electric and magnetic nonlinearity of Kerr type. We assume that the unit cell
size of the MM is considerably smaller than the operating wavelength and thereby take an
effective medium approach [87]. Unlike other authors, we invoke the electric and magnetic
Kerr effect quite early into the derivation. Previously proposed models, under appropriate
approximations, could be successfully reproduced from our newly derived propagation
equation. Our model predicts some new additional features as well. We carry out a brief MI
analysis, considering its significance in relation to the existence of optical solitons in NIMs,
using the newly derived model equations.We have also reported an exact solitary wave
solutions to the proposed model in this chapter.

2.2 Generalized Theoretical Model
One of the most fundamental differences between an ordinary material and MM is that MM
exhibits strong dispersive behaviors both in electric permittivity and in magnetic permeability
while in ordinary materials only one of them is dominant at a time. We consider that the
nonlinear MM is created by arrays of metallic wires and split ring resonators embedded in a
nonlinear Kerr dielectric. This MM has Kerr type nonlinear polarization but the nonlinear
magnetization shows a complicated behavior. However, for a relatively small magnetic field
intensity H, as justified in Ref.[141], the nonlinear magnetization could also be taken as the
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Kerr-type. Hence, we consider a nonlinear negative index material embedded in a Kerr
medium characterized by the following forms of nonlinear electric polarization ( PNL ) and
nonlinear magnetization ( M NL ): PNL = ε NL E = ε 0 χ P(3) | E |2 E, M NL = µ NL H = µ0 χ M(3) | H |2 H ;
where ε NL is nonlinear electric permittivity while χ P(3) , χ M(3) are the respective third order
electric and magnetic susceptibility. E and H are the electric and magnetic fields respectively.
The nonlinear pulse propagation through MMs is characterized by electric flux density (D)
and magnetic induction (B) which depends on electric (E) and magnetic (H) field intensities
as D = ε ∗ E + PNL and B = µ ∗ H + M NL [150-151]. Here, the asterisk refers to convolution.
The dielectric permittivity ( ε ) and magnetic permeability ( µ ) are dispersive in NIM due to
the reasons described in chapter 1. The frequency dispersion of ε and µ are given by the
lossy Drude models as follows [133]:
2
ε (ω ) = ε 0 1 − 1/ (ω (ω + i γe ) )  ; µ (ω ) = µ0 1 − ω pm
/ (ω (ω + i γm ) ) 

(2.1)

Here ω = ω / ω p e , ω pm = ω pm / ω p e with ω p e and ω pm are the respective electric and magnetic
plasma frequencies. γe = γ e / ω p e and γm = γ m / ω p e are the electric and magnetic loss
respectively normalized with respect to the electric plasma frequency. ε 0 and µ0 are
respectively the free space electric permittivity and magnetic permeability. It should be noted
that loss is an extremely important and relevant issue in MMs as shown by the recent work of
Stockman [152]. In this work we are taking γe ∼ γm ∼ 0.01 , a value two orders of magnitude
greater than that of the one taken by D’Aguanno et al. [133]. In this way, we keep our model
as close to reality as possible.
We assume that both the electric and magnetic field is propagating in a uniform, bulk
NIM containing no free charge and no free current. It is straightforward to get the following
nonlinear pulse propagation equations from the Maxwell equations:
 ∂2
∂2
∂2
∂
2 
+
∇
E
(
r
,
t
)
−∇
∇
.
E
(
r
,
t
)
=
[
µ
∗
ε
∗
E
(
r
,
t
)]
+
[µ ∗ PNL (r, t )] + ( ∇× MNL (r, t ))
(
)
 2
⊥
2
2
∂t
∂t
∂t
 ∂z

(2.2)
 ∂2
∂2
∂2
∂
2 
 2 + ∇⊥  H(r, t ) −∇ ( ∇.H(r, t ) ) = 2 [µ ∗ ε ∗ H(r, t )] + 2 [ε ∗ MNL (r, t )] − ( ∇× PNL (r, t ))
∂t
∂t
∂t
 ∂z

In order to simplify the above complex equations we make a couple of approximations:
Firstly we assume that both the electric and magnetic fields are propagating along the z
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direction and are linearly polarized. Secondly, there is negligible transverse inhomogeneities
of the medium polarization and magnetization so that ∇ ( ∇.E( r , t ) ) = 0 = ∇ ( ∇.H ( r , t ) ) .
Moreover we treat ε NL and µ NL as constants so that the last two terms of the coupled equations
could be put in the following form:
∂
∂
∂
∂
( ∇ × M NL (r , t ) ) ≈ µ NL ( ∇ × H ) and
( ∇ × PNL (r , t ) ) ≈ ε NL ( ∇ × E )
∂t
∂t
∂t
∂t
Using the Fourier transformation of the fields as :

1
E( r , t ) =
2π

+∞ ~

∫ E(r , ω )e

−∞

−i ω t

dω

and

1
H (r , t ) =
2π

+∞ ~

∫ H ( r , ω )e

−iω t

dω

, where

(2.3)

E (r , ω ) and

−∞

H (r , ω ) are respectively the envelope amplitude of the electric and the magnetic fields in the
frequency domain, the set of coupled equations for the electric and magnetic fields in
frequency domain could be expressed as follows :
~
~
~
~
 ∂2
2
2 
2
(3) 2
2
+∇
E
(
r
,
ω
)
=
−
ω
µ
(
ω
)
ε
(
ω
)
E
(
r
,
ω
)
−
ε
χ
ω
µ
(
ω
)
E
E
(
r
,
ω
)
−
µ
ω
ε
(
ω
)
E
(r,ω)
 2
⊥
0 E
NL
 ∂z

(2.4)
~
~
~
~
 ∂2
2
2 
2
(3) 2
2
 2 +∇⊥  H (r, ω) = −ω µ(ω)ε (ω) H (r, ω) − µ0 χM ω ε (ω) H H (r, ω) − ε NL ω µ (ω) H (r, ω)
 ∂z


Our aim is to obtain a set of coupled equations for the envelopes of the electric and magnetic
fields in a more general form. We write the electric and magnetic field as:

∧
E ( r , t ) = x A ( r , t ) exp ( ik 0 z − iω0 t ) + c.c

(2.5)

∧
H ( r , t ) = y B ( r , t ) exp ( ik 0 z − iω0 t ) + c.c

where c.c. is the complex conjugate of the pulse. Here, A(r , t ) and B (r , t ) are the slowly
varying pulse envelopes of electric and magnetic field respectively. k0 = ω0 n(ω0 ) c is the
wave number at the central frequency ω0 and n(ω0 ) is the refractive index of the material at

ω0 . Now taking the inverse Fourier transformation of Eq.(2.4) and then substituting Eq.(2.5)
in it, we obtain the following coupled equations for the envelopes of the electric and magnetic
fields:
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∞
∂2 A
∂A
∂m A
∂  ∞
∂m
2
2
(3) 
2
2
ε
χ
ω
+
ik
−
k
A
+
∇
A
=
−
D
−
+
i
F
∑
0
0
⊥
m
0 E  0
∑ m m | A| A
m
∂z 2
∂z
∂
t
∂
t
∂
t

 m =0
m=0
∂  ∞
∂n A
2 
− µ 0 χ M(3) B  ω 0 + i  ∑ G n n
∂t  n = 0
∂t

∞
∂2B
∂B
∂mB
∂  ∞
∂n
2
2
(3) 
+
2
ik
−
k
B
+
∇
B
=
−
D
−
µ
χ
ω
+
i
G
| B |2 B
∑
∑
0
0
⊥
m
0 M  0
n

2
m
n
∂z
∂z
∂t
∂t  n = 0
∂t

m =0

− ε0χ

(3)
E

∂  ∞
∂mB

A  ω 0 + i  ∑ Fm m
∂t  n = 0
∂t


(2.6)

2

where

im
∂l (ωε )
∂m−l (ωµ )
i m ∂ m (ωµ )
i n ∂ l (ωε )
Dm = ∑
F
=
and
(2.7)
G
=
,
m
n
l
∂ω m−l ω =ω
m! ∂ω m ω =ω
n ! ∂ω l ω =ω
l =0 l !(m − l )! ∂ω
ω =ω0
0
0
0
m

Now we introduce the travelling coordinates: ξ =z , τ =t- z

V

with V as the group velocity.

We keep linear dispersion terms up to the second order and nonlinear dispersion terms up to
the first order. In order to make the above propagation model applicable for ultra short pulses
and solvable we make some further approximations (non SVEA approximation) [139]:
∂ 2 A iω02 µ (ω0 ) χ E(3) ∂ | A |2 A
∂ 2 B iω02ε (ω0 ) χ M(3) ∂ | B |2 B
=
and
=
2k 0
2k0
∂ξ∂τ
∂τ
∂ξ∂τ
∂τ

(2.8)

Under these assumptions we obtain the following coupled generalized NLSE for a nonlinear
negative index material exhibiting Kerr type electric and magnetic nonlinear polarization as:
iβ ∂ 2 A
∂A
i
∂ 

2
2
=
∇ 2⊥ A − 2
+ iPnl 1 + iPs
 | A | A + iQnl | B |
2
∂ξ 2k0
2 ∂τ
∂τ 


∂A 

 A + iPse

∂τ 

(2.9)

∂B
i
iβ ∂ 2 B
∂ 

2
2
=
∇ ⊥2 B − 2
+ iQnl 1 + iQs
 | B | B + iPnl | A |
2
∂ξ 2k0
2 ∂τ
∂
τ



∂B 

 B + iQsh

∂τ 


where

1 
1 
γ  1 
α 
, Ps =  1 +
 , Pse =
−
1 +

ω0  ε (ω0 ) 
2k 0
 ω0  µ (ω0 )  k0V 
1 
ω02ε (ω0 ) µ0 χ M(3)
1 
α  1 
γ 
Qnl =
, Qs =  1 +
 , Qsh =
−
1 +

2k 0
ω0  µ (ω0 ) 
 ω0  ε (ω0 )  k0V 
Pnl =

ω02 µ (ω0 )ε 0 χ E(3)

and β 2 = {αγ + ω0 µ (ω0 )α ′ / 2 + ω0ε (ω0 )γ ′ / 2 − 1 / V 2 } / k0  with γ = ∂[ωµ (ω )] ∂ω ω =ω
0
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γ ′ = ∂ 2 [ωµ (ω )] ∂ω 2 ω =ω , α = ∂[ωε (ω )] ∂ω ω =ω , α ′ = ∂ 2 [ωε (ω )] ∂ω 2 ω =ω
0

0

and

0

V = 2 k0 [ω0ε (ω0 )γ + ω0 µ (ω0 )α ]

(2.10)

Pnl and Ps are the nonlinear and self-steepening coefficients for the electric field respectively.
We name Pse as the electric coupling coefficient. Qnl and Qs are the corresponding coefficients
for the magnetic field, while we call Qsh as the magnetic coupling coefficient. β 2 is the GVD
parameter. Eq. (2.9) is the generalized coupled NLSE for pulse propagation for a negative
index material embedded into a Kerr medium. It should be noted that if Qnl = 0 we recover
exactly the same equation in Ref. [141] for the envelope of the electric field. However our
model contains a few additional terms compared to previous models, especially connecting
both the electric and the magnetic field envelopes in a NIM. In Fig. 2.1(a) we plot the
variation of refractive index n, Pnl , Ps and Pse with the normalized frequency ω0 / ω pe for

ω pm / ω pe = 0.8 while, in Fig.2.1(b), we plot the corresponding variations for Qnl , Qs and Qsh .
Here ω pe and ω pm are the electric and magnetic plasma frequency respectively, the
parameters are plotted at ω = ω0 . In the plot Pnl is calculated in units of ω pe χ E(3) / c while
Ps and Pse are calculated in the units of 1/ ω pe , Qnl is calculated in units of ω pe χ M(3) / c while
1/ ω pe . From the figure it is clear that at

Qs and Qsh are calculated in the units of

ω pm / ω pe = 0.8 , the electric self-steepening parameter have both positive and negative values
but the magnetic self-steepening parameter is positive. However if we choose ω pm / ω pe = 1.2 ,
then the magnetic self-steepening parameter has both positive and negative values as shown
in Fig. 2.2. We have carried out rest of the analysis by choosing ω pm / ω pe = 0.8 .
For simplicity of calculations, it is convenient to write the coupled generalize NLSE in
normalized units. The normalized variables are defined as:
Z = ξ LD , T = τ T0 ; U = A A0 , V = B B0 ; X = x L⊥ , Y = y L⊥ ; u = N EU , v = N H V

(2.11)

where T0 is the pulse width, LD = T02 / β 2 is the dispersion length and A0 and B0 are the
initial amplitude of the electric and the magnetic fields. N E and N H may be termed as the
order

of

soliton

for

the

electric

and

the

magnetic

field,

defined

as

N E2 = LD LPnl , N H2 = LD LMnl . In this work , we take N E = N H = N . Here we also define the
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nonlinear polarization length, as LPnl = 1 Pnl A02 and the nonlinear magnetization length as
LMnl = 1 Qnl B02 . A characteristic length L⊥ =

Ld k0 is also defined.

Fig.2.1: (a) Variation of n, Pnl , Ps and Pse (b) Variation of n, Qnl , Qs and Qsh

with ω0 / ω pe with

ω pm / ω pe = 0.8 .
Eq.(2.9) is thus transformed to the following normalized form :

∂u i sgn(k0 ) 2
i sgn( β 2 ) ∂ 2u 
∂  2
2
2 ∂u
=
∇T u −
+ i  1 + iS E
 | u | u + i | v | u − CE | v |
2
2
2
∂Z
∂T
∂T 
∂T

(2.12)
i sgn( β 2 ) ∂ 2 v
∂v i sgn(k0 ) 2
∂  2

2
2 ∂v
=
∇T v −
+ i 1 + iS H
 | v | v + i | u | v − CH | u |
2
2
2
∂Z
∂T
∂T 
∂T
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where ∇T2 = ∂ 2 ∂X 2 + ∂ 2 ∂Y 2 is the transverse Laplacian, S E = Ps T0 is the electric selfsteepening parameter, S H = Qs T0 is the magnetic self-steepening parameter, CE = Pse T0 is
the electric coupling coefficient, and CH = Qsh T0 is the magnetic coupling coefficients in
normalized units.

Fig.2.2: Variation of magnetic self-steepening parameter Qs with ω0 / ω pe at ω pm / ω pe = 1.2 .

2.3 Modulation Instability analysis
As discussed in Chapter 1, MI is a fundamental and ubiquitous process that occurs as a result
of interplay between the nonlinearity and dispersion in the time domain or diffraction in
spatial domain [2]. Now we would carry out an MI analysis of the above generalized coupled
NLSE. We are mainly interested to know the role of both the electric and the magnetic selfsteepening parameters on MI. So we neglect the diffraction and the last term of the
generalized coupled NLSE. It should be noted that Wen et al.[139] have already investigated
MI in NIM to understand the role of self-steepening effect. But unlike them we are
considering both the electric and the magnetic self-steepening effects. Moreover this model
contains a term relating both the electric and magnetic field envelopes. Hence the coupled
NLSE considered is:
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∂u
i sgn( β 2 ) ∂ 2u
∂  2

2
=−
+ i 1 + iS E
|u| u+i|v| u
2
∂Z
2
∂T
∂
T


(2.13)
i sgn( β 2 ) ∂ v
∂v
∂  2

2
=−
+ i 1 + iS H
|v| v+i|u | v
2
∂Z
2
∂T
∂T 

2

Eq.(2.13) have two steady state CW solutions u = a0 exp(iΩ 0 a Z ), v = b0 exp(iΩ 0b Z ) ,where
a0 and b0 are the normalized amplitudes of electric and magnetic field envelopes and Ω0a and

Ω0b are the corresponding nonlinear phase-shifts. Here, Ω

0a

=Ω

0b

= a02 + b02 .

Now, let the CW solutions be slightly perturbed from the steady state such that
u ( Z , T ) = [a0 + a ( Z , T )]exp(iΩ0 aT ) and v( Z , T ) = [b0 + b( Z , T )]exp(iΩ 0b Z )

(2.14)

where a ( Z , T ) and b( Z , T ) are the perturbations such that a, b  1 . Substituting Eq.(2.14) in
Eq.(2.13) we obtain the following evolution equations for the perturbations:
i sgn( β 2 ) ∂ 2 a
∂a
∂a* 
2
*
*
2  ∂a
=−
+
+
+
+
−
+
ia
(
a
a
)
ia
b
(
b
b
)
S
a
2

0
0 0
E 0 
∂Z
∂T 2
2
 ∂τ ∂τ 
i sgn( β 2 ) ∂ 2b
∂b
∂b ∂b* 
2
*
*
2
=−
+
ib
(
b
+
b
)
+
ia
b
(
a
+
a
)
−
S
b
2
+

0
0 0
H 0 
∂Z
2
∂T 2
 ∂τ ∂τ 

(2.15)

Now, writing, a = a1 ei ( K Z −Ω T ) + a2 e − i ( K Z −Ω T ) and similarly for b, where K and Ω are the wave
number and the frequency of the perturbation in normalized units, respectively, from
Eq.(2.15), we obtain the following dispersion relation:
1


2
 2 2 Ω4

1
2
2
2
K = 4 sΩ ±  4 s Ω +
+ 4 δ (a0 + b0 )Ω  
2
4

 



(2.16)

where δ = sgn( β 2 ) . Here, we assume that S E a02 = S H b02 = s and take the frequency regime to
be 0.4 ≤ ω ω pe ≤ 0.6 . Now onwards, we term s as the reduced self-steepening parameter.
Because S E ≠ S H , the initial normalized amplitudes of the electric and magnetic fields would
always have to be different i.e. a0 ≠ b0 . The steady-state solution becomes unstable only
when K has an imaginary part since perturbation then grows exponentially. It can be clearly
seen from Eq.(2.16) that K becomes imaginary only in the anomalous dispersion regimes i.e.
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when δ = −1 and, if the following condition is satisfied, ( s 2 + Ω 2 16) < ( a02 + b02 ) . Under
these MI conditions, we obtain the gain spectrum g (Ω ) of the MI as
1

g ( Ω ) = 2Im ( K ) =  4(a02 + b02 )Ω2 − 4 s 2Ω 2 − Ω4 4 2 .

(2.17)

Clearly, the MI gain depends on the initial amplitude of electric and magnetic fields, the
perturbation frequency and the electric and magnetic self steepening parameter through s .

Fig.2.3: Modulation Instability gain spectrum as a function of normalized perturbation frequency (a)
with normalized frequency ω0 ω pe (b) with different self-steepening parameter s .
1

The gain becomes maximum at two frequencies given by Ωmax = ± 2 2(a02 + b02 ) − 2 s 2  2 with
1

a peak value 4(a02 + b02 − s 2 ) 2 . In Fig.2.3(a) we depict the MI gain as a function of
normalized perturbation frequency for various values of ω0 ω pe for a pulse width T0 = 10 fs
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and a0 = 1 . We observe that MI gain spectrum is symmetric with respect to Ω = 0 and the MI
gain decreases with an increase in the normalized frequency. This might be attributed to the
constraint S E a02 = S H b02 = s and the fact that, with increases in the normalized frequency

ω0 ω pe , as evident from Fig.2.1(a) and Fig.2.1(b), S E decreases while S H increases for given
value of a0 and pulse width T0 , resulting in the reduction of both s and b0 . The so-called
reduced self-steepening parameter s could be controlled just by tuning the initial electric or
magnetic field amplitudes for a given operating frequency of the MM. In order to have a clear
idea about the role of s on MI, in Fig.2.3(b) we plot the variation of MI gain as a function of
the normalized perturbation frequency for various values of s for a pulse width T0 = 10 fs and

ω0 ω pe = 0.5 . It may be noted that the corresponding value of S E and S H are 0.057 and 0.10,
respectively. It can be clearly seen that, with increase in s , MI gain is also increases, which
should be due to the increase in the initial electric and magnetic field amplitudes. In passing,
we would like to mention that our study shows that variation of the pulse width T0 has a
negligible small effect on MI gain spectrum. From the above analysis, it is clear that, by
tuning the initial electric and magnetic field amplitudes or intensity, one can control the MI of
electromagnetic pulses in an MM and may thereby eventually manipulate the formation of
solitons in it.

2.4 Solitary wave solutions for the coupled nonlinear field equations
In this section, we would look for the solitary wave solution to Eq.(2.13), with the third order
dispersion term included. The normalized coupled nonlinear field equations including the
third order dispersion in the propagation model in MM which is embedded in a Kerr medium
is given by
∂u
iδ ∂ 2u
∂ 3u
∂
2
2
2
=−
+
b
+ i u u + i v u − SE
u u
3
2
3
2 ∂T
∂Z
∂T
∂T

(

)

(2.18)

( )

(2.19)

∂v
iδ ∂ 2 v
∂ 3v
∂
2
2
2
=−
+
b
+ i v v + i u v − SH
v v
3
2
3
∂Z
∂T
∂T
2 ∂T

Here, δ = sgn( β 2 ) , b3 is the normalized third order dispersion parameter. We have already
discussed earlier that, in the frequency regime considered, SE can have both positive and

29

TH-1170_08612111

Chapter 2. Modulation Instability of coupled nonlinear field equations for pulse propagation in
Metamaterial embedded in a Kerr medium

negative values while SH is always positive at ω pm / ω pe = 0.8 . We take s E = α S E and

s H = β S H with α = ±1 and β = 1 .We assume the solutions of Eq.(2.18) and Eq.(2.19) in
the following phase-amplitude format:
iφ
u ( Z , T ) = Pe
1

and v ( Z , T ) = P2 eiφ

(2.20)

where Pj is the amplitude with j=1,2. φ = ωT − k Z + θ is the phase with ω , k and θ are the
frequency, wave number and phase constant of the soliton respectively. Substituting the
above Eq.(2.20) in Eq.(2.18) and Eq.(2.19), we obtain


 ∂3 P

∂P2
δ  ∂2P
∂ 2 P2
∂P
− ikP2 = −i  22 + 2iω P2 − ω 2 P2  + b3  32 + 3iω
− 3ω 2 2 − iω 3 P2 
2
∂Z
2  ∂T
∂T
∂T

 ∂T


(2.21)

∂P
+ iP23 + iP12 P2 − 3β sH P22 2 − i β sH ω P23
∂T

 ∂3P

∂P2
δ  ∂2P
∂ 2 P2
∂P
− ikP2 = −i  22 + 2iω P2 − ω 2 P2  + b3  32 + 3iω
− 3ω 2 2 − iω 3 P2 
2
∂Z
2  ∂T
∂T
∂T

 ∂T


(2.22)

∂P
+ iP23 + iP12 P2 − 3β sH P22 2 − i β sH ω P23
∂T
Decomposing the real and imaginary part of Eq. (2.21), we obtain
∂P1
∂P1
∂ 3 P1
∂P
2
+ ( 3 b3 ω − δ ω )
− b3
+ 3α sE P12 1 = 0
3
∂Z
∂T
∂T
∂T

(2.23)

2

δ
 ∂ P1
2 δ
3
3
2
−
k
−
+
b
P
+
−
3
b
ω
ω
ω
3
3

 1 
 2 + (α sE ω − 1) P1 − P2 P1 = 0
2
2
∂
T





(2.24)

Now, we choose P1 = A1 Sech [ B (T − Z V0 )] and P2 = A2 Sech [ B (T − Z V0 )] , where A1 and A2 are
the complex amplitudes of the electric and the magnetic fields, B and V0 are the temporal
width and the inverse velocity of the soliton respectively. Substituting P1 and P2 in Eq.(2.23)
and Eq.(2.24), we obtain

{

}

A1 B V0 − ( 3b3ω 2 − δ ω ) + b3 B 2 sechτ tanh τ − 6b3 A1 B 3 sec h 3τ tanh τ

(2.25)

− 3α s E A13 B Sech 3τ tanh τ = 0


 2
δ

2 δ
3 δ
2
3
 −k − ω 2 + b3 ω  +  2 − 3b3 ω  B  A1 sec hτ − 2  2 − 3 b3 ω  A1 B sec h τ
 
 



+ (α sE ω − 1) A sec h τ − A A1 sec h τ = 0
3
1

3
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Now, Eq.(2.25), the coefficient of the linearly independent functions sechτ tanh τ and
sech3τ tanh τ gives
V0 = 3b3ω 2 − δ ω − b3 B 2

(2.27)

and

2b3 B 2 + α sE A12 = 0

(2.28)

Again, setting the coefficients of the linearly independent functions of the Eq.(2.26) to zero
yields

δ
δ

k =  − 3b3ω  B 2 + b3ω 3 − ω 2
2
2


(2.29)

δ

2 B 2  − 3b3ω  + A22 − (α sE ω − 1) A12 = 0
2


(2.30)

Similarly from Eq.(2.22), we obtain the following equations

2b3 B 2 + β sH A22 = 0

(2.31)

δ

2 B 2  − 3b3ω  + A12 − ( β sH ω − 1) A22 = 0
2


(2.32)

From Eq.(2.28) and Eq.(2.31) , we obtain a constraint relation as:

A1

β sH

=

A2

α sE

= m0

(2.33)

where m0 is a free parameter and this is possible only when both α and β have the same
sign. We have obtained various physical parameters related to the solitary wave solutions in
terms of the medium parameters as follows
B 2 = − m02α β

A1 = ( m02 β sH
and ω =

sE sH

(2.34)

2 b3

)

1

2

A2 = ( m02α sE

 1
1
−
+
4b3  β sH α sE

δ

)

1

2

(2.35)


δ 2
 2
3 δ
 and k =  ω + b3ω  −  + 3b3 ω  B
2
 2



(2.36)

The temporal width, the frequency and the wave number of the soliton is given by the
Eq.(2.34) and Eq.(2.36) respectively while Eq.(2.35) represents the envelope amplitudes of
the soliton. We observe from Eq.(2.33) and Eq.(2.34) that the solitary wave solutions of
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Eq.(2.18) and Eq.(2.19) is possible only if we choose the third order dispersion parameter to
be negative. In Fig 2.4, we have plotted the intensity profile of solitary wave envelope for
both the electric field and the magnetic field for a set of given parameters. We would like to
mention that in this thesis, we have not investigated the issue of stability of nonlinear waves.
The study of stability of solitary waves in MM itself may turn out to be a very significant area
of research.

Fig 2.4: Intensity profile of electric and magnetic field envelope with sE = 0.057 , sH = 0.10 ,

m0 = 0.1 and b3 = −0.01 .

2.5 Chapter Summary
In this chapter, we have derived the generalized coupled nonlinear field equations for pulse
propagation in a NIM embedded into a Kerr medium. We consider the lossy Drude model to
describe the permittivity and permeability in MM. Our model successfully recovers
previously proposed models to describe pulse propagation in MMs exhibiting Kerr
nonlinearity. Moreover, it contains a few additional terms like magnetic self-steepening effect
connecting both the electric and magnetic field envelopes in an MM. We have also
investigated the MI in MMs using the new model under some restrictive conditions. We have
found that one could control the MI gain in an MM by tuning the initial electric or magnetic
field amplitudes of the pulse. We also have reported an exact solitary wave solution to our
proposed model.
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Chapter 3
Modulation Instability and solitary wave solutions of
the Nonlinear Schrödinger Equation in the context
of a non-Kerr medium*

3.1 Introduction
In the previous chapter, solitary waves and modulation instability (MI) was studied in
metamaterial (MM) in the context of Kerr nonlinearity. In this chapter we discuss MI and
solitary wave solutions of nonlinear Schrӧdinger equation (NLSE) with reference to an usual
non-Kerr medium [2,41,82,153]. Recently, it has been observed that some conventional
materials exhibit higher order nonlinear susceptibilities even at moderate pulse intensity. For
example, CdSxSe1-x-doped glass possesses a considerable amount of fifth-order susceptibility

χ (5) [84]. Again it has been demonstrated that transparent glass in intense femtosecond pulse
at 620 nm shows significant nonlinear effects due to χ (5) [85]. A recent experiment even
shows that materials such as chalcogenide glass exhibit not only third and fifth order
nonlinearities but even seventh-order nonlinearity [95]. Motivated by these developments, in
this chapter, we have carried out an analysis to study solitary wave solutions in a non-Kerr
medium induced by cubic-quintic nonlinearities. The pulse dynamics in a non-Kerr medium
should be described by the extended NLSE, and depending on the sign of group velocity
dispersion (GVD), the NLS equation has two types of solutions as bright or dark optical
soliton solutions. In optical communication systems, both types of soliton have unique
features during propagation. As mentioned in Chapter1, Bright solitons have potential
applications in the context of pulse amplification, optical switch and pulse compression while
dark solitons cannot be as useful as bright ones in high speed communication systems, but
have better stability in presence of perturbation like noise, mutual interaction between two
*Part of the results presented in this chapter have been published in the paper, M. Saha and A. K.

Sarma, “Solitary wave solutions and modulation instability analysis of the nonlinear Schrodinger
equation with higher order dispersion and nonlinear terms” Communications in Nonlinear Science
and Numerical Simulation, Vol. 18, p.2420 (2013).
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pulses etc. [67,96, 154-157]. Many authors have studied the solitary wave solutions of the
extended NLSE for femtosecond pulse propagation in a non-Kerr medium by adopting ansatz
solution of Li et al. [77-79]. In this method, the combined solitary wave solutions cannot
describe the properties of both bright and dark solitary wave solutions. By means of the
coupled amplitude-phase formalism [108,158], we can study the bright and the dark solitary
wave solutions individually. Fundamental bright and dark soliton solutions have been
obtained for both anomalous and normal dispersion regime using this method in a non-Kerr
medium [108,159-160].
In this chapter, we obtain the bright and dark solitary wave solution with the coupled
amplitude-phase formulation in a medium with cubic–quintic nonlinearity, fourth order
dispersion and self-steepening effect. We have used the higher order nonlinear Schrodinger
equation to describe the ultra-short pulse propagation in this medium. An exact solitary wave
solution under some restrictive conditions is worked out. We have also carried out an MI
analysis both in the anomalous and the normal dispersion regime. The role of higher order
dispersion, cubic-quintic nonlinear parameter and the self-steeping parameter on MI gain has
been investigated analytically.

3.2 Theoretical Model
The generalized normalized nonlinear Schrodinger equation with cubic-quintic nonlinearity is
written as follows [153]:
b ∂ 2u b3 ∂3u
b ∂ 4u
∂u
∂
2
4
2
= −i 2
+
+i 4
+ i u u + iσ u u + s ( u u )
2 ∂τ 2 6 ∂τ 3
24 ∂τ 4
∂ξ
∂τ

(3.1)

Here u (ξ ,τ ) represents the normalized slowly varying envelope equation of the electric field.

ξ and τ are the normalized distance along the fiber and time with the frame of the reference
moving along the fiber at group velocity respectively. Here, b2 = sgn( β 2 ) , b3 = β3 β 2 T0 ,

b4 = β 4 β 2 T02 , σ = γ 2 P0 γ 1 and s = 1 ω0 T0 with β 2 , β 3 and β 4 are the so-called

group

velocity dispersion (GVD), the third order dispersion (TOD) and the fourth order dispersion
(FOD) parameter and s is the self-steepening parameter [2]. γ 1 and γ 2 are the cubic and quintic
nonlinearity parameters respectively. T0 is the initial pulse width and P0 is the optical power
of the pulse. In order to solve Eq.(3.1), we take u (ξ ,τ ) = q (ξ ,τ ) ei φ (ξ ,τ ) ,where q (ξ ,τ ) is the
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complex envelope function and φ (ξ ,τ ) = k ξ − Ωτ is the linear phase shift function with k
and Ω are the normalized wave vector and frequency respectively. Substituting the above
ansatz in Eq. (3.1) we obtain:

∂q
∂q
∂ 2q
∂ 3q
∂ 4q
2
2
+ a1
+ ia 2
−
a
−
ia
+ ia 5 q − i q q − i σ q q
3
2
3
4
4
∂ξ
∂τ
∂τ
∂τ
∂τ
(3.2)
∗

− s −iΩ q 2 q + 2 q 2 ∂q + q 2 ∂q  = 0
∂τ
∂ τ 

with

b3 2 b4 3
1
b
1

Ω + Ω , a2 =  b2 + b3 Ω + 4 Ω 2  , a3 = ( b3 + b4 Ω )
2
6
2
2
6

b4
 b2 2 b3 3 b4 4 
a4 =
, a5 = k −  Ω + Ω + Ω 
24
6
24 
2
a1 = b2 Ω +

3.3 Solitary wave solutions
For bright soliton, we take the ansatz function as q(ξ ,τ ) = B sec h [W (τ − ξ V )] , where B, W
and V are the amplitude , the pulse width and the velocity of soliton respectively in
normalized units. Putting the ansatz in Eq.(3.2) and separating the real and imaginary part we
obtain:

 BW

− a1 BW + a3 BW 3  sec hχ tanh χ + ( −6 a3 BW 3 + 3sB3W ) sec h3 χ tanh χ = 0

 V


( a BW
2

2

(3.3)

- a4 B W 4 + a5 B ) sec h χ + ( -2 a2 B W 2 + 20 a4 BW 4 + ( s Ω -1) B 3 ) sec h3 χ
- ( 24 a4 B W 4 + σ B 5 ) sec h5 χ = 0

(3.4)

Now, equating the coefficients of the linearly independent terms to zero we get four
independent equations and then imposing some constraints we obtain all the solitary wave
parameters as follows:
1
1


2
 24 a4  4 

24
a

1
1
24 a4 4
4
2
4

Ω= −b3 + 3 s 
,
W
=
2
a
−
(
s
Ω−
1)
W
 

  , B =−
2
b4 
σ  
20a4 
σ  
σ






−
1
b
b
b
V = ( a1 − 4a3W2 ) , k =a4W 4 − a2W2 + 2 Ω2 + 3 Ω3 + 4 Ω4
2
6
24

(3.5)

In order to have a physical understanding of the solution we have chosen the following
2
parameters: β 2 = −50 ps km ,

β3 = 0.5 ps 3 km , β 4 = −0.05 ps 4 km
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γ 2 = 2.63W −2 km −1 , T0 = 10 fs and P0 = 500 W [162]. In Fig.3.1(a), we have plotted the
intensity of the bright soliton for different normalized quintic parameter σ at s=0.02. It is
observed that with the increase of the quintic parameter, the amplitude of the soliton
decreases while the width of the soliton decreases slightly. In our analysis we have obtained
that it is possible to have bright solitary wave solution in the presence of
constraint that the product of

β 4 with the

β 4 and the quintic nonlinear parameter σ have to be less than

zero. The expression obtained for soliton amplitude B in Eq.(3.5) imposes the constraint that
in order to have bright solitary wave solution of Eq. (3.2)

a4

and σ should be opposite in sign.

Since we are considering the focusing cubic-quintic nonlinear medium, we have to take the
FOD parameter to be negative. In Fig.3.2(b) we have studied the effect of the SS parameter
on the intensity profile of the bright soliton. It is observed that the intensity of the soliton
remains constant while the width of the soliton decreases.

Fig.3.1: (a) Intensity profile of bright solitary waves in cubic-quintic medium for different quintic
parameters with s = 0.02 (b) Intensity profile of bright solitary waves in cubic-quintic medium with
different self-steeping parameter at τ = 0 .

For dark soliton, we take the ansatz function as q(ξ ,τ ) = B tanh[W (τ − ξ V )] , where B, W
and V are the amplitude, pulse width and velocity of the soliton respectively. Putting the
ansatz in Eq.(3.2) and separating the real and imaginary parts we obtain:
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 BW

+ a1 BW − 4 a3 BW 3 − 3s B 3W  sec h 2 χ + ( 6 a3 BW 3 + 3sB 3W ) sec h 4 χ = 0
−
 V


( −2 a BW
2

2

− 16 a4 BW 4 + a5 B ) tanh χ + ( 2 a2 BW 2 + 40 a4 BW 4 + (s Ω − 1) B3 ) tanh 3 χ
− ( 24 a4 BW 4 + σ B5 ) t anh 5 χ = 0

(3.6)

(3.7)

In order find the soliton parameters we follow the same procedure as that of the bright soliton
case. We need to impose some constraints on the parametric equations to make them
compatible. We have obtained all the solitary wave parameters in terms of the model
parameters, along with the constraint σ a4 < 0 , as follows:
1
1
1



2
4
 24 a4  4 

24
a


24
a

1
1
4
4
2
(s Ω−1)
Ω= −b3 −3s 
  , W =−
 + 2 a2  , B = 
 W,
b4 
40a4 

 σ  
 σ 
 σ 



−1
b
b
b
V = ( a1 − 4a3W2 −3sB2 )
, k = 2a2W2 +16 a4W4 + 2 Ω2 + 3 Ω3 + 4 Ω4
2
6
24

(3.8)

In Fig.3.2(a) we have plotted the intensity of dark soliton for different quintic parameters at

s = 0.02 . It is observed that with the increase of the quintic parameter the amplitude of the
soliton decreases and the width of the soliton decreases. In Fig.3.2(b) we have studied the
effect of self-steepening parameter on the intensity profile of dark soliton. It is observed that
the intensity of the soliton remains constant but the width of the soliton decreases with the
increase of the SS parameter. It is interesting to note that the bright and dark solitary wave
solutions reported by us is valid in both normal and anomalous dispersion regime.
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Fig.3.2: (a) Intensity profile of dark solitary waves in cubic-quintic medium with different quintic
parameter with s = 0.02 (b) Intensity profile of dark solitary waves in cubic-quintic medium with
different self-steeping parameter at τ = 0 .

3.4 Modulation Instability analysis in cubic-quintic medium
In the context of non-Kerr media, MI study has turned out to be an extremely exciting field
of research for investigation of optical pulse propagation in higher order nonlinear medium
[153, 161-162].We would now, investigate the MI of Eq.(3.1) by using the standard linear
stability analysis. Eq.(3.1) has a steady state solution given by u = P exp i ( P + P 2 σ ) ξ 
,where P is the normalized optical power. We introduce the perturbation a (ξ ,τ ) , such that
a (ξ ,τ ) << P , together with the steady state solution to Eq. (3.1) and linearize in a (ξ ,τ ) to

obtain:

 ∂a ∂a* 
∂a
i b2 ∂ 2 a b3 ∂ 3a i b4 ∂ 4 a
*
2
*
=−
+
+
+ i P(a + a ) + 2 i σ P (a + a ) − s P  2
+

∂ξ
2 ∂τ 2 6 ∂τ 3 24 ∂τ 4
 ∂τ ∂τ 
Now, writing a = a e
1

i ( K ξ −Ωτ )

+a e
2

−i ( K ξ −Ωτ )

(3.9)

, where K and Ω are the normalized

wave number and the normalized frequency of the perturbation respectively. From Eq. (3.9)
we obtain the following dispersion relation:
K=

b3 3
Ω − 2 sP Ω ± Ω 4 A + Ω 2 B
6

(3.10)

2

Here,

b
 b b

b

A =  2 + 4 Ω 2  and B =  2 ( 2 + 4 Ω 2 ) ( P + 2 P 2σ ) + s 2 P 2 
 2 24

 2 24


The steady-state solution becomes unstable whenever K has an imaginary part since the
perturbation then grows exponentially. One can easily see that for the occurrence of MI we
must have Ω 2 A + B < 0 . Under this condition, the growth rate of MI gain spectrum g ( Ω )
could be expressed as:
g ( Ω ) = 2 Im( K ) = 2 Ω

Ω2 A + B

(3.11)

Now, we investigate the impact of the higher order dispersion effect and the nonlinear effects
on the MI gain. In Fig.3.3(a) we have plotted the variation of the MI gain with perturbation
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frequency Ω and the FOD parameter β 4 . We have observed that in the anomalous dispersion
regime we obtain two sidebands. The maximum MI gain increases in β 4 < 0 region. In the

β 4 > 0 region, MI gain decreases with increase of the β 4 parameter. In Fig.3.3(b) we have
observed that in the normal dispersion region we also get two side bands but the side bands
vanish when β 4 > 0 . It also means that in the normal dispersion region, MI is not possible in

β 2 , β 4 > 0 region.

Fig.3.3: Modulation Instability gain as a function of Ω and β 4 (a) β 2 = −50 ps 2 km and s=0.02 (b)

β 2 = 50 ps 2 km and s=0.02.
Finally, in Fig.3.4(a) we depict the variation of the MI gain as a function of Ω and σ. It is
observed that the intensity of the MI gain increases with the increase of the cubic- quintic
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parameter σ and the bandwidth of the side bands also increases. Hence the higher order
nonlinear effect increases the MI gain in the anomalous dispersion region as we have
observed. The MI gain as a function of Ω and s is plotted in Fig. 3.4(b).We observe that two
distinct side bands appear in the spectrum, however, the intensity of the MI gain remains
nearly the same with increase of the self-steepening parameter. Hence, we find that in the
anomalous dispersion regime both bright and dark solitary wave solutions may be possible
subject to the constraint β 4 σ < 0 . It implies that in the anomalous dispersion regime with
focusing medium, the fourth order dispersion term has to be negative in order to get the exact
bright or dark solitary wave solution.

Fig.3.4: In the anomalous dispersion regime (a) MI gain as a function perturbation frequency Ω and
quintic parameter σ (b) MI gain as a function perturbation frequency Ω and self-steepening
parameter s .
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3.5 Chapter Summary
In this chapter, we have studied the solitary wave solutions and MI analysis of the higher
order NLSE that describes the ultra-short femto second pulse propagation in a non-Kerr
medium. We have obtained the exact bright and dark solitary wave solutions by phase
amplitude ansatz method. Further, we have also carried out an MI analysis of the higher order
nonlinear Schrӧdinger equation and we observe that in the anomalous dispersion regime, MI
is possible for both positive and negative value of β 4 . On the contrary, in the normal
dispersion regime, MI occurs only when β 4 < 0 . The role of the cubic-quintic parameter and
the self-steepening parameter on MI gain has also been discussed.
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Chapter 4
Modulation instability in Metamaterials embedded
into a non-Kerr medium*

4.1 Introduction
In the last chapter we discussed modulation instability (MI) in the context of a conventional
non-Kerr medium. This chapter is aimed at studying MI in a metamaterial (MM) embedded
into a non-Kerr medium. In conventional materials, the optical response cannot be tuned, but
it is possible to do so in a MM through judicious structure design and engineering the
nonlinearity appropriately [87]. We have derived an appropriate mathematical model starting
with the well-known Maxwell’s equations to take into account the effect of higher order
dispersion upto fourth order along with nonlinear susceptibilities owing to χ (3) and χ (5) . The
model successfully reproduces previously proposed similar models under appropriate
approximations from our newly derived propagation equation. It should be noted that so far
many models related to the pulse propagation in nonlinear negative index material (NIM)
have been proposed, including the interaction of ultrashort pulses with MMs [91-92,139147]. Recently, a generalized nonlinear Schrodinger equation (GNLSE) suitable for fewcycle pulse propagation in the MM with delayed Raman response is reported [147]. In this
work, however, we would mainly be concerned with effects arising owing to cubic-quintic
nonlinearities in MMs. As stated earlier, MI study in the context of MM has turned out to be
an extremely exciting field of research. One primary reason among many others is related to
the fact that MI could be considered as a precursor to soliton formation and MM may offer
new ways to generate and control bright and dark solitons [148-149,163-165]. MI in MM in
the presence of cubic-quintic nonlinearities and higher order dispersive effects has a better
controllability compared to the common nonlinear materials. Another important feature of MI
*Part of the results presented in this chapter have been published in the paper , M. Saha and A. K.
Sarma, “Modulation instability in nonlinear metamaterials induced by cubic-quintic nonlinearities and
higher order dispersive effects” Optics Communications vol. 291, p.321 (2013)
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in MM is that it may be triggered in both the normal and the anomalous dispersion regimes
with judicious choice of the parameters.
In this chapter, we have derived an appropriate mathematical model to describe the pulse
propagation with higher order nonlinearity like cubic-quintic nonlinearity and higher order
dispersion effects in MM. We consider that the MM is embedded into a nonlinear material
induced by cubic-quintic nonlinearities or inserting some nonlinear cubic-quintic non-Kerr
type dielectric material inside the gap of the split ring resonator (SRR) path. When the unit
size of

the microstructures is small compare to the characteristics wavelength of the

electromagnetic radiation, the effective medium approach is applicable to both linear and
nonlinear MMs. In this approach, the artificial structure is treated as a homogeneous isotropic
medium. We have included loss into account in our analysis and found that loss distorts the
sidebands of the MI gain spectrum. We find that the combined effect of cubic-quintic
nonlinearity increases the MI gain. The role of higher order nonlinear dispersive effects on
MI has also been discussed.

4.2 Theoretical Model
The pulse propagation equation in nonlinear MM with both χ (3) and χ (5) nonlinearities are
obtained by generalizing the derivation of the so called Nonlinear Schrodinger equation
(NLSE) based on previous works [91-92]. It is worthwhile to mention that one of the most
fundamental differences between an ordinary material and an MM is that MM exhibits strong
dispersive behavior in electric permittivity and magnetic permeability, while, in ordinary
materials, only one of them is dominant at a time. We consider that the MM, embedded in
cubic-quintic non-Kerr medium, is characterized by the nonlinear electric polarization ( PNL )
as PNL = ε NL E = ε 0 χ (3) | E |2 E + ε 0 χ (5) | E |4 E ; where E is the electric filed, ε NL is the
nonlinear electric permittivity and

χ ( n)

is the n-th order electric susceptibility. The

dielectric permittivity ( ε ) and magnetic permeability ( µ ) are dispersive in MMs and their
frequency dispersion is given by Eq.(3.1) as from the so called lossy Drude model [133]. The
recent work of Stockman [152] shows that loss is an extremely important issue in MMs and
in this work we are taking the electric and magnetic normalized loss parameter as

γe ∼ γm ∼ 0.01 , a value two orders of magnitude greater than that of the one taken by
D’Aguanno et al. [133,152].
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Now, starting with Maxwell’s equations and adopting a procedure similar to that of Ref. [92],
we obtain the following one dimensional pulse propagation equation in a nonlinear negative
index metamaterial:


iβ ∂ 2 A β3 ∂3 A i β 4 ∂ 4 A
∂A
∂
∂2
2
2
σ
=− 2
+
+
+
i
|
A
|
A
+
i
S
|
A
|
A
−
S
| A |2 A ) 
(
)
0
1
2
2
3
4
2 (
∂ξ
2 ∂τ
6 ∂τ
24 ∂τ
∂τ
∂τ

 (4.1)
∂
4
4
A A
+ i η0′ A A − η0 S3
∂τ

(

)

In Eq. (4.1), A is the slowly varying envelope of the pulse, propagating along the ξ direction.

β 2 , β3 and β4 are the group velocity dispersion(GVD), the third order dispersion(TOD) and
the fourth order dispersion(FOD) parameters respectively, while σ 0 and η0′ are the cubic and
quintic nonlinear coefficients respectively. S1 is the so-called self-steepening (SS) parameter
due to cubic nonlinear polarization while S3 is the SS parameter due to quintic nonlinear
polarization. On the other hand, S 2 is the second order nonlinear dispersive co-efficient. The
above mentioned parameters are defined as follows:

β 2 = δ 2 2k0 − 1 k0 V 2 ; β 3 = δ 3 − 3β 2 k0 V ; β 4 = δ 4 − 3β 22 k0 − 4δ 3 k0 V ;
S1 = 1 ω0 − i σ 1 σ 0 − 1 k0 V ; S 2 = − σ 2 σ 0 − i σ 1 σ 0ω0 − β 4 k0 − 1 ω 0 k0V + i σ 1 k0 V σ 0 ;

(4.2)

S3 = 1 ω0 − iη1 η 0 − 1 k0V
with
m! m
1 ∂l (ωε )
∂m−l (ωµ )
δm =
; V = 2k0 / ω0 (ε (ω) γ + µ (ω)α );
∑
2k0 l =0 l !m − l ! ∂ω l ω =ω ∂ω m−l ω =ω
0

0

σ m = m !ω0 ε 0 χ (3) Fm / 2k0 ; η m = m !ω0ε 0 χ E(5) Fm / 2k0 ,
where Fm =

(4.3)

i m ∂ m (ωµ )
, k0 = nω0 / c , α = ∂ {ωε (ω )} / ∂ω ω =ω and γ = ∂ {ωµ (ω )} / ∂ω ω =ω
0
0
m ! ∂ ω m ω =ω
0

The non-SVEA correction terms to first order is approximated as:
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It is clear that S 2 term arises, due to the dispersive nature of electric permittivity and
magnetic permeability, which is not present in conventional materials. It is worthwhile to
mention that the FOD parameter β4 contains one extra term while the second order nonlinear
dispersive parameter S 2 has two additional terms as compared to the ones considered in an
earlier work [144]. This difference could be attributed to the fact that, in this work, we are
considering both the cubic and the quintic nonlinearities. In the expression for β 4 , we are
getting an additional term due to the TOD effect. In our model equation, we are getting one
additional term associated with S3 which represents the self-steepening effect arising due to
quintic nonlinearity. In Fig.4.1, we plot the variation of the refractive index n, β 2 , β 3 and β 4
with the normalized frequency ω0 / ω pe for ω pm / ω pe = 0.8 . Similar plots are depicted for σ 0
and η0′ in Fig. 4.2(a), and for S1 and S2 in Fig. 4.2(b). All the parameters are calculated at

Fig.4.1: Plot of the refraction index (n), group velocity dispersion ( β 2 ), the third order dispersion
parameter ( β 3 ) and the fourth order dispersion parameter ( β 4 ) versus the normalized frequency

ω ω pe with ω pm = 0.8 .

ω = ω0 and we have taken γe ∼ γm ∼ 0.01 . It should be noted that β 2 , β 3 and β 4 are plotted in
2
the units of 1 cω pe , 102 cω pe
and 103 cω 3pe respectively while σ 0 is calculated in units of
2

ω pe χ (3) / c and η0′ is calculated in units of ω pe ( χ (3) ) 2 / c . We have chosen ( χ (3) ) ≈ χ (5) in
2
Fig.4.2(a). S1 , S 2 and S3 are calculated in the units of 1 ω pe , 1/ ω pe
and 1/ ω pe respectively.
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We have studied the parameters both in the negative and the positive index regime. In the
negative index region, 0 < ω0 ω pe < 0.8 , β 2 , β 3 , β 4 , S1 and S 2 can be either positive or
negative, but in the positive index region, ω0 ω pe > 1 , β 2 , β 4 , S1 and S 2 are always negative
and β 3 is always positive. Both σ 0 and η0′ are positive in the negative and the positive index
region. The behavior of S3 is similar to that of the self-steepening parameter S1 , as could be
seen from Eq.(4.2). However, the only difference is that S3 arises due to quintic nonlinear
polarization, while S1 results due to the cubic nonlinearity.

Fig.4.2: (a) Plot of the refraction index (n),the third order nonlinear polarization parameter( σ 0 ) and
the fifth order nonlinear polarization parameter (η0′ ) versus the normalized frequency ω ω pe with

ω pm = 0.8 b) Plot of refraction index (n),the first order SS parameter( S1 ) and second order nonlinear
parameter( S 2 ) versus the normalized frequency ω ω pe with ω pm = 0.8 .

In our analysis the second order nonlinear dispersion term S 2 contains two additional
terms compare with the earlier results [144] which arises due to the proper approximation of
the non-SVEA correction terms. As a result of this as the normalized frequency increases S 2
parameter decreases from positive to negative value in the negative index region as shown in
Fig.4.2(b).
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For the purpose of simplification it is convenient to write Eq. (4.1) in the normalized form.
We assume the normalized variables as : Z = ξ LD , T = τ T0 , A = P0 U , u = N 0 U . Here

LD = T02 / β 2 is the so-called second order dispersion length, T0 is the pulse width. We can
similarly define the third and the fourth order dispersion length as

LD′ = T03 / β 3

and

LD′ = T04 / β 4 respectively. N 0 is termed as the order of the soliton, defined as N 02 = LD LNL

with LNL = 1/ σ 0 P0 , the so-called nonlinear length.
Eq. (4.1) can thus be written in the dimensionless units as follows:
i b ∂ 2 u b3 ∂ 3 u i b 4 ∂ 4 u
∂u
∂
=− 2
+
+
+ i | u | 2 u + i p | u | 4 u − s1
2
3
4
∂Z
∂T
2 ∂T
6 ∂T
24 ∂ T
∂2
− i s2
∂T 2
Here b2 = sgn(β2 )

, b3 = LD / LD′

(

∂
2
u u − s3 p ′
∂T

)

(u u)
2

(4.5)

(u u)
2

2
and b4 = LD / LD′′ . s1 = S1 / T0 and s2 = S2 T0 are the

normalized SS parameter and second order normalized nonlinear dispersion parameter
respectively, while s3 = S3 T0 is the normalized SS parameter due to quintic nonlinearity.

p = η0′ σ 02 LD − 1 2k0 LD

is the normalized quintic nonlinear parameter and p ′ = η0′ σ 02 LD .

4.3 Modulation Instability analysis
MI in MM in the presence of cubic-quintic nonlinearities and higher order dispersive effects
has a better controllability compared to the common nonlinear materials. Another important
feature of MI in MM is that it may be triggered in both the normal and the anomalous
dispersion regimes with judicious choice of the parameters. We would now, on the basis of
Eq. (4.5), investigate the MI by using the standard linear stability analysis [2]. Eq. (4.5) has a
steady state solution given by u = P exp i ( P + P 2 p) Z  , where P is the normalized optical
power. We introduce perturbation a ( Z , T ) , such that a ( Z , T ) << P , together with the steady
state solution to Eq. (4.5) and linearize in a ( Z , T ) to obtain:
2
3
∂a
b4 ∂ 4 a
b
 ∂ a b3 ∂ a
= −  2 + 2 s2 P 
+
+
+ iP ( a + a * ) + 2 i pP 2 ( a + a * )
2
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∂
T
24
∂
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− (2 s1 P + 3 s 3 p ′ P 2 )
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− is 2 P
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Now, writing a = a1ei ( KZ −ΩT ) + a2 e − i ( KZ −ΩT ) , where K and Ω are the normalized wavenumber
and the frequency of perturbation respectively, from Eq. (4.6) we obtain the following
dispersion relation:
K=

b3 3
Ω + (2 s1 P + 3s3 p′ P 2 ) ± Ω 4 M + Ω 2 N .
6

(4.7)

2

b
b

Here, M =  2 + 2 s2 P + 4 Ω 2  − s22 P 2 and
24
2

b
 b

N =  2 ( 2 + 2 s2 P + 4 Ω 2 )( P + 2 P 2 p ) − 2 s2 P ( P + 2 P 2 p ) + ( s1 P + 2 s3 p′P 2 ) 2 
24
 2

One can easily see that for the occurrence of MI we must have Ω 2 M + N < 0 since
perturbation then grows exponentially. Under this condition, the gain spectrum g ( Ω ) of the
MI could be expressed as:
g ( Ω ) = 2 Im( K ) = 2 Ω

N + Ω2 M

(4.8)

The MI gain spectrum depends on the parameters M and N, which in turn depend on
parameters like P , s2 , s3 , p etc.

Hence, MI in MM in the presence of cubic-quintic

nonlinearities and higher order dispersive effects has a better controllability compared to the
common nonlinear materials.

Fig.4.3: MI gain as a function of perturbation frequency Ω for different values of ω ω pe with

γ e = 0.01 .
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In Fig.4.3 we show the variation of the MI gain with normalized perturbation frequency for
different values of the normalized frequency ω ω pe with γ e = 0.01 . We observe that the MI
gain amplitude as well as the gain bandwidth is reduced with increase of the normalized
frequency ω ω pe . The appearance of distortions in the sidebands could be attributed to the
presence of linear loss. The influence of loss on MI is briefly discussed in a separate section.

Fig.4.4: MI gain spectrum with normalized second order self-steepening parameter s2 and
perturbation frequency Ω for P=2 and s3=0 in the anomalous dispersion region.

The role of the SS parameter s1 on MI has been studied earlier and it was shown that MI gain
decreases and the gain band width also shrinks owing to self-steepening effect and it does not
depend on the sign of the SS parameter s1 [144]. In Fig. 4.4 we depict the role of the second
order nonlinear dispersion parameter s2 on MI gain with P = 2 , s1 = −0.168 and s3 = 0 for a
pulse width T0 = 10 fs and ω0 / ω pe = 0.6 . We notice that as s2 parameter increases, the MI
gain decreases while the bandwidth enlarges. We have also investigated the role of the
nonlinear parameter p , which results due to the combined effect of cubic-quintic
nonlinearities, on the MI gain spectrum. From Fig.4.5 (a) we observe that MI gain as well as
the gain band width increases with the increase of the nonlinear parameter p. This could also
be seen clearly from Fig. 4.5 (b). The effect of s3 , which arises due to quintic nonlinearity, on
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Fig.4.5 (a) MI gain as a function of perturbation frequency Ω and higher order nonlinear parameter p
with fixed value of s2. (b) MI gain as a function of higher order nonlinear parameter p.

the MI gain is shown in Fig.4.6. It could be seen that s3 suppresses the MI gain and reduces
the bandwidth, a feature exhibited also by the self-steepening parameter s1 [144]. We find
that MI gain is also independent of the sign of s3 .
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Fig.4.6: MI gain as a function of perturbation frequency Ω and higher order self-steepening
parameter s3 with fixed value of s2 .

4.4 Influence of loss on Modulations Instability
Linear loss is an important and very relevant issue in MMs [132,152,166]. At optical
wavelengths MM suffer from high dissipative losses due to the metallic nature of their
constituent meta-molecules. Hence there is a great thrust in research in overcoming the loss
restrictions in MM. However this issue of loss is very complex in the so called MM or NIM.
For example, based on a causality study, it has been shown theoretically that if the losses in
MM are eliminated or significantly reduced by any means, including the compensation by
gain media, then the negative refraction will disappear [152]. This clearly shows that one has
to be careful in addressing any issue related to loss in MM. As regards, MI is concerned, the
impact of loss on MI have been studied in conventional materials, such as an optical fiber, is
studied by some authors. They have shown that in the presence of loss, the cw background
decays during propagation, and the associated gain spectrum changes. It has been shown that
the effectiveness of MI processes in high index optical fibers is not merely influenced by the
strength of the nonlinearity, but is also strongly determined by the linear attenuation of waves
in the fiber material [166-167]. In those high-index glass fibers, this attenuation acts as a
strong perturbation, causing a frequency drift of the MI sidebands. However, techniques to
suppress this frequency drift are completely developed. In contrast to the ordinary materials,
in MM, the impact of loss on MI is generally avoided, may be for the reasons mentioned
above. The issue of loss is generally included in the mathematical model through the so
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called Drude model. In order to see the role of loss on MI, in Fig.4.7, we depict the MI gain

g ( Ω ) as a function of the perturbation frequency for different loss parameters with
normalized peak power at P = 2 .

Fig.4.7: Modulation Instability gain Vs perturbation frequency with different loss parameter with peak
power P=2.

It can be observed from Fig. 4.7 that when we consider the Drude model without any loss we
get two prominent sidebands. But as loss is incorporated, with increase in the value of the
loss coefficient, the peak of the MI gain remains nearly the same but the sidebands get
distorted. However at γe ∼ γm ∼ 0.01 , a value two orders of magnitude greater than that of the
one taken by D’Aguanno et al. [35], peak of the side bands are distinct and distortions in the
sideband could be fairly neglected. Finally, we would like to conclude that our study of the
impact of loss on MI in nonlinear MMs is not a detailed or rigorous one. However, this study
may enhance some interest in this very critical issue related to MMs.

4.5 Chapter Summary
In this chapter, we have discussed a MI analysis based on a model appropriate for pulse
propagation in MMs embedded into a non-Kerr medium with cubic-quintic nonlinearities and
higher order dispersive effects. We have included loss into account in our analysis as loss is a
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crucial issue in MM. We have found that loss distorts the sidebands of the MI gain spectrum.
However, in this work we are taking the loss parameters to be γe ≈ γm = 0.01 , at which the
peak of the side bands are distinct and distortions in the sideband could be fairly neglected.
We find that the combined effect of cubic-quintic nonlinearity increases the MI gain. The role
of higher order nonlinear dispersive effects on MI has been also discussed. It is shown that
self-steepening parameter s3 , which arises due to χ (5) nonlinear polarization, exhibits similar
MI features with that of the self-steepening parameter s1 . It is clear that with so many
controllable parameters, MM or NIM embedded in cubic quintic nonlinear medium may
provide us more enriching features to manipulate MI and there by soliton generation or
control in MMs, which are not possible in the case of conventional materials.
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Chapter 5
Solitary wave solutions of Nonlinear Schrödinger
equation with evolution parameter dependent
coefficients*

5.1 Introduction
Optical solitons is one of the major areas of research in the field of Nonlinear Optics with
non-Kerr nonlinearity [169-175]. We would like to emphasize that one of the important
aspects of this area is the issue of integrability in presence of perturbation terms especially for
non-Kerr law nonlinearity [82,173]. Although many numerical simulations are done, the
exact soliton solution always is a very useful piece of information that supplements the
numerics [96-97]. In this chapter, one such non-Kerr law nonlinearity namely, the power law
nonliearity is considered. We are interested to study the dynamics of bright and dark optical
solitons in a power law media with distributed co-efficients i.e. the co-efficient associated
with the dispersion and nonlinear effects are time or space dependent. The nonlinear
Schrӧdinger equation (NLSE) with evolution parameter dependent co-efficient has caught
attention recently owing to the phenomena of Bose-Einstein condensate (BEC), dispersion
management systems and similaritons [176-180]. In dispersion management systems, the
group velocity dispersion (GVD) coefficient is not constant but function of propagation
distance [177]. In the context of BEC, the nonlinear potential term can be made time
dependent by Feshbach resonance [178-179]. On the other hand, NLSE with space dependent
GVD, nonlinearity and gain/loss parameters have been studied in the context of self-similar
solutions [180].
In this chapter, we are going to study the dynamics of optical solitons in a power law media
*Part of the results presented in this chapter have been published in the papers, M. Saha, A. K.
Sarma and A. Biswas, “Dark Optical solitons in power law media with time-dependent coefficients”
Physics Letters A, vol. 373 p.4438 (2009) and A. K. Sarma, M. Saha and A. Biswas, “Optical Solitons
with Power Law Nonlinearity and Hamiltonian Perturbations: An Exact Solution” Journal of Infrared,
Millimeter and Terahertz waves vol. 31, p.1048 (2010).
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and in presence of linear attenuation, self-steepening term as well as third order dispersion
(TOD), with time or space dependent coefficients. In addition, the GVD term and the
nonlinear term also have time or space dependent coefficients. This study is general in the
sense that the NLSE with constant coefficient could be considered as a special case of it. As a
special case, we have also studied the solitary wave solutions of the NLSE with constant
higher order dispersion and nonlinear co-efficients.

5.2 Evolution parameter dependent nonlinear Schrodinger equation
The evolution parameter dependent NLSE with power law nonlinearity, in dimensionless
form, is given by [96,181]:
i qt + a (t ) qxx + b(t ) | q |2 m q = i α (t ) q + i λ (t ) (| q |2 m q ) x − i γ (t ) qxxx

(5.1)

Here the variables t and x are interchangeable. We would name t as time and x as space
variable. In Eq.(5.1), the complex valued function q(x, t) represents the wave profile where
the independent variables or evolution parameters are the spatial x and time t. On the lefthand side of the equation, the first term represents the evolution term, the second term is the
GVD and the third term is the nonlinear term. Here m is the index of the power law
nonlinearity. It needs to be noted here that, it is necessary to have 0 < m < 2 for solitons to
exist. In particular, m ≠ 2 as this case leads to the issue of self-focusing singularity [83].
Physically, power law nonlinearity arises in various materials, including semiconductors.
Moreover, this law of nonlinearity arises in nonlinear plasmas that solve the problem of small
K-condensation in weak turbulence theory [82]. The respective coefficients of GVD and
nonlinearity are the real valued functions a(t) and b(t).On the right-hand side, α(t) represents
the time-dependent coefficient of linear attenuation, while λ(t) is the time-dependent

coefficient of self-steepening term (SST) and finally γ (t) is the time dependent coefficient of
the TOD term. In dispersion management system, GVD parameter can be made space
depended. In the context of BEC, a(t) is a parameter related to kinetic energy, b(t) is a
scattering length of attractive interaction for b(t) > 0. b(t) can be made time-dependent and
can be used to manage the condensate, the so-called, Feshbach resonance management [178].
The above equation is more general one as the nonlinear and dispersion co-efficient may be
time or space dependent. The coefficients α(t), λ(t) and γ(t) are all real valued functions. In
the context of nonlinear optics, the SST arises for the study of short pulses that are typically
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<100 femto seconds. For pulses of widths smaller than 1 picosecond., the approximation for
quasi-monochromaticity is no longer valid and so higher order dispersion terms come in.
Also, for short pulse widths where group velocity dispersion changes, within the spectral
bandwidth of the signal cannot be neglected, one have to consider the effect of higher order
dispersion terms [83].

5.3 Dark solitary wave solution of evolution parameter dependent NLSE
Eq.(5.1) with α = 0 is known as the generalized Radhakrishnan-Kundu-Lakshmanan (RKL)
equation[174,181].The bright soliton solution of the RKL equation has been reported[174]. In
this section we are going to look for dark solitary wave solutions of Eq.(5.1). In section (5.4)
we would report both bright and dark solitary wave solution of the NLSE with constant coefficients.
We assume the solution of Eq.(5.1) in the following phase amplitude form:

q = P eiφ

(5.2)

where P is the amplitude portion while φ is the phase portion of the solution. It is also
assumed that,

φ = −κ (t ) x + ω (t ) t + θ (t )

(5.3)

Because of the time-dependent coefficients in Eq.(5.1), the soliton frequency κ, wave number
ω and the phase constant θ are also, in general, time dependent. Therefore,
∂φ
dκ
d ω dθ
=−
x + ω (t ) + t
+
∂t
dt
dt
dt

(5.4)

Putting Eq.(5.2) and Eq.(5.3) in Eq.(5.1) and simplifying the algebra, after decomposing the
real and imaginary parts, we obtain:

 dκ
 ∂2 P

dω dθ 
P x −ω − t
−  + a(t)  2 − κ 2 P  + b (t)P2m+1
dt dt 
 dt
 ∂x

∂2 P
= κλ(t)P2m+1 + κ 3γ (t) − 3κγ (t) 2
∂x
∂P
∂P
∂3 P
∂P
∂P
− 2 κ a (t )
= α (t ) P − γ (t ) 3 + 3κ 3 γ (t )
+ λ (t ) (2m + 1) P 2 m
∂t
∂x
∂x
∂x
∂x

(5.5)

(5.6)

For dark soliton, the assumption is

P = A tanh p τ

(5.7)
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where τ = B ( x − υ t ) and the free parameters A and B as well as the velocity υ are functions
of time. Thus A = A(t), B = B(t) and υ = υ (t ) . Thus Eq.(5.5) and Eq.(5.6) respectively
reduces to

 dκ
dω dθ 
2
p
2 m +1
A tanh pτ  x
−ω − t
−
tanh (2 m+1) p τ
 − a( t ) κ A tan h τ + b (t ) A
dt
dt
dt


+a(t ) p AB {( p − 1) tanh p − 2 τ − 2 p tanh p τ + ( p + 1) tanh p + 2 τ } = κ λ (t ) A2 m+1 tanh (2 m+1) p τ

(5.8)

+κ 3γ (t ) A tanh p τ − 3κ γ (t ) pA2 B{( p − 1) tanh p −2 τ − 2 p tanh p τ + ( p + 1) tanh p + 2 τ
and

 τ d B

dA
dυ 
p −1
tanh p τ + p A (tanh p −1 τ − tanh p +1 τ ) × 
− B υ + t
 − 2 κ (t ) p A B ( tanh τ
dt
B
dt
dt



− tanh p +1 τ ) = α (t ) A tanh p τ + 3κ 2γ (t ) p A B ( tan h p −1 τ − tanh p +1 τ ) + λ (t )(2m + 1)
(5.9)
2 m +1

pA

B ( tanh

2 m p + p −1

τ − tanh

2 m p + p +1

3

τ ) − γ (t ) p A B {( p − 1) ( p − 2) t anh

p −3

τ

−(3 p 2 − 3 p + 2) tanh p −1 τ + (3 p 2 − 3 p + 2) tanh p +1 τ − ( p + 1) ( p + 2) tanh p +3 τ }

Now from Eq.(5.8), equating the exponents ( 2m + 1) p and p + 2 yields (2m + 1) p = p + 2
which gives
p=

1
m

(5.10)

Again, from Eq.(5.8) the linearly independent functions are tanh p τ where j = −2, 0, 2.
However, tanh p − 2 τ is a stand-alone linearly independent function. Therefore, its coefficient
must be zero. This gives p = 1 and hence from Eq.(5.10) m = 1 . Thus, dark solitons exist
only for Kerr law nonlinearity. Now, setting the coefficients of the other two linearly
independent functions in Eq.(5.8) to zero yields

ω = −a(t ) (κ 2 + 2 B 2 ) − κ γ (t ) (κ 2 + 6 B 2 )

(5.11)

and
B = A [ {κ λ (t ) − b(t )} 2{ a (t ) + 3 κ γ (t )}]

1

2

(5.12)
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which forces the conditions of existence of dark solitons to be
a (t ) + 3 κ γ (t ) ≠ 0 and {κ λ (t ) − b(t )}{a (t ) + 3 κ γ (t )} > 0

(5.13)

Also, from Eq.(5.8) it is easy to see that d κ d t = 0, d ω d t = 0 , d θ d t = 0 , so that κ , ω ,θ
are all constants. Now, from Eq.(5.9), equating the exponents 2m p + p − 1 and p + 1 and the
pair 2m p + p + 1 and p + 3 yields the same results as in Eq.(5.10). Here in Eq.(5.9) the
linearly independent functions are τ (tanh p−1 τ − tanh p+1 τ ) and tanh p + j τ where j =−3,−1, 0,
1, 3.The coefficients of tanh p τ gives
d A d t = α (t ) A

(5.14)

which leads to
A(t ) = A0 e ∫

α (t ) d t

(5.15)

where A0 is the initial value of the free parameter A. Now, the coefficient of

τ (tanh p−1 τ − tanh p+1 τ ) , tanh p−1 τ , tanh p+1 τ and tanh p+3 τ gives
B (t ) = constant

(5.16)

Also, the coefficients of tanh p−1 τ and tanh p+1 τ respectively yields
1
υ = −  2 κ ∫ a(t ) dt + (2 B 2 + 3κ 2 ) ∫ γ (t ) dt 
t

(5.17)

and
1
υ = −  2 κ ∫ a(t ) dt + (8 B 2 + 3κ 2 ) ∫ γ (t ) dt − 3 A2 ∫ λ (t ) dt 
t
Again, the coefficients of tanh p −3 τ

(5.18)

is zero as p = 1 . Finally, the coefficients of tanh p +3 τ

gives

B=A

λ (t )
2 γ (t )

(5.19)

Equating the two values of B from Eq.(5.12) and Eq.(5.19) gives

γ (t ){κ λ (t ) − b(t )} = λ (t ){a (t ) + 3 κ γ (t )}

(5.20)

which is constraint condition for dark solitons to exist. Again from Eq.(5.15), Eq.(5.16) and
Eq.(5.19)

[ λ (t )

2 α ( t ) dt
γ (t ) ] e ∫
= c1

(5.21)
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And similarly from Eq.(5.12), Eq.(5.14) and Eq.(5.16)

[{κ λ (t ) − b(t )} {a(t ) + 3κ γ (t )}] e ∫

2 α ( t ) dt

= c2

(5.22)

where c1 and c2 are constants. Eq.(5.21) and Eq.(5.22) are two more constraint relations for
dark solitons to exist for Eq.(5.1). From Eq.(5.21) and Eq.(5.22)

λ (t ){a(t ) + 3κ γ (t )} γ (t ){κ λ (t ) − b(t )} = c1 c2 = c3

(5.23)

with c3 is a new constant. For c3 = 1, we get the exact same constraints as Eq.(5.20). Thus it is
possible to conclude that Eq.(5.21) and Eq.(5.22), when combined is equivalent to the
constraint Eq.(5.20). Finally, equating the two values of the velocity υ of the soliton given
by Eq.(5.17) and Eq.(5.18) yields relation (5.19) and this closes the case and also shows that
the method is consistent. Also, the velocity of the soliton given by Eq.(5.18) can be
simplified by using Eq.(5.19) to

1
t



υ = −  2 κ ∫ a(t ) dt + B 2 8 ∫ γ (t ) dt − 6




γ (t )
2
λ
κ
γ
t
dt
+
t
dt
(
)
3
(
)


∫
λ (t ) ∫



(5.24)

Thus, the dark 1-soliton solution to (5.1) is given by

q( x, t ) = A tanh τ ei ( −κ x +ω t +θ )

(5.25)

where the relation between the free parameters A and B are given by Eq.(5.15) and Eq.(5.16),
the velocity ( υ ) is given by Eq.(5.17) and Eq.(5.18) simultaneously and the wave number (ω)
is given by Eq.(5.11). These lead to the constraint conditions given by Eq.(5.13), Eq.(5.20)Eq.(5.23). Finally, all what is necessary is that these time-dependent coefficients must be
Riemann integrable as is evident from Eq. (5.17), Eq.(5.18) and Eq.(5.21) or Eq.(5.22).
In order to have a physical understanding of the soliton solution, given by Eq.(5.25), the
soliton intensity |q|2 is plotted at t = 0, 5 and 10 for the constant parameters given by A0 = 1,

α(t) =−0.001, λ(t) = 0.03, and γ (t) = 0.03. It can be seen from Fig.5.1 that with an increase in
t, the soliton intensity gets reduced as expected from Eq.(5.15). Also the soliton is shifted
along the negative x-direction with t. This happens due to the decrease in velocity of the
soliton as evident from Eq.(5.18) through its dependence on A by virtue of Eq.(5.15).
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Fig.5.1: Plot of normalized soliton intensity |q|2 against x

5.4 Bright and Dark solitary wave solution with constant co-efficients of
generalized NLSE
In this section, bright and dark solitary wave solution to the NLSE with power law
nonlinearity is discussed. We assume that the propagation medium to be a typical optical
fiber. The governing NLSE, in dimensionless form, for the propagation of solitons through an
optical fiber is given by [82]
iqt + a q xx + b q

2m

(

q = iα q x − iγ qxxx + i λ q

2m

q

)

( )q

+ iν q
x

2m

(5.26)

x

The terms on the right hand side of Eq.(5.1) are also known as Hamiltonian perturbations
terms. Here, a, b are real numbers representing the coefficients of GVD and nonlinearity
respectively. α , γ and λ are the coefficient of inter-modal dispersion, third order dispersion
and nonlinear dispersion respectively and they are constant numbers. The last term on the
right hand side represents the intra-pulse raman effect with ν as the nonlinear dispersion
coefficient.
In order to solve Eq.(5.26) , we assume the solution as Eq.(5.2). Now substituting Eq.(5.2) in
Eq.(5.26) and equating the real and imaginary parts respectively yields
2
3

∂φ
∂φ  2 m +1 
∂φ  ∂ 2 P
 ∂φ 
 ∂φ  

+ a  +γ    P − b − λ
P
−
a
−
3
=0
γ
ω + α



∂x
∂x 
∂x  ∂x 2
 ∂x 
 ∂x  
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2
∂P 
∂φ
∂P
∂3 P
 ∂φ  
− α + 2a
+ 3γ    − {λ (2m + 1) + 2mν }P 2 m
−γ 3 = 0
∂t 
∂x
∂x
∂x
 ∂x  

(5.28)

This pair of relations given by Eq.(5.27) and Eq.(5.28) will be further analyzed in the
following two subsections, based on the type of soliton that is being studied, namely bright or
dark. In each of these two cases, an exact closed form soliton solution will be obtained along
with a few parameter constraints that will be seen.

5.4.1 Exact Bright soliton solutions
For bright optical solitons, a judicious choice would be

P = A sech p τ

(5.29)

with τ = B ( x − υ t ) and φ = −κ x + ω t + θ where the frequency of the soliton ( ω ), the wave
number ( κ ), the phase ( θ ) all are constant parameters. Also, A is the amplitude, B is the
inverse width of the bright soliton and υ is the soliton velocity while the exponent p is
unknown at this stage. This unknown exponent will be determined in the course of derivation
of the soliton solution to Eq.(5.26). Thus, from Eq.(5.29), Eq.(5.27) and Eq.(5.28)
respectively reduce to
1
1
bA2 m +1
2
(ω A+a p AB + a κ A)
− a p ( p + 1) AB
+
cosh p τ
cosh p + 2 τ cosh (2 m +1) p τ
2

2

2

(5.30)
= (ακ A − 3γ κ p 2 AB 2 + γ κ 3 A)
(υ pAB + 2aκ p AB )

1
1
+ λ κ A(2 m +1)
p
(2 m +1) p
τ
cosh τ
cosh

tanh τ
tanh τ
= −(α p AB − γ p 3 AB 3 + 3γ κ 2 A B )
p
cosh τ
cos h p + 2 τ

(5.31)
−γ p ( p + 1) ( p + 2) A B 3

tanh τ
tanh τ
− {2mν + (2 m + 1)λ } p A(2 m +1) B
p+2
cos h τ
cos h (2 m +1) p τ

Now, from (5.30) or (5.31), equating the exponents (2m + 1) p and (p + 2) gives (2m + 1)p =
p + 2 that gives
p= 1

(5.32)

m

Now, from Eq.(5.30), the two linearly independent functions are 1 cosh p+ j τ , for j = 0, 2.
Setting their respective coefficients to zero yields

ω=

1
 a (m 2 κ 2 − B 2 ) + κ {m 2α + γ (m 2κ 2 − 3B 2 )}
m
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and
B = m Am

b − λκ
( m + 1)( a + 3γ κ )

(5.34)

From Eq.(5.34), the restriction that is clearly imposed is
(a + 3γ κ )(b − λκ ) > 0

(5.35)

Similarly, from Eq.(5.31), it is possible to recover

υ = −2 a κ

(5.36)
1


2
(a + 3γ κ 2 ) (λκ − b)
and B = m 

 m(2m + 3)γ (b − λκ ) + (m + 1)(a + 3γ κ ){2m ν + (2m + 1)λ 

.

(5.37)

Eq.(5.36) gives the velocity of the soliton, Eq.(5.37) gives the width ‘B’ of the soliton and
the constraint condition is given by Eq.(5.35). The amplitude ‘A’ can be retrieved from
Eq.(5.34). Thus, the bright 1-soliton solution of the NLSE with power law nonlinearity is
given by
q=

A
1
m

ei ( −κ x +ωt +θ )

,

(5.38)

cos [ B ( x − υ t )]
where the amplitude-width relation of the soliton, the velocity υ of the soliton and the
frequency ω of the soliton are respectively given by Eq.(5.34), Eq.(5.36) and Eq.(5.33). The
width is given by (5.37) and the amplitude is available from Eq.(5.34).

5.4.2 Exact Dark soliton solutions
For dark optical solitons the choice for the function P in Eq.(5.2) is [2]

P( x, t ) = A tanh p τ

(5.39)

where τ is same as defined earlier . It needs to be noted that for the case of dark optical
solitons the parameters A and B are known as free parameters. In this case, Eq.(5.27) and
Eq.(5.28) respectively reduce to

−ω A tanh p τ + a p AB 2 { ( p − 1) tanh p −2 τ − 2 p tanh p τ + ( p + 1) tanh p + 2 τ }
−κ 2 A tanh p τ + b A2 m +1 t anh (2 m+1) p τ = ακ A tanh p τ + λ κ A(2 m+1) p tanh (2 m+1) p τ
+γ κ 3 A tanh p τ − 3γ p AB 2{ ( p − 1) tanh p − 2 τ − 2 p tanh p τ + ( p + 1) tanh p + 2 τ }
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and

− p υ AB(tanh p−1 τ − tanh p+1 τ ) − 2a κ pAB(tanh p−1 τ − tanh p+1 τ ) = α pAB(tanh p−1 τ
− tanh p+1 τ ) + 3γκ 2 pAB (tanh p−1 τ − tanh p+1 τ ) − γ pAB3{( p −1)( p − 2) tanh p−3 τ

(5.41)

−(3 p2 − 3 p + 2) tanh p−1 τ } + {(2m + 1)λ + 2mν } pA2m+1B(tanh(2m+1) p−1 τ − tanh(2m+1) p+1 τ )

Now, from Eq.(5.40) equating the exponents (2m +1) p and p + 2 gives the same value of p
as in Eq.(5.32). The linearly independent functions in Eq.(5.40) are tanh p + j τ where j= −2, 0,
2. First, setting the coefficient of tanh p − 2 τ to zero yields
p =1

(5.42)

This together with Eq.(5.32) gives
m=1

(5.43)

which shows that the power law of nonlinearity reduces to the Kerr law nonlinearity. This
implies that dark optical solitons will exist when the power law nonlinearity reduces to Kerr
law nonlinearity. Again, setting the coefficients of tanh p + j τ where j = 0, 2 to zero
respectively yields

ω = −[a( B 2 + κ 2 ) + α κ + γ κ (6B2 + κ 2 )]

(5.44)

and

B=A

b + λκ
2(a + 3γ κ )

(5.45)

Eq.(5.45) introduces the constraint given by
( a + 3γ κ ) (b + λκ ) < 0

(5.46)

Also, since A and B are constants, Eq.(5.45) implies
a + 3γ κ
= constant
b + λκ

(5.47)

From Eq.(5.41), the linearly independent functions are tanh p + j τ for j= −3,−1,1, 3. The
coefficient of tanh p −3 τ is zero by Eq.(5.43). Setting the coefficients of the remaining linearly
independent functions to zero yields

υ = −2a κ − α − γ (3κ 2 + 2B2 )

(5.48)
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υ = −2aκ − α − γ (3κ 2 + 8B 2 ) + (3λ + 2υ ) A2

(5.49)

And

6γ B 2 − (3λ + 2ν ) A2 + 3γ (b + λκ ) = 0

(5.50)

Now, equating the two values of the velocity υ given by Eq.(5.48) and Eq.(5.49) also yields
Eq.(5.50) which show the consistency of the method. Finally, Eq. (5.50) simplifies to

(a + 3γ κ ) (3λ + 2ν ) A2 + 3γ ( b + λκ ) = 0

(5.51)

on using Eq.(5.45) and it serves as a constraint relation between the soliton parameters and
the perturbation coefficients for the dark solitons to exist. Thus, the dark 1-soliton solution to
Eq.(5.26) is given by

q( x, t ) = A tanh[ B ( x − υ t )]ei ( −κ x+ω t +θ )

(5.52)

where the free parameters A and B are related as in Eq.(5.45) and the wave number is given
by Eq.(5.44), while the velocity of the soliton is given by Eq.(5.48) or Eq.(5.49), which
introduces the constraint relation given by Eq.(5.51). The two additional constraints are
Eq.(5.50) and Eq.(5.51) must also be valid for dark solitons to exist.

5.5 Chapter Summary
In this chapter, we have derived the exact dark one solitary wave solutions of generalised
nonlinear Schrodinger equation with evolution (time or space) parameter dependent coefficients in a power law medium. In the presence of the perturbations terms, we obtained the
various physical parameters with solitary wave ansatz method. In presence of the perturbation
terms, it is observed that the dark solitons can only exist when power law nonlinearity
reduces to Kerr law nonlinearity. Also, the time dependent co-efficients must be Reimann
Integrable for the solitons to exist. Also, a few other additional constraints, to these coefficients, fall out during the course of calculation for the soliton to exist. We have also
reported the exact bright and dark one solitary wave solutions of the generalised NLSE with
constant co-efficients. The parameter domain restrictions have been identified in the process
of obtaining these solutions. In future, this study can be extended to others laws of non-Kerr
nonlinearity, namely in the case of parabolic and dual power laws.
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Chapter 6
Soliton propagation and soliton-soliton interaction
in a silicon waveguide*

6.1 Introduction
This thesis is mainly devoted towards studying modulation instability (MI) and solitary wave
solutions by simple analytical methods. However, there are situations where these methods
could not be applied and one needs to rely on numerical methods. One such example would
be found in the context of silicon photonics. Silicon photonics has attracted considerable
attention recently because of its excellent transmission properties at near to mid infrared
region. The mature processing technology of Si and the sustainability of Silicon-on-Insulator
(SOI) makes it possible to design compact and low loss (<0.1dB/cm) waveguide devices
which have important applications of IC integration [98-107,182-189]. Several key properties
of silicon make it an ideal material for photonic devices. In silicon waveguide, silicon is
cladded with low index medium like SiO2 or air. Silicon has a very large refractive index
n=3.5 compare to the low index cladding SiO2 with n=1.45 and this results very tight
confinement of the optical modes inside the waveguide. Such strong tight confinement leads
Si waveguide to scale down to ultra-small cross-section ( < 0.1µm 2 ). Moreover, Silicon has
very large Kerr nonlinear parameter which is 10,000 times larger than silica fiber [107-182].
This large cubic nonlinearity along with tight mode confinement enhances the effective
nonlinear property in silicon waveguide as a result low optical power is required for
achieving strong nonlinear effects. This feature makes it possible to form solitons within a
very short length of waveguide [183]. Optical solitons in a Si waveguide results from a
delicate balance of group velocity dispersion (GVD) and self-phase modulation (SPM).
Because of the ultrashort dimension of silicon waveguide, GVD can be controlled through the
*Part of the results presented in this chapter have been published in the paper, A. K. Sarma, M.
Saha and A. Biswas, “Effect of two-photon absorption on soliton propagation and soliton-soliton
interaction in a silicon waveguide” SPIE Journal of Optical Engineering , Vol.49, p.035001-1
(2010).
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geometry of their cross-sectional area. The GVD parameter β 2 ranges from -1 to -11 ps 2 / m
and the dispersion length can be made ∼ 1 cm for pulse 100fs wide or less. Similarly, the
nonlinear length can also be made ∼ 1 cm at moderate peak powers <10 mW. Thus soliton
can propagate inside a silicon waveguide with length few mms. Recently, the formation of
optical soliton inside a 5mm long SOI waveguide is reported by launching femto-second
pulses under some appropriate device design and pulse launch condition [103]. This may lead
to new applications of SOI waveguides in high-speed optical switching [184-185]. Unlike
silica, in silicon based waveguides, the so-called two photon absorption (TPA) cannot be
neglected [106-186]. In fact the presence of TPA parameter in nonlinear Schrӧdinger
equation (NLSE) makes the equation non-integrable and we need to use numerical methods
to investigate solitons in a silicon-based waveguide. In this chapter, we primarily focus on
studying the effect of TPA on soliton propagation in a Si waveguide.

6.2 TPA effect on soliton propagation in silicon waveguide
The two-photon absorption (TPA) is a nonlinear absorption process where two photons are
absorbed simultaneously to excite an atom to a higher energy state. In silicon waveguide this
occurs when two photons combine to overcome silicon’s indirect bandgap energy ~1.12eV.
This effect is insignificant in silica fiber because it has large band gap energy ~ 9eV. TPA is
related to the third order nonlinear susceptibility χ (3) as [107]

ω
c

n2 +

i
3ω
βT =
χ (3)
2 2
2
4ε 0 c n

(6.1)

where n2 is the Kerr nonlinear parameter and β T is the two photon absorption co-efficient and
it has a value between 3 × 10 −12 m W and 11× 10−12 m W , depending on the waveguide
structure. Recently it is reported that in Si waveguide, the TPA limits the extent of SPM
through nonlinear absorption and generates free carrier absorption causing nonlinear
absorption loss [106].The equation governing the pulse propagation in a silicon waveguide
with TPA effect is given by [107]:
∂A 1
β ∂2 A
c βT
2
2
γ0 A A ,
+ α A + i 2 2 = iγ 0 A A −
∂z 2
2 ∂t
2 n2 ω0
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where A , α , β 2 , γ 0 and β T represent the slowly varying field amplitude, linear loss parameter,
second order dispersion coefficient, nonlinear Kerr coefficient and TPA coefficient
respectively.
Using the dimensionless variable [2]
U = A / P0 , ξ = z / LD , τ = t / T0 , N 2 = γ 0 P0T02 / β 2 , u = NU
Eq. (6.1) can again be written in the normalized form:
∂ u i ∂ 2u
=
+ ( 1+ i r
∂ξ 2 ∂τ 2

)

2

u u − α0 u

(6.3)

where r = cβ T / 2n2ω 0 is the dimensionless TPA parameter and α 0 = α T02 / 2 β 2 is the
dimensionless loss parameter which includes both the linear scattering loss and free-carrier
absorption. In writing Eq. (6.2) we are considering the anomalous dispersion regime. We
define a parameter called transmission T as follows:
∞

T=

∫ u ( ξ ,τ )

−∞

2

∞
2
2
dτ /  ∫ u ( 0,τ ) + u (ξ ,τ )  dτ
 −∞


(6.4)

The transmission may give us an estimate of the effect of TPA on energy or power of the
pulse propagating through the silicon waveguide.

Fig.6.1: Transmission vs. normalized TPA parameter for N=1, 2 and 3 soliton
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We solve Eq. (6.2) by using the well-known split-step Fourier method with the initial
condition: u (0,τ ) = N Sech (τ ) where N is the order of the soliton. In Fig.6.1 we depict the
effect of TPA on the transmission of the waveguide for N=1, N=2 and N=3 soliton for a
silicon waveguide with β 2 = −2.15 ps 2 / m , T0 = 30 fs , α = 2.30 m-1 [103]and length 1.1 m.
Quite expectedly, the transmission of the waveguide decreases with increase in the TPA
coefficient due to nonlinear absorption occurring in the waveguide. The higher the order of
the soliton greater is the effect of TPA on transmission. However, we may exploit this result
to our advantage.

6.3 Effect of TPA on N=2 Soliton
In Fig.6.2 we plot the intensity of a second order soliton at the output of the given silicon
waveguide for various values of TPA parameter. It can be seen very clearly that for r=0.006
the second order soliton is taking the shape of a fundamental soliton. However if the TPA
parameter is increased further, it is no longer a soliton. This may be explained as follows: the

Fig.6.2: Intensity vs. normalized time for different TPA parameter

formation of a fundamental soliton requires LN = LD , i.e. the peak power of the soliton must
be P0 = β 2 / γ 0T02 . Now as we have seen, the TPA effect decreases the power of the pulse, so
at a particular value of the TPA coefficient it so happens that the fundamental soliton
formation criteria is nearly met and that is when we obtain a N=1 soliton from a N=2 soliton.
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The spatio-temporal evolution of the N=2 soliton with r=0.006, through the silicon
waveguide and its transformation to an N=1 soliton at the output of the waveguide may be
clearly seen in Fig.6.3.

Fig.6.3: Spatio-temporal evolution of an N=2 soliton in silicon waveguide for r=0.006

6.4 Soliton-soliton interaction
In a usual silica fiber based soliton communication system, the interaction of solitons is one
of the most pressing issues that needs to be addressed [2,190]. Soliton interaction may result
in pulse distortion, deterioration in the transmission characteristics, transmission rate decrease
etc. thereby affecting the performance of the soliton transmission system. In this spirit we
study the soliton interaction in a silicon waveguide. We use the following input form at the
input end of the silicon waveguide [2]:
u ( 0,τ ) = N sec h (τ − q0 ) + r0 sec h  r0 (τ + q0 )  eθ 

(6.5)

Here r0 is the relative amplitude, θ is the initial phase difference and 2q0 is the initial
separation between the two solitons. In our analysis, we are taking q0 = 2 and consider the
solitons to be in phase, i.e. θ = 0.
In Fig. 6.4 we depict the evolution of an N=1 soliton pair through a distance of 4.1 km for
different values of the TPA parameter. It is observed that as long as the TPA parameter is
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small the soliton pair attracts each other and collide periodically along the waveguide length
as is the case with a normal silica fiber. But if the TPA parameter ‘ r ’ is larger than 0.1, it
evolves into a single soliton at the output end of the silicon waveguide. We find that it indeed
evolves as a single soliton, without showing any further periodic evolution except for an
obvious decrease in soliton amplitude, if the numerical study is carried for longer distances,
say 6 km, with r = 0.2 .

(a)

(b)

Fig.6.4: Spatio-temporal evolution of a N=1 soliton pair with normalized TPA parameter (a) r=0.006
(b) r=0.2

Similar study is carried out for a pair of N=2 solitons. In Fig 6.5 we plot the output intensity
profiles vs. time (in normalized units) for various TPA parameters for a pair of N=2 soliton.
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We find that when the TPA parameter is small, with increase in the TPA parameter the
soliton pair is evolving into a number of smaller pulses with decreasing amplitude. But if the
TPA parameter is increased beyond r=0.2, it evolves into a single soliton. In Fig.6.6 we plot
the spatio-temporal evolution of an N=2 soliton pair with TPA parameter r=0.5.

Fig.6.5 Intensity vs. time for a pair of N = 2 solitons at the output of a silicon waveguide for
different TPA parameter r = 0, 0.005, 0.05, 0.5.

Fig.6.6 Spatio-temporal evolution of a N=2 soliton pair with normalized TPA parameter

r = 0.5 .
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6.5 Chapter Summary
In this chapter, a numerical investigation is carried out to find the effect of TPA on soliton
propagation and soliton-soliton interaction in a silicon waveguide. We demonstrated the
formation of fundamental soliton from a higher order soliton if the TPA parameter is
judiciously chosen. In addition to this, the effect of TPA parameter on the soliton-soliton
interaction in a silicon waveguide is discussed.
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7.1 Summary of the thesis work
This thesis reports a study of modulational instability (MI) and solitary waves in a few
important nonlinear optical systems. The thesis focuses mainly on the following nonlinear
optical systems: nonlinear negative index metamaterials, non-Kerr media exhibiting power
law nonlinearity and very briefly, silicon waveguides.
A new mathematical model is proposed to study pulse propagation in negative
refractive index metamaterial (NIM) embedded in a Kerr medium. The model is generalized
in the sense that it is capable of reproducing previous models under appropriate
approximations and also the proposed model predicts new phenomena like magnetic selfsteepening effect. MI analysis is carried out using the new model in Chapter 2. This study is
extended to the case of a metamaterial (MM) embedded into a medium with cubic-quintic
nonlinearity. The importance of the above two studies lies in the fact that, many key
parameters, some of which are controllable and need specific attention from the
experimentalist, is pointed out. Apart from that, attempts are made to obtain exact solitary
wave solutions to the model equations by simple methods. In the later part of the thesis, the
generalized nonlinear Schrodinger equation, appropriate to model nonlinear pulse
propagation in non-Kerr cubic-quintic media is integrated to find the exact solitary wave
solutions. The parameter domain restrictions have also been identified in the process of
obtaining these solutions. The MI analysis is also carried out in this media and the effect of
higher order dispersion and higher order nonlinearity on MI gain spectrum is also discussed.
The exact dark soliton solutions to the generalized nonlinear Schrödinger equation (NLSE)
with coefficients dependent on the evolution parameters are obtained. This study is very
general in the sense that the NLSE with constant coefficient could be considered as a special
case of it. Finally, in Chapter 6, it is stressed that there are situations where the analytical
methods adopted in this thesis could not be applied and one needs to rely on numerical
methods. Because of the presence of the two-photon absorption (TPA) term, the ansatz
method adopted in this thesis cannot be applied to get the exact one-soliton solution of the
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generalized NLSE governing the pulse propagation in a silicon waveguide. Solitary wave
propagation in a silicon waveguide is studied numerically. The formation of a fundamental
soliton from a higher order soliton is demonstrated in a silicon waveguide; soliton-soliton
interaction is also studied.

7.2 Future Direction
Recently, the NLSE with coefficients dependent on the evolution parameter have been
proposed as a more realistic model in nonlinear optics and other areas of physics. The method
applied in this thesis to obtain the solitary wave solutions for the generalized nonlinear
Schrodinger equation with evolution parameter dependent co-efficient could find attention in
other areas of science and engineering as well, e.g. Bose Einstein condensate (BEC) [191196] and dispersion managed optical communication systems. In the context of negative
index materials, in this thesis , the coupled nonlinear field equations is derived considering
that the MM is embedded in Kerr as well as non-Kerr nonlinear medium. However, if the
nonlinear dielectric embedded in the MM has extremely high nonlinear refractive index and
is liable to exhibit the saturable nonlinear effect, even for a moderate incident light intensity,
then MMs may possess saturable nonlinearity. On the contrary, the local field enhancements
in the split ring resonator arrays can be very intense, which allows for enhanced nonlinear
effects, and makes the MM to exhibit saturable magnetic nonlinearity as well. These issues
are not addressed in this thesis. Very recently, MI with saturation nonlinearity in MM is
reported considering only the electric saturation nonlinearity [197-199]. The works reported
in this thesis could be extended to incorporate both the electric and magnetic saturation
nonlinearity.
This thesis does not address the important issue of the stability of solitary waves in
the nonlinear optical systems considered. It could be one of the extremely potential areas of
investigation in future. Another area which needs lots of attention is few-cycle pulse
propagation in the nonlinear optical systems considered in this thesis. The so-called slowly
varying approximation which is routinely used to derive many of the pulse propagation
models needs to be revisited or abandoned. Investigating nonlinear waves in the few-cycle
pulse regime could be very insightful and useful and may provide good amount of new
physics.
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