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Abstract

Sandpile model introduced by Bak, Tang and Wiesenfeld (BTW) was taken as

paradigm to study Self Organized Criticality (SOC), a phenomena of non-existence

of any characteristic size or time of events in the non-equilibrium steady state of a

class of slowly driven system. The effect of rotational constraint on the toppling dy-

namics of a sandpile model is studied here constructing a rotational sandpile model

(RSM). RSM has deterministic toppling rule except the first toppling and develops

internal stochasticity during time evolution. There exists a well defined prescrip-

tion to study critical behaviour in equilibrium critical phenomena. However, non-

equilibrium models generally lack such a well defined method. The critical properties

of sandpile models are usually studied by calculating the probability distributions of

different avalanche properties and performing moment analysis of them. In this the-

sis, the critical avalanche properties of RSM are studied not only by applying usual

numerical techniques but also inventing several new techniques. RSM is found to

belong to a new universality class different from that of a stochastic sandpile model

(SSM) as well as that of the deterministic BTW model. It was known that the BTW

model follows a complicated multi-scaling whereas the SSM follows finite size scaling

(FSS). The finite size effect on the critical exponents of the RSM is verified perform-

ing moment analysis of the distribution functions. It is found that they follow usual

FSS ansatz. Not only the RSM but different variants of the RSM constructed with

changes in the toppling rule of RSM under the same rotational symmetry are found

to belong to the same universality class of RSM. The RSM universality class seems

to be a robust universality class which remains unaffected due to the change in the

details of the toppling rule. The existence of such a robust universality class has

been confirmed and analyzed further applying the newer techniques invented in this

thesis. These newer techniques are based on a “microscopic” avalanche parameter

namely the toppling number Si, the number of times a site i toppled in an avalanche.

The multifractal aspect of an avalanche is explored defining a multifractal measure,

the toppling number density µi = Si/
∑

Si. Toppling number density is found to
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Abstract

be mono-fractal for the BTW but it corresponds to different multifractal spectrum

of exponents for the SSM and the RSM. A new entity, “toppling surface”, is de-

fined in terms of Si. The study of two point height difference correlation function

reveals that the toppling surfaces of the BTW, the SSM and the RSM have widely

different Hurst exponents H . The RSM and the SSM toppling surfaces are found

to be multi-affine whereas that of BTW is a simple mono-affine surface. The rough-

ness exponent χ of these surfaces are measured by studying the surface widths as a

function of the system size. It is found that the scaling relation between H and χ

follows usual Vicsek-Family scaling for the BTW model whereas for the other two

models it follows a new anomalous scaling. A continuous phase transition, called

“flooding transition”, in the toppling surfaces of RSM and SSM is found to occur

when the toppling surfaces are flooded with water (say). In the flooding transition

a path of water connecting the opposite sides of the toppling surface appears for the

first time at a critical height of flooding (flooding threshold). Such a transition does

not occur on the toppling surface of BTW model. Criticality of islands and their

perimeters at the flooding threshold are found to depend on the Hurst exponent of

toppling surfaces, the perimeter fractal dimension and the capacity dimension of the

avalanche area. The universality class of flooding transition does not belong to the

percolation universality class. All the critical exponents characterizing properties

of islands and their perimeters in the flooding transition are found to be related

with the avalanche size distribution exponents through the roughness exponent or

the Hurst exponent of the toppling surfaces. Hence, the application of such new

techniques to study the avalanche properties of different sandpile models not only

classify their universality classes distinctly but also provide indepth information of

the steady states of these dynamical systems. Finally, a continuous crossover from

the RSM to the SSM universality class is demonstrated in a suitable parameter

space controlling the fraction of sites with anti-clockwise rotational field in the RSM

under clockwise rotational field.

x
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Chapter 1

Introduction

Nature is complex. Complexity is usually attributed to the inability of capturing

all the properties of a system by a single formalism. However, a large class of

natural systems are found to share a common typical behaviour independent of the

microscopic details of individual systems. For example, a pile of sand grains, an

elastic network of springs, an ecosystem, the community of stock market dealers,

etc., consist of many components that interact through some kind of exchange of

forces or information. Time evolution of such systems under the influence of external

forces along with the internal interaction forces lead to unexpected observations.

Surprisingly, these dynamical systems are found to organize themselves without

“tuning” of any of the system parameters from outside into a state with complex

but rather general structure. Complexity in these systems corresponds to the non-

existence of any single characteristic event size, time or length scale. On the other

hand, in spite of the complexity, their general aspect is that all these physically

measurable quantities demonstrate power law scaling behaviour at the steady state.

Such a scale free power law scaling behaviour of observables are the demonstrating

features of equilibrium critical phenomena [1,2,3] at a well defined critical point.

However, in equilibrium critical phenomena, the critical point corresponding to a

continuous phase transition is arrived by fine “tuning” of a system parameter, usually

temperature. Bak, Tang and Wiesenfeld (BTW), in 1987, described the behaviour

of organization to a critical state without fine tuning of any system parameter of a

class of dynamical systems as Self Organized Criticality (SOC) [4].

Soon after the proposal of SOC, a large number of physical systems or processes

were discovered whose time evolution dynamics exhibit SOC characteristics. A brief

list of experiments as well as some natural phenomena that exhibit SOC is given

here. In 1990, Held et al. [5] observed power law distribution of avalanche mass in

1
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Chapter 1. Introduction

experiments with different types of sand grains, though some initial experiments by

Jaeger et al. [6,7] did not observe any power law distribution or critical behaviour.

Power law distribution of avalanche mass were also observed in the experiments

with elongated rough rice grains [8]. Plourde et al. [9] found a power law distribu-

tion of the droplet sizes when mist was sprayed inside a Plexiglas dome at a slow

rate. In a chemical reaction of metals (Mg and Al) with aqueous CuCl2, the distri-

bution of chemo-magnetic field intensity generated by the electrochemical currents

that appear due to the chemical reaction were also found to exhibit power law

scaling behaviour [10]. The motion of vortexes in superconductors also exhibit scale

invariant behaviour in both space and time [11,12,13]. The distribution of lifetimes

and areas of discrete Barkhausen pulses in magnetic alloys follow power law dis-

tribution [14,15,16,17,18]. Power law distribution is also observed in the avalanches of

neuronal activities in the networks of cortical neurones of a rat’s brain [19,20]. Size

distribution of power blackouts in power grid network of Norway and North Amer-

ica were recently observed to obey power law scaling behaviour [21]. Atmosphere

which is constantly being pumped with evaporation energy of water vapours, re-

laxes its energy in the form of rainfall which also exhibit power law distribution of

its size and frequencies [22,23]. The stresses between the tectonic plates that develops

over the years are released in minutes in terms of earthquakes. The distribution of

intensity and frequency of occurrence of earthquakes also show power law scaling

behaviour [24]. The sudden release of magnetic energy due to rapid change in coronal

magnetic field of solar corona induces radiative emission which is detected as solar

flares. The probability distribution of these flare energies show a power law scaling

behaviour [25,26,27].

Apart from the above mentioned physical and natural processes, there are sev-

eral mathematical models, other than sandpile model introduced by BTW, that

also demonstrate SOC. For example, Olami, Feder and Christensen (OFC) modeled

earthquake in terms of sliding tectonic plates where local force or stress are taken as

dynamical variable [28]. In their model, when a real dynamical variable Ei represent-

ing the energy or force associated with sites of a d dimensional cubic lattice becomes

greater than or equal to some threshold value Ec, representing the sliding friction,

the site releases all its energy. Out of the released energy Ei only qαEi amount of

energy is distributed equally to all the q nearest neighbours (NN) and (1 − qα)Ei

energy is lost. The distribution of amount of energy released follow a power law

scaling behaviour for α > αc where αc is the critical level of conservation [29,30,31,32].

The second example is the lattice gas model for studying the fluctuation in vortex

2
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1.1 Sandpile as prototypical model of SOC

density of superconductor [33,34]. In this model particle in each cell of a d dimensional

square lattice moves due to repulsive central force between (NN) sites and some

additional driving forces. The power spectrum of fluctuation in number density of

the particles with time show power law scaling behaviour. The third example is the

forest fire model introduced by Drossel and Schwabl [35,36,37]. In this model the green

trees grow with a probability p until they come in contact with nearest neighbouring

burning tree or ignited by thunder with probability f . The distribution of the size of

clusters formed by green trees exhibit power law scaling behaviour during the time

evolution. This model was also successfully used to explain the temporal behaviour

of number of people affected with measles in isolated Danish island of Bornholm as

well as Faroe Islands [38]. The last example could be the model of biological evolution

introduced by Bak and Sneppen [39]. In this model, the sudden extinction of certain

species lead to change the fitness of other species which depend on the now-extinct

species and may cause a chain of extinction event or avalanche. The distribution of

number of extinct species during a certain burst of extinction and the duration of

such an extinction follow a power law scaling behaviour.

It is observed that all these dynamical systems which are evolving into SOC state

has a large separation of time scale between the external driving and the internal

relaxation. Usually, the internal relaxation is much faster than the external drive.

For example, the stress in the earth’s crust is build up on the scale of years owing to

the motion of the tectonic plates. However, the stress is subsequently released in a

few seconds or minutes during an earthquake. Therefore, a class of systems, slowly

driven from outside, evolves into a dynamical steady state at which the incoming

flux of a physical quantity such as mass, energy, etc. remains the same as that

of outgoing flux. The non-equilibrium steady state of these systems is found to

be characterized by long range spatio-temporal correlations described by power law

scaling [40,41,42,43,44,45].

1.1 Sandpile as prototypical model of SOC

BTW model: In 1987, BTW [4] introduced a simple cellular automata model, called

BTW sandpile model, to study SOC. The model is defined on a two dimensional

(2d) square lattice. Each lattice site is assigned with a positive integer variable h,

representing the height of the sand column of the respective lattice site. One starts

with an empty lattice and keeps on adding sand grains, one at a time, to a randomly

3
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selected lattice site i. If the lattice site i receives a sand grain, the height of the sand

column of the ith site is increased by one unit as hi → hi + 1. The sand column

of a lattice site becomes unstable or active when it’s height hi becomes equal or

exceeds a predefined threshold value hc. For a 2d square lattice, the critical height

is taken as hc = 4. If a site i becomes active it topples by loosing hc amount of

grains and they are distributed equally among the nearest neighbours (NNs). The

toppling dynamics can be summarized by the following deterministic toppling rule

hi → hi − 4

hj → hj + 1, j = 1, 2, 3, 4
(1.1)

where {j}s are the NN sites of the site i.

After the introduction of BTW model a large number of its variant were introduced

and studied. Only a few of them are mentioned below.

Zhang model: A continuous height model was introduced by Zhang [46]. In this

model hc = 1. The model was driven by adding certain amount of energy δ with

0 < δ ≤ 1, to a randomly chosen lattice site i, and hence hi → hi + δ. The value of

δ was kept fixed over the simulation. On a square lattice, the toppling rule is given

as
hi → 0,

hj → hj + hi/4, j = 1, 2, 3, 4
(1.2)

where the height of the toppled site is reduced to 0 and all the four neighboring sites

{j} gain hi/4 amount of sand.

A generalized Zhang model was also introduced by Biham [47]. In this model, the

amount of sand transfer to NNs after toppling is given by phi/4 where 0 ≤ p ≤ 1.

Thus, only a fraction p of the sands present in the unstable site i is distributed to

its neighbours and the rest remain in i.

Manna model: In the above mentioned models, sand grains are distributed equally

to the NN sites of the active site. However, such equal distribution of sand grains

may not always occur for real sand grains with irregular shape and sizes. For sand

grains with irregular shape and sizes, the NNs of the active site may receive different

number of sand grains. In order to incorporate such irregularity in the shape and size

of the sand grains, Manna developed a stochastic sandpile model [48,49]. In Manna’s

stochastic model (MSM), the critical height was chosen as hc = 2 for the square

4
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1.1 Sandpile as prototypical model of SOC

lattice. During the time evolution, when the height of the sand column at the ith

lattice site, hi ≥ hc the site becomes active and bursts into toppling activity. For

each sand grain at the active site, a NN site was randomly chosen and the grain was

transferred until the active site becomes empty.

Dhar model: This is a modified version of the Manna model. In Dhar model [50],

the critical height was also taken as hc = 2 for the square lattice. After toppling, the

sand grains flow in two randomly selected directions out of four possible directions

on a square lattice and reduces the height of the present site only by an amount

equal to hc and rest of the sand grains remain at the active site. The toppling rule

can be summarized as:

hi → hi − hc, hj → hj + 1, j = j1, j2 (1.3)

where j1, j2 are the two randomly selected sites out of the four NN sites of the

active site i on a square lattice. The modified Manna model or the Dhar model will

be referred as SSM later on.

Directed sandpile model: The effect of external bias on sandpile models was

studied by applying a global directed bias and the corresponding model is called

directed sandpile model (DSM) [51]. The directness in a sandpile model physically

correspond to a sandpile dynamics on an inclined plane. The model was defined on

a 2d square lattice. Sand grains were added to the randomly selected sites on the

top edge of the lattice. The global directed bias is applied along the direction top

to bottom of the lattice. If the height of the sand column is greater than the critical

height hc = 2, it topples by releasing two sand grains and gives one each to the two

downward neighbours of the toppled site.

All these models are mostly studied with open boundary condition where dissipation

of sand grains occur at the boundary of the lattice or at the bottom edge of the lattice

for the DSM. Toppling of an active site may make some of the neighbouring sites

active and consequently cause a cascade of toppling activities which constitutes an

avalanche. The avalanche stops when heights of all the sand columns become under

critical. During the avalanche no sand grain is added in order to keep the time scale

associated with the internal dynamics much smaller than the time scale associated

with the external drive. As the sand grains are kept on adding, the system evolves

on its own to a situation at which the average influx of the sand grains is equal

5
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Chapter 1. Introduction

BTW MSM DSM

Figure 1.1: Typical avalanche cluster obtained at the steady state of the BTW, the
MSM and the DSM on a 64× 64 square lattice are shown. The avalanche clusters of both
the BTW and the DSM are compact and do not contain any hole, whereas in MSM there
are several holes of different sizes. Both the avalanche clusters of BTW and MSM are
isotropic but for the DSM it is anisotropic.

to that of average outflux. This is called the non-equilibrium steady state of these

systems.

These models have some salient features. Firstly, in a given time step during

avalanche there could be more than one active sites. In the case of BTW, the

final height configuration is found independent on the sequence at which the active

sites are toppled. Whereas, in the case of Manna model, the final height configu-

ration depends on the sequence at which the active sites are toppled. In abstract

algebra, an Abelian group is a group in which the result of applying group operation

to two group elements does not depend on their order. Following such a definition,

the BTW model is identified as a deterministic Abelian sandpile model whereas the

Zhang model is a deterministic non-Abelian model. The Manna model, MSM, is a

stochastic non-Abelian model whereas the Dhar model, SSM, is a stochastic Abelian

model. DSM is a deterministic Abelian model. Secondly, in the BTW model, if a

site topples it gives away four sand grains to its neighbours. At the same time,

if its neighbours topple once each they give back exactly four sand grains to the

original site. This is called “complete toppling balance”. However, the other models

described above do not have toppling balance.

In Fig.1.1, typical avalanche clusters obtained at the steady states of different sand-

pile models are shown. The avalanche clusters presented here by the black dots are

the collection of distinct sites toppled during the avalanche. The avalanche clusters

for the BTW and the MSM are isotropic in nature whereas it is anisotropic for the

DSM due to the presence of global directed bias. The deterministic models like
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1.2 Characterization of SOC

BTW and DSM do not have any voids inside the avalanche clusters whereas there

are some voids inside the avalanche cluster of MSM.

Apart from the above mentioned models, several other sandpile model were also

introduced and studied extensively over last two decades. Some of those models

are: sandpile model with stickiness [52], non-conservative sandpile models [53,54,55,56],

sandpile model with spatial disorder [57], continuous Abelian sandpile [58], sandpile

with bulk dissipation [59,60,61,62,63], Abelian and non-Abelian stochastic sandpile mod-

els [64,65,66] and many others.

1.2 Characterization of SOC

There exists a well defined prescription to study critical behaviour in equilibrium sta-

tistical mechanics [1,2,3,67]. In equilibrium critical phenomena, a quantitative change

in the properties of a system occurs at a sharply defined parameter value, the critical

point, if that parameter is changed continuously. In thermodynamic systems such a

parameter is usually the temperature T . As T → Tc, critical temperature, the sys-

tem exhibits features called critical phenomena [1,2,3,67]. Thermodynamic quantities

Q such as order parameter and response functions of the system, exhibit singularities

Q ∼ |T − Tc|
±θ as T → Tc where θ is called the critical exponent. Plus sign corre-

sponds to branch point singularity and minus sign corresponds to divergence. The

thermodynamic quantities can be estimated by taking different derivatives of the

appropriate free energy function of the system. The free energy function is obtained

by calculating the canonical partition function Z(H) knowing the Hamiltonian H

of the system. The free energy functions are found to be generalized homogeneous

functions as T → Tc. A generalized homogeneous function F (x, y) can be written

as

F (x, y) = xaf(y/xb)

when both x, y → 0. As a consequence of the thermodynamic potentials being

generalized homogeneous functions: (i) all the critical exponents can be obtained

in terms of a and b since, thermodynamic quantities are just different derivatives

of thermodynamic potentials. Hence they are not all independent. (ii) data for

different values of x and y should follow a single scaling function f(z) = F (x, y)/xa

where z = y/xb is a scaled variable. One often estimates the values of the critical

exponents that describe the singularities of the thermodynamic quantities and ver-

ifies the scaling function forms. The set of critical exponents and the form of the
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scaling function determine the universality class of a system in the thermodynamic

limit.

However, such a well defined prescription is often not available to study the systems

at out of equilibrium. Most often one finds the Hamiltonian is too complex or it

cannot be written. Moreover, one needs to identify appropriate response functions

that could be measured. In the case of sandpile models, the response of the system

to the external drive could be the total number of toppling or toppling size s in

an avalanche, the number of distinct sites toppled in an avalanche or the avalanche

area a, the number of parallel updates to make all the sites under critical or the

lifetime t, and spatial extension l of an avalanche. The spatial extension l of an

avalanche can be defined as l2 = 2
∑a

i=1(r0 − ri)
2/a where r0 =

∑a
i=1 ri/a, ri is the

position vector of the distinct sites toppled. As the system evolves to the steady

state, one needs to measure such quantities. However, these quantities are not

independent. On the other hand, one can perhaps easily estimate the probability

P (s, a, t, l) of occurrence of an avalanche with toppling size s, area a, lifetime t

and spatial extension l. Knowing P (s, a, t, l), one may obtain the probability P (x),

x ∈ {s, a, t, l} to find an avalanche with parameter value x irrespective of the values

of the other parameters as

P (s) =

∫ ∫ ∫

P (s, a, t, l)dadtdl, (1.4)

P (a) =

∫ ∫ ∫

P (s, a, t, l)dsdtdl, (1.5)

P (t) =

∫ ∫ ∫

P (s, a, t, l)dsdadl, (1.6)

P (l) =

∫ ∫ ∫

P (s, a, t, l)dsdadt. (1.7)

In the equilibrium critical phenomena, the criticality corresponds to the appear-

ance of fluctuation at all possible length scale or clusters of all possible sizes and

consequently power law scaling becomes a signature of the criticality. Thus, the

probability distribution functions defined here at the non-equilibrium steady state

of a dynamical system are also expected to obey power law behaviour in order to

demonstrate the criticality of the steady state. In the thermodynamic limit, the

8
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distributions are then given by

P (x) ∼ x−τx ; x ∈ {s, a, t, l} (1.8)

where τx is the critical exponent related to the quantity x.

Since the avalanche properties are related to each other, conditional expectation

values can be defined appropriately [68]. The conditional expectation value of an

avalanche property x when another property is exactly equal to y is defined as

〈x(y)〉 =

∫ xmax

0

xP (x|y)dx (1.9)

where P (x, y) is the probability to find a property x when the other property is

exactly equal to y. In the steady state, the expectation values scale with its argument

as

〈x(y)〉 ∼ yγxy , (1.10)

where γxy is a critical exponent. Similarly, one can define other expectation values

as

〈x(z)〉 ∼ zγxz and 〈y(z)〉 ∼ zγyz . (1.11)

According to these scaling function forms, the exponents should satisfy a scaling

relation

γxz = γxyγyz. (1.12)

A set of scaling relations between the probability distribution exponents τx and

the exponents γxy can be obtained. Since the properties (s, a, t, l) are of the same

avalanche, the conditional expectation values must satisfy the following identity:

∫

〈z(x)〉P (x)dx =

∫

〈z(y)〉P (y)dy. (1.13)

Such an identity would be satisfied by a set of any three stochastic variables out of

(s, a, t, l). Following the above identity, one has

∫

xγzx−τxdx =

∫

yγzy−τydy. (1.14)

Since, 〈x(y)〉 ∼ yγxy ,

∫

xγzx−τxdx =

∫

xγxy(γzy−τy).xγxy−1dx =

∫

xγzx+γxy(1−τy)−1dx. (1.15)

9
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Figure 1.2: Probability distributions (a) P (s), (b) P (a) and (c) P (t) are plotted against
s, a and t respectively for system size L = 2048 for the BTW. Reasonable power law
scaling is observed for all the distributions.

Integrating both sides one has,

γxy =
τy − 1

τx − 1
. (1.16)

As in the equilibrium critical phenomena, one should now identify the power law

scaling, estimate the values of the critical exponents, τx, τy, γxy etc., and verify the

scaling relations among them. Having the values of the critical exponents, one can

determine the universality class of a sandpile model. In Fig. 1.2, the probability

distributions of toppling size P (s), area P (a) and lifetime P (t) of the avalanches of

the BTW model obtained on a 2048× 2048 square lattice are shown. It can be seen

that avalanches with all possible toppling size, area and lifetime appear in the steady

state and consequently all the response functions have power law distribution. The

cut off values of these distributions are of course determined by finite system size.

Numerical study of the probability distribution of avalanche related quantities in the

steady state of not only the sandpile models but also other models of SOC reveals

that the distribution functions follow power law scaling. The conditional expectation

values of several quantities also found to follow the scaling given in Eq. 1.10. The

values of critical exponents associated with probability distributions and conditional

expectations are listed in Table 1.1 for some of the well known sandpile models. It

can be seen that the exponent values of the BTW and the Zhang are almost the same

and consequently these two models are believed to belong to the same universality

class. It can be noticed that the values of the distribution exponents (τx) of the

MSM are narrowly resolved to that of the BTW and it was initially believed that

the BTW and the MSM belong to the same universality class [69,70,71,72,73]. Though

SSM is an Abelian model and MSM is a non-Abelian model, the values of the critical
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exponents of these two models were found to be the same and consequently belong

to the same universality class. Later stochastic sandpile models will be referred

as SSM. However, measuring the exponents describing the conditional expectation,

γxys, it was shown that MSM belongs to a new universality class [74,75,76,77]. DSM, an

anisotropic sandpile model, is exactly solved and the values of the critical exponents

for this model are also given in Table 1.1. It can be seen that the DSM exponents

are very different from those for the BTW or MSM (or SSM). DSM, therefore,

belongs to a different universality class than that of both BTW and SSM (or MSM).

A stochastic version of DSM, directed stochastic sandpile model (DSSM) [64,65], was

studied later and its critical exponents are also reported in Table 1.1. It was found

that DSSM belongs to a different universality class than DSM.

Model τs τa τt τl γsa γal γat γtl

BTW [47,75,76,77] 1.293 1.330 1.480 1.665 1.06 2.00 1.53 1.32

Zhang [46,47,78] 1.282 1.338 1.50 1.682 1.06 2.00 1.53 1.29

MSM [75,76,77] 1.275 1.373 1.493 1.743 1.23 2.00 1.35 1.49

DSM [51,64,75] 4/3 · · · 3/2 · · · 1.00 · · · 1.50 1

DSSM [64] 1.43 · · · 1.71 · · · · · · · · · · · · 0.99

Table 1.1: Critical exponents associated with probability distributions and conditional
expectations of different avalanche related quantities of BTW, Zhang, MSM, DSM and
DSSM.

In order to understand the scaling behaviour of the distribution functions and to

confirm the different universality classes of BTW and SSM, finite size scaling analysis

of the distributions were performed using moment analysis [79,80,81,82] which will be

discussed below.

1.3 Finite size scaling

In numerical simulations, the results are very often limited by the finite system size

L. There is rounding and shifting of critical singularities in finite systems depending

on the ratio of correlation length to the linear dimension L of a system. In order to

obtain the behavior of a macroscopic system in the thermodynamic limit, the results

of the finite systems are often extrapolated using finite-size scaling (FSS) ansatz [83].

Because of finite system size L, the probability distributions P (x, L) are limited by

the maximum value xmax(L) of an avalanche related quantity x. The cutoff xmax(L)

is expected to increase with system size as xmax(L) ∼ LDx , where Dx is called a
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capacity dimension. The probability distribution function of an avalanche-related

quantity x at the steady state for a system size L can be written as

P (x, L) = x−τx fx(x/LDx) (1.17)

where τx is the corresponding critical exponent and x stands for s, a, t and l and

f(x/LDx) is the finite size scaling function. In the L → ∞ limit, the scaling func-

tion f(0) becomes a constant and the power law behavior given in Eq.1.17 can be

approximated as P (x) ∼ x−τx .

In order to verify whether the scaling functions obey FSS or not, the method of

moment analysis was developed [79,80,81,82]. In this method, higher moments of an

avalanche property are calculated and checked whether the scaling exponent varies

proportionately with the order of the moment taken. The qth moment of a property

x is defined as

〈xq〉 =

∫ xmax

0

xqP (x, L)dx =

∫ xmax

0

xq−τx f(x/LDx)dx. (1.18)

Defining a scaled variable Z = x/LDx , 〈xq〉 can be written in terms of Z as

〈xq〉 = L(q+1−τx)Dx

∫ Zmax

0

f(Z)dZ ∼ Lσx(q). (1.19)

Since the integration will contribute to a constant, σx(q) can be written as

σx(q) = (q + 1 − τx)Dx. (1.20)

Thus, if the probability distributions obey FSS then the exponent σx(q) should

have a constant gap between two successive moments σx(q + 1) − σx(q) = Dx.

On the other hand, if they obey multiscaling, σx(q + 1) − σx(q) should have a

continuous dependence on q. Thus the derivative ∂σx(q)/∂q should converge to Dx

in the q → ∞ limit. Knowing the capacity dimensions Dx, it is possible to check

the scaling function form given in Eq. 1.17 studying the distribution functions for

different system sizes L. Data for different system sizes L should collapse onto

a single curve f(z), if a scaled distribution P (x)LDxτx is plotted against a scaled

variable z = x/LDx for x ∈ {s, a, t, l}.

FSS and moment analysis for the sandpile models were extensively studied in the

literature [73,79,80,81,84,85]. It was found that the toppling size distribution function
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does not obey FSS in BTW rather follows a peculiar multiscaling [79,80,81] whereas the

same distribution in the MSM and the SSM were found to obey FSS [73,79,80,81,84,85].

The FSS analysis was then able to confirm different universality classes of MSM (or

SSM) and BTW. In order to understand the reason behind the unusual multiscaling

behaviour in BTW and FSS in MSM, a coarse grained study of sandpile avalanches

were performed decomposing the avalanches into waves of toppling [86,87,88]. The

toppling wave time series were found to have a positive auto-correlation in BTW

but a negative auto-correlation in MSM [89,90,91]. The presence of positive auto-

correlation in toppling wave time series is believed to be the reason behind the

multiscaling behaviour in BTW [89,90,91].

1.4 Absorbing state phase transition and interface

growth

The non-equilibrium steady state of a sandpile model is reached without fine tuning

of any control parameter. Such dynamical systems are also studied in a similar

footing of equilibrium continuous phase transition taking the density of the sand

grains ζ as a tunable parameter. The sandpile model was also studied with closed

boundary and no dissipation. Such a sandpile model is known as fixed energy

sandpile (FES) model. In FES, the density of the sand grains ζ was tuned to a

critical value ζc from below and an absorbing to an active state phase transition

was observed [84,92]. At ζ = ζc, an infinite avalanche occurs for the first time. For

ζ < ζc, the toppling activity in the system always stops at a finite time but the

activity sustains indefinitely for ζ ≥ ζc. During the toppling activity, the number

of toppling of a site upto time t defines an interface. In the active-absorbing state

phase transition of sandpile models, the growth of the interface stops and becomes

a pinned surface for ζ < ζc but the it grows continuously for ζ ≥ ζc. Thus the

system undergoes a depinning transition at ζ = ζc. The growth dynamics of the

interface was studied by several groups as mentioned in Ref. [93,94,95,96,97]. The width

W (t, L) [98,99,100] of the interface at time t was found to follow the scaling given by

W (t, L) ∼







tβW t ≪ t×

Lχ t ≫ t×

where βw is the growth exponent, χ is the roughness exponent and t× is the crossover

time after which the interface width attains its saturation. t× scales with L as
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t× ∼ Lz, where z is the dynamical exponent which is related to growth and roughness

exponent as χ = βwz. The values of the critical exponents for BTW was found as

χ = 1.01, βW = 0.62 and z = 1.63 where as for Manna model they were found as

χ = 0.80, βW = 0.51 and z = 1.57 [93]. The roughness exponent χ is related to the

capacity dimension of avalanche size Ds as Ds = 2 + χ [95,96]. In fact, mapping of

avalanches of sandpile models to growing interfaces were first introduced by Paczuski

and Boettcher [101] in the context of Oslo sandpile in 1d in 1996 and later studied

extensively for BTW and SSM by Alava [95,96].

1.5 The problem:

In the last few sections, a number of sandpile models are introduced and several

techniques to characterize these models including absorbing state phase transition

are discussed. It is important to notice that the application of global directed

bias on the sandpile dynamics (the DSM) leads to a non-trivial phenomenon. The

avalanche cluster of this deterministic Abelian model is anisotropic and its prop-

erties are described by a new set of critical exponents than the other models. A

stochastic version of DSM, DSM with stickiness [52], was found to belong to the

same universality class of directed percolation [102]. The non-trivial effect of directed

bias on the dynamical system at out of equilibrium was not surprising because the

application of such a bias on several lattice statistical models in equilibrium critical

phenomena were already found to produce non-trivial effects. For example, models

like directed self-avoiding walks [103,104], directed lattice animal [105], directed perco-

lation [102] exhibit different critical behaviour than their respective models without

directed bias. In the equilibrium critical phenomena, the rotational bias was also

found to have nontrivial effect on the critical behaviour of many lattice statistical

models. Such as, spiral self-avoiding walks [106,107], spiral lattice animal [108,109], spiral

percolation [110], directed spiral percolation [111,112] etc. belongs to new universality

classes than their original counterpart in absence of rotational field. The rotational

field does not destroy the isotropic nature of a system whereas the application of a

directed bias always introduces anisotropy in the system. Moreover, the rotational

field has broken mirror symmetry. It is then intriguing to explore the effect of ro-

tational bias on the critical behaviour of sandpile models. Sandpile model under

rotational bias may physically correspond to a sandpile dynamics on a horizontal

disk rotating slowly about an axis perpendicular to the disk and passing through

the center of the disk. In this thesis, a new sandpile model called rotational sand-
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pile model (RSM) [113] is constructed applying rotational constraint on the toppling

dynamics of a sandpile model. The rotational toppling rule is mostly deterministic

except the first step and thus the model is a quasi-deterministic model. However,

the rotational dynamics as evolved with time introduces certain stochasticity in the

model. It is therefore important to investigate such a model and characterize the

non-equilibrium steady state in order to identify the universality class of RSM. It is

curious to observe whether RSM belongs to the BTW universality class or to that

of the SSM. In RSM, it is possible to control the internal stochasticity by tuning the

toppling rule. The tuning could lead the model to a more deterministic one or to a

more stochastic one. The effect of such tuning of the toppling rule on the universal-

ity class of the model is then important to look at. Moreover, the universality class

of a system is identified by the values of the critical exponents. On the other hand,

the numerical values of the critical exponents obtained for different models through

the measurement of power law distributions or moment analysis were found to be

narrowly resolved in most of the cases. Therefore, it is also important to explore

newer techniques or statistical methods which could classify the dynamical systems

distinctly. In this thesis, several such techniques are developed and employed to

different sandpile models. It is observed in equilibrium critical phenomena that the

universality class of a system in the same spatial dimension is determined by the

symmetry (number of components) in the order parameter. Is it possible to identify

a similar prescription for the dynamical systems to identify different symmetries in

the toppling rules corresponding to different universality classes of these systems?

An attempt has been made to resolve such an issue at the end of the thesis. The

possibility of crossing over from one universality class to that of another by con-

trolling certain external parameter has also been explored. Finally, the application

of a set of new techniques to study different sandpile models makes it possible to

characterize them distinctly, the universality classes of these models are identified

by the symmetries in their toppling rules and a crossover from RSM universality

class to that of SSM is found possible.

The thesis is organized in the following way. In chapter 2, the rotational sandpile

model (RSM) is introduced and the critical behaviour of the steady state is char-

acterized by studying the probability distribution of avalanche properties as well as

by performing FSS analysis. In chapter 3, two variants of RSM are introduced. In

one variant of RSM, called RSM1, the toppling rule is more deterministic than RSM

and in the other variant of RSM, called RSM2, the toppling rule is more stochastic

than RSM. Usual techniques of measuring the critical exponents are employed and
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their universality classes are determined. In chapter 4, two new methods to analyze

avalanche properties are introduced. Multifractal aspect of the avalanche cluster as

well as multi-affine character of the toppling surface associated with an avalanche

are explored. In chapter 5, a novel continuous phase transition called flooding tran-

sition through the toppling surface is studied and a set of new critical exponents are

estimated. Chapter 6 contains the critical properties of the island perimeters at the

threshold of flooding transition. The symmetries of different sandpile models and a

crossover from RSM to SSM in a suitable parameter space are studied in chapter 7.

A summary of the whole thesis and a discussion on the importance of the results

obtained are given in chapter 8.
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Rotational sandpile model and its

properties

A lattice statistical model is developed here to study the sandpile dynamics in

2-dimensions (2d) under rotational constraint. A common example of rotational

motion is the motion of a charged particle in a plane in presence of a magnetic field

applied perpendicular to the plane of motion. The sandpile model under rotational

constraint will be called as rotational sandpile model or RSM. In order to implement

rotational constraint on a lattice model, one needs to remember the direction along

which a sand grain or a particle moves at every time step. If in a given time step,

a particle has moved toward north then in the next time step it can move either

toward north or toward east under a clockwise rotational field. Implementation of

such a bias on a square lattice is demonstrated in Fig. 2.1. The motion of the particle

under rotational constraint in a given time step depends on the direction of motion

in the previous time step and could be different at one lattice point to another.

Such a bias is called a local bias. Implementation of rotational bias in equilibrium

lattice statistical models can be found in Ref. [108,109,110]. Below, the sandpile model

is developed under such a local bias.

1
2

3
4

Figure 2.1: Four directions from a lattice site
are marked as 1, 2, 3 and 4. Direction 1 cor-
responds the left, 2 corresponds the up, 3 corre-
sponds the right and 4 corresponds the down from
a site. The particle coming from 4 to the central
black site can move to 2 or 3 under a clockwise
rotational constraint.
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2.1 The model: RSM

Consider a 2d square lattice of size L×L. A positive integer variable hi is assigned

to each lattice site i which will represent the height of the sand column at the site i.

Starting with an empty lattice where all his are zero, sand grains are added one at

a time to randomly chosen lattice sites. The variable hi is incremented to hi +1 if a

sand grain is added to the ith site. A site becomes active or critical when the height

of the site becomes greater than or equal to a predefined threshold value hc. The

value of hc is taken as hc = 2 for the 2d square lattice. While adding a sand grain if

the site becomes active it will burst into a toppling activity by loosing hc sand grains

and distributing them to the nearest neighbours (NN) according to the toppling rule

described below. On the very first toppling of the active site, two sand grains are

given away to two randomly selected nearest neighbors out of four nearest neighbors

on a square lattice. As soon as a site receives a sand grain, the direction di from

which the grain was received is assigned to it besides incrementing the height of the

sand column hi by one unit. The value of di can change from 1 to 4 as there are

four possible directions on a square lattice. The directions from an active site i are

defined as di = 1 for left, di = 2 for up, di = 3 for right and di = 4 for down. As the

avalanche propagates, the direction di and height hi are updated on receiving a sand

grain and the information from which direction the last sand grain was received is

only kept. The next active sites with hi ≥ hc in the avalanche will topple following

a deterministic rotational toppling rule. One of the two sand grains from an active

site will flow in the forward direction, the direction from which the last grain was

received, and the other will flow in a clockwise rotational direction with respect to

the forward direction. The toppling rules for an active site i can be stated as:

For the first toppling only:

hi → hi − 2,

hj → hj + 1, j = j1, j2
(2.1)

where j1, j2 are two randomly selected sites out of four NN sites of the active site i

on a square lattice.

For the second toppling onward:

hi → hi − 2,

hj → hj + 1, j = di & di + 1
(2.2)

where di is the direction from which the last sand grain was received by the ith site.
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Figure 2.2: RSM is demonstrated on a 5 × 5 square lattice taking an arbitrary initial
configuration with the central site as an active site. The active sites with height 2 are
represented by bold letters in red. In the first toppling, the up and down NNs are randomly
chosen for sand grain distribution. In later toppling, the sand grains from an active site
flow in the forward direction and in a clockwise rotational direction. The sites in the
avalanche cluster are represented by the grey shade. Five parallel updates were needed to
make the system under critical. The avalanche has toppling size and area both equal to
nine.

If the index j becomes greater than 4 it is taken to be 1.

Toppling of an active site may initiate a series of intermittent bursts which constitute

an avalanche. Toppling of the first active site in an avalanche is taken as the first

time step. At the end of the first time step, some of the NN sites become active.

They are kept sequentially as they appear. In the second time step, all those active

sites are toppled in the sequence as they are stored. This is called a parallel update.

The sites that become active at the end of the second time step are relaxed by the

next parallel update or third time step. The process of parallel update continues

until an avalanche stops when the height of all the sand columns are less than hc.

The number of parallel updates required to make the system under critical is taken
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as the lifetime of an avalanche. During an avalanche no sand grain is added to keep

the driving slow in comparison to the internal relaxation. The avalanche dynamics

is studied with open boundary condition i.e.; loss of sand grain from the lattice is

possible through the boundary of the lattice.

Toppling rule of RSM is demonstrated in Fig. 2.2 on a 5 × 5 square lattice taking

an arbitrary initial configuration of the height of the sand columns. The numbers

associated with the boxes in Fig. 2.2 represent the height of the sand columns at

each lattice site. Upon adding one sand grain to the central site makes it an active

site and it is represented by a bold faced digit 2 in red. The active site topples

and it relaxes by releasing two sand grains. For the first time, they are distributed

to two randomly selected NN sites following the toppling rule given in Eq. 2.1. As

shown in Fig. 2.2(b), the two randomly selected sites are the top and the bottom NN

sites. The directions from which the top and the bottom sites received sand grains

are di = 2 and di = 4 respectively and they are indicated by arrows in Fig. 2.2(b).

Both the top and the bottom NNs of the central site become active upon receiving

a sand grain each. They topple simultaneously (parallel update of the active sites)

in the next time step following clockwise toppling rule given in Eq. 2.2(b). As per

the toppling rule given in Eq. 2.2(b), the sand grains of the top NN site will flow

toward up and right whereas for the bottom NN site they will flow toward down

and left. The flow of sand grains from these active sites are shown by arrows in

Fig. 2.2(c). On receiving these sand grains, some sites again become active. The

active sites produced in this time step are toppled simultaneously in the next time

step and the cascade of toppling activities stop when all the site become under

critical. In five time steps, the toppling activity stops and the final configuration

is shown in Fig. 2.2 (f). At the end of the avalanche, it can be noticed from the

arrows marked in Fig. 2.2 that the sand grains whirl in a clockwise rotational path

during the toppling activity.

2.2 Salient features of RSM

Several salient features of this newly introduced model are discussed below.

Two states: Since the final state of a site is either occupied by a single sand grain

or remains empty, the RSM is a two state model. Similarly, the MSM (or the SSM)

is also a two state model but the BTW is a four state model.

Mass conservation: During toppling the sand grains released from an active site

are not lost, instead they are distributed to the NN sites of the active site following
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2 2

Site on the right toppled first

3 0

0 3

1 0

0 1

Site on the left toppled first

Figure 2.3: Two different final states are obtained interchanging the toppling sequence
starting from the same initial state. The numbers represent the height of the sand column
and the associated short arrows represent the direction from which the last sand grain was
received.

the toppling rules of the RSM. In a non-conservative model, certain fraction of sand

is lost at each toppling and rest are distributed to the NN sites following the toppling

rule of that model [53,54,55,56]. Therefore, there is conservation of mass in the RSM.

Toppling imbalance: The number of sand grains outgoing from a site after top-

pling is not necessarily equal to the number of sand grains incoming to the same site

after toppling of its NNs once each. Therefore, there is toppling imbalance in RSM.

This is also the case in the MSM [82]. However, there is complete toppling balance in

BTW [4,114,115] because toppling of a site gives away four sand grains and toppling of

its four NNs once each gives back four sand grains. It can be noted that, imposition

of rotational constraint is responsible for toppling imbalance in RSM whereas the

toppling imbalance in SSM or MSM is due to randomness in grain distribution.

Non-Abelian: The final configuration in an avalanche depends on the sequence

of toppling of the active sites due to the rotational toppling rules considered in

the RSM. It is demonstrated in Fig. 2.3 considering two nearest neighbours at the

critical state (h = 2) at the same time step. The numbers represent the height

of the sand column at that site. The short arrows associated with the numbers

represent the direction from which the last sand grain was received. It can be seen

that reversing the order of toppling, two different final states are obtained. It has

been verified for a larger lattice on 2d that the interchange of toppling sequence

leads to different final configurations starting from the same initial configuration.

Consequently, the model is non-Abelian. In the BTW model, however, the final

configuration is independent of toppling sequence and it is an Abelian model. The

original Manna model is non-Abelian but the modified Manna model (SSM) is an

Abelian model.
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Internal stocashticity: In RSM, it is important to notice that toppling of one site

may change the present state (direction from which the last sand grain was received)

of the nearest neighbours. Consequently, the sand grains will flow in different direc-

tions than it was expected before toppling of its neighbours. Apart from the initial

stochastic step, the imposition of the rotational rule then also introduces some ran-

domness in the model during time evolution. This can be considered as “internal

stochasticity” in the model in contrast to the externally imposed stochasticity in

SSM or MSM [48,49,50]. This inherent randomness makes the model not only non-

Abelian but also “quasideterministic”. It is also important to notice that because

of the internal stochasticity in RSM, the local correlation in the rotational toppling

rules then cannot propagate throughout the avalanche as in the BTW.

Thus, on one hand RSM has features of mass conservation, open boundary, local

deterministicity in gain distribution after toppling as that of BTW while on the

other hand, it has features like toppling imbalance, certain stochasticity as that of

SSM and MSM as well as non-Abelianity as that of MSM. It is then important to

characterize the critical behaviour of RSM which has microscopic features of both

the BTW and the SSM or the MSM. Later on stochastic sandpile model will be

referred as SSM if it is not mentioned specifically.

2.3 Steady state

Taking an empty square lattice of size 4096 × 4096, sand grains are added one at

a time to randomly chosen sites. The system evolves following the RSM toppling

rule. The non-equilibrium steady state of a sandpile model corresponds to constant

current of the incoming and outgoing flux of sand grains. At this situation, average

height of the sand columns remains constant with time. In order to identify the

steady state of RSM, the average height of the sand columns

〈h〉 =
1

L2

L2

∑

i=1

hi (2.3)

is measured adding a large number of sand grains. The average height 〈h〉 is mea-

sured after every 10, 000 sand grains added. Measurement of 〈h〉 is always performed

after the avalanche is completed. In Fig. 2.4(a), 〈h〉 is plotted against the number

of sand grains added. Total number of sand grains added to the system of size

L = 4096 is 15 × 106. It can be seen that a constant average height 〈h〉 is achieved
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Figure 2.4: (a) Plot of average height 〈h〉 against the number of sand grains added. The
value of 〈h〉 remains constant over a large number of sand grains added. (b) Dependence
of the saturated average height 〈h〉 on the system size L. 〈h〉 remains almost constant
with system size L.

after adding a sufficiently large number of sand grains. It was observed that about

106 avalanches occurred due to the addition of 15×106 sand grains into the system.

Therefore, at least 106 initial avalanches are required to achieve the steady state for

a system of size L = 4096. For smaller lattice sizes, the steady states are reached

after a comparatively smaller number of avalanches than that of L = 4096. The

values of 〈h〉 against the system size L is plotted in Fig. 2.4(b). It can be seen that

the average height remains almost constant over the system sizes.

2.4 Avalanche cluster morphology

Before starting the estimation and analyzing the properties of RSM avalanches it is

important to visualize the typical morphology of RSM avalanches. A typical large

avalanche cluster of the RSM obtained in its steady state on a square lattice of size

128 × 128 is shown in Fig. 2.5(a). In an avalanche cluster the number of times a

site toppled is called toppling number Si of the site. Different colours correspond to

different bands of toppling number in an avalanche. As mentioned in the caption of

Fig. 2.5, white space inside the cluster corresponds to the sites that did not topple at

all during the avalanche and the colours correspond to ( ) for 1 ≤ Si ≤ 14, ( ) for

15 ≤ Si ≤ 28, ( ) for 29 ≤ Si ≤ 42, ( ) for 43 ≤ Si ≤ 56, ( ) for 57 ≤ Si ≤ 70, ( )

for 71 ≤ Si ≤ 84, ( ) for Si ≥ 85. Since the toppling rule of the RSM has features
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(a) RSM

(b) BTW (c) SSM

Figure 2.5: Typical avalanche clusters of (a) the RSM, (b) the BTW and (c) the SSM
generated at their respective steady states on a square lattice of size 128× 128 are shown.
The white space inside the clusters corresponds to the sites that did not topple at all
during the avalanche. Different colours represent toppling numbers in bins as ( ) for
1 ≤ Si ≤ 14, ( ) for 15 ≤ Si ≤ 28, ( ) for 29 ≤ Si ≤ 42, ( ) for 43 ≤ Si ≤ 56, ( ) for
57 ≤ Si ≤ 70, ( ) for 71 ≤ Si ≤ 84, ( ) for Si ≥ 85.
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2.4 Avalanche cluster morphology

of both the BTW and the SSM, it is interesting to compare the morphology of the

RSM avalanche cluster with those of the BTW and SSM. The avalanche clusters

of the BTW and the SSM obtained at their respective steady states on the square

lattice of size L = 128 are given in Fig. 2.5(b) Fig. 2.5(c) respectively. The colours

in these clusters correspond to the same width of toppling numbers as that of RSM.

There are a number of things to notice. First, the avalanche cluster of RSM has the

maximum number of colours whereas the BTW cluster has the minimum number of

colours. The number of colours in a cluster corresponds to the maximum number

of times a site toppled during the avalanche. The clusters shown here have the

maximum number of toppling of a site as 108, 42 and 51 for the RSM, the BTW

and the SSM respectively. It has been observed in an ensemble of avalanche clusters

that in RSM, the maximum number of times a site toppled during the avalanche

is larger in comparison to that of the other models. Second, the avalanche clusters

in all three models are isotropic in nature. Anisotropic avalanche clusters were

obtained only in the presence of a global bias in the model as in the DSM [51] and

the directed fixed energy sandpile (DFES) [116]. Third, avalanche cluster morphology

of the RSM is very different from that of both the BTW as well as the SSM. The

BTW avalanche cluster consists of concentric zones of lower and lower number of

toppling around a single maximal toppling zone [60,117,118] whereas avalanche cluster

of the SSM is random in nature [75,77]. The RSM avalanche cluster neither fully

consists of concentric zones as in the BTW nor it is totally random. It is important

to note that the local correlation in rotational constraint does not lead to long

range correlation generating the BTW like correlated structure. Fourth, there are

more than one black zones (maximum number of toppling zones) in the avalanche

cluster of the RSM. It is then possible to have several maximal toppling zones in

an avalanche in the RSM like that of the SSM [60,75,77,117,118] whereas in the BTW

always one maximal toppling zone appears [60,117,118]. The RSM avalanche looks like

superimposition of several BTW type structures around different maximal toppling

zones. Fifth, the maximal toppling zones appear at arbitrarily different places in

RSM which does not correspond to the lattice site where the sand grain was added

to initiate the avalanche. In the BTW, the maximal toppling zone appears at and

around the site where the sand grain was added to initiate the avalanche [60,117,118].

Sixth, the BTW avalanche clusters are compact without holes or no toppling regions

inside an avalanche. On the other hand, the avalanche clusters of the SSM consists

of several holes inside the cluster due to the stochastic rule of sand distribution.

The RSM avalanche cluster is almost compact with a few holes here and there.
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The appearance of holes in RSM is due to the rotational rule of sand distribution.

However, generation of a single sited hole should be forbidden by the rotational

rule with rotation in a particular direction and without any randomness. It can be

noted that holes of a single site also appear in the avalanche clusters of RSM. An

avalanche in RSM can also be considered as a branching process as demonstrated

for the SSM [119]. Single sited holes in the RSM avalanche cluster could only appear

at the termination point of different branches of toppling.

The RSM avalanche cluster therefore has properties of both the deterministic BTW

and the stochastic SSM. It is then expected that the critical avalanche properties in

the steady state will show a mixed behaviour.

2.5 Avalanche properties in the steady state

In order to characterize the physical properties of the avalanches which occurred

at the non-equilibrium steady state, extensive computer simulations have been per-

formed on the square lattice of size L = 4096 in multiples of 2. Santra et al. [113]

reported some numerical results considering lattice size upto L = 2048. In this

thesis, the numerical computation is extended to higher lattice sizes and the re-

sults are verified. On the square lattice of size L = 4096, the first 106 avalanches

were skipped to achieve the steady state. Ten height configurations on the steady

state are saved. Each of these configurations is further evolved using different ran-

dom number seeds. For each of these the steady state configurations, initial 105

avalanches are neglected again before collecting data. Averaging of data is made

over 2×106 avalanches collecting from ten different steady state branches. It should

be mentioned here that due to the rotational constraint the lifetime of an avalanche

in RSM is much higher in comparison to that of other models. The generation of a

large number of avalanches then requires huge computer time for RSM. For example

in order to generate the steady state configurations from an empty lattice of size

L = 4096 it takes 589 hours and 21 minutes in a single IBM machine. After reaching

the steady state in order to generate a total of 2× 106 avalanches from 10 branches,

computation time about 90 hours per branch is required.

2.5.1 Probability distribution

In order to characterize different physical properties of the avalanches which occurred

at the steady state, the following quantities such as toppling size s of an avalanche,
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Figure 2.6: Probability distributions (a) P (s), (b) P (a), (c) P (t), and (d) P (l) are
plotted against s, a, t and l respectively for system size L = 4096. The solid lines are best
fitted lines through the linear part of the distributions.

avalanche area a, lifetime t, and spatial extension l are measured. Toppling size s is

the total number of toppling that occurred in an avalanche. Area a is the number

of distinct sites toppled. Lifetime t is the number of parallel updates to make all

the sites under critical. The spatial extension l is given by l2 = 2
∑a

i=1(r0 − ri)
2/a

where r0 =
∑a

i=1 ri/a, ri is the position vector of the distinct sites toppled. The

probability distribution function of the avalanche related quantities s, a, t and l at

the steady state of the RSM is expected to obey power law scaling behaviour given

by

P (s) ∼ s−τs , P (a) ∼ a−τa , P (t) ∼ t−τt , P (l) ∼ l−τl (2.4)

where τs, τa, τt and τl are the corresponding critical exponent associated with for

s, a, t and l. In order to obtain the probability distributions, data are collected in
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bins of intervals of 10s, 100s, 1000s and so on. Finally the data are normalized by the

bin widths. The probability distribution P (s) of the toppling size s, P (a) of the area

a, P (t) of the lifetime t, P (l) of the extension l are plotted in double logarithmic scale

for the system of size L = 4096 in Figs. 2.6(a), (b), (c) and (d) respectively. It can be

seen that the probability distributions of all four avalanche related quantities follow

power law scaling behaviour as expected. The probability distributions are limited

by the finite system size. For example, the maximum possible a and l of an avalanche

are L2 ≈ 106 and L ≈ 103 respectively for a system of size L = 4096 as it can be

seen in Figs. 2.6 (b) and (d) respectively. Therefore, there is no characteristic size,

area, lifetime and extension of the avalanches at the non-equilibrium steady state of

RSM. Hence, RSM exhibits self-organized criticality. The probability distribution

exponents τx for x ∈ {s, a, l, t} are estimated from the slope of the best fitted straight

line through the data points of the probability distributions in Fig. 2.6. The solid

lines in Fig. 2.6 represent the best fitted straight line between the data points. The

values of the exponents estimated are, τs = 1.224 ± 0.005, τa = 1.334 ± 0.005,

τt = 1.389 ± 0.005 and τl = 1.667 ± 0.007. The errors are due to the least square

fitting taking into account the statistical error of each data point. In the Table 2.1,

the values of the critical exponents obtained for the RSM are listed and compared

with those known for the BTW and the SSM. The values of the exponents for the

BTW and the SSM are taken from Refs. [75,76,77]. The values of the critical exponents

obtained for RSM on the system size L = 4096 are found consistent with those

obtained previously on a smaller system size [113]. The toppling size exponent τs and

the lifetime exponent τt are different whereas τa and τl are almost the same as that of

the BTW. The disagreement of the toppling size and lifetime distribution exponents

with the corresponding BTW exponents can be accounted by the fact that in the

RSM the avalanche waves generally have a spiraling nature around several maximal

toppling zones within the avalanche cluster and as a consequence it will take a longer

time and a large number of toppling for an avalanche to die away than that in the

BTW where a single maximal toppling zone occurs and the toppling wave propagates

outwardly. On the other hand, in comparison to the SSM, most of the exponents

are found different. Thus, from the point of view of power law correlations, some

of the avalanche properties are similar to that of BTW but different from the SSM.

Note that τs = 2 − 1/τa, conjectured by Majumder and Dhar [120], is satisfied in the

case of the SSM but it is not valid for the BTW. It can be seen that the conjecture

is just outside the error bar here in the case of the RSM. The expected value of τs

in the RSM from the conjecture is ≈ 1.25 close to the obtained value 1.224± 0.005.
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Models
Exponent BTW SSM RSM

τs 1.293 1.275 1.224 ± 0.005
τa 1.330 1.373 1.334 ± 0.005
τt 1.480 1.493 1.389 ± 0.005
τl 1.665 1.743 1.667 ± 0.007
γal 2.00 2.00 2.002 ± 0.002
γat 1.53 1.35 1.167 ± 0.005
γsa 1.06 1.23 1.453 ± 0.003
γtl 1.32 1.49 1.715 ± 0.005

Table 2.1: Comparison of critical exponents obtained for the RSM with that of the
BTW and the SSM. The values of the critical exponents for BTW and SSM are taken
from Refs. [75,76,77]. Some of the exponents are close to that of BTW and most of them are
different from that of SSM.

2.5.2 Conditional expectation values

Since the avalanche properties are related to each other, conditional expectation val-

ues are defined as introduced by Christensen et al. [121]. The conditional expectation

value of different avalanche property is defined as

〈a(l)〉 =

∫ amax

0

aP (a|l)da, 〈a(t)〉 =

∫ amax

0

aP (a|t)da

〈s(a)〉 =

∫ smax

0

sP (s|a)ds, 〈t(l)〉 =

∫ tmax

0

tP (t|l)dt (2.5)

where P (a|l) is the probability to find an avalanche of area a with extension exactly

equal to l, P (a|t) is the probability to find an avalanche of area a with lifetime

exactly equal to t, P (s|a) is the probability to find an avalanche of toppling size s

with area exactly equal to a, and P (t|l) is the probability to find an avalanche of

lifetime t with extension exactly equal to l. In the steady state, the expectation

values scale with its argument are as

〈a(l)〉 ∼ lγal, 〈a(t)〉 ∼ tγat , 〈s(a)〉 ∼ aγsa , 〈t(l)〉 ∼ lγtl (2.6)

where γal, γat, γsa and γtl are the critical exponents. Four expectation values 〈a(l)〉,

〈a(t)〉, 〈s(a)〉, and 〈t(l)〉 are calculated on a square lattice of size L = 4096 and their

scaling behaviour are determined. In Fig. 2.7, the expectation values are plotted

against their respective arguments in double logarithmic scale in order to estimate
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Figure 2.7: Plot of conditional expectations of avalanche properties: (a) area (〈a(l)〉)
versus extension (l), (b) area (〈a(t)〉) versus time (t), (c) toppling size (〈s(a)〉) versus area
(a), and (d) time (〈t(l)〉) versus length (l). The solid lines show the best fitted straight
lines. Corresponding exponents are found as: γat = 1.167 ± 0.005, γal = 2.002 ± 0.002,
γsa = 1.34 ± 0.01 and γtl = 1.713 ± 0.015. Errors are least square fit error.

the γ exponents. It can be seen that the conditional expectation values scale with

their respective arguments as assumed in Eq. 2.6. From the slope of the best fitted

straight lines through the data points in Fig. 2.7, the values of the exponents are

estimated as: γal = 2.002 ± 0.002, γat = 1.167 ± 0.005, γsa = 1.453 ± 0.003, and

γtl = 1.715± 0.005. In Table 2.1, the values of γxy of RSM are listed and compared

with those of BTW and SSM. There are few things to notice. First, the exponent

γal is found ≈ 2 since the avalanche clusters are almost compact with a few holes

here and there. Second, γsa is found greater than one. This is expected because in

this model, a site topples many times in an avalanche due to rotational constraint.

Moreover the value of γsa for the RSM is higher than that of the BTW and the
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γsa = τa−1
τs−1

γat = τt−1
τa−1

γal = τl−1
τa−1

γtl = τl−1
τt−1

1.491 ± 0.010 1.165 ± 0.010 1.997 ± 0.010 1.715 ± 0.014

Table 2.2: Critical exponents associated with conditional expectation values for RSM
are estimated from the scaling relation γxy =

τy−1
τx−1 . The τ and γ exponents are found to

obey the above scaling relation among them within error bars.

SSM. Third, the value of the dynamical exponent γtl is the highest in the RSM and

it is lowest in the BTW. Because, due to the rotational constraint the sand grains

whirl around several maximal zones inside the avalanche and take a longer time

to complete an avalanche. Fourth, according to the scaling function form given in

Eq. 2.6, the exponents should satisfy the scaling relation γxz = γxyγyz. It can be

seen that the scaling relation γal = γatγtl is satisfied within error bars. Fifth, the

values of γsa, γat and γtl are found different from that of the BTW as well as the

SSM except γal. The exponents γxy, τx and τy are connected via the following scaling

relation

γxy = (τy − 1)/(τx − 1). (2.7)

as derived in chapter 1. The above scaling relation is satisfied within error bars for

x, y ∈ {s, a, l, t} . Thus, the extended set of exponents obtained here in the RSM

from both power law analysis and conditional probabilities are consistent with the

scaling relations. Note that the values of the critical exponents obtained here should

remain invariant under the reversal of rotational symmetry. Though some of the

exponents are close to that of the BTW, the RSM belongs to a new universality

class because the extended set of exponents are not identical. It can be noted that,

because of their anisotropic character DSM and DFES are already found to belong

to different universality classes.

2.5.3 Finite size scaling study

Singularities of thermodynamic quantities in equilibrium critical phenomena are

characterized by well defined critical exponents. The set of critical exponents and

the form of the scaling function determine the universality class of a system in the

thermodynamic limit [2]. In numerical simulations, the results are very often limited

by the finite system size L. There is rounding and shifting of critical singularities in

finite systems depending on the ratio of correlation length to the linear dimension

L of a system. In order to obtain the behaviour of a macroscopic system in the

thermodynamic limit, results of finite systems are often extrapolated using finite-
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Figure 2.8: (a) P (s), (b) P (a), (c) P (t) and (d) P (l) are plotted against s, a, t and l
respectively for different systems of sizes L = 128 (×), 256 (#), 512 (2), 1024 (3), 2048
(△) and 4096 (✳). All the four distributions have power law correlation with cutoff that
increases with system size L.

size scaling (FSS) ansatz [83]. The critical properties of sandpile models exhibiting

SOC at the non-equilibrium steady state is expected to follow the usual FSS ansatz

as observed in equilibrium critical phenomena. Surprisingly, the scaling behavior of

the BTW sandpile model [4,114,115], is found to obey a peculiar multiscaling [79,80,81]

rather than FSS whereas SSM follows FSS. Since the RSM has features of both the

BTW and the SSM, it is interesting to study the FSS behaviour of the probability

distribution functions.

In an infinite system though the probability distribution of the avalanche related

quantities follow power law scaling as given in Eq. 2.4. However, for a finite sys-

tem, the probability distributions terminates at a well defined cutoff as observed in

Fig. 2.8. The cutoff of the distributions are expected to depend on the system size
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L. The cutoff smax of the probability distribution P (s) is assumed to scale with

finite system size L as smax ∼ LDs , where Ds is the capacity dimension of toppling

size. Similarly, the cutoffs of the probability distributions of area amax, life time tmax

and extension lmax are also expected to scale with L as amax ∼ LDa , tmax ∼ LDt

and lmax ∼ LDl where Da, Dt and Dl are capacity dimensions of area, life time and

extension respectively. Thus, the probability distribution P (x, L) of an avalanche

related quantity x for a given L is expected to obey a scaling function form given

by

P (x, L) = s−τxf(x/LDx) x ∈ s, a, t, l (2.8)

where f(x/LDx) is the finite size scaling function. In the L → ∞ limit, the scaling

function f(0) becomes a constant and the power law behaviour given in Eq. 2.8 can

be approximated as P (x) ∼ x−τx for x ∈ s, a, t, l.

Extensive numerical simulation has been performed on the square lattice of different

lattice sizes starting from L = 128 to L = 4096 in multiples of 2. For each lattice

size, a large number of avalanches are collected for averaging, ranging from a total

64×106 avalanches for L = 128 down to 2×106 avalanches for L = 4096. In Fig. 2.8,

distributions of toppling size P (s), area P (a), life time P (t) and extension P (l) are

plotted for different systems of sizes ranging from L = 128 to 4096. It can be seen

that the probability distributions of all four avalanche related quantities on smaller

system sizes are also following the same power law scaling of the largest system size

L = 4096. Hence the power law scaling exponent τx can be taken as that of the

system size L = 4096 given in section 1.5.1. However, the distributions are found

to have sharp cutoffs corresponding to different system sizes. The cutoffs xmax of

the distributions P (x) are found to increase with increase in L as expected. As

already mentioned, the cutoff value of a property x on a given system size L will be

determined by the capacity dimension Dx of that quantity.

Moment analysis: In order to estimate the values of Dxs as well as to verify FSS

form of the distribution functions, the avalanche properties are analyzed following

the method of moment analysis [79,80,81,82]. The q moments of a property x is defined

as

〈xq〉 =

∫ xmax

0

xqP (x, L)dx ∼ Lσx(q) (2.9)

where σx(q) = (q+1−τx)Dx. Thus, if the probability distributions obey FSS then the

moment exponent σx(q) should have a constant gap between two successive values

and the gap is defined as δσx(q, q + 1) = σx(q + 1)− σx(q) which should be equal to
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Figure 2.9: Plot of (a) 〈sq(L)〉, (b) 〈aq(L)〉, (c) 〈tq(L)〉, (d) 〈lq(L)〉 versus L for q = 1
(#), 2 (2), 3 (△), 4 (✳). Solid lines are the linear least square fitted lines.

Dx. On the other hand, if they obey multiscaling, σx(q) should have a continuous

dependence on q. In Fig. 2.9, 〈xq(L)〉 is plotted against L in double logarithmic

scale for x ∈ s, a, t, l for q = 1, 2, 3 and 4. The lattice size is varied from L = 128

to 4096 in multiples of 2. It can be seen that different moments of the avalanche

related quantities follow the FSS with L as it is given in Eq. 2.9. For a given q, the

value of σx(q) has been obtained from the slope of the plot of log2〈x
q(L)〉 versus

log2 L and their values are listed in Table 2.3. Two important things are to notice.

First, 〈s(L)〉 is equivalent to the number of steps by a random walker required to

reach the lattice boundary [119]. In an avalanche, a sand grain moves unit distance in

each toppling and the sand grains diffuse over a certain distance in a time exactly

equal to the number of toppling occurred in the avalanche. From the FSS analysis it

can be seen that σs(1) = 2.01± 0.01. Thus, the growth of average toppling number

as a quadratic power of the system size L for RSM represents diffusive transport of
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σs(q) σa(q) σt(q) σl(q)

q = 1 2.01 ± 0.01 1.28 ± 0.01 0.88 ± 0.01 0.37 ± 0.01

q = 2 4.84 ± 0.02 3.34 ± 0.01 2.41 ± 0.02 1.29 ± 0.01

q = 3 7.64 ± 0.02 5.36 ± 0.01 3.98 ± 0.03 2.30 ± 0.01

q = 3 10.44 ± 0.03 7.38 ± 0.01 5.53 ± 0.04 3.31 ± 0.01

Table 2.3: Values of σX(q), x ∈ {s, a, t, l} for q = 1, 2, 3 and 4 for the RSM.
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Figure 2.10: (a) Plot of σx(q) versus q for x ∈ {s, a, t, l}. (b) Plot of ∂σx(q)/∂q versus
q for x ∈ {s, a, t, l}. For each x ∈ {s, a, t, l}, ∂σx(q)/∂q saturates to constant value Dx for
large q limit.

sand grains. The diffusive nature of the RSM is in accordance with the fact that

spiral random walks are also diffusive [122]. Diffusive nature of sand flow has already

been observed for the BTW and the SSM [119]. Second, one could calculate the gap

between exponents of successive moments and verify FSS. From the data given in

Table 2.3, it could be verified that for a given x the values of δσx(q, q+1) are almost

constant within error bars. Thus, it may be concluded from the above analysis that

the RSM is following FSS.

Capacity dimensions: In order to obtain a better estimate of the capacity dimen-

sion Dx, sequences of exponents σx(q), x ∈ {s, a, t, l}, are obtained for 400 values

of q between 0 and 4 with equal interval. In Fig. 2.10(a), the exponents σx(q) for

x ∈ {s, a, t, l} are plotted against the moment q. It can be seen that for higher

values of q, the slopes of different curves are fairly constant. It has been verified

by estimating the slopes ∂σx/∂q using finite difference method. In Fig. 2.10(b),

∂σx/∂q is plotted against q. It can be seen that the slopes converge to a fixed value

for large values of q. The limiting values of the slopes are the respective capacity
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Models
Exponent BTW SSM RSM

Da 2.00 2.00 2.03 ± 0.02
Ds · · · 2.74 2.86 ± 0.02
Dt · · · 1.56 1.60 ± 0.02
Dl 1.00 1.00 1.00 ± 0.02

Table 2.4: Critical exponents related to diffusivity and capacity dimensions of avalanche
related quantities of the RSM are compared with that of the BTW and the SSM.

dimensions Dx. The values of capacity dimensions of several quantities are obtained

as Ds = 2.86 ± 0.01, Da = 2.03 ± 0.01, Dt = 1.60 ± 0.01 and Dl = 1.00 ± 0.01 for

the RSM. The errors are due to the finite difference method adopted for differen-

tiation of the σ(q) sequence. These values are consistent with those measured in

Ref. [113] considering lower system sizes. The values of Dx are listed in Table 2.4

and compared with those of the BTW and the SSM. It can be seen that Da for all

three models is approximately 2, which signifies the compactness of the avalanche

clusters in all three models. Since the maximum linear extension of the avalanche

clusters are proportional to the system size, the value of Dl is found to be 1 for all

the three models. The values of Dt in SSM and in RSM are found close whereas

the values of Ds in these models are different. From the moment analysis, it was

already observed that ∂σa(q)/∂q do not saturate in BTW [81], hence numerical values

of these exponents were not possible to estimate. Since the values of Ds and Dt did

not saturate to a definite value, it was concluded that BTW does not follow FSS

ansatz rather follows a peculiar multiscaling. On the other hand, SSM follows FSS

ansatz and the exponent values saturates to a definite value in the limit of large q.

In order to compare the probability distribution functions of the RSM and that of

the BTW with respect to that of the SSM a quantity ∆x,m(q) is defined as

∆x,m(q) =

∣

∣

∣

∣

∣

1 −
σ′

x,m(q)

σ′

x,SSM(q)

∣

∣

∣

∣

∣

, (2.10)

where σ′(q) = ∂σ/∂q and m stands for the models BTW or RSM. ∆x,BTW and ∆x,RSM

are plotted against q in Fig. 2.11(a) for x = s and in Fig. 2.11(a) for x = t. The

dotted line corresponds to ∆x,BTW and the solid line corresponds to ∆x,RSM. It can

be seen that the value of ∆x,RSM(q) for toppling size and lifetime remains constant

with respect to the SSM whereas in the case of the BTW, they increases slowly with
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Figure 2.11: (a) Plot of ∆s,BTW and ∆s,RSM versus q. (b) Plot of ∆t,BTW and ∆t,RSM

versus q. In both the case of toppling size and lifetime ∆x,BTW increases with q with
respect to SSM whereas for RSM they remain unchanged with q with respect to SSM.

respect to the SSM. Thus, the scaling functions of the avalanche properties in the

RSM follow FSS as in SSM rather than multiscaling as in the BTW.

The capacity dimensions Dx extracted from the moment analysis are not indepen-

dent but they can be related to the distribution exponents τx. Since for a given

system size L the sum of the probabilities of appearance of any avalanche related

quantity must be equal to one, the integrated probabilities for any two avalanche

properties x and y can be written as,

∫

P (x)dx =

∫

P (y)dy (2.11)
∫

x−τx fx(x/LDx)dx =

∫

y−τy fy(y/LDy)dy (2.12)

Defining a scaled variable zx = x/LDx and zy = y/LDy the above equation can be

written in terms of zx and zy as

L(1−τx)Dx

∫

z−τx

x fx(zx)dzx = L(1−τy)Dy

∫

z−τy

y fy(zy)dzy (2.13)

Since the integral will contribute to a constant one can write

Dx

Dy
=

1 − τy

1 − τx
= γxy (2.14)

Therefore, taking Dl = 1, one should have Dx = γxl. Such a scaling relation is

known to be valid for the SSM. In the case of RSM one can verify the relation as
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γal = 2.002± 0.002 (Table 2.1) and Da = 2.03± 0.02 (Table 2.4). Thus, the above

scaling relations are also valid for the RSM.

It has already been established that all these models are diffusive in nature. Hence,

one may assume that σs(1) is exactly equal to 2 and a scaling relation among the

capacity dimension Ds and the distribution exponent τs can be obtained as

Ds(2 − τs) = 2 or τs = 2 −
2

Ds
. (2.15)

In the case of SSM, the above scaling relation is well verified. However, for the RSM

the estimated value of τs is found little lower than what is expected from the above

scaling relation.

Data collapse: Since the values of the capacity dimensions are known, it is now

possible to check the scaling function form given in Eq. (2.8). The scaling function

form is checked by plotting a scaled distribution P (x)LDxτx against the scaled vari-

able x/LDx for x ∈ {s, a, t, l} in Fig. 2.12 following Chessa et al. [73]. In Fig. 2.12

the scaled distributions P (x)LDxτx are plotted against the scaled variables x/LDx

for x ∈ {s, a, t, l} for different systems of size L = 512, 1024, 2048 and 4096. It can

be seen that, using the measured critical exponents, data for different system sizes

collapse on a single curve representing the FSS function assumed in Eq. 2.8 for all

the four properties s, a, t and l. The FSS forms assumed here for the probability

distribution functions for the avalanche properties in RSM are then correct. It is

interesting to note that though RSM has locally deterministic rule for grain distri-

bution, it is conservative, its avalanche cluster morphology is almost compact, it is

diffusive, and some of the critical exponents are similar to that of BTW, the scaling

functions in RSM do not follow multiscaling as in BTW. This has happened due to

the nature of the rotational constraint which incorporates “internal stochasticity”

by changing the state of the critical sites in a time step during time evolution of the

system. Note that, due to the presence of rotational constraint on the sand flow the

toppling balance is also broken as already mentioned. Recently, it is demonstrated

by Karmakar et al. [82] that the scaling functions obey FSS rather than multi-scaling

if toppling imbalance is introduced in the BTW sandpile model. Existence of FSS

in RSM is possibly due to toppling imbalance as well as “internal stochasticity” in

the model.
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Figure 2.12: Plot of the scaled distribution P (x)LDxτx against the scaled variable x/LDx

for x ∈ {s, a, t, l}. System sizes are taken as L = 512 (#), L = 1024 (2), 2048 (△) and
4096 (✳). A reasonable data collapse occurs for (a) toppling size s, (b) the area a, (c)
lifetime t and (d) spatial extension l of the avalanche.

2.5.4 Toppling waves and time auto-correlation

In order to understand the microscopic reason behind FSS to be followed by certain

sandpile models at out of equilibrium situations, a coarse grained study of the time

evolution of the avalanches were performed by decomposing avalanches into waves

of toppling [86,87,88]. The same technique has been applied for the RSM and the RSM

toppling waves are generated. The generation of RSM toppling waves is demon-

strated on a 15 × 15 square lattice in Fig. 2.13. The toppling wave is generated

from the first active site where the sand grain is added. In Fig. 2.13(a), the central

site, marked by ×, is made active by adding sand grains. The central active site is

toppled and it generates a cascade of toppling. During the toppling the central site

may become active again but it is not allowed to topple until the avalanche once trig-
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Figure 2.13: Typical waves of an avalanche generated at the steady state of RSM is
shown for a square lattice of size 15 × 15. The site marked with × corresponds to the
site where the sand grain is added. The four waves of toppling together constitute the
avalanche. Different colours in a wave correspond to toppling number of a site in the
wave. Different colours in the avalanche corresponds to toppling number of a site in the
avalanche. Different colours represent different toppling numbers as grey ( ) for 0, red
( ) for 1, green ( ) for 2, blue ( ) for 3, sky-blue ( ) for 4 and dark green ( ) for 5.

gered is not over. The number of toppling during the propagation of an avalanche

starting from an active site without allowing further toppling of the same, consti-

tute the first wave of toppling. The lattice sites toppled in the first toppling wave

generated from central active site (×) are shown in Fig. 2.13(a). Different colours

associated with the lattice sites represent the number of times a site toppled during

the propagation of the wave as: grey ( ) for 0, red ( ) for 1, green ( ) for 2, blue

( ) for 3, sky-blue ( ) for 4 and dark green ( ) for 5. It can be seen that the lattice

sites toppled multiple times in the wave and the central active site ×, the origin,

topples only ones. After the completion of first toppling wave the central active site

× is toppled again and a sequence of toppling activity occurs to become all the sites

under critical except the central site. This constitutes the second wave of toppling

and is shown in Fig. 2.13(b) using the same colour code of the first toppling wave.

Thus, each toppling of the central active site (×) creates a new toppling wave and

the generation of waves will stop when the central site (×) becomes under critical.

In the example considered here, the avalanche initiated by the central active site (×)

is consisting of four toppling waves as shown in Fig. 2.13. An avalanche cluster can

be constructed by superimposing these toppling waves. Such an avalanche cluster

by superimposing all four toppling waves is shown in Fig. 2.13(e). The colour of a

toppled site in the avalanche cluster represents the total number of toppling of that

site in all four toppling waves.

The total number of toppling s in an avalanche is then the sum of toppling occurred

in individual toppling wave to create such an avalanche. If there are m toppling
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waves to create an avalanche, the total toppling number s can be obtained as

s =
m

∑

k=1

sk (2.16)

where sk is the number of toppling in the kth wave. Taking each toppling wave

as a time unit, a wave time series {sk} is generated by keeping sequentially the

toppling numbers of all the toppling waves generated in a large number of avalanches.

Following Menech and Stella [89,90,91], a time auto-correlation function is defined as

C(t) =
〈sk+tsk〉 − 〈sk〉

2

〈s2
k〉 − 〈sk〉2

, (2.17)

where t = 1, 2, · · · and 〈· · · 〉 represents the time average. It has already been
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Figure 2.14: Time auto-correlation function C(t) is plotted against time t for (a) the
BTW, (b) the SSM and (c) the RSM. There is a long range correlation for BTW. The
toppling waves are uncorrelated for both the SSM and the RSM.

demonstrated by Menech and Stella [89,90,91] and Karmakar et al. [82] that there is long

range correlation in C(t) for the BTW whereas C(t) remains negative initially and

then becomes zero in the case of SSM. Thus, the waves in the BTW have correlation

over a longer period of time whereas they are uncorrelated in case of the SSM. It can

be mentioned here that the probability distribution of sizes of individual toppling

waves follow FSS for both the BTW and the SSM [88,89,90,91]. It was argued by Menech

and Stella [89,90,91] that since the toppling waves in SSM are uncorrelated, the scaling

behaviour of the probability distribution of sizes of the toppling waves must be the

same as that of the toppling sizes of the avalanches. Thus, negative auto-correlation

in the SSM toppling wave is consistent with the FSS of its avalanche sizes. On the

other hand, because of the long range correlation in BTW toppling waves, it was

observed that the probability distribution of the sum of sizes of n successive toppling

waves changes with increase in n and the distribution approaches the avalanche size
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distribution in the n → ∞ limit. Further they have established that the presence of

long range positive auto-correlation in the BTW toppling wave time series leads to

multiscaling in the avalanche size distribution. The time auto-correlation function

C(t) for the toppling waves has also been calculated here for the RSM for a system

of size L = 2048 taking time average over 106 toppling waves and are compared

with that of the BTW and the SSM. In Fig. 2.14(a), (b) and (c) C(t) is plotted

against t for the BTW, the SSM and the RSM. It can be seen that toppling waves

have correlation over long range for the BTW whereas they are anti-correlated for

the SSM as expected. The toppling waves are also uncorrelated here in the RSM

as in the case of the SSM. C(t) is found negative initially and then becomes zero.

It is then consistent with the fact that the toppling size distribution follow FSS

rather than multiscaling. The origin of negative auto-correlation in SSM is the

stochasticity. In the RSM, the local deterministic toppling rule picks up certain

randomness during the evolution and as a consequence the toppling wave shows

negative auto-correlation. Though the rotational constraint has local correlation,

the toppling waves become uncorrelated because of the “hidden stochasticity.” It

should be mentioned here that in the cases of the SSM and the RSM, the sites

involved in a toppling wave may topple more than once unlike in the case of the

BTW. Moreover, the toppling numbers as well as the final configurations of the

SSM and the RSM strongly depend on the sequence of toppling. As a consequence,

Eq. 2.16 may not always be satisfied in the RSM and the SSM. However, on an

average the collection of toppling waves can be considered as a representation of an

avalanche in these models.

2.6 Conclusion

A two state “quasi-deterministic” rotational sandpile model, the RSM, is defined on

a 2d square lattice imposing rotational constraint on the sand flow. The model has

microscopic properties such as mass conservation, open boundary, and local deter-

ministic rule in sand grain distribution at the time of toppling as that of BTW. On

the other hand, the rotational bias introduces toppling imbalance and certain in-

ternal stochasticity in the toppling dynamics. Stochasticity and toppling imbalance

are the properties of the SSM. The avalanche cluster morphology in the steady state

exhibits characteristics of both BTW as well as SSM. The critical properties of the

non-equilibrium steady state of RSM is studied by measuring probability distribu-

tion of several avalanche properties and performing FSS study of those properties.
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2.6 Conclusion

Avalanche properties in the steady state exhibit power law distributions with spe-

cific critical exponents. Therefore, the steady state of the RSM represents a SOC

state. RSM is found to be diffusive in character like BTW and SSM. An extended

set of critical exponents is calculated. It is observed that some of them are close to

that of BTW but different from SSM. The values of the exponents satisfy the scaling

relations among them within error bars. RSM then belongs to a new universality

class. The scaling function forms are determined. It is found that the scaling func-

tions of the RSM obey the usual FSS as in the case of SSM rather than multiscaling

as in the case of BTW. This has been confirmed by negative time auto-correlation

of toppling waves constituting an avalanche. The appearance of FSS as well as neg-

ative time auto-correlation in the RSM may be due to the local toppling imbalance

and the “internal stochasticity” caused by the imposed rotational constraint on the

model.
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Variants of RSM and their

characterization

The RSM described in previous chapter was found to belong to a new universality

class than that of the BTW and the stochastic SSM. Interestingly, the RSM has

some microscopic as well as macroscopic characteristics of both the deterministic

BTW and the SSM. The RSM was found to be non-Abelian and does not have top-

pling balance. As a consequence of toppling imbalance and negative auto-correlation

in the toppling waves, the RSM follows FSS ansatz as in the case of SSM. These

observations are all related to the fact that the local correlation due to the rota-

tional constraint in the toppling rule does not propagate upto the system size due

to appearance of internal stochasticity during time evolution. The appearance of

internal stochasticity in the RSM is due to the fact that the direction of flow of

sand grains from an active site may change from the expected direction of flow due

to toppling of its neighbouring sites. It is then interesting to explore the effect of

change in internal stochasticity in the RSM by controlling the direction of sand flow

at the time of toppling. In the RSM, the sand flow was governed by the direction

from which the last sand grain was received by the active site. The flow of sands

can be controlled in the following two different manners. First, the sand flow can

occur according to the direction from which the sand grain was received to make

the site active for the first time. Second, the sand flow can occur according to a

randomly selected direction from which the sands were received by an active site,

above or equal to the critical height. In the first case, it is expected that the internal

stochasticity will decrease and the local correlation will be stronger. As a conse-

quence the model will be more deterministic in nature and closer to the BTW. On

the other hand the internal stochasticity would increase and the local correlation
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should reduce due to the second condition. As a consequence the model will be

more stochastic and closer to the SSM. The effect of decrease or increase in internal

stochasticity in the critical behaviour of the RSM will be explored here constructing

two variants of the RSM by controlling the direction of sand flow.

3.1 The models: RSM1 and RSM2

Two different versions of the original RSM [113] namely the RSM1 and the RSM2 are

presented here. These two models are constructed by changing the toppling rules

of the RSM in such a way that in one the internal stochasticity as compared to the

RSM will be decreased and that will be called as RSM1. In the other, the internal

stochasticity will be increased and that will be called as RSM2. The models are

defined on a two dimensional (2d) square lattice of size L×L as it was done for the

RSM. Both the models are developed in the similar way as that of the RSM starting

from an empty lattice and adding sand grains to the randomly chosen lattice sites

one at a time. The critical height is also taken as hc = 2 for both the models. A

site becomes active if the height of the sand column at that site becomes greater

than or equal to hc. On the very first toppling of the active site, two sand grains

are distributed to two randomly chosen nearest neighbours as in the case of the

RSM. As soon as a site receives a sand grain, its height hi is increased by 1 and the

direction di from which the sand is received is noted. The information from which

direction the sand grain was received by a site is kept at all heights h ≥ hc. The

next active sites with hi ≥ hc in the avalanche will topple and two sand grains will

be taken away. The rotational toppling rule for the RSM1 and the RSM2 is given

below:

Toppling rule of RSM1: On the event of toppling of an active site, one sand

grain from the active site flows in the forward direction and the other will flow in

a clockwise rotational direction with respect to the forward direction. The forward

direction in RSM1 corresponds to the direction from which a site received sand grain

to become critical or active (h = hc) for the first time. The toppling rule of the

RSM1 is given by

hi → hi − 2

hj → hj + 1, j = dc, dc + 1
(3.1)

where dc is the direction from which the sand grain was received at h = hc.

Toppling rule of RSM2: The forward direction of sand flow in RSM2 corresponds

to the direction of the sand grain received by the site at an arbitrary height on, or
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above the critical height h ≥ hc. The toppling rule of the RSM2 is given by

hi → hi − 2

hj → hj + 1, j = dr, dr + 1
(3.2)

where dr is a randomly chosen direction from which a sand grain was received at a

height h ≥ hc.

In both the RSM1 and the RSM2, toppling of an active site may trigger a cascade

of toppling activities which constitutes an avalanche. Toppling of the first active

site in an avalanche is considered as the first time step. The NN sites which become

active at the end of the first time step are kept sequentially as they appear. All

those active sites are toppled in the sequence as they are stored in the second time

step. This is called a parallel update. The sites which become active at the end of

the second time step are relaxed by the next parallel update, the third time step.

The process of parallel update continues until an avalanche stops when height of

all the sand columns are less than hc. The number of parallel updates required to

make the system under critical is taken as the lifetime of an avalanche. During an

avalanche no sand grain is added and the avalanche dynamics is studied with open

boundary condition as it was followed for the RSM.

3.2 Steady state

As observed in the RSM, the non-equilibrium steady state of sandpile model is

characterized by the constant average height of the sand columns in the lattice. In

order to identify the steady states of the RSM1 and the RSM2, the average height 〈h〉

of the sand columns is measured adding a large number of sand grains to randomly

chosen lattice sites one at a time starting from an empty lattice of size 2048× 2048.

The average height of the sand columns is defined as

〈h〉 =
1

L2

L2

∑

i=1

hi. (3.3)

The average height 〈h〉 is measured after every 10, 000 sand grains added. Measure-

ment of 〈h〉 is always performed after the avalanche is completed. In Fig.3.1, 〈h〉s

are plotted against the number of sand grains added for both RSM1 and RSM2 and

is compared with the RSM. It can be seen that 〈h〉 attains a constant value for both

the RSM1 and the RSM2. The steady state value of 〈h〉 for the RSM1 is found to
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〉
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RSM2 Figure 3.1: Plot of average

height 〈h〉 against the number of
sand grains added for the RSM, the
RSM1 and the RSM2 for L = 2048.
The value of 〈h〉 remains constant
after a large number of sand grains
added. The steady state value of 〈h〉
for the RSM1 is close to that of the
RSM but it is slightly higher for the
RSM2.

be close to that of the RSM but it is slightly different for the RSM2. Total number

of sand grains added to the system of size L = 2048 is 4 × 106. For smaller lattice

sizes the constant average height is reached earlier than that of L = 2048.

3.3 Salient features of RSM1 and RSM2

The toppling rules followed in the RSM1 and the RSM2 incorporate certain non-

trivial features in the models. First, both the RSM1 and the RSM2 are found to be

a non-Abelian model and the final state depends on the sequence of toppling. How-

ever, it is observed that the RSM1 produces more Abelian configurations whereas

the RSM2 produces more non-Abelian configurations in comparison to the original

RSM. As a consequence, the RSM1 is more closer to the BTW in which all con-

figurations are Abelian and RSM2 is more closer to the SSM in which most of the

configurations are non-Abelian. This is demonstrated in Fig.3.2 applying different

toppling rules on the same initial configuration. Second, for both the RSM1 and

the RSM2 the number of sand grains outgoing from an active site after toppling is

not necessarily equal to the number of sand grains incoming to the same site after

toppling of its NNs once each. Thus there is no precise toppling balance for both

the RSM1 and RSM2. Third, in the RSM1 the internal stochasticity of the model

is expected to be less in comparison to the original RSM in which toppling rule was

governed by the direction of the last sand grain received whereas the RSM2 will

incorporate more stochasticity into the model in comparison to the original one. As

a consequence, the RSM1 is expected to be more closer to a BTW like model on the
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(0,0)
(0,0)

(0,0)
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(1,1) (0,1)
(0,1)

(1,1)
(0,0)

initial configuration
(3,2)

final configurations

RSMRSM1 RSM2

Figure 3.2: Toppling rules of the RSM, the RSM1 and the RSM2 are applied on a
two state initial configuration shown. In a state the numbers represent the height of the
columns. For this initial configuration, the RSM produces non-Abelian configurations
whereas the RSM1 produces Abelian configurations. The RSM2 produces Abelian as well
as non-Abelian configurations. The first row of the states are obtained by toppling the site
with 3 grains first and the second row corresponds to the states obtained by toppling the
site with 2 grains first. The thin arrows represent the direction from which the site received
a grain to become critical for the first time. The thick arrow represents the direction of
the next sand grain received.

other hand the RSM2 is expected to be more closer to the SSM. The stochasticity in

the RSM1 and the RSM2 appear from the fact that the sand flow in a given direction

is changed by the direction of the sand grain received by the same site to become

critical. The stochasticity in these models is thus internal and originates from the

implementation of the deterministic rotational rule of sand propagation as observed

in the RSM. Fourth, applying the toppling rules of the RSM1 and the RSM2 on a

same initial configuration leads to different final configurations. It can be seen in

Fig.3.2 that application of toppling rules of the RSM1 and the RSM2 on a same

initial configuration leads to different final configurations. It has also been checked

for a larger lattice that different final height configuration can be obtained from

the same initial configuration after applying the toppling rule of both the RSM1

and the RSM2. Though it is still possible to generate the same final configuration

starting from different initial states, one may eventually generate ensemble of con-

siderably different avalanche clusters than that of the RSM with the new toppling

rules. This has been demonstrated here by generating a pair of avalanche clusters

for the RSM1 and the RSM2 from the same initial steady state height configuration

on a 128 × 128 square lattice and are shown in Fig.3.3. The initial configuration

taken is a steady state configuration of the RSM1. However, in order to generate the

final configurations, rules of both the RSM1 and the RSM2 are applied to the same
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(a) (b)

Figure 3.3: Avalanche clusters for (a) the RSM1 and (b) the RSM2 are generated
on a 128 × 128 square lattice starting from the same initial configuration. The toppling
numbers are binned into six equal groups. Different colours assigned to each bin as: grey
( ) for 1 ≤ Si ≤ 8, yellow ( ) for 9 ≤ Si ≤ 16, green ( ) for 17 ≤ Si ≤ 24, red ( )
for 25 ≤ Si ≤ 32, blue ( ) for 33 ≤ Si ≤ 40 and black ( ) for 41 ≤ Si ≤ 50. White
space inside the avalanche corresponds to the sites that did not topple at all during the
avalanche.

initial configuration assuming that it could also be a possible configuration of the

RSM2. Though the clusters are generated from the same initial configuration the

final avalanche clusters obtained for RSM1 and RSM2 are different and have total

number of toppling 27862 and 19322, number of distinct sites toppled 2215 and 2045,

and have duration of 899 and 690 time steps respectively. However, both the clusters

are found isotropic and almost compact except few holes here and there. Different

colours assigned to a range of toppling numbers are: grey ( ) for 1 ≤ Si ≤ 8, yellow

( ) for 9 ≤ Si ≤ 16, green ( ) for 17 ≤ Si ≤ 24, red ( ) for 25 ≤ Si ≤ 32, blue ( )

for 33 ≤ Si ≤ 40 and black ( ) for 41 ≤ Si ≤ 50. It can be seen that the clusters

consist of several maximal toppling zones, the black or blue zones. The clusters also

has concentric zones of lower and lower numbers of toppling sites appearing around

the maximal toppling zones. The avalanche clusters then look like random superpo-

sition of several BTW type avalanche clusters [60,117,118]. These clusters look like the

RSM avalanche clusters but are different from the SSM avalanche clusters [75,77].
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3.4 Characterization of the steady states

In order to study the critical behaviour of avalanches and FSS of the RSM1 and the

RSM2, different physical properties are studied as a function of the system size L.

Avalanche clusters are generated at the respective non-equilibrium steady states of

these models on 2d square lattices of different linear dimension L = 128 to L = 2048

in multiples of 2. After reaching the steady state extensive data collection has been

made for each lattice size for averaging in a similar way as mentioned for the RSM

in the previous chapter. Number of avalanches for ensemble averaging ranges from

32 × 106 for L = 128 down to 2 × 106 for L = 2048.

3.4.1 Probability distributions

In the steady state of both the RSM1 and the RSM2, critical properties of three

different avalanche quantities: toppling size (s), area (a), and lifetime (t) are studied

for different system sizes L. The probability distributions of avalanche properties in

the steady state are expected to follow power law scaling behaviour as given by

P (s) ∼ s−τs, P (a) ∼ a−τa , P (t) ∼ t−τt (3.4)

where τs, τa and τt are the associated critical exponents. The probability distribu-

tions of s, a, and t obtained in the RSM1 and the RSM2 are shown in Fig.3.4(a)

for the system size L = 2048. The probability distributions of all three properties

are found to obey power law behavior for both the models for the given system size.

The power law scaling of these properties are also verified for the RSM1 and the

RSM2 on smaller system sizes. Since there is power law distribution, no typical top-

pling size, area or lifetime of an avalanche exists at the non-equilibrium steady state

of these models and hence they exhibit SOC. The values of the critical exponents

obtained for the system size L = 2048 are: τs = 1.225 ± 0.005, τa = 1.333 ± 0.006,

and τt = 1.389 ± 0.006 for both the variants [123,124]. These exponent values are also

found within error bars of the exponents obtained in the original RSM. The errors

are due to the least square fitting taking into account the statistical error of each

data point. Therefore, the critical behaviour of the probability distributions remain

unaltered under the modifications of toppling rules of the original RSM. Neither the

exponents of the RSM1 become closer to that of the BTW nor the exponents of the

RSM2 become closer to that of the SSM. Though the RSM1 and the RSM2 exhibit

similar critical behaviour at their respective non-equilibrium steady state as that of
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Figure 3.4: (a) P (x) is plotted against x,x ∈ {s, a, t} for the system size L = 2048 for
the RSM1 (circles) and the RSM2 (squares). P (x) demonstrates power law correlation
at the steady state of both the models. (b) The size dependent critical exponents τx(L)
is plotted against 1/L for the RSM1 (circles) and the RSM2 (squares). As L → ∞, the
avalanche properties are characterized by the same critical exponents for both the models.
The crosses on the y-axis represent the exponent values obtained for the original RSM on
a 2048 × 2048 square lattice.

the original RSM, the absolute values of the avalanche properties are found differ-

ent with different cutoff of the probability distributions. This implies that though

different models generate ensembles of different avalanche clusters their scaling be-

haviour remains the same. It is therefore important to note that change in toppling

rule does not lead to any different scaling behaviour in the case of the RSM. This

may be due to the robustness of the broken mirror symmetry present in these mod-

els. In order to study the effect of finite system size on critical exponents associated

with the probability distributions, the values of critical exponents for different L

are estimated determining the probability distributions of these properties for the

respective system size L. The values of the critical exponents obtained for different

system sizes on the RSM1 and the RSM2 are presented in Fig.3.4(b) by plotting

τx(L) against 1/L. The values of the critical exponents are obtained from the best

fitted part of the distributions for a given system size as shown in Fig.3.4(a). It can

be seen that though the exponent values depend on the system size at smaller L,

they converge to a single value at large system size. The values of the exponents

obtained in the original RSM are represented by crosses on the y-axis and are found

to be the same with the extrapolated values of the critical exponents of the RSM1

and the RSM2. The toppling size s and the lifetime t in the BTW model follow
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Figure 3.5: Plot of P (ha) against
ha for ha ≥ hc obtained on a
1024 × 1024 lattice generating 105

avalanches in the steady state for
the RSM, the RSM1 and the RSM2.

multiscaling and accordingly the slope of these distributions are found to depend on

the system size L and no convergence can be achieved in the L → ∞ limit. On the

other hand, the size dependent critical exponents in the RSM1 and the RSM2 are

due to numerical errors, smaller linear region of probability distribution in double

logarithmic scale and finally they found to converge to a single value as L → ∞.

This indicates that the distribution functions of the RSM1 and the RSM2 should

not obey multiscaling as in the BTW. The values of the critical exponents in the

RSM1 and the RSM2 are that of the original RSM but different from that of the

BTW and the SSM. Consequently, they belong to the same universality class of the

RSM which is different from the SSM and the BTW. The change in toppling rule is

unable to change the universality class of these models. This may be due to a typical

height distribution of the active sites in the rotational models. The probability of

appearance of an active site with height ha (ha ≥ hc) before toppling in an avalanche

can be written as

P (ha) =
n(ha)

Na

, (3.5)

where n(ha) is the number of active sites with sand column having height ha before

toppling in an avalanche and Na is the total number of active sites. In Fig.3.5, P (ha)

is plotted against the height of the active site ha. It can be seen that not only the

distributions are different in different models but also, only a few active sites with

height h >> hc appear in all these models. If the height is not much greater than hc,

the change in toppling rule at different heights will not be that effective. Eventually

at the thermodynamic limit, these minority events did not contribute sufficiently to

change the universality class.
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Figure 3.6: (a) Plot of conditional expectation value of avalanche properties: toppling
s versus area a (#) and (✳), area a versus extension l (2) and (△), area a versus time
t (3) and (�∗) for the RSM1 and the RSM2 respectively. The solid lines show the best
fitted straight line parts. (b) Plot of γxy against 1/L for the RSM1 (#) and the RSM2
(2). As L → ∞, the exponents for both the models have the same value.

3.4.2 Conditional expectations

In order to further characterize the critical behaviour of the avalanches of the RSM1

and the RSM2, the conditional expectation values of the avalanche properties are

also studied for different system sizes L. The conditional expectation value of three

different avalanche properties 〈s(a)〉, 〈a(l)〉 and 〈a(t)〉 are considered here. In the

steady state, the expectation values scale with its argument as

〈s(a)〉 ∼ aγsa , 〈a(l)〉 ∼ lγal , 〈a(t)〉 ∼ tγat (3.6)

where γsa, γal and γat are the critical exponents. An extended set of critical expo-

nents [75,77] are obtained from the conditional expectation values as given in Eq.3.6

for both the models. In Fig.3.6, the conditional expectation values 〈s(a)〉, 〈a(l)〉

and 〈a(t)〉 are plotted against their respective arguments a, l and t for system of

size L = 2048 in double logarithmic scale. The conditional expectation values scale

with their respective arguments as it was assumed in Eq.3.6. For smaller system

sizes the conditional expectation values follow the same scaling behaviour. For a

given system size L, the associated exponents γsa, γal and γat (Eq.3.6) are obtained

by least square fitting to the data points. The exponent values for different system

sizes are plotted in Fig.3.6. It is observed that the values of the critical exponents
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at small finite lattices differ from each other but converge to a single value in the

asymptotic L → ∞ limit. The asymptotic large L values of the critical exponents

are: γsa ≈ 1.425,γal ≈ 1.995, γat ≈ 1.169 for both the RSM1 and the RSM2 within

±0.005 [123,124]. The exponents obtained in the original version are found close to

these values and within error bars. Once again, the RSM1 and the RSM2 are

found to belong to the same universality class of the RSM. The critical exponents

γxy, τx and τy obtained in these models satisfy usual scaling relation among them

γxy = (τy − 1)/(τx − 1). It can be noted that γal(≈ 2) for these models as that of

the original RSM. The values of τx and γxy are listed in Table 3.1 and are compared

with that of the RSM. It can be seen that the exponents of the RSM1 and the RSM2

are same with that of the RSM within error bars. The same critical behaviour of

the RSM1 and the RSM2 with the RSM is due to the robustness of the rotational

rule present in these models.

3.4.3 Capacity dimensions

It is observed in the case of both the RSM1 and the RSM2 that there is a cutoff

in the probability distributions of the avalanche related quantities x at xmax due

to the finite system size L. The cutoff xmax(L) is expected to scale with L as

xmax(L) ∼ LDx , where Dx is capacity dimension of the quantity. The probability

distribution function for a quantity x for a system of size L is expected to obey the

scaling function form given by

P (x, L) = x−τx f(x/LDx) x ∈ {s, a, t} (3.7)

where f(x/LDx) is the finite size scaling function. In order to verify the scaling

function form f(x/LDx) given in Eq.3.7, one needs to know the capacity dimensions

Dx. To estimate Dx, q moments of a property x are estimated as

〈xq〉 =

∫ xmax

0

xqP (x, L)dx ∼ Lσx(q) (3.8)

where σx(q) = (q + 1 − τx)Dx. The value of Dx can be determined taking partial

derivative of the σx(q) series in the large q limit. If P (x, L) obey FSS then the

moment exponent σx(q) should have a constant gap between two successive values.

On the other hand, if P (x, L) obey multiscaling, σx(q) should have a continuous

nonlinear dependence on q. For a given q, the value of σx has been obtained here

from the slope of the plot in double logarithmic scale of 〈xq(L)〉 versus L changing
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Figure 3.7: Plot of ∂σx(q)/∂q ver-
sus 1/q where x ∈ {s, a, t} for (a)
the RSM1 and (b) the RSM2. Data
of s, a and t are represented by cir-
cles, squares and triangles respec-
tively. All the properties converge
to a single value as q → ∞.

lattice size from L = 128 to 2048 in multiples of 2. A sequence of exponents σx(q),

x ∈ {s, a, t}, is obtained for 400 values of q between 0 and 4 at equal intervals. It

can be noted here that the values of σs(1) are 2.01±0.01 for both the RSM1 and the

RSM2 which indicates that the RSM1 and the RSM2 are diffusive in accordance with

the fact that spiral random walks are diffusive [122]. In order to verify the functional

dependence of σx(q) on q, the derivative ∂σx(q)/∂q is calculated following the finite

difference method and it is plotted against 1/q in Fig.3.7 for (a) the RSM1 and (b)

the RSM2. It can be seen that ∂σx(q)/∂q converges to the corresponding capacity

dimensions Dx in the large q limit for all three properties for both the RSM1 and

the RSM2. The linearly extrapolated values to the q → ∞ limit are marked by the

crosses. Therefore, σx(q) maintains a constant gap between two successive values for

q and q + 1 in the q → ∞ limit for both the RSM1 and the RSM2 as in the original

RSM. This is another indication that FSS is valid for the RSM1 and the RSM2

independent of the toppling rules. The values of Dx obtained are: Ds = 2.86±0.01,

Da = 2.03 ± 0.01 and Dt = 1.60 ± 0.01 for both models [123,124]. The errors are due

to the finite difference method adopted for differentiation of the σ(q) sequence. The

values of Dx are listed in Table 3.1 and are compared with that of the RSM.
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Models
Exponent RSM RSM1 RSM2

τs 1.224 ± 0.005 1.225 ± 0.005 1.224 ± 0.005
τa 1.334 ± 0.005 1.333 ± 0.005 1.333 ± 0.005
τt 1.389 ± 0.005 1.389 ± 0.005 1.389 ± 0.005
τl 1.667 ± 0.007 1.667 ± 0.007 1.667 ± 0.007
γsa 1.453 ± 0.003 1.425 ± 0.003 1.425 ± 0.003
γat 1.167 ± 0.005 1.169 ± 0.005 1.169 ± 0.005
γal 2.002 ± 0.002 1.995 ± 0.002 1.995 ± 0.002
γtl 1.715 ± 0.005 1.715 ± 0.005 1.715 ± 0.005
Da 2.03 ± 0.02 2.03 ± 0.02 2.03 ± 0.02
Ds 2.86 ± 0.02 2.86 ± 0.02 2.86 ± 0.02
Dt 1.60 ± 0.02 1.60 ± 0.02 1.60 ± 0.02

Table 3.1: Comparison of critical exponents obtained for the RSM, the RSM1 and the
RSM2. Critical exponents of the RSM1 and the RSM2 are almost equal to that of the
RSM.

3.4.4 Data collapse

Finally the scaling function forms f(x/LDx) of the RSM1 and the RSM2 are veri-

fied by studying a scaled distribution P (x)xτx as a function of the scaled variable

x/LDx [73]. P (x)xτx is plotted against x/LDx for x ∈ {s, a, t} for the RSM1 and the

RSM2 in Fig.3.8. The data of the RSM2 is shifted down and leftwards in the plot

for clarity. For all three properties, s, a and t, a good collapse of data are observed

for L = 256, 512, 1024 and 2048 in support of the finite size scaling function form for

both the RSM1 and the RSM2 as it was observed in the original RSM. It can be no-

ticed that, though the RSM1 and the RSM2 have locally deterministic rule for sand

grain distribution, it is conservative and diffusive, its avalanche cluster morphology

is almost compact with concentric toppling zones, some of the critical exponents

are similar to that of the BTW, yet, the scaling functions for all three properties s,

a and t in these models obey FSS. It should be emphasized that the RSM1 which

generates large number of Abelian configurations and is believed to be the more

closer to the BTW, do not follow multiscaling as in the BTW. This has happened

due to the nature of the rotational constraint which incorporates internal as well

as imposed stochasticity during time evolution of the system which in effect breaks

the correlation in toppling sequence generated by the rotational toppling rules. The

correlation between the toppling sequence can be verified by generating a toppling

wave [86,87,88] time series for the number of toppling {sk} in the kth wave and defining

57

TH-1142_07612110



Chapter 3. Variants of RSM and their characterization

10
-4

10
-2

10
0

P
(x

)x
τ x

10
-6

10
-3

10
0

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

x/L
D

x

10
-4

10
-2

10
0

RSM2

RSM1

RSM1

RSM2

RSM1

Toppling Size

RSM2

Area

Life time

Figure 3.8: Plot of the scaled dis-
tribution P (x)xτx against the scaled
variable x/LDx for x ∈ {s, a, t} for
both the RSM1 and the RSM2. Sys-
tem sizes are taken as L = 256 (#),
L = 512 (2), 1024 (3) and 2048
(△). A reasonable data collapse oc-
curs for all three properties. Data of
the RSM2 is shifted down and left-
wards for clarity.

a time auto-correlation function [89,90,91] as C(t) = (〈sk+tsk〉 − 〈sk〉
2)/(〈s2

k〉 − 〈sk〉
2).

Time auto-correlation of the toppling waves for the RSM has already been studied

in previous chapter and no correlation was observed between the toppling waves in

contrast to large positive correlation in the BTW [82,89,90,91]. The similar analysis is

also performed for the RSM1 and the RSM2. In Fig.3.9 C(t) is plotted against t and

absence of time auto correlation between the toppling waves is observed as expected

for both the models. Negative auto-correlation suggests that the local correlation

in the rotational toppling rule does not propagate upto the system size because of

superposition of toppling waves from different directions. Existence of FSS in the

RSM1 and the RSM2 is then possibly due to toppling imbalance as well as internal

stochasticity and negative auto-correlation in the toppling waves.

3.5 Conclusion

Two variants of the original RSM, the RSM1 and the RSM2, are constructed. The

toppling rule in the RSM1 is such that the internal stochasticity present in the orig-

inal RSM reduces and it becomes closer to the BTW. In the case of the RSM2 the

toppling rule increases the internal stochasticity and makes it closer to the SSM.

The RSM1 incorporates less randomness and produces more Abelian configurations

whereas the RSM2 incorporates more randomness and produces more non-Abelian

configurations. Both these models have same microscopic properties such as mass
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Figure 3.9: Time auto-correlation
function C(t) is plotted against time
t for the RSM1 and the RSM2. The
toppling waves are uncorrelated for
both the RSM1 and the RSM2 as in
the RSM.

conservation, toppling imbalance, internal stochasticity etc. as that of the RSM.

The values of most of the critical exponents obtained numerically are found dif-

ferent from those of the BTW as well as the SSM but are identical to that of the

original RSM. Consequently, all rotational models belong to the same universality

class. Neither the RSM1 is found in the BTW universality class nor the RSM2 is

found in the SSM universality class. This may be due to the robustness of broken

mirror symmetry present in the rotational models as well as due to a typical height

distribution of the active sites. Knowing the fact that FSS ansatz is obeyed by

the SSM whereas a multiscaling is obeyed by the BTW, attempt has been made to

resolve whether the RSM1 and the RSM2 obey FSS ansatz or not. FSS ansatz has

been verified by moment analysis and data collapse of the probability distribution

functions of the avalanche properties. Interestingly, both the analysis indicate that

the scaling functions describing the avalanche properties of these rotational models

obey usual FSS ansatz as in equilibrium critical phenomena. The existence of FSS in

these rotational models is possibly due to toppling imbalance, non-Abelian property,

internal stochasticity and the negative auto-correlation in the toppling waves.
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Chapter 4

Sandpile avalanches: Multifractality

and multi-affinity

Fractals are characterized geometrically by a single fractal dimension while mul-

tifractals are characterized by a set of fractal dimensions. Multifractals appear

in a wide range of situations like energy dissipation in turbulent flows [125], elec-

tronic eigenstates at metal insulator transition [126,127,128], diffusion in porous struc-

tures [129], diffusion limited aggregation [130], fluctuations in finance [131,132], dynam-

ics of human heartbeat [133,134] and many others. On the other hand, self-affine

fractal surfaces often appear in nature as well as in many physio-chemical pro-

cesses [99]. For example: the Earth’s relief, mountains [135], clouds [136,137], etc. in

nature, the crack fronts in materials [138], fractured surfaces [139,140], crumpled pa-

per [141,142], ripple wave turbulence [143], flame front surfaces [144] etc. appeared in

different physio-chemical processes are found to be self-affine lines or surfaces. A

simple self-affine surface is characterized by a single Hurst exponent whereas a multi-

affine surface [145,146,147,148,149,150,151,152,153,154,155,156] is characterized by a set of Hurst

exponents.

Sandpile avalanches are usually characterized by studying certain “macroscopic”

avalanche properties such as toppling size s, area a, lifetime t, etc. In this chapter

the multifractal and the multi-affine aspects of the sandpile avalanches are inves-

tigated introducing a new microscopic parameter S, the number of times a sand

column toppled during an avalanche. Little attention has been paid to this new

microscopic parameter S, the toppling numbers of individual sand columns, in the

literature. Negligible effort has been made to characterize the critical properties

of sandpile avalanches in terms of S which keeps more detailed information of the

avalanche dynamics than what is kept by the heights h(x) of the sand columns after
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the avalanche. The parameter S is used here to define a suitable multifractal mea-

sure to study the multifractal aspect of the sandpile avalanches. At the same time,

the parameter S is also used to define a toppling surface to study the self-affinity

as well as multi-affinity of the toppling surfaces associated with the avalanches. It

should be noted here that the toppling surface is very different from that of the

sandiple surface [157,158,159] defined by the heights h(x) of the sand columns after the

avalanche. The study of sandpile models in terms of this newly introduced “micro-

scopic” avalanche parameter S provides deeper insight to the avalanche dynamics

as well as it is able to classify the sandpile models distinctly.

Simulations are performed on 2d square lattices of size L × L. The system size

L considered are 128, 256, 512, 1024 and 2048. The steady states correspond to

the constant average height of these models and are achieved after 106 avalanches.

Another 105 avalanches are rejected before collecting data. 1000 large spanning

(touching opposite sides of the lattice) avalanche clusters are collected generating

another 106 − 107 avalanches and averages are made over these spanning avalanche

clusters. The toppling number S during an avalanche is stored in an array. Several

new “macroscopic” avalanche properties such as distribution of S, density distribu-

tion of S as multifractal measure, fluctuation and correlation in the toppling surface,

etc.; are defined in terms of S and they are analyzed numerically. All these proper-

ties are evaluated for all the three models, the BTW, the SSM and the RSM, and

the results are compared at the suitable places.

4.1 Toppling number distribution

In this section, the toppling number S of individual sand column is first characterized

by calculating the probability distribution function P (S). P (S) is the probability

of finding a sand column having toppling number S and it is defined as

P (S) =
n(S)

a
, (4.1)

where n(S) is the number of sand columns that toppled S times and a is the area of

an avalanche defined by the number of distinct lattice sites (sand columns) toppled.

In Fig.4.1(a), P (S)s are plotted against S for the BTW, the SSM and the RSM.

The distributions are found very different in different models. All of them decreasing

with the increasing toppling number S and have different cut-off. The distribution of

S then provides new information about the microscopic structure of the avalanches
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Figure 4.1: (a) Plot of P (S) against S for the BTW, the SSM and the RSM for system
of size L = 512 (#), L = 1024 (2) and L = 2048 (△). The distributions have different
cutoffs for different system sizes. (b) Plot of SP (S) against S for the BTW, the SSM
and the RSM for the same set of system sizes with same symbol code. The distribution is
similar to that of the Poisson distribution.

in different models. Note that, the distribution considered here is different from

that of the total toppling number s =
∑

i Si. The later is known to have a power

law distribution in all three models as P (s) ∼ s−τs with τS = 1.293 (BTW), 1.275

(SSM) and 1.224 (RSM) [47,75,113]. However, no power law decay of P (S) is observed

in the double logarithmic scale. Since the functional form of the distribution P (S)

is difficult to determine, the distribution of the first moment of toppling number

SP (S) is studied with S. In Fig.4.1(b), SP (S)s are plotted against S for the BTW,

the SSM and the RSM for different system sizes L. The distributions are found

Poissonian in nature in all three models. However, they have different height and

width for different models for a given system size L. The cutoff in the distributions

or the maximum toppling number Smax is largest in the RSM and it is smallest in

the BTW. For the SSM, Smax is found between the RSM and the BTW. For a given

model, the cutoff of the distributions depends on the system size L. The average

Smax is expected to scale with L as

〈Smax〉 ∼ Lθ (4.2)

where θ is an exponent. In Fig.4.2(a), 〈Smax〉 is plotted against L for the BTW,

the SSM and the RSM. It can be seen that the scaling law assumed in Eq.4.2 is

valid for all three models. The values of the exponent θ are obtained as 0.72± 0.02,
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Figure 4.2: (a) Plot of 〈Smax(L)〉 against L for the BTW (#), the SSM (2) and the
RSM (△). (b) Plot of SP (S) against S/Lθ for the BTW, the SSM and the RSM for
different system of sizes L = 512 (#), 1024 (2) and 2048 (△). For the the BTW, the SSM
and the RSM a reasonable collapse of data is observed.

0.70 ± 0.02 and 0.82 ± 0.02 for the BTW, the SSM and the RSM respectively. For

a given model, the distribution SP (S) is also expected to scale with L as 〈Smax〉

scales with the system size. Hence a scaling form for SP (S) can be assumed as

SP (S) = f(S/Lθ). (4.3)

In Fig.4.2(b), the probabilities SP (S) are plotted against the scaled toppling number

S/Lθ. A reasonable data collapse is observed for all the models with their respective

values of θ. The distribution SP (S) then scales with system size in these models

and is found consistent with usual FSS characteristics of these models [73,113]. It

is interesting to note that the individual toppling numbers in the BTW are also

following the usual FSS ansatz but the total toppling size does not follow FSS

ansatz [80,81]. It can be noted here that the individual toppling waves in the BTW

also follow FSS [80]. The parameter S then can be considered as an useful microscopic

parameter to quantify microscopic differences in different sandpile models.

4.2 Multifractal analysis

The concept of multifractal was originally introduced by Mandelbrot in the con-

text of turbulence [125,160]. The concept was extended to other fields by Grass-

berger [149] Hentschel and Procaccia [161], Grassberger and Procaccia [162]. The dis-

tribution of currents in fractal resistor network was found to be multifractal in
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nature [163,164,165,166]. Meakin et al. [167,168] studied multifractal aspects of diffusion

limited aggregation and related growth processes. In order to study multifractality

of an object one needs to define a multifractal measure which is usually the distribu-

tion of a physical quantity on a geometrical support [145]. Having a suitable measure,

one performs box counting analysis of different moments of the measure in order to

estimate the variation of fractal dimension with the moments. In the following, a

suitable multifractal measure will be defined for the sandpile avalanches and that

would be analyzed to explore the multifractal aspects of them.

4.2.1 Toppling number density as multifractal measure

Spanning avalanche clusters are considered here as geometrical supports. A multi-

fractal measure is defined in terms of the toppling number density distribution over

a spanning avalanche cluster, the geometrical support. The toppling number density

µi is defined as

µi =
Si

∑L2

i=1 Si

(4.4)

where
∑L2

i=1 Si is the total toppling size s. Before going to investigate the multifractal

aspects of µi, it would be interesting to look at the avalanche clusters in terms of µi.

In Fig.4.3(a), the distribution of µi over the entire square lattice of size 128 × 128

is shown for the RSM with a continuous variation of colours. The white colour

corresponds to the maximum of µi and the black colour corresponds to µi = 0. In

Fig.4.3(b) and (c), the distribution of µi on the same system size as that of the

RSM is shown for the BTW and SSM respectively with the same colour code and

compared with that of the RSM. The maximum value of µi is the largest in the

case of RSM whereas it is the smallest for the BTW. It has an intermediate value

for the SSM. In the RSM, there are several bright spots around which whirling

of sand occurred. As a consequence, around a large toppling number smaller and

smaller number of toppling happened during the avalanche. It is then possible to

define different subsets of lattice sites, connected by nearest neighbour bonds, those

of which toppled only once, only twice, only thrice, up to a maximum number of

times of toppling occurred in that avalanche. An avalanche cluster then consists

of several such subsets of lattice sites with specific number of toppling. Each of

these subsets are found to be irregular with holes inside. A particular subset is

found to appear randomly at many different places in an avalanche cluster. These

subsets may have appeared at different stages of time evolution of the avalanche
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(a) RSM

µi=0 µi=Smax/ΣSi
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µi=0 µi=Smax/ΣSi

(c) SSM

Figure 4.3: Distribution of toppling number density on spanning avalanche clusters
generated on a 128 × 128 square lattice for (a) the RSM, (b) the BTW and (c) the SSM
are shown. The toppling numbers form ring like structure around a maximal toppling
zone in the BTW, in the RSM it looks like random superposition of several BTW type
structure and in the SSM several large toppling numbers are scattered randomly here and
there.
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cluster. A multiplicative cascade of these subsets is then formed in a complicated

manner during the growth of the avalanche. This is very similar to the situation

of mass distribution on a geometrical support generally considered for multifractal

study [145]. The distribution of Si over the lattice sites for the avalanche of the SSM

also consists of several such subsets of lattice sites of toppling number one, two

etc. These subsets are also found to be irregular with holes inside. Moreover, they

are more randomly scattered over the lattice in comparison to the RSM. However,

in the case of the BTW, the distribution of Si over the lattice is found to have

a single maximal region surrounded by lower and lower number of toppling. The

subset of lattice sites consisting of specific toppling number is found to be circular

rings of decreasing radii with increasing toppling number. The subsets are found

to be regular and compact. As a consequence, the manifold of toppling numbers

looks like a superposition of regular circular discs. Thus the µi distribution on

the avalanche clusters of the RSM and the SSM have random manifolds whereas

the same distribution for the BTW avalanche clusters have regular manifolds. It

is therefore interesting to investigate the distribution of different moments of µi

and perform a multifractal analysis for the avalanche clusters of these models. It is

already known that the base of the avalanche cluster is compact and is characterized

by a single fractal dimension Da = 2, the capacity dimension of the avalanche area.

Therefore, the multifractal measure considered here is distributed over a geometrical

support of fractal dimension 2. In the following it will be demonstrated that only

one fractal dimension is not sufficient to characterize the distribution of µi over

such a geometrical support rather it requires a sequence of fractal dimensions to

characterize the distribution.

4.2.2 Moment analysis

The dimensionality of a fractal object is characterized by the fractal dimension df

which is defined as,

M(r) ∼ rdf (4.5)

where, M(r) is the mass of the object with lateral extension r. The box-counting

method is widely used to determine the fractal dimension of many physical sys-

tems [145,146,147,148,149,150,151,152,153,154,155,156] and will be employed here to determine

the multifractal dimensions of measure µi. The box-counting algorithm is briefly

discussed here taking an avalanche cluster of RSM on a 8 × 8 square lattice. In

the box counting algorithm, the spanning avalanche cluster at the steady state is
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Figure 4.4: Demonstration of box counting method for the determination of fractal
dimension. The black circles represent the occupied sites of a spanning cluster generated
on a 8 × 8 square lattice. The lattice is divided into smaller boxes of linear size ǫ = 1, 2,
4 and 8, as shown by red lines. Corresponding number of occupied boxes are NB(ǫ) = 43,
15, 4 and 1 respectively.
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Figure 4.5: Plot of N(q, ǫ) versus ǫ for (a) the BTW, (b) the SSM and (c) the RSM for
q = −4 (#), −2 (2), 0 (⋄), 2 (△) and 4 (✳).

considered on a single large lattice. The 2d square lattice of linear size L, which

contains the cluster, is then divided into (L/ǫ)2 number of smaller boxes of linear

size ǫ. The number of boxes NB(ǫ), which contain at least one occupied site of the

cluster is then counted for a given box of dimension ǫ. The linear size ǫ of the box

is then varied and the number of the occupied boxes NB(ǫ) is counted as a function

of the box size ǫ. The method is demonstrated in Fig.4.4 for a spanning avalanche

cluster generated on a square lattice of size 8×8. The fractal dimension df can then

be calculated using the scaling relation,

NB(ǫ) ∼ ǫ−df (4.6)

which is equivalent to the definition in Eq.4.5.

In order to obtain multifractal dimensions of µi, one needs to study the scaling of

the q-moments of the measure over different length scales. Analysis has been made
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for q = −5 to q = 15 in steps of 0.01 for lattice size L = 1024. The lattice is

divided into nǫ boxes of length ǫ as mentioned above and placed on the avalanche.

To estimate the appropriate dimension of µi corresponding to the qth moment, the

weighted number of box N(q, ǫ) is required to be determined. The weighted number

of box is given by

N(q, ǫ) =

nǫ
∑

j=1

µq
j where µj =

∑

ǫ

µi. (4.7)

The weighted number of box N(q, ǫ) is expected to scale with the box size ǫ as

N(q, ǫ) ∼ ǫ−τ(q) (4.8)

where τ(q) is called a “toppling exponent”. Note that τ(0) is essentially the capacity

dimension Da of the avalanches. N(q, ǫ) is determined as a function of box size ǫ

using box counting method, as described above, for a given q and it is studied against

ǫ taking q as a parameter. In Fig.4.5, N(q, ǫ) for certain q values are plotted against

ǫ in double logarithmic scale for all three models. A reasonable power law behaviour

is observed for different q for all the models. A sequence of toppling exponents τ(q)

has been determined from the slope of the plots for all three models. The toppling

exponent τ(q) is plotted against q for BTW, RSM and SSM in Fig.4.6. A new

set of toppling exponents τ(q) is obtained. The functional dependence of τ(q) on

q is found linear for BTW whereas it is non-linear for SSM and RSM. Note that

τ(1) = 0 for all three models because the measure for all of them is normalized

to 1. However, τ(0) ≈ 2 for all three models. The moment q = 0 of the measure

corresponds to the lattice points which had toppled during the avalanche. Therefore,

τ(0) corresponds to the base fractal dimension of the avalanches. The exponent τ(0)

can be associated with the sandpile probability distribution exponents for the area.

Since the area distribution is given by P (a, L) = a−τaf(a/LDa), τ(0) corresponds

to the capacity dimension Da. If the measure µi is characterized by a single fractal

dimension Da, the toppling exponent τ(q) should have a constant gap between two

consecutive exponents and consequently should have a linear dependence on q. In

that case, τ(q) can be written as

τ(q) = −(q − 1)Da. (4.9)

Such a linear dependence of τ(q) on q is observed in the case of the BTW only and
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SSM Figure 4.6: Plot of toppling ex-

ponent τ(q) versus q for the BTW
(line), the SSM (△) and the RSM
(2) for the system size L = 1024.
τ(q) has linear dependence on q for
the BTW whereas it has non-linear
dependence on q for both the SSM
and the RSM.

is represented by a solid line in Fig.4.6(a). Thus, the measure distribution in the

BTW is monofractal which is contrary to the fact that the probability distributions

in the BTW exhibit multifractal character [80,90]. For the RSM and the SSM, τ(q)

has a nonlinear dependence on q. Thus, each moment of µi needs a new exponent to

characterize the measure distribution and consequently the measure distributions in

these models are multifractal. However, the probability distributions of avalanche

sizes follow usual FSS rather than multiscaling in both the SSM and the RSM [81,113].

The monofractal nature in the BTW and multifractal nature in the RSM and the

SSM of the same measure can be understood qualitatively in terms of the manifolds

occurred in these models. In the case of BTW, the manifolds in the measure can

be considered as a stack of regular compact discs with reducing radii as one goes

from the bottom to the top. The regular compact discs will definitely have the same

fractal dimensions at all level of manifold. On the other hand, in the case of the

RSM and the SSM, these manifolds are irregular and random in nature. Random,

irregular structures at different levels of manifold correspond to different fractal

dimensions in these models. Different universality classes of the BTW, the RSM

and the SSM are then merely a consequence of multifractal analysis of a suitable

measure, µi the toppling number density, in this method.

4.2.3 f(α) spectrum

The associated fractal dimensions f(α) with the measure and the corresponding

Lipschitz-Hölder exponent α are obtained through a Legendre transformation [145] of
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Figure 4.7: Plot of f(α) against α
for the BTW (#), the SSM (△) and
the RSM (2). Data of the BTW
is represented by a single point
whereas the SSM and the RSM are
characterized by two different sets of
fractal dimensions.

the toppling exponent sequence τ(q) given by

f(α) = qα(q) + τ(q), α(q) = −dτ(q)/dq. (4.10)

The values of f(α) obtained for the system size L = 1024 are plotted against α

in Fig.4.7. Since τ(q) follows a constant gap equation with q for the BTW, it is

expected that f(α) versus α will be represented by a single point for this model.

This is shown by an open circle in Fig.4.7. On the other hand, since τ(q) has

nonlinear dependence on q for the RSM and the SSM, the spectra of f(α) against α

are obtained for these models. In Fig.4.7, the squares represent f(α) for the RSM

and the triangles represent the same for the SSM. A number of important features

are to be noted. First, the maximum value of f(α) corresponds to q = 0 and it is

obtained as ≈ 2 for all three models. The maximum value of f(α) then corresponds

to the capacity dimension Da of the avalanche clusters of the respective models (Da

is obtain little less than 2 as an artifact of box counting method). Since the whole

spectrum has to be below f(α) = α, then α corresponding to the maximum f(α) is

also equal to the capacity dimension Da. Second, αmin corresponds to q → +∞ and

αmax corresponds to q → −∞. Therefore, large toppling numbers will contribute

toward αmin whereas small toppling numbers will contribute toward αmax
[145]. The

numerical values of αmin and αmax are obtained in the limit f(α) → 0. The finite

size effect on the values of αmin and αmax has been verified by calculating f(α)

spectrum for several lower system sizes than L = 1024 and it was found that the

spectrum remains unaltered for both the models. It is observed that αmin(SSM) >

αmin(RSM) and αmax(SSM) < αmax(RSM). αmin(SSM) is higher because of the

fact that the number of peaks appearing in the measure is much higher on the
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SSM avalanche clusters than that of the RSM as it can be seen in Fig.4.3. On

the other hand, αmax(SSM) is smaller than that of the RSM because of the fact

that the number of smaller toppling numbers appearing in the measure is smaller

on the SSM avalanche clusters than that of the RSM. Third, the values of f(αmin)

and f(αmax) for the SSM are greater than those of the RSM. f(αmax) corresponds

to the fractal dimension of the region covered by small Si and f(αmin) correspond

to that of the region covered by large Si. In q → −∞ limit, the RSM will have

ring like structure made up of mostly by the singly toppled sites and the fractal

dimension would be close to one as it is observed. On the other hand, in the

q → +∞ limit, lesser number of large Si are expected in the RSM than in the SSM

and consequently the corresponding fractal dimension would be small in the RSM

in comparison to the SSM. Finally, it can be seen that the f(α) spectra for the RSM

and the SSM are entirely different. The RSM and the SSM thus require different

sets of fractal dimensions to characterize their respective toppling number density

distributions. Thus, the density distribution in the BTW is monofractal whereas it

corresponds to different multifractal distributions for the RSM and the SSM. The

manifolds generated by the toppling waves then correspond to multifractal toppling

distribution in the case of sandpile models with toppling imbalance and stochasticity.

These observations not only represent a clear distinction of the universality classes

of these models but also provide deep insight to the avalanche dynamics.

4.3 Multi-affinity of the toppling surfaces

The height of a surface can be defined by the z-coordinate of a set of points in 3

dimension. A surface is called self-affine if the heights of the surface obey the scaling

given by

z(r) ≈ λ−Hz(λr) (4.11)

where r is the position of a point, λ is a parameter and H is the Hurst exponent [99]

of the surface. If the surface is self-affine, then it can be characterized by a sin-

gle exponent H . However if the surface is multi-affine one requires a sequence of

exponents to characterize it. For a sandpile avalanche a surface can be defined by

the toppling numbers Si of individual sand columns. Such a surface can be called

a “toppling surface”. In this section the morphology of the toppling surfaces of all

three sandpile models will be characterized performing height-height correlation and

roughness study.
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4.3.1 The toppling surface

A toppling surface corresponding to an avalanche is defined here in terms of the top-

pling number Si at each lattice site. Typical toppling surfaces obtained in the BTW,

the SSM and the RSM at their respective steady states are shown in Fig.4.8. These

surfaces are generated on a 128× 128 square lattice. Light brown colour represents

higher toppling number whereas dark brown colour represents lower toppling num-

ber and the intensity is varied continuously. First of all it should be emphasized here

that the toppling surface defined is very different from that of the sandpile surface

defined in the earlier literature by the height of the sand columns h(x) [157,158,159].

This simple representation of an avalanche by a toppling surface in terms of Si pro-

vides more insight to the structure of toppling occurred during the avalanche. As

a first observation, it can be noticed that the structure of the toppling surfaces in

three models are vividly different. Such details of toppling surface were not explored

before except obtaining 2d morphology of avalanche clusters [47,75]. The BTW top-

pling surface has only one centrally located maximum toppling zone with concentric

zones of lower and lower toppling numbers without intersection as already observed

in 2d [47,75]. The SSM toppling surface is highly fluctuating and rough. Several large

toppling numbers appear randomly here and there. On the other hand, the RSM

toppling surface is neither fully consisting of concentric zones as in BTW nor it

is totally random as the SSM. The RSM toppling surface is less fluctuating than

that of the SSM but consists of several BTW type structures around different max-

imal toppling zones. It is important to note that the local correlation in rotational

constraint does not lead to long range correlation generating BTW like correlated

structure.

In terms of interface, the toppling dynamics of the Oslo sandpile model was first

mapped into avalanching interface by Paczuski and Boettcher [101] where the height

profile of the interface is the accumulated number of topplings. In the context

of absorbing state phase transition [84,92], sandpile models are also described as a

growing interface defined by the toppling numbers upto certain time t in a disordered

medium [93,94,95,96,97]. The toppling surface defined above may correspond to one of

the final configuration of these growing interfaces in the absorbed state.

4.3.2 Roughness of toppling surfaces

Toppling surfaces can be characterized by studying the scaling of roughness or width

W (L) of the surface with the system size L. W (L) of the toppling surface is defined
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Figure 4.8: Toppling surfaces generated on a 128× 128 square lattice for the BTW, the
RSM and the SSM are shown. The toppling surface of the BTW is found smooth, in the
SSM it is rough. In the RSM it looks like a collection of several BTW type toppling zones.
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as

W 2(L) =

〈

1

L2

L2

∑

i=1

(Si − S̄)2

〉

(4.12)

where S̄ =
∑L2

i=1 Si/L
2 is the average height of the surface. The width W (L) is

expected to scale with the system size L as

W (L) ∼ Lχ (4.13)

where χ is the roughness exponent, similar to that of the saturated width of the

growing interfaces in the absorbing state phase transition [95,96]. The scaling of W (L)

of the toppling surfaces with L is shown in Fig.4.9 for all three models. It can

be seen that the scaling given in Eq.4.13 is satisfied for all three models. The

exponent χ is found as χ = 0.69 ± 0.03 for the BTW, 0.82 ± 0.03 for the RSM and

0.73 ± 0.03 for the SSM. It can be noted here that the value of χ obtained for the

saturated width of the growing interfaces in the absorbing state phase transition

for the Manna model is 0.80(3) [93]. It can be noted here that the values of χ and

θ are almost equal for the BTW, the RSM and the SSM within error bars. The

roughness exponent χ is known to be related to the exponents describing macroscopic

quantity like toppling size s =
∑L2

i=1 Si. The toppling size distribution is given by

P (s, L) = s−τsfs(s/L
Ds) where τs is a critical exponent and Ds is the capacity

dimension of avalanche size. Since the avalanche areas are compact having fractal

dimension Da = 2 and fluctuation in toppling numbers W (L) scale with system

size as W (L) ∼ Lχ, the sum of Da and χ then give the capacity dimension if the

avalanche size. As in the case of growing interfaces [95,96,101], a scaling relation

Ds = 2 + χ (4.14)

is then expected to be valid in the case of toppling surfaces. For RSM and SSM the

values of Ds were known to be 2.86 [113] and 2.74 [73] respectively and thus the above

scaling relation is satisfied for both the RSM and the SSM within the error bars. It

can be noted that Ds obtained from the roughness exponent (χ ≈ 0.8) measured in

Ref. [93] is slightly higher than the measured value for the Manna model.

4.3.3 Hurst exponent of the toppling surfaces

Wrinkle rough surfaces are usually characterized by the height difference correlation

function or structure function C(r). In the case of toppling surfaces, the toppling
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Figure 4.9: Plot of W (L) against L for (a) the BTW, (b) the RSM and (c) the SSM.
The straight lines are linear least square fitted lines. The values of χ for the BTW, the
RSM and the SSM are obtained as χ = 0.69±0.03, 0.82±0.03 and 0.73±0.03 respectively.

numbers are assumed to represent a self-affine function

S(r) ≈ λ−HS(λr) (4.15)

where λ is a parameter and H is the Hurst exponent [99] of the surface. The corre-

lation between toppling numbers of two sand columns separated by a distance r is

then given by

C(r) = 〈|S(r0 + r) − S(r0)|
2〉 ∼ r2H (4.16)

where r0 is a reference point and S(r0 + r) and S(r0) are the toppling numbers of

the sand columns at (r0 + r) and r0 respectively. The 〈· · · 〉 represents the ensemble

average. The integrated correlation function I(R) defined as

I(R) =

∫ R

0

C(r)dr (4.17)

should scale as

I(R) ∼ R1+2H . (4.18)

In Fig.4.10, the integrated correlation function I(R) is plotted against distance R

in double logarithmic scale for different systems of size L for the toppling surfaces

of all three models. It can be seen that I(R) follows a power law scaling with

R for all L. It can be noted that I(R) for different L are shifted upwards with

increasing L for the RSM and the SSM. For different L, I(R) scales with R in a

similar fashion. The slopes of the power law scaling are obtained by least square fit

to the data of largest linear region of each model for L = 2048 and they are found

as 2.32 ± 0.02, 1.70 ± 0.02 and 1.42 ± 0.02 for the BTW, the RSM and the SSM

respectively and are shown using straight lines in Fig.4.10. The Hurst exponent
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Figure 4.10: Plot of I(R) against R for different systems of size L = 128 (#), 256
(2), 512 (⋄), 1024 (△) and 2048 (✳) for (a) the BTW, (b) the RSM and (c) the SSM.
The straight lines have slopes 2.32, 1.70 and 1.42 for the BTW, the RSM and the SSM
respectively. The values of the Hurst exponents are then 0.66, 0.35 and 0.21 for the BTW,
the RSM and the SSM respectively.

H is then obtained as H = 0.21 ± 0.02 for the SSM, 0.35 ± 0.02 for the RSM and

0.66±0.02 for the BTW [169]. The value of the Hurst exponent H ranges from 0 to 1.

The values H > 0.5, H = 0.5, H < 0.5 correspond to correlated, uncorrelated and

anti-correlated Brownian functions respectively [99]. Since the Hurst exponents for

the RSM and the SSM are below 0.5, their toppling surfaces are self-affine and anti-

correlated surfaces with different Hurst exponents. On the other hand, the BTW

toppling surface is expected to be smooth and less fluctuating. Consequently, the

Hurst exponent of the BTW toppling surface is found greater than 0.5 corresponding

to a correlated surface. It can be noted that time auto-correlation of toppling waves

also suggested that the BTW exhibits correlation in the toppling sequence whereas

the SSM and the RSM exhibit anti-correlation in the toppling sequence [82,89,90,91,113].

The values of the Hurst exponents of these models are clearly different and once again

confirm different universality classes of the BTW, the SSM and the RSM.

The Hurst exponent of the toppling surface can also be estimated by obtaining the

power spectrum of the toppling surface

S(k) = 〈
∣

∣

∣
S̃(k)

∣

∣

∣

2

〉 (4.19)

in terms of the Fourier transformed toppling number

S̃(k) =

∫

S(r)e−ik·rd2r. (4.20)

The toppling number correlation function C(r) can now be obtained in terms of the
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Figure 4.11: Power spectral density S(k) against wave number k for toppling surfaces
of (a) the BTW, (b) the RSM and (c) the SSM for a system of size L = 2048.

power spectrum as

C(r) = 2

∫

d2kS(k)[1 − cos(k · r)] (4.21)

replacing S(r) in Eq.4.16 by its inverse Fourier transform. Since C(r) is linearly

related to S(k), one may obtain a scaling of S(k) with k as

S(k) ∼ |k|−2(1+H). (4.22)

In Fig.4.11, the power spectrum S(k) is plotted against k in double logarithmic

scale for a system size L = 2048 for all three models. The slope of the distributions

are obtained from linear least square fit to the data points. The Hurst exponents

are determined from the slope of the distributions as: H(BTW) = 0.66 ± 0.01,

H(RSM) = 0.35 ± 0.01 and H(SSM) = 0.21 ± 0.01 and are found consistent with

the values of the Hurst exponents obtained from the direct measurement of I(R) as

a function of R.

It would now be interesting to obtain the critical exponents describing the macro-

scopic avalanche properties such as toppling size in terms of H . In order to obtain

the macroscopic exponents in terms of H , one needs to relate H and χ. A relation

between χ and H can be obtained by calculating the width W (L) of the toppling

surface in terms of the toppling number correlation function CL(r), where CL(r) is

the correlation function obtained for a given system size L. The scaling of CL(r)

can be assumed as

CL(r) = A(L)r2H (4.23)

where A(L) is a system size dependent prefactor. In order to determine the prefactor

A(L) as a function of L, the integrated correlation function IL is calculated and is
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Figure 4.12: Plot of IL/L1+2H against L for (a) the BTW, (b) the RSM and (c) the
SSM. It can be seen that for the BTW, A(L) is independent of system size L whereas
A(L) ∼ L for the RSM and the SSM.

given by

IL =

∫ L

0

CL(r)dr = A(L)L1+2H . (4.24)

The values of IL correspond to the saturated value of I(R) at R = L for different

system size L. Hence, the prefactor is given by A(L) = IL/L1+2H . In Fig.4.12 A(L)

is plotted against L for the BTW, the RSM and the SSM. It can be seen that A(L)

remains independent of L in the case of BTW. However, for the RSM and the SSM,

A(L) increases with L and is not a constant prefactor. From the linear least square

fitting of the data points of the RSM and the SSM, it is observed that A(L) ∼ L.

The square of the width of the toppling surface W 2(L) for a system of size L is then

given by

W 2(L) =
1

L2

∫ L

0

rCL(r)dr =
A(L)

L2
L2+2H . (4.25)

Since A(L) is independent of L for the BTW, W 2(L) ∼ L2H . Therefore, χ = H for

the BTW surface. The numerical values of χ = 0.69 and H = 0.66 are found equal

within error bars. Roughness of the BTW surfaces then follow the usual Family-

Vicsek scaling [98]. However for the RSM and the SSM, A(L) ∼ L and consequently

W 2(L) ∼ L1+2H . Hence, the roughness exponent

χ = 1/2 + H or H = χ − 1/2 (4.26)

for the RSM and the SSM. Since the values of H are 0.35 for the RSM and 0.21 for the

SSM, one has χ = 0.85 and 0.71 for these models respectively. It can be noted that

these values are close to the measured values 0.82 and 0.73 respectively for the RSM

and the SSM. The capacity dimension then can be obtained as Ds = 2+χ = 5/2+H .

The values of Ds obtained from the Hurst exponent, Ds = 2.85 and 2.71 for the RSM
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and the SSM respectively, are very close to the measured values of Ds (2.86 and 2.74)

of the respective models. Note that the surface roughness is not following the usual

Family-Vicsek scaling [98] rather it is following an anomalous scaling [170,171]. Such

an anomalous scaling is resulted here due to the system size dependent correlation

function CL(r) as given in Ref. [172]. Anomalous scaling of Hurst exponent was also

observed in the cases of growing interfaces in random media and self-affine fracture

surfaces [173,174,175,176,177].

4.3.4 Multi-affinity

The toppling number correlation function C(r) alone can not characterize an en-

semble of self-affine surfaces. In principle, it requires proper scaling of qth moments

of toppling number difference δSq(r) = |S(r0 + r) − S(r)|q through the qth order

correlation function

Cq(r) = 〈δSq(r)〉 ∼ rHq . (4.27)

If the scaling exponent Hq is found to be a linear function of q as Hq = qH , the

ensemble of surfaces are called simple self-affine surfaces. On the other hand, if Hq

becomes a non-linear function of the moment q, the surfaces are termed as multi-

affine. In Fig.4.13(a), Cq(r) for toppling surfaces of RSM is plotted against distance

r in double logarithmic scale for a system of size L = 2048 for q = 1, 2, 3, 4 and 5. It

can be seen that Cq(r) follows a power law scaling with r for all q. The values of Hq

are calculated from least square fitting to the linear region of the data points. The

values of Hq for the RSM is plotted against q in Fig.4.13(b) and are compared with

that of the BTW and the SSM. It can be seen that Hq increases linearly with q and

the gap between the two consecutive values of Hq are found q independent for the

BTW. On the other hand Hq has a non-linear behaviour with q for both the RSM

and the SSM and the gap between the two consecutive values of Hq depend on q.

The values of Hq are found to be a quadratic function of q as

Hq = qH − Φq2. (4.28)

The solid lines in Fig.4.13(b) represents the Eq.4.28 corresponding to the RSM and

the SSM. The values of Φ for the RSM and and the SSM were found approximately

6×10−3 and 4×10−3 respectively. The RSM and the SSM toppling surfaces thus re-

quire different sequence of roughness exponents to characterize them. Consequently,

they are multi-affine surfaces unlike the toppling surfaces of the BTW [169].
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Figure 4.13: (a) Plot of Cq(r) for the RSM against r for different moments q with
symbols: (#) for q = 1, (2) for q = 2, (⋄) for q = 3, (△) for q = 4 and (✳) for q = 5. (b)
Plot of Hq against the moment q for the BTW (◦), the SSM (△) and the RSM (2). Data
for the RSM and the SSM are fitted with equation Hq = qH − Φq2 and are represented
by the solid lines. The values of Φ are 6 × 10−3 and 4 × 10−3 for the RSM and the SSM
respectively. The dotted line represents the linear behaviour of Hq with q.

The multi-affinity of these toppling surfaces can also be verified by studying the

scaling function form of the probability distribution P [δSq(r)] for different fixed

values of r. The qth order correlation function Cq(r) can be written in terms of

P [δSq(r)] as

Cq(r) =

∫

δSq(r)P [δSq(r)]d(δSq(r)). (4.29)

P [δSq(r)] is expected to have the scaling form given by

P [δSq(r)] = r−Hq fq[δSq(r)/r
H
q ]. (4.30)

Since Cq(r) ∼ rHq and Hq is a non-linear function of q for multi-affine surfaces, the

probability distribution P [δSq(r)] for different length scale r will collapse onto a sin-

gle curve by a rescaling of the length scales with the exponent Hq. The distributions

of δSq(r) for different r are calculated for 109 pair of lattice sites for the surfaces

generated on a square lattice of size L = 2048 for all three models. In Fig.4.14, the

scaled distributions P [δSq(r)]r
H
q are plotted against the scaled variable δSq(r)/r

H
q

for different r values for all three models for q = 1, 2 and 3. There are two things

to observe. First, there is reasonable data collapse for all q for all the models. This

indicates that the probability distribution function P [δSq(r)] can be scaled by the

exponents Hq. Second, the scaling functions fq[δSq(r)/r
H
q ] of the probability distri-

bution P [δSq(r)] are found to be different for different q for the RSM and the SSM,

whereas they are almost same for different q for the BTW. Moreover the scaling
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Figure 4.14: Plot of scaled distributions P [δSq(r)]r
H
q against the scaled variable

δSq(r)/r
H
q for different r values for q = 1(black), 2(red) and 3(blue) for (a) the BTW,

(b) the RSM and (c) the SSM. The surfaces considered here are generated on system of
L = 2048. A reasonable collapse is observed for all three models and for all three q values.

functions for a given q are also different for all three models. This means that not

only the whole sequence of Hq is different for the BTW, the RSM and the SSM but

also the scaling functions associated with the distribution of δSq(r) are different.

This clearly indicates the different universality classes of these models.

4.4 Conclusion

Avalanche cluster properties of the BTW, the RSM and the SSM at their respec-

tive non-equilibrium steady states are characterized by introducing a microscopic

avalanche parameter Si, the toppling number of an individual sand column. Dif-

ferent physical quantities such as probability distribution of Si, multifractality of

toppling number density µi, roughness and correlation in toppling surface are de-

fined. Multifractal analysis of µi reveals that the distribution of µi over the avalanche

cluster can be characterized by a single fractal dimension for the BTW whereas it

requires a spectrum of multifractal dimensions to characterize it in the case of the

RSM and the SSM. Toppling surfaces defined by the Sis are found vividly differ-

ent for the BTW, the RSM and the SSM. These surfaces are found self-affine with

distinctly different Hurst exponents. Moreover, the toppling surfaces of the RSM

and the SSM are also found to be not only self-affine but also multi-affine in na-

ture. Analysis of avalanche clusters in terms of the microscopic avalanche parameter

Si reveals a rich phenomenology and provides deep understanding of the avalanche

properties. A set of new critical exponents and scaling relations are obtained which

are able to demonstrate the scaling behaviour of the above properties distinctly in

different models.
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Chapter 5

Flooding transition in the toppling

surface

Percolation is a continuous geometric phase transition where the system undergoes

a transition from global disconnectivity to a global connectivity at a sharply defined

occupation probability of the lattice sites [42,178,179,180]. Percolation process is well

studied and well documented in the literature. It has a wide range of applications

in a variety of physical systems such as, oil recovery from porous media [181,182], epi-

demics [183], networks [184,185], fragmentation [186], conductivity of DNA [187] etc. The

study of percolation process in the topography of synthetically generated self-affine

surfaces [188,189,190,191,192] revealed a new type of continuous phase transition with no

sharply defined critical point. The technique has recently been applied to charac-

terize fluid flow and conduction in rough surfaces [193], X-ray tomography [194], metal

oxide surfaces [195], etc.

In the previous chapter, it was observed that the toppling surfaces associated with

the avalanches in the RSM [113] and the SSM [50] sandpile models are rough, wrin-

kled and self-affine with H < 0.5 whereas that of the deterministic BTW sandpile

model [4,114] was found to be a smooth correlated surface with H > 0.5 [169]. In search

of further in-depth information hidden in a sandpile avalanche, the toppling surface

can be flooded with a liquid, say water, and flooding transition through the topog-

raphy of toppling surfaces can be studied. During flooding, at each level of water,

the surface points whose heights are grater than the water level form islands. If the

water level is high, there will be a few small islands whereas if the water level is low

there will be a few small lakes. It is then expected that there exists a critical height

at which for the first time water will be able to flood the landscape from one side

to the other creating a large number of islands. This is called flooding transition.
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Figure 5.1: (a) The BTW toppling surface generated on a 128 × 128 square lattice.
Islands obtained at different levels of flooding: (b) S = 10 and (c) S = 20 for the BTW.
The black dots represent the islands and water is represented by white. At every level of
flooding only one island can be extracted and hence no flooding transition is observed.

However, such a transition is not possible in the smooth toppling surface of BTW

sandpile model where at every level of flooding only one island can be extracted

as it is demonstrated in Fig.5.1. It is then intriguing to characterize the flooding

transition in the toppling surface topography of the stochastic sandpile models RSM

and the SSM.

5.1 Flooding transition in the toppling surface

The flooding transition is studied in the topography of toppling surfaces of sandpile

models of two different classes, the RSM [113] and the SSM [50]. Toppling surfaces

of the RSM and the SSM are shown in the upper panel of Fig.5.2. For studying

the flooding transition, these surfaces are flooded with a liquid, say water. At each

level of water, the surface points whose heights are grater than the water level form

islands. Points belonging to the same island are connected by nearest neighbor

bonds. In Fig.5.2, the island morphologies at three different levels of flooding are

shown below the respective toppling surfaces. It can be seen that if the water level

is high, there appears a few small islands whereas if the water level is low a large

island appears covering most of the space of the lattice. At an intermediate level

of flooding, there exists a critical height Sc (25 for the RSM and 10 for the SSM)

at which a maximum number of islands appear. Below Sc, water is confined locally

whereas above Sc water is found to be connected from all sides, flooding the surface

for the first time. It is then interesting to study the properties of these islands

at the critical transition and verify whether there exits another continuous phase

transition through the toppling surface topography which were yielded at the steady
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Figure 5.2: Toppling surfaces generated on a 128× 128 square lattice for the RSM and
the SSM are shown on the top. Islands are shown for three different levels of flooding:
S = 5, 25, & 45 for the RSM and S = 2, 10 & 18 for the SSM. The black dots represent the
islands and water is represented by white. Flooding transition occurs at the intermediate
level of flooding.
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Chapter 5. Flooding transition in the toppling surface

state of the respective dynamical models. Moreover, it is intriguing to see whether

flooding transition could shine light on the origin of different universality classes of

two stochastic sandpile models.

In order to study the flooding transition, extensive computer simulations are per-

formed on the 2d square lattices of different sizes L. The system size L varies form

128 to 2048 in multiple of 2. 103 toppling surfaces were generated from the span-

ning (touching opposite sides of the lattice) avalanche clusters obtained at the steady

states of the RSM and the SSM for each system size L. The toppling surfaces are

then flooded at every height of the surface. At each level of flooding the number of

islands appeared is counted and their areas (number of lattice points present in an

island) are recorded.

5.2 Flooding threshold

In case of percolation (or generally in continuous phase transitions), the transition

occurs at a sharply defined percolation threshold pc at which the system percolates

for the first time if the occupation probability is increased from below pc
[178]. In

the flooding transition, the flooding threshold corresponds to the critical height Sc

at which maximum number of islands appear. In the case of flooding transition, a

wide distribution of the critical height Sc is observed for both RSM and SSM. In

Figs.5.3(a) and 5.3(b), distributions of the critical heights Sc are plotted for different

lattice sizes for the toppling surface of the RSM and the SSM respectively. It can

be noticed that the width of the distribution of Sc is increasing with the system

size L for both models in contrary to the observation in usual second order phase

transition in which one expects a sharper and sharper distribution with increasing

system size. As a consequence, in the L → ∞ limit, there will be critical flooding

at all possible heights.

The critical height for flooding is expected to be directly related to the width W (L)

of the toppling surface which scales with L as

W (L) ∼ Lχ (5.1)

where χ is the roughness exponent. The exponent χ was found approximately

χ = 0.82 for the RSM and 0.73 for the SSM as mentioned in Chapter 4. It is then

expected that the critical height Sc should scale with the system size as Lχ. Since

the probability of appearing a critical height decreases with increasing system size,
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Figure 5.3: Plot of P (Sc) against Sc for the toppling surface of (a) the RSM and (b) the
SSM for system sizes L = 512 (#), 1024 (2) and 2048 (△). P (Sc)L

χ is plotted against
Sc/L

χ for (c) the RSM and (d) the SSM. A reasonable collapse is observed for both the
RSM and the SSM.

P (Sc) is assumed to scale with the system size as L−χ. The scaled distribution

P (Sc)L
χ is plotted against the scaled variable Sc/L

χ in Figs.5.3 (c) and (d) for

the RSM and the SSM respectively. For both the RSM and the SSM a reasonable

collapse of data is obtained taking χ = 0.82 and 0.73 respectively.

The flooding threshold can also be identified in terms of area fraction p, the ratio

of the total island area to L2, as in percolation. The area fraction corresponding to

the critical height is taken as the critical area fraction pc. It is observed that the

critical area fraction pc also has a wide distribution P (pc) as shown in the Figs.5.4(a)

and (b) for the RSM and the SSM respectively. Note that the width of P (pc) is

almost independent of L as it is seen for the scaled distribution P (Sc)L
χ against the

scaled variable Sc/L
χ in Figs.5.3(c) and (d). The existence of finite variance in the

threshold distribution in the limit L → ∞ was also observed in the contour cuts of
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Figure 5.4: Plot of P (pc) against the critical area fraction pc for the toppling surface of
(a) the RSM and (b) the SSM for system sizes L = 512 (#), 1024 (2) and 2048 (△).

self-affine wrinkled surfaces [189,190].

Since there is a wide distribution of critical heights for an ensemble of toppling

surfaces, the critical point or the flooding threshold is defined as ∆S = S − Sc = 0

for each surface. Data is collected for the same value of ∆S of different surfaces and

averaging of a physical quantity is made corresponding to the same ∆S value. In

terms of area fraction, one may define the critical point as ∆p = p−pc = 0. Though

the distribution of critical heights in RSM and SSM are different, the critical points

of these models are defined identically at ∆S = 0 (or ∆p = 0). The parameter ∆S

can be considered as change in the external field in the system with respect to the

critical field.

5.3 Order parameter

In order to identify the order parameter of the flooding transition, one needs to define

a spanning island connecting opposite sides of a lattice as in percolation theory. In

this transition, such a spanning island appears only at the zero level of flooding.

However, there exists a critical flooding level Sc at which maximum number of

islands appear. Therefore, a concept of “critical spanning island” is defined as the

largest island amax(Sc) present at the criticality for a given surface. Since for the

ensemble of surfaces, the critical point is define by ∆S = 0, the area of the critical

spanning island for the ensemble of surfaces is taken as the 〈amax(Sc)〉, where 〈· · · 〉

represents the ensemble average. The order parameter P∞ then can be defined as

the probability to find a surface point in an island of area a ≥ 〈amax(Sc)〉 at a given
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Figure 5.5: Plot of P∞ against ∆S for the toppling surfaces of (a) the RSM and (b) the
SSM for system sizes L = 512 (#), 1024 (2) and 2048 (△). Plot of P∞ against the scaled
variable ∆S/Lχ for (c) the RSM and (d) the SSM. A reasonable collapse is observed for
both the models.

level of flooding. It can be written as

P∞ = 1 − P (a), P (a) =
∑′

a

ana (5.2)

where na is the number of islands of area a per lattice site at a given ∆S, primed

sum denotes exclusion of the critical spanning island. P∞ is calculated as a function

of ∆S for three different lattice sizes L = 512, 1024 & 2048 for both the models. In

Figs.5.5(a) and (b) P∞ is plotted against ∆S for the RSM and the SSM respectively.

Two things are to be noticed. First, all the curves are crossing at ∆S = 0 indicating

∆S = 0 as the critical point separating two phases, no flooding and flooding for both

the models. Second, for both the RSM and the SSM, the plot of P∞ becomes flatter

and flatter as L is increased than sharper and sharper for higher L as expected in a

second order phase transition. However, this is related to the fact that the critical

flooding height has wider distribution at a larger L than at a smaller L.
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Figure 5.6: Plot of P∞ against ∆p = p − pc for (a) the RSM and (b) the SSM.

In order to verify the finite size dependence of P∞, a finite size scaling (FSS) analysis

has been performed. P∞ is assumed as a generalized homogeneous function of ∆S

and L as given by

λP∞ = F [λa∆S, λbL] (5.3)

where λ is a parameter. Taking λ = L−1/b, one has

P∞ = LAF [∆S/LB ] (5.4)

where A = 1/b and B = a/b. Since at L → ∞ limit P∞ is expected to be L

independent, the FSS function should have a value (∆S/LB)A/B in the same limit.

Inserting the value of F (∆S/LB) in Eq.5.4, one has P∞ ≈ (∆S)A/B. Since ∆S is

like an external field in the problem, a scaling form for P∞ with ∆S is assumed as

P∞ ≈ (∆S)1/δ (5.5)

where δ = B/A. On the other hand, at ∆S = 0, P∞ ≈ LA assuming F (0) is a

constant. It is also expected that ∆S ∼ Lχ as W (L) scales with L. One then has,

P∞ ≈ (∆S)A/χ, A/χ = 1/δ. (5.6)

Since Aδ = χ and B = Aδ, one has B = χ. At the same time, by definition

P∞ = L(Df−d) where Df is the fractal dimension of the critical spanning islands and

d is the space dimension. Thus, A = Df − d. Knowing A and B, the FSS form of

P∞ is given by

P∞ = L(Df−d)F [∆S/Lχ]. (5.7)
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Since the islands here are almost compact, one has Df = d = 2 and consequently it

is expected that P∞ ≈ F [∆S/Lχ]. In Figs.5.5(c) and (d), P∞ is plotted against the

scaled variable ∆S/Lχ for the RSM and the SSM. Taking the values of χ = 0.82

and 0.73 for the RSM and the SSM, respectively, a collapse of data is obtained as

expected for both the models. It not only confirms the scaling theory for P∞ but also

verifies the scaling form of ∆S with L. The problem can also be studied in terms

of the area fraction p. In Figs.5.6(a) and (b), P∞ is plotted against ∆p = p − pc

for the RSM and the SSM respectively for system sizes L = 512, 1024 and 2048.

It can be seen that for both the models, data for all three L collapse onto a single

curve and no rescaling is required. As per percolation theory, the finite size scaling

of P∞ in terms of area fraction is given by P∞ = L−β/νG[∆pL1/ν ] where β is order

parameter exponent, ν is correlation length exponent and β = ν(d−Df)
[178]. Since

the argument ∆pL1/ν of the scaling function G is found L independent, it seems that

the correlation length exponent ν → ∞. That is what was also one of the conclusion

of the study of percolation on the synthetic self-affine surfaces [189,192]. As ν → ∞

and (d−Df) → 0, then the exponent β = ν(d−Df), must be finite. One may also

note that A = χ/δ = (Df − d) → 0, then δ → ∞. Hence, in the L → ∞ limit,

as per Eq.5.5, the probability of appearance of a critical spanning island would be

uniform at all possible level of flooding (consistent with Figs.5.5(a) and (b)). The

order parameter then confirms ∆S = 0 (or ∆p = 0) as a critical point at which

no flooding to flooding transition occurs in the topography of the sandpile toppling

surfaces.

5.4 Island area distribution

In order to verify the criticality at ∆S = 0 (or ∆p = 0) the probability P (a0) of

appearing an island of area a0 in an ensemble of islands collected from all the surfaces

at their respective critical heights Sc is determined for a system of size L = 2048.

In Fig.5.7, the distribution P (a0) is plotted against a0 in double logarithmic scale

for (a) the RSM and (b) the SSM . It can be seen that P (a0) follows a power law

distribution for both the RSM and the SSM. For a given lattice size L, the island

area distribution P (a0) then should be given by

P (a0) = a−η0

0 f0(a0/L
Df ) (5.8)
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Figure 5.7: Plot of island area distribution P (a0) against a0 for (a) the RSM and (b)
the SSM at ∆S = 0 for the system size L = 2048. The solid lines represent the best fitted
lines. In the respective insets η(∆S) is plotted against ∆S for the RSM and the SSM.
The exponents are found close to that of η0.

where Df is the fractal dimension of the islands at ∆S = 0 (or ∆p = 0). The best

estimate of the exponent η0 is obtained as 1.81±0.01 for the RSM and 1.90±0.01 for

the SSM [171]. The error bars are the linear least square fit errors. It should be noted

that η0 is a new exponent. It is neither equal to the cluster size distribution exponent

of percolation 187/91 ≈ 2.05 [178] nor it is equal to the avalanche area distribution

exponent τa of the respective sandpile models (τa = 1.334 for the RSM [113] and

τa = 1.373 for the SSM [74,75,76,113]). These exponents are also different from those

recently obtained for the island area distribution at average height of Kardar-Parisi-

Zhang and Edwards-Wilkinson interfaces by Saberi et al. [196]. Thus, the flooding

transition is a novel continuous phase transition in the topography of the toppling

surfaces of stochastic and rotational sandpile models and does not belong to the

percolation universality class. However, the flooding transition will be equivalent to

classical percolation transition for uncorrelated surfaces [189,190]. Though the flooding

transition is able to characterize the RSM and the SSM distinctly, such a transition

does not exists in the smooth toppling surface of the BTW sandpile model [4,114]

for which at every level of flooding a single island will appear. Interestingly, the

power law distribution of island area P (a) is not restricted to ∆S = 0 only, rather

it is extended over a wide range of ∆S. The corresponding exponents η(∆S) are

extracted and plotted against ∆S in the respective insets of Fig.5.7. The values of

η(∆S)s are found close (within error bars) to that of η0 within ∆S = ±10. For large

values of ∆S (beyond ±10), the distributions are found to deviate from the critical

distribution with different critical exponents. The power law distribution is observed

upto ∆S = ±100 on a system of size L = 2048. It can be noted here that the area
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fraction p is ≈ 0.25 corresponding to ∆S = 0 for both the models. Criticality over a

wide range of area fraction is also observed in the synthetically generated self-affine

surface by Olami [190]. Though the power law distribution occurs over a wide range

of ∆S (or ∆p), it is observed that the distribution extends for a longest possible

range of area in the case of ∆S = 0. This again indicates that ∆S = 0 (or ∆p = 0)

is the critical point.

5.5 Scaling relations

It is interesting to explore the relationship between the criticality of flooding transi-

tion and the roughness or self-affinity of toppling surface topography. The criticality

of flooding transition is characterized by the distribution exponent η0 whereas the

self-affinity of the toppling surface is characterized by the Hurst exponent H . The

value of H can be calculated from the variation of correlation C(r) between top-

pling numbers of two sand columns separated by a distance r with r as C(r) ∼ r2H

as mentioned in Chapter 4. The Hurst exponents of the RSM and the SSM are

H(RSM) = 0.35 ± 0.01 and H(SSM) = 0.21 ± 0.01 respectively as mentioned in

Chapter 4. A scaling inequality can now be developed to obtain an upper bound for

the critical exponent η0 in terms of the Hurst exponent H following Ref. [190]. The

scaling inequality in the critical exponents is developed based on the fact that the

number of islands N0 must be less than the total contour length of all the islands

at a given level of flooding. If N0 is the number of islands at ∆S = 0, the total area

of all the islands should be

N0

∫

a−η0+1
0 f0(a0/L

Df )da0 ≈ N0L
Df (2−η0). (5.9)

At the same time, total island area at ∆S = 0 flooding should also be LDf where

Df is the fractal dimension of the islands. The number of islands N0 then can

be obtained as N0 = LDf (η0−1). On the other hand, total perimeter length of all

the islands at the criticality should go as LD where D = 2 − H is the Mandelbrot

exponent [146]. Thus the inequality in island numbers and the perimeter length can

be written as

LDf (η0−1) ≤ L2−H . (5.10)

The scaling inequality then can be obtained as

η0 ≤ 2 − H/2 (5.11)
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Figure 5.8: Plot of 〈aq
0〉 against L for (a) the RSM and (b) the SSM for q = 1 (#) and

2 (2). The straight lines are the linear least square fit lines.

assuming Df = 2 for the compact islands. Since 2−H/2 is equal to 1.825±0.010 and

1.895 ± 0.010 for the RSM and the SSM respectively and the values of η0 for these

models are 1.81 and 1.90 respectively, the scaling relation holds as equality for a wide

range of ∆S (±10) within error bars. Such scaling equality is also found to be valid

for the auto correlation function for the island areas on self-affine surfaces [197]. The

universality class of the flooding transition is thus directly related to the roughness

of the toppling surfaces and the fractal dimension of critical spanning islands. Since

the toppling size distribution exponent τs is related to the roughness exponent χ =

1/2 + H the island area distribution exponent η0 can also be connected to τs.

5.6 Moment analysis and finite size scaling

A FSS theory is developed by calculating the qth moment 〈aq
0〉 of the island area

as a function of system size L at ∆S = 0. The qth moment of area distribution is

defined as

〈aq
0〉 =

∫

a−η0+q
0 f0(a0/L

Df )da0 ∼ Lσq (5.12)

where σq = (q + 1− η0)Df . For FSS to be valid, σq+1 − σq = Df should be satisfied

for any q. 〈aq
0〉 are calculated excluding the critical spanning islands upto q = 4. In

Figs.5.8(a) and (b), 〈aq
0〉 for q = 1 and 2 are plotted against L in double logarithmic

scale for the RSM and the SSM respectively. The values of the exponents are

estimated as σ1 = 0.35±0.02 and σ2 = 2.35±0.03 for the RSM and σ1 = 0.21±0.02

and σ2 = 2.20 ± 0.03 for the SSM by linear least square fit to the data points. A

few important things are to be noticed. First, σ2 − σ1 ≈ 2 for both the models.
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Figure 5.9: Plot of scaled island area distribution at the flooding threshold P (a0)L
η0Df

against scaled variable a0/L
Df for L = 512 (#), 1024 (2) and 2048 (△) for (a) the RSM

and (b) the SSM. A reasonable data collapse is observed for both the models.

It is also verified for two more higher moments. Thus P (a0) follows FSS. Second,

σ1 and σ2 both are different for the RSM and the SSM and are then characteristic

exponents of these models. Third, the scaling relation σq = (q+1−η0)Df is satisfied

within error bars for both the models assuming Df = 2. Fourth, assuming equality

in Eq.5.11, η0 = 2−H/2, and Df = 2, one has σq = 2(q− 1+H/2). Hence, σ1 = H

and σ2 = 2 + H . It is important to note that the measured values of σ1 and σ2 are

equal to H and 2+H respectively for both the models. Therefore, all the exponents

of flooding transition can be defined in terms of the Hurst exponent H alone taking

Df = 2 for the compact islands. The FSS form of P (a0) is verified by studying

the scaled distributions P (a0)L
η0Df as a function of the scaled variable a0/L

Df . In

Fig.5.9 P (a0)L
η0Df is plotted against the scaled variable a0/L

Df for (a) the RSM

and (b) the SSM for L = 512, 1024 and 2048. A reasonable data collapse is obtained

for the distribution functions using the respective values of η0 and Df for both the

models. Thus, the FSS form assumed for the island area distribution at the flooding

threshold is correct for these models.

In the above, FSS of the island area distribution function is verified at the critical

flooding threshold ∆S = 0 only. It is important to verify the FSS form of the

distribution function with ∆S or with ∆p = p − pc, where p is the area fraction

(total island area per lattice site at a given level of flooding) and pc is the area

fraction at the flooding threshold. This has been verified by studying the average

island area 〈a〉 as a function of ∆S and ∆p for different L. In Fig.5.10, 〈a(∆S, L)〉 is

plotted against ∆S for (a) the RSM and (b) the SSM. It can be seen that 〈a(∆S, L)〉

increases with L at the criticality ∆S = 0 for both the models as expected and shown
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Figure 5.10: Plot of 〈a(∆S,L)〉 against ∆S for L = 512 (#), 1024 (2) and 2048 (△) for
(a) the RSM and (b) the SSM. In the respective insets, 〈a(∆S,L)〉/LH is plotted against
∆S/Lχ for the same set of L. A reasonable collapse is observed for both the RSM and
the SSM.

in Fig.5.8. On the other hand, ∆S should scale in a similar fashion as the toppling

surface width W (L) scales with the system size as Lχ. FSS form of 〈a(∆S, L)〉 is

then expected to be

〈a(∆S, L)〉 = LHfa[∆S/Lχ]. (5.13)

In the insets of Fig.5.10(a) and (b), 〈a(∆S, L)〉/LH is plotted against ∆S/Lχ for the

RSM and the SSM respectively. A reasonable data collapse is obtained for both the

RSM and the SSM. FSS form of 〈a〉 as a function of ∆p and L is is expected to be

〈a(∆p, L)〉 = LHga(∆pL1/ν) (5.14)

where ν is the correlation length exponent. 〈a〉 is estimated for different ∆p and

L and is plotted in Fig.5.11 for (a) the RSM and (b) the SSM. Interestingly, on

one hand the value of 〈a〉 for both the models diverge at ∆p = 0 as expected in

a continuous phase transition and on the other hand, the distribution is becoming

broader and broader with increasing L in contradiction to a continuous phase tran-

sition. In the insets of the respective plots, the scaled average area 〈a(∆p, L)〉/LH

is plotted against ∆p for both the RSM and the SSM. It can be seen that a good

collapse of data is obtained taking H = 0.35 and 0.21 for the RSM and the SSM

respectively. Note that for both the models, ∆p itself is the scaled variable since

ν → ∞ in these cases. As per percolation theory, H is also equal to γ/ν, where γ is

the critical exponent describing the singularity of 〈a〉 at ∆p = 0. Since the ratio of

γ to ν is finite and ν → ∞, the exponent γ must be very large. It seems that most
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Figure 5.11: Plot of 〈a(∆p, L)〉 against ∆p for L = 512 (#), 1024 (2) and 2048 (△) for
(a) the RSM and (b) the SSM. In the respective insets, 〈a(∆p, L)〉/LH is plotted against
∆p for the same set of L. Here ∆p itself a scaled variable as ν → ∞. A reasonable collapse
is observed for both the RSM and the SSM.

of the percolation exponents are infinitely large. But the ratio of these exponents

to the correlation length exponent is found to be finite [171]. Therefore, there exists

a critical point where the island related quantities will diverge in the L → ∞ limit

with appropriate FSS exponents. In that sense, FSS is the most appropriate theory

to study this type of phase transition.

In a continuous phase transition, it is also expected that the fluctuation in island

area should diverge at the criticality. Therefore it is interesting to study the fluctu-

ation in island area 〈δa2(∆S, L)〉 as a function of ∆S for a given system of size L.

〈δa2(∆S, L)〉 is defined as

〈δa2(∆S, L)〉 =
〈a2(∆S, L)〉 − 〈a(∆S, L)〉2

〈a(∆S, L)〉2
. (5.15)

〈δa2(∆S, L)〉 is calculated at different ∆S for different L and plotted against ∆S

for the RSM and the SSM in Figs.5.12 (a) and (b) respectively. It can be seen that

maximum in island fluctuation 〈δa2(∆S, L)〉 appears at the criticality ∆S = 0 for

both the models. The fluctuation in island area at criticality 〈δa2(L)〉0 is given by

〈δa2(L)〉0 =
〈a2

0(L)〉 − 〈a0(L)〉2

〈a0(L)〉2
(5.16)

and it is expected to diverge with L as

〈δa2(L)〉0 ∼ L∆σ (5.17)
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Figure 5.12: Plot of 〈δa2(∆S,L)〉 against ∆S for L = 512 (#), 1024 (2) and 2048 (△)
for (a) the RSM and (b) the SSM. In the insets of (a) and (b) 〈δa2(L)〉0 is plotted against
L in double logarithmic scale for the respective models. Plot of 〈δa2(∆S,L)〉/L∆σ against
∆S/Lχ for both (c) the RSM and (d) the SSM for the same set of L. A reasonable collapse
of data is obtained for both the models.

where ∆σ = σ2−2σ1 = 2−H . It can be seen from Figs.5.12(a) and (b) that 〈δa2(L)〉0

increases with L at the criticality for both the models. In the insets of Figs.5.12 (a)

and (b) values of 〈δa2(L)〉0 are plotted against L in double logarithmic scale for both

the models and they follow the scaling law assumed in Eq.5.17. The values of ∆σ,

obtained from the linear least square fitting to the data points, are ∆σ = 1.65±0.01

for the RSM and ∆σ = 1.78±0.01 for the SSM. The values of ∆σ obtained are also

satisfying the scaling relation among σ2, σ1 and the Hurst exponent H within the

error bars. Numerical values of the critical exponents associated with island area

distribution, different moments of island area distribution and fluctuation in island

area for the RSM and the SSM are listed in Table 5.1 and the scaling relations are

verified. Since ∆S scales with L with exponent χ, the scaling of 〈δa2(∆S, L)〉 is

expected to be

〈δa2(∆S, L)〉 = L∆σfaf [∆S/Lχ]. (5.18)
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5.7 Conclusion

Model H 2 − H/2 η0 σa
1 σa

2 ∆σ σa
2 − 2σa

1

=(2 − H/2) =(H) =(2 + H) =(2 − H) =(2 − H)

RSM: 0.35 1.825 1.81 0.35 2.35 1.65 1.65

±0.01 ±0.01 ±0.01 ±0.02 ±0.03 ±0.01 ±0.05

SSM: 0.21 1.895 1.90 0.21 2.20 1.78 1.78

±0.01 ±0.01 ±0.01 ±0.02 ±0.03 ±0.01 ±0.05

Table 5.1: Numerical values of the critical exponents associated with the flooding tran-
sition for the SSM and the RSM are listed here. Errors quoted with the critical exponents
obtained through the scaling relations are propagation errors. The scaling relations are
found valid within error bars.

In Figs.5.12(c) and (d), the scaled fluctuation 〈δa2(∆S, L)〉/L∆σ is plotted against

the scaled variable ∆S/Lχ for the RSM and the SSM respectively. A reasonable

data collapse is obtained using the values of ∆σ and χ for the respective models.

Thus, the FSS form of island area distribution is again found to be correct scaling

forms.

5.7 Conclusion

A continuous phase transition, called flooding transition, is found to occur in the

toppling surface topography of stochastic and rotational sandpile models. Such a

transition is not possible to occur in the smooth topography of the deterministic

BTW type sandpile toppling surfaces. Though there exists a wide distribution of

flooding threshold, a critical point is defined by merging the flooding thresholds

of all the toppling surfaces. The width of critical height distribution for a given

system size is found to scale with the roughness exponent of the toppling surface.

The singularity of several island related quantities are explored at the critical point.

A number of important observations are noted in the study of flooding transition.

An order parameter for the flooding transition is defined in terms of the probability

to find a surface point in the critical spanning island. Power law distribution of

island area is found to exist over a wide range of area fraction. A set of new

critical exponents are determined. A FSS theory for the island related quantities

is developed and verified. Most of the percolation type exponents are found to be

infinitely large though their ratio to the correlation length exponent are found finite.

The flooding transition is found to be a novel continuous phase transition and does

not belong to the percolation universality class. Not only the critical exponents of
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Chapter 5. Flooding transition in the toppling surface

flooding transition are obtained in terms of the Hurst exponent H of the toppling

surfaces and the fractal dimension Df of the critical islands but also the exponents

describing the avalanche size distribution are also obtained.
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Chapter 6

Critical properties of island

perimeters

In the previous chapter, a novel continuous phase transition called flooding transi-

tion through the self-affine toppling surfaces of the RSM and the SSM was described.

At the flooding threshold the islands exhibits nontrivial critical behaviour which de-

pends on the Hurst exponent H of the toppling surfaces. It is then expected that

the properties of the external perimeters of these islands should exhibit a non-trivial

critical behaviour at the same flooding threshold. In the case of synthetically gener-

ated self-affine surfaces, an ensemble of contour loops were generated by intersection

of horizontal planes with the surface and its geometrical properties were found useful

to characterize these surfaces [198,199,200,201]. Study of contour loop properties were

also extended to the Kardar-Parisi-Zhang (KPZ) interface [196,202], WO3 surface [203],

discrete scale invariant rough surface [204] as well as multifractal surfaces [205]. Per-

colation transition and the contour loop properties on the self-affine surfaces were

studied independently without enough emphasis on loop properties at the percola-

tion threshold. In this chapter the critical properties of the external perimeter of

islands are studied in detail at the flooding threshold performing FSS studies.

6.1 Perimeter extraction

In Chapter 5, flooding transition is studied in the topography of the toppling sur-

faces of the RSM and the SSM by flooding the toppling surfaces with a liquid, say

water. At each level of flooding S, the surface points whose heights are greater

than the water level (Si > S) form islands. Points belonging to the same island

are connected by NN bonds. The external perimeter of an island is identified by
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(a) RSM (b) SSM

Figure 6.1: Perimeters of the islands obtained at the flooding threshold of the toppling
surfaces of (a) the RSM and (b) the SSM (given in Chapter 4) are shown by black dots.
The flooding thresholds are S = 25 for the RSM and S = 10 for the SSM.

performing a kinetic random walk, an algorithm developed by Ziff et al. [206]. Such

an algorithm had been extensively used to determine the external hull of percolation

clusters [207,208,209,210,211,212,213]. In this algorithm, one starts from a pair of occupied

and empty NN sites at one point on the perimeter. The walker then moves to the

occupied site from the empty site and the direction of occupation from the empty

site to the occupied site, is noted. Facing the direction of occupation, a search is

made for an occupied nearest neighbour in the same island from the left following the

sequence left, front, right and back. As soon as an occupied site is encountered the

direction of occupation of the new site, from the old occupied to the new occupied

site, is again noted. The walker moves to the new occupied site and keeps on moving

until it encounters a pair of occupied sites which had already been occupied in the

same direction. However, a site could be visited from different directions during this

walk. All the distinct occupied sites encountered during the walk are listed in an

array and they define the external perimeter of the island. Typical perimeters of

the islands obtained by flooding the toppling surfaces of the SSM and the RSM are

shown in the lower panel of Fig.6.1. It can be seen that the island perimeters are not

only tortuous but also have different geometries for the SSM and the RSM toppling

surfaces. In the study of flooding transition, the critical properties of islands were

found to be characterized by the Hurst exponent H of the toppling surface. It is

then intriguing to study the critical properties of external perimeters of these islands

for further information relating the avalanche properties and the toppling surface of
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sandpile models.

It may be noted here that the toppling surface of the Bak, Tang and Wiesenfeld

(BTW) sandpile model [4,114] is a single Gaussian surface around the maximum top-

pling number. During flooding through the smooth toppling surface of BTW, only

one island can be obtained at every level of flooding and no flooding transition can

occur. Hence, its properties are not studied.

For each lattice size L, 103 toppling surfaces corresponding to large spanning avalanche

clusters are collected and perimeters of islands are extracted for each level of flooding

of all these surfaces. Since it was observed for flooding transition that there exists

a wide distribution of flooding thresholds the island perimeters are collected for dif-

ferent values of ∆S = S − Sc at and around the flooding threshold ∆S = 0. In the

following, several geometrical properties of the island perimeters will be analyzed.

6.2 Critical properties of island perimeters

6.2.1 Fractal dimension of island perimeter

During flooding of the toppling surface of the SSM and the RSM, the perimeter

of the islands appeared at the flooding threshold are found highly tortuous. They

are expected to be a self similar random object and hence, it is useful to measure

their fractal dimension. An island perimeter is consist of the occupied lattice sites

at the perimeter of an island whose coordinates are given by (xi, yi). The mass

(size) m of a perimeter is then the number of sites present on the island perimeter.

The lateral extension r of an island perimeter is taken as r = max{∆x, ∆y} where

∆x = (xmax − xmin) and ∆y = (ymax − ymin). The perimeter mass m is expected to

scale with its extension r as

m ∼ rdℓ (6.1)

where dℓ is fractal dimension of the island perimeter. At the flooding threshold,

mass m of the island perimeters are collected as a function of their lateral extension

r, dividing r in logarithmic bins of base 2. In Fig.6.2(a), 〈m〉r is plotted against r in

double logarithmic scale for both models for the system of size L = 2048. Data for

the largest bin is dropped to avoid the lattice boundary effect. Fractal dimensions

dℓ of island perimeters of both models are calculated by linear least square fitting to

the data points in Fig.6.2(a). The values of dℓ are found different for the RSM and

the SSM as 1.33± 0.01 and 1.41± 0.01 respectively [170]. Since dℓ(SSM) > dℓ(RSM),
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Figure 6.2: (a) Plot of perimeter mass 〈m〉r against the lateral extension r of the
corresponding island perimeters for the RSM (circle) and the SSM (square) for a system
of size L = 2048. The perimeter fractal dimensions are obtained as: 1.33±0.01 for the RSM
and 1.41 ± 0.01 for the SSM. (b) Plot of perimeter mass 〈m〉a against the corresponding
island area a for the RSM (circle) and the SSM (square) for the same system size. It is
found that 〈m〉a scales with a with an exponent 0.68 ± 0.01 for the RSM and 0.71 ± 0.01
for the SSM.

the SSM island perimeters are more tortuous than the RSM island perimeters as

it can be seen in Fig.6.1. Note that, the values of dℓ obtained here are consistent

with that obtained for the ensemble of perimeters obtained by flooding the toppling

surfaces at all possible levels on a lower lattice size [169]. It can also be noted that

the percolation hull dimension is 4/3 [178,179,214].

Since the islands obtained in the flooding transition are compact, the island area

a is expected to scale with the extension r of the island as a ∼ r2. Therefore, the

mass m of the island perimeter of area a should scale as

m ∼ adℓ/2. (6.2)

In Fig.6.2(b), 〈m〉a is plotted against island area a in double logarithmic scale for

both models for the system of size L = 2048. The slopes of the plots are calculated

by linear least square fitting to the data points in Fig.6.2(b) and the values of slopes

are obtained as 0.68 ± 0.01 for the RSM and 0.71 ± 0.01 for the SSM. The values

obtained here are equal to dℓ/2 within the error bars. It is not only confirming the

compactness of the islands but is also verifying the correctness of the measured value

of dℓ.
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6.2.2 Perimeter mass and extension distributions

During the flooding transition it was observed that the island area distribution

follows a power law scaling behaviour at the flooding threshold ∆S = 0 and the

distribution exponent was found to depend only on the Hurst exponent H of the

toppling surfaces [171]. It is thus important to obtain the scaling behaviour of the

probability distributions of perimeter mass m and its extension r at ∆S = 0. As

the island perimeters are self-similar with fractal dimension dℓ, the number of island

perimeter n(m, r) of size m and lateral extension r is expected to scale as

n(m, r) = m−ζfℓ(m/rdℓ) (6.3)

where ζ is an unknown exponent. If the total number of islands appeared at ∆S = 0

is N , the probability ñ(m) of finding an island perimeter of mass m for any extension

r is given by

ñ(m) =
1

N

∫

m−ζfℓ(m/rdℓ)dr ∼ m−ηm . (6.4)

Defining a scaled variable z = m/rdℓ , ñ(m) can be written in terms of z as

ñ(m) = m−ζ+1/dℓ

(

−1

Ndℓ

)
∫

z

z−2fℓ(z)dz. (6.5)

Since the integral will contribute to a constant, the scaling behavior of ñ(m) with

m can be written as

ñ(m) ∼ m−ζ+1/dℓ ∼ m−ηm . (6.6)

Therefore the scaling relation among ηm, ζ , and dℓ is given by

ηm = ζ − 1/dℓ. (6.7)

Similarly, the probability ñ(r) of finding an island perimeter of extension r for any

masses m is given by

ñ(r) =
1

N

∫

m−ζfℓ(m/rdℓ)dm ∼ r−ηr (6.8)

Defining a scaled variable z = m/rdℓ , ñ(r) can be written in terms of z as

ñ(r) = r(−ζ+1)dℓ

(

1

N

)
∫

z

fℓ(z)dz. (6.9)
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Figure 6.3: (a) Plot of ñ(m) against the perimeter mass m for the RSM (#) and the
SSM (2), (b) plot of ñ(r) against the perimeter extension r for the RSM (#) and the SSM
(2). The solid lines are the best fitted lines through the data points.

The integral can be taken as a constant and consiquently, the scaling behavior of

ñ(r) with r can be written as

ñ(r) ∼ r(−ζ+1)dℓ ∼ r−ηr . (6.10)

Therefore the scaling relation among ηr, ζ , and dℓ is given by

ηr = dℓ(ζ − 1). (6.11)

Eliminating ζ from the Eqs.6.7 and 6.11, a scaling relation between ηr and ηm can

be obtained as

ηr = 1 + dℓ(ηm − 1). (6.12)

The probability distributions ñ(m) and ñ(r) are calculated at ∆S = 0 for a system

of size L = 2048. Data are collected in bins of intervals of 10s, 100s, 1000s, and so

on. Finally, they are normalized by the respective bin widths. In Fig.6.3(a), ñ(m) is

plotted against m and in Fig.6.3(b), ñ(r) is plotted against r in double logarithmic

scale for both the RSM (circle) and the SSM (square). It can be seen that both

ñ(m) and ñ(r) follow power law scaling for both models as expected. The power law

scaling signifies the criticality of the system at the flooding threshold. The slopes

of the distributions are calculated from the linear least square fitting to the linear

part of the distribution. From the slope of the best fitted straight lines, the values

of the exponents ηm and ηr are obtained as: ηm = 2.25 ± 0.01, ηr = 2.65 ± 0.01 for

the RSM and ηm = 2.28 ± 0.01, ηr = 2.79 ± 0.01 for the SSM [170]. It can be seen
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that the values of ηr are different for both the RSM and the SSM but the values of

ηm are close for both models. Moreover, the scaling relation ηr = 1 + dℓ(ηm − 1) is

satisfied within error bars by the values of the critical exponents ηm and ηr obtained

for both models.

6.2.3 Hyperscaling

The critical exponents associated with the properties of island perimeters such as dℓ,

ηr and ηm can be related to roughness or the self-affinity of the toppling surface by

studying hyperscaling. Through hyperscaling, these exponents can be obtained in

terms of the roughness exponent χ that describes the width of the toppling surface

or in terms of the Hurst exponent H that describes the toppling number (height)

correlation in the toppling surface. The hyperscaling relations is obtained here in

terms of H following Ref. [198,199]. It can be noted that an island perimeter consists

of sites of different toppling numbers (or heights) at a given level of flooding. In

order to confine island perimeters of extensions r to r + dr along with toppling

numbers associated with perimeter sites in a box of side ǫ, the vertical height of the

box is needed to be ∆, say. Similarly, to confine island perimeters of extensions r/b

to r/b + d(r/b) in a box of side ǫ/b, the vertical height of the box is needed to be

∆′, say. Since in continuum, the toppling number (height of the surface at a given

point) S(r) ≈ λ−HS(λr), ∆ should scale as ∆′ ∼ b−H∆ for λ = 1/b. The number

of island perimeters per unit height in a box of side ǫ is then statistically equivalent

to the number of island perimeters per unit height in a box of side ǫ/b. Therefore,

ǫ2ñ(r)dr

∆
≈

(ǫ/b)2ñ(r/b)d(r/b)

∆′
=

ǫ2bH−3ñ(r/b)dr

∆
. (6.13)

From this hyperscaling, it can be seen that

ñ(r/b) = b(3−H)ñ(r/b). (6.14)

This is possible if

ñ(r) ∼ r−(3−H). (6.15)

Since ñ(r) ∼ r−ηr the hyperscaling relation between ηr and H can be obtained as

ηr = 3 − H. (6.16)
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Knowing that ηr = 1 + dℓ(ηm − 1) from Eq.6.12, by eliminating ηr the hyperscaling

relation between ηm and H can then obtained as

dℓ(ηm − 1) = 2 − H. (6.17)

Both the hyperscaling relations are found satisfied within error bars for the measured

values of dℓ, ηr, ηm and H for the island perimeters of both models. The critical

exponents obtained here are listed in Table 6.1 and different scaling relations are

verified.

It may be noted here that the above scaling theory is obtained here considering the

island perimeters only at the flooding threshold. Such scaling relations were also

obtained for a contour loop ensemble constructed by horizontal cuts of synthetically

generated Gaussian random surfaces at all possible levels by Kondev et el. [198,199]. In

the case of flooding transition on the sandpile toppling surfaces as well as percolation

transition on the synthetically generated self-affine surfaces, the flooding threshold

(percolation threshold) was found to have a wide distribution and the width of

the distribution diverges in the thermodynamic limit [171]. This is why the scaling

relations obtained at the flooding threshold are found identical to those obtained

for the contour loop ensemble.

6.2.4 Perimeter site-site correlation function

A direct scaling relation between perimeter fractal dimension dℓ and Hurst exponent

H of the toppling surface can be obtained by studying perimeter site-site correlation

function Gm(r) following Ref. [198,199]. The correlation function Gm(r) is defined as

the probability to find a pair of sites separated by a distance r on the same perimeter

of mass m and assumed to scale with m and r as

Gm(r) =
mxm

rxr
gℓ

( r

m1/dℓ

)

(6.18)

where xm and xr are two unknown exponents. The perimeter mass m can be ob-

tained by summing Gm(r) for perimeters of all possible extensions r in the critical

regime and is given by

m =

∫

d2rGm(r) ∼ mxm+(2−xr)/dℓ . (6.19)

108

TH-1142_07612110



6.2 Critical properties of island perimeters

0 2 4log
10

r
-4

-2

0

lo
g 10

G
(r

) (a) RSM

0 2 4log
10

r
-4

-2

0

lo
g 10

G
(r

)

(b) SSM

Figure 6.4: Plot of perimeter site-site correlation function G(r) against r, distance
between two points on the same perimeter, for (a) the RSM and (b) the SSM for system
size L = 1024. Solid lines are the best fitted lines through the data points. For the RSM
and the SSM, xl ≈ 1 and is independent of the Hurst exponent H.

This provides a relation between the exponents xm and xr as 2−xr = dℓ(1−xm). On

the other hand, the total correlation function G(r) can be obtained by integrating

Gm(r) for the perimeters of all possible masses m at the flooding transition. G(r)

is then given by

G(r) =

∫

mñ(m)Gm(r)dm =

∫

m−ηm+1mxm

rxr
gℓ

( r

m1/dℓ

)

dm. (6.20)

Defining a scaled variable z = r/m1/dℓ , G(r) can be written in terms of z as

G(r) = rdℓ(xm−ηm+2)−xr (−dℓ)

∫

z

gℓ(z)dz. (6.21)

The integral can be taken as a constant and therefoe, the G(r) is assumed to scale

with r as G(r) ∼ rxl then the perimeter site-site correlation exponent xl can be

written as

xl = dℓ(xm − ηm + 2) − xr. (6.22)

Since, 2 − xr = dℓ(1 − xm), xl can be obtained as

xl = 2 − dℓ(3 − ηm) (6.23)

after eliminating xm and xr. The total correlation function G(r) is calculated at the

flooding threshold. During calculation of G(r), values of r are collected in bins of

width 2 for 0 ≤ r < 100, 20 for 100 ≤ r < 1000 and so on and finally the values

109

TH-1142_07612110



Chapter 6. Critical properties of island perimeters

Model H dℓ ηm ηr dℓ ηm ηr dℓ

( ηr−1
ηm−1

) (1 + 2−H
dℓ

) (3 − H) (3−H
2

)

RSM: 0.35 1.33 2.25 2.65 1.32 2.24 2.65 1.33

±0.01 ±0.01 ±0.01 ±0.01 ±0.02 ±0.02 ±0.01 ±0.01

SSM: 0.21 1.41 2.28 2.79 1.40 2.27 2.79 1.40

±0.01 ±0.01 ±0.01 ±0.01 ±0.02 ±0.02 ±0.01 ±0.01

Table 6.1: Numerical values of the critical exponents associated with properties of island
perimeters for the RSM and the SSM are listed here. The exponent values are compared
with those obtained from the scaling relations. Errors quoted with the critical exponents
obtained through the scaling relations are propagation errors. The scaling relations are
found valid within error bars. The values of H are taken from Chapter 4.

are normalized by the respective bin widths. G(r) is plotted against r for (a) the

RSM and (b) the SSM in Fig.6.4. The correlation exponent xl is found ≈ 1 for both

models and is independent of the Hurst exponent H of the toppling surfaces of these

models [170]. The value of xl satisfies the scaling relation Eq.6.23 within error bars

for both the RSM and the SSM for their respective values of dℓ and ηm. Assuming

xl exactly equal to 1 and knowing dℓ(ηm − 1) = 2 − H (Eq.6.17), a scaling relation

between dℓ and H can be obtained as

dℓ = (3 − H)/2. (6.24)

The scaling relation holds true within error bars for the values of dℓ and H obtained

here for both the RSM and the SSM. Note that dℓ is the fractal dimension of a

single perimeter at the flooding threshold. However, fractal dimension of all island

perimeters at the flooding threshold should be 2−H , the Mandelbrot exponent [146]

and the fractal dimension of a surface in three dimensions would be 3 − H [215].

6.2.5 Sandpile avalanche exponents in terms of perimeter

exponents

It is now important to obtain the critical exponents describing the macroscopic

avalanche properties such as avalanche size distribution in terms of the critical ex-

ponents obtained here. The distribution of toppling size s =
∑L2

i=1 Si is given by

P (s, L) = s−τsfs(s/L
Ds) (6.25)
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6.3 Moment analysis and finite size scaling

where τs is a critical exponent and Ds is the capacity dimension. Since the avalanches

in these sandpile models are compact and the base fractal dimension is 2, a scaling

relation Ds = 2+χ [95,96] and consequently Ds = 5/2+H is expected to be valid con-

necting the exponents describing the surface properties and the capacity dimension.

For the RSM and the SSM the values of Ds were known to be 2.86 [113] and 2.74 [73]

respectively. Since the values of H for the RSM and the SSM are 0.35 and 0.21 re-

spectively, the above scaling relations are satisfied for both models within the error

bars. The distribution exponent τs is also known to be connected to the capacity

dimension by a scaling relation τs = 2 − 2/Ds
[95,96] and hence τs can also be ex-

pressed in terms of χ or H . Since all the critical exponents describing the properties

of island perimeters are also related to χ or H , avalanche size distribution expo-

nents can also be obtained in terms of these exponents. It is interesting to note that

the non-equilibrium steady state of sandpile models were usually characterized by

studying the probability distributions of certain “macroscopic” avalanche properties

such as toppling size s, toppling area a, lifetime t of an avalanche, etc [47,74,75,76,113,123]

and performing moment analysis of those probability distributions [73,81,85]. On the

other hand, a toppling surface corresponding to an avalanche is defined in terms

of a microscopic parameter Si, the toppling number of individual sand columns.

The critical exponents obtained here describe the properties of the island perime-

ters that appeared at the flooding transition on the toppling surfaces of different

sandpile models. The set of critical exponents obtained here are distinctly different

for the RSM and SSM as well as they are new exponents in the literature of sandpile

models.

6.3 Moment analysis and finite size scaling

Different moments of distributions of the perimeter mass ñ(m, L) and extension

ñ(r, L) are studied here as a function of the system size L. Since mass m of the largest

perimeter should scale as Ldℓ , the finite size scaling (FSS) form of the distribution

ñ(m, L) for a given system size L is expected to be

ñ(m, L) = m−ηmfℓ(m/Ldℓ). (6.26)

Similarly, extension r of the largest perimeter scales as L, the distribution ñ(r, L)

should be given by

ñ(r, L) = r−ηrfℓ(r/L). (6.27)
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Figure 6.5: (a) Plot of total perimeter mass M(L) at the flooding threshold against
system size L for the RSM (#) and the SSM (2). (b) Plot of total number of island
perimeters N(L) at flooding threshold against system size L for the RSM (#) and the
SSM (2). Solid lines are the best fitted lines through the data points.

The qth moments 〈mq(L)〉 and 〈rq(L)〉 are defined as

〈mq(L)〉 =

∫

mqñ(m, L)dm
∫

mñ(m, L)dm
(6.28)

and

〈rq(L)〉 =

∫

rqñ(r, L)dr
∫

rñ(r, L)dr
. (6.29)

Note that the island perimeters are not generated by pinning any site of the perime-

ter with unit probability and such definitions for calculating the moments of the

distributions are appropriate. As per this definition, the first moment is going to be

system size independent and the second moment will represent the average of the

respective quantities.

The L independence of the first moment is verified by measuring the total perimeter

mass M(L) as well as the total number of perimeters N(L) present at the criti-

cal flooding threshold for a system of size L. The values of M(L) and N(L) are

plotted against the system size L for both the models in Fig.6.5(a) and Fig.6.5(b)

respectively. It can be seen that M(L) scales with the system size L with exponents

1.64 ± 0.02 and 1.80 ± 0.02, respectively for the RSM and the SSM. The number

of perimeters (or islands) N(L) also scales with the system size L with exponents

1.66±0.02 and 1.78±0.02 for the RSM and the SSM, respectively. It can be noticed

that the exponents characterizing the scaling behavior of M(L) and N(L) with L

are not only close but also they are approximately 2−H for both models, where H is
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6.3 Moment analysis and finite size scaling

the Hurst exponent of the respective toppling surfaces. The scaling of M(L) with L

at a given flooding level, M(L) ∼ L(2−H), is expected and confirms the Mandelbrot

scaling [146] as mentioned in the previous section. The scaling of the number of island

perimeters N(L) ∼ L(2−H), confirms the already observed scaling behaviour for the

island numbers at the flooding threshold in the study of flooding transition [171]. The

average mass then remains independent of L for both models as expected.

Since the first moment of these distributions are constant, the qth moment of m for

q ≥ 2 is then given by

〈mq(L)〉 ≈

∫

m−ηm+qfℓ(m/Ldℓ)dm. (6.30)

Defining a scaled variable z = m/L1/dℓ , 〈mq(L)〉 can be written in terms of z as

〈mq(L)〉 ≈ L(q+1−ηm)dℓ

∫ zmax

0

fℓ(z)dz ∼ Lσm
q . (6.31)

Therefore, σm
q can be written as σm

q = (q + 1 − ηm)dℓ. Since ηm = 1 + (2 − H)/dℓ

and dℓ = (3 − H)/2, the value of σm
q is given by

σm
q =

(2 − q)H + 3q − 4

2
. (6.32)

Similarly, the qth moment of r for q ≥ 2 can be defined as

〈rq(L)〉 ≈

∫

r−ηr+qfℓ(r/L)dr. ∼ Lσr
q (6.33)

Defining a scaled variable z = r/L, 〈rq(L)〉 can be written in terms of z as

〈rq(L)〉 ≈ L−ηr+q

∫ zmax

0

fℓ(z)dz ∼ Lσr
q . (6.34)

As the intergral will contribute to a constant, σr
q can be written as σr

q = q + 1 − ηr.

Since ηr = 3 − H , the value of σr
q is given by

σr
q = q − 2 + H. (6.35)

Eqs.6.32 and 6.35 represent new scaling relations in terms of the Hurst exponent

H of the toppling surface for sandpile models. It can be noted that σm
2 = 1, σm

3 =

1 + dℓ = (5 − H)/2 and σr
2 = H , σr

3 = 1 + H . For FSS to be valid, σm
q+1 − σm

q
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Figure 6.6: (a) Plot of 〈mq(L)〉 against L for the RSM and the SSM for q = 2 and
3. Symbols used are: ( ) and (#) for the RSM and (�), and (2) for the SSM. (b) Plot
of 〈rq(L)〉 against L for the RSM and the SSM for q = 2 and 3. The same symbol set
is used for different moments of the respective models. The straight lines are the linear
least-square-fit lines.

and σr
q+1 − σr

q must be equal to dℓ and 1 respectively for any q ≥ 2. The values

of 〈mq(L)〉 and 〈rq(L)〉 are measured for q = 2 and 3 for both the RSM and the

SSM for different system sizes L. In Figs.6.6(a) and (b), 〈mq(L)〉 and 〈rq(L)〉 are

respectively plotted as a function of L in double logarithmic scale for q = 2 and 3 for

the RSM (circle) and the SSM (square). The values of the exponents σm
q and σr

q are

obtained by linear least square fit to the data points. The values of the exponents are

obtained as σm
2 = 1.06±0.02, σm

3 = 2.38±0.03 and σr
2 = 0.37±0.02, σr

3 = 1.36±0.02

for the RSM. For the SSM, they are found as σm
2 = 1.06 ± 0.02, σm

3 = 2.48 ± 0.03

and σr
2 = 0.22 ± 0.02, σr

3 = 1.22 ± 0.02. Numerical values of the critical exponents

associated with different moments of perimeter mass and extension distributions for

the RSM and the SSM are listed in Table 6.2 and the scaling relations are verified.

There are few things to notice. First, for both the RSM and the SSM σm
2 ≈ 1

and σr
2 ≈ H . They are found to satisfy the scaling relations given in Eqs.6.32 and

6.35. Second, the values of σm
3 as well as σr

2 are found different for the RSM and

the SSM. These exponents then can be taken as characteristic exponents of these

sandpile models. Third, since the difference σm
3 − σm

2 ≈ dℓ and σr
3 − σr

2 ≈ 1 for

the RSM and the SSM, the perimeter mass and extension distribution functions

ñ(m, L) and ñ(r, L) respectively follow FSS for these models. The FSS form of

ñ(m, L) and ñ(r, L) are verified by studying the scaled distributions ñ(m, L)Lηmdℓ

and ñ(r, L)Lηr as function of the scaled variables m/Ldℓ and r/L respectively. In

Fig.6.7(a), ñ(m, L)Lηmdℓ is plotted against the scaled variable m/Ldℓ for the RSM

and the SSM. Similarly, in Fig.6.7(b), ñ(r, L)Lηr is plotted against the scaled variable
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6.3 Moment analysis and finite size scaling

Model σm
2 σm

3 σm
3 − σm

2 σr
2 σr

3 σr
3 − σr

2

(≈ 1) (≈ 1 + dℓ) (≈ dℓ) (≈ H) (≈ 1 + H) (≈ 1)

RSM: 1.06 2.38 1.32 0.37 1.36 0.99

±0.02 ±0.03 ±0.05 ±0.02 ±0.02 ±0.04

SSM: 1.06 2.48 1.42 0.22 1.22 1.00

±0.02 ±0.03 ±0.05 ±0.02 ±0.02 ±0.04

Table 6.2: Numerical values of the critical exponents associated with different mo-
ments of perimeter mass and extension distributions for the RSM and the SSM are listed
here. Errors quoted with the critical exponents obtained through the scaling relations are
propagation errors. The scaling relations are found valid within error bars.
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Figure 6.7: (a) Plot of scaled perimeter mass distribution ñ(m,L)Lηmdℓ against scaled
variable m/Ld

ℓ , for the RSM and the SSM for system sizes L = 512 (#), 1024 (2) and 2048
(△). A reasonable collapse is observed. (b) Plot of scaled perimeter extension distribution
ñ(r, L)Lηr against scaled variable r/L, for the RSM and the SSM for the same system sizes
using same symbols. A reasonable data collapse is observed.

r/L for these models. A reasonable data collapse is obtained for both the distribution

functions for both models. Thus, the FSS forms assumed for the perimeter mass

and extension distributions are correct for these models.

In the above, FSS of the distribution functions are verified at the critical flooding

threshold ∆S = 0 only. It is important to verify the FSS form of these distribution

functions with ∆S or with ∆p = p − pc, where p is the area fraction (total island

area per lattice site at a given level of flooding) and pc is the area fraction at the

flooding threshold. This has been verified by studying the second moments of m and

r as a function of ∆S and ∆p for different L. In Figs.6.8(a) and (b), 〈m2(∆S, L)〉

is plotted against ∆S for the RSM and the SSM respectively. It can be seen that
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Figure 6.8: Plot of 〈m2(∆S,L)〉 against ∆S, for (a) the RSM and (b) the SSM for
system sizes L = 512 (#), 1024 (2) and 2048 (△). In the insets of the respective plots,
〈m2(∆S,L)〉/L is plotted against ∆S/Lχ and a reasonable collapse is observed for both
models.
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Figure 6.9: Plot of 〈r2(∆p, L)〉 against ∆p, for (a) the RSM and (b) the SSM for system
sizes L = 512 (#), 1024 (2) and 2048 (△). In the insets of respective plots, 〈r2(∆p, L)〉/LH

is plotted against ∆p and a reasonable collapse is observed for both models.

〈m2(∆S, L)〉 increases with L at the criticality ∆S = 0 for both models as expected

and shown in Fig.6.6(a). On the other hand, ∆S should scale in a similar fashion

that the toppling surface width W (L) scales with the system size as Lχ. The scaling

of 〈m2(∆S, L)〉 is then expected to be

〈m2(∆S, L)〉 = Lfm[∆S/Lχ]. (6.36)

In the insets of Figs.6.8(a) and (b), 〈m2(∆S, L)〉/L is plotted against ∆S/Lχ for

the RSM and the SSM respectively. A reasonable data collapse is obtained for both

models. Similarly, the second moments of r is studied as a function of ∆p and L.

In Figs.6.9(a) and (b), 〈r2(∆p, L)〉 is plotted against ∆p for different system sizes L
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for the RSM and the SSM respectively. It is found that 〈r2(∆p, L)〉 increases with

the system size as LH for both models as it is shown in Fig.6.6(b) for ∆S = 0. Since

in the flooding transition the correlation length exponent ν → ∞, ∆p should be

independent of L. Hence, the scaling of 〈r2(∆p, L)〉 is expected to be

〈r2(∆p, L)〉 = LHfr[∆p]. (6.37)

In the insets of Figs.6.9(a) and (b), 〈r2(∆p, L)〉/LH is plotted against ∆p for the

RSM and the SSM respectively. A reasonable data collapse is obtained for both

models. Thus, the FSS forms given in Eqs.6.36 and 6.37 are the correct scaling forms.

Two important things are to notice. First, the width of the distribution of 〈m2〉 and

〈r2〉 are increasing with the system size L in contradiction with percolation transition

or any other second order phase transition in which one expects a delta function

distribution in the thermodynamic limit of the system size. However, this is in

agreement with the observation of flooding transition and related to the fact that the

flooding thresholds have a wide distribution as L → ∞. Second, if the singularities

of 〈m2〉 and 〈r2〉 at ∆p = 0 is given by 〈m2〉 ∼ |∆p|−γm and 〈r2〉 ∼ |∆p|−γr , then from

the above FSS theory one has γm/ν = 1 and γr/ν = H where ν is the correlation

length exponent. Since the ratios are finite and ν → ∞, both γm and γr are also

expected to be infinitely large as it was observed for the island area exponent [171] in

the flooding transition.

6.4 Conclusion

The flooding transition, a continuous phase transition from non-flooding to flood-

ing, can be realized by flooding the self-affine toppling surfaces of stochastic and

rotational sandpile models. The critical properties of external perimeters of the is-

lands are studied here in the critical regime of the flooding transition. The island

perimeters of the RSM and the SSM are found tortuous, self-similar fractal objects

with different fractal dimensions dℓ. The probability distributions of perimeter mass

and extension are found to exhibit power law scaling at the flooding threshold which

corresponds to the criticality of flooding transition. A set of new critical exponents

describing the properties of island perimeters are estimated and they have been con-

nected to the roughness exponent χ as well as Hurst exponent H of the toppling

surfaces via a hyperscaling. The scaling relations among the critical exponents are

found satisfied by the numerical values of the exponents obtained here within er-
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Chapter 6. Critical properties of island perimeters

ror bars. The exponents describing the macroscopic avalanche properties such as

avalanche size distribution, capacity dimension of avalanche size, etc are found re-

lated to the island perimeter critical exponents through χ or H . The values of the

critical exponents are found different for the RSM and the SSM. The scaling forms

assumed for the contour loop properties are verified by FSS at the flooding threshold

as well as with ∆S and ∆p. The width of the distribution of certain perimeter prop-

erties are found increasing with the system size L in contradiction with percolation

transition in which one expects a delta function distribution in L → ∞ limit. The

percolation type critical exponents are found infinitely large but their ratio to the

correlation length exponent ν is found finite. Thus, the universality class of island

perimeters not only different from the percolation hull universality class but also

different for sandpile models with different symmetries in the toppling rules.
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Chapter 7

Symmetry, crossover and universality

In the equilibrium critical phenomena, the universality class of thermodynamic sys-

tems in the same spatial dimension is independent of the lattice structure or type

of interactions. The universality class is determined by the symmetry of the order

parameter or the number of components present in the order parameter in a given

space dimension. However, it was interestingly observed that whenever there is an

external constraint applied on the equilibrium lattice statistical model, the univer-

sality class of the model has changed. For example, self-avoiding walk (SAW) [216],

directed SAW [103,104], and spiral SAW [106,107] belong to different universality classes.

Percolation [178], directed percolation [102], spiral percolation [110], directed-spiral per-

colation [111,112] all belong to different universality classes. This is also the case for

non-equilibrium lattice models. BTW sandpile model, directed sandpile model [51],

SSM [50], RSM [113] all belong to different universality classes. It is always important

to know how the universality classes are determined for a given set of equilibrium

or non-equilibrium models. In a recent field theoretic study by Rossi et al. [217] in

the context of absorbing state phase transitions, it was shown that the universality

class of a sandpile model is determined by the underlying symmetry present in the

system. In this chapter, an effort has been made to classify the sandpile models

studied here according to their inherent symmetry and verify their corresponding

universality class. It was observed that such a classification is possible for a group

of rotational and a group of stochastic models. Since the rotational models are

intrinsically stochastic and the stochastic models are extrinsically stochastic, it is

expected that a cross over form one model to the other should be possible in a suit-

able parameter space. Finally such a parameter space is identified tuning which a

crossover from RSM to SSM is obtained.
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7.1 Symmetries in different sandpile models

It was observed that the universality classes of certain sandpile models remain un-

affected even if the details of these models are changed within the same symme-

try of the model. For example, different versions of BTW models [4,47,78], different

SSMs [48,50] or different RSMs [113,123] preserve their own universality classes. In the

following, sandpile models of two different symmetries such as stochastic and rota-

tional are considered. The universality classes of two stochastic models, MSM and

SSM, and three rotational models, RSM, RSM1 and RSM2, will be classified as

per their symmetries present in the toppling rule. The differences in the stochastic

models and the rotational models are briefly mentioned here. In the MSM, all the

sand grains of the active site are randomly given to all its NNs whereas in the SSM

only two sand grains are given to two randomly selected NNs until it becomes under

critical. In the RSM, the rotational direction was determined by the direction from

which the last sand grain arrived to the active site. In the RSM1 it was decided by

the direction from which a sand grain arrived to a site to make it active whereas in

the RSM2, it was decided by a randomly selected direction from which sand grains

arrived to the active site above and equal to the critical height.

7.1.1 Critical exponents of different sandpile models

In last few chapters, a large number of critical exponents for the sandpile models are

defined and estimated. Some of them are already known and available in the liter-

ature. For example, the critical exponents describing the distributions of avalanche

related quantities for the MSM and the SSM are already known [50,75,76,77]. In Chap-

ter 3, the values of the critical exponents describing the distributions of avalanche

related quantities were estimated for the RSM1 and RSM2 [123]. From Chapter 4

onwards, several new critical exponents were introduced such as the roughness ex-

ponent χ describing the scaling of the width of the toppling surface W (L) with the

system size L, the Hurst exponent H describing the two point height-height corre-

lation function, the critical exponents related to the flooding transition as well as

to the island perimeters for the SSM and RSM. However, such exponents were not

estimated either for the stochastic MSM or for the rotational RSM1 and RSM2.

In this section, these new exponents will be determined for the MSM, RSM1 and

RSM2 and their universality classes will be classified as per the symmetry present

in their toppling rules.

Roughness exponent: The width, W (L) of the toppling surface is defined in
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Figure 7.1: (a) Plot of W (L) against L for the SSM (#) and the MSM (2). (b) Plot of
W (L) against L for the RSM (#), the RSM1 (2) and the RSM2 (△). The solid lines in
the plots (a) and (b) have slopes 0.73 and 0.82 respectively.

Chapter 4 and scales with the system size L as

W (L) ∼ Lχ (7.1)

where χ is the roughness exponent. In Fig.7.1(a), W (L) is plotted against L for the

MSM and the data are compared with that of SSM. In Fig.7.1(b), W (L) is plotted

against L for the RSM1 and the RSM2 and the data are compared with that of the

RSM. It can be seen that the scaling given in Eq.7.1 is satisfied for all the models.

The value of χ obtained for the MSM χ = 0.73 ± 0.02 is same as that of the SSM.

Similarly, the value of χ obtained for both RSM1 and RSM2 0.81± 0.02 is same as

that of the RSM. Therefor, the values of χ for the stochastic models the SSM and

the MSM are same within error bars. Similarly, for the rotational models the values

of χ are also same within error bars. The minute details in the toppling rule under

the same symmetry does not able to change the scaling behaviour of the roughness

of the toppling surfaces though the absolute values may differ.

Hurst exponent: The toppling surfaces of the RSM and the SSM were found to

be self-affine with distinctly different Hurst exponent H . The toppling surfaces of

the stochastic models the MSM and the SSM must have the same H in order to

belong to the same universality class. Similarly the toppling surfaces of the RSM1

and the RSM2 should have the same H as that of the RSM. The Hurst exponents

of the toppling surfaces are determined by obtaining the power spectrum S(k) of
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Figure 7.2: Plot of S(k) against k for (a) the MSM, (b) the RSM1 and (c) the RSM2
for L = 2048. The straight lines are the best fitted lines.

the toppling surface which scales with the wave vector k as

S(k) ∼ |k|−2(1+H) (7.2)

as given in chapter 4. In Fig.7.2, S(k) is plotted against |k| for the MSM, the RSM1

and the RSM2 for their respective toppling surfaces extracted from the spanning

avalanches on L = 2048. It can be seen that the scaling given in Eq.7.2 is satisfied

for all the models. The values of the Hurst exponents H obtained are 0.21±0.01 for

the MSM, 0.35±0.01 for the RSM1 and 0.35±0.01 for the RSM2. It can be noticed

that the values of H are same for the MSM and the SSM and similarly they are same

for all the rotational models the RSM, the RSM1 and the RSM2. Consequently, the

stochastic models belong to same universality class and the rotational models belong

to the RSM universality class.

Scaling of average island area: As seen in Chapter 5, the critical exponents of

flooding transition [171] are possible to define in terms of the Hurst exponent H of

the toppling surface and the fractal dimension Df of islands at the critical flooding.

Since the islands are compact and Df ≈ 2 for all the models considered here, then

the value of H will define the universality class of a model. It is just now observed

that the value of H is able to distinguish the universality class of the stochastic and

rotational models distinctly. The average island area 〈a0〉 at the flooding transition

point ∆S = 0 also scales with the system size L as

〈a0〉 ∼ LH (7.3)

as discussed in Section 5.6. Hence, measuring the average island area 〈a0〉 as a

function of the system size L at ∆S = 0, the scaling given in Eq.7.3 as well as the

value of Hurst will be reconfirmed for these models. In Fig.7.3(a), 〈a0〉 is plotted
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Figure 7.3: (a) Plot of 〈a0〉 against L for the SSM (#) and the MSM (2). (b) Plot of
〈a0〉 against L for the RSM (#), the RSM1 (2) and the RSM2 (△). The solid lines in the
plots (a) and (b) have slopes 0.21 and 0.35 respectively.

against L for the MSM and compared with that of the SSM. The straight line with

a slope of 0.21 in this plot is guide to eye. In Fig.7.3(b), 〈a0〉 is plotted against L

for the RSM1 and the RSM2 and compared with that of the RSM. The straight line

with slope 0.35 in this plot is guide to eye. It can be seen that 〈a0〉 for all models

follow the scaling given in Eq.7.3 almost with the same Hurst exponent of the model

of respective symmetries. Thus, the values of the Hurst exponents do not depend

on the minute details of the toppling dynamics within the same symmetry of the

models. Since all the critical exponents related to the flooding transition depend on

the Hurst exponent H of the toppling surface and the fractal dimension Df (≈ 2) of

critical spanning islands, the universality class of flooding transition as well as that

of the sandpile models should remain unchanged within the same symmetry of the

model.

Fractal dimension of island perimeter: Though the island area is compact,

the perimeter of an island is found to be fractal. The critical properties of the

island perimeters at the flooding threshold are also found to be determined by the

perimeter fractal dimension dℓ and the Hurst exponent H of the toppling surfaces as

seen in Chapter 6. Since the value of H is already found to classify the universality

class of these models as per their symmetries in the toppling rule, the perimeter

fractal dimension dℓ is expected to do the same. The perimeter mass m scales with

its extension r as

m ∼ rdℓ (7.4)

where dℓ is fractal dimension of the island perimeter as given in Chapter 6. In order

to obtain dℓ, 〈m〉r is studied as a function of r for the system size L = 2048 . In

123

TH-1142_07612110



Chapter 7. Symmetry, crossover and universality

0 2 4 6 8 10
log

2
r

0

4

8

12

16

lo
g 2〈m

〉 r SSM
MSM

(a)

0 2 4 6 8 10
log

2
r

0

4

8

12

16

lo
g 2〈m

〉 r RSM
RSM1
RSM2

(b)

Figure 7.4: (a) Plot of 〈m〉r against r for the SSM (#) and the MSM (2). (b) Plot of
〈m〉r against r for the RSM (#), the RSM1 (2) and the RSM2 (△). The solid lines in the
plots (a) and (b) have slopes 1.42 and 1.33 respectively.

Fig.7.4(a), 〈m〉r is plotted against r in double logarithmic scale for the MSM and

compared with that of the SSM. The value of dℓ for the MSM obtained from the

linear least square fitting to the data points is 1.42 ± 0.01 which is same as that of

the SSM and shown by a line in Fig.7.4(a). In Fig.7.4(b), 〈m〉r is plotted against

r for the RSM1 and the RSM2 and compared with that of the RSM. For both the

RSM1 and the RSM2, the values of dℓ obtained are 1.33 ± 0.01 which is equal to

that of the RSM and a line of the same slope is placed on the data points. For all

these models the values of dℓ and H obtained here follow the scaling relation relation

dℓ = 3−H
2

within error bars.

The stochastic models, MSM and SSM, have one set of critical exponents whereas

the rotational models, RSM, RSM1 and RSM2, have another set of critical ex-

ponents. Therefore, the values of the critical exponents obtained for a group of

sandpile models classify them into two universality classes according to their un-

derlaying symmetries present in the toppling rule and do not depend of the minute

details of toppling rules under the same symmetry. Universality class of sandpile

models exhibiting self-organized criticality then can be classified as per the under-

lying symmetry present in the toppling rules as it was demonstrated by Rossi et

al. [217].

7.2 Study of crossover: RSM to SSM to RSM

Since the universality class of sandpile models are determined by the symmetries

present in the toppling rule, it is intriguing to study the possibility of crossover form
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one universality class to another in a suitable parameter space. In the literature of

sandpile models, crossover from one sandpile universality class to other was already

reported. For example, a crossover from BTW to Zhang model was observed by O.

Biham et al. [47] by controlling the fraction of energy to be distributed to the NNs

in a toppling. A crossover from Zhang model to MSM was studied by Lübeck [81] by

controlling the threshold condition. Crossover from DSM to DP (directed percola-

tion) class was observed by Tadić and Dhar introducing a stickiness parameter in

the DSM [218]. It is therefore interesting to look for a suitable parameter to study a

crossover from the RSM to the SSM. In the RSM, as described in Chapter 2, a clock-

wise rotational filed (CRF) is assigned to all lattice sites. A quenched-randomness

can be introduced in the RSM under CRF by adding an anti-clockwise rotational

field (ACRF) to certain randomly chosen sites. A quenched-random rotational sand-

pile model (QRRSM) is constructed by introducing ACRF to a fraction p of sites of

original RSM. The critical properties of QRRSM are studied as a function of p to

explore the possibility of a crossover from the RSM to the SSM.

7.2.1 The model QRRSM

QRRSM [219,220] is defined on a two dimensional (2d) square lattice of size L × L.

Randomness in rotational field is introduced by randomly assigning a fraction p of

total sites in a lattice with anti-clockwise rotational field and rest of the sites (fraction

q = (1− p) of total sites) with clockwise rotational field. The distribution of ACRF

remains unchanged during the time evolution and hence this can be considered as

a quenched random configuration. As in RSM, each lattice site is assigned with a

positive integer hi representing the height of the sand column. Initially, all his are

set to zero. The system is driven by adding sand grains, one at a time, to randomly

chosen lattice sites i. The critical height is taken as hc = 2. As the height of the sand

column of a site hi ≥ hc, the site become active and bursts into a toppling activity.

The first toppling rule remains the same as that of RSM. The successive rotational

toppling rule depends on the nature of the active site whether it is assigned to CRF

or ACRF. For the CRF active site the toppling rule is given by

hi → hi − 2, hj → hj + 1 and j = di, di+1 (7.5)

and for the ACRF active site the toppling rule is given by

hi → hi − 2, hj → hj + 1 and j = di, di−1 (7.6)
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Figure 7.5: QRRSM is demonstrated on a 5×5 square lattice taking an arbitrary initial
configuration with the central site as an active site for p = 0 in top panel, p = 0.5 in
middle panel and p = 1 in bottom panel. The active sites with height 2 are represented
by red bold numbers. In the middle panel, squares containing encircled cross in green
have the anti-clockwise rotational field and others have clockwise rotational field. In the
top and bottom panels all the lattice sites have clockwise and anti-clockwise rotational
field respectively. The blue arrows represent the flow of sand grain during avalanche.
The propagation of the avalanches is shown using the grey shade. For all three cases the
toppling sizes are 7 and the number of parallel updates required to complete the avalanche
are 4.

where di is the direction from which the last grain was received by the active site. If

the index j becomes greater than 4 it is taken to be 1 and if it becomes 0 it is taken

to be 4. The toppling rule of QRRSM is demonstrated in Fig.7.5 for three different

values p = 0, p = 1/2, and p = 1 on a 5 × 5 square lattice with the central site as

the initial active site. The directions of sand flow are represented by arrows. The

fraction p = 0 corresponds to the original RSM under CRF shown in the top panel

of Fig.7.5 and p = 1 corresponds to a RSM under completely ACRF shown in the

bottom panel of Fig.7.5. Whereas, p = 1/2 corresponds to a disorder situation where

half of the sites are assigned with opposite field and it is shown in the middle panel of

Fig.7.5. The active sites with ACRF are marked by encircled crosses in green. In all

three cases, the system becomes under critical after four parallel updates. The final

configurations of the toppled sites (shown under shadow) are different for different
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Figure 7.6: Plot of 〈h〉 as a function of
number of sand grains added for QRRSM for
p = 0.00, 0.10, 0.25 and 0.50 for L = 2048.
In the inset, the steady state 〈h〉 is plotted
against p for L = 2048.

p values. The final configuration changes from a structure with clockwisely rotated

arms for p = 0 to a structure with anti-clockwisely rotated arms for p = 1. However,

the structure corresponding to p = 1/2 is different from both the structures obtained

for p = 0 and p = 1. As RSM, the QRRSM is non-abelian and it has no toppling

balance.

QRRSM is studied for different system sizes starting form L = 128 to 2048 in

multiple of 2 for p = 0.00, 0.10, 0.25, 0.50, 0.75, 0.90 and 1.00. The steady state of

the QRRSM is also defined as the constant average height 〈h〉 = 1
L2

∑L2

i hi of the

sand columns. In Fig.7.6 〈h〉 is plotted against number of sand grains added for

L = 2048 for different p. For all different p the systems reach their respective stable

steady state after adding a sufficiently large number of sand grains. The average

steady state height of the sand columns are calculated when the system reaches a

steady state. In the inset of Fig.7.6, 〈h〉 is plotted against p for L = 2048. It can

be seen that the steady state average height of the sand columns decreases as p is

increased from 0 to 0.5 and attains a minimum value at p = 0.5 and then increases

with increasing p. The value of 〈h〉 at p = 1 attains the same value as that of p = 0

and it is found symmetric about p = 0.5.

7.2.2 Avalanche cluster morphology and toppling surface

Typical avalanche clusters obtained in the QRRSM for p = 0.0, 0.5 and 1.0 at

their respective steady states are shown in the top panel of Fig.7.7. The avalanche

clusters are generated on a 128 × 128 square lattice. Toppling numbers are binned

into 6 equal intervals and the different colours represent the different bins of toppling
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Figure 7.7: In the top panel, typical avalanche clusters generated on a square lattice of
size L = 128 are shown for p = 0.0, 0.5 and 1.0. Toppling numbers are binned into 6 equal
intervals and the different colours represent the different bins of toppling numbers. The
lowest bin of toppling numbers is represented by grey colour, whereas maroon, green, red,
blue, yellow and black colour represent the next higher bins. In the lower panel, toppling
surfaces corresponding to the above avalanche clusters are presented. The highest toppling
number corresponds to light brown colour and the lower toppling numbers are represented
by darker and darker brown colours.

numbers. Grey colour represent the lowest bin of toppling numbers, maroon, green,

red, blue, yellow and black colours represent the next higher bins. The avalanche

cluster corresponding to p = 0.0 and 1.0 consists of random superposition several

BTW type concentric zones of lower and lower toppling numbers around different

maximal toppling zones whereas the avalanche cluster of QRRSM for p = 0.5 is

highly fluctuating and several large toppling numbers appear randomly here and

there in the avalanche cluster. It can also be seen from the 2d structure that the

avalanche cluster for p = 0.5 is random like the SSM avalanche clusters. Thus

as p is increased from 0 the avalanche structure changes and becomes that of the

SSM at p = 0.5. As p is further increased to 1.0 the avalanche structure become

that of the RSM. The toppling surfaces corresponding to the avalanches shown

above for p = 0.0, 0.5 and 1.0 are given in the lower panel of Fig.7.7. Light brown

colour represents higher toppling number whereas dark brown colour represents

lower toppling number and the intensity is varied continuously. It can be seen that

the toppling surfaces at p = 0 and p = 1 are very similar and corresponds to the
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RSM toppling surface whereas that corresponding to p = 0.5 is very different. The

toppling surfaces for p = 0.5 is similar to that of the SSM except the toppling heights

which are less than that of the SSM.

It is now important to characterize the toppling surfaces of QRRSM for different

values of p in order to understand the effect of quenched randomness in the rota-

tional field. One thousand spanning avalanche clusters are collected at the steady

state for each p value for every system sizes following the same procedure of data

collection mentioned in the previous chapters. In the following, the toppling surface

will be characterized and the probability distribution functions of several avalanche

properties will be studied.

7.2.3 Characterization of toppling surfaces

The toppling surfaces are characterized by studying the roughness and the self-affine

properties.

Roughness exponent: The roughness of toppling surfaces can be characterized

by studying the width W (L) defined in Eq.4.12 as a function of system size L. The

scaling of W (L) with L is given as

W (L) ∼ Lχ (7.7)

where χ is the roughness exponent. Surfaces width W (L) is calculated for different

system sizes L = 128 to 2048 for different values of p between 0 and 1. In Fig.7.8,

W (L) is plotted against the system size L in double logarithmic scale for QRRSM

for p = 0.0, 0.5 and 1.0. It can be seen that the surface roughness scales with system

size L as expected. The values of χ are obtained by linear least square fitting to the

data points. The values of χ are plotted as a function of p in Fig.7.9. It can be seen

that the values of χ for both p = 0.0 and 1.0 are found as 0.82± 0.02 which is same

as that of the RSM. However the value of χ for p = 0.5 is obtained as 0.70 ± 0.02

which is equal to that of the SSM within error bar. Moreover, a continuous change

in the values of χ is observed with p.

Hurst exponent: Wrinkle rough toppling surfaces can also be characterized by

C(r), the correlation between toppling numbers of two sand columns separated by

a distance r. The scaling of C(r) with r is given by

C(r) ∼ r2H (7.8)

129

TH-1142_07612110



Chapter 7. Symmetry, crossover and universality

7 8 9 10 11
log

2
L

2

4

6

8

lo
g 2W

(L
) (a) p=0.00

7 8 9 10 11
log

2
L

0

2

4

lo
g 2W

(L
) (b) p=0.50

7 8 9 10 11
log

2
L

2

4

6

8

lo
g 2W

(L
) (c) p=1.00

Figure 7.8: Plot of W (L) against L for the QRRSM for (a) p = 0.0 , (b) p = 0.5 and (c)
p = 1.0. The straight lines are the linear least square fitted lines through the data points.
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Figure 7.9: Plot of χ against p for
the QRRSM. The value of χ continuously
changes from the RSM value at p = 0.0 and
1.0 to the SSM value at p = 0.5.

where H is the Hurst exponent. The integrated correlation function I(R) should

scale as

I(R) =

∫ R

0

C(r)dr ∼ R1+2H (7.9)

as mentioned in Chapter 4. In Fig.7.10, the integrated correlation function I(R) is

plotted against distance R in double logarithmic scale for toppling surfaces of the

QRRSM for p = 0.0, 0.5 and 1.0 for different system sizes L. It can be seen that I(R)

follows a power law scaling with R. For a given p, I(R) scales with R in a similar

way for different system sizes L. Plots of I(R) for different L are vertically shifted

because it has some L dependent prefactor A(L) which was found to scale linearly

with L as it was discussed in Chapter 4. The slopes of the power law scaling are

obtained by least square fit to the data of largest linear region for each values of p.

The values of the Hurst exponent H obtained from the values of the slopes of I(R)

versus R plot, are plotted against p in Fig.7.11. It can be seen that the values of H

of the toppling surfaces for both p = 0 and 1 are approximately 0.35 which is equal

to that of the RSM. However, the value of H for toppling surfaces of the QRRSM

for p = 0.5 is approximately 0.21 which is equal to that of the SSM. As p → 0.5,
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Figure 7.10: Plot of I(R) against R for system sizes L = 128 (#), 256 (2), 512 (⋄),
1024 (△) and 2048 (✳) for QRRSM for (a) p = 0.0, (b) p = 0.5 and (c) p = 1.0. The
straight lines have slopes in plots (a), (b) and (c) are 1.70, 1.42 and 1.70 respectively.

the values of H continuously changes from the RSM value at p = 0 and p = 1 to

the SSM value at p = 0.5. Since the values of H < 0.5 for the toppling surfaces of

the QRRSM for any value of p, the surfaces are self-affine and anti-correlated. The

scaling relation χ = 1
2

+ H is verified for all p and found satisfied within error bars.

0 0.2 0.4 0.6 0.8 1
p

0.2

0.3

0.4

H

Figure 7.11: Plot of H against p for
the QRRSM. The value of H continuously
changes from the RSM value at p = 0.0 and
1.0 to the SSM value at p = 0.5.

Hence, it is observed that the values of χ as well as H change continuously as the

fraction of ACRF, p, is changed. The values of these exponents at p = 0 and p = 1

correspond to that of the RSM and at p = 0.5 they correspond to that of the SSM.

Since χ and H define all the critical exponents of the flooding transition and island

perimeters, the critical exponents of the flooding transition and that of the island

perimeters are also expected to have continuous crossover from the RSM at p = 0 to

the SSM at p = 0.5. Therefore, a continuous crossover from RSM universality class

at p = 0 and p = 1 to the SSM universality class at p = 0.5 is possible, controlling

the ACRF fraction p.
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Figure 7.12: Plot of (a) P (a), (b) P (s) and (c) P (t) against a, s and t in double
logarithmic scale for the QRRSM with p = 0.0(#), p = 0.1(2), p = 0.25(⋄) and p =
0.50(△) for system size L = 2048. All three distributions P (a), P (s) and P (t) demonstrate
power law scaling at the steady state of the QRRSM with different p. Plot of (d) τa, (e) τs

and (f) τt against p. The value of τa, τs and τt continuously changes from the RSM value
at p = 0.0 and 1.0 to the SSM value at p = 0.5.

7.2.4 Probability distribution of avalanche properties

Probability distribution : As the roughness exponent χ and Hurst exponent H

show a continuous crossover from the RSM to the SSM with p, the distribution

exponents of the avalanche related quantities such as toppling size (s), area (a),

and lifetime (t) are also expected to exhibit the same crossover. The probability

distribution of s, a and t are studied for different p values on different system sizes

L and they are expected to scale as

P (x, L) ∼ x−τx f(x/LDx) (7.10)

where τx is the corresponding critical exponent and x ∈ {s, a, t}. The function

f(x/LDx) is the finite size scaling function where Dx is the capacity dimension. The

probability distributions of s, a and t obtained for the QRRSM for different values

of p for the system size L = 2048 are shown in Figs.7.12(a), (b) and (c) respectively.

These distributions are found to obey power law scaling for all p and consequently

the QRRSM exhibit SOC for all p. The characteristic exponents τa, τs and τt for
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Figure 7.13: (a) 〈s(a)〉 and (b) 〈a(t)〉 are plotted against a and t respectively in double
logarithmic scale for the QRRSM with p = 0.0(#), p = 0.1(2), p = 0.25(⋄) and p =
0.50(△) for system size L = 2048. The values of γsa and γat are plotted against p in the
respective insets. The values of γsa and γat continuously changes from the RSM value at
p = 0.0 and 1.0 to the SSM value at p = 0.5.

different p are determined from the linear part of the respective distributions through

linear least square fitting of the data points. The values of τa, τs and τt are plotted

against p in Figs.7.12(d), (e) and (f) respectively. The error bar associated with each

exponent values include both statistical and fitting error. It can be noticed that the

exponent values continuously change from the exponent values of the RSM [113] at

p = 0 or p = 1 to the exponent values of the SSM [113] at p = 0.5. QRRSM with

p = 0.5 is then have the same scaling behaviour as that of the SSM. Thus, as the

randomness in rotational field p → 0.5 the robustness of the broken mirror symmetry

present in the RSM slowly broke down and it completely vanishes at p = 0.5 causing

a continuous crossover from the RSM (p = 0 or p = 1) to SSM (p = 0.5) [219,220].

Conditional expectations : In order to further confirm the continuous crossover

from the RSM to the SSM as p → 0.5 from 0 or 1, the critical exponents describing

the conditional expectation values [121] of the avalanche properties as a function of p

are determined. As observed in Chapter 2, the conditional expectation values 〈s(a)〉

and 〈a(t)〉 scale with their arguments a and t as

〈s(a)〉 ∼ aγsa , 〈a(t)〉 ∼ tγat (7.11)

where γsa and γat are the critical exponents. In Figs.7.13 (a) and (b), 〈s(a)〉 and

〈a(t)〉 are plotted against a and t respectively for p = 0.0, 0.10, 0.25 and 0.50 for

system size L = 2048. The values of the exponents γsa and γat for different p

are obtained by least square fitting to the linear region of the data points and are
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Figure 7.14: Plot of scaled distribution P (s)LτsDs against the scaled variable s/LDs for
the QRRSM for (a) p = 0.0, (b) p = 0.5 and (c) p = 1.0 for system sizes L = 256 (#), 512
(2), 1024 (⋄) and 2048 (△). A reasonable collapse is observed for all p.

plotted in Figs.7.13(c), and (d) respectively. It can be seen that the values of the

exponents extracted above at p = 0 or p = 1 are equal to that of RSM whereas the

values at p = 0.5 are equal to that of the SSM [113]. The exponent values continuously

approach to the corresponding values of SSM as p → 0.5 from 0 or 1 as it is observed

in the the case of other exponents estimated above. The critical exponents γsa, γat,

τa, τs and τt obtained in QRRSM for different values of p satisfy the scaling relations

γsa = (τa − 1)/(τs − 1) and γat = (τt − 1)/(τa − 1) among them within error bars.

Therefore, a continuous crossover from the RSM to the SSM is observed again.

Finite size scaling : It was already observed that the probability distribution func-

tion of avalanche related quantities obey FSS for both the RSM and SSM [73,79,80,81,84,85,113].

In order to study whether the QRRSM for different p follows FSS, a finite size

scaling analysis is performed using moment analysis [79,80,81,82] of the toppling size

distribution P (s, L) for different values of p and the corresponding capacity dimen-

sions Ds are obtained following the methods described in detail in Chapter 2. In

order to verify the scaling function forms f(s/LDs) of the QRRSM for different p

the scaled distribution P (s)LτsDs are studied as a function of the scaled variable

s/LDs. In Figs.7.14 (a), (b) and (c) P (s)LτsDs is plotted against s/LDs respectively

for p = 0.0, 0.5 and 1.0 using the values of τs and Ds obtained at respective p values.

A good collapse of data is observed for L = 128, 256, 512, 1024 and 2048 in support

of the finite size scaling function form for the QRRSM for different p.

7.3 Conclusion

A continuous crossover from the RSM to the SSM universality class is studied by

constructing the QRRSM in which a fraction p of the lattice sites are having anti-
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τa τs τt γsa γat χ H

p = 0 1.329 1.222 1.382 1.459 1.166 0.82 0.35

0.006 0.005 0.007 0.008 0.008 0.02 0.01

p = 0.5 1.369 1.276 1.489 1.238 1.433 0.70 0.21

0.006 0.005 0.005 0.008 0.008 0.02 0.01

p = 1 1.329 1.222 1.382 1.459 1.166 0.82 0.35

0.006 0.005 0.006 0.008 0.008 0.02 0.01

Table 7.1: Critical exponents associated with several avalanche properties are listed for
the QRRSM for three different values of p = 0, 0.5 and 1. The values of exponents for
p = 0 and 1 correspond to that of the RSM whereas for p = 0.5 they correspond to that
of the SSM.

clockwise rotational field. The values of critical exponents obtained for different

values of p are listed in Table 7.1. It can be seen that the numerical values of the

critical exponents for p = 0 and p = 1 are within the error bars of the critical

exponents obtained for the RSM (given in Chapter 2) whereas for p = 0.5 they cor-

respond to those of the SSM (given in Chapter 2). Therefore, a continuous crossover

is found to occur if the parameter p is varied continuously. The intermediate val-

ues of p correspond to different non-universal models. The universality class of a

model corresponding to a given p is decided by the deviation ∆p = |p − 0.5|. On

the both sides of p = 0.5, two models corresponding to the same ∆p belong to the

same universality class. It should be emphasized here that p = 0 corresponds to the

RSM under clockwise rotational field whereas p = 1 corresponds to the RSM under

anti-clockwise rotational field. However, there universality class remains the same.

Hence, the direction of the rotational field present in the model can not change the

universality class of the rotational models. However, a random mixing of the two

rotational direction in a single model leads to a new universality class.
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Chapter 8

Summary and conclusion

External bias was found to have non-trivial effect on the critical behaviour of lattice

statistical models in equilibrium critical phenomena. For example, models like di-

rected self-avoiding walks [103,104], directed lattice animal [105], directed percolation [102]

exhibit different critical behaviour than the respective models without directed bias.

Similarly, spiral self-avoiding walks [106,107], spiral lattice animal [108,109], spiral perco-

lation [110], directed spiral percolation [111,112] etc. belongs to new universality classes

than their original counter part in absence of rotational field. The application of

global directed bias on the sandpile dynamics of the directed sandpile model (DSM)

leads to a non-trivial phenomenon as well as anisotropy in the avalanche clusters.

Motivated by the fact that, the rotational bias have nontrivial effect on the criti-

cal behaviour of many lattice statistical models in equilibrium critical phenomenon,

a sandpile model [113] is constructed applying rotational constraint on the toppling

dynamics on a BTW type sandpile model in order to study the effect of rotational

bias on the critical properties at out of equilibrium situation. The non-equilibrium

steady state of this model is studied developing several new statistical methods be-

sides the existing numerical techniques. The results obtained are compared with

that of the existing models mostly with the BTW and the SSM.

In order to study the effect of rotational constraint on the critical behaviour of

sandpile model, a new sandpile model namely rotational sandpile model (RSM) [113]

is introduced in Chapter 2. The toppling rule in RSM is found non-Abelian. The

model has several microscopic properties which are similar to that of the BTW.

Such microscopic properties are the mass conservation during toppling and local

deterministic rule in sand grain distribution at the time of toppling. The rotational

bias in RSM introduces toppling imbalance and certain internal stochasticity in

the toppling dynamics. Stochasticity and toppling imbalance are the properties of
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the SSM. Therefore, RSM has microscopic properties of both the BTW and the

SSM. The morphology of the avalanche clusters in the steady state also exhibits

characteristics of both BTW as well as SSM. The critical behaviour of RSM at

the non-equilibrium steady state is studied by measuring probability distribution

of several avalanche properties. In the steady state, the probability distribution

of avalanche related quantities are found to exhibit power law scaling with specific

critical exponents. An extended set of critical exponents is calculated to characterize

the steady state [74,75,76,77]. It is observed that some of them are close to that of the

BTW but different from the SSM. The values of the exponents satisfy the scaling

relations among them within error bars. RSM then belongs to a new universality

class. Neither the internal stochasticity makes the RSM to belong to the SSM

universality class nor the deterministic toppling rule takes it to the BTW universality

class. Therefore, the presence of stochasticity in a model does not necessarily makes

the critical behaviour of the system as that of a stochastic system. The finite

size effect on the critical exponents are verified performing moment analysis of the

distribution functions [79,80,81,82]. The scaling function forms associated with different

probability distributions are determined. It is found that the scaling functions of the

RSM obey the usual FSS as in the case of SSM rather than multi-scaling as in the

case of BTW. The appearance of FSS in RSM is due to the local toppling imbalance

as well as negative time auto-correlation of toppling waves [82,87,89,90,91] constituting

an avalanche.

The effect of change in internal stochasticity in the RSM by controlling the direc-

tion of sand flow at the time of toppling is explored by constructing two variants

of the original RSM, the RSM1 and the RSM2 in Chapter 3. The toppling rule

in the RSM1 is such that the internal stochasticity present in the original RSM

reduces and it produces more Abelian configurations than the RSM. RSM1 thus

becomes closer to the BTW. In the case of the RSM2 the toppling rule increases

the internal stochasticity and produces more non-Abelian configurations than the

RSM. The increase in the internal stochasticity makes RSM2 closer to the SSM.

Both these models have same microscopic properties such as mass conservation,

toppling imbalance, internal stochasticity etc. as that of the RSM. Interestingly,

the critical exponents characterizing the avalanche properties at the steady state

are identical to that of the original RSM [123,124]. Neither the RSM1 is found in the

BTW universality class nor the RSM2 is found in the SSM universality class. All

rotational models belong to the same universality class of RSM. This may be due

to the robustness of broken mirror symmetry present in the rotational models. FSS
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ansatz for the RSM1 and the RSM2 has been verified by moment analysis and data

collapse of the probability distribution functions of the avalanche properties. It is

found that that the scaling functions describing the avalanche properties of these

rotational models obey usual FSS ansatz as in equilibrium critical phenomena and

does not follow multiscaling as that of the BTW. Presence of toppling imbalance,

internal stochasticity and the negative auto-correlation in the toppling waves in the

RSM1 and RSM2 are responsible for the existence of FSS in these models.

In Chapter 4, a new “microscopic” avalanche parameter, toppling number Si is in-

troduced to characterize the avalanches of sandpile models. The toppling number Si

is the number of times a sand column at site i toppled in an avalanche. Two aspects

of the avalanche clusters are looked into in terms of Si in Chapter 4. One is the

multifractal aspect and other is the multi-affine aspect. In order to study the multi-

fractal aspect, a suitable multifractal measure, toppling number density per lattice

site µi = Si/
∑

Si is defined. Performing multifractal analysis it is found that the

toppling number density is mono-fractal for BTW but they correspond to different

multifractal spectrum of exponents for the RSM and the SSM. The parameter Si

is further used to define a toppling surface associated with the avalanche cluster.

Toppling surfaces for the BTW, the RSM and the SSM are found very different.

The roughness exponents characterizing the width of these surfaces are found dis-

tinctly different. The self-affine [99] property of these surfaces are studied from two

point height difference correlation function C(r) as well as power spectral analysis of

the surfaces. Toppling surfaces of these models are found self-affine with distinctly

different Hurst exponents. Moreover, from the moment analysis of the correlation

function C(r) it was found that the toppling surfaces of the RSM and the SSM are

not only self-affine but also multi-affine in nature. The Hurst exponents H are fur-

ther connected to the roughness exponents χ as well as to the capacity dimensions

Ds and distribution exponents τs of the avalanche size. The scaling relation between

χ and H obeys usual Family-Vicsek scaling [98] for the BTW whereas an anomalous

scaling is found to obey for the RSM and the SSM. Analysis of avalanche clusters in

terms of the microscopic avalanche parameter Si thus provides deep insight of the

avalanche dynamics as well as it is able to classify the sandpile models distinctly [169].

In Chapter 5, a novel continuous phase transition called flooding transition [171] to-

pography of the toppling surfaces is studied. If the topography of toppling surfaces

are flooded with a liquid, say water, a path of water connecting the opposite sides

of the toppling surface appears for the first time for the critical height of flooding,
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called flooding threshold Sc. Such a transition is found to occur on the toppling sur-

faces of RSM and SSM but does not occur on the toppling surface of BTW model.

Though there exists a wide distribution of flooding threshold, a critical point is

defined by merging the flooding thresholds of all the toppling surfaces. The singu-

larity of several island related quantities are explored at the critical point via a FSS

theory developed in this chapter. A set of new critical exponents are determined.

It is found that most of the percolation type exponents associated with the flooding

transition are infinitely large though their ratio to the correlation length exponent

are found finite. The criticality of the transition is also characterized by power law

distribution of island area in a wide range of flooding heights. Most of the critical

exponents characterizing the flooding transition are obtained in terms of the Hurst

exponent H . Not only the exponents of flooding transition but also the exponents

describing the singularity of avalanche size, are also obtained in terms of H . Univer-

sality class of the flooding transition does not belong to percolation [178] universality

class.

The critical properties of the external perimeters of the islands obtained at the criti-

cal regime of the flooding transition are studied in Chapter 6. The island perimeters

are extracted from the islands obtained at different level of flooding of the toppling

surfaces by performing a kinetic random walk [206]. The island perimeters of the RSM

and the SSM are found tortuous, self-similar fractal objects with different fractal

dimensions dℓ. The perimeter mass and extension distributions are found to exhibit

power law scaling at the flooding threshold which corresponds to the criticality of

flooding transition. The critical exponents associated with the distribution of the

perimeter mass and extension are found to be related with the roughness exponent

χ as well as Hurst exponent H of the toppling surfaces via a hyperscaling. The val-

ues of the critical exponents are found different for the RSM and the SSM. A FSS

theory related to the island perimeters are developed and verified at the flooding

threshold. The universality class of island perimeters are found not only different

from the percolation hull universality class [178,179,214] but also different for sandpile

models with different symmetries in the toppling rules.

It has been observed that the universality class of sandpile models depend on the

underlying symmetries present in their toppling rules. For example BTW model

has deterministic abelian toppling rule, SSM has stochastic toppling rule and RSM

has rotational toppling rule with broken mirror symmetry. All these models hav-

ing different symmetries in their toppling rule and belong to different universality
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classes. In Chapter 7, the study of toppling surfaces, properties of island area and

perimeters at the flooding thresholds was studied. It was observed that different

stochastic sandpile models belong to same universality class of SSM whereas differ-

ent rotational sandpile models belong to the same universality class of the RSM.

An attempt has been made in this chapter to explore the possibility of a crossover

from the RSM to the SSM in some parameter space. A continuous crossover from

the RSM to the SSM is demonstrated by introducing a quenched randomness to

the rotational field associated with each lattice site in the RSM. The quenched ran-

domness was introduced by assigning a fraction p of randomly selected sites with

anti-clockwise rotational field and rest of the sites have clockwise rotational field.

The model corresponds to the SSM at p ≈ 0.5 [219,220]. The breakdown of broken

mirror symmetry with increasing randomness in the rotational field is responsible

for the crossover to stochastic sandpile universality class.

As a final point, it should be emphasized that the techniques developed here for

studying the sandpile avalanches such as construction and characterization of top-

pling surface, study of critical properties of islands and their perimeters in the

flooding transition can also be useful to characterize any dynamical system with

threshold in general. In such a system, occurrence of avalanches is inevitable and

hence a surface associated with an avalanche will always be possible to define in

terms of a suitable microscopic parameter. The characterization of such a surface

is expected to provide more indepth information of the dynamical system as it is

obtained here.
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