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Abstract

The astonishing connection between the asymptotic symmetries and the ther-
modynamics of the black hole was realized by the scientific communities about
forty years ago. One of the unsolved tasks in the study of the black hole ther-
modynamics is to uncover and understand the microscopic degrees of freedom
which are responsible for the entropy of the black hole. In this context, the Noether
charges and current related to the asymptotic symmetries play a pivotal role in
resolving this issue. In 1962, surprisingly, an infinite-dimensional group of sym-
metries near null infinity of the asymptotically flat spacetime was discovered as
the asymptotic symmetry group (BMS), which has the flat space Poincaé group
as the subgroup. Initially, it was revealed that the asymptotic symmetry analysis
near null boundaries could shed light on the gravitational scattering phenomena,
but later the symmetry analysis was well extended to the near-horizon region
of the black hole. In diffeomorphism invariant gravity theory, the commutator
algebra between the charges corresponding to the near horizon symmetries were
shown to be the Virasoro algebra having a non-trivial central extension which
produce correctly the well-known Bekenstein-Hawking result, through the Cardy
formula. It is expected that probably the microscopic information of the black hole
entropy can be extracted from the central charges and the zero mode Q0. In these
endeavors, the study of the Noether charges corresponding to the asymptotic
symmetries has gained immense interest in the recent past. The near horizon
symmetry analysis is further explored near a generic null hypersurface which may
not represent the solutions of the Einstein equations. Therefore, understanding
the symmetries, specifically under the spacetime-dependent transformation, has
been a central part of gravity for a long time.

In the present thesis, we investigate the various aspects of the asymptotic
symmetries in gravitational theories. At first, we try to analyze the asymptotic
symmetries and the conserved charges near a generic null hypersurface having
electromagnetic charge, in higher-order theory of gravity with the presence of
the non-linear gauge field. We hope that this result will illuminate the physical
importance of the charges in a more general context. However, by these lines of
work, consequently, it is found out that the supertranslation and superrotation
parameters modify the macroscopic parameters (i.e., mass, angular momentum) of
the black hole. We argue that this can be treated as the breaking of the symmetry of
the arbitrariness of the solutions, by the black hole backgrounds. Consequently, we
promote the supertranslation parameter as the Goldstone boson modes. In Rindler
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and Schwarzschild black hole backgrounds, we study the classical dynamics of
these modes by proposing the appropriate Lagrangian. Interestingly the Fourier
modes of the supertranslation parameter come out to be the unstable ones. In the
semi-classical regime, we found that this instability can lead to the thermalization
of the horizon. Therefore, we hope that these Goldstone modes can shed light
on the microscopic origin of the thermal nature of the horizon. Next, the same
analysis is further performed in the rotating black hole background. Finally, We
investigate the asymptotic symmetries near a timelike hypersurface following the
standard procedure. For our discussion, the timelike surface is assumed to be
positioned at a finite distance outside the horizon of the black hole.
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Introduction 1

1.1 General background

One of the most remarkable scientific developments of the 20th century is Ein-
stein’s General Theory of Relativity (GTR), which culminated in 1915. GTR is a
field theoretical framework that successfully describes the gravitational dynamics
in terms of the geometric components of spacetime metric. The theory can explain
those physical phenomena that Newtonian gravity cannot. In this framework,
many intriguing physical phenomena such as perihelion precession time dilation,
gravitational lensing, the gravitational redshift of light [1–9] to name a few can
be explained by simply analyzing the geodesic dynamic in curved spacetime
background. When it comes to an understanding the spacetime dynamics itself,
the theory elegantly provides us a set of non-linear field equations, known as
Einstein’s equations [2]. The recent detection of gravitational waves, which is
one of the many profound predictions of those Einstein field equations, from a
binary black hole merger [10] by LIGO Scientific Collaboration and Virgo Collabora-
tion, paved the new era of gravitational-wave astronomy, which the scientists were
longing for over half a century.

Since the advent of general relativity and despite its complicated non-linear
field equation, attempts have been made to realize the closed-form solution of the
Einstein equation. After one year of Einstein’s discovery, in 1916, Schwarzschild
[11] first presented a non-trivial exact solution of Einstein’s vacuum field equations
for a point mass, known as Schwarzschild solution. Droste [12], around the same
time as Schwarzschild, arrived independently at the same answer. In fact, he

1
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1. INTRODUCTION

published the Schwarzschild solution in the form which is used in the present
day. In the same year, Hans Reissner [13] generalized Schwarzschild solution and
found the solutions of the Einstein-Maxwell equations having electrically charged
objects. Gunnar Nordström [14] later independently arrived at the same solution,
which is known as the Reissner-Nordström metric. In 1963, Roy Kerr [15] found
the static axially symmetric vacuum solution of the Einstein equation. Since its
theoretical inception to the present day detection [16–19] of over a hundred years
of overwhelming journey, those solutions still fascinate physicists/non-physicists
because of their unparalleled exoticness, which are yet to be unveiled. The exis-
tence of essential singularities is one such exotic property that was at first difficult
to comprehend, but gradually physicists accepted this fact and believed that GTR
is necessarily not the complete description of gravity. The very existence of such
singularity comes with another exotic property: a hypothetical surface called hori-
zon, and nothing can come out once it enters the horizon. John Archibald Wheeler
named these peculiar objects as ‘black hole.’ After the gravitational collapse, the
black hole is formed, covering a region of spacetime from where nothing can
escape to infinity. In 1958 David Finkelstein described that the black holes are
separated from the rest of the universe by a unidirectional membrane known as
the event horizon. Recently in 2019, EHT collaboration [16] produced the first-ever
image of black holes, thus ending the long-standing debate over the existence of
black holes in reality.

Starting from 1970, in the past forty years, a new direction has been opened
up in the study of black hole theory, which shows the deep connection of black
hole physics with the laws of thermodynamics, known to describe complicated
equilibrium statistical systems with very few physical variables. When matter
collapses, the endpoint of such a physical process generically settles down to
a stationary black hole which is known to be uniquely described by very few
macroscopic parameters- mass, charge and angular momentum. Hence all the
microscopic information of the collapsing matters seems to be hidden and this
is the famous ‘no- hair’ theorem [20–22] of the black hole. The first hint of the
thermodynamical properties of black hole get surfaced when Hawking proposed
his area theorem [23] stating that the area of the black hole event horizon can never
decrease in time if the null energy condition is satisfied. Then the similarities
between the area theorem with the second law of thermodynamics and also the
idea that the information about any object is lost when it falls inside the black hole,
inspired Bekenstein to propose black hole entropy as the multiple of the area of its
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event horizon [24, 25]. Later Bardeen, Carter, and Hawking, in their seminal paper
[26] introduced a detailed explanation of the four laws of black hole mechanics,
which have direct resemblance with the corresponding laws of thermodynamics.
The main three laws are as follows,

• The zeroth law of the black hole mechanics says that the surface gravity κ is
constant over the horizon of a stationary black hole. This law resembles the
zeroth law of thermodynamics which ensures uniform temperature through-
out a system in thermal equilibrium. An important consequence of the zeroth
law is that the stationary black holes can be two types: extremal black holes
(for which, κ = 0) and a non-extremal black hole with bifurcate horizons.

• The first law of black hole mechanics provides the relation among the varia-
tions in mass M, area of the horizon A, angular momentum J, and charge Q
of a stationary perturbed black hole;

δM =
κ

8π
δA + ΩδJ + ΦδQ (1.1)

Here Ω and Φ are the angular velocity and electrostatic potentials respectively.
Thus the first law gives the differential change between masses of two nearby
stationary black hole solutions where the surface gravity κ is analogous to
the temperature of the system. Although original derivation [26] was done
for stationary perturbations but later the derivation was generalized for
non-stationary perturbations also [27, 28].

• Now, the second law of the black hole mechanics says that the area of the
horizon of the black hole never decreases with time.

δA ≥ 0. (1.2)

Bekenstein argued [24, 25] the entropy of the black hole to be proportional to the
the surface area A of its event horizon with a multiplicative factor β as given by,

SBH = βA. (1.3)

The exact value of β was not determined till then and from the concept of infor-
mation theory and using Shannon’s formula , Bekenstein conjectured the value
of β to be ln2

8π . Then the temperature T, being proportional to surface gravity, was
given by T = λκ. Now the first law of black hole mechanics (1.1) shows that λ

and β are related by,

8πβλ = 1. (1.4)
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Then λ was found to be 1/(ln2). Later by incorporating quantum field theoretical
treatment in curved spacetime background Hawking [29, 30] showed that the
black holes could emit thermal radiation at a temperature TBH known as Hawking
temperature as given by (in Planck units),

TBH =
κ

2π
. (1.5)

Then one can say λ = 1/(2π) and hence from (1.4) the factor β was determined to
be 1/4. Thus, Hawking’s derivation of thermal radiation of black hole establishes
Bekenstein’s result.

Unlike standard thermodynamics, the microscopic nature of black hole thermo-
dynamics is a poorly understood subject till now. Over the years, numerous efforts
have been made to give a proper geometric description of the black hole entropy
from the microscopic point of view. Earlier it was thought that a valid quantum
theory of gravity was necessary to uncover and solve this issue. The first attempt
in this direction was found in the context of Euclidean quantum gravity. After
one year of Hawking’s semi-classical derivation of the thermal spectrum of black
hole, Gibbons and Hawking [31] derived the entropy for Kerr-Newman solutions
and also for de-Sitter space, by evaluating the canonical partition functions in
path-integral approach. Although their derivation confirms Bekenstein’s classical
results, it does not provide much information on the microscopic description of
the black hole entropy. A fruitful computation of the entropy of the black hole with
the help of the microcanonical ensemble is presented in [32]. However another
important approach to determine the black hole entropy is to derive quantum
field correlations of the inside region with the outside of the black hole. Thus from
these correlations, one can define entanglement entropy [33–35], whose leading
term is shown to be the same as ‘Bekenstein-Hawking’ entropy. However, in
this process, the black hole is treated as classical and the field is quantized in
that background. It does not provide much insight on the underlying degrees of
freedom which are responsible for the entropy. There have been other attempts
[36] where the entropy of the black hole is derived by analyzing the quantum
structure near the horizon. Here it is assumed that the black hole obeys the rules of
quantum mechanics like ordinary matter systems in the thermal atmosphere and
also contains a large number of particles and have energy levels. So the density
of states of the system having energy E is calculated using statistical description
and finally, entropy density comes out to be proportional to T3, where T is the
temperature of the system. However, in this process total entropy of the thermal
system becomes divergent near the horizon. This divergence is then removed by
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imposing an appropriate cut-off on the frequency of the modes corresponding to
the thermal system. This approach has similarities with entanglement entropy
formulations (more can be found in [37]).

String theory [38–40] and loop quantum gravity (LQG) [41–47] are two power-
ful theories which give us extremely useful perspectives and direction in approach-
ing the complete understanding of the black hole. In the framework of LQG, a
plausible explanation of the nature of the entropy has been proposed by directly
quantizing the geometric quantities (such as the area) which are assumed to be
the fundamental field variables. In this approach, at first one has to quantize the
associated phase space of the isolated horizons and then have to specify certain
quantum states which describe the geometry of the horizon. In the classical regime,
the fields in the bulk regions help to determine the fields on the surface and as
a result, no additional surface degrees of freedom arise. However in quantum
treatment, independent degrees of freedom appear on the horizon surface due
to the counting of the surface states, and these degrees of freedom account for
the entropy of the black hole, being proportional to the area of the horizon. The
exact value of this proportionality constant is determined by a free parameter
(known as Immirzi parameter [48, 49]) which is the result of ambiguities of the
loop quantum procedure. However, the suitable choice of this parameter can
lead to correct Bekenstein-Hawking entropy of the black hole. On the other hand,
another fruitful derivation of black hole entropy in higher dimension is achieved
in string theory. It is anticipated that the massive degenerate states found in
string theory may be the potential reason for the origin of the black hole entropy
[39, 50, 51]. Precisely in weak coupling limit of string theory [52, 53] the states
are formed perturbatively and black hole solutions can be identified from these
states at low energy having definite charges. Using the usual formalism of the
statistical mechanics, the entropy can be derived from these microscopic states and
surprisingly, the expression of entropy matches with the Bekeinstein-Hawking
result.

Along with the afore-described development, another approach which gained
significant interest in understanding black holes is through the idea of the asymp-
totic symmetries. Diffeomorphism plays a fundamental role in the theory of
gravity. The intertwining connection between the thermodynamics of black hole
and Noether charges corresponding to symmetries of the Killing horizon (i.e., a
null hypersurface having Killing vector as null generators) in the diffeomorphism
invariant gravity theory, was explored first in the seminal work of Wald [28, 54, 55].
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Most importantly, the symmetries near the horizon are identified with part of
diffeomorphism symmetry, details of which will be discussed later. It was shown
in [28, 54] by covariant phase space formalism that the Noether charge associated
with the symmetries near the horizon of a black hole is directly connected with the
Bekenstein-Hawking entropy. In addition, the laws of black hole mechanics were
derived correctly from the Noether charge of the Killing horizon by Wald’s pre-
scription for both stationary and non-stationary perturbations [27, 28]. Moreover,
it was found that for a general class of gravitational theory, Bekenstein-Hawking
entropy does not hold, whereas Wald’s formalism gives correct entropy for a wider
class of gravity, for example, Lanczos-Lovelock theory of gravity.

Before Wald’s prescription, an astonishing result was reported in 1985 by Brown
and Henneaux [56] relating gravity and conformal field theories [57] living in one
less dimension. The original proposal has been proposed in (2 + 1) dimensional
gravity theory with asymptotically anti-de Sitter spacetime. In this context, the
conserved charges corresponding to the asymptotic symmetries at spatial infinity,
were shown to satisfy the conformal algebra associated with the field theory on
the boundary of AdS space. The Fourier mode Lm of the asymptotic symmetry
generators in AdS3 spacetime obey Virasoro algebra having a central extension,

[Lm,Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0. (1.6)

Here c is known as the central charge expressed as,

c =
3

2G
√
−Λ

(1.7)

where G is the gravitational constant and Λ is cosmological constant. It is well
known that the central charge plays a vital role in determining the degrees of
freedom entertained by the system which is conformally invariant (for more detail,
see [57]). Also, the central charge specifies the density of states, and thus the free
energy and entropy of the system can be computed from the partition functions
using the laws of the statistical mechanics. Meanwhile, in (2 + 1) dimensions, the
black hole horizon is two-dimensional and therefore, the 2d conformal field theory
technique can be applied for 3d black hole. Later inspired by the work of Brown
and Henneaux, in [58] Strominger has explored more in this direction. He showed
that the central charge (1.7) could be incorporated in the statistical formula of
Cardy, which gives the entropy from the density of states as follows,[59–61]

S ≈ lnρ ≈ 2π

√
c∆
6

. (1.8)
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Here ∆ is the zero-mode eigenvalue of the symmetry generators L0 and can be
calculated from the expression of the mass and the angular momentum of the
BTZ black hole. Thus (1.8) produce the exact expression of Bekenstein-Hawking
entropy in three-dimensional gravity theory microscopically. Later, Carlip [62, 63]
generalized the above formulation for Killing horizon in an arbitrary spacetime
dimension, there the diffeomorphism vectors are determined by imposing suitably
defined boundary conditions near the horizon. Therefore following the previous
arguments, one can construct the Virasoro subalgebra with a term which is the
central charge. Then from this central charge, the correct Bekenstein-Hawkings
entropy can be easily calculated using the Cardy formula. These results indicate
that probably the microscopic description of the entropy can be obtained from
these central charges and zero mode L0. In these endeavours, exploration of
asymptotic symmetries near asymptotic null infinity as well as near the black hole
horizon has gained profound importance among scientific communities over the
years.

1.2 Review on asymptotic symmetries and BMS

group

In this section, we introduce a detailed description of the asymptotic symmetry
group widely studied in gravitational theories. The idea of asymptotic symmetries
was first proposed near null infinities (both past and future) for asymptotically
flat-four dimensional spacetime, back in 1962 by Bondi, van der Berg, Metzner and
Sachs [64–67]. The primary interest was to resolve the problems of gravitational
waves and radiation. More specifically, they tried to know the detailed mechanism
behind the mass loss phenomenon when the gravitational waves propagate at a
large distance from the source. At the time of analyzing the gravitational radiation,
surprisingly, it was found that the inhomogeneous Lorentz group (viz. Poincaré
group) does not represent the correct group of symmetries at the asymptotically
flat region where the effect of gravitational fields are very weak. Rather an infinite-
dimensional group emerges as the asymptotic symmetry group which was found
to be the semi-direct product of usual Poincare symmetry and another infinite-
dimensional symmetry transformation. The group of symmetries at asymptotically
flat spacetime was at first named "the Generalized Bondi-Metzner" group. After
the work of Sachs [67], the group was renamed as "Bondi-Metzner-Sachs" group
or BMS group. With the discovery of a non-trivial infinite-dimensional group
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at asymptotic infinity, it was established that at large distances and for weak
gravitational forces, general relativity does not simply reduce to special relativity.

As described in [64] [65], in the neighbourhood of the future null infinity of
asymptotically flat spacetime, the line element ds2 in the special kind of coordi-
nate system (u, r, θ, φ) (detail in [65] ) takes the following form in four spacetime
dimension,

ds2 = e2β V
r

du2 − e2βdudr + r2hAB(dxA −UAdu)(dxB −UBdu) (1.9)

where, u represents the retarded time coordinate and u = constant hypersur-
faces are null. r is the radial coordinate and also acts as the affine parameter
for the null geodesics. xA=( θ, φ) and hAB = e2γdθ2 + e−2γ sin2 θdφ2, such that
Det[hAB] = sin2 θ. These particular coordinate system was later known as the
Bondi-Sachs coordinates. Here V, β, UA and hAB are arbitrary six functions of the
coordinates whose asymptotic forms are determined by solving linearized Ein-
stein field equations [64] [65]. At first the four components of Bianchi identites
∇bGbc = 0 are thoroughly analyzed and the results directly yield that the vacuum
Einstein equations Rab = 0 can be split into three parts.

• The one part consists of six main equations given as:

Rrr = 0; RrA = 0; RAB = 0. (1.10)

• Rur = 0 is trivially satisfied due to the symmetry property of the metric.

• The remaining components of Rab will provide the non-trivial constraints,

Ruu = 0; RuA = 0. (1.11)

In linearized gravity theory the asymptotic solutions of the field equations were
derived in [65, 66] by analyzing the behaviour of the gravitational waves far away
from the source. However it is well known that the gravitational radiation must
follow Sommerfeld’s boundary condition at null infinities so that the inward
travelling wave is eliminated and the principle of causality is maintained (see
[68, 69] and the references therein). In our present context Sommerfeld’s outgoing
radiation condition says that [∂(rγ)/∂r]u=const → 0 as r → ∞. To satisfy this
conditon, the asymptotic behaviour of γ must be ,

γ =
c1

r
+

c2

r2 +
c3

r3 + . . . . (1.12)
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Here all ci are functions of (u, xA).
Now to obtain the detailed asymptotic behaviour of the other metric compo-

nents, the main equations (1.10) are solved algebrically for the metric ansatz (1.9).
For this reason it is useful to introduce the tetrad system of four null vectors ma,
ka, ta and t̄a for the null hypersurfaces u = constant (more detail on the null tetrad
can be found in [65, 70, 71]), such that the following conditions are satisfied,

maka = ta t̄a = −1; mama = kaka = tata = t̄a t̄a = 0. (1.13)

The components of these vectors can be obtained such that the conditions (1.13)
are satisfied. Now the main equations (1.10) can be split again in terms of the three
hypersurface and one standard equation as follows [64],

Rabkakb = ∂rβ− 1
2

r(∂rγ)2 = 0; (1.14)

Rabkatb = ∂r

(
r4 + e2(γ−β)∂rU

)
− 2r2[(∂r∂θ β)(∂r∂θγ) + 2∂rγ∂θγ− 2

∂rβ

r
−2 cot θ∂rγ] = 0. (1.15)

Rabta t̄b = 2∂rV +
1
2

r4e2(γ−β)(∂rU)2 − r∂θ(r∂rU + 4U)− r cot θ(r∂rU + 4U)

+2e−2(γ−β)[−1− cot θ∂θ(2γ− β)− ∂2
θ(γ− β) + (∂θ β)2 + 2∂θγ∂θ(γ− β)] = 0

(1.16)

Rabtatb = 2r∂u∂r(rγ) + (1− r∂rγ)(∂rV − r∂θU)− (r∂2
r γ + ∂rγ)V − r2(cot θ

−∂θγ)∂rU + r∂θ(2r∂rγ− 2γ)U + r cot θU(r∂rγ− 3) + e−2(γ−β)[−1

− cot θ∂θ(3γ− 2β)− ∂2
θγ + 2∂θγ∂θ(γ− β)] = 0. (1.17)

These equations are solved for an axially symmetric isolated system having Uθ =

U and Uφ = 0. Now having the asymptotic behaviour of γ given in (1.12), one can
solve (1.14) to get the form of β. Then equations (1.15) and (1.16) can determine
the behaviour of U and V respectively. However Eqn. (1.17) gives the derivative
of γ w.r.t the coordinate u and from the solution of this equation, the specific form
of γ can be obtained. Then with this form of γ, one can again solve the above
equations (1.14-1.16) to get the forms of the other metric coefficients. Finally, for an
asymptotically flat spacetime, the asymptotic solutions of the metric components
yield as follows,

hAB = γ̄AB +
cAB

r
+O(1/r2);

V
r
= −1 +

2M(u, θ, φ)

r
+O(1/r2); (1.18)

β = −
c1(u, θ, φ)c∗1

4r2 +O(1/r4); UA = −∇BcBA

r2 +
NA(u, θ, φ)

r3 +O(1/r4).
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Here γ̄AB is the metric on unit two-sphere. M(u, θ, φ) and NA(u, θ, φ) are two
arbitrary unknown integrating constants. Now for the solutions (1.18), the trivial
equation is automatically satisfied and the three supplementary equations (1.11)
generate the constraint relations between the form of the arbitrary functions
M(u, θ, φ) and NA(u, θ, φ) as follows;

∂uNA = ∂AM +
1
16

∂A(cBC∂ucBC)− 1
4

∂ucBC∇AcBC − 1
4
∇B(∇B∇CcAC

∇A∇CcBC + cBC∂ucAC − cAC∂ucCB),

and

∂uM =
1
4
∇A∇B(∂ucAB)− 1

8
∂ucABcAB. (1.19)

The function M is known as Bondi Mass aspect whereas NA is known as angular
momentum aspect (Detail can be found in [64] [65]) . Therefore for (1.18), the metric
(1.9) reduces to the flat Minkowki metric at large value of r.

In the seminal papers [64, 65] Bondi and Metzner analyzed and found out a set
of coordinate transformations from (u, θ, φ) to (u′, θ′, φ′), such that the asymptotic
behaviour of the solutions of the field equations (given in (1.18)) are preserved
under those transformations. In other words , one can say that after those coordi-
nate transformations, the transformed metric expressed in new coordinate system
should also be Minkowski at the limit r → ∞ and spacetime must remain Ricci
flat at null infinities. The general form of the aforementioned transformations of
coordinates are given by,

θ′ = θ + H(θ, φ); φ′ = φ + K(θ, φ); u′ = L−1[u + α(θ, φ)] (1.20)

Here H(θ, φ) and K(θ, φ) are two arbitrary functions which are responsible for
the conformal transformation of the metric of the unit two-sphere i.e. ds2

2D =

L2(θ′, φ′)ds′22D. Here L is the conformal factor. Following the reference [67] the
transformations of coordinates found in (1.20) are called Generalized Bondi-
Metzner transformation, and these transformations form the "Generalized Bondi-
Metzner" (GBM) group which has the flat Poincaré group as the subgroup. This
GBM group consists of the semi-direct product of the conformal transformation
on the unit two-sphere with the time translation given by α, which is an arbitrary
function of angular coordinates and also twice differentiable. For the specific
case, when there is no transformation of the angular coordinates (i.e., θ = θ′ and
φ = φ′), this special type of time translation was termed as the supertranslation.
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It was proved that supertranslation is a normal subgroup of the asymptotic sym-
metry group. So having the spherical harmonics expansion of the parameters,
the supertranslation subgroup was found to be infinite-dimensional. Moreover
supertranslation reduces to usual four-dimensional Poincaré translation for a
particular form of α, being the linear superposition of l = 0 and l = 1 spherical
harmonics. This result immediately implies that the supertranslations form the
more generalized version of the translation group.

In contrary to the aforesaid finite transformation, Bondi in his pioneering
paper [65] analyized and explored the infinitesimal asymptotic symmetry trans-
formations near the null infinity. This attempt was inspired by the idea of the
isometries of spacetime which has Killing symmetries. So the infinitesimal trans-
formations of spacetime coordinates (also known as diffeomorphism) are given by
x
′a(β, xc) = x

′a(0, xc) + (∂x
′a/∂β)β=0 = xa + ζa, where xa denotes four coordi-

nates (viz. u, r, θ, φ) and ζa is any contravariant vector. Then the infinitesimal
change of the metric tensor can be defined as the Lie derivative of that metric
along the direction ζa,

δgab ≡ £ζ gab = ζa∂agab + gac∂bζc + gbc∂aζc. (1.21)

After the infinitesimal variation is obtained, a set of conditions has been imposed
on these variations so that the asymptotic form of the solutions (1.18) remain
unaltered near the null infinity. The proposed conditions are,

δgrr = 0; δgrA = 0; δgAB gAB = 0.

δguu ≈ O(1/r); δguA ≈ O(1); δgur ≈ O(1/r2); δgAB ≈ O(r). (1.22)

Now we try to find out the physical arguments of writing these conditions given
in (1.22). The first two conditions on grr and grA are imposed as the original
metric (1.9) which is written in Bondi gauges, does not have these components.
So to preserve the asymptotic structure of all the metric coefficients near the null
infinity, after the infinitesimal transformations, the components g′rr and g′rA of the
transformed metric should also vanish, i.e., variation must be considered to be
zero. On the other hand, the determinant of the metric must be invariant even after
the given transformations. So we can write that δg/g = δgAB gAB is zero. These
three conditions in the first line of (1.22) are the gauge choices. Next, we concentrate
on the second line of (1.22). Following (1.18), the asymptotic behaviour of guu says
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that

guu = e2β V
r
+ r2hABUAUB

≈ (1 +
c1(u, θ, φ)c∗1

2r2 )[−1 +
2M(u, θ, φ)

r
] +O( 1

r2 ) ≈ −1 +O(1
r
). (1.23)

In the above expansion, the leading order term corresponds to the flat Minkowski
metric and the subleading term yields the fall-off behaviour of this component as
the radial coordinate, r → ∞. Now the infinitesimally transformed metric must
follow the same asymptotic condition as the original one, to satisfy the symmetry
arguments. This yields the first condition given in the second line of (1.22). The
other three conditions in the second line of (1.22) can be easily derived in a similar
way such that the asymptotic forms of the metric solution are kept unchanged.
These conditions in the second line of (1.22) are known as the fall-off conditions
as they are determined by the fall-off behaviour of the Bondi metric. Therefore
all these infinitesimal transformations given in (1.22), constitute the infinitesimal
GBM group, later known as BMS group. Now one can easily solve the gauge
choices in (1.22) to get the components of ζa as follows,

ζu = T(u, xA); ζ A = YA(u, xB)− ∂BT
∫

e2βgABdr;

ζr = − r
2
[∇AYA −UC∂CT]. (1.24)

Here T and RA are arbitrary constants of integration. However the fall-off condi-
tions in (1.22) imposes extra restriction on these two functions and thus obtain,

T(u, xA) = F(xA) +
u
2
∇CYC; ∂uYA = 0;

£Y(γ̄AB) = ∇CYCγ̄AB. (1.25)

The last one denotes the conformal transformation of the two-sphere metric γ̄AB.
Therefore we can say that the equations (1.24) and (1.25) generate the infinitesimal
coordinate transformation which are analogous to the finite transformation (1.20).
Thus these transformations construct the BMS group. Like the finite transforma-
tions, in the present context, F is the parameter for the supertranslation which is a
function of angles and generates infinitesimal symmetry transformation along the
time direction. However, another parameter YA did not get any such nomenclature
in the earlier work [65]. Then by having the expansion of the parameters in terms
of spherical harmonic modes, the standard Lie algebra between the symmetry
vectors can be constructed. The resultant asymptotic symmetry algebra comes out
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to be the semi-direct sum between globally defined conformal algebra on the unit
two-sphere and the supertranslation which is infinite-dimensional. This global
conformal algebra is also isomorphic with the homogeneous Lorentz algebra.

Recently Barnich and his collaborators [72–74] have relooked at the well-known
BMS group found near null infinity and found a new version of it, by incorporating
the ideas of the infinitesimal local conformal transformation in two dimensions. In this
scenario, those infinitesimal transformations were considered which keep, not only
the structure of the metric invariant near asymptotic region but also conformally
rescale the metric component gAB. Then the associated symmetry parameter F
and YA, expressed in complex stereographic coordinates (z, z̄), are shown to be
the meromorphic functions, which may not be regular at all points on the Riemann
sphere. However, those singularities can be avoided by considering local regions
of spacetime for the symmetry analysis. So by having the Laurent expansion of
the parameter Yz as Yz

n = zn+1 for any integer n, the infinitesimal local conformal
group was generated. The parameters Yz and Yz̄ are named as superrotations [74]
which are indeed infinite-dimensional. Also, the algebra of the aforesaid BMS
group consists of the semi-direct sum of the local conformal transformations with
the infinite-dimensional supertranslations denoted by F. So we can expand the
parameters in the Laurent series as, Fmn = zmz̄n and also Yz̄

n = z̄n+1. Now the
standard definition of Lie algebra between two vectors ζ1 and ζ2 is given by,

[ζ1, ζ2]
x = ζa

1∂aζx
2 − ζa

2∂aζx
1 . (1.26)

With the help of this definition and for the Laurent mode expansion given above,
one can compute the BMS algebra between symmetry parameters as,

[Yz
m, Yz

n ] = (m− n)Yz
m+n. [Yz̄

m, Yz̄
n ] = (m− n)Yz̄

m+n; [Yz
m, Yz̄

n ] = 0;

[Yz
m, Fnk] = (

m + 1
2
− n)Fm+n k; [Yz̄

m, Fnk] = (
m + 1

2
− n)Fm n+k (1.27)

The commutation relations in the first line are the Witt algebra (two copies)
which is actually the Virasoro algebra without the central extension. The super-
translation and superrotation generators come out to be non-commutative. Also,
the Poincarë algebra which is spanned by the ten number of generators in four
dimensions, can be shown to be the subalgebra of this BMS algebra. Contrary
to the original work by Bondi et al., this local version of BMS algebra has wider
relevance with other works in this direction, for instance, with the work of Brown
and Henneaux [56] which we have discussed in the last section. Specifically it can
be proved that BMS3 charge algebra [74] has non-zero central extension term (as
shown in (1.7) and (1.8)) which is exactly same as obtained in [56].
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Noether’s theorem says that, for every continuous symmetry, there must be
associated conserved quantities. Various mechanisms can be found in the standard
literature to obtain the conserved charges and current associated with asymptotic
symmetries at the null boundaries. However, the Noether charges associated with
BMS transformations at the null infinities are not conserved in general due to the
outgoing gravitational radiation flux. Iyer-Wald formalism [55] first presented a
general prescription for calculating those "conserved quantities" for the asymptotic
boundaries of spacetime following the covariant phase space method for the diffeo-
morphism invariant Lagrangian. There are other important approaches to derive
conserved charges near the spacetime boundaries, such as Lagrangian Noether
methods [75–77], and also quasi-local techniques [78] and conformal methods (see
[79, 80] and the references therein). Because of the universal properties of the
surface charges in linearized theory, Barnich in [81, 82] developed the covariant
approach to calculate surface charges for asymptotically flat spacetime using the
cohomological technique originally used in [83]. This approach has a particular
physical interest in the case of the black hole whose geometry is asymptotically
AdS3. In this scenario, the central charges appear in the algebra of surface charges,
and this central extension plays a pivotal role in determining the macroscopic
black hole entropy. Most recently it has been found out [84–88] that two non-trivial
sets of the infinite number of conserved charges corresponding to BMS symmetries
appear in the context of classical gravitational scattering between past null infinity
I− and future null infinity I+ of asymptotically flat spacetime (see the diagram
(1.1)). One set of those charges is known as the conserved supertranslation charges
and another one is the conserved superrotation charges. Thus an asymptotically
flat black hole can carry these infinite number of conserved charges identified as
soft hair [84, 85, 89], which come in addition to the other well-known conserved
quantities of the black hole i.e energy, linear momentum, intrinsic angular momen-
tum and boost charges. It is hoped that these newly found supertranslation and
superrotation hair may shed light on the information loss paradox of the black
hole.

Most interestingly, the Killing horizon of the static or stationary black hole act
as another null boundary of spacetime and asymptotic symmetry analysis has been
investigated there (see [62, 63, 90–96] and other references thereafter). In particular,
Carlip in [62, 63] constructed the Virasoro algebra between the asymptotic symme-
try generators at the horizon boundary in connection with the microscopic states
responsible for the Bekenstein-Hawking entropy. This part has been discussed in
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1.2. Review on asymptotic symmetries and BMS group

FIGURE 1.1: Penrose diagram of the Schwarzschild black hole. In the diagram
the past null infinity is denoted by I− and future nul infinity is I+. spacelike
infinity i0 and timelike infinities are i− and i+. Similarly past and future horizon
areH− andH+ respectively. The black hole region is denoted by III and r = 0 is
the physical singularity.

the previous section. The near horizon symmetry analysis was further impover-
ished in [92, 97] where the zero mode of the conserved charges and central charge
were derived in a more concrete way to obtain the Bekenstein-Hawking result.
Recently in [91] both the infinite-dimensional supertranslation and superrotation
symmetries were shown to appear near the horizon. The symmetry arguments
require that under the subset of diffeomorphism, the structure of the metric (
expressed in Gaussian null coordinates) must be preserved near the horizon. It has
been found out that the form of the near horizon BMS4 algebra [91] is different
from the standard BMS4 algebra derived at null infinity [74]. Also, the zero mode
of the conserved quantities corresponding to the near horizon symmetries have
been shown to exactly reproduce the entropy and the angular momentum of the
black hole. We will discuss in detail the charge calculation as we go along. Nev-
ertheless, it was also proved that a slightly different set of boundary conditions
which are consistent with the near horizon symmetries, lead to Heisenberg algebra
[98–103]. The associated conserved charges have been shown to provide the ’soft
hair’ to the black hole, but only the zero mode of those charges determines the
horizon entropy. Later this approach of near horizon symmetry analysis was
further extended for a generic null surface [104–114] which may not be the solu-
tion of field equations. In any spacetime, the null hypersurface is perceived as
the one-way membrane (i.e., information cannot pass through it) by a specific
family of observers (for instance, Rindler observers) who may be situated at a fixed
spatial distance from this surface (see e.g., chapter 8 of [115]). The entropy can
be associated with this null surface locally with the help of the Virasoro algebra
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and central charge formalism by choosing the appropriate diffeomorphism vector
which keeps intact the near null surface geometries. The results obtained in this
case are more general in all aspects. Now one important physical interpretation of
the BMS conserved quantities was established by the relation between asymptotic
symmetries and membrane paradigm [116]. By virtue of this paradigm, the null
boundaries of spacetime (i.e., both null infinity and black hole horizon) behave as
the lower dimensional viscous fluids [117–121]. Therefore the infinite set of con-
served charges corresponding to fluid dynamics of the membrane can be shown
to be equivalent to BMS conserved quantities.

It should be mentioned that the asymptotic symmetry analysis has been further
explored and extended near null infinities of asymptotically AdS and dS spacetime
[55, 122–126] and for gauge theories including Maxwell, Yang-Mills and Chern-
Simons theories [127–134] and also near other two distinct regimes of spacetime-
timelike and spacelike infinity, based on Hamiltonian (ADM) approach [135–139].
However, one of the most astonishing and important observations in this context is
the deep connection of the asymptotic symmetries with other seemingly unrelated
areas of physics [85] viz. infrared phenomena found in QFT and gravitational
memory effects and also holographic principles. Infrared physics is based on
the soft theorems, which reveal the interesting features of Feynman diagrams
and scattering amplitudes when the massless external particles carry zero energy
(i.e., soft). The soft theorems were introduced in 1937 by Bloch and Nordsieck
[140], then explored further in [141–143]. However, Weinberg [144] first presented
soft photon and graviton theorems in a concrete way and thus generalized the
theorem for gravitational theory. Soft theorems state that the infinite number of soft
particles (maybe photons, gravitons, or pions) having energy and momentum zero,
is produced during any quantum scattering process and thus resolve the infrared
divergence problem found in the quantum theory of electrodynamics and gravity.
Recently it was found out that because of the BMS invariance of the S-matrix of
the quantum gravity, the soft graviton theorem can directly reproduce the Ward
identities associated with supertranslatons [86–88, 145–150]. Similarly, equivalence
has been established between Weinberg’s soft photon theorem and large gauge
symmetries of QED [145, 151]. On the other hand, the BMS transformations near
infinity as well as near the horizon are shown to be closely connected with the
gravitational memory effect [147, 152, 153]. Also, BMS symmetries can be realised
as one important example of the bulk-boundary correspondence known as the
holographic duality [154–159]. Precisely holographic dictionary relates gauge
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symmetries of the bulk theory with the global symmetries on the boundary theory,
and thus asymptotic symmetries of the bulk solutions act as the global symmetries.
This correspondence has not been firmly established yet, but there are some recent
successful attempts in this direction [160–163].

So far, we have discussed the various features of asymptotic symmetries and
their connection with the different realms of classical and quantum theories of
gravity and also with field theories. It is quite evident that BMS symmetries
can be explored further in some specific directions. Motivated by this, in the
present thesis, we will investigate more elaborately some of those topics. At
first, our primary focus will be on the asymptotic symmetries near a generic
null hypersurface. It is well known that the thermodynamics properties of the
null surface encourage to think the gravitational theories to be ’an emergent
phenomena’ (we will discuss this regard in chapter 2 and also more elaborate
discussion can be found in [108, 111]). Although the symmetries of a generic
null surface have been analyzed extensively in the standard literature for not only
Einstein gravity but also for the higher derivative gravity model, however, it will be
illuminating to consider the generic null surface which may have electromagnetic
charges. Therefore, in this case, symmetry analysis will be more interesting for
the unified gauge-gravity theory and in this thesis, we have tried to explore in
this direction. On the other hand, generally, the explicit forms of the near horizon
symmetry parameters are determined by having Fourier modes decomposition
depending on the periodicity of the time coordinate, and corresponding zero
modes are shown to contribute to the horizon entropy. Nevertheless, in this thesis,
we will try to obtain the other possible solution of these parameters by exploring
another important physical phenomenon, i.e., the spontaneous symmetry breaking
by the background solutions. Although the appearance of the Goldstone modes
near the black hole horizon has already been discussed by the quantum analysis
in [164, 165], its dynamics have not been studied in a concrete way and this is one
of the main goal in the present thesis. Other than the null surface, also we have
focussed on the symmetries near a timelike hypersurface which is assumed to act
as the boundary situated in the bulk spacetime. In the upcoming section, we have
briefly presented the chapter-wise overview of the thesis.
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1.3 Chapter-wise description of the thesis

The results discussed in this thesis are based on the works in [166–169]. In this
section, we have summarized the research guidelines of the thesis as follows,

1.3.1 Chapter 2:

To understand the underlying degrees of freedom, near horizon symmetry analysis
of a black hole has gained significant interest in the recent past. In this chapter, we
generalize that analysis first by taking into account a generic null surface carrying
U(1) electromagnetic charge. With the appropriate boundary conditions near
the surface under study, we identify the symmetry algebra among the subset
of diffeomorphism and gauge generators which preserve the metric of the null
surface and the form of the gauge field configuration. With the knowledge of
those symmetries, we further derive the algebra among the associated charges
considering general Lanczos-Lovelock gravity theory and also non-linear U(1)
gauge theory. Importantly while computing the charges, not only we consider
general theory, but also used off-shell formalism which is believed to play crucial
role in understanding quantum gravity. Both the nonextremal and extremal cases
are addressed here.

1.3.2 Chapter 3:

For a long time, it is believed that black hole horizon are thermal and quantum
mechanical in nature. The microscopic origin of this thermality is the main ques-
tion behind our present investigation in this chapter, which reveals the possible
importance of near horizon symmetry. It is this symmetry which is assumed to
be spontaneously broken by the background spacetime, generates the associated
Goldstone modes. In this chapter, we construct a suitable classical action for those
Goldstone modes and show that all the momentum modes experience nearly the
same inverted harmonic potential, leading to instability. Thanks to the recent
conjectures on the chaos and thermal quantum system, particularly in the context
of an inverted harmonic oscillator system. Going into the quantum regime, the
system of a large number of Goldstone modes with the aforementioned instability
is shown to be inherently thermal. Interestingly the temperature of the system also
turns out to be proportional to that of the well-known horizon temperature. There-
fore, we hope that our present study in this chapter can illuminate an intimate
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connection between the horizon symmetries and the associated Goldstone modes
as a possible mechanism of the microscopic origin of the horizon thermality.

1.3.3 Chapter 4:

In the previous chapter, we have discussed how the near horizon Bondi-Metzner-
Sachs (BMS) like symmetry is spontaneously broken by the black hole background
itself and hence gives rise to Goldstone mode. The associated Goldstone mode for
the near horizon BMS-like symmetry of a Schwarzschild black hole was found to
behave like inverted harmonic oscillators, which has been further shown to lead to
thermodynamic temperature in the semi-classical regime. Here we investigate the
generalization of these previous findings for the Kerr black hole. The analysis is
being performed for two different situations. Firstly, we analyze Goldstone mode
dynamics considering slowly rotating Kerr. In another case, the problem is solved
in the frame of zero angular momentum observer (ZAMO) with an arbitrary
value of rotation. In both analyses, the effective semi-classical temperature of
Goldstone modes turns out to be proportional to that of Hawking temperature.
Due to such similarity and generality, we feel that these Goldstone modes may
play an important role in understanding the underlying microscopic description
of horizon thermalization.

1.3.4 Chapter 5:

Recently symmetries of gravity and gauge fields in the asymptotic regions of
spacetime have been shown to play a vital role in their low energy scattering
phenomena. Further, for the black hole spacetime, near horizon symmetry has
been observed to play a possible role in understanding the underlying degrees
of freedom for thermodynamic behaviour of horizon. Following the similar idea,
in this chapter, we analyzed the symmetry and associated algebra near a time-
like surface that is situated at any arbitrary radial position and is embedded in
black hole spacetime. Here we consider both Schwarzschild and Kerr black hole
spacetimes. The families of hypersurfaces with constant radial coordinate (out-
side the horizon) in these spacetimes are timelike in nature and divide the space
into two distinct regions. The symmetry algebra turned out to be reminiscent of
Bondi-Metzner-Sach (BMS) symmetries found in the asymptotic null boundaries.
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1.3.5 Chapter 6:

Here we have presented the conclusion of the thesis and also discussed some
interesting scope for future work.

From the next chapter onwards, we have the detail analysis of the thesis. Each
chapter of the thesis contains several appendices that are added at the end of the
respective chapter. Here we will consider the signature of the Lorentzian metric to
be (−,+,+,+).
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Symmetries near a generic charged null
surface and associated algebra: An off-shell
analysis 2

2.1 Introduction

In the introduction chapter of the present thesis, we have widely discussed that for
a generic diffeomorphism invariant gravity theory, the Noether current and charge
are very important in understanding the thermodynamic properties of black
holes [28, 54, 55, 61–63, 97, 104, 105]. In this regard, one of the significant results
is the commutator algebra among the charges associated with the asymptotic
symmetries of spacetime under study. Those generally lead to Virasoro algebra
with a central charge [56]. This central charge is found to be intimately connected
with the entropy of black holes through well known Cardy formula [58].

The asymptotic symmetries near the null infinities of asymptotically flat space-
time and the horizon lead to an infinite-dimensional BMS group, which is a
semidirect product of usual Poincare symmetry and the infinite-dimensional su-
pertranslation symmetry transformation. Later this idea has been extended to
different situations; among them, one crucial extension includes gauge fields in
the exploration of boundary symmetries [66, 129–132]. For instance, the elab-
orate symmetry structure of three-dimensional Einstein-Maxwell systems with
non-trivial asymptotics at null infinity has been explored in [131] which leads
to Virasoro-Kac-Moody algebra, which is an extension of BMS3 algebra of pure
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gravitational case. In [132] the analysis for gravity in four spacetime dimensions
at null infinity has been extended to include Yang-Mills fields. Most recently, in
[170] the unified treatment of asymptotic symmetries for the Einstein-Maxwell
system has been discussed for Kerr-Newman (A)dS black hole horizon. Therefore
asymptotic symmetry analysis for Einstein-Maxwell theory was extended and
explored near a static or stationary horizon (see [91, 171, 172] for different cases),
which are solutions of Einstein’s equations of motion. The general strategy is to
choose a subset of diffeomorphism such that under those transformations, the
solutions of the field equation must remain invariant near the null boundaries.

So far, the boundary diffeomorphism symmetries have been explored at first
near null infinity for asymptotically flat spacetime, later at the black hole horizon,
which acts as another null boundary of spacetime. However, one can have a
generic null surface that will serve as a horizon for a class of observers in any
spacetime. It has been observed that not only black hole horizon has a thermo-
dynamics interpretation, but also any generic null surface in gravity theory has
this property [108]. The idea stems from the equivalence principle - locally, an
accelerated frame known as the Rindler frame can mimic gravity. Hence, it can
be a good candidate for exploring various properties of gravity. Therefore, an
accelerated observer in flat spacetime background is equivalent to a static observer
in curved spacetime. This stimulates us to think the gravity as an “emergent
phenomenon” [111]. Nevertheless, from the above discussions, one would tend
to believe that understanding the behavior of a generic null surface not only can
provide the desired results of on-shell properties of the theory under study but
also can shed light on the off-shell behavior which naturally appears in quantum
theory.

2.2 Objective of the chapter

In this chapter, our aim is twofold. Firstly we study asymptotic symmetries and
the associated algebra, which keep a generic charged null surface invariant. In
this analysis, we look at generic non-extremal and extremal charged null surfaces
separately. To keep our study even more general while calculating various charges
and their algebra, we also consider the Lanczos-Lovelock (LL) theory of gravity
[173] in the presence of an arbitrary U(1) gauge field. This will help us understand
the properties of charges while incorporating the interactions among the fields.
Second, we will do our whole analysis off-shell. By this, we mean that neither
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Einstein’s equations of motion nor the gauge field equation of motion will be used
in our final results. Let us point out that this has not been looked at in earlier
work.

We choose a generic null surface in the presence of gauge fields for our dis-
cussion. Imposing the relevant fall-off conditions for the metric coefficients and
gauge fields, which asymptotically preserves the null structure, we find the asso-
ciated diffeomorphism and gauge symmetry transformations. Then the algebra
of the corresponding Fourier modes is obtained. The computed charges for the
diffeomorphism and gauge symmetries are off-shell. We will also calculate the as-
sociated symmetry algebra for transformation parameters, an arbitrary function of
null surface coordinates. It is evident that our analysis will be completely off-shell
not only by choice of metric but also by the derivation of charges as nowhere the
information of equations of motion is being used. Also, our results will be valid
for any order LL gravity in the presence of U(1) gauge field. Here we will consider
both non-extremal and extremal situations. Hence, we demand that our present
analysis be more general and reflect the properties of a wide class of theories.

2.3 Null surface with U(1) charge : a brief overview

In this section, we shall briefly discuss about the relevant properties of a generic
charged null-hypersurface in an arbitrary spacetime dimension. For the descrip-
tion of the null surface we consider well known Gaussian null coordinate as
(u, r, x), with x = {xA}, A = 2, 3, . . . , d where A corresponds to the different
angular coordinates and the number of spacetime dimension is d + 1. The line
element in this coordinate system is expressed as [174, 175],

ds2 = M(u, r, x)du2 + 2dudr + 2hA(u, r, x)dxAdu + µABdxAdxB , (2.1)

where, we assume the null surface to be located at r = 0. The behavior of the
metric components near the null surface are assumed as,

M(u, r, x) = −2α(u, x)r +O(r2) ;

hA(u, r, x) = −rβA(u, x) +O(r2) ; (2.2)

µAB(u, r, x) = µ
(0)
AB(u, x) + 2µ

(1)
AB(u, x)r +O(r2) .

Here metric on the two surface (where u = constant and r = 0) is represented by
µ
(0)
AB. At this point, let us point out that the leading order behavior for guu has been

chosen for the non-extremal null surface. We will discuss extremal cases separately
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at the end. As has been emphasized in the introduction of this chapter, we will
consider the most generic null surface with all the metric components M, hA, and
µAB being functions of all the spacetime coordinates (u, r, x). Therefore by choosing
this particular coordinate system, all redundant gauge degrees of freedom are
eliminated and left only d(d− 1)/2 free functions in the metric tensor as given by
M, hA, and µAB. Moreover, we assume that the null surface is charged under the
U(1) gauge field Aa. Therefore, in general, all the metric components will also be a
function of electric and magnetic charges. For a generic null surface we can define
a null vector and its complimentary null vector ka = (1, 0, 0) and la = (0,−1, 0)
respectively such that gablakb = −1 holds. For convenience we also mention
here the covariant components of those two vectors as ka = (−2rα, 1,−rβA), and
la = (−1, 0, 0). We also can see that the r = 0 surface is a null (d− 2) dimensional
sphere with an elementary surface area dΣab = −d(d−2)x

√
µ(kalb − kbla), where µ

is the determinant of the induced metric on null surface [176].
For generic charged null surface, we also consider the following fall off condi-

tions for the gauge field near the surface,

Au = C(0) +O(r); Ar = 0; AB = C(0)
B (u, x) +O(r) , (2.3)

where the time component of the gauge field assumes a constant value C(0) to the
leading order in r. The time component of the gauge field is generally identified
as a scalar potential. Therefore, it must be a constant on a particular surface. We
also choose the following gauge condition, Ar = 0. The choice of AB needs further
explanation. However, for Kerr-Newmann black hole the condition appears to
be true. As has been observed in [177, 178], a static observer sitting outside
the horizon will express the energy density of the electromagnetic field as U =

Tuu(1/2rα), where Tuu is the outgoing null-null component of energy-momentum
tensor. This component must be divergent as one approach towards the null
horizon r = 0. Therefore it is sufficient to consider Tuu to be finite. Considering
the explicit expression for the electromagnetic energy-momentum tensor one can
immediately show that to the leading order in r, AB ≈ C(0)

B (u, x). A detailed
discussion on this issue is given in Appendix 2.A.

As emphasized before, we study the near horizon symmetries of a generic
charged null surface. Therefore, it generalizes a special class of null metric obtained
from the near horizon expansion of the Kerr-Newmann black hole, which is
stationary (the procedure can be followed from [179]). Here we are considering the
case with all the metric coefficients to be depending on all spacetime coordinates.
Moreover, the null metric Eq.(2.1) may not be the solution to Einstein’s equations
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of motion. Therefore our analysis will be much more general and covers a wide
class of spacetimes. In that respect, the present one differs from the analysis given
in [91, 172].

2.4 Symmetries near the null surface

To understand the symmetry properties near a surface, the general approach is
to define the appropriate fall-off conditions for the metric coefficients and the
gauge field components. The suitable fall-off conditions are such that it keeps
all the gauge choices intact and the remaining components of the metric and the
gauge field assume the same form near the null surface r = 0 after the symmetry
transformations. For the present purpose, we will simultaneously consider the
symmetries under diffeomorphism and U(1) gauge transformations. After the
transformation, we solve the aforementioned boundary conditions and identify
the appropriate generators and their algebraic properties.

Let us first concentrate on the boundary condition of metric coefficients. These
boundary conditions can be divided into two categories [171, 172]. One category
is related to the gauge fixing conditions which we call “strong” ones,

£ζ grr = 0; £ζ gur = 0; £ζ gAr = 0 , (2.4)

while remaining conditions are the “weak” ones, and those are

£ζ guu ≈ O(r); £ζ guA ≈ O(r); £ζ gAB ≈ O(1) . (2.5)

In the above £ζ denotes the Lie derivative along the vector ζa corresponding to
the diffeomorphism xa → xa + ζa. These strong conditions say that the metric
components, which are zero or constant, must remain unaltered after the diffeo-
morphism and the weak conditions come from the leading order behavior of
the metric coefficients. Now as emphasized earlier, we also need to consider the
behavior of the gauge field. The combined symmetry transformation of gauge and
diffeomorphism will lead to the following transformation for the gauge field Ar

and satisfy,

δAr = £ζ Ar + ∂rε = 0 , (2.6)

while the other components must satisfy,

δAu = £ζ Au + ∂uε ≈ O(1); δAB = £ζ AB + ∂Bε ≈ O(1) . (2.7)
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In the above ε is the U(1) gauge transformation parameter. Our aim now is to find
out the diffeomorphism vector ζa and the gauge parameter ε, which satisfy the
above-imposed conditions. This can be done in the following way.

First we solve the strong conditions (2.4) to find different components of ζa

and then we impose the weak conditions (2.5) on aforementioned solutions. From
Eq.(2.4) we find

ζu = F(u, x) ;

ζr = T(u, x)− r∂uF− ∂BF
∫

rβBdr ;

ζ A = −∂BF
∫

µABdr + RA(u, x) , (2.8)

where F, T and RA are the integration constants which are unknown at this mo-
ment (for a schematic derivation, please see Appendix 2.B). The weak conditions
for the metric components guu, gvA in Eq.(2.5) give us the following constraint on
the diffeomorphism parameters derived in Eq. (2.8):

∂uT − α(u, x)T = 0 ; (2.9)

∂AT − T(u, x)βA(u, x) + µ
(0)
AB∂uRB = 0 .

The fall-of condition on gAB does not give any new condition (see Appendix 2.B
for detail derivation). Our goal is to understand the symmetry properties of the
null surface located at r = 0. Therefore, any transformation that changes the null
surface’s position should vanish as we approach the null surface. This implies
the vanishing T(u, x) from Eq.(2.8). Therefore, with the condition T = 0, we just
mentioned all the constraints Eqs. (2.10) will automatically be satisfied provided
the parameter RA is independent of u. In a similar manner, the Eq.(2.6) solves
for gauge parameter ε. To find ε, one has to use the components of ζa, which
have been found out by the conditions on gab. Finally one finds the relevant
diffeomorphism parameters as,

ζv = F(u, x) ;

ζr = −r∂uF− ∂BF
∫

rβBdr ;

ζ A = −∂BF
∫

µABdr + RA(x) ;

ε = E(u, x) +
∫

r
dr[AB(∂CF)µBC] . (2.10)

Here E is an another integration constant. The above expressions are the com-
ponents of the diffeomorphism symmetry vector which keep the null surface
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structure invariant near r = 0. Here the diffeomorphism parameter F is known as
the super-translation, RA is the super-rotation and ε is the supergauge parameter.

2.5 Algebra of the symmetry parameters

We are now interested to explore the algebra of the Fourier modes of the symmetry
parameters very near to the null surface. In this case the non vanishing parameters
of our importance are,

ζu = F(u, x); ζ A∂A = RA(x)∂A; ε = E(u, x). (2.11)

For generality we assume the differmorphism parameter RA to be function of all
the transverse coordinates namely ζθ = Rθ(x), ζφ = Rφ(x). The Fourier modes of
the components F, RA, E are expressed in the following manner,

ζu = F = ∑
m,n

Bmn

α
ei(mau+∑A n xA) = ∑

m,n
BmnFmn;

ζ A∂A = RA(x)∂A = ∑
k

B̄A
k ei ∑A kA xA

∂A = ∑
k

B̄A
k Rk

A;

E = ∑
j,l

Ējlei(jau+∑A lA xA) = ∑
j,l

ĒjlEjl. (2.12)

where m, n, k, j and l are both positive and negative integers. Bmn, B̄A
k and Ējl are

the series expansion coefficient. α is a constant having dimension of inverse length.
Hence the periodicity of the coordinate u is taken to be 2π/α. The associated
symmetry algebra of the aforementioned Fourier modes will be coming from
the Lie algebra satisfied by the various components of diffeomorphism vector ξa

and the gauge parameter ε. However in some literatures [73, 180], the modified
version of the Lie algebra has been used to compute the required bracket between
the diffeomorphism vectors. So the definition of the modified Lie bracket among
two vectors is given by (Detail derivation of this bracket can be found in Appendix
2.C),

[ζ1, ζ2]M = [ζ1, ζ2]− δ
g
ζ1

ζ2 − δ
g
ζ2

ζ1 , (2.13)

where,

[ζ1, ζ2]
x = ζa

1∂aζx
2 − ζa

2∂aζx
1 . (2.14)

Nevertheless, as discussed in Appendix 2.C, in the present context, we have used
only the Lie bracket shown in Eq.(2.14), instead of the modified version of it. So
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the required symmetry algebra are found out as follows,

i
[
Fmn, Fpq

]
= (m− p) Fm+p n+q; i

[
Rm

A, Rn
A′
]
= mA′Rm+n

A − nARm+n
A′ .

i
[
Rk

A, Fmn
]
= −nA Fm n+k; i

[
Fmn, Ejl

]
= −j Em+j n+l (2.15)

i
[
Rm

A, Ejl
]
= −lA Ej m+l;

[
Ejl, Emn

]
= 0 .

Detailed computation of bracket is presented in Appendix 2.D.1. Here it is clear
that superrotation vectors (Rn

A) are noncommutative for different angular vari-
ables. This is similar to the usual rotation algebra. Moreover, supertranslation
vector Fm,n is noncommutative with itself. This happens because of supertransla-
tion generator F is a function of both space and time coordinates. In this sense, our
analysis is the generalization of studies reported in [91]. In the subsequent section,
we will calculate various charges and their associated algebra corresponding to
the diffeomorphism and U(1) gauge symmetry transformations which keep our
generic charged null surface invariant.

2.6 Charge and its algebra: an off-shell analysis

In this section our aim is to find the algebra among the Fourier modes of the
charges corresponding to the aforementioned diffeomorphism vector and gauge
parameter. For both the cases we shall first identify the most general expression
for the Noether charges corresponding to general two derivative LL gravity in
presence of matter and general U(1) gauge invariant theories. The general action
for gravity and minimally coupled U(1) gauge invariant theory is taken to be,

L =
∫

ddx
√
−g
(

L(gab, Ra
bcd)

16πG
+ f (Fab)

)
, (2.16)

where L(gab, Ra
bcd) corresponds to a general LL gravity theory. f (Fab) is a generic

scalar function in terms of U(1) field strength tensor Fab = ∇a Ab −∇b Aa. For
instance, in case of U(1) Yang-Mills theory, it is given by f = (1/16π)FabF ab.

In this case, the charge due to both the diffeomorphism and gauge symmetries
is given by Qtot = Q[ξ] + Q[ε], where the first term is the contribution originating
from the gravity while the other one is the matter part. Let us first concentrate
on the gravity part. Hence associated with the diffeomorphism symmetry xa →
xa + ζa, the conserved charge can naturally be,

Qt =
∫
V

dΣa Ja; (2.17)
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where dΣa is the volume element on a t = constant surface. Now Ja can be
expressed as Ja = ∇b Jab where Jab is anti-symmetric. Using Stokes’ theorem
charge Qt is transformed into following closed surface integral,

Qt =
∮

∂V
dΣab Jab; (2.18)

where dΣab is a surface element of the closed boundary ∂V which encloses the
volume V . Depending upon the system under the study boundary may contain
multiple disconnected closed surfaces. For instance, black hole spacetime has two
natural sets of boundaries at the two-dimensional cross-section of the null infinity
and the horizon. If the boundary surfaces are disconnected, one can compute the
charge for every individual surface and understand their properties. However,
one should keep in mind that individual boundary charges may not be conserved
in general unless one considers all the surface contributions.

So for LL gravity, one obtains the part of the charge on the null surface as
follows [115]

Q[ζ] =
1
2

∫
H

dΣab Jab , (2.19)

where
Jab =

1
8πG

Pabcd∇cζd , (2.20)

with Pabcd = ∂L/∂Rabcd. For the sake of generality we considered the above charge
to be off-shell in the sense that one does not need to use the Einstein’s equation
of motion to derive this. Detail derivation of the off-shell nature of the charge is
shown in Appendix 2.F. This is very important for our purpose as we emphasized
earlier that the generic null metric Eq.(2.1) under our present study does not
need to be a solution of Einstein’s equations of motion. Hence the algebra will of
off-shell in nature.

Since our charged null surface is located at r = 0, the surface integral will
survive only for dΣur component. Therefore, the expression of diffeomorphism
charges comes out to be,

Q[ζ] =
1

8πG

∫
H

dΣurPurcd∇cζd . (2.21)

Using the symmetric properties of Pabcd the above expression can be expanded as

Q[ζ] =
1

8πG

∫
H

dΣur[Purur(∂uζr − ∂rζu) + PuruA(∂uζA − ∂Aζu)

+PurrA(∂rζA − ∂Aζr) +
1
2

PurAB(∂AζB − ∂BζA)] . (2.22)
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In the next step, we lowered the last two indices of Pabcd so that it gives a nonzero
finite value near the null surface. Finally using the explicit expression for the
symmetry transformation parameter Eq.(2.11) and then taking the limit r = 0 we
found,

Q[F,R] = − 1
8πG

∫
H

d(d−2)x
√

µ
[

Pur
ru(2αF + 2∂uF + βARA)− Pur

uBµAB∂AF

+Pur
rBµBC(∂uµAC)RA + Pur

EFµECµFD
(

∂C(µDARA)− ∂D(µCARA)
)]

.

(2.23)

In terms of Fourier modes of the symmetry parameters (ζa, ε) as shown in Eqs.(2.12),
from (2.23) the supertranslation charges separately can be written as ,

Q[F] = −∑
mn

Cmn

8πG

∫
H

d(d−2)x
√

µ[Pur
ru(2αFmn + 2∂uFmn)− Pur

uBµAB∂AFmn]

= ∑
mn

CmnQ[Fmn] (2.24)

where for individual mode we have defined,

Q[Fmn] = −
1

8πG

∫
H

d(d−2)x
√

µ[Pur
ru(2αFmn + 2∂uFmn)− Pur

uBµAB∂AFmn] .

(2.25)

The superrotation charges corresponding to all the angular variables can also be
expressed in this way as

QA[R] = ∑
k

C̄kQA[Rk]; (2.26)

where,

QA[Rk] = − 1
8πG

∫
H

d(d−2)x
√

µ
[

Pur
ruβARk + Pur

rBµBC(∂uµAC)Rk

+Pur
EFµECµFD[∂C(µDARk)− ∂D(µCARk)]

]
. (2.27)

In a similar manner we will calculate the charge associated with the U(1)
gauge transformation. As has already been pointed out, our goal is to compute
the charge for a general nonlinear U(1) invariant Lagrangian. One such well
known theory is called Born-Infeld electrodynamics [181–183] with f (Fab) =

λ2(−1 +
√

1 +FabF ab/(8πλ2)). Where λ is the Born-Infeld parameter. Clearly
for large λ limit one gets back the usual U(1) electromagnetic theory. Goal is to
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keep our discussions as general as possible, therefore, we will not consider any
specific form of f (Fab). The Noether current due to gauge symmetry is given by

Ja = ∇b( f abε) , (2.28)

where ε is the gauge parameter. An off-shell derivation of this current is presented
in Appendix 2.G. Using Stoke’s theorem and considering only the null boundary
located at r = 0, one obtains the associated charge on the null surface as

Q[ε] =
∫
H

dΣab f abε (2.29)

where, f ab = ∂ f (F )/∂Fab. This charge is also defined off-shell as no condition of
the equation of motion has been imposed in the derivation.

However for a constant parameter ε, the on-shell Noether current Ja in (2.28)
vanishes (by satisfying the equation of motion ∇a f ab = 0). But still, the quantity
f abε may not be zero when calculated on the part of the closed boundary, and thus,
one can get a non-zero charge from (2.29). In the present context ε is space-time
dependent function given in (2.11). Hence the aforementioned difficulty may not
appear here.

The Fourier modes of the U(1) gauge charge turns out to be

Q[E] = ∑
pq

ẼpqQ[Epq] (2.30)

Q[Epq] =
∫
H

2d(d−2)x
√

µ f urEpq . (2.31)

We have all three different types of charges for a generic charged null surface.
Out of those, (Q[Fm,n], QA[Rk]) are identified as the super-translation and super-
rotation charges respectively. Similarly, we call Q[Epq] as the super-gauge charge.

Hence, the parameters associated with a null surface such as M, hA, and µAB get
transformed under the aforementioned symmetry transformation. Furthermore, In
the solution space of the complete Einstein equation, such as black hole spacetime,
those conserved charges indicate the existence of soft hair near the horizon of the
black hole. This can potentially solve the so-called information loss paradox of
black holes (for recent discussion, see [89, 184]).

We use the fundamental Lie bracket among the charges given by (detail in
Appendix 2.D.2),

[Q[ζm], Q[ζn]] = £ζm Q[ζn], (2.32)
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then the Lie bracket algebra among the various charges can be expressed as,

i
[
Q[Fmn], Q[Fpq]

]
= (m− p)Q[Fm+p n+q];

i
[
QA[Rm], QA′ [Rn]

]
= mA′QA[Rm+n]− nAQA′ [Rm+n];

i
[
QA[Rk], Q[Fmn]

]
= −nA Q[Fm n+k]; i

[
Q[Fmn], Q[Ejl]

]
= −jQ[Em+j n+l];

i
[
QA[Rm], Q[Ejl]

]
= −lAQ[Ej m+l];

[
Q[Ejl], Q[Emn]

]
= 0 . (2.33)

It is clear from the above equation (2.33) that the symmetry bracket among the
charges is isomorphic to that among diffeomorphism vectors. Here, the gauge
symmetry and the diffeomorphism symmetry together form a closed algebra that
sharply contrasts with the usual transformation. The implication of this could be
interesting to explore further.

At this point, let us again emphasize the fact that our analysis does not depend
upon the equation of motion of the fields under consideration. We started with
a general charged null surface which is not a solution to Einstein’s equation
of motion. After this, we follow the usual asymptotic symmetry analysis with
a physically motivated fall of conditions of all the fields under study near the
surface. Associated with those symmetries, we constructed conserved charges
without taking into account the equation motion. Therefore, our off-shell approach
not only helps us to understand the symmetry properties of a generic null surface
but also applies to the on-shell solution. Therefore, it is much more general than
the earlier analysis [73, 91, 131, 132, 185].

Before we complete our analysis, we show that the same algebra can also
be obtained from the Noether charge corresponding to the surface term of the
gravitational action. For simplicity, we will only consider the usual Einstein-
Hilbert action and its associated boundary term called Gibbons-Hawking-York
(GHY) surface term. The idea is the following. It is well known that the GHY term
itself, calculated on the horizon, leads to horizon entropy. Moreover, its Noether
charge plays the same role (see Sec. 2 of [186] for a detail discussion). The possible
reason behind this is that both the terms (i.e., Noether charges for GHY term and
GHY term itself) will coincide on the null surface, corresponding to a timelike
Killing vector. Since we did not find such discussion in the literature, in Appendix
2.H, we show this similarity explicitly for a static spacetime.

The conserved Noether current for GHY term is given by [105],

Ja[ζ] = ∇b Jab[ζ] =
1

8πG
∇b (KζaNb − KζbNa) , (2.34)
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where Na is the unit normal to the boundary ∂V of a region of spacetime V.
K = −∇aNa is the trace of the extrinsic curvature of this boundary surface and Jab

is the Noether potential associated with diffeomorphism symmetry of the theory.
Now since both the Noether charges of the Einstein-Hilbert action and GHY term
lead to entropy when calculated on the horizon, we expect that the GHY Noether
charge also leads to the same algebra (2.33) for the parameters (2.11) obtained here.
For the given null surface (2.1) only relevant surface element is dΣur = d(d−2)x.
The unit spacelike normal vector Na on r = constant surface comes out as Na =

(0, (r2βAβA + 2rα)−1/2, 0) and so the contravariant components are as follows:

Na =
(
(r2βAβA + 2rα)−1/2,

√
r2βAβA + 2rα, (rβA/

√
r2βAβA + 2rα)

)
. (2.35)

Therefore, the trace of the extrinsic curvature is calculated to be;

K = −(1/
√

µ) [∂a(
√

µ)Na + (
√

µ) ∂aNa]

= [
1
2

µAB[(∂uµAB)(r2βAβA + 2rα)−1/2 + (∂rµAB)
√

r2βAβA + 2rα

+(∂CµAB)(rβC/
√

r2βAβA + 2rα)]− ∂u(r2βAβA + 2rα)−1/2

−∂r[
√

r2βAβA + 2rα]− ∂A[rβA/
√

r2βAβA + 2rα]] . (2.36)

Substituting all the relevant quantities in the charge expression for the parameters
(2.11), one obtains

Q[F,R] = 1
16πG

∫
H

d(d−2)x
√

µ[2αF + ∂uF + βARA] (2.37)

which is the similar expression obtained earlier from the usual Noether charge [see
Eqn. (2.23)] with the value Pur

ru = (1/2), Pur
rB = Pur

AB = Pur
rA = 0 for GR). Therefore

it is obvious that this will also lead to the algebra (2.33). This further indicates that
the surface term of gravitational action carries the information of the bulk theory
(for more to this direction, see [186] and the references therein).

2.7 Null surface: Extremal case

In recent years the study of the extremal black hole has got a profound interest
in the search for the microscopic degrees of freedom of black hole [187–189]. The
extremal black hole is defined as having surface gravity κ = 0, which follows that
the Hawking radiation vanishes in the extremal limit. The near-horizon geometry
of the extremal Killing horizon has been studied extensively in Gaussian null
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coordinate in [179, 190]. In the present context, we look at the diffeomorphism
symmetries for a generic charged extremal null surface which can be defined as
a zero-temperature limit of a non-extremal null surface considered so far. In this
case, also we will perform the off-shell symmetry analysis for a generic gravity
and U(1) gauge-invariant theory. The neighborhood of an extremal null surface is
parametrized by Gaussian null coordinate as [179]:

ds2 = −r2ᾱ(u, x)du2 + 2dudr− 2rβ̄A(u, x)dudxA + µ̄AB(u, x)dxAdxB .

(2.38)

The extremality condition, which is equivalent to zero temperature limit, is man-
ifested into the fall-off condition of guu ∼ O(r2) as one approach toward the
surface at r = 0.

As one can observe the behavior of the remaining metric components β̄A and
µ̄AB are same as non-extremal surface defined in Eq.(2.3). The extremality condi-
tion on the metric does not have any effect on the gauge field Aµ configuration
near the surface Eq.(2.3). Therefore, given the metric and the gauge field configu-
rations in the extremal null background, we will carry out the same analysis as
before with the following modified fall off conditions,

£ζ guu ≈ O(r2); £ζ guA ≈ O(r); £ζ gAB ≈ O(1) . (2.39)

As emphasized, all the remaining conditions remain the same. Therefore, the dif-
feomorphism parameters derived in Eq.(2.8) have to satisfy the modified constraint
relations as follows,

∂uT = 0 ;

T(u, x)ᾱ + ∂2
uF + β̄A∂uRA = 0 ; (2.40)

∂AT − T(u, x)β̄A(u, x) + µ̄
(0)
AB∂uRB = 0 .

As stated earlier, radial component of the diffeomorphism vector T must be zero
near the surface. Therefore, all the constraint Eqs.(2.40) will automatically be
satisfied if we consider,

∂uRA(u, x) = 0 ; ∂2
uF(u, x) = 0 ; . (2.41)

Hence, RA will be independent of u coordinate. The general solution of F(u, x)
can be written as,

F(u, x) = M(x)u + N(x) ; . (2.42)
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We have two independent arbitrary functions (M(x), N(x)), in the time diffeomor-
phism symmetry. To have finite values near the horizon where u→ ∞, M must
vanish. Otherwise, close to the horizon F will diverge. So we set M = 0. Therefore,
F becomes independent of u, which is in sharp contrast with the non-extremal case
described earlier. Therefore, for extremal null surface, the asymptotic symmetry
generators are-

ζu = F(x) ; ζr = −∂BF
∫

rβ̄Bdr ;

ζ A = −∂BF
∫

µ̄ABdr + RA(x) ; ε = E(u, x) +
∫

r
dr[AB(∂CF)µ̄BC].(2.43)

Next we have Fourier mode decomposition like non-extremal case given in (2.12).
Following the same procedure as has been discussed for non-nextremal null
surface, the associated symmetry algebra will take the following form (detail in
Appendix 2.E.1),

i
[
Fm, Fn

]
= 0; i

[
Rk

A, Fn
]
= −nA Fn+k; i

[
Fn, Ejl

]
= −j E(j n+l). (2.44)

Henceforth we observe that for the extremal null surface, the supertranslation
vector field F commutes with itself, which was noncommutative for non-extremal
case (2.15). Similarly algebra between charges will change only for those associated
with supertranslation charges Q[Fn] as,[

Q[Fm], Q[Fn]
]
= 0; i

[
Q[Rk

A], Q[Fn]
]
= −nA Q[Fn+k];

i
[
Q[Fn], Q[Ejl]

]
= −jQ[Ej n+l]. (2.45)

Here also brackets among charges are isomorphic to that among the vector fields.
Other results from (2.12) remain exactly the same as before. It would be fascinating
to understand the physical interpretation of the difference in symmetry algebra
for two different null surfaces. How the zero-temperature limit plays a role in
determining symmetry could be an interesting point to study. This topic is yet to
explore in the future.

2.8 Conclusions

One of the main goals of the analysis presented in this chapter was to understand
the symmetry properties of a generic null surface defined in gravity theory mini-
mally coupled with the electromagnetic gauge theory. As we have emphasized
throughout our analysis, we have made two important generalizations of the
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existing research. In one direction, we have considered the most general U(1)
invariant electromagnetic theory minimally coupled with a gravity theory at any
arbitrary order in LL gravity. On the other hand, in our derivation of symmetry
algebra among the charges, we use the off-shell formalism, where we have not
considered any equation of motions. Therefore, our study can automatically give
the near horizon symmetry of any black hole of the theory under consideration.
As pointed out in the recent papers [89, 184] that those near horizon symmetries
are spontaneously broken in the black hole background. Therefore, in quantum
theory, those symmetry breaking will lead to the associated Goldstone modes,
which will behave as soft hairs. This may play an essential role in solving the black
hole information loss paradox.

Nonetheless, we found the near horizon symmetries, categorized as super-
translation and superrotation acting on the null surface under study. As discussed,
those transformations asymptotically preserve the structure of the null structure in
the presence of a gauge charge. Finally, the algebra of the corresponding charges
on the null surface has been computed. Our algebra for the parameters and the
charges are different from the earlier ones. This difference is because, in general,
the super translation parameter can be a function of a null coordinate (u), and we
have considered this situation. At the same time, the earlier literature (see [91]) did
not take into account this. Therefore, our analysis takes care of the most general
situation in all respect. We Hope the present study will illuminate this paradigm
more. At the end of this chapter, we have also tried to explore the symmetry
properties of a generic charged extremal null surface. In this context, one of the
symmetry parameters F became independent of the null coordinate. As a result,
the symmetry algebras of the generators were quite different compared to the
algebras constructed for a generic non-extremal charged null surface. However,
the physical reason for this difference is not apparent. We will try to understand
and explore this topic in the future.
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2.A. Why is the angular component of gauge field AB ≈ O(1) near the null surface?

Appendix

2.A Why is the angular component of gauge field

AB ≈ O(1) near the null surface?

Here we are considering the static observer very near to the null surface r = 0. It
has been pointed out in the main text of this chapter that for such an observer the
energy density U = Tabuaub diverges, where ua is the four velocity. Now for the
given metric, ua is given by ua = (1/2rα, 0, 0), as uaua = −1. Therefore energy
density turns out to be

U =
Tuu

2rα
. (2.A.1)

For U to be divergent, Tuu should be finite as we approach toward r = 0. Hence
Tuu must be independent of r.

Now near the null surface the U(1) electromagnetic gauge field energy-momentum
tensor will take,

lim
r→0

Tuu = lim
r→0
Fua F a

u −
1
4

guuFabF ab

= lim
r→0

(
r(∂r Au)

2(rβBβB + 2α) + µCB(∂u AC)(∂u AB)

−rβB∂r Au(∂u AB − ∂B Au)−
rα

2
(FabF ab).

)
(2.A.2)

Considering the components Au and Ar from (2.3) and the upper components of
the metric (2.1) one can easily show that FabF ab will be O(r). Therefore the result
will be,

lim
r→0

Tuu == µAB(∂u AA)(∂u AB) . (2.A.3)

Hence, in order for Tuu to be finite, AB ≈ O(1).

2.B Derivation of diffeomorphism and gauge

parameters

2.B.1 Diffeomorphism vectors (2.8)

The first equation of (2.4) implies that

£ζ grr = ζc∂cgrr + 2gcr∂rζc = 2gur ∂rζu = 0 , (2.B.1)
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which immediately implies the form of ζu given in (2.8). Using this in the last
condition of (2.4) one finds

µAB ∂rζB + ∂AF = 0 . (2.B.2)

Solution of which leads to ζA. Finally, use of these components in the second
condition of (2.4) yields

∂rζr + rβA∂AF + ∂uF = 0 , (2.B.3)

whose solution is the radial component of ζa.

2.B.2 Equations in (2.10)

Putting the components of ζa from (2.8) in the first condition of (2.5), near null
surface we get,

£ζ guu = ∂uT(u, x)− α(u, x)T(u, x). (2.B.4)

In the above expression, we have written down the leading order term. Now given
the fall-off condition £ζ guu = O(r) as shown in Eq.(2.5), the right-hand side of the
above equation must vanish as it is O(1) in r. Similarly near r = 0, variation of
the other metric components read,

£ζ guA = ∂AT(u, x)− T(u, x)βA(u, x) + µ
(0)
AB∂uRB(u, x) , (2.B.5)

which must vanish according to £ζ guA ≈ O(r). This yields the other equation
in (2.10). With these one can verify that the remaining conditions of Eq.(2.5) are
automatically satisfied as one approaches toward the null surface. The variation
of gAB is given by,

£ζ gAB = F∂uµ
(0)
AB + Tµ

(1)
AB + RE(u, x)]∂Eµ

(0)
AB + µ

(0)
AD ∂BRD(u, x) . (2.B.6)

This variation does not give us any new constraints as it is already matching with
the assumed fall off condition £ζ gAB = O(1).

2.B.3 Derivation of gauge parameter ε

Using the derived forms of ζa, the condition (2.6) leads to,

AB[−∂CF µBC] + ∂rε = 0 (2.B.7)
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whose solution yields the expression of gauge parameter ε given in Eq. (2.10).
The other conditions do not give any new constraints as they are now automat-

ically satisfied. For instance one obtains near the null surface,

£ζ Au + ∂uε = C0 ∂uF + AB∂uRA + ∂uE(u, x) , (2.B.8)

and

£ζ AB + ∂uε = F∂u AB + RC∂C AB + (∂BF)C0 + AC∂BRC + ∂BE(u, x) , (2.B.9)

which are O(1).

2.C Modified Lie bracket

Following [73, 180] here, we will try to present the detail about the modified
version of the Lie bracket (2.13), which should be considered in the computation of
algebras among vectors. As described in the main text, by solving gauge choices
and satisfying the fall-off conditions, one can get the components of ζa

1 and ζa
2.

Now to understand the origin of the modified version of the Lie bracket, we have
to consider the variation of metric gab under the variation of the vector field ζa

1,
followed by the variation of another vector ζa

2. So the variation of the metric
components under the variation of ζa

1 is given by,

gab → gab + hab (2.C.1)

Here hab = £ζ1 gab is the first order perturbation part of the original metric gab.
Next we consider that the vector field ζa

2 act on the perturbed metric gab + hab.
Then there will be additional perturbation as,

ζa
2 → ζa

2 + µa
2; gab → gab + hab + Kab. (2.C.2)

where µa
2 is the first order perturbation to the vector field ζa

2 and Kab is the second
order variation of the metric gab. Then Kab is given by,

Kab = £ζ ′2
(gab + hab); (2.C.3)

here ζ ′a2 = ζa
2 + µa

2. Now we can find the form of µa
2 by demanding that the second

order variation of the metric given in (2.C.3) satisfies all the boundary conditions
as (2.4) and (2.5). In (2.13) the expression δ

g
ζ1

ζa
2 denotes µa

2. We have to repeat the
same process where first ζa

2 and then ζa
1 will act on the metric. Then we will get the
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first order variation of ζa
1 which is represented as δ

g
ζ2

ζa
1 in (2.13). Therefore these

two terms must be subtracted to the original form of Lie bracket in order to take
into account the variation of the vector fields due to the higher order variation
of the metric. However in our present analysis we will neglect all these higher
order variations of the metric components. Moreover here the diffeomorphism
vector (2.11) is not dependent on the metric coefficients near the null surface r = 0.
Hence we have considered the original definition of Lie bracket given in (2.14).

2.D Non-extremal null surface

2.D.1 Derivation of the symmetry algebras among the

components of the vector and gauge parameter given in

(2.15)

In this Appendix we have discussed about the detail computation of the algebras
among the components of the symmetry vector ζa and gauge transformation
parameter ε. For this reason we have considered each component as a separately
vector quantity. Hence to comute the algebras let us construct the three symmetry
vectors separately as given by, χa∂a = F∂u, ηa∂a = RA∂A and λa∂a = E∂ε0 . Here
each vector consists of d + 1 no of components where the first d components
correspond to the time, radial and (d− 2) number of angular components and ε0

is the (d+ 1)th component corresponding to the U(1) gauge parameter ε. However
χa has only time component non-zero, whereas all the (d− 2) no of the angular
components of ηa and the gauge component of the vector λa are respectively non-
vanishing. Now the algebras are computed as follows.

• [F ,F ] commutator:

In terms of Fourier modes given in (2.12) we can write the commutator
between χ1 and χ2 as ,[

χ1, χ2

]u
∂u =

1
α2 ∑

m,n,p,l
BmnB̃pl

[
F(mn), F(pl)

]u
∂u. (2.D.1)

Hence in coordinate basis the temporal component of the aforementioned
Lie bracket [χ1, χ2] is non-zero only. It can be checked easily that the other
components of the bracket are zero automatically. With the help of the Lie
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algebra defined in (2.14), (2.D.1) becomes,

1
α2 ∑

m,n,p,l
BmnB̃pl

[
F(mn), F(pl)

]u
∂u

=
1
α2 ∑

m,n,p,l
BmnB̃pl[(Fmn)

a∂aFpl − (Fpl)
a∂aFmn]∂u

=
1
α2 ∑

m,n,p,l
i(p−m)BmnB̃plei((m+p)u+∑A(n+l)AxA)∂u.

=
1
α2 ∑

m,n,p,l
i(p−m)BmnB̃pl F(m+p n+l)∂u. (2.D.2)

Comparing both the equations (2.D.1) and (2.D.2) we get the bracket algebra
for [F ,F ] commutator given in (2.15).

• [R,R] commutator:
To derive the aforesaid commutator we can write Lie bracket between η1 and
η2 as,

[η1, η2]
A′′∂A′′ = ∑

mn
BA

m B̄A′
n [Rm

A, Rn
A′ ]

A′′∂A′′ . (2.D.3)

with the help of (2.14), (2.D.3) can be written,

∑
mn

BA
m B̄A′

n [Rm
A, Rn

A′ ]
A′′∂A′′

= ∑
mn

BA
m B̄A′

n [(Rm
A)

a∂a(Rn
A′)

A′′ − (Rn
A′)

a∂a(Rm
A)

A′′ ]∂A′′

= ∑
mn

BA
m B̄A′

n

[
ei ∑A mAxA

∂A(ei ∑A′ nA′ x
A′

δA′′
A′ )

−ei ∑A′ nA′ x
A′

∂A′(e(i ∑A mAxA)δA′′
A )
]
∂A′′ .

= ∑
mn

BA
m B̄A′

n

[
inAei ∑A′ (m+n)A′ x

A′
δA′′

A′ )− imA′ei ∑A(m+n)AxA
δA′′

A )
]
∂A′′ .

= ∑
mn

iBA
m B̄A′

n [nA(Rm+n
A′ )A′′ −mA′(Rm+n

A )A′′ ]∂A′′ . (2.D.4)

Now comparing the equations (2.D.3) and (2.D.4) we get the algebra for
[R,R] commutator given in (2.15).

• [R,F ] commutator:
Following the previous manner, we can write the non-zero component of the
Lie bracket [η1, χ2] as,

[η1, χ2]
u∂u =

1
α ∑

mnk
BmnB̄A

k [R
k
A, Fmn]

u∂u. (2.D.5)

41

TH-2749_166121005
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Using the definition of Lie algebra, (2.D.5) is given by,

1
α ∑

mnk
BmnB̄A

k [R
k
A, Fmn]

u∂u =
1
α ∑

mnk
BmnB̄A

k (Rk
A)

a∂aFmn∂u

=
1
α ∑

mnk
BmnilAB̄A

k e(iku+∑A i(m+l)AxA)∂u =
1
α ∑

mnk
BmnilAB̄A

k F(m k+l)∂u.

(2.D.6)

Comparing (2.D.5) with (2.D.6), the required [R,F ] commutator algebra in
(2.15) can be obtained.

• [F , E] commutator:
The commutator between χ1 and λ2 is calculated in the following way,

[χ1, λ2]
ε0∂ε0 =

1
α ∑

mnkl
BmnĒkl[Fmn, Ekl]

ε0∂ε0 . (2.D.7)

Here the Lie bracket [χ1, λ2] have one non-zero component (which is ε0

component) corresponding to the U(1) gauge parameter ε. Hence from
(2.D.7) one can write,

1
α ∑

mnkl
BmnĒkl[Fmn, Ekl]

ε0∂ε0 =
1
α ∑

mnkl
BmnĒkl Fmn(∂uEkl)∂ε0

=
1
α ∑

mnkl
ikBmnĒkle[i(m+k)u+i ∑A(n+l)AxA]∂ε0

=
1
α ∑

mnkl
ikBmnĒklEm+k n+l∂ε0 . (2.D.8)

From (2.D.7) and (2.D.8) we can get the [F , E] bracket as given in (2.15).

• [R, E] commutator: Now we have to compute bracket among η1 and λ2 as,

[η1, λ2]
ε0∂ε0 = ∑

mnk
BmnB̄A

k [R
k
A, Emn]

ε0∂ε0 . (2.D.9)

Using the definition of Lie algebra, (2.D.9) is given by,

∑
mnk

BmnB̄A
k [R

k
A, Emn]

ε0∂ε0 = ∑
mnk

BmnB̄A
k (Rk

A)
a∂aEmn∂ε0

= ∑
mnk

BmnilAB̄A
k e(iku+∑A i(m+l)AxA)∂ε0 = ∑

mnk
BmnilAB̄A

k E(m k+l)∂ε0 .

(2.D.10)

Comparing (2.D.9) with (2.D.10), the required [R, E] commutator algebra in
(2.15) can be obtained.
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2.D. Non-extremal null surface

• [E, E] commutator:

[λ1, λ2]
ε0∂ε0 = ∑

mnkl
E′mnĒkl[Emn, Ekl]

ε0∂ε0 . (2.D.11)

Like before, here also the Lie bracket [λ1, λ2] have one non-zero component
corresponding to the U(1) gauge parameter ε. Hence from (2.D.11) one can
write,

∑
mnkl

E′mnĒkl[Emn, Ekl]
ε0∂ε0

= ∑
mnkl

E′mnĒkl

(
Emn(∂ε0 Ekl − Ekl(∂ε0 Emn)

)
∂ε0 = 0. (2.D.12)

In (2.D.12), the derivative with respect to ε0 will be zero, as parameters are func-
tions of time and space coordinates only. Thus [E, E] bracket vanishes in (2.15).

2.D.2 Algebra among symmetry charges as found in (2.33)

Using the definition of bracket given in (2.32), we calculate commutator of the
supertranslation charges with itself as follows,

[Q[F1], Q[F2]] = £F1 Q[F2]

= − 1
8πG

∫
H

d(d−2)x
√

µ
(

Pur
ru(2α + 2∂u)− Pur

uBµAB∂A

)
[F1, F2]

= − ∑
mnpq

CmnC̄pq

8πG

∫
H

d(d−2)x
√

µ
(

Pur
ru(2α + 2∂u)− Pur

uBµAB∂A

)
[Fmn, Fpq].

(2.D.13)

From (2.24) it follows that,

[Q[F1], Q[F2]] = ∑
mnpq

CmnC̄pq[Q[Fmn], Q[Fpq]] (2.D.14)

Now with the help of the result derived in (2.15), we can write from (2.D.13) that,

[Q[F1], Q[F2]] = − ∑
mnpq

i(p−m)CmnC̄pq

8πG

∫
H

d(d−2)x
√

µ
(

Pur
ru(2α + 2∂u)

−Pur
uBµAB∂A

)
F(m+p n+q)

= ∑
mnpq

i(p−m)CmnC̄pqQ[F(m+p n+q)]. (2.D.15)

Comparing the result in (2.D.14) with (2.D.15) one can get the commutator of the
supertransaltion charges given in (2.33). Similarly, we can derive other brackets
given in (2.33,).
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2.E Extremal null surface

2.E.1 Bracket algebra given in (2.44)

Like non-extremal surface, here also we compute bracket algebra among the
components of symmetry vector ζ A and gauge parameter ε. For this reason we
have considered each component of the vector and also gauge parameter ε as a
separately vector quantity. Hence like before the three symmetry vectors are given
by,χa∂a = F∂u, ηa∂a = RA∂A and λa∂a = E∂ε0 . However the form of the algebra
is simplified compared to non-extremal case. Using the definition of Lie bracket
(2.13) we compute [F ,F ] commutator as,[

χ1, χ2

]u
∂u =

1
α2 ∑

m,p
BmB̃p

[
Fm, Fp

]u
∂u

=
1
α2 ∑

m,p
BmB̃p[(Fm)

a∂aFp − (Fp)
a∂aFm]∂u = 0.

(2.E.1)

As supertranslation parameter F is independent of u, this gives,[Fm, Fp] = 0.
Next, following the same procedure as we did for the non-extremal case in

(2.D.4), we have computed the [R,R] commutator and get the second bracket in
(2.44).

Then we move to calculate the bracket among η1 and χ2. Here also we have
followed the same procedure as non-extremal surfaces. One can write the non-zero
component of the Lie bracket [η1, χ2] as,

[η1, χ2]
u∂u =

1
α ∑

mk
BmB̄A

k [R
k
A, Fm]

u∂u. (2.E.2)

Using the definition of Lie algebra, (2.E.2) is given by,

1
α ∑

mk
BmB̄A

k [R
k
A, Fm]

u∂u =
1
α ∑

mk
BmB̄A

k (Rk
A)

a∂aFm∂u

=
1
α ∑

mk
BmilAB̄A

k e(∑A i(m+k)AxA)∂u =
1
α ∑

mk
BmilAB̄A

k F(m+k)∂u.

(2.E.3)

Comparing (2.E.2) with (2.E.3), the required [R,F ] commutator algebra in (2.44)
can be obtained.

Now we compute [F , E] commutator as follows.

[χ1, λ2]
ε0∂ε0 =

1
α ∑

mkl
BmĒkl[Fm, Ekl]

ε0∂ε0 . (2.E.4)
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Here the Lie bracket [χ1, λ2] have one non-zero component ε0 which corresponds
to the U(1) gauge parameter ε. Hence from (2.E.4) one can write,

1
α ∑

mkl
BmĒkl[Fm, Ekl]

ε0∂ε0 =
1
α ∑

mkl
BmĒkl Fm(∂uEkl)∂ε0

=
1
α ∑

mkl
ikBmĒkle[iku+i ∑A(m+l)AxA]∂ε0 =

1
α ∑

mkl
ikBmĒklE(k m+l)∂ε0 .

(2.E.5)

From (2.E.4) and (2.E.5), we can get the [F , E] bracket given in (2.44).

Now following the precisely same procedure as we did for the non-extremal
case in (2.D.1), we have computed the [R, E] and the [E, E] commutator and get
the corresponding brackets in (2.44).

2.F An off-shell derivation of Noether current for

the general theory of gravity.

following [115], here we have presented a off-shell derivation of Noether current
from the Lagrangian in gravity. Let us consider a general action of the form,

S =
∫

ddx
√
−gL[gab, Ra

bcd]. (2.F.1)

We have ignored higher order derivative of Ra
bcd. Now we consider the variation

of L√−g where L is a covariant scalar made of gab and Ra
bcd. Its variation will be,

δ(L
√
−g) = (

∂L√−g
∂gab )δgab + (

∂L√−g
∂Ra

bcd
)δRa

bcd

= (
∂L√−g

∂gab )δgab +
√
−gP bcd

a δRa
bcd (2.F.2)

The first term of (2.F.2) is calculated as,

∂L√−g
∂gab =

∂L
∂gab

√
−g +

∂
√−g
∂gab L =

√
−g

∂L
∂Rkl

ij

∂Rkl
ij

∂gab −
1
2
√
−ggabL.

=
√
−g[Pij

kl

∂(gmlRk
mij)

∂gab − 1
2

gabL] =
√
−g[Pij

klδ
m
(aδl

b)R
k
mij −

1
2

gabL]

=
√
−g[Pij

k(bRk
a)ij −

1
2

gabL] =
√
−g[Pkij

(b Ra)kij −
1
2

gabL]. (2.F.3)
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Here δm
(aδl

b) =
1
2(δ

m
a δl

b + δm
b δl

a). Next we concentrate on the second term of (2.F.2).
The variation of Ra

bcd is given by,

δRa
bcd = ∇c(δΓa

db)−∇d(δΓa
cb)

=
1
2
∇c[gai(−∇iδgdb +∇dδgbi +∇bδgdi)]− (c↔ d). (2.F.4)

Now by multiplying the above expression by Pibcd and using the antisymmetry
properties of Pibcd in index i and b, we can write from (2.F.4) that ,

P bcd
a δRa

bcd = 2Pibcd∇c∇bδgdi. (2.F.5)

Using the properties of covariant derivatives, (2.F.5) can be written as,

P bcd
a δRa

bcd = 2∇c[Pibcd∇bδgdi]− 2∇b[δgdi∇cPibcd] + 2δgdi∇b∇cPibcd. (2.F.6)

Now combining the result (2.F.3) with (2.F.6) and putting in (2.F.2), we get the
variation of action as,

δS = δ
∫

ddx
√
−gL[gab, Ra

bcd] =
∫

ddx
√
−g[Eabδgab +∇jδvj]; (2.F.7)

where ,

Eab =
√
−g[P kij

(b Ra)kij −
1
2

gabL− 2∇m∇nPamnb]; (2.F.8)

and

∇jδvj = 2∇c[Pibcd∇bδgdi]− 2∇b[δgdi∇cPibcd]. (2.F.9)

Let us consider the variation of action due to the diffeomorphism xa → xa + χa.
Under diffeomorphism, variation of Lagrangian density will be,

£χ(
√
−gL) =

√
−g[Eab(£χgab) +∇j(£χvj)]. (2.F.10)

The second term in the right hand side of (2.F.10) is boundary term. Lie variation
of (
√−gL) will be,

£χ(
√
−gL) = (£χL)

√
−g + L(£χ

√
−g)

= χa∇aL(
√
−g) + L(−1

2
gab £χgab)

√
−g =

√
−gχa∇aL+

√
−gL∇aχa

=
√
−g∇a(Lχa) (2.F.11)

Now Eab(£χgab) is calculated as,

Eab(£χgab) = −Eab(∇aχb +∇bχa) = −2Eab∇aχb = −2∇a(Ea
bχb). (2.F.12)
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Here we have used the Bianchi identity that ∇aEab = 0. Hence combining (2.F.12)
and (2.F.11) we can write,√

−g∇a(Lχa) =
√
−g[−2∇a(Ea

bχb) +∇j(£χvj)]

or
√
−g∇a[Lχa + 2Ea

bχb − £χva] = 0. (2.F.13)

So under diffeomorphism, variation of action must vanish and hence we
identify conserved current as,

Ja = Lχa + 2Ea
bχb − £χva. (2.F.14)

Here we have obtained the expression of conserved current Ja without using the
field equations. So the charges will be off-shell in nature.

Now we elaborately compute all the term appeared in (2.F.14) separately. First
we concentrate on the term £χva. It can be expressed as,

£χvc = 2Pibcd∇b(£χgid)− 2(£χgid)∇bPicbd

= 2Pibcd∇b(∇iχd +∇dχi)− 2(∇iχd +∇dχi)∇bPibcd. (2.F.15)

Hence substituting the expression of Eab from (2.F.8) and also putting the result
(2.F.15) in (2.F.14), finally Ja will be,

Ja = 2Pakij Rbkijχ
b − 4χb∇m∇nPamnb − 2Pibcd∇b(∇iχd +∇dχi)

+2(∇iχd +∇dχi)∇bPibcd. (2.F.16)

Now we use the algebraic properties of curvature tensor to simplify the expression
(2.F.16). Note that Pabcd has same algebraic symmetries of curvature tensor Rabcd.
The properties are as follows,

Rabcd = −Rbacd; Rabcd = −Rabdc; Rabcd = Rcdab; Rabcd + Radbc + Racdb = 0.

(2.F.17)

The covariant derivative satisfy the following relation as given by,

[∇a,∇b]χ
i = Ri

cabχc. (2.F.18)

Using the properties (2.F.17) and (2.F.18) in (2.F.16) repeatedly, after rearranging
the terms, (2.F.16) becomes,

Ja = −4χd∇b∇cPabcd − 2∇b(Pacbd + Padbc)(∇cχd)

+2Pacbd∇b∇cχd. (2.F.19)
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The above can be re-expressed as follows,

Ja = −2∇b(Pabcd + Padbc)(∇cχd) + 2∇b(Pabcd∇cχd)− 2∇bPabcd(∇cχd)

−4∇b(χd∇cPabcd) + 4(∇bχd)∇cPabcd

= ∇b[2Pabcd∇cχd − 4χd∇dPabcd] + 2∇b[Pacbd − Padbc − Pabcd](∇cχd)

= ∇b[2Pabcd∇cχd − 4χd∇dPabcd] + 2∇b[Pacbd + Padcb + Pabdc](∇cχd)

(2.F.20)

In the above expression second term will be zero by the properties given in
(2.F.17). Then the first term of (2.F.20) gives the expression of Jab as presented in
(2.20) provided ∇dPabcd = 0.

2.G An off-shell derivation of gauge current

The variation of the matter action (2.16) for an arbitrary change in field Aa →
Aa + δAa is given by

δLem =
∫

ddx
√
−g
[ ∂ f

∂Aa
δAa +

∂ f
∂(∇a Ab)

δ(∇a Ab)
]

. (2.G.1)

Now since f is function of Fab only, the first term will vanish. Denoting ∂ f /∂Fab =

f ab, we find

δLem =
∫

ddx
√
−g f mnδ(∇m An −∇n Am)

= 2
∫

ddx
√
−g f mn∇mδAn . (2.G.2)

Now if this variation is due to the gauge transformation Aa → Aa +∇aε, then the
above equation reduces to

δLem = 2
∫

ddx
√
−g f mn∇m∇nε . (2.G.3)

Since f mn is an antisymmetric tensor, the above equation can be expressed as a
total derivative without using the equation of motion. The steps are as follows:

δLem = 2
∫

ddx
√
−g
[
∇m( f mn∇nε)− (∇m f mn)(∇nε)

]
= 2

∫
ddx
√
−g
[
∇m

{
∇n( f mnε)− ε∇n f mn

}
− (∇m f mn)(∇nε)

]
= 2

∫
ddx
√
−g
[
∇m∇n( f mnε)− (∇mε)(∇n f mn)− ε∇m∇n f mn

−(∇m f mn)(∇nε)
]
. (2.G.4)
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The third term vanishes as f mn is antisymmetric tensor while the second and last
terms cancel each other. Therefore we are left with

δLem = 2
∫

ddx
√
−g∇m∇n( f mnε) = 2

∫
ddx
√
−g∇m Jm (2.G.5)

Since the action has this gauge symmetry, its variation must vanish, and hence we
identify the conserved current as given in eq. (2.28).

2.H Surface terms and corresponding Noether

charge are same on horizon

The entropy of the horizon is identified as

S =
2π

κ

1
2

∫
dΣab Jab

=
1

16πG

∫
dtdd−2x

√
µ(NaTb − NbTa)Jab , (2.H.1)

where the periodicity of the Euclidean time has been adopted in the last step. For
horizon Na is the spacelike unit normal; i.e. N2 = +1 while Ta is the unit timelike
normal: T2 = −1. µ is the determinant of the horizon induced metric. Next
substituting the value of Jab from (2.34) and using the fact that ζa is the timelike
Killing vector, we find

S =
1

8πG

∫
dd−1x

√
µK(−Taζa) =

1
8πG

∫
dd−1x

√
hK , (2.H.2)

where h is the determinant of the induced metric on the radial coordinate constant
surface, which is timelike. This clearly shows that the two quantities, one is the
GHY term and the other one is the corresponding Noether charge multiplied by
the periodicity of the Euclidean time, are the same on the horizon. This is why
both of them give the same quantity – entropy of the horizon.
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Near horizon symmetries, emergence of
Goldstone modes and thermality 3

3.1 Introduction

In the last chapter, we have elaborately studied the diffeomorphism symmetries
near arbitrary charged null hypersurfaces for extremal and non-extremal cases.
The analysis was completely off-shell, and also, we have shown that our results are
valid for any order Lanczos-Lovelock theory of gravity. In the present chapter, we
will follow a slightly different direction compared to the earlier one. In an earlier
chapter, we have assumed that the symmetry parameters will have Fourier mode
expansion in v (in the form eimv) because of the periodicity of v. This assumption
matches with the analysis found in the existing literature (see [97, 104] and the
other references therein). However, in the present chapter, we will have no prior
assumption like that one. Rather we will try to find the possible mode solution
of those near horizon symmetry parameters by incorporating some interesting
physical phenomena which is the spontaneous symmetry breaking. Here we will
show in detail that under the specific set of diffeomorphism corresponding to null
boundary symmetries, the macroscopic quantities associated with black hole get
transformed. In analogy with U(1) symmetry breaking, this phenomenon can
be described as the spontaneous symmetry breaking caused by the background
spacetime itself. Therefore we will identify the associated symmetry parameters
as the Goldstone modes. Then by studying the dynamics of those modes, we will
determine a possible set of mode solutions for the parameters.
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3. NEAR HORIZON SYMMETRIES, EMERGENCE OF GOLDSTONE MODES AND THERMALITY

We know that the symmetries in nature are broadly classified into two cat-
egories. The symmetry that acts globally on the physical fields is called global
symmetry. Most importantly, for each continuous global symmetry, there is an
associated conserved charge that encodes essential properties of the system under
consideration. Another class of symmetry that acts locally on the fields, gener-
ally known as gauge symmetry, makes the description of the system redundant.
Unlike global continuous symmetries, gauge symmetry does not have associated
nontrivial conserved charge [191][192]. However, the unique property of a contin-
uous global symmetry lies in its spontaneous breaking phenomena, which plays a
significant role in understanding the low energy behaviour of the system under
consideration. If a continuous global symmetry of a system breaks spontaneously,
the associated Goldstone boson mode emerges, whose dynamics will characterise
the underlying states and their properties of the system [193]. On the other hand,
breaking of gauge symmetry is inherently inconsistent with the theory under
consideration.

However, the generic underlying symmetry of a gravitational theory is space-
time diffeomorphism which is a set of local general coordinate transformations.
Therefore, diffeomorphism can be thought of as a gauge symmetry of the grav-
itational theory. But it is well known from the idea of the bulk-boundary corre-
spondence that a gauge symmetry in bulk acts as a nontrivial global symmetry at
the boundary. One of the popular and important examples of such a correspon-
dence is the well-known global Bondi-Metzner-Sachs (BMS) group [64, 65, 67]
of transformation. Therefore, even if the gravitational theory can be formulated
as a gauge theory, the theory of Goldstone modes can still be applicable, and
information about the microscopic gravitational states may be extracted from
the global boundary symmetry. Hence the Goldstone modes phenomenon in the
context of BMS symmetry has been elaborately studied and explored in some
recent literatures [164, 165, 184, 194, 195] and also in [171, 196]. Specifically, in
[164, 184] it has been discussed that the spontaneous breaking of symmetries by
the black hole geometries gives rise to the Goldstone modes, which can act as
the promising candidate to understand the thermodynamics properties of the
black hole, especially to determine the microscopic degrees of freedom of black
hole entropy. Although the appearance of Goldstone modes in the context of
BMS symmetry exists, its dynamical behavior has not been studied concretely. It
is believed that the dynamics of those modes should also play a crucial role in
uncovering the microscopic nature of the black holes. Having set this motivation,
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in the present chapter, we will study the dynamics of those Goldstone modes
following the standard procedure.

In order to clarify and better understand the methodology followed in this
chapter, let us consider the emergence of Goldstone boson mode for a well known
U(1) invariant complex scalar field theory with the following Lagrangian,

L = 1/2(∂µφ∂µφ†)−V(φφ†). (3.1.1)

The background solution such as φ0 = c naturally breaks U(1) symmetry which
transforms the vacuum as

φ′0 → eiπ(x)φ0 = c + icπ(x). (3.1.2)

Now we can identify the π(x) as Goldstone boson field, and calculate the La-
grangian as follows

Lπ =
1
2
(∂µφ′0∂µφ′†0 )−V(φ′0φ′†0 )

= ∂µ(c + icπ(x))∂µ(c− icπ(x))−V(c + icπ(x))

=
c2

2
∂µπ(x))∂µπ(x) + · · · . (3.1.3)

The last expression should be the leading order Goldstone boson Lagrangian
associated with the broken U(1) symmetry (more detail can be found in [197]).
Throughout our following discussions in this chapter, we will use this analogy to
understand the dynamics of the Goldstone mode in the gravity sector.

3.2 Objective of the chapter

In the present chapter, we will be trying to understand the dynamics of the
Goldstone boson modes associated with a special class of global symmetry arising
at the boundary of spacetime with a nontrivial gravitational background. In
the first half of the present chapter, our focus will be on the Killing horizon of
Rindler spacetime with a flat spatial section. In the latter half, we will consider
the asymptotically flat Schwarzchild black hole. Those horizons behave like
another null boundary where bulk diffeomorphism acts non-trivially in terms
of BMS-like global symmetry (see [92, 172, 185, 198] and the other references
therein). Once we have a gravitational background, we will first identify the global
symmetry associated with the null boundary surface imposing the appropriate
boundary conditions. Boundary conditions will be such that the near horizon
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form of the metric must remain unchanged after the symmetry transformation.
However, macroscopic quantities such as mass, charge, and angular momentum
characterizing the physical states of a black hole under consideration will change
under those symmetry transformations. Such transformation of the black hole
parameters can be understood as the spontaneous symmetry breaking phenomena
near the horizon. We, therefore, expect the associated dynamical Goldstone boson
modes. As mentioned earlier in this chapter, we will study the dynamics of those
Goldstone boson modes, which may shed some light on the possible microscopic
states of the black holes.

3.3 Rindler Background

In this section, we will consider the simplest background and try to understand
the symmetry breaking phenomena described in the introduction. The Rindler
metric, in the Gaussian null coordinate is expressed as

ds2 = −2rαdv2 + 2dvdr + δABdxAdxB . (3.3.1)

The Rindler horizon is located at r = 0. xA stands for the flat Rindler coordinate y
and z. α is the acceleration parameter which characterizes the macroscopic state of
the background spacetime. Symmetry properties of the horizon, following the last
chapter, can be extracted from the following fall off and gauge conditions,

£ζ grr = 0, £ζ gvr = 0, £ζ gAr = 0 ; (3.3.2)

£ζ gvv ≈ O(r); £ζ gvA ≈ O(r); £ζ gAB ≈ O(r) . (3.3.3)

Here, £ζ corresponds to the Lie variation for the diffeomorphism xa → xa + ζa.
The above conditions are satisfied for the following form of the diffeomorphism
vector,

ζa∂a = F(v, y, z)∂v − r∂vF(v, y, z)∂r − r∂AF(v, y, z)∂A . (3.3.4)

This is derived following the prescription of chapter 2. Note that in this case, we
have only one diffeomorphism parameter F, which characterizes the symmetry of
the Rindler horizon. Since for constant F, it essentially gives the time translation,
the general form of this time diffemorphism, which acts non-trivially on the r = 0
hypersurface, is called supertranslation. For details of this analysis, we refer to
[91, 166, 172].
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Next, let us first obtain the modified metric which is consistent with the afore-
mentioned gauge (3.3.2) and fall-off (3.3.3) conditions. The reason for constructing
this transformed form of the Rindler metric will be clear later. Here important
point to remember is that the Lie variation of the metric component in our anal-
ysis is defined up to the linear order in ζa and hence we express the form of ζa

(3.3.4) valid up to linear order in F. Under this diffeomorphism vector (3.3.4), the
modified metric takes the following form (details are given in Appendix 3.A.1):

ds2 = gabdxadxb =
[

g(0)ab + hab

]
dxadxb

= −2rαdv2 + 2dvdr + δABdxAdxB

+
[
− 2r

(
α∂vF + ∂2

vF
)]

dv2 +
[
− 4r

(
α ∂AF + ∂A∂vF

)]
dvdxA

+
[
− 4r∂A∂BF

]
dxAdxB . (3.3.5)

In the above, g(0)ab is the original unperturbed metric (3.3.1), whereas all linear in
F terms are incorporated in hab = £ζ g(0)ab . Under the following supertranslation
symmetry transformation,

v′ = v + F(v, xA) , x′A = xA − r∂AF(v, xA),

r′ = r− r∂vF(v, xA). (3.3.6)

we can clearly see the macroscopic state parameter α of the original Rindler
background transforms into

α→ α +
(

α∂vF + ∂2
vF
)

. (3.3.7)

We have shown that under the diffeomorphism (3.3.4), some of the metric
coefficients have transformed (3.3.5). This can be thought of as similar to the trans-
formation (3.1.2), which breaks the U(1) symmetry. The corrections in the metric
coefficients are determined by the supertranslation parameter F. Consequently,
the macroscopic parameters of the original metric will be modified. For instance,
the parameter α gets shifted to α′ keeping the near horizon boundary conditions
intact. Strictly speaking, the above phenomena does not show the breaking of
the near horizon symmetries. However, this indicates that among all possible
metric solutions, characterised by the arbitrariness of F, Rindler is only one choice.
Hence the background Rindler spacetime breaks the symmetry of considering
all possible values of the parameter F. This nature is identical to spontaneous
symmetry breaking by the vacuum expectation value (VEV) of fields in QFT if we
think the choice as Rindler is similar to VEV in QFT. Therefore the parameter F
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which characterizes this symmetry breaking, is promoted as the Goldstone boson
modes [184, 195].

Since α appears as a Lagrange multiplier in the Hamiltonian formulation, one
usually chooses the gauge where variation of α is zero everywhere [171, 196].
However strictly speaking this is not a generic choice. It is sufficient to set the
variation of α to be zero only at the boundary for consistency,

δα(−∞, xA) = lim
v→−∞

(
α∂vF + ∂2

vF
)
= 0, (3.3.8)

where horizon is located at v → −∞. One of the obvious choices to satisfy the
above condition is to set the total variation δα to be zero everywhere. This naturally
sets the boundary condition at the horizon and furthermore makes the field F
non-dynamical. Therefore, we believe this restrictive condition does not capture
the full potential of the Goldstone modes. This analysis aims to go beyond and
understand the dynamics of these Goldstone modes, which could be the potential
candidate for the underlying degrees of freedom of the black hole. Therefore, we
first construct an appropriate Lagrangian of this mode, and finally, at the solution
level, we set the boundary condition such that Eq. (3.3.8) is automatically satisfied
at the horizon. Important to note that if one allows the fluctuation of α even at
the boundary, one needs to take care of the appropriate boundary terms (e.g., see
[199, 200]).

3.3.1 Dynamical equation for F

As we have already pointed out, in order to study the dynamics for F we propose
the Lagrangian LF associated with the newly perturbed metric (3.3.5) near the
r = 0 surface:

LF =
√
−gR . (3.3.9)

Here R is the Ricci scalar calculated for the newly constructed metric gab (3.3.5)
and g is the corresponding determinant. Before proceeding further, we want
to mention an important point of our proposed form of the Goldstone boson
Lagrangian. Since the modified metric (3.3.5) has been constructed by taking
into account a particular type of diffeomorphism, one always concludes that the
Lagrangian must be invariant up to a total derivative. The contribution of the
total derivative term vanishes over the closed boundaries, which encloses the
bulk of the manifold. For instance, in the case of

√−gR, the variation of it under
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diffeomorphism xa → xa + ξa leads to
√−g∇a(Rξa) = ∂a(

√−gRξa), which is a
total derivative term. In this analysis, we are interested in building a theory on
the horizon (i.e., r = 0), and the horizon is a part of the closed boundary of the
bulk manifold. Therefore it is expected that the total derivative term will give a
non-vanishing contribution on the part of the closed surfaces such as the horizon.
In the case of

√−gR, the boundary term on r = constant surface in the variation
of action is given by

∫
d3xn̂aξa√−gR, where n̂a is the normal to the surface with

components (0, 1, 0, 0). Therefore, on this surface, our proposal for the Lagrangian
density (loosely call it as Lagrangian) is

√−gR. This is precisely considered here.
The Lagrangian (3.3.9) is not the one that is defined for the whole spacetime, rather
it is calculated on the r = constant surface, and hence coming out to be nontrivial.

To study the dynamics of the Goldstone mode associated with the horizon
symmetry, first, we will compute the above Lagrangian Eq. (3.3.9) at an arbitrary
r value in the bulk spacetime. Then we take the limit r → 0. This procedure
is similar to the stretched horizon approached in black hole thermodynamics
(for example, see the discussion in section 4 of [62]). In this approach, if we are
interested in finding any quantity on a particular surface (say r = 0), one usually
first calculates the same just away from this surface (say r = ε, with ε, is very
small). After that, the obtained value is derived by taking the limit ε→ 0.

Now we are in a position to expand our Lagrangian (3.3.9) in terms of the
transformed metric (3.3.5). If the background metric components are gab = g(0)ab +

hab, with hab as a small fluctuation, in general the Taylor series expansion of the
Lagrangian around background metric gab = g(0)ab can be written as

LF = LF (g(0)ab ) + hab

(δLF
δgab

)(0)
+ habhcd

( δ2LF
δgabδgcd

)(0)
+ . . . (3.3.10)

The first term of the above equation obviously does not contribute to the dynamics.
Given the background metric to be a solution of the equation of motion, the second
term vanishes as it is essentially proportional to Einstein’s equation of motion. The
third term introduces the quadratic form for the Goldstone field F. For our purpose
in the present analysis, we will restrict only to Lagrangian for the Goldstone mode,
which is at the quadratic order. It should be mentioned that any higher-order
contribution to gab in (3.3.5), will not affect the second-order term given in (3.3.10).
All the higher order in F-terms we left for our future discussions.

The final form of the Lagrangian (3.3.9) after taking the near Horizon limit
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comes out as (detail procedure has been discussed in Appendix 3.A.2),

LF = lim
r→0

(√
−gR

)
=

[
− 6α2∂yF∂yF− 6α2∂zF∂zF + 4α∂vF∂2

yF− 12α∂zF∂v∂zF− 6(∂v∂zF)2

− 12α∂yF∂v∂yF− 6(∂v∂yF)2 + 4∂2
yF∂2

vF + 4∂2
z F(α∂vF + ∂2

vF)
]

.

(3.3.11)

Since LF is calculated on a r = constant surface, the action can be defined as the
integration of the above Lagrangian on v, y and z.

The induced horizon geometry has a flat spatial section. We, therefore, consider
the following generic form of F:

Fmn = fmn(v)
1
α

exp
[
i(my + nz)

]
. (3.3.12)

Hence the general solution for Goldstone mode would be,

F(v, y, z) = ∑
m,n

CmnFmn . (3.3.13)

Here we need to find the form of fmn(v) from the solution of the equation of
motion obtained from (3.3.11). It is quite apparent that substitution of the above
ansatz in (3.3.11) and then integrating over transverse coordinates, one can get a
one-dimensional action which determines the evaluation of fmn(v) with respect
to v. Since the total derivative terms in action keep the dynamics unchanged, it
may be verified (given in Appendix 3.A.2) that under the integration of transverse
coordinates, third, fourth, sixth and ninth terms in (3.3.11) are total derivative
terms with respect to v. So, those terms can be neglected. Ignoring total derivative
terms the final form of the Lagrangian (3.3.11) is given by (detail in Appendix
3.A.3);

LF =
[
− 6α2∂yF∂yF− 6α2∂zF∂zF− 6(∂v∂yF)2

− 6(∂v∂zF)2 + 4∂2
yF∂2

vF + 4∂2
z F∂2

vF
]

. (3.3.14)

Next we concentrate on Gibbons-Hawking-York (GHY) boundary term

S2 = − 1
8πG

∫
d3x
√

hK , (3.3.15)

which is usually added to the action in order to define a proper variation of
the action. The trace of the extrinsic curvature of the boundary surface (r →
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0) is given by K = −∇aNa, where Na is considered as the unit normal to the
r = constant hyper-surface. For metric (3.3.5), its lower component is given by
Na = (0, 1/

√
2r(α + α∂vF + ∂2

vF), 0, 0). Therefore in the near horizon limit (r → 0),
one gets the following form of the action coming from the GHY term :

S2 = − 1
8πG

∫
d3x
[
α +

(
α∂vF +

1
2

∂2
vF +

1
2α

∂3
vF
)

+
1

2α2

(
α2∂vF∂2

vF + α(∂2
vF)2 + α∂vF∂3

vF + ∂2
vF∂3

vF
)]

. (3.3.16)

However, we observed that this term does not contribute to our required equation
of motion as it produces a constant term which is independent of F plus total
derivative terms on the horizon boundary at r = 0 (detail in Appendix 3.A.4). In
fact, the above boundary term in action is turned out to be related to the horizon
entropy, which is discussed in Appendix 3.D.

In this scenario, one important point remains left to be discussed here. As
discussed before, the Lagrangian is calculated using a stretched horizon approach
by considering a timelike surface very near the horizon. So one may consider the
GHY term as the correct boundary term to have a proper variational principle of
the action. However, it has been shown in [201, 202] that if one wants to perform
any physical analysis exactly on the null surface, then from the first principle, one
can prescribe a well defined counter term on this surface. Therefore it will be
interesting to study the present analysis considering the null boundary counter
term.

Note that the aforesaid Lagrangian (3.3.11) contains higher derivative terms
of F. Therefore, the theory of Goldstone boson modes emerging on the boundary
of a gravitational theory turns out to be higher derivative in nature. However,
if we want to trace back the origin of this higher derivative action, it is from the
diffeomorphically transformed metric components that contain the derivative
term. However, we will see those higher derivative terms will be crucial for our
subsequent discussions on the horizon properties. This connection could be an
interesting topic to investigate further. The generalized Euler-Lagrangian equation,
defined for higher derivative theory, is (Derivation is shown in Appendix 3.C):

∂L
∂F
− ∂µ(

∂L
∂(∂µF)

) + ∂µ∂ν(
∂L

∂(∂µ∂νF)
) = 0. (3.3.17)

With this the equation of motion for the Lagrangian corresponding to (3.3.14) is
found to be (detail in Appendix 3.A.5),

3α2∂2
yF + 3α2∂2

z F− 4∂2
y∂2

vF− 4∂2
z∂2

vF = 0 . (3.3.18)
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Important to note again, the contribution on the equation of motion comes only
from from (3.3.14). GHY (3.3.16) term does not contribute.

Substitution of (3.3.12) in (3.3.18) yields

(m2 + n2)[∂2
v fmn(v)−

3α2

4
fmn(v)] = 0 . (3.3.19)

Important point to note that every individual mode (m, n), will follow the same
equation of motion in an inverted harmonic potential. The solution will be,

fmn(v) = A exp
[
(
√

3/4)αv
]
+ B exp

[
− (
√

3/4)αv
]
+ f1(y, z)δm,0δn,0

, (3.3.20)

for all m, n. In the above, A and B and f1(y, z) are arbitrary constants to be
determined. The last term in (3.3.20) has been appeared as the equation of motion
given in (3.3.19) is trivially satisfied when m = n = 0. In this situation f00(v)
becomes completely arbitrary. So we have to add that term to the solution of fmn.

So far, we have talked about the classical dynamics of the Goldstone mode. It
is apparent that at least at the tree level Lagrangian, the system is unstable because
of the inverted harmonic potential. This is also apparent from the solution (3.3.20).
As we are interested in the near-horizon region where v→ −∞, the above solution
grows rapidly and makes the mode unstable. Therefore, the appropriate boundary
condition one can set is B = 0, leading to

Fmn(v, y, z) = [A exp
[
(
√

3/2)αv
]
+ f1(y, z)δm,0δn,0]

1
α

exp[i(my + nz)] .

(3.3.21)

Interestingly this is precisely the boundary condition that satisfies the requirement
of vanishing fluctuation of surface gravity δα = 0 at the horizon defined by the Eq.
(3.3.8).

We already know that the horizon is a special place in the entire spacetime
region, as any two hypothetical observers spatially separated by the horizon can
never communicate with each other. Therefore, it would have been unusual had
there been just a simple, stable free field like Lagrangian for the Goldstone modes.
The connection between the special nature of the horizon and the emergence of
instability has been the subject of study for a long time. Our goal of this analysis
would be to shed some light on this issue. Does the emergence of the inverted harmonic
potential has anything to do with the thermal nature of the black hole horizon? Of course,
in order to understand this, we need to go beyond the classical regime. In the
next section, we will try to make this connection considering a recent proposal
[203, 204].
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3.3.2 Thermal behaviour of the mode solution

In this section, we consider the quantum mechanical treatment of the Goldstone
boson model discussed so far. It has recently been conjectured that Lyapunov
exponent λ of a thermal quantum system, in the presence of quantum chaos, is
bounded by the temperature T of the system as λ ≤ 2πT/h̄ [205]. Based on
this result, further conjecture has been made in the reference [204, 206] which
says a chaotic system with a definite Lyapunov exponent could be fundamentally
thermal by reversing the above inequality. To justify the argument, one of the
interesting examples the author has studied is the semi-classical dynamics of
a particle in an inverted harmonic potential∗, and showed that the quantum
correction induces an energy emission by the particle under study obeying thermal
probability distribution. Therefore, the connection between the semi-classical
chaotic system and the thermal nature has emerged. Interestingly, for our present
system, each Goldstone boson mode behaves like an inverted harmonic oscillator.
Hence, the aforesaid connection between the thermal emission and the semi-
classical chaotic dynamics could be a potential reason for the thermal nature of
the black hole horizon. Interestingly, every individual Goldstone boson model
parameterized by (m, n) sees the same inverted potential, which may also indicate
the universality of the thermal nature of the horizon. Our present claim is ambitious
and exciting, which needs detailed future exploration and generality. In the next chapter,
we will explore this possibility for Kerr black hole.

Before we resort to our discussion of the thermal nature of the black hole,
following from the reference [203][204], let us briefly describe the connection
between the thermality and the inverted harmonic oscillator. These are connected
with the finite quantum mechanical transition probability through a potential
barrier. The equation of motion of the particle moving in a inverted harmonic
potential is given by,

µẍ− ω̄x = 0 (3.3.22)

Here potential V = − ω̄x2

2 and ω̄ = µω2. The angular frequency is given by ω,
and µ is the particle’s mass. E gives the energy of the particle. An important case
would be, if one considers the energy of the particle E < 0, For which the potential
energy of the particle is greater than its kinetic energy. With this energy, if the

∗The choice of the inverted harmonic oscillator stems from the fact that the particle motion
is unstable under this potential and hence, at the classical level, any small perturbation can lead
induction of chaos in the motion (for example, see [207–210]).
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particle travels toward the potential from the left (x < 0), classically, it cannot pass
through the potential towards the right (x > 0). However, quantum mechanically,
the particle will have finite tunneling probability to go across the potential barrier.
Therefore, the particle will have a finite probability of transmission through the
barrier even for E < 0. Similarly, for E > 0, the particle will have the finite
quantum mechanical probability of reflection off the barrier, which otherwise was
not possible classically.

Therefore, to describe the above quantum mechanical phenomena, the appro-
priate Hamiltonian for the wave function Φ(x) associated with the particle is
expressed as

H = − h̄2

2µ

d2

dx2 −
ω̄x2

2
(3.3.23)

with the Schrödinger equation,

− h̄2

2µ

d2Φ
dx2 −

ω̄x2

2
Φ = EΦ . (3.3.24)

The well known expression for the probability of transmission (PT) and the re-
flection (PR) using WKB approximation [211] are (also the derivation is shown in
Appendix 3.E as well) ,

PT/R =
1

e
2π
h̄

√
µ
ω̄ |E | + 1

=
1

eβ|E | + 1
. (3.3.25)

An exciting interpretation of this expression is that for a large absolute value of the
energy E , probability amplitude from the classical path to quantum transmission
or reflection will be exp[−β|E |]. Therefore, the quantum harmonic oscillator
system can be mapped to a two-level system with temperature T, whose ground
state is represented as the classical trajectories and excited state is a quantum one.
And the temperature of the system can be easily identified as

T =
h̄

2π

√
ω̄

µ
. (3.3.26)

For further detail of this interesting interpretation the reader can look into the
reference [203, 204]). In this context, it is worth mentioning that recently the
inverted harmonic oscillator has been shown to give rise to the temperature at the
quantum level in an independent and completely different way [212].

In our present analysis, we have obtained the dynamical equation of motion
for individual mode as given in (3.3.19). Comparing this with Eq. (3.3.22) one can
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easily conclude that for m 6= 0 and/or n 6= 0 or vice-versa, the dynamics of the
mode along v is governed by inverted harmonic oscillator potential. To clarify our
analogy, each mode fmn(v) can be thought of as the position x(t) of a particle of
mass unity with v playing the role of the time coordinate as t. Therefore, we have
the following equivalence table:

fmn ≡ x; v ≡ t; (3.3.27)

accompanied by the identifications

µ ≡ 1; ω ≡ 3α2

4
. (3.3.28)

Hence by the earlier argument, we can conclude that each mode, at the quantum
level, is thermal. The temperature is evaluated as (3.3.26) with the following
substitutions: µ = 1 and ω = (3α2/4). Therefore in our case it is given by

T =
h̄

2π

√
3α

2
. (3.3.29)

Even more interestingly, what is emerged from our present calculation is that
all the modes with the quantum number (l, m) are degenerate with respect to E .
This observation seems to suggest that the horizon understudy can carry entropy because
of those degenerate quantum states. However, in order to have finite entropy, we need
to have an upper limit on the value of (p, q), which must be proportional to the
only scale available in theory, namely the Planck scale. Our naive analysis based
on [203] shows that semi-classical Goldstone boson dynamics can capture the well-
known thermal behavior of the horizon. Moreover, the temperature turned out to be
proportional to the acceleration of the Rindler frame. This is an important observation
as an accelerated observer associates thermality on the Rindler horizon. In this
case also the temperature is proportional to α, known as Unruh temperature
[213]. However, the proportionality constant appeared to be different. Another
essential outcome of our analysis is the emergence of an infinite number of degenerate
states, which can be associated with the entropy on this horizon. We will take up this
issue in the future. The microscopic origin of horizon thermodynamics has been a
subject of intensive research for a long time. Our present analysis hints towards
an important fact that the BMS-like symmetry near the horizon could play an
important role in understanding the thermal nature and possible origin of the
underlying microscopic states of a black hole. Motivated by the present analysis, in
the subsequent section, we will try to investigate the generality of these arguments
for a black hole viz, the Schwarzschild black hole.
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3.4 Schwarzschild black hole

So far, we have discussed about the dynamics of Goldstone boson mode in
the Rindler background. To this end, we perform a similar analysis consider-
ing Schwarzschild black hole background. The near-horizon geometry of the
Schwarzchild black is again Rindler, however, with the two-dimensional sphere
at each point. Therefore, we expect similar behavior of the Goldstone mode for
this case as well. As we go along, we also notice the main differences with the flat
Rindler case.

The Schwarzschild metric in Eddington-Finkelstein coordinate (v, r, θ, φ) is
expressed as,

ds2 = −(1− 2M/r)dv2 + 2dvdr + r2γABdxAdxB . (3.4.1)

The event horizon is located at r = 2M. M is the mass of the black hole which
characterizes the macroscopic state of the background spacetime. Asymptotic
symmetry properties of the horizon can be extracted from similar fall off and
gauge conditions for the metric components,

£ζ grr = 0, £ζ gvr = 0, £ζ gAr = 0 ; (3.4.2)

£ζ gvv ≈ O(r− 2M); £ζ gvA ≈ O(r− 2M); £ζ gAB ≈ O(r− 2M) .(3.4.3)

Here, £ζ corresponds to the Lie variation for the diffeomorphism xa → xa + ζa.
The primary motivation to consider the aforementioned conditions is essentially
to preserve the form of the metric under the diffeomorphism. As has already been
observed in our previous case, those differmorphsim in turn renormalizes the
state of the black hole parameter such as mass M of the Schwarzschild black hole.
Similar to our previous analysis after solving the above gauge fixing conditions
with the imposed fall-off conditions, the diffeomorphism vectors turned out to be ,

ζa∂a = F(v, xA)∂v − (r− 2M)∂vF∂r + (1/r− 1/2M)γAB∂BF ∂A. (3.4.4)

Again we have one unknown function F which is identified as supertranslation
generator. Under this transformation the background metric takes of following
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form (details are shown in Appendix 3.B.1) [164],

ds2 =
[

g(0)ab + £ζ g(0)ab

]
dxadxb

= −(1− 2M/r)dv2 + 2dvdr + r2γABdxAdxB

+
[
2M/r(1− 2M/r)∂vF− 2(1− 2M/r)∂vF− 2(r− 2M)∂2

vF
]
dv2

+
[
− 2(1− 2M/r)∂AF− 2(r− 2M)∂A∂vF

+2r2∂A∂vF(1/r− 1/2M)
]
dvdxA

+
[
− 2(2M− r)rγAB∂vF− (1/r− 1/2M)(∂EFγDE∂DγAB

+ γAD ∂B(∂EFγDE) + γBD ∂A(∂EFγDE))
]
dxAdxB . (3.4.5)

As has already been discussed for the Rindler metric with flat spatial section, for
the present case the modification hab due to following super-translation,

v′ = v + F ; x′A = xA + (1/r− 1/2M)γAB∂BF,

r′ = r− (r− 2M)∂vF. (3.4.6)

The macroscopic black hole parameter M changes to,

1
M
→ 1

M
+

1
M

(
∂vF + 4M∂2

vF
)

. (3.4.7)

Therefore, like the Rindler case, this change of macroscopic parameter by the sym-
metry transformation can be understood as the spontaneous symmetry breaking
phenomenon that happened by the black hole background itself (for more detail
see the discussion after equation (3.3.7)). Here F is treated as the Goldstone boson
modes.

Now it is clear that the solution of the Einstein equations will be modified,
having a transformed form of the black hole parameters where the transformation
is given by the first-order derivative of F (see (3.4.5)). Einstein’s equation of
motion is derived from the variation of gab. It may be noted that in the case of
modified metric, gab is now not simply F, instead, it is a nontrivial function of
F. Therefore the dynamical equation of motion for F cannot be derived from the
Einstein equations as it is not picking the exact flavor of variation of F. Hence to
find an equation of F, it is always necessary to find an action for this parameter,
which we have done in the subsequent analysis.

Following the same procedure as for the Rindler case, the Lagrangian LF of the
Goldstone mode on the horizon surface takes the following form (detail procedure
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has been discussed in Appendix 3.B.2),

LF =
[ −3

2(2M)2 csc θ ∂φF∂φF− 3
2(2M)2 sin θ ∂θ F∂θ F + 4 sin θ ∂vF∂vF

− 3
M

csc θ ∂φF∂v∂φF +
1
M

cos θ ∂θ F∂vF− 3
M

sin θ ∂θ F∂θ∂vF

+ 4 cos θ ∂θ F∂2
vF +

1
M

csc θ ∂2
φF∂vF + 4 csc θ ∂2

φF∂2
vF

+
1
M

sin θ ∂2
θ F∂vF + 4 sin θ ∂2

θ F∂2
vF− 6 csc θ (∂v∂φF)2

−6 sin θ (∂v∂θ F)2 + 8 sin θ ∂vF∂2
vF
]

. (3.4.8)

Since the action has the rotational symmetry, we can take the following solution
ansatz for Goldstone boson mode in terms of spherical harmonics,

F(v, θ, φ) =
1
k ∑

lm
clm flm(v)Ylm(θ, φ), (3.4.9)

with clm are constant coefficients and flm are the time dependent mode function.
This is consistent with the spherically symmetric Schwarzschild geometry. The
factor 1/k = 4M is introduced for dimensional reason.

Substituting the form of the solution ansatz (3.4.9) of F in (3.4.8) and neglecting
the total derivative terms (details are shown in Appendix 3.B.3), we can write final
Lagrangian as,

LF =
[ −3

2(2M)2 csc θ ∂φF∂φF− 3
2(2M)2 sin θ ∂θ F∂θ F + 4 sin θ ∂vF∂vF

+ 4 cos θ ∂θ F∂2
vF + 4 csc θ ∂2

φF∂2
vF + 4 sin θ ∂2

θ F∂2
vF

− 6 csc θ (∂v∂φF)2 − 6 sin θ (∂v∂θ F)2
]

. (3.4.10)

Here also we concentrate on GHY term which is added to the EH action to have
proper variation. The non-vanishing lower components of Na is given by

Nr =
1√

f (r)− (2M/r) f (r)∂vF + 2 f (r)∂vF + 2r f (r)∂2
vF

, (3.4.11)

where f (r) = 1− 2M/r. Hence for GHY boundary term the action can be ex-
pressed as,

S2 = − M
8πG

∫
d3x sin θ

[
1 + (∂vF + 2M∂2

vF) + (2M∂vF∂2
vF

+ 8M2(∂2
vF)2 + 8M2∂vF∂3

vF + 32M3∂2
vF∂3

vF)
]

, (3.4.12)
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3.4. Schwarzschild black hole

which have a constant plus total derivative terms and hence does not contribute
to the equation of motion as was the case for Rindler space (detail has been shown
in Appendix 3.B.4). The dynamics of the Goldstone mode will be governed by
the action corresponding to LF , and the equation of motion is given by (detail
derivation has been presented in Appendix 3.B.5),

−8 sin θ∂2
vF +

3
(2M)2 cos θ∂θ F +

3
(2M)2 sin θ∂2

θ F +
3

(2M)2 csc θ∂2
φF

− 16 sin θ∂2
v∂2

θ F− 16 cos θ∂2
v∂θ F− 16 csc θ∂2

v∂2
φF = 0 . (3.4.13)

In this analysis, the full metric has been considered. Since we are interested in the
near horizon symmetries, the near horizon metric could be enough to obtain the
same result. For completeness, we explicitly demonstrated this in Appendix 3.B.7.

Now substituting the form of F (3.4.9) in (3.4.13), we get following equation of
motion for flm(v) (derivation is shown in Appendix 3.B.6),

[2l(l + 1)− 1]∂2
v flm −

3
32M2 l(l + 1) flm = 0. (3.4.14)

Since the near horizon geometry of the Schwarzschild black hole is Rindler with
the sphere as spatial section, one notices some significant differences in the mode
dynamics governed by Eq. (3.4.14) and that of the previous case in Eq.(3.3.19).
Most importantly, for spatial spherical geometry, the effective potential perceived
by every individual mode parametrized by (l, m) is no longer universal but de-
pendent upon the angular momentum l. Before we discuss the implications of this
dependence, let us look at the behaviour of individual modes.

• For l = 0 mode, the equation reduces to,

∂2
v f00(v) = 0 . (3.4.15)

The solution of the above equation is f00 = c1(xA)v + c2(xA). As f00 needs to
be finite near horizon at v→ −∞, we choose c1 = 0. Then the final solution
will be f00(v) = c2(xA).

• For all remaining modes l ≥ 1, we get the inverted harmonic oscillator
potential similar to our previous case. One important difference is the angular
momentum dependence of the inverted harmonic potential. Therefore, the
universality of all the modes with respect to their time dynamics is lost as
opposed to our previous study in the Rindler metric with spatial section.
However, it can be checked that numerically the inverted potential depends
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3. NEAR HORIZON SYMMETRIES, EMERGENCE OF GOLDSTONE MODES AND THERMALITY

very weakly on the value of l, which we will discuss in terms of temperature
in the next subsection. Nonetheless, the mode equation looks likes,

∂2
v flm − k2Ω2 flm(v) = 0 , (3.4.16)

where,

Ω =

√
3l(l + 1)

2(2l(l + 1)− 1)
. (3.4.17)

We get the inverted harmonic oscillator potential similar to our previous case.

The complete solution for all modes can therefore be,

• for l = 0 ;

F(xA) = ∑
lm

1
k

c2(xA)Ylm(xA); (3.4.18)

• for l ≥ 1,

F(v, xA) = ∑
lm

A
k

eΩ(l)kvYlm(xA) . (3.4.19)

Hereafter we can proceed along the same line as discussed before. Important
difference would be the mode dependent inverted harmonic potential

Vharmonic = −
1
2

Ω(l)2k2 f 2
lm . (3.4.20)

Therefore, strictly speaking, for the present case, degenerate states will be only for
m within (−l, l). However, let us point out that if we consider numerical values
consideration, the value of Ω is confined within a very narrow region.√

3
4
≤ Ω(l) ≤ 1 . (3.4.21)

Hence, one can approximately consider all the quantum states of the Goldstone
boson parametrized by (l, m) with l ≥ 1 are quasi-degenerate. Unlike the previous
case for the Rindler spacetime with a flat spatial section, the emission probabil-
ity for the present case would be identified with Boltzmann distribution with
temperature,

Tl =
h̄

8πM
Ω(l), (3.4.22)
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3.5. Summary and conclusions

which will weakly depend upon the value of angular momentum quantum number
l. Interestingly for l = 1 mode, the above expression came out exactly the same
as usual black hole temperature TBH, given by the Hawking expression [29].
However, considering other modes we can define an average temperature.

Tavg =
h̄

8πM

(
∑l Ω(l)

∑l 1

)
=

h̄
8πM

(√
3
4

)
=

√
3

2
TBH , (3.4.23)

Here again, we observed that the Goldstone modes are inherently thermal in
nature. The obtained temperature is proportional to the Hawking expression for
that of the Schwarzschild horizon.

From the analysis so far, we can infer that since the origin of the Goldstone
modes is associated with the breaking of symmetries of the horizon, those modes
can be a potential candidate for the microscopic states of a black hole. Quantum
mechanically, all those states turned out to be thermal with a specific temperature.
However, the origin of different expressions for the temperature compared with
that of the usual Hawking temperature needs to be explored in detail. Furthermore,
the nature of degeneracy of those Goldstone states appears to be dependent
upon the spacetime background. Such as for Rindler spacetime with the plane-
symmetric horizon, all the modes emerged as degenerate and, therefore, each
mode feels the same temperature. On the other hand, this is not the case for
Schwarzschild black hole as the degeneracy of states has been lifted by the less
symmetric spherical horizon. Nevertheless, we hope that this thermal nature of
the Goldstone modes at the quantum level can be inferred for all horizon types. Of
course, the present treatment will be complete once the field theoretical description
is done, in which the definition of relevant vacuum state will be cleared. We keep
this for our future projects.

3.5 Summary and conclusions

The microscopic origin of the thermodynamic nature of the black hole is one of
the fundamental questions in the theory of gravity. But within the framework
of classical treatment of Einsteinian gravity, this question may not be answered.
For that, a proper quantum prescription will be required. However, the recent
understanding of infrared behavior of gravity opens up a new avenue towards
understanding this question. In the gravitational theory, one of the interesting
infrared properties is the emergence of infinite-dimensional symmetry at null
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infinity, which leads to the soft graviton theorem. Over the years, it has been
observed that analogous symmetry exists near the null horizon, which can play an
important role in explaining the microscopic origin of horizon thermodynamics.
Here we mainly concentrated on the BMS-like symmetry in the near-horizon
region. It is observed that in this process, the mass (or the surface gravity) of
the black hole gets modified. This change in macroscopic parameters has been
argued to be the phenomena of the spontaneous symmetry breaking of the metric
solutions because of the arbitrariness of the diffeomorphism parameter, and the
corresponding parameter has been viewed as the Goldstone mode.

In the present analysis, our main effort was to explore the dynamics of these
Goldstone modes. For our current study, we consider two simple gravitational
backgrounds. One is a simple Rindler spacetime with a flat Killing horizon, and
the other is Schwarzschild black hole. Our preliminary investigation at the tree
level reveals that the horizon is a special place where an inverse harmonic potential
governs Goldstone mode’s dynamics in momentum space. As mentioned earlier,
in the framework of classical Einsteinian gravity, it is difficult to understand
this situation as those modes are simply unstable. Interestingly, at the quantum
level, this instability [204] can have a nice interpretation of inherent thermality
in connection with its chaotic behavior, which may provide us a first glimpse of
a microscopic view of the horizon thermodynamics. Interestingly, for Rindler
and the gravitational backgrounds, as expected, the temperature turned out to be
proportional to the surface gravity, which is similar to the expression (except a
numerical factor) given by Unruh [213], and Hawking [29]. This led us to think
that these Goldstone modes might be candidates for the microscopic description
of the horizon thermality. Even more, interestingly, we found many degenerate
states for Rindler and quasi-degenerate states for Schwarzschild black holes that
may be responsible for the horizon entropy. We will take up these issues in more
detail in the future.

So far, we have considered the black hole spacetime, which is static and gener-
ating only one Goldstone field. However, for a gravitational background having
intrinsic rotation such as Kerr spacetime, we expect that the corresponding analy-
sis of the Goldstone mode dynamics will be more general. This is because, in this
case, there will be another symmetry generator which is superrotation. We have
investigated this topic in the next chapter.
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Appendix

3.A Appendix I: Rindler Background

3.A.1 Detail derivation of the modified Rindler metric given in

(3.3.5)

Following the gauge choices given in Eq.(3.3.2), the associated diffeomorphism
vectors can be expressed as,

ζv = F(v, y, z) ;

ζr = T(v, y, z)− r∂vF;

ζ A = −∂BF
∫

δABdr + RA(v, y, z) . (3.A.1)

The detail procedure of deriving these vectors from the three gauge choices has
been already presented in (2.B).

Now using the components of ζa from (3.A.1), one can find the variation of the
metric component g(0)vv upto O(r) as,

£ζ g(0)vv = ζr∂rg(0)vv + 2g(0)vv ∂vζv + 2g(0)vr ∂vζr

= [T(v, y, z)− r∂vF]∂r(−2rα)− 2rα∂vF + 2∂v[T(v, y, z)− r∂vF]

= [2∂vT − 2αT] + r[−2α∂vF− 2∂2
vF] (3.A.2)

Now given the fall-off condition £ζ g(0)vv ≈ O(r) as shown in (3.3.3), the r inde-
pendent term of the right hand side of (3.A.2) must vanish which give rise the
constraint relation as,

∂vT − αT = 0 (3.A.3)

Similarly the variation of g(0)vA and g(0)AB upto O(r) will be,

£ζ g(0)vA = g(0)vv ∂Aζv + g(0)vr ∂Aζr + g(0)AB∂vζB

= −2rα∂AF + ∂A[T(v, y, z)− r∂vF] + δAB∂v[−∂CF
∫

δCBdr + RB(v, y, z)]

= [∂AT + δAB∂vRB] + r[−2rα∂AF− 2∂A∂vF] (3.A.4)

£ζ g(0)AB = g(0)DA∂BζD + g(0)DB∂AζD

= δDA∂B[−∂CF
∫

δCDdr + RD(v, y, z)] + δDB∂A[−∂CF
∫

δCDdr + RD(v, y, z)]

= [δAD∂BRD + δBD∂ARD] + r[−2∂A∂BF]. (3.A.5)
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Now following the weak fall off conditions given in (3.3.3) for the metric com-
ponents gvA and gAB, we can say that the r independent terms of (3.A.4) and
(3.A.5) must be zero. Thus we get the two other constraints relations for the
diffeomorphism vectors Eq. (3.A.1) as follows,

∂AT + δAB∂vRB = 0 ; (3.A.6)

δAD∂BRD + δBD∂ARD = 0 . (3.A.7)

Now we demand that the position of the null surface at r = 0 must remain un-
changed after the symmetry transformations. Therefore there will be no radial
transformation which suggest T(v, y, z) = 0 from Eq.(3.A.1). Since Rindler back-
ground geometry has flat spatial section with no rotation, we can assume the
angular component of the diffeomorphism vector ζ A to be zero at the horizon and
thus we got that RA = 0. Then the three constraints relations given in (4.3.13),
(4.3.14) and (4.3.15) are automatically satisfied. Finally the components of the
diffeomporphism vectors are given by (3.3.4).

Now from the varitation of metric components as given in (3.A.2), (3.A.4) and
in (3.A.5), we collect all the O(r) terms which generate the modified metric in
(3.3.5).

3.A.2 Construction of the Lagrangian (3.3.11)

The Lagrangian is computed from the modified metric with the help of the Mathe-
matica 10.00 packages. From the modified metric (3.4.5) we calculate

√−g as,√
−g =

√
1− 2r(∂2

φF + ∂2
θ F)− 4r2(∂θ∂φF)2 + 4r2∂2

φF∂2
θ F. (3.A.8)

Then we have calculated the components of the Christoffel symbols as,

Γa
bc =

1
2

gia(∂bgic + ∂cgib − ∂igbc). (3.A.9)

and then we have computed Riemannian tensor as follows,

Ra
bcd = ∂cΓa

bd − ∂dΓa
bc + Γs

bdΓa
cs − Γs

bcΓa
ds. (3.A.10)

Then we got the components of Ricci tensor using the definition,

Rij = Ri
kij, (3.A.11)

and also Ricci scalar as,

R = gijRij. (3.A.12)

Now by computing the product of
√−g and R and taking limit r → 0 we finally

get the result in (3.3.11).
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3.A.3 Derivation of the final Lagrangian in (3.3.14) from the

form given in (3.3.11)

After substituting the solution ansatz for F as given in (3.3.12) in the form of the
Lagrangian density (3.3.11), we compute the form of the three dimensional action
on the r = constant surface as follows,

S =
∫

d3xLF =
1
α2 ∑

mn
∑
kl

CmnC̄kl

∫
dv
∫ L

y=0

∫ L

z=0
dydzei((m−k)y+(n−l)z)[6α2(mk

+nl) fmn fkl − 4α(k2 + l2)∂v fmn fkl + 12α(mk + nl) fmn∂v fkl

+6(mk + nl)∂v fmn∂v fkl − 4(m2 + n2) fmn∂2
v fkl]. (3.A.13)

The coordinates y and z run from −∞ to +∞ and so y− z(i.e.x = 0) surface (the
horizon here) is a infinitely extended plane. However here we can perform the
integration over y and z coordinates assuming them periodic between the ranges
0 and +L and thus obtain,

∑
mn

∑
kl

4π2CmnC̄kl
α2 δm,kδn,l

∫
dv
[
6α2(mk + nl) fmn fkl

−4α(k2 + l2) fmn∂v fkl + 12α(mk + nl)∂v fmn fkl + 6(mk + nl)∂v fmn∂v fkl

−4(m2 + n2) fmn∂2
v fkl

]
. (3.A.14)

= ∑
mn

4π2CmnC̄mn

α2

∫
dv
[
6α2(m2 + n2) fmn fmn + 8α(m2 + n2) fmn∂v fmn

+6(m2 + n2)∂v fmn∂v fmn − 4(m2 + n2) fmn∂2
v fmn

]
.

(3.A.15)

Hence after integrating, the last line of (3.A.15) represents the one dimensional
action denoting the evaluation of fmn(v) with respect to v. So in the above ex-
pression (3.A.15), the second term fmn∂v fmn can be expressed as 1

2 ∂v( f 2
mn) which

is a total derivative of v and can be neglected in construction of dynamics of F.
Correspondingly we neglect the third, fourth, sixth and ninth terms of (3.3.11) and
write down the Lagrangian as given in (3.3.14).

3.A.4 Why GHY terms does not contribute in the dynamics?

In the expression of GHY term given in (3.3.16) the first term is a constant, while
the terms in the first bracket in the first line are the total derivative in v. Now the
remaining terms in the second line can also be transformed into total derivative as
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follows,

∂vF∂2
vF =

1
2

∂v[(∂vF)2]; ∂2
vF∂3

vF =
1
2

∂v[(∂
2
vF)2]

(∂2
vF)2 + ∂vF∂3

vF = ∂v[∂vF∂2
vF]. (3.A.16)

Hence all these total derivative terms should not contribute to the dynamics of F.

3.A.5 Derivation of the equation of motion (3.3.18) from the

Lagrangian (3.3.14).

Using the Generalized Euler-Lagrangian equation given in (3.3.17) we can easily
construct the equation of motion of F from the Lagrangian (3.3.14) as follows,

∂y(
∂L
∂yF

)− ∂z(
∂L
∂zF

) + 2[∂v∂y(
∂L

∂(∂v∂yF)
) + ∂v∂z(

∂L
∂(∂v∂zF)

)] + ∂2
v(

∂L
∂(∂2

vF)
)

+∂2
y(

∂L
∂(∂2

yF)
) + ∂2

z(
∂L

∂(∂2
z F)

) = 0;

⇒ 6α2[∂y(2∂yF) + ∂z(2∂zF)]− 24[∂v∂y(∂v∂yF) + ∂v∂z(∂v∂zF)]

+4[∂2
y(∂

2
vF) + ∂2

z(∂
2
vF)] + 4[∂2

v(∂
2
yF) + ∂2

v(∂
2
z F)] = 0. (3.A.17)

⇒ 12α2[∂2
yF + ∂2

z F]− 24[∂2
v∂2

yF + ∂2
v∂2

z F] + 8[∂2
y∂2

vF + ∂2
z∂2

vF] = 0.

From the above expression we can easily get the equation of motion of F as given
in (3.3.18).

3.B Appendix II: Schwarzschild background

3.B.1 Derivation of diffeomorphism vectors and formation of

the modified metric given in (3.4.5)

We have solved the equations of gauge choices given in (3.4.2) and found the
components of the diffeomorphism vector as,

£ζ g(0)rr = 2g(0)vr ∂rζv = 0;→ ζv = F(v, θ, φ);

£ζ g(0)vr = ∂rζr + ∂vF = 0;→ ζr = −
∫ r

2M
∂vFdr + T(v, θ, φ)

= −(r− 2M)∂vF + T(v, θ, φ).

£ζ g(0)AB = g(0)AB∂rζB + ∂AF = 0;→ ζB = −γAB∂AF
∫ r

2M

dr
r2 + RB(v, θ, φ)

= (
1
r
− 1

2M
)γAB∂AF + RB(v, θ, φ).

(3.B.1)
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Now the symmetry requires that the position of the horizon surface must remains
unaltered after the diffeomorphism. Therefore there will be no radial transfor-
mation which suggests that T(v, θ, φ) = 0. Now background geometry have no
explicit rotation which implies RA(v, θ, φ) = 0. Then the results found in (3.B.1)
reduces to that as given in (3.4.4).

Now with the help of the components of the diffeomorphism vector found in
(3.4.4), one can find Lie variation of the metric components g(0)vv , g(0)vA and g(0)AB as
follows,

£ζ g(0)vv = ζr∂rg(0)vv + 2g(0)vv ∂vζv + 2g(0)vr ∂vζr

= (r− 2M)∂vF(
2M
r2 )− 2(1− 2M

r
)∂vF− 2(r− 2M)∂2

vF. (3.B.2)

£ζ g(0)vA = g(0)vv ∂Aζv + g(0)vr ∂Aζr + g(0)AB∂vζB

= −(1− 2M
r

)∂AF− (r− 2M)∂v∂AF + r2∂v∂AF(
1
r
− 1

2M
). (3.B.3)

£ζ g(0)AB = ζr∂rg(0)AB + ζD∂Dg(0)AB + g(0)DA∂BζD + g(0)DB∂AζD

=
(
− (r− 2M)∂vF

)
(2rγAB) +

(
(

1
r
− 1

2M
)γDE∂EF

)
r2∂DγAB

+r2γAD∂B

(
(

1
r
− 1

2M
)γDE∂EF

)
+ r2γBD∂A

(
(

1
r
− 1

2M
)γDE∂EF

)
.(3.B.4)

Therefore adding the variation of the components as found in (3.B.2), (3.B.3) and
(3.B.4) with the components of the background metric g(0)ab , we will get the the
form of the modified metric as given in (3.4.5).

3.B.2 Construction of the Lagrangian (3.4.8)

Like before as we did in Rindler case, here also the Lagrangian is computed
from the modified metric with the help of the Mathematica packages. We have
calculated determinant

√−g from the modified metric (3.4.5). Where (−g) is
given by the following expression,

(−g) =
r2

4M2

(
− 4(r− 2M)2(cot θ∂φF− ∂θ∂φF)2 + (2rM− (r− 2M)(∂2

θ F)

+2M∂vF)(2rM sin2 θ − 2(r− 2M)(∂2
φF + sin θ cos θ∂θ F + 2M sin θ∂vF))

)
.

(3.B.5)

Then we have calculated the components of the Christoffel symbols Γa
bc and then

Reimannian tensor Ra
bcd as given by (3.A.9) and (3.A.10) respectively. After that
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we got the components of Ricci tensor Rij using the definition (3.A.11) and also
Ricci scalar by (3.A.12). By computing the product of

√−g and R, then taking
near horizon limit we finally get the result in (3.4.8).

3.B.3 Derivation of final Lagrangian in (3.4.10) from the form

given in (3.4.8)

After substituting the solution ansatz for F given in (3.4.9) in the form of the
Lagrangian density given in (3.4.8), we compute the form of the three dimensional
action on the r = constant surface as given by,

S =
∫

d3xLF

=
1
κ2 ∑

lm
∑
l′m′

clm c̄l′m′

∫
dv
∫ π

0
dθ
∫ 2π

0
dφ
[−3mm′

2(2M)2 (csc θ Ym
l Ym′

l′ ) flm fl′m′

− 3
2(2M)2 (sin θ ∂θYm

l ∂θYm′
l′ ) flm fl′m′ + 4(sin θ Ym

l Ym′
l′ )∂v flm∂v fl′m′

+
3
M

(sin θ ∂θYm
l ∂θYm′

l′ ) flm∂v fl′m′ +
3mm′

M
(csc θ Ym

l Ym′
l′ ) flm∂v fl′m′

+
1
M

(cos θ ∂θYm
l Ym′

l′ ) flm∂v fl′m′ + 4(cos θ ∂θYm
l Ym′

l′ ) flm∂2
v fl′m′

−m2

M
(csc θ Ym

l Ym′
l′ ) flm∂v fl′m′ +

1
M

(sin θ ∂2
θYm

l Ym′
l′ ) flm∂v fl′m′

−4m2(csc θ Ym
l Ym′

l′ ) flm∂2
v fl′m′ + 4(sin θ ∂2

θYm
l Ym′

l′ ) flm∂2
v fl′m′

+6mm′(csc θ Ym
l Ym′

l′ )∂v flm∂v fl′m′ − 6(sin θ∂θYm
l ∂θYm′

l′ )∂v flm∂v fl′m′

+8(sin θ Ym
l Ym′

l′ )∂v flm∂2
v fl′m′

]
. (3.B.6)

Now from the above expression the fourth term can be written separately as,

3
Mκ2 ∑

lm
∑
l′m′

clm c̄l′m′

∫
dv
∫ π

0
dθ
∫ 2π

0
dφ(sin θ ∂θYl

m∂θYl′
m′) flm∂v fl′m′

= (
1

Mκ2 +
2

Mκ2 )∑
lm

∑
l′m′

clm c̄l′m′

∫
dv
∫ π

0
dθ
∫ 2π

0
dφ(sin θ ∂θYm

l ∂θYm′
l′ ) flm∂v fl′m′ .

(3.B.7)

Now the first term of (3.B.7) is added with sixth and ninth terms of (3.B.6) and we
get the result as,

3N2

Mκ2 ∑
lm

∑
l′m′

clm c̄l′m′

∫ 2π

φ=0
e[i(m−m′)φ]dφ

∫ π

θ=0
dθ∂θ

(
sin θ ∂θPm

l Pm′
l′

) ∫
dv flm∂v fl′m′ = 0.
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Here we have decomposed Ym
l as, Ym

l (θ, φ) = NPm
l (θ)eimφ and N is the normaliza-

tion constant of the spherical harmonics. So after integrating over the coordinate θ

from the ranges 0 to π, we found out that the result is zero. Now we concentrate
on the fifth term of (3.B.6) which can be expressed as,

3mm′N2

Mκ2 ∑
lm

∑
l′m′

clm c̄l′m′δmm′

∫
dv
∫ π

0
dθ(csc θ Pm

l Pm′
l′ ) flm∂v fl′m′ ;

=
3m2N2

2Mκ2 ∑
lm

∑
l′

clm c̄l′m

∫
dv
∫ π

0
dθ(csc θ Pl

mPl′
m)( flm∂v fl′m + fl′m∂v flm);

=
3mm′N2

2Mκ2 ∑
lm

∑
l′

clm c̄l′m

∫
dv
∫ π

0
dθ(csc θ Pm

l Pm
l′ )∂v( flm fl′m). (3.B.8)

In the first line of (3.B.8) we have integrated over the coordinate φ and the result
implies that m = m′. Here l, m, l′ and m′ all are dummy indices. Hence we
have interchanged between l and l′ indices provided clm = c̄lm. A factor (1/2) is
multiplied to avoid double counting. Hence the result (3.B.8) shows that the fifth
term of (3.B.6) can be expressed as total derivative of v and can be neglected.

Now one can easily show that the eighth term of (3.B.6) and second term of
(3.B.7) can be expressed as total derivative of coordinate v following the same
procedure that we did in (3.B.8). Then we concentrate on the last term of (3.B.6).
Using the orthonormality properties of Ym

l we can perform the integration over
transverse coordinates and obtain,

8 ∑
lm

∑
l′m′

clm c̄l′m′δll′δmm′

∫
dv flm∂v fl′m′ = ∑

lm
clm c̄lm

∫
dv

1
2

∂v((∂v flm)
2);

which is again a total derivative of v and can be neglected.
Therefore the other remaining terms left in the expression (3.B.6) have signifi-

cant contribution in the dynamics of F and with those terms we have formed the
Lagrangian given in (3.4.10).

3.B.4 Why GHY boundary terms have no contribution in

dynamics?

In the expression of GHY term given in (3.4.12) the first term is a constant, while
the terms in the first bracket in that same line are the total derivative in v. After
some algebraic calculation other terms in the second line of (3.4.12) can also be
transformed into total derivative as follows,

2M∂vF∂2
vF = M∂v[(∂vF)2]; 32M3∂2

vF∂3
vF = 16M3∂v[(∂

2
vF)2]

8M2((∂2
vF)2 + ∂vF∂3

vF) = 8M2∂v[∂vF∂2
vF]. (3.B.9)
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Hence all these total derivative terms behave as the boundary term and should
not contribute to the dynamics of F.

3.B.5 Derivation of the equation of motion from the

Lagrangian (3.4.10)

Using the Generalized Euler-Lagrangian equation of motion as given in (3.3.17),
we derive the equation of motion from the Lagrangian (3.4.10) as follows,

3
(2M)2 ∂φ[csc θ∂φF] +

3
(2M)2 ∂θ[sin θ∂θ F]− 4∂v[sin θ∂vF]− 4∂θ[cos θ∂2

vF]

+4∂2
v[cos θ∂θ F] + 4∂2

φ[csc θ∂2
vF] + 4∂2

v[csc θ∂2
φF] + 4∂2

v[sin θ∂2
θ F] + 4∂2

θ[sin θ∂2
vF]

−24∂v∂θ[sin θ∂v∂θ F]− 24∂v∂φ[csc θ∂v∂φF] = 0; (3.B.10)

Where,

∂θ[sin θ∂θ F] = sin θ∂2
θ F + cos θ∂θ F; ∂θ[cos θ∂2

vF] = cos θ∂θ∂2
vF− sin θ∂2

vF;

∂2
θ[sin θ∂2

vF] = − sin θ∂2
vF + 2 cos θ∂θ∂2

vF + sin θ∂2
θ∂2

vF;

∂v∂θ[sin θ∂v∂θ F] = sin θ∂2
v∂2

θ F + cos θ∂2
v∂θ F. (3.B.11)

Hence substituting the result (3.B.11) in (3.B.10) we get the equation of F given in
(3.4.13).

3.B.6 Derivation of (3.3.19) from (3.4.13)

Substituting (3.4.9) in (3.4.13) and dividing the equation (3.4.13) with (sin θ) gives,

−8∂2
v flmYm

l +
3

4M2 flm[cot θ∂θ + ∂2
θ + csc θ∂φ]Ym

l

−4∂2
v flm[cot θ∂θ + ∂2

θ + csc θ∂φ]Ym
l = 0.

−8∂2
v flmYm

l −
3

4M2 flm(J 2Ym
l ) + 4∂2

v flm(J 2Ym
l ) = 0

−8∂2
v flmYm

l −
3

4M2 flm(l(l + 1)Ym
l ) + 4∂2

v flm(l(l + 1)Ym
l ) = 0. (3.B.12)

Where we have, J 2Ym
l = −(cot θ∂θ + ∂2

θ + csc θ∂φ)Ym
l = l(l + 1)Ym

l . Now from
(3.B.12) we get directly the form given in (3.3.19).

3.B.7 Near horizon analysis of Schwarzschild black hole

As mentioned in the main text of this chapter, in this section we will argue that
same dynamical equations and solution for the Goldstone modes can be obtained
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starting from the near horizon metric of the Schwarzschild black hole. The near
horizon form of the Schwarzschild metric can be obtained by Taylor expansion of
all the metric components around (r− 2M) = r̃ = 0. Therefore, the form of the
metric is given by (in Gaussian null coordinates);

ds2 = −2r̃κ dv2 + 2 dvdr̃ + (4M2 + 4r̃M) dΩ2 , (3.B.13)

where the parameter κ = 1/4M is essentially the surface gravity. The diffeomor-
phism vector components takes following form near the near horizon

ζa∂a = F(v, y, z)∂v − r̃∂vF(v, y, z)− r̃∂AF(v, y, z)∂A ; (3.B.14)

F is the only unknown function of coordinates, called as super-translation parame-
ter. To construct the modified metric we follow the same procedure as described
in our main text, and it takes the following form:

g′ab = g(0)ab + hab

= −2r̃k dv2 + 2 dvdr̃ + (4M2 + 4r̃M)γABdxAdxB

+
[
− 2r̃(k∂vF + ∂2

vF)
]
dv2 +

[
− 4r̃(k ∂AF

+ ∂A∂vF)
]
dvdxA +

[
− 4r̃MγAB∂vF

− 2r̃(∂EFγDE∂DγAB + γAD ∂B(∂EFγDE))
]
dxAdxB .

Following the same prescription described in the main text we obtain the action
for the Goldstone mode as,

L =
1

8πG
M
∫

d3x
[
− 2 sin θ + 8 csc θ∂v∂2

φF + LF2

]
(3.B.15)

In the above expression LF2 contains all the second order terms of F which are
exactly same with the terms given in (3.4.8). Now we can easily check that the
action constructed from the near horizon metric will contains three types of terms.
The ones which are independent and linear in F, can be traced back from their
origin which can be transmitted to the fact that the near horizon geometry of the
Schwarzschild black hole is Rindler times a sphere, and it does not satisfy the
background Einstein’s equation. We, therefore, ignore those terms as they can
also be made total derivative. Non-trivial dynamics of the Goldstone modes are
attributed to second order terms in F arising in the action as given in (3.4.8) up to
a total derivative. As a result with a proper prescription, full spacetime geometry
as well as near horizon geometry of the Schwarzschild background are giving rise
to the same Goldstone mode dynamics.

79

TH-2749_166121005



3. NEAR HORIZON SYMMETRIES, EMERGENCE OF GOLDSTONE MODES AND THERMALITY

3.C Derivation of the Generalized Euler-Lagrangian

equation for higher derivative theory

In this Appendix we have briefly reviewed the generalization of the Euler-Lagrangian
equations for higher derivative theories[214–216]. At first we consider a classi-
cal system describing by scalar field φ in D dimensional spacetime. Further we
assume that the Lagrangian density L depends on field φ and its N-th order
spacetime derivatives. So we can write L as,

L = L(φ, ∂µφ, ∂µ1∂µ2φ, . . . ∂µ1∂µ2 . . . ∂µN φ). (3.C.1)

And action is given by,

S =
∫
V

dDxL. (3.C.2)

Now to determine the dynamics of the system, the variation of action must be
zero under the arbitrary variation of φ and its all order derivatives which also
vanish on the boundary ∂V enclosing a closed volume V . This is expressed in the
following way,

δS =
∫
V

dDx
N

∑
n=0

L
∂(∂µ(n)φ)

δ(∂µ(n)φ) = 0. (3.C.3)

where we have used the notation that,

∂µ(n)φ = ∂µ1∂µ2 . . . µnφ; ∂µ(0)φ ≡ φ. (3.C.4)

Now variation of φ and its n-th order derivatives must vanish on the boundary
δV . This imples,

δ(∂µ(n)φ)δV = 0; n = 0, . . . , N − 1. (3.C.5)

Now the right hand side of (3.C.3) can be written elaborately as,
N

∑
n=0

L
∂(∂µ(n)φ)

δ(∂µ(n)φ) =
∂L
∂φ

+
∂L

∂(∂µ1φ)
δ(∂µ1φ) +

∂L
∂(∂µ1∂µ2φ)

δ(∂µ1∂µ2φ) + . . .

+
∂L

∂(∂µ1∂µ2 . . . ∂µN φ)
δ(∂µ1∂µ2 . . . ∂µN φ). (3.C.6)

Now each term of (3.C.6) can be written using Leibniz product derivative rule
as follows,

∂L
∂(∂µ1φ)

δ(∂µ1φ) = ∂µ1(
∂L

∂(∂µ1φ)
δφ)− ∂µ1(

∂L
∂(∂µ1φ)

)δφ.

∂L
∂(∂µ1∂µ2φ)

δ(∂µ1∂µ2φ) = ∂µ1(
∂L

∂(∂µ1∂µ2φ)
δ(∂µ2φ))− ∂µ1(

∂L
∂(∂µ1∂µ2φ)

)δ(∂µ2φ).

(3.C.7)
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It is known from (3.C.5) that δφ = 0 and δ(∂µ2φ) = 0 on the closed boundary δV .
Then we have from (3.C.7),

∂L
∂(∂µ1φ)

δ(∂µ1φ) = −∂µ1(
∂L

∂(∂µ1φ)
)δφ

∂L
∂(∂µ1∂µ2φ)

δ(∂µ1∂µ2φ) = −∂µ1(
∂L

∂(∂µ1∂µ2φ)
)δ(∂µ2φ) = −∂µ2

(
∂µ1

∂L
∂(∂µ1∂µ2φ)

δφ
)

+∂µ2

(
∂µ1

∂L
∂(∂µ1∂µ2φ)

)
δφ = ∂µ2∂µ1

∂L
∂(∂µ1∂µ2φ)

δφ. (3.C.8)

here also δφ = 0 by the boundary condition (3.C.5). In the similar way after
neglecting boundary term, we get from the last term of (3.C.6) that,

∂L
∂(∂µ1∂µ2 . . . ∂µN φ)

δ(∂µ1∂µ2 . . . ∂µN φ)

= (−1)n∂µ1∂µ2 . . . ∂µN

( ∂L
∂(∂µ1∂µ2 . . . ∂µN φ)

)
δφ. (3.C.9)

Hence using the results found in (3.C.8) and (3.C.9), one can write from (3.C.3)
that, ∫

V
dDx

n

∑
n=0

(−1)N[∂µ(n)

L
∂(∂µ(n)φ)

]δφ = 0. (3.C.10)

Since the variation in the field δφ is arbitrary, this leads immediately to the gener-
alized Euler-Lagrange field equation as given by,

N

∑
n=0

(−1)n∂µ(n)

L
∂(∂µ(n)φ)

= 0. (3.C.11)

In particular, upto second order derivative of the fields, i.e. for N = 2, the equation
(3.C.11) boils down to the form given in (3.3.17).

3.D Surface Hamiltonian and heat content

In the main text we have constructed the GHY boundary term in the action
formulation which did not contribute in the dynamics of the Goldstone mode.
However an important analysis is left to be discussed there. It is well known
that the boundary term of the Einstein-Hilbert action in gravitational theroy
leads to surface Hamiltonian which is directly related to the heat content of the
Horizon (detail discussion is given in [217] [218]). The expression of the surface
Hamiltonian comes out to be the product of temperature and entropy of the
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horizon. Keeping this in mind we can write surface Hamiltonian corresponding
to the GHY boundary term (3.3.16):

Hsur = −
∂S2

∂v
. (3.D.1)

Hence to show the aforementioned connection with the heat content in the present
analysis, we have to calculate the form of the Hamiltonian for the mode solution of
F given in (3.3.21). Substituting this form of the solution in the expression (3.3.16)
and integrating the boundary term , the Hamiltonian (3.D.1) comes out:

Hsur =
Ā

8πG

[
α + f3(α)e( f2(α)v)

]
, (3.D.2)

Ā denotes the transverse area of the Rindler horizon. In the evaluation of the
Hamiltonian Hsur, we found out that all the first and higher derivative terms
of F will generate some complicated expressions (functions of α ) which are
exponentials in v. However the explicit forms of these terms are not needed in
our present discussion as all these terms are exponentially suppressed towards
the horizon in the limit v → −∞. Therefore to show the nature of those terms
in the Hamiltonian, we have kept the form f3(α, x2)e f2(α,x2)v in (3.D.2), where the
functional form of f3(α, x2) and f2(α, x2) are not explicitly given but they are finite
near the horizon. Hence the second term in (3.D.2) vanishes near the boundary.
Hence the result comes out as:

Hsur =
1

8πG
Āα, (3.D.3)

Now the Horizon entropy and temperature are given by S = Ā/4G and T = α/2π

are respectively. Hence with the help of these two expressions, we can write the
surface Hamiltonian (3.D.3) as,

Hsur = TS. (3.D.4)

The result clearly indicates that irrespective of Goldstone modes Fm,n, the GHY
boundary term in the action is related to the heat content of the horizon. Similar
conclusion can be drawn for Schwarzschild black hole horizon also.

3.E The derivation of (PT) an (PR)

In this appendix we have presented a brief review about the quantum mechanics
in inverted harmonic potential to derive the probability of transmission (PT) and
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the reflection (PR) following [203, 204, 211]. At first we consider Hamiltonian for
the wave function Φ(x) associated with the particle as,

H̄ = − h̄2

2µ
∂2

x −
ω̄

2
x2. (3.E.1)

with Schrödinger equation,

H̄Φ(x) = EΦ(x);→ Φ′′ + (
µω̄x2

h̄2 +
2µE
h̄2 )Φ. (3.E.2)

Now the Schrödinger equation can be expressed as ,

∂2
αΦ + (

1
4

α2 − a)Φ = 0; (3.E.3)

where we have defined,

α = (
4µω̄

h̄2 )(1/4)x; a = −
√

µ

ω̄

E
h̄

(3.E.4)

The two linearly independent solutions of (3.E.3) are given by parabolic cyllinder
functions Z(a, α) and its complex conjugate Z∗(a, α) [219]. For α �

√
|a|, the

function Z(a, α) behaves asymptotically as,

Z(a, α) = Z̄eiχ; χ ≈ 1
4

α2 − a log α + . . . .

Z̄ ≈
√

2
α2 (1 +O(α

−2)) (3.E.5)

Now to find probabilities we quote a standard result given in 19.18.3 of [219]. So
energy eigenfunction corresponding to the particle incident from left is expressed
as, √

1 + e2πaZ(a, α) = eπaZ∗(a, α) + iZ∗(a,−α);

→ Z(a, α) = i
√

1 + e2πaZ∗(a,−α)− ieπaZ(a, α). (3.E.6)

At large positive or negative value of α, the asymptotic expressions are,

Z(a, α→ ∞) ≈
√

2
|α| exp

[
i(

α2

4
+ . . . )

]
. (3.E.7)

Z(a, α→ −∞) ≈ i
√

1 + e2πa

√
2
|α| exp

[
−i(

α2

4
+ . . . )

]

−eπa

√
2
|α| exp

[
i(

α2

4
+ . . . )

]
.

(3.E.8)
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Now the physically relevent propagation direction should be determined by the
probability flux satisfying continuity equation, as given by,

j = −i(Φ∗Φ′ −Φ∗
′
Φ). (3.E.9)

It can be easily checked that the flux due to (3.E.7) and due to the first part of
(3.E.8) are positive. Therefore these two terms represent transmitted and incident
waves respectively, whereas the second one in (3.E.8) have negative flux. Hence
this part corresponds to the reflected wave.

Now the reflectance and transmittance are defined as the ratio of the intensity
of the reflected wave to the incident wave and that of the transmitted wave to the
incident wave respectively. So we normalize the coefficient of incident wave to 1
to calculate the probabilies and obtain,

Z∗(a,−α) =
1√

1 + e−2πa
Z(a,−α)− i

1√
1 + e2πa

Z(a, α);

=
1√

1 + e
2π
h̄

√
µ
ω̄ E
Z(a,−α)− i

1√
1 + e−

2π
h̄

√
µ
ω̄ E
Z(a, α). (3.E.10)

Then from the coefficients of the reflected wave Z(a,−α) and that of the transmit-
ted wave Z(a, α), one can easily get the intensities which generate (PT) and (PR)

as given in (3.3.25).
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BMS Goldstone modes near the horizon of a
Kerr black hole are thermal 4

4.1 Introduction

Recently, it has been argued that the near horizon symmetries are spontaneously
broken by the background spacetime (see [164, 165, 171, 184, 196]). Therefore,
there exists associated Goldston modes that are conjectured to be connected with
the soft hair of the black hole spacetime. Furthermore, interesting one-to-one
correspondence between the black hole microstates and the aforementioned soft
hairs has been conjectured in (see [89, 100, 164, 165, 171, 184, 194, 196] and other
references therein). Following these lines of arguments, in the previous chapter,
we proposed a Lagrangian dynamics of those Goldston modes emerging due to
spontaneous breaking of the aforementioned near horizon BMS symmetries by
the vacuum Schwarzschild black hole. The dynamics of the Goldstone modes
have been shown to behave like inverse harmonic oscillators. Quantization of
those inverse harmonic oscillators was found to have an interesting connection
with the thermal properties of the black hole. Following conjecture proposed in
[203, 204] and also in [205–209, 211, 212], we were able to define a thermodynamic
temperature which turned out to be proportional to the Hawking temperature
of the Schwarzschild black hole (see also [212, 220–224] for connecting inverse
harmonic oscillator with thermalization). The whole idea has been successfully
extended to black hole solution in three-dimensional massive gravity [225].

In the present chapter, we generalize our previous construction for the Kerr

85

TH-2749_166121005



4. BMS GOLDSTONE MODES NEAR THE HORIZON OF A KERR BLACK HOLE ARE THERMAL

black hole. Our current study not only sheds light on the effect of the black hole
spin but also can be thought of as a first non-trivial check of our earlier proposal
[167] of physics of Goldstone modes in the gravitational sector.

4.2 Objective of the chapter

In this analysis, we will observe that the dynamics of Goldstone modes are as-
sociated with the supertranslation parameter, which is being governed by an
inverse harmonic oscillator equation with spin-dependent inverted potential. This
inverted harmonic oscillator dynamics will be further conjectured to lead to the
semi-classical temperature, which turned out to be proportional to the Hawking
temperature of the rotating black hole. We will perform our present analysis for
two different cases. One is for a slowly rotating black hole with the arbitrary
observer. There we will have a perturbative analysis of the static Schwarzschild
background. For the second case, we will compute the temperature for a special
class of observers, namely, the Zero Angular Momentum Observers (ZAMO) for an
arbitrary spin parameter. Our present analysis will reconfirm the fact that the BMS-
like symmetries may play an important role in understanding the microscopic
origin of black hole thermodynamics.

4.3 Near horizon symmetries and modified metric

In order to investigate the BMS-like symmetry near the horizon, the suitable form
of the metric is usually converted in Gaussian null coordinates (GNC) near the
horizon. However, the derivation of the Kerr metric in GNC has been explicitly
presented in [179] and also near horizon symmetry vector has been derived in
details in the literatures (see [91, 172] and other references therein). Neverthe-
less, below we present a brief description of the derivations as those results are
important and also useful for the subsequent part of the present analysis.

4.3.1 Construction of the metric in GNC

In Eddington-Finkelstein coordinate Kerr metric is written as [179],

ds2 = −(1− ∆− χ

Σ
)dv2 + 2dvdr− 2a(χ− ∆) sin2 θ

Σ
dvdφ− 2a sin2 θdrdφ

+Σdθ2 +
sin2 θ[χ2 − a2 sin2 θ∆]

Σ
dφ2 , (4.3.1)
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4.3. Near horizon symmetries and modified metric

where ∆ = r2 + a2 − 2Mr; χ = r2 + a2; Σ = r2 + a2 cos2 θ. It is well known
that within ergosphere of the Kerr black hole observers cannot be static, rather
they must feel frame-dragging effect and corotate with the black hole because of
the presence of gvφ term in the metric. So in order to have reasonable physical
picture of the near horizon geometry in stationary rotating background, one has
to introduce a coordinate transformation to the dragging frame as given by,

v→ v, r → r, θ → θ, φ→ φ + (a/χH)v. (4.3.2)

By this transformation gvφ vanishes on the horizon of the Kerr metric. In this
coordinate system, null vector ∂

∂v will be orthogonal to the surfaces of v =constant.
The transformed metric becomes,

ds2 = −(
Σ2

H∆− a2 sin2 θ(r− rH)
2

Σχ2
H

)dv2 + 2
ΣH

χH
dvdr

+2a sin2 θ
∆ΣH + χ(r2 − r2

H)

Σ(r2
H + a2)

dvdφ− 2a sin2 θdrdφ

+Σdθ2 +
sin2 θ[χ2 − a2 sin2 θ∆]

Σ
dφ2 . (4.3.3)

Now we will follow the standard procedure (presented in [179]) to construct
near horizon metric in Gaussian null coordinate system. For this reason we have
to define the suitable pair of null normals on the horizon as,

la = (1, 0, 0, 0); na = (
a2 sin2 θ

2ΣH
,

χH

ΣH
, 0,

a
χH

). (4.3.4)

These normals are defined such that at the horizon nana = 0; lala = 0; and lana = 1
(proof is shown in Appendix 4.A.1).

Next, we consider a set of incoming null geodesics which crosses the horizon
having tangent vector na. So the geodesics can be parametrized with affine param-
eter ρ (ρ ≈ r− rH) such that the horizon surface is identified as ρ = 0, but increases
towards the inside. Therefore the null geodesics curve Xa(ρ) with Xa = (v, r, θ, φ),
can be expanded up to second order of ρ as follows:

Xa(ρ) ≈ Xa
ρ=0 + ρ

dXa

dρ
ρ=0 +

ρ2

2
d2Xa

dρ2 ρ=0 + . . . . (4.3.5)

In the right hand expression the components of first term is identified as Xa
ρ=0 =

(v, rH, θ, φ). The second one can be expressed as the tangent vector to the curve,
dXa

dρ ρ=0 = na
ρ=0. The third term can be written with the help of null geodesics
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equation at the horizon as,

d2Xa

dρ2 ρ=0 = −Γa
bcnbnc

ρ=0. (4.3.6)

Using all these results in Eq. (4.3.5) and keeping upto first order in ρ, we can define
a transformation of coordinates from (v, ρ, θ, φ) to (v′, r, θ′, φ′) in the following
way,

v′ = v + ρ(
a2 sin2 θ

2ΣH
); r = rH + ρ(

χH

ΣH
) ; (4.3.7)

θ′ = θ; φ′ = φ + ρ(
a

χH
) .

So by having a tensor transformation rule of the components, we can obtain the
metric in Gaussian null coordinate system (v, ρ, θ, φ) as follows,

ds2 = −2ρκdv2 + 2dvdρ + 2ρβAdvdxA + (µAB + ρλAB)dxAdxB . (4.3.8)

Here the horizon is located at ρ = 0. The expressions of the metric coefficients and
detail derivation of these components are given in Appendix 4.A.2.

4.3.2 Diffeomorphism symmetries near the horizon

To obtain the asymptotic symmetries near the horizon, the appropriate fall-off
conditions for the metric coefficients are assumed to be

£ζ gρρ = 0, £ζ gvρ = 0, £ζ gAρ = 0 ; (4.3.9)

£ζ gvv ≈ O(ρ); £ζ gvA ≈ O(ρ); £ζ gAB ≈ O(ρ) , (4.3.10)

such that the transformed metric assume the same form near the horizon ρ = 0.
Here, £ζ corresponds to the Lie variation associated with the diffeomorphism
xa → xa + ζa and is given by

£ζ gab = ∇aζb +∇bζa (4.3.11)

Following the gauge choices given in Eq.(4.3.9), the associated diffeomorphism
vectors can be expressed in the following form,

ζv = F(v, xA) ;

ζρ = T(v, xA)− ρ∂vF− ∂BF
∫

ρβBdρ ;

ζ A = −∂BF
∫

µABdρ + RA(v, xB) . (4.3.12)
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Now we impose the weak fall off conditions given in (4.3.10), on the afore-
mentioned solutions (4.3.12). From there the following constraints relations have
appeared among the diffeomorphism parameters T and RA,

∂vT + κT = 0 ; (4.3.13)

∂AT − T(v, xA)βA + µAB∂vRB = 0 ; (4.3.14)

RD∂DµAB + µAD∂BRD + µBD∂ARD = 0 . (4.3.15)

The equation (4.3.15) boils down to the three component equations as,

Rθ∂θµθθ + 2µθθ∂θRθ = 0;

µθθ∂φRθ + µφφ∂θRφ = 0;

Rθ∂θµφφ + 2µφφ∂φRφ = 0 . (4.3.16)

Now, we solve the above equations with the condition that the position of
the null surface at ρ = 0 remains unaltered, which leads to T(v, xA) = 0 from
Eq.(4.3.12). Then (4.3.14) yields that RA is independent of v. Furthermore, the lead-
ing order term in βA is independent of ρ, and the last term in ζρ yields sub-leading
O(ρ2) contribution. With this, the diffeomorphism vector ζa corresponding to
above conditions assumes the following form [91, 172]

ζa∂a = F(v, xA)∂v − ρ∂vF(v, xA)∂ρ +
(
− ρ∂AF(v, xA) + RA(xA)

)
∂A .

(4.3.17)

Near the horizon ρ = 0 surface we have two diffeomorphism parameters F
and RA associated with supertranslation and superrotation symmetry parameters
respectively [91, 166, 172].

4.3.3 The corrected metric

Under the asymptotic symmetry transformation discussed above, the corrected
metric is expressed as gab = g(0)ab + hab, where g(0)ab is given by Eq.(4.3.8) and the
components of hab are derived by the Lie derivative of the metric as given by
(4.3.11); i.e. hab = £ζ gab. So these corrected components are expressed up to linear
order by the symmetry transformations as follows, (detail construction can be
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found in Appendix 4.B),

habdxadxb = −[2ρ(κ∂vF + ∂2
vF)]dv2 + 2ρ[RB∂BβA − 2κ∂AF

− ∂A∂vF + βB∂ARB − µAB∂v∂DFµBD]dvdxA

+ ρ
[
− λAB∂vF− ∂EFµDE∂DµAB + βA∂BF + βB∂AF− µAD∂B(∂EFµDE)

− µBD∂A(∂EFµDE) + RD∂DλAB + λAD∂BRD + λBD∂ARD
]
dxAdxB .(4.3.18)

The corrected metric can be understood as the change of physical parameters of
the background black hole with the following transformation,

κ → κ + κ∂vF + ∂2
vF;

βA → βA + RB∂BβA − 2κ∂AF− ∂A∂vF + βB∂ARB − µAB∂v∂DFµBD;

λAB → λAB +
(
− λAB∂vF− ∂EFµDE∂DµAB + βA∂BF + βB∂AF

−µAD∂B(∂EFµDE)− µBD∂A(∂EFµDE) + RD∂DλAB + λAD∂BRD + λBD∂ARD
)

.

(4.3.19)

Analogous to the analysis presented in chapter 3, In this chapter, we have
studied symmetry breaking phenomena near the horizon of Kerr spacetime. Hence
we can say that the Goldstone Boson should appear due to the spontaneous
breaking of the BMS-like boundary global symmetry. At first, we have identified
those specific sets of diffeomorphism under which the asymptotic structure of the
near horizon Kerr metric remains intact. Nevertheless, the black hole solution
is transformed in this process, and mass M and angular momentum a of the
Kerr black hole get shifted to M′ and a′ respectively, keeping the near horizon
boundary conditions invariant. However, because of the arbitrariness of the
symmetry parameters F and RA, one may construct various solutions of the
Einstein equations depending on the values of these parameters. Nevertheless,
the background Kerr is only one choice among all these solutions. Thus one can
say that the Background solution breaks the symmetry of taking into account
all arbitrary values of the parameters. This phenomenon can be compared with
the spontaneous symmetry breaking of the global U(1) symmetry. Here the
corresponding parameters F and RA are taken as the Goldstone boson modes.

Furthermore, as discuded in the last chapter, in the Hamiltonian formulation
we know κ is associated with the Lagrangian multipliers of the theory, which
are usually kept fixed everywhere in the spacetime [171, 196]. Then appropriate
boundary terms has to be added with action such that on-shell variation vanishes.
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4.4. Lagrangian and the equation of motion

With this condition on κ, the Eq.(4.3.19) is solved for F, which becomes non-
dynamical. However, if we impose more general condition on δκ being non-
vanishing everywhere in the bulk except at the horizon boundary (denoted by
r = rH or v → −∞), satisfying (3.3.8), then the super-translation parameter F
becomes dynamical in nature. Therefore keeping this in mind, we first construct
an appropriate Lagrangian of F and pick those solutions of F which will naturally
satisfy Eq. (3.3.8).

It may be pointed out that RA does not depend upon timelike coordinate v,
and F depends on v. Consequently, F will be the physical dynamical Goldstone
mode for Kerr background. The rotational parameter will be non-dynamical in
nature, and that must be consistent with the three constraint conditions expressed
in Eq.(4.3.16).

Therefore, consistent with the constraints as discussed above, the simplest
possible choice for RA is

Rθ = 0; Rφ = C = constant . (4.3.20)

We will later see that such a choice makes δβA vanish automatically at the horizon.
This is reminiscent of the condition δκ = 0 at the horizon boundary. The constraint
relations in (4.3.16) impose over restriction on parameters Rθ and Rφ. The above
solution Eq.(4.3.20) is the simplest one that will satisfy all the conditions. There
may exist other solutions. However, for our present purpose, we restrict to this
specific choice.

4.4 Lagrangian and the equation of motion

In this section, our aim is to construct dynamical equations of the two Goldstone
modes with the aforementioned constraint conditions on the black hole parame-
ters. Following the methodology formulated in chapter 3, appropriate dynamical
Lagrangian is conjectured to have two terms. The important term is the Einstein-
Hilbert Lagrangian corresponding to the corrected metric gab near the black hole
horizon ρ = 0,

LF ,RA =
√
−g′R′ . (4.4.1)

g′ and R′ are the determinant and Ricci scalar of the corrected metric gab. Here
the modified metric gab has been constructed by taking into account a subset of
diffeomorphism, which preserves the near horizon boundary conditions. It is well
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known that due to this diffeomorphism, the Einstein-Hilbert Lagrangian must
be invariant up to total derivative terms, which also become boundary terms on
the closed boundary enclosing a bulk region of the manifold. However, in this
analysis, we have focussed near the horizon (r = 0), which is a part of this closed
boundary. Therefore this total derivative term will have a finite contribution on
this part of the boundary. The form of the Lagrangian presented in the main text
comes from this non-zero contribution. ( more detail can be found in the chapter 3,
Section 3.3.1 after the Eq. (3.3.9)).

Now to calculate the above Lagrangian, we follow the procedure usually
adopted in the context of the stretched horizon (detail discussion can be found in
section 4 of [62]). We first calculate (4.4.1) on the radial coordinate ρ = ε very near
the horizon, then ε → 0 limit will be taken to get the required expression of the
Goldstone boson Lagrangian.

Now we can expand the above Lagrangian in Taylor series with respect to
the background metric g(0)ab (4.3.8), assuming hab as the small fluctuation. The
expansion of the Lagrangian is given by,

LF ,RA = LF ,RA(g(0)ab ) + hab

(δLF ,RA

δgab

)(0)
+ habhcd

(δ2LF ,RA

δgabδgcd

)(0)
+ . . . .

(4.4.2)

As has been explained in the previous chapter, the free Lagrangian for the Gold-
stone mode will be the third term which is quadratic in the parameters. For the
present purpose, we will restrict ourselves only up to second order in Goldstone
modes. Using the constraints on the superrotation parameter as given in (4.3.20),
the Lagrangian for the super-translation modes becomes,

L(F,Rθ=0,,Rφ=C) = c1(θ)(∂vF)2 + c2(θ)(∂θ F)2 + c3(θ)(∂φF)2

+ c4(θ)(∂v∂θ F)2 + c5(θ)(∂v∂φF)2 + c6(θ)∂θ F∂2
vF

+ c7(θ)∂φF∂2
vF + c8(θ)∂

2
θ F∂2

vF + c9(θ)∂
2
φF∂2

vF. (4.4.3)

See Appendix 4.C for a detail derivation of the Lagrangian (4.4.3). The explicit
forms of cis are,

c1 =
B(θ)

2Σ2
HχH sin θ

; c2 = −6α2
2

sin θ

χHΣH
; c3 = −6

α2
2ΣH(csc θ)

χ3
H

;

c4 = −6χH
(sin θ)

ΣH
; c5 = −6ΣH

(csc θ)

χ2
H

; c6 = 4χH
(cos θ)

ΣH
;

c8 = 4χH
(sin θ)

ΣH
; c9 = 4ΣH

(csc θ)

χH
. (4.4.4)
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where,

B(θ) = α2 sin2 θ
(

a4(M + 7rH) + 4a2Mr2
H ++12a2r3

H + 8r5
H + 4a2α2r2

H cos 2θ

+a4α2 cos 4θ + 8rHχH(r2
H + a2 cos 2θ)

)
;

(4.4.5)

α1 = (M + rH); α2 = (rH −M); α3 = (a2 + MrH).

As has already been described in detail in the previous chapter, the Lagrangian
is so constructed that the action from the modified metric gab will describe the
Goldstone mode dynamics near the rotating black hole horizon. Another part of
the proposed Lagrangian is the Gibbons-Hawking-York (GHY) boundary term
which is required to have consistent variational principle and is given by,

S2 = − 1
8πG

∫
d3x
√

hK . (4.4.6)

In the above expression the quantity K is given by K = −∇aMa, which is the
trace of the extrinsic curvature of the boundary surface (at ρ → 0). Here Ma is
considered as the unit normal to the ρ = constant hyper-surface. For the corrected
metric (4.3.18), the lower components of Ma are given by,

Ma = (0, 1/
√

2r(κ + κ∂vF + ∂2
vF), 0, 0). (4.4.7)

Hence for the GHY term (4.4.6) we can write action in the following form by taking
near horizon limit (ρ→ 0),

S2 = − χH

8πG

∫
d3x sin θ

[
κ +

(
κ∂vF +

1
2

∂2
vF +

1
2κ

∂3
vF
)

+
1

2κ2

(
κ2∂vF∂2

vF + κ(∂2
vF)2 + κ∂vF∂3

vF + ∂2
vF∂3

vF
)]

.

(4.4.8)

In Appendix 4.D we showed that (4.4.8) gives a total derivative term in v and
therefore does not contribute to the dynamics.

Once we have the appropriate Lagrangian expressed in Eq.(4.4.3), the equation
of motion for F yields as follows (detail is given in Appendix 4.F),

12α2
2ΣH

(
ΣHχ2

H∂2
θ F + (r2

H + 2a2 − a2 cos2 θ)χ2
H(cot θ)∂θ F +

Σ3
H

sin2 θ
∂2

φF
)

−χ2
H

(
16Σ2

Hχ2
H∂2

v∂2
θ F + 16(r2

H + 2a2 − a2 cos2 θ)ΣHχ2
H(cot θ)∂2

v∂θ F

+
16Σ4

H

sin2 θ
∂2

v∂2
φF− α∂2

vF
)
= 0 . (4.4.9)
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Here α is given by

α = −8r3
H

(
a2α1α3 − 4Mr3

Hα2

)
+ 8a2

(
8a2χH(7r2

H + 3a2) + r3
Hα1α3

+2a2r2
Hα2

2

)
cos2 θ + 8a4

(
− 3χ2

H + 4MrHα3 + α2
2(a2 − 2r2

H)
)

cos4 θ

−8a6α2
2 cos6 θ. (4.4.10)

α1 = (M + rH); α2 = (rH −M); α3 = (a2 + MrH).

For the general value of background angular momentum parameter a, it turned
out to be very difficult to solve for the mode function flm. Hence, we will solve
the above problem for the slowly rotating black holes. Later we will discuss the
same for Zero Angular Momentum Observers (ZAMO).

4.4.1 Slowly rotating Kerr spacetime

We consider slowly rotating background where rotation parameter a is such that
a � M. Considering a/M = x, we can expand (4.4.9) upto O(x2) as follows
(detail can be found in Appendix 4.G and also in Appendix 4.H.1) :[

64x2 sin2 θ∂2
θ∂2

vF +
(

12 cos2 θ + 84
)

x2∂2
vF + 128x2∂2∂2

φF

−64(2− 3x2)
(

∂2
θ∂2

vF + cot θ∂θ∂2
vF +

1
sin2 θ

∂2
φ∂2

vF
)]

− 1
M2

[
3x2 sin2 θ∂2

θ F + 6x2∂2
φF− 6(1− 2x2)

(
∂2

θ F + cot θ∂θ F +
1

sin2 θ
∂2

φF
)]

= 0

(4.4.11)

In the original stationery axially symmetric background, the angular part of
the field must satisfy the equation for spheroidal harmonics [219, 226]. However,
in the present analysis, because of the fluctuation around the background, the
equation of F does not satisfy the equation of the spheroidal harmonic. But still,
we have considered the angular part of the solution ansatz in the form of spherical
harmonics. The validity of this choice is clear in this section, as we have focussed
on slowly rotating spacetime. Here we will try to find the dynamics of F by the
perturbative analysis where the zeroth-order solution is the result found on a
spherically symmetric Schwarzschild background. Therefore in a slowly rotating
background, the final solution of F has been found as the first-order correction
to that zeroth-order solution. So we assume that the separability assumption in
terms of spherical harmonics should work in the present analysis. We, therefore,
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expand field F in terms of the generic spherical harmonic basic,

F(v, θ, φ) = ∑
l,m

flm(v)Ylm(θ, φ). (4.4.12)

Putting solution ansatz (4.4.12) in the equation (4.4.11), we get,

4(∂2
v flm)

[
16x2 sin2 θ(∂2

θYlm) +
(

32l(l + 1)− 16− x2(48l(l + 1)− 3 cos2 θ

+32m2)
)

Ylm

]
− 3

M2 flm(v)
[

x2 sin2 θ(∂2
θYlm) + 2

(
l(l + 1)− x2(2l(l + 1) + m2)

)
Ylm

]
= 0.

(4.4.13)

The mode l = 0 and m = 0, satisfies,

∂2
v f00 = 0, (4.4.14)

whose solution is

f00 = b1(xA) + b2(xA)v. (4.4.15)

The boundary condition δκ = 0 at v → −∞ implies b2 = 0. Therefore, the final
solution will be

f00(v) = b1. (4.4.16)

Now to get the equation of motion for generic mode flm, we use the relation
between trigonometric functions and spherical harmonics and also we have to use
the results which is found from the second order derivative of Ylm with respect to
θ, as given in Appendix 4.H.2. Hence by substituting (4.H.3) and (4.H.4) in (4.4.13)
and considering constant and x dependent parts of the equation (4.4.13) separately,
the equation can be expressed as,
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∑
lm

[
32(l(l + 1)− 1)∂2

v flm −
3

M2 l(l + 1) flm

]
Ylm

+x2
[
∂2

v flm

(
− 96l(l + 1)Ylm + 8π(

1
2
√

π
Y00 +

1√
5π

Y20)Ylm

+
128π

3

(
m2(

1
2
√

π
Y00 +

1√
5π

Y20)−m
)

Ylm

+64

√
2π

15

√
(l −m)(l + m + 1)(2m + 1)×Y2−1Yl m+1

+128

√
2π

15

√
(l −m)(l −m− 1)(l + m + 2)(l + m + 1)Y2−2Yl m+2

−2(32m2 − 37)Ylm

)
− 1

M2 flm

(
− 6l(l + 1)Ylm

+2π
(

m2(
1

2
√

π
Y00 +

1√
5π

Y20)−m
)

Ylm

+3

√
2π

15

√
(l −m)(l + m + 1)(2m + 1)Y2−1Yl m+1 + 6

√
2π

15

×
√
(l −m)(l −m− 1)(l + m + 2)(l + m + 1)Y2−2Yl m+2 − 3m2Ylm

)]
= 0.

(4.4.17)

Now we use (4.H.5) to calculate Y20Ylm, Y2−1Yl m+1 and Y2−2Yl m+2 as follows,

Y20Ylm =
l3

∑
m3=−l3

|2+l|

∑
l3=|2−l|

Λ20
lml3m3

Yl3m3 ;

Y2−1Ylm+1 =
l3

∑
m3=−l3

|2+l|

∑
l3=|2−l|

Λ2−1
lm+1l3m3

Yl3m3 ;

Y2−2Ylm+2 =
l3

∑
m3=−l3

|2+l|

∑
l3=|2−l|

Λ2−2
lm+2l3m3

Yl3m3 . (4.4.18)

Then using the above relations we express the equation (4.4.17) in the combined
spherical harmonic basis as follows,

∑
lm

[
(l(l + 1)− 1)∂2

v flm −
3

32M2 l(l + 1) flm

]
Ylm

+∑
lm

x2
[

β1(l, m)∂2
v flm + β2(l, m) flm +

l3

∑
m3=−l3

|l+2|

∑
l3=|l−2|

(
βlml3m3(l, m)∂2

v flm

+β̄lml3m3(l, m) flm

)]
Yl3m3 = 0. (4.4.19)

where we have defined following quantities,
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β1(l, m) =
(−72l(l + 1) + 57− 40m2 − 24m

24

)
;

β2(l, m) =
(12l(l + 1) + 5m2 + 3m

64M2

)
;

βlml3m3(l, m) = 2
√

π[Λ20
lml3m3

(
2m2 + 24

3
√

5
) + (2m + 1)

(
Λ2−1

l(m+1)l3m3

×(
√

2(l −m)(l + m + 1)
15

)

+2Λ2−2
l(m+2)l3m3

√
2(l2 − (m + 1)2)(l(l + 2)−m(m + 2))

15

)
];

β̄lml3m3(l, m) = 2
√

π[Λ20
lml3m3

m2

32
√

5M2
+ Λ2−1

l(m+1)l3m3

×3(2m + 1)
√

2(l −m)(l + m + 1)
64M2

√
15

+Λ2−2
l(m+2)l3m3

3(2m + 1)
√

2(l2 − (m + 1)2)(l(l + 2)−m(m + 2))
32M2

√
15

].

(4.4.20)

Now in the second line of (4.4.19), at first we replace dummy indices such that
l → l′ and m→ m′ in the third and fourth terms, after that we again replace l3 → l
and m3 → m . Thus finally from (4.4.19) we get,(

∑
lm

[
(l(l + 1)− 1)∂2

v flm −
3

32M2 l(l + 1) flm

]
+∑

lm
x2
[

β1(l, m)∂2
v flm + β2(l, m) flm

]
+ x2

[
∑
l′m′

l

∑
m=−l

|l′+2|

∑
l=|l′−2|

(
βl′m′lm(l′, m′)∂2

v fl′m′

+β̄l′m′lm(l′, m′) fl′m′
)])

Ylm = 0. (4.4.21)

Now using the selection rule, one can write,

l′

∑
m′=−l′

∞

∑
l′=0

l

∑
m=−l

|l′+2|

∑
l=|l′−2|

≡
l′

∑
m′=−l′

|l+2|

∑
l′=|l−2|

l

∑
m=−l

∞

∑
l=0

. (4.4.22)

Also ,

∑
lm

=
∞

∑
l=0

l

∑
m=−l

.
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Now using (4.4.22), the equation (4.4.21) boils down to

∑
lm

(
(2l(l + 1)− 1)∂2

v flm −
3l(l + 1)

32M2 flm + x2
[
(β1∂2

v flm + β2 flm)

+
l′

∑
m′=−l′

|l+2|

∑
l′=|l−2|

(βl′m′lm∂2
v fl′m′ + β̄l′m′lm fl′m′)

])
Ylm = 0. (4.4.23)

Since Ylm are linearly independent, we now have generic coupled mode equation,

(2l(l + 1)− 1)∂2
v flm −

3l(l + 1)
32M2 flm + x2

[
(β1∂2

v flm + β2 flm)

+
l′

∑
m′=−l′

|2+l|

∑
l′=|2−l|

(βl′m′lm∂2
v fl′m′ + β̄l′m′lm fl′m′)

]
= 0;

(4.4.24)

We solve the aforesaid equation by using perturbative method in terms of rotation
parameter x. The zeroth order part of the equation will correspond to that of the
Schwarzschild background given in chapter 3. Therefore, the solution is taken as,
(for l ≥ 1)

flm = f sc
lm + x2 f (1)lm + . . . , (4.4.25)

where, f sc
lm is the form of the solution of flm(v) in Schwarzschild background as

given by (detail discussion can be found in chapter 3),

f sc
lm =

c(0)sc

ksc
exp[Ω(l)κscv], Ω(l) =

√
3l(l + 1)

2(2l(l + 1)− 1)
. (4.4.26)

Here κsc is the surface gravity of Schwarzschild black hole and c(0)sc is a dimen-
sionless constant. Hence f sc

lm have dimension of length. f (1)lm is the leading order
contribution due to slowly rotating Kerr black hole. Now substituting (4.4.25) in
(4.4.24) till O(x2), we find that

(2l(l + 1)− 1)∂2
v f sc

lm −
3l(l + 1)

32M2 f sc
lm

+x2
(

2l(l + 1)− 1)∂2
v f (1)lm −

3l(l + 1)
32M2 f (1)lm

)
+ x2

[
(β1∂2

v f sc
lm + β2 f sc

lm)

+
(

βl+2mlm∂2
v f sc

l+2m + β̄l+2mlm f sc
l+2m + βlmlm∂2

v f sc
lm

+β̄lmlm f sc
lm + β|l−2|mlm∂2

v f sc
|l−2|m + β̄|l−2|mlm f sc

|l−2|m

)]
= 0; (4.4.27)
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Following the contraction rule as given in Appendix 4.H.2 and also considering
(4.4.18), we can say that for m′ = m only, one can get non-zero values of Λ"s .
It is clear that the zeroth order part of the above equation which matches with
the equation of f sc

lm (given in chapter 3) automatically vanishes. Then putting the
solution (4.4.26), in (4.4.27), the coefficients of x2 are given by,

• For l = 1,

∂2
v f (1)1m −Ω2κ2

sc f (1)1m = c(0)sc κsc

[
b̄ exp[Ω̄κscv] + b̄1 exp[Ω̄1κscv]

]
, (4.4.28)

where−1 ≤ m ≤ 1 and the other quantities in the above equation are defined
in (4.I.1).

• For l ≥ 2,
the coefficients of x2 in the equation (4.4.27) reduces to the following form;

∂2
v f (1)lm −Ω2κ2

sc f (1)lm = c(0)sc κsc

(
b(l, m) exp[Ωκscv] + b1(l, m) exp[Ω1κscv]

+b2(l, m) exp[Ω2κscv]
)

. (4.4.29)

This is the equation of the first order perturbation f (1)lm . The corresponding quanti-
ties in the above equations are expressed in Appendix 4.I. Now as discussed in the
Appendix 4.J, we neglect the second term in the right hand side of (4.4.28) and also
the second and the third source terms in the R.H.S of (4.4.29). Then the equation
of motion for f (1)lm boils down to (l ≥ 1),

∂2
v f (1)lm −Ω2κ2

sc f (1)lm = c(0)sc κscb(l, m) exp[Ωκscv] = κ2
scb(l, m) f sc

lm. (4.4.30)

Upto O(x2), one can approximate,

x2 flm = x2( f sc
lm + x2 f (0)lm ) ≈ x2 f sc

lm. (4.4.31)

Then multiplying the equation (4.4.30) with x2 , then substituting (4.4.31) in (4.4.30),
at last adding zeroth order equation of f sc

lm with it, the equation (4.4.30 ) boils down
to, [

∂2
v f sc

lm −Ω2κ2
sc f sc

lm

]
+ x2

[
∂2

v f (1)lm −Ω2κ2
sc f (1)lm − κ2

scb(l, m) flm

]
= 0.

∂2
v

[
f sc
lm + x2 f (1)lm

]
−Ω2κ2

sc

[
f sc
lm + x2 f (1)lm

]
− x2κ2

scb(l, m) flm = 0.

∂2
v flm − κ2

sc(Ω
2 + bx2) flm = 0. (4.4.32)
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This solution contains already the zeroth order solution corresponding to Schwarzschild
background Eq.(4.4.26). Now the solution of flm will be,

flm = c(1)kerr exp
{
[(
√

Ω2 + bx2)κscv]
}
+ c(2)kerr exp

{
[−(
√

Ω2 + bx2)κscv]
}

.

(4.4.33)

Here c(1)kerr and c(2)kerr are the two undetermined constants of integration having
dimension of length. In the above solution second term is diverging near the
horizon boundary at v→ −∞, and hence we set c(2)kerr = 0. Therefore the required
solution turns into,

flm = c(1)kerr exp
{
[(
√

Ω2 + bx2)κscv]
}
≈ c(1)kerr exp

{
[Ω(1 +

b(l, m)x2

2Ω2 )κscv]
}

.

(4.4.34)

The leading term in expansion of the above i.e. O(x0) yields f sc
lm. Finally, the

complete solution of F will be,

F(v, θ, φ) = ∑
l,m

c(1)kerr exp
[
(Ω +

b(l, m)x2

2Ω
)κscv

]
Ylm(θ, φ).

(4.4.35)

One may check that the above one automatically makes δβA in (4.3.19), vanishing
at the horizon for the choice (4.3.20). Hence the equation (4.4.32) shows that the
dynamics of each Goldstone mode flm is governed by inverted harmonics potential.
Following the argument described in the references [203, 204] and also in chapter
3, near horizon modes living in the inverted harmonic potential can be related to
the thermal nature of the horizon through its chaotic dynamics. Therefore, one can
identify the temperature perceived by every individual mode near the horizon of
the black hole as,

T(lm) =
h̄

2π
Ω(l)κsc

(
1 +

b(l, m)x2

2Ω2(l)

)
. (4.4.36)

Detail discussions regarding the connection between the inverted harmonic po-
tential and thermality of the horizon can be found in the section (3.3.2) of the
last chapter. The average temperature perceived by individual l mode can be
calculated from the expression (4.4.36) as follows,

Tavg =
h̄

2π
κsc

(∑l Ω(l)
∑l 1

+
x2

2 ∑l(2l + 1)
×∑

l

l

∑
m=−l

b(l, m)

Ω(l)

)
=

h̄
2π

κsc(

√
3
4
− 7

25
x2) =

h̄
2π

κsc

√
3
4
(1− 0.32x2). (4.4.37)
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To this end, it would be illuminating to compare the above expression for the
mode temperature due to underlying Goldstone mode degrees of freedom, with
that of Hawking temperature of Kerr black hole [29], TBH = h̄κ/2π. For slowly
rotating (x = a/M � 1) Kerr black hole, using rH/M ≈ (2− x2

2 ), the surface
gravity κ is expanded as,

κ =

√
M2 − a2

4MrH
≈

1− x2

2

2M(1− x2

4 )

≈ κsc

(
1− 1

4
x2 +O(x4)

)
. (4.4.38)

In this approximation, the expression of the Hawking temperature for Kerr
black hole can be expressed as the correction to the Hawking temperature of
Schwarzschild black hole horizon up to O(x2) as follows,

TBH =
h̄

2π
κsc

(
1− 1

4
x2
)

. (4.4.39)

Therefore comparing (4.4.37) with (4.4.39), we can conclude that the obtained
expression of the temperature of unstable Goldstone modes resembles the usual
Hawking temperature for slowly rotating black hole with different numerical
constant, which is matching with our previous analysis. Our present analysis
again suggests the fact that the thermal nature of the horizon of a black hole
spacetime is intimately tied with the symmetry breaking and is associated with
the emergence of supertranslation Goldstone modes in the gravitational sector.

4.4.2 ZAMO observer trajectory

In this section, we study the dynamics of the Goldstone mode F with respect
to the trajectory of zero angular momentum observers. In stationary rotating
spacetime within the ergosphere region, observers will not be static due to the
frame-dragging effect, rather will be co-rotating with the black hole. In this section,
we will consider the family of those co-rotating observers with zero angular
momentum (ZAMO) in their proper frame. The trajectory of a ZAMO observer is
defined by r = constant and θ = constant = θc (say) (more detail can be found in
[115]). In this scenario, the aforementioned Goldstone mode F is a function of v
and φ only.
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For those observers, the Lagrangian (4.4.3) reduces to,

LF θ=θc = c1(θc)(∂vF(v, φ))2 + c3(θc)(∂φF(v, φ))2

+ c5(θc)(∂v∂φF(v, φ))2 + c7(θc)∂φF(v, φ)∂2
vF(v, φ) + c9(θc)∂

2
φF(v, φ) ∂2

vF(v, φ).

(4.4.40)

Hence with the expression of cis from (4.4.4), the equation of motion will be,

χ2
H

(
B(θc)∂

2
vF(v, φ)− 16Σ3

H∂2
v∂2

φF(v, φ)
)
+ 12α2

2Σ3
H∂2

φF(v, φ) = 0 .

(4.4.41)

The expression of B is given in (4.4.5). Using the azimuthal symmetry the solution
can be chosen as F(v, φ) = ∑m fm(v) exp(imφ), such that the equation of motion
for F given in (4.4.41) corresponds to a particular ZAMO observer situated at
fixed angle θc. Different value of θc yields different ZAMO observer. It is then
reasonable to talk about an average equation over the all observers. It has been
shown in Appendix 4.K that after averaging over the different directions of θ, the
equation of motion for fm yields,

∂2 fm

∂v2 − 3N(m)κ2 fm = 0. (4.4.42)

where κ is the surface gravity of Kerr black hole. The expression of N(m) is given
by,

N = m2 (P1 EllipticE[−a2/r2
H] + P2 EllipticK[−a2/r2

H])

(P3 EllipticE[−a2/r2
H] + P4 EllipticK[−a2/r2

H])
(4.4.43)

where,

P1 = 2
(
− 96a8m2 − 2r6

Hα2(3M− 17rH) + 2a2r4
H(M2 − 135MrH

+2r2
H(67− 88m2))− 2a4r2

H(64M2 + 5MrH + 3r2
H(−23 + 88m2))

−a6(69M2 − 110MrH + r2
H(41 + 368m2))

)
;

P2 = χH

(
− 96a6m2 + 4r4

H(3M2 − 20MrH + 17r2
H)− 2a2r2

H(M2 + 40MrH

+r2
H(−41 + 142m2))− a4(69M2 − 110MrH + r2

H(41 + 284m2))
)

;

P3 = 8a6(6a2 + 23r2
H) + 11a2r4

H(3a2 + 2r2
H);

P4 = a6(24a2 + 95r2
H) + a2r4

H(142a2 + 71r2
H) . (4.4.44)
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In the expression of N(m) (4.4.43), EllipticK[x] and EllipticE[x] are complete Ellip-
tic integrals of first and second kind respectively. The corresonding expressions
are given by,

EllipticE[x] =
∫ π/2

0
(1− x sin2 θ)(−1/2)dθ;

EllipticK[x] =
∫ π/2

0
(1− x sin2 θ)(1/2)dθ. (4.4.45)

So the equation (4.4.42) shows that the dynamics of fm is governed by inverse
harmonic potential with solution,

fm(v) = Ā1 exp
{
[
√

3N(m)κv]
}

+Ā2 exp
{
[−
√

3N(m)κv]
}

; (4.4.46)

Here Ā1 and Ā2 are two undetermined constant of integration having dimension
of length. Since we are interested in the near-horizon region where v→ −∞, we
have to discard the second part of the solution (4.4.46), which grows rapidly and
makes the mode unstable. Therefore suitable boundary condition can be set as
Ā2 = 0. So the complete solution of F will be,

F(v, φ) = ∑
m

Ā1 exp
{
[
√

3N(m)κv + imφ]

}
. (4.4.47)

Following the discussion in section 3.3.2 about the connection between thermality
and dynamics of chaotic system in the semi classical regime, the temperature in
the present case is given by,

TZAMO(m) =
h̄

2π

√
3N(m)κ . (4.4.48)

Therefore, in the present discussion, the thermal nature of the black hole horizon
is captured through the quantum dynamics of the possible candidates of the BH
microstates which are conjectured to be the Goldstone mode F associated with the
breaking of supertranslation symmetry near the horizon.

4.5 Conclusion

Due to the spontaneous breakdown of global symmetry, the emergence of Gold-
stone modes and their dynamics play a fundamental role in many branches of
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physics. This same phenomenon has recently gained widespread interest in gravi-
tational physics, stimulated by the discovery of an important connection between
infinite-dimensional BMS symmetry at null infinity and the well-known soft gravi-
ton theorem [85–87, 144, 145, 227]. Soft graviton modes have been conjectured
to play as Goldstone modes in the black hole background. In chapter 3 we used
this very idea of spontaneous symmetry breaking near the Schwarzschild black
hole horizon instead of asymptotic null infinity and investigated the dynamics of
those modes. There we considered spherically symmetric black hole spacetime.
It turned out that in the free field limit, Goldstone mode dynamics are governed
by the inverted harmonic potential. At the quantum level, this instability [204]
is interpreted as the deep-rooted cause of the thermodynamic nature of the un-
derlying black holes. Through the analysis, we could define an average effective
thermodynamic temperature Tavg, which turned out to be Tavg =

√
3/4 Tsc

BH, with
Tsc

BH as the Bekenstein-Hawking temperature of the Schwarzschild black hole.

In our present chapter, we extended the aforementioned analysis for rotating
black hole. In the slow rotation limit, following the same methodology, we have
arrived at perturbatively corrected temperature as,

Tavg =

√
3
4

(
1− 0.32

( a
M

)2
)

Tsc
BH. (4.5.1)

In the second part of this chapter, we have analyzed a special class of ZAMO
observers, and the result leads to thermalization of the BMS modes whose temper-
ature is again proportional to Hawking expression,

TZAMO =
h̄

2π

√
3N(m)κ =

√
3N(m)Tkerr

BH . (4.5.2)

These are the two main results (Eqs. (4.5.1), (4.5.2)) of our present analysis. Al-
though our obtained results of the horizon temperature are not exactly matching
with Hawking’s expression, it is an interesting hint to investigate further the sym-
metry breaking phenomena in the gravitational sector to understand the deeper
underlying reasons for the thermodynamic nature of black holes. Our analysis
seems to suggest the direction where all the (lm) modes of F could be the under-
lying microstates responsible for the horizon entropy, which requires in-depth
investigation.

Another important comment can be mentioned here. The symmetry analysis
has been performed for the near horizon Kerr metric constructed in GNC. It is
evident that only those observers sitting in this coordinate system will identify
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these symmetries and correspondingly, this vector near the horizon. Thus the
present symmetry analysis is observer-dependent. In this sense, among all possible
diffeomorphism symmetries, only a subset has been chosen by our GNC observer,
which incorporates a thermalization of the horizon at the semi-classical level and
thereby provides the observer dependence of the thermal nature of black holes.
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Appendix

4.A Kerr metric in Gaussian null coordinate

4.A.1 The norm of the normal vectors

• Proof of nana = 0:

nana H = gabnanb
H =

(
gvvnvnv + 2gvrnvnr + 2gvφnvnφ + 2grφnrnφ

+gφφnφnφ
)

H

= 2gvr H nvnr + 2grφ H nrnφ + gφφ H nφnφ

=
a2 sin2 θ

ΣH
− 2

a2 sin2 θ

ΣH
+

a2 sin2 θ

ΣH
= 0 (4.A.1)

• Proof of lala = 0:

lala H = gablalb
H = gvvlvlv

H = 0. (4.A.2)

• Proof of lana = 1:

lana H = gabnanb
H = (gvvlvnv + gvrlvnr + gvφlvnφ)H

= (
ΣH

χH
)(

χH

ΣH
) = 1. (4.A.3)

Here it is clear from (4.3.3) that gvv H = gvφ H = 0.

4.A.2 Construction of the metric

By having tensor transformation rule of the components, we can obtain the com-
ponents of the metric in (v, ρ, θ, φ) using the transformation of coordinates (4.3.8),
as follows,

gvv =
∂v′∂v′

∂v∂v
gv′v′ = −(

Σ2
H∆− a2 sin2 θ(r− rH)

2

Σχ2
H

)r⇒rH+ρ(
χH
ΣH

)

106

TH-2749_166121005
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Now by Taylor expansion around (r = rH), we have,

gvv = −(
Σ2

H∆− a2 sin2 θ(r− rH)
2

Σχ2
H

)r=rH

−(r− rH) ∂r

(Σ2
H∆− a2 sin2 θ(r− rH)

2

Σχ2
H

)
r=rH

= −ρ
(2χHΣ(Σ2

H(r−M)− a2(r− rH) sin2 θ)

Σ2χ2
HΣH

−
2r(Σ2

H∆− a2 sin2 θ(r− rH)
2)

Σ2χ2
HΣH

)
r=rH

= −ρ
2(rH −M)

χH
= ρ

∆′(rH)

χH
= −ρ κ. (4.A.4)

Next we compute gvρ compnent as,

gvρ =
∂v′

∂v
∂r
∂ρ

gv′r +
∂v′

∂v
∂v′

∂ρ
gv′v′ +

∂v′

∂v
∂φ′

∂ρ
gv′φ′

= (
χH

ΣH
)

ΣH

χH
−
(
(

a2 sin2 θ

2ΣH
)(

Σ2
H∆− a2 sin2 θ(r− rH)

2

Σχ2
H

)

− a sin2 θ[χ2 − a2 sin2 θ∆]
ΣχH

)
r⇒rH+ρ(

χH
ΣH

) ≈ 1 +O(ρ). (4.A.5)

Now we calculate component gρρ :

gρρ =
∂v′

∂ρ

∂v′

∂ρ
gv′v′ + 2

∂v′

∂ρ

∂φ′

∂ρ
gv′φ′ +

∂φ′

∂ρ

∂φ′

∂ρ
gφ′φ′ + 2

∂r
∂ρ

∂φ′

∂ρ
grφ′ + 2

∂v′

∂ρ

∂r
∂ρ

gv′r

=
(
(

a2 sin2 θ

2ΣH
)2gv′v′ + 2(

a3 sin2 θ

2ΣHχH
)gv′φ +

a2

χ2
H

gφφ + 2(
a

ΣH
)grφ

+2(
a2χH sin2 θ

2Σ2
H

)
)

r⇒rH+ρ(
χH
ΣH

). (4.A.6)

After Taylor expansion about (r = rH), at the leading order we have,

gρρ = (
a2 sin2 θ

ΣH
)− 2a sin2 θ(

a
ΣH

) +
a2 sin2 θ

ΣH
+O(ρ)

= 0 +O(ρ). (4.A.7)

Similarly one can show that the component gρφ vanishes at the leading order.
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Next we transform gvφ in new coordinate as,

gvφ =
∂v′

∂v
∂φ′

∂φ
gv′φ′ = a sin2 θ(

∆ΣH + χ(r2 − r2
H)

Σ(r2
H + a2)

)r⇒rH+ρ(
χH
ΣH

)

= a sin2 θ(
∆ΣH + χ(r2 − r2

H)

Σ(r2
H + a2)

)r=rH

+(r− rH) ∂r

(
a sin2 θ

∆ΣH + χ(r2 − r2
H)

Σ(r2
H + a2)

)
r=rH

= 2aρ sin2 θ(
χH

ΣH
)

ΣH(rH −M) + rχH

ΣHχH
=

a sin2 θ

ΣH
∆′(rH) +

2arHχH sin2 θ

Σ2
H

.

Then the transformation of gθθ is derived as,

gθθ =
∂θ′

∂θ

∂θ′

∂θ
gθ′θ′ = Σr⇒rH+ρ(

χH
ΣH

)

= ΣH + 2rHρ(
χH

ΣH
). (4.A.8)

Next is the transformation of gφφ:

gφφ =
∂φ′

∂φ

∂φ′

∂φ
gφ′φ′ =

sin2 θ[χ2 − a2 sin2 θ∆]
Σ r⇒rH+ρ(

χH
ΣH

). (4.A.9)

Now Taylor expansion about r = rH gives,

gφφ =
sin2 θχ2

H
ΣH

+ ρ sin2 θχH(
ΣH(4rHχH − 2a2 sin2 θ(rH −M))− 2rHχ2

H
Σ3

H
)

=
sin2 θχ2

H
ΣH

+ ρ
(
− a2χH sin4 θ

Σ2
H

∆′(rH) +
2rHχ2

H sin2 θ

Σ3
H

(2ΣH − χH)
)

=
sin2 θχ2

H
ΣH

+ ρ
(
− a2χH sin4 θ

Σ2
H

∆′(rH) +
2rHχ2

H sin2 θ(ΣH − a2 sin2 θ)

Σ3
H

)
.

Finally with the metric components derived above, the kerr metric in Gaussian
null coordinates (v, ρ, θ, φ), boils down to (4.3.8) with the following quantities as,

κ =
∆′(rH)

2χH
; βθ =

2a2 sin θ cos θ

ΣH
; βφ =

a sin2 θ

ΣH
∆′(rH) +

2arHχH sin2 θ

Σ2
H

µθθ = ΣH; µφφ =
χ2

H sin2 θ

ΣH
; λθθ =

2rHχH

ΣH
; λθφ =

2a3χH sin3 θ cos θ

Σ2
H

;

λφφ =
(
− a2χH sin4 θ

Σ2
H

∆′(rH) +
2rHχ2

H sin2 θ(ΣH − a2 sin2 θ)

Σ3
H

)
. (4.A.10)
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4.B Derivation of the modified metric (4.3.18)

Now putting components of ζa from (4.3.12), one can find the variation of the
metric component g(0)vv upto O(r) as,

£ζ g(0)vv = ζρ∂ρg(0)vv + 2g(0)vv ∂vζv + 2g(0)vρ ∂vζρ + 2g(0)vA∂vζ A

= [T(v, xA)− ρ∂vF− ∂BF
∫

ρβBdρ] ∂ρ(−2ρκ)− 2ρκ∂vF + 2∂v[T(v, θ, φ)

−ρ∂vF− ∂BF
∫

ρβBdρ] + 2ρβA∂v[−∂BF
∫

µABdρ + RA(v, xA)]

= [2∂vT − 2κT] + ρ[−2κ∂vF− 2∂2
vF + 2ρβA∂vRA]. (4.B.1)

Then upto O(r), variation of g(0)vA is given by,

£ζ g(0)vA = ζc∂cg(0)vA + g(0)vv ∂Aζv + g(0)vρ ∂Aζρ + g(0)vA∂vζv + g(0)Bv ∂AζB + g(0)AB∂vζB

= [T − ρ∂vF− ∂BF
∫

ρβBdρ] ∂ρ(ρβA) + [−∂DF
∫

µBDdρ + RB]∂B(ρβA)

−2ρκ∂AF + ∂A[T − ρ∂vF− ∂BF
∫

ρβBdρ] + ρβA∂vF

+ρβB∂A[−∂CF
∫

µBCdρ + RB] + (µAB + ρλAB)∂v[−∂CF
∫

µBCdρ + RB]

= [∂AT + TβA + µAB∂vRB] + ρ [RB∂BβA − 2ρκ∂AF− ∂A∂vF + βB∂ARB

−µAB∂v∂DFµBD + λAB∂vRB]. (4.B.2)

Similarly with (4.3.12), the variation of g(0)AB upto O(r) will be,

£ζ g(0)AB = ζρ∂ρg(0)AB + ζC∂Cg(0)AB + g(0)vA∂Bζv + g(0)vB ∂Aζv + g(0)DA∂BζD + g(0)DB∂AζD

= [T − ρ∂vF− ∂CF
∫

ρβCdρ] ∂ρ(ρλAB) + [−∂DF
∫

µCDdρ + RC]∂C(µAB

+ρλAB) + ρβA∂BF + ρβB∂AF + (µDA + ρλDA)∂B[−∂CF
∫

µDCdρ + RD]

+(µDB + ρλDB)∂A[−∂CF
∫

µDCdρ + RD]

= [λAB T + RC∂CµAB + µDA∂BRD + µDB∂ARD] + ρ[−λAB∂vF

−∂DFµDC∂CµAB + ρβA∂BF + ρβB∂AF− µAD∂B(∂CµCD)− µBD∂A(∂CµCD)]

(4.B.3)

Now given the fall-off conditions in (4.3.10), the r independent term of the
right hand side of (4.B.1) , (4.B.2) and also (4.B.3) must vanish which give rise the
constraint relations given in the main text as (4.3.13) ,(4.3.14) and (4.3.15).

Now following all theO(ρ) terms found in the varitation of metric components
as given in (4.B.1), (4.B.2) and in (4.B.3), also with the condition that RA is function
of angular coordinates only, we can easily get the modified metric in (4.3.18).
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4.C Lagrangian (4.4.3)

4.C.1 Construction of the Lagrangian

Using mathematica packages, for the modified metric (4.3.18), at first we get the
determinant of the metric as

√−g. Then we have calculated the components of
the Christoffel symbols Γa

bc and then Reimannian tensor Ra
bcd as given by (3.A.9)

and (3.A.10) respectively. After that we got the components of Ricci tensor Rij

using the definition (3.A.11) and also Ricci scalar by (3.A.12). By computing the
product of

√−g and R, then taking near horizon limit and For the choice (4.3.20),
we finally get the form of the Einstein-Hilbert Lagrangian (4.4.1) as follows,

L(F,Rθ ,Rφ) = d1(θ) +
[
d2(θ)Rθ + ∂φ(d3(θ)Rθ + d4(θ)Rφ) + ∂2

φ(d5(θ)Rθ

+d6(θ)Rφ) + d7(θ)∂θRθ + d8(θ)∂θRφ + d9(θ)∂
2
θRθ + d10(θ)∂

2
θRφ

+∂φ(d11(θ)F + d12(θ)∂vF) + d13(θ)∂θ F + d14(θ)∂v∂θ F
]
+

+
[
c1(θ)(∂vF)2 + c2(θ)(∂θ F)2 + c3(θ)(∂φF)2 + c4(θ)(∂v∂θ F)2 + c5(θ)(∂v∂φF)2

+c6(θ)∂θ F∂2
vF + c7(θ)∂φF∂2

vF + c8(θ)∂
2
θ F∂2

vF + c9(θ)∂
2
φF∂2

vF + c10(θ)∂vF∂2
vF

+c11(θ)∂θ F∂v∂θ F + c12(θ)∂φF∂v∂φF + c13(θ)∂
2
θ F∂vF + c14(θ)∂θ F∂vF

+c15(θ)∂
2
φF∂vF + c16(θ)∂φF∂vF + c17(θ)(Rθ)2 + Rθ

(
c18(θ)∂φRθ + c19(θ)∂φRφ

+c20(θ)∂θRθ + c21(θ)∂φRφ + c22(θ)∂φF + c23(θ)∂θ F + c24(θ)∂vF + c25(θ)∂
2
vF

+c26(θ)∂v∂φF + c27(θ)∂v∂θ F
)
+ c28(θ)(∂φRθ)2 + c29(θ)∂φRθ∂φRφ

+c30(θ)(∂φRφ)2 + c31(θ)(∂θRθ)2 + c32(θ)∂θRθ∂θRφ + c33(θ)(∂θRφ)2

+c34(θ)∂φRθ∂φF + ∂φF(c35(θ)∂φRφ + c36(θ)∂φRθ) + ∂θ F(c37(θ)∂θRθ

+c38(θ)∂θRφ) + ∂v∂φF(c39(θ)∂φRθ + c40(θ)∂φRφ) + ∂v∂θ F(c41(θ)∂θRθ

+c42(θ)∂θRφ) + ∂2
vF(c43(θ)∂φRθ + c44(θ)∂φRφ + c45(θ)∂θRθ + c46(θ)∂θRφ)]

(4.C.1)

In the above form, the coefficients d1....d14 and c1...c46 are functions of θ and have
been generated from the original kerr metric coefficients g(o)ab . However for the
choice (4.3.20), all the terms containing Rθ and Rφ and its derivatives in (4.C.1) will
vanish. Hence the explicit expressions of the coefficients of those terms having
Rθ and Rφ (viz the expressions of d2 . . . d10 and also c17 . . . c46) are not required
in the present context. Finally after removing those terms, the Lagrangian boils
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down to,

L(F,Rθ=0,Rφ=C) = d1(θ) + ∂φ(d11(θ)F + d12(θ)∂vF) + d13(θ)∂θ F + d14(θ)∂v∂θ F

+c1(θ)(∂vF)2 + c2(θ)(∂θ F)2 + c3(θ)(∂φF)2

+c4(θ)(∂v∂θ F)2 + c5(θ)(∂v∂φF)2 + c6(θ)∂θ F∂2
vF + c7(θ)∂φF∂2

vF + c8(θ)∂
2
θ F∂2

vF

+c9(θ)∂
2
φF∂2

vF + c10(θ)∂vF∂2
vF + c11(θ)∂θ F∂v∂θ F + c12(θ)∂φF∂v∂φF

+c13(θ)∂
2
θ F∂vF + c14(θ)∂θ F∂vF + c15(θ)∂

2
φF∂vF + c16(θ)∂φF∂vF. (4.C.2)

L is calculated on the stretched horizon at ρ = constant surface, then the near
horizon limit ρ → 0 has be taken. Therefore action has been defined as the
integration of the Lagrangian over the coordinates v, θ and φ. The reduced form of
the Lagrangian (4.C.2) correspond to the action for the super-translation mode F.

4.C.2 Form of the final Lagrangian (4.4.3) from (4.C.2)

To construct the final form as given in (4.4.3), let us assume that for the general
rotation, the solution ansatz of F can be expressed in terms of spheroidal harmonics
[219] as follows,

F(v, θ, φ) = ∑
l,m

flm(v)Zlm(θ, φ). (4.C.3)

Now by substituting (4.C.3) in the Lagrangian density (3.3.11), we can obtain the
form of the three dimensional action on the r = constant surface as,

S =
∫

d3xL(F,Rθ=0,Rφ=C).

However here we will compute each term of this action separately. So at first let
us concentrate on the two first order terms d12(θ)∂v∂φF and d14(θ)∂v∂θ F of the
Lagrangian density (4.C.2) which can be integrated as follows,∫

d12(θ)∂v∂φFdvdθdφ = ∑
lm

∫
d12(θ)∂φZlmdθdφ(

∫
dv∂v flm);∫

d14(θ)∂v∂θ Fdvdθdφ = ∑
lm

∫
d14(θ)∂θZlmdθdφ(

∫
dv∂v flm); (4.C.4)

In the right hand side, the integration over the function Zlm will yield finite values.
So the rest part of these terms are the total derivative of v and thus these two
terms can be neglected. Now d1 term will not contribute in the equation of motion
for F. The other two terms d11(θ)∂φF and d13(θ)∂θ F are the first order in F. In
the formulation of the equation of motion of F, these will generate a θ-dependent
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function which will have no significant contribution in the dynamics . Hence in
(4.C.2) we neglect all the first order terms and consider only those terms which are
quadratic in F .

Next we concentrate on the last seven terms in (4.C.2) which contain first order
derivative of F with respect to v. Putting the solution ansatz of F (4.C.3), after
integrating over coordinates v, θ and φ, the term c10(θ)∂vF∂2

vF yields,

∫
(c10(θ)∂vF∂2

vF)dvdθdφ

= ∑
lm

∑
l′m′

∫
dφ dθ(c10(θ) ZlmZl′m′)∂

2
v flm∂v fl′m′ ;

=
1
2 ∑

lm
∑
l′m′

∫
dφ dθ(c10(θ) ZlmZl′m′)

∫
dv(∂2

v flm∂v fl′m′ + ∂2
v fl′m′∂v flm);

=
1
2 ∑

lm
∑
l′m′

∫
dφ dθ(c10(θ) ZlmZl′m′)

∫
dv∂v(∂v flm∂v fl′m′); (4.C.5)

here c10 is given by,

c10 = 4 sin θ(
rHχ2

H − a2α2
2ΣH sin2 θ + rHχH(r2

H + a2 cos 2θ)

Σ2
H

). (4.C.6)

Here l, m, l′ and m′ all are dummy indices. Hence we can easily interchange
between l and l′ indices. A factor (1/2) is multiplied to avoid double counting.
Hence in the last line of (4.C.5), integration over transverse coordinates will
generate finite result. But the v part of this term has been expressed as total
derivative and so this term can be neglected. In the similar way c12(θ)∂φF∂v∂φF
from (4.C.2), can be computed as,∫

(c12(θ)∂φF ∂v∂φF)dvdθdφ

= ∑
lm

∑
l′m′

(
∫

dθdφ(c12(θ) ∂φZlm∂φZl′m′) flm∂v fl′m′

=
1
2 ∑

lm
∑
l′m′

(
∫

dθdφ(c12(θ) ∂φZlm∂φZl′m′)
∫

dv( flm∂v fl′m′ + fl′m′∂v flm);

=
1
2 ∑

lm
∑
l′m′

(
∫

dθdφ(c12(θ) ∂φZlm∂φZl′m′)
∫

dv∂v( flm fl′m′); (4.C.7)

where integration over coordinate v gives the total derivative and so this term is
neglected in the contruction of the dynamics. Here c12 = − 12α2ΣH

χH sin θ . Similarly other
terms i.e. c15(θ)∂

2
φF∂vF and c16(θ)∂φF∂vF can be expressed as total derivative of v

and thus neglected.
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Next we concentrate on c11(θ)∂θ F∂v∂θ F and write this term as follows,

c11(θ)∂θ F∂v∂θ F = −12α2 sin θ

ΣH
∂θ F∂v∂θ F

=
(4α2 sin θ

ΣH
− 16α2 sin θ

ΣH

)
∂θ F∂v∂θ F. (4.C.8)

Then we concentrate on the two terms c13(θ)∂
2
θ F∂vF and c14(θ)∂θ F∂vF. Here

the expression of c13 and c14 are,

c13(θ) =
4α2 sin θ

ΣH
; c14 =

4α2 cos θ

ΣH
. (4.C.9)

Now adding the terms c13(θ)∂
2
θ F∂vF and c14(θ)∂θ F∂vF with the first one in (4.C.8)

we get,

c13(θ)∂
2
θ F∂vF + c14(θ)∂θ F∂vF + (

4α2 sin θ

ΣH
)∂θ F∂v∂θ F

= (
4α2 sin θ

ΣH
)(∂2

θ F∂vF + ∂θ F∂v∂θ F) +
4α2 cos θ

ΣH
∂θ F∂vF.

=
4α

ΣH
∂θ

(
sin θ∂θ F∂vF

)
. (4.C.10)

Like before, putting (4.C.3) in (4.C.10), we integrate over coordinates v, θ and φ

and the result yields,

4α2

ΣH
∑
lm

∑
l′m′

∫
dφ
∫ π

0
dθ∂θ

(
sin θ ∂θZlmZl′m′

) ∫
dv flm∂v fl′m′ = 0.

Here close integration over θ from ranges 0 to π gives zero. Now the second term
in (4.C.8) can be shown to be the total derivative with respect to v as we did earlier
in (4.C.7). Thus in the expression (4.C.2) all the terms containing first derivative of
F with respect to v can be expressed as total derivative.

In this way we have shown that the all the first order F terms and also the last
seven second order F terms of the Lagrangian (4.C.2) can be neglected easily in
order to study the dynamics of the modes. Finally removing those terms, the form
of the Lagrangian density (4.C.2) boils down into (4.4.3).

4.D GHY boundary term

The GHY term is given by (4.4.8). Here the first term is a constant, while the
terms in the first bracket are the total derivative in v. Other terms can also be
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transformed into total derivative as follows,

∂vF∂2
vF =

1
2

∂v[(∂vF)2]; ∂2
vF∂3

vF =
1
2

∂v[(∂
2
vF)2]

(∂2
vF)2 + ∂vF∂3

vF = ∂v[∂vF∂2
vF]. (4.D.1)

Hence all these total derivative terms should not contribute to the dynamics of F.
However the boundary term added to the action could be related to the horizon
entropy which is discussed in Appendix 4.E.

4.E Contribution of boundary term in the heat

content of the horizon

In the section 4.4 the GHY boundary term has been evaluated for our metric
and added to the EH action which does not have effect on the mode dynamics.
However this boundary term gains importance in the description of surface hamil-
tonian, defined as Hsur = − ∂S2

∂v , which is directly related to the heat content of the
horizon [217, 218]. Hence to show the aforementioned connection with the heat
content in the present analysis, we have to calculate the form of the Hamiltonian
for the mode solution of F found in (4.4.35) for slowly rotating spacetime. So
putting this form of F in the GHY action S2 (4.4.8), after integrating we get the
resultant expression of the Hamiltonian as the following,

Hsur =
Ākerr
8πG

[
κ + f3(κ, x2)e f2(κ,x2)v

]
, (4.E.1)

Ākerr denotes the transverse area of the horizon of kerr spacetime. In the evaluation
of the Hamiltonian Hsur, we found out that all the first and higher derivative terms
of F will generate some complicated expressions (functions of κ and x2) which are
exponentials in v. However the explicit forms of these terms are not needed in
our present discussion as all these terms are exponentially suppressed towards
the horizon in the limit v → −∞. Therefore to show the nature of those terms
in the Hamiltonian, we have kept the form f3(κ, x2)e f2(κ,x2)v in (4.E.1), where the
functional form of f3(κ, x2) and f2(κ, x2) are not explicitly given but they are finite
near the horizon. Hence the second term in (4.E.1) vanishes near the boundary.
The above Hamiltonian then is simplified into,

Hsur =
1

8πG
Ākerrκ . (4.E.2)
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4.F. Derivation of Eq.(4.4.9)

It is known that the horizon entropy and the temperature of the horizon are given
by S = Ākerr/4G and T = κ/2π respectively. Hence with the help of these two
expressions, we can write the surface Hamiltonian (4.E.2) as,

Hsur = TS. (4.E.3)

This result clearly shows that the GHY boundary term in the action is directly
connected with the heat content of the horizon.

4.F Derivation of Eq.(4.4.9)

Using the generalized Euler-Lagrangian equation of motion given in (3.3.17), we
can compute the equation of motion of F from the Lagrangian (4.4.3) as follows,

−2c1∂2
vF− 2c2∂2

θ F− 2∂θc2 ∂θ F− 2c3∂2
φF + 4∂θc4 ∂2

v∂θ F + 4c4∂2
v∂2

θ F + 4c5∂2
v∂2

φF

+c6∂2
v∂θ F− c6∂θ∂2

vF− ∂θc6 ∂2
vF + c7∂2

v∂φF− c7∂φ∂2
vF + ∂2

θc8 ∂2
vF + 2∂θc8 ∂2

v∂θ F

+2c8∂2
v∂2

θ F + 2c9∂2
v∂2

φF = 0;

⇒ (−2c1 − ∂θc6 + ∂2
θc8)∂

2
vF− 2c2∂2

θ F− 2∂θc2 ∂θ F− c3∂2
φF + (4∂θc4

+2∂θc8)∂
2
v∂θ F + (4c4 + 2c8)∂

2
v∂2

θ F + (4c5 + 2c9)∂
2
v∂2

φF = 0. (4.F.1)

Now putting the expression of c′is from (4.4.4) in the above equation, and rearrag-
ing the terms, we get,

(
12α2

2 sin θ

ΣHχH
)∂2

θ F− (
16χH sin θ

ΣH
)∂2

v∂2
θ F + (

12α2
2 cos θ(χH + a2 sin2 θ)

Σ2
HχH

)∂θ F

−(16χH(χH + a2 sin2 θ) cos θ

Σ2
H

)∂2
v∂θ F + (

12α2
2ΣH

χ3
H sin θ

)∂2
φF− (

16ΣH

χH sin θ
)∂2

v∂2
φF

+
(
− B(θ)

Σ2
HχH sin θ

−
4χH sin θ(−r2

H + a2 cos2 θ)

Σ2
H

−
χH sin θ(21a4 + 8a2r2

H − 8r4
H + 4a2(5a2 + 6r2

H) cos 2θ − a4 cos 4θ)

2Σ3
H

)
∂2

vF = 0.

(4.F.2)

where the expression of B is given in (4.4.5).
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Now the coefficients of the term ∂2
vF in (4.F.2), is simplified as,

− α2 sin2 θ

Σ2
HχH sin θ

(
a4(M + 7rH) + 4a2Mr2

H + 12a2r3
H + 8r5

H + 4a2α2r2
H cos 2θ

+a4α2 cos 4θ + 8rHχH(r2
H + a2 cos 2θ)

)
−

4χH sin θ(−r2
H + a2 cos2 θ)

Σ2
H

−
χH sin θ(21a4 + 8a2r2

H − 8r4
H + 4a2(5a2 + 6r2

H) cos 2θ − a4 cos 4θ)

2Σ3
H

=
sin θ

2Σ3
HχH

[
2ΣHα2

(
− a4(M + 7rH)− 4a2Mr2

H − 12a2r3
H − 8r5

H

−4a2α2r2
H cos 2θ − a4α2 cos 4θ − 8rHχH(r2

H + a2 cos 2θ)
)

−8ΣHχ2
H

(
− r2

H + a2 cos2 θ
)
− χ2

H(21a4 + 8a2r2
H − 8r4

H

+4a2(5a2 + 6r2
H) cos 2θ − a4 cos 4θ)

]
=

α sin θ

Σ3
HχH

. (4.F.3)

Where the expression of α is given in (4.4.10). Then multiplying (4.F.2) by Σ3
Hχ3

H

and dividing by (sin θ), then rearranging, we get the equation as given in (4.4.9).

4.G Details of Eq. (4.4.9)

After rearranging the terms in the equation (4.4.9) and simplifying, we can write,[
− 16χ4

H(χ
2
H − 2a2χH sin2 θ + a4 sin4 θ)∂2

θ∂2
vF− 16 cot θχ4

H(χ
2
H

−a4 sin4 θ)∂θ∂2
vF−

16χ2
H

sin2 θ
(χ4

H − 4a2χ3
H sin2 θ + 6a4χ2

H sin4 θ − 4a6χH sin6 θ

+a8 sin8 θ)∂2
φ∂2

vF + αχ2
H∂2

vF
]

+12α2
2

[
χ2

H(χ
2
H − 2a2χH sin2 θ + a4 sin4 θ)∂2

θ F + cot θχ2
H(χ

2
H

−a4 sin4 θ)∂θ F +
1

sin2 θ
(χ4

H − 4a2χ3
H sin2 θ + 6a4χ2

H sin4 θ

−4a6χH sin6 θ + a8 sin8 θ)∂2
φF
]
= 0 (4.G.1)

In the above equation we have used the expansion of the quantities as,

Σ2
H = (χH − a2 sin2 θ)2 = χ2

H − 2a2χH sin2 θ + a4 sin4 θ.

Σ4
H = (χ2

H − a2 sin2 θ)4 = χ4
H − 4a2χ3

H sin2 θ + 6a4χ2
H sin4 θ

−4a6χH sin6 θ + a8 sin8 θ. (4.G.2)
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4.H. Results in slowly rotating background

Now the equation (4.G.1) can be more simplified and written as,[
− 16χ6

H

(
∂2

θ∂2
vF + cot θ∂θ∂2

vF +
1

sin2 θ
∂2

φ∂2
vF
)
− 16χ4

H(−2a2χH sin2 θ

+a4 sin4 θ)∂2
θ∂2

vF + (16a4χ4
H sin4 θ cot θ)∂θ∂2

vF− χ2
H(−64a2χ3

H

+96a4χ2
H sin2 θ − 64a6χH sin4 θ + 16a8 sin6 θ + α)∂2

v∂2
φF
]

+12α2
2

[
χ4

H

(
∂2

θ F + cot θ∂θ F +
1

sin2 θ
∂2

φF
)
+ χ2

H(−2a2χH sin2 θ

+a4 sin4 θ)∂2
θ F− (a4χ2

H sin4 θ cot θ)∂θ F− (4a2χ3
H

−6a4χ2
H sin2 θ + 4a6χH sin4 θ − a8 sin6 θ)∂2

φF
]
= 0. (4.G.3)

From the above equation one can derive dynamical equation of F in slow rotation
approximation as shown in the Appendix 4.H.1.

4.H Results in slowly rotating background

4.H.1 Derivation of the Eq. (4.4.11) from Eq. (4.4.9)

In slowly rotating background for a� M, we have considered a/M ≈ x, which
imples that

rH

M
= 1 +

√
1− a2

M2 = 1 +
√

1− x2 ≈ 1 + 1− 1
2

x2 = 2− 1
2

x2. (4.H.1)

Now using (4.H.1), from the equation (4.G.3) we expand the term χ6
H and also the

coefficient of ∂2
θ∂2

vF respectively in slowly rotation approximation as follows,

χ6
H = (a2 + r2

H)
6 = 26M6r6

H = 26M12(
rH

M
)6 = 26M12(2− 1

2
x2)6

= 211(2− 3x2) +O(x4).

Also,

2a2(a2 + r2
H)

5 sin2 θ − a4(a2 + r2
H)

4 sin4 θ = 26a2M5r5
H sin2 θ

−(2aMrH sin θ)4 = 26M12(
a
M

)2(
rH

M
)5 sin2 θ − 24M12(

a
M

)4(
rH

M
)4 sin4 θ

= 26M12x2(2− 1
2

x2)5 sin2 θ − 24M12x4(2− 1
2

x2)4 sin4 θ

≈ 211M12x2 sin2 θ +O(x4).

(4.H.2)

Similarly the other terms of (4.G.3) can be expanded upto O(x2) keeping only M
and x in the equation. Thus from (4.G.3) we get the equation (4.4.11).
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4.H.2 The details on some properties of spherical harmonics

Eq. (4.4.13) for all the modes l ≥ 1, can be expressed in the form as given in (4.4.23)
using the various well known properties of spherical harmonic functions. The the
derivative of spherical harmonics are given by,

sin2 θ(∂2
θYlm)

= (m2 cos2 θ −m)Ylm +
√
(l −m)(l + m + 1)(2m + 1)e−iφ sin θ cos θ Yl(m+1)

+
√
(l −m)(l −m− 1)(l + m + 2)(l + m + 1) sin2 θe−2iφ Yl(m+2). (4.H.3)

Now we can express cos2 θ and sin θ cos θ in terms of spherical harmonics function
as,

sin2 θe−2iφ =
4
√

2π√
15

Y2−2 ; sin θ cos θe−iφ = −2
√

2π√
15

Y2−1;

cos2 θ =
4π

3
Y10Y10 =

4π

3
(

1
2
√

π
Y00 +

1√
5π

Y20). (4.H.4)

We will use the following contraction rule of spherical harmonics,

Yl1m1Yl2m2 =
l3

∑
m3=−l3

|l1+l2|

∑
l3=|l1−l2|

Λl1m1
l2m2l3m3

Yl3m3 ; (4.H.5)

where Λ is expressed by the Wigner 3-j symbols defined for the product of two
spherical harmonics as,

Λl1m1
l2m2l3m3

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

 l1 l2 l3

m1 m2 m3


l1 l2 l3

0 0 0

 .(4.H.6)

The selection rules on Wigner 3-j symbols are given by

l1 + l2 ≥ l3; l2 + l3 ≥ l1; l3 + l1 ≥ l2; m3 = m1 + m2. (4.H.7)
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4.I. The expression of the quantities given in (4.4.28) (4.4.29)

4.I The expression of the quantities given in (4.4.28)

(4.4.29)

The corresponding quantities in the equations (4.4.28) and (4.4.29) are expressed
as follows,

Ω1(l) = Ω(l → l + 2); Ω2(l) = Ω(l →| l − 2 |), Ω̄ = Ωl=1; Ω̄1 = Ω1 l=1.

b(l, m) =
1

2(2l(l + 1)− 1)c(0)sc κsc

(
(β1 + βlmlm)∂

2
v f sc

lm + (β2 + β̄lmlm) f sc
lm

)
= − 1

2l(l + 1)− 1
(
−72l(l + 1) + 57− 40m2 − 24m

24
Ω2(l)

+
12l(l + 1) + 5m2 + 3m

4
) + Λ20

lmlm b0(l, m) + Λ2−1
l(m+1)lm b′(l, m)

+Λ2−2
l(m+2)lm b′′(l, m);

where we have defined,

b0(l, m) = − 2
√

π√
5(2l(l + 1)− 1)

(
Ω2

16
−m2);

b′(l, m) = − 2
√

π

(2l(l + 1)− 1)
(2m + 1)

√
2(l −m)(l + m + 1)

15

(
Ω2 − 3

4
)
;

b′′(l, m) = − 2
√

π

2l(l + 1)− 1

√
2(l2 − (m + 1)2)(l(l + 2)−m(m + 2))

15

×
(

2Ω2 − 3
2

)
;

Now with the expression of f sc
lm as given in (4.4.26), the quantities in (4.4.29) are

defined as,

b1(l, m) =
1

2(2l(l + 1)− 1)c(0)sc κsc

(
(β1 + βl+2mlm)∂

2
v f sc

l+2m + (β2

+β̄l+2mlm) f sc
l+2m

)
= Λ20

(l+2)mlm b0(l → l + 2) + Λ2−1
(l+2)(m+1)lm b′(l → l + 2)

+Λ2−2
(l+2)(m+2)lm b′′(l → l + 2);
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and,

b2(l, m) =
1

2(2l(l + 1)− 1)c(0)sc κsc

(
(β1 + βl−2mlm)∂

2
v f sc

l−2m + (β2

+β̄l−2mlm) f sc
l−2m

)
= Λ20

(|l−2|)mlm b0(l →| l − 2 |) + Λ2−1
(|l−2|)(m+1)lm b′(l →| l − 2 |)

+Λ2−2
(|l−2|)(m+2)lm b′′(l →| l − 2 |);

b̄ = bl=1, b̄1 = b1 l=1. (4.I.1)

4.J Comparison of the numerical values of the

source terms found in (4.4.28) and (4.4.29)

It is clear that all the source terms which are present in the right hand side of
the equations (4.4.29) and (4.4.28) are exponentially decaying and vanishes near
the horizon in the limit v → −∞. However if we closely look at the numerical
values of b, b1 and b2, it can be shown that | b1 |<| b | and also | b2 |<| b | for all
(l, m). Therefore, the terms containing b1 and b2 are decaying faster than those
terms containing b as one approaches near the horizon. We have tabulated the
numerical values of these source terms for few sample (l, m) modes in the table 4.1
with a particular choice that κscv = 1. It is observed that the numerical values of
b1 exp{[Ω1]} and b2 exp{[Ω2]} are smaller compared to that of b exp{[Ω]} in the
near horizon limit. Therefore, near the horizon dominating contribution comes
from the term b exp{[Ω]} in (4.4.29) and also in (4.4.28). Hence for all l ≥ 0, the
equations (4.4.28) and (4.4.29) reduce to (4.4.30).

4.K ZAMO trajectory: Derivation of Eq. (4.4.42)

After the substitution of the ansatz for F in (4.4.41), for each mode m the equation
can be written as,

[B(θc) + 16m2(r2
H + a2 cos2 θc)]

∂2 fm
∂v2 −

12(M−rH)2m2

(a2+r2
H)2 (r2

H + a2 cos2 θc)3 fm(v) = 0.

(4.K.1)

Hence the one dimensional equation of motion presented in (4.K.1) gives the
dynamics of fm(v) for a specific ZAMO observer for a given angle θc. However
there will be a large number of ZAMO observers situated at different angles in
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Table 4.1: Numerical values of the terms in the R.H.S of (4.4.29) and (4.4.28) and
b

2Ω

l m b exp{[Ω]} b1 exp{[Ω1]} b2 exp{[Ω2]} b
2Ω

1 0 -2.3 0.2 | -0.43

1 1 -1.6 0.1 | -0.5

1 -1 -2.8 0.2 | -0.26

2 0 -1.5 0.2 -0.05 -0.3

2 1 -1.3 0.15 0 -0.32

2 -1 -1.5 0.18 0 -0.3

2 -2 -1.16 0.1 0 -0.35

2 2 -1.65 0.2 0 -0.4
...

...
...

...
...

...

10 0 -1.2 0.16 0.13 -0.32

10 10 -1.13 0.04 0 -0.3

10 -10 -1.24 0.04 0 -0.3
...

...
...

...
...

...

100 0 -1.2 0.15 0.15 -0.3

100 100 -1.2 0.005 0 -0.3

100 -100 -1.2 0.006 0 -0.3
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the spacetime. Hence to study the mode dynamics of fm(v) corresponding to all
those observers it is customary to take average over the angle θ. We compute
the required average by multiplying the equation by

√
gθθ θ=θc =

√
ΣH(θc) and

integrating θc for all values ranging from 0 to π. So from (4.K.1) we get,

1∫ π
0

√
ΣH(θc)dθc

(∂2 fm

∂v2

∫ π

0
[B(θc) + 16m2(r2

H + a2 cos2 θc)]
√

ΣH(θc)dθc

− fm(v)
∫ π

0

12(M− rH)
2m2

(a2 + r2
H)

2
(r2

H + a2 cos2 θc)
3
√

ΣH(θc)dθc

)
= 0.

(4.K.2)

Then after averaging over all possible ZAMO observers finally the equation of
motion comes out as given in (4.4.42).
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Diffeomorphism symmetries near a timelike
surface in black hole spacetime 5

So far most of the studies on asymptotic symmetry has been performed either at
asymptotic null infinity [64, 65, 67] or near the black hole horizon ([91, 92, 185]
and the references therein). Being motivated by that analysis, in chapter 2, we
have studied diffeomorphism symmetries for the Einstein-Maxwell system near
a charged null hypersurface, which may not be the solution of field equations.
On the other hand, inspired by U(1) symmetry breaking phenomena, in the
chapters 3 and 4, we have tried to find out the non-trivial mode solutions of the
diffeomorphism symmetry parameters (known as supertranslation and superrota-
tion) by incorporating the idea of the spontaneous symmetry breaking happened
by Rindler and gravitational (Schwarzschild and Kerr) backgrounds themselves.
Later we have found by quantum analysis that those mode solutions reveal the
thermal nature of the black hole. However, a natural question arises, what will be
the physical implication of the diffeomorphism symmetries on an another type of physical
boundary, like a timelike hypersurface located in the bulk spacetime? To explore the
full power of this asymptotic symmetry in understanding the nature of gravity,
we believe it is timely to explore the asymptotic symmetries near the families of
non-null hypersurface positioned at any arbitrary radial coordinate in the bulk
spacetime manifold. The hypersurface can be thought of as a domain wall divid-
ing the spacetime into two regions. In our present discussion, we will consider
a timelike hypersurface situated at a finite radial distance outside the black hole
horizon.
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To motivate further with regard to our choice of the timelike boundary in
the bulk spacetime, it is important to mention the recent developments in the
correspondence between gravity and fluid dynamics, where timelike surface away
from the horizon plays an important part. The interesting connection has been
established between Einstein field equations of gravity and Navier-Stokes (NS)
equation of viscous fluid on a timelike surface [228–233]. Wherein the (p + 2)-
dimensional metric solution of Einstein’s equations of motion describes a (p + 1)-
dimensional non-relativistic incompressible fluid on the timelike surface. This is
obtained from the conservation Brown-York surface stress-energy tensor on the
timelike hypersurface. An interesting connection has been uncovered between
the fluid dynamics on the timelike membrane and infinite set of symmetries and
associated conserved charges which are similar to the BMS symmetries and charges
[116]. All these important results motivate us to perform the detail investigation
of the diffeomorphism symmetries of the timelike surface under consideration.

5.1 Objective of the chapter

In this chapter we will consider a timelike hypersurface defined by the radial
coordinate r = rc > rH, assumed to be situated outside the black hole horizon.
Here rH is the location of the horizon. We will consider both Schwarzschild and
Kerr black hole spacetimes. The first step would be to express the metric near
the surface in Gaussian normal coordinate. In order to do that we have followed
the methodology outlined in [179]. Once the metric is derived, we will follow the
usual procedure for the asymptotic symmetry analysis. By imposing appropriate
boundary conditions near the surface, we will determine the diffeomorphism
symmetry parameters. The boundary conditions will be such that the form of
the metric near the timelike surface must remain invariant under arbitrary diffeo-
morphism. The conserved charges due to the diffeomorphism symmetries will be
also calculated in a spacelike subspace of this timelike surface and the associated
symmetry algebra will be constructed thereafter. At the end, we will show an
interesting connection between those charges with the local heat content of the
surface under consideration.
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5.2 The Gaussian normal coordinate system: a brief

review

In this section we give a quick overview on the construction of the Gaussian
normal coordinate (GNC) system which will be used in the later part of our
analysis. These coordinate system is suitable to explain physical quantities on
an (p + 1)-dimensional hypersurface S , embedded in the (p + 2)-dimensional
manifold N . For the present discussion we consider sub-manifold S as a timelike
hypersurface. One can choose a unique vector Na in the tangent space of the
manifold N in such a way that the vector will be orthogonal to all the vectors
in the tangent space of the submanifold S . So for S , we can normalize Na such
that NaNa = 1; i.e. Na is spacelike corresponding to signature (−,+,+,+) of the
metric. Thus the vector Na is the unit normal to S .

Now we can construct unique geodesic with tangent Na emanating from
an arbitrary point P on the aforesaid hypersurface S . So the geodesic must
pass through another arbitrary point Q situated in the small neighbourhood of
the hypersurface S . In this setup, one defines a coordinate system in the form
(x1, x2, x3, ρ), among them (x1, x2, x3) denote the coordinates of the point P on
the surface. On the other hand fourth coordinate ρ labels the point Q which lies
on the geodesic, very near to S . Here ρ is a spacelike coordinate. Also one of
(x1, x2, x3) is timelike and others are spacelike. So the GNC system (x1, x2, x3, ρ)

will be well defined in the small neighbourhood of the point P in such a way
that the congruence of spacelike geodesics will be orthogonal to the hypersurface.
The spacetime metric in the neighbourhood of the surface can be expressed in the
following form (more details in this regard can be found in [175]):

ds2 = gabdxadxb = dρ2 + hµνdxµdxν . (5.2.1)

Here µ, ν indices are defined on the hypersurface S whose induced metric is
given by hµν. Whereas, a, b correspond to spacetime indices. Here we have metric
coefficient gρρ = 1 due to the normalization of the vector field Na. Furthermore
gρµ = 0 since vector Na is orthogonal to the surface. Hence in this newly formed
coordinate system, ρ = constant hypersurface describes timelike hypersurface S
in GNC.

Next in the upcoming sections, we will express Schwarzschild and Kerr ge-
ometries in this coordinate system in order to study the symmetry properties of
the timelike surface which is situated at any arbitrary radial position in the black
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hole spacetime backgrounds.

5.3 Schwarzschild black hole

5.3.1 Schwarzschild metric in Gaussian Normal coordinate

system

The Schwarzschild metric in original Schwarzschild coordinates is given by,

ds2 = −(1− 2M/r)dt2 +
dr2

(1− 2M/r)
+ r2dΩ2 , (5.3.1)

where, dΩ2 = (dθ2 + sin2 θdφ2). Since our main objective is to study the symmetry
of this spacetime near a timelike surface, we shall express the above metric in
Gaussian Normal Coordinates (GNC) near this hypersurface. We choose S as
r = rc (constant) hypersurface lies outside the horizon r = 2M. Below we shall
follow the procedure, described in the last section, to express metric (5.3.1) in GNC
(more detail in this regard can be found in [179]).

The unit spacelike normal vector to S for Eq. (5.3.1) is given by,

Na = (0,

√
1− 2M

r
, 0, 0). (5.3.2)

The spacelike geodesic congruence that crosses the surface orthogonally will have
Na as a tangential vector near the surface. Near the surface we can parametrize
the geodesics with affine parameter ρ = r− rc. The timelike surface is identified as
ρ = 0. Therefore, the geodesics curve Xa(ρ) with Xa = (t, r, θ, φ) and orthogonal
to S at the intersection, can be expressed through the following Taylor series
expansion,

Xa(ρ) ≈ Xa
ρ=0 + ρ

dXa

dρ
ρ=0 +

ρ2

2
d2Xa

dρ2 ρ=0 + . . . . (5.3.3)

The first term in the right hand side is identified as Xa
ρ=0 = (t′, rc, θ′, φ′). The

second one is given by the tangent vector to the curve, dXa

dρ ρ=0 = Na
ρ=0. The third

term can be evaluated by considering the geodesic equation Na∇aNb = 0 at ρ = 0
(shown in Appendix 5.A.1). This yields

d2r
dρ2 ρ=0 = −Γr

bcNbNc
ρ=0 =

M
r2

c
. (5.3.4)
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5.3. Schwarzschild black hole

Where all the other component equations identically vanish. Using these in
Eq. (5.3.3) and keeping upto second order in ρ, we find the transformation of
coordinates from (t′, r, θ′, φ′) to (t, ρ, θ, φ) as (also shown in Appendix 5.A.1),

t′ = t; r = rc + ρ

√
1− 2M

rc
+ ρ2 M

2r2
c

; (5.3.5)

θ′ = θ; φ′ = φ .

Application of these transformations into Eq. (5.3.1) leads to the following form of
the metric:

ds2 = gρρ(ρ)dρ2 + gtt(ρ)dt2 + gAB(ρ, x)dxAdxB , (5.3.6)

where the argument x corresponds to the angular coordinates (θ, φ). Now the
metric coefficients can be obtained by simply using tensor transformation and
keeping up to O(ρ) as follows (details are shown in Appendix 5.A.2),

gρρ(ρ) =' 1 +O(ρ2)

gtt(ρ) ' −
(

1− 2M
rc

)
−
(2M

√
1− 2M

rc

r2
c

)
ρ ;

gAB(ρ, x) '
(

r2
c + 2rcρ

√
1− 2M

rc

)
γAB; (5.3.7)

where γAB is the metric on the two-sphere given by, dΩ2 = dθ′2 + sin2 θdφ′2.
Note that in the sufficiently small neighbourhood of the surface the metric Eq.

(5.3.6) assumes the form Eq. (5.2.1) to the leading order in ρ. Near the timelike
hypersurface r = rc, the asymptotic form of the metric will be exactly the same as
given in (5.3.6) which is expressed in Gaussian normal coordinates. Our primary
goal would be to study the symmetries near r = rc surface, analogous to the
symmetry analysis near the horizon or near null infinity. Hence we will impose
appropriate asymptotic conditions on the variation of the metric coefficients (5.3.6).

5.3.2 Symmetries near the surface

The key ideas in identifying the asymptotic symmetries are intertwined with the
appropriate set of boundary conditions on the variation of the metric coefficients.
Due to diffeomorphism the structure of the metric (5.3.6) is assumed to remain
same in our region of interest. Generically the asymptotic conditions on the metric
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coefficients are of two different categories. In one category, the gauge fixed condi-
tions are strictly assumed to be invariant under diffeomorphism transformation
xa → xa + ζa and those are

£ζ gρρ = 0, £ζ gρt = 0, £ζ gρA = 0 . (5.3.8)

In the above expression £ζ implies the Lie derivative along the vector field ζa.
We call the above set as “strong” conditions. These four conditions Eq. (5.3.8)
essentially provide residual diffeomorhism transformation generators. The func-
tional form of those generators can possibly be restricted by the other category of
transformations under which the metric coefficients are assumed to change with
the appropriate fall-off conditions as

£ζ gtt ≈ O(1); £ζ gtA ≈ O(ρ2), £ζ gAB ≈ O(1). (5.3.9)

Analogous to the analysis near the null boundary, the asymptotic conditions on
the metric variation are given by four gauge conditions Eq. (5.3.8) and remaining
fall-off conditions Eq. (5.3.9) defined near the timelike boundary in the present
discussion. The weak fall off condition for gtt is postulated considering the leading
order behaviour of the metric coefficient. The off-diagonal component gtA is absent
in the original Schwarzschild solution, hence we have assumed the fall-off rate of
gtA as O(ρ2). At the same time, the fall-off condition of gAB is imposed as O(1)
depending on the leading order structure of the metric. In the next part of the
analysis, we will show that for the obtained form of the solution of the vector field
ζa, the Lie variations of gtA and gAB automatically vanish. We now first solve the
gauge fixed condition Eq. (5.3.8) to identify the appropriate symmetry parameter
and the form of the solutions are as follows (detail is given in Appendix 5.A.3),

ζρ = T(t, x) ;

ζt = 1/(1− 2M/rc)
∫

∂tT(t, x)dρ + F(t, x) ;

ζA = −gAC
∫

∂CT dρ + RA(t, x) ; (5.3.10)

where T, F and RA are the integration constants. These are the residual diffeomor-
phism symmetry parameters under which the gauge choice remains the same. To
proceed further, we choose RA = 0, as static Schwarzschild spacetime does not
have intrinsic rotation. Further, we also set T(t, x) = 0 which keeps the position of
the hypersurface intact at ρ = 0. Therefore, we are left with one diffeomorphism
parameter F which is similar to the ‘supertranslation’ discussed in the literature for
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the asymptotic null boundary and null horizon. Now we have shown in Appendix
5.A.4 that near the surface at ρ = 0, the Lie variation of the component gtA will
give only one non-zero term, −(1− 2M

rc
)∂AF. Therefore the functional form of F

needs to be further constrained by the following condition,

∂AF = 0 =⇒ F = F(t), (5.3.11)

so that the structure of the metric near S does not change. Finally we can write
symmetry parameters very near to the surface as;

ζρ = 0 = ζA ; ζt = F(t) . (5.3.12)

Hence for the above condition (5.3.11) on parameter F and for the solution set
(5.3.12) of ζa, the Lie variation of the metric component gtA and gAB will be zero
automatically ( details can be found in Appendix 5.A.4, see Eqs. (5.A.14) and
(5.A.15)). So we have left with only one fall-off condition on the component gtt as
given in (5.3.9). Correspondingly there is diffeomorphism along time direction
only. This feature is completely different from what was obtained for the case of a
general null-surface in chapter 2 where parameter F was the function of angular
coordinates as well. In the later part of the discussion, we will discuss that the
derived form of ζa is such that all the metric coefficients preserve their asymptotic
form near the surface, while the black hole parameter mass gets modified with a
time-dependent term. This phenomenon is similar to the near horizon symmetries
or asymptotic symmetries near infinity, where it has been observed that under
infinitesimal diffeomorphism structure of the metric near the boundaries does not
change, but the black hole parameters, like mass, can be modified. Analogous
to the near horizon symmetry, we call F(t) as the ‘supertranslation’ parameter.
But unlike near horizon symmetries [91] and asymptotic null infinity BMS symmetries
[67], symmetry generator near the timelike hypersurface embedded in the Schwarzschild
spacetime, the ‘supertranslation’ parameter is not arbitrary function of spatial coordinates
(θ, φ), rather it turned out to be dependent only on time.

5.3.3 Algebra of symmetry parameter

Now we want to construct the bracket algebra between the symmetry generators
constructed in the last section. We have only one non-zero component of ζa =

(F(t), 0, 0) which will generate the symmetry algebra of the residual symmetry
transformation. Since like horizon at r = 2M, there is no periodicity of Euclidean
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time at r = rc, therefore associated Fourier mode of F will be continuous in
frequency space ,

F(t) =
∫ ∞

−∞
dω α(ω)e−iωt =

∫ ∞

−∞
dω α(ω)F̄(ω, t) . (5.3.13)

Here α(ω) represents individual Fourier mode of F(t). The kernel function
F̄(ω, t) = e−iωt will form the complete orthogonal basis with continuous fre-
quency ω.

Now to get the required algebra, let us consider two symmetry vectors ζa
1 =

(F1, 0, 0) and ζa
2 = (F2, 0, 0). The standard Lie algebra between these two diffeo-

morphism vectors is given in (2.13). As we have already discussed in the first
chapter that the second and third terms in the definition of Lie bracket (2.13) are
generally considered in order to take into account the variation of the vector fields
due to the higher-order variation of the metric. But we will ignore the higher-order
effect on the variation of diffeomorphism vectors (detail is shown in Appendix
2.C). Therefore, Eq. (2.14) will be our main equation to construct the symmetry
algebra. In terms of F, the Lie bracket takes the following form,

[ζ1, ζ2]
t = [F1, F2] = F1∂tF2 − F2∂tF1 . (5.3.14)

In terms of Fourier modes, the left hand side becomes,

[F1, F2] =
∫ ∞

−∞

∫ ∞

−∞
dω1dω2α(ω1, ω2)[F̄(ω1, t), F̄(ω2, t)] , (5.3.15)

with α(ω1, ω2) = α(ω1)α(ω2), and the right hand side of the equation Eq. (5.3.14)
becomes,

F1∂tF2 − F2∂tF1

=
∫ ∞

−∞

∫ ∞

−∞
dω1dω2α(ω1)α(ω2)[−i(ω2 −ω1)]F̄(ω1 + ω2, t) . (5.3.16)

Comparing both the equations Eq. (5.3.15) and Eq. (5.3.16), the algebra among the
basis functions becomes,

i[F̄(ω1, t), F̄(ω2, t)] = (ω2 −ω1)F̄(ω1 + ω2, t).

(5.3.17)

Here the important point to mention is that although the diffeomorphism symme-
try parameter defined on the timelike surface in Schwarzschild spacetime came
out to be dependent only on time, but the aforementioned bracket algebra (5.3.17)
is similar to the that obtained for a generic null surface (see [F, F] commutator
given in Eq. (2.15) of the chapter 2).
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5.3.4 Charges on the surface

For any diffeomorphism invariant gravity theory, conserved charges correspond-
ing to symmetries play a crucial role in understanding the thermodynamics of the
black hole. Innumerable studies have been done where some specific set of dif-
feomorphism symmetric charges have been shown to be related to the black hole
entropy [28, 54, 55, 62, 63, 104–106, 234]. It is well known that the Noether current
Ja associated with the diffeomorphism symmetry xa → xa + ζa for Einstein-Hilbert
action satisfies covariant conservation equation for arbitrary ζa (for instance, see
Appendix 2.F in chapter 2 for an off-shell derivation of charges). Here ζa, in
principle, is completely arbitrary. Hence the conserved charge can naturally be
expressed as (2.18). Detailed discussion regarding the conservation of Nother
charges on a closed boundary has been presented in section (2.6) of chapter 2.

In the present discussion, we have considered a t = constant slice of r = rc

timelike hypersurface which act as a two-dimensional boundary between horizon
and infinity. Here Qt can be written as,

Qt =
[

Qt(r = rH) + Qt(r = rc,−Na)
]
+
[

Qt(r = rc, Na) + Qt(r → ∞)
]
;

(5.3.18)

where the expression in the first part corresponds to region within horizon and
rc while the second part is connected to region between rc to ∞. It is expected
that Qt(r = rc,−Na) and Qt(r = rc, Na) must cancel each other, because the
normal on r = rc surface are same but in opposite direction with respect to two
regions. However, the value of individual terms may be non-vanishing. This
suggests that, in principle, one can define a unique quantity Q ∼

∫
dΣab Jab on

any t = r = constant two dimensional cross-sections which can be thought of as
part of the conserved charge Qt if the observer is confined in either one side of the
surface. In this sense Q alone should not be a conserved quantity. However, we
use the usual nomenclature as “charge" here in a very weak sense as this part is
not alone conserved. This charge can be interpreted as the induced charge on an
arbitrary time like hypersurface associated with a special class of diffeomorphism
under study.

Therefore in Einstein gravity part of the ‘charges’ due to diffeomorphism
symmetry on a two-surface (either on the horizon or at infinity) is expressed
as given in (2.19), where Jab is the Noether potential. For Einstein theory the
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expression of Jab is given by

Jab =
1

16πG
(∇aζb −∇bζa) . (5.3.19)

The integration is being done on the two surface.

Now a natural question arises what symmetry does this charge should cor-
respond to? For any arbitrary diffeomorphism, as we stated earlier, the charge
Eq. (2.19) can be defined in principal on any arbitrary surface. This is defined
for any arbitrary diffeomorphism. Therefore the choice of ζa (the gauge choice)
from a particular condition will construct a charge which is conserved in the sense
of our previous discussion. Even if one finds this diffeomorphism from a local
(gauge) symmetry of metric, the total corresponding charge which is the sum of
contributions from different parts of the boundary, still conserved as this is by
construction conserved for any arbitrary diffeomorphism. In fact, given a specific
form of the diffeomorphism associated with the underlying symmetry, the formula
yields the well-known charges near the horizon or null-infinity. This procedure
has been shown to be yielded horizon entropy in the context of Virasoro algebra
(e.g. see [62, 63, 104, 105]). Note that even if the conserved charge here is due to
gauge symmetry, its value on the part of the boundary may be non-vanishing.
However, in the present analysis, what would be the physical characteristics and
how to compute the charge on the arbitrary time like surface are the questions we
have asked and explored in detail. Hence the charges are calculated for a class
of diffeomorphism symmetries which preserves the form of the metric near the
timelike surface under study. Once Q is defined as above, on any two dimensional
cross-section (like, hypersurface defined by both t = and r = are constants), one
can compute the associated diffeomorphism symmetry transformation which
keeps the metric structure near the surface under study unchanged, following the
usual procedure. One usually computes ζa from physically motivated boundary
conditions on metric coefficients gab as just mentioned above. Using this subset
of diffeomorphisms, constraint by certain physical boundary conditions on gab,
one usually calculates Q. This well known procedure has been used in the case of
horizon as well as asymptotic infinity structure-preserving symmetries. In both
cases, it has been observed that the structure of the metric remains unchanged,
but the black hole parameters, such as mass, angular momentum can be modified.

In the present discussion we are calculating this Q on the cross-section of
a timelike surface r = rc, denoted by t = constant slice following the same
procedure. We also observed that under suitable redefinition, the black hole
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parameters changes, e.g., in the case of Schwarzschild, the mass has been changed
to,

M→ M + (M− rc

2
)(∂tF). (5.3.20)

However, this change may be thought of as a diffeomorphic change of the black
hole mass.

In this context, as a side remark, it may be mentioned that since our interest is
on the t = constant slice of timelike hypersurface and Q can be associated on any
two dimensional surface, it is not mandatory to exists a horizon in the spacetime,
as least as far as the definition of Q is concerned. The only restriction has to be
that the metric should be solution of diffeomorphism invariant gravity theory, like
General theory of relativity (GR), and in that sense, the same can be applied to a
star spacetime solution.

In the present situation, as mentioned above, we shall calculate Q on the one
side of ρ = 0 surface at a particular time slice. Therefore this subspace is two
dimensional and can be indicated by two unit normals: one is timelike and another
is spacelike. Hence this particular subspace is in general spacelike, but not the two
dimensional spacelike slice of the horizon as rc 6= 2M. The surface element on the
two-surface is

dΣab = d2x
√

σ(Manb −Mbna) , (5.3.21)

where σ is the determinant of the induced metric on the hypersurface under con-
sideration. Ma is the unit spacelike normal vector directed outward and defined
on the timelike surface (ρ = constant), and is given by, Ma = (0, 1, 0, 0). Similarly
na is the unit timelike normal on the spacelike hypersurface (t = constant) taking
the following form (shown in Appendix 5.A.5.1),

nt = − 1√
1− 2M/rc

+ ρ
( M
(r2

c − 2Mrc)

)
. (5.3.22)

As the spacelike surface is situated at ρ = 0 the only non-vanishing component
of the surface element in Eq. (5.3.21) is,

dΣtρ = −d2x
√

σntMρ. (5.3.23)

Using Eq. (5.3.12) and Eq. (5.3.23) one obtains Q to be (detail in Appendix 5.A.5.2),

Q[F] =
MF(t)

2G
. (5.3.24)
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As expected from the spherically symmetric background, the charge Q comes out
to be independent of the position of the timelike surface under study. For Kerr
black hole background, we will see this does not hold true. Note that it depends
on a particular t = constant slice of our preferred hypersurface r = rc. In this case
Q can have leakage on this spacelike slice if one moves with time. But it may be
noted that similar leakage in Q can be found on the same t = constant slice of
the actual physical boundaries (at r → ∞ and horizon) and also in another side
of rc surface. It may happen that all these leakages are such that the collective
quantity vanishes. This feature is not new as it happens for charges on the horizon
for general diffeomorphism vector ζa (for example, see Eq. (13) of [105]; also see
[103]). The reason is obvious. As mentioned earlier, the covariantly conserved
Noether current Ja and consequently the anti-symmetric potential Jab are defined
for any arbitrary ζa, even it can be time-dependent. Therefore the computation of
charge on a particular boundary ∂V can be in general time-dependent. However,
if one includes all part of ∂V , total charges must be conserved by construction.

Next in order to compute bracket algebra between charges we express Eq.
(5.3.24) in terms of the Fourier transform of the ‘supertranslation’ parameter given
in (5.3.13):

Q[F] =
M
2G

∫ ∞

−∞
dω α(ω)F̄(ω, t) . (5.3.25)

The Fourier mode of the charge is defined as

Q[F̄(ω, t)] =
M
2G

F̄(ω, t) . (5.3.26)

Then one can write,

Q[F] =
∫ ∞

−∞
dω α(ω)Q[F̄(ω, t)] . (5.3.27)

Therefore, from the following definition,

[Q[ζ1], Q[ζ2]] = £ζ1 Q[ζ2] , (5.3.28)

the algebra among the charges can be directly computed as (detail is given in
Appendix 5.A.6),

i[Q[F̄(ω1, t)], Q[F̄(ω2, t)]] = (ω2 −ω1)Q[F̄(ω1 + ω2, t)]. (5.3.29)
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5.3.5 Physical interpretation of ‘charges’

Before we end the discussion for Schwarzschild spacetime, let us try to investigate
whether the computed ‘supertranslation charge’ has any thermodynamic inter-
pretation. From Eq. (5.3.26), the choice of global symmetry generator, F(t) = 1,
yields

Q =
Ac

4G
g(rc)

2π
. (5.3.30)

where Ac = 4πr2
c and the local gravitational acceleration at the radial coordinate

rc is given by g(rc) = M/r2
c . Hence, the quantity Q may be interpreted as the

local heat content on the hypersurface at a fixed time if one identifies the surface
entropy Sc ∝ Ac and local temperature Tc ∝ g(rc). The temperature is identified
as the Unruh temperature which is directly connected with the local gravitational
acceleration g(rc) .

Next we will show that the same thermodynamic interpretation can be drawn
in a more general setting, i.e. for static spherically symmetric background also.
Let us start with the general static, spherically symmetric metric of the form

ds2 = − f1(r)dt2 + f2(r)dr2 + r2(dθ2 + sin2 θdφ2) . (5.3.31)

In this case the metric near timelike hypersurface rc in GNC is determined to be as
(shown in Appendix 5.B.2)

ds2 = −[ f1(rc) + f ′1(rc)
√

1/ f2(rc) ρ] dt2 + dρ2 + [r2
c + 2rc

√
1/ f2(rc) ρ] dΩ2 .

(5.3.32)

The above can be obtained by using the following transformations (derivation in
Appendix 5.B.1.1),

r = rc + ρ
√

1/ f2(rc)−
ρ2

4 f 2
2

f ′2(rc);

t→ t; θ → θ; φ→ φ . (5.3.33)

Now like earlier the charge for the symmetries near rc, given by (5.3.12), for
F(t) = 1 at a particular time turns out to be (detail is given in Appendix 5.B.3),

Q =
Ac

16πG
f ′1(rc)√

f1(rc) f2(rc)
, (5.3.34)

where Arc = 4πr2
c is the area of our subspace of timelike hypersurface.
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Now for general spherically symmetric black hole Eq. (5.3.31), it can be proved
that local acceleration takes the from,

g(rc) = f ′(rc)/
√

4 f1(rc) f2(rc). (5.3.35)

A discussion regarding this has been presented in Appendix 5.B.4. Hence, with
the form (5.3.35), (5.3.34) can be expressed as (5.3.30). Like Schwarzschild case,
(5.3.34) may be interpreted as the local heat content on the hypersurface at a fixed
time with Tc is identified as Unruh temperature [213, 235–238]. Hence the local
observer hovering near the r = rc hypersurface, will see the surface as thermal
object with the aforementioned Temperature Tc.

Another physical interpretation of the aforementioned ‘charges’ can be pre-
sented through an interesting perspective considering the Tolman relation [239–
242], which gives rise to the temperature gradient of a thermodynamic equilibrium
system in the gravitational field. The relation entails,

T(r)
√
−gabkakb = T(r)

√
−gtt = T0, (5.3.36)

where ka = (1, 0, 0, 0) is the timelike Killing vector of the background under
consideration and T(r) is called Tolman temperature and T0 is arbitrary constant
equilibrium temperature. Using the relation f ′1 = −2 f1(T′/T) and F(t) = 1 which
precisely corresponds to the time-like Killing vector ka, we obtain the following
interesting relation (detail in Appendix 5.C),

Q = − 1
2π

Ac

4G

(
T0

T

)
n̂a∇aT

T

∣∣∣
rc

(5.3.37)

where we have chosen the normal to r = constant surface in such a way that
n̂a = (0,

√
f2, 0, 0) and consequently n̂a = (0, 1/

√
f2, 0, 0). Now it has been

shown in [243] that a classical gas of radiation under Newtonian acceleration
satisfies ∇aT/T = −ga. Therefore the temperature gradient part of (5.3.37) leads
to gravitational acceleration along the normal to hypersurface and hence we obtain
(5.3.30). It would be interesting to explore this relation Eq. (5.3.37) further in the
context thermodynamic origin of gravitational theory.

Hence for a globally defined diffeomorphism vector F(t) = 1, the charge
induced on the timelike hypersurface can be expressed as Eq.(5.3.37), for which
we are able to provide a distinct thermodynamic interpretation. However, for
arbitrary time dependent globally defined function of F(t), we are unable to give
any physical interpretation.
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5.3.6 Comparison of the results in Minkowski background

So far, we have tried to explore the symmetry of the non-null hypersurface situated
at rc > rH in the Schwarzschild black hole background. In this section, we consider
its flat space limit M→ 0. One expected outcome naturally follows from the Eq.
(5.3.25) so that the expression of charge Q vanishes on the timelike hypersurface.
This can also be straightforwardly calculated considering a specific set of the
timelike surface at any arbitrary radial position in the Minkowski background. In
spherical polar coordinates, the metric is

ds2 = −dt2 + dr2 + r2(dθ2 + sin θ2dφ2) . (5.3.38)

Following the same procedure as discussed in detail in Schwarzschild case, we
can obtain the induced metric on a time like surface defined by r = rc in Gaussian
normal coordinates as,

ds2 = dρ2 − dt2 + (r2
c + 2rcρ)(dθ2 + sin2 θdφ2).

(5.3.39)

The Lie variation of the gauge conditions and other metric components as fall-off
conditions will remain the same as given in Eq. (5.3.8) and Eq. (5.3.9). Therefore,
the solution of the gauge choices will be the same as found in Eq. (5.3.10) with the
limit M→ 0. The constraints coming from the fall-off condition will be the same
as before Eq. (5.3.11). Hence symmetry algebra will remain the same as Eq. (5.3.17)
as for the Schwarzschild black hole background. However, as mentioned in the
beginning, our explicit computation also shows the associated charge Q becomes
zero (detail derivation is given in Appendix 5.D). Therefore one can conclude
that, unlike the gravitational case, for flat spacetime, there is no thermodynamic
quantity related to the global symmetry parameter given by F = 1.

5.4 Kerr background

We will now extend the earlier discussion for a timelike surface r = rc located
outside the horizon of the Kerr black hole.
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5.4.1 Kerr in GNC

The Kerr metric in Boyer-Lindquist coordinate is expressed as

ds2 = −∆− a2 sin2 θ

Σ
dt2 − 4aMr sin2 θ

Σ
dtdφ +

Σ
∆

dr2 + Σdθ2

+
sin2 θ[(r2 + a2)2 − a2 sin2 θ∆]

Σ
dφ2 , (5.4.1)

where, ∆ = r2 + a2 − 2Mr and Σ = r2 + a2 cos2 θ . We will follow the same
methodology as elaborately discussed for the Schwarzschild black hole. Our task
is to express the metric in the neighbourhood of the time like surface r = rc > rH in
Gaussian normal coordinate in the form of Eq. (5.2.1). The detail procedure in this
regard has been discussed in the last section in case of Schwarzschild spacetime.

In the Kerr background spacetime, the non-vanishing component of the unit
space like normal vector Na to the hypersurface under consideration is given by,

Nr =

√
(r2 + a2 − 2Mr)
(r2 + a2 cos2 θ)

. (5.4.2)

Now following the same procedure discussed in the previous section, and Taylor
expanding the geodesics as given in Eq. (5.3.3), we can define the transformation
between spacetime coordinates (t, r, θ, φ) and GN coordinate (t′, ρ, θ′, φ′) upto
O(ρ2) as (detail on Appendix 5.E.1),

t = t′ ; r = rc + ρ s1(θ)− ρ2s2(θ) ;

θ = θ′. φ = φ′ . (5.4.3)

where we define s1(θ) = Nr
r=rc , and

s2(θ) =
d2Xa

dρ2 ρ=0 =
( a2rc −Mr2

c + (M− rc)a2 cos2 θ

2(r2
c + a2 cos2 θ)2

)
. (5.4.4)

The above transformations uptoO(ρ2) will be sufficient for our subsequent discus-
sion. Using the above transformation of coordinates, the induced metric near the
timelike hypersurface under consideration will assume the GNC form as Eq. (5.2.1)
where metric components upto O(ρ) are given by (detail is given in Appendix
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5.E.2),

gtt = −
∆rc − a2 sin2 θ

Σrc

− 2ρ s1(θ)
(Mr2

c − a2M cos2 θ

Σ2
rc

)
;

gtφ =
−4aMrc sin2 θ

Σrc

+ 4aMs1(θ)ρ sin2 θ
(r2

c − a2 cos2 θ

Σ2rc

)
;

gρρ = 1 ; gθθ = Σrc + 2ρ rc s1(θ) ;

gφφ = sin2 θ
( (r2

c + a2)2 − a2 sin2 θ∆rc

Σrc

)
+2ρs1(θ) sin2 θ

[(2a2rc + 2r3
c + (a2M− a2rc) sin2 θ

Σrc

)
−
(rc(a2 + r2

c )
2 − a2rc(a2 − 2Mrc + r2

c ) sin2 θ

Σ2rc

)]
.

(5.4.5)

Here Σrc and ∆rc are the corresponding quantities defined at r = rc. These are
given by,

Σrc = r2
c + a2 cos2 θ ,

∆rc = r2
c + a2 − 2Mrc . (5.4.6)

Therefore, the above form (5.4.5) in GNC properly describes the spacetime geome-
try very near to the timelike surface situated at ρ = 0 (where r− rc ≈ ρ). Hence
the components of the metric take the asymptotic form as given in (5.4.5) near the
aforementioned timelike boundary. Our subsequent analysis will be the same as
that of the Schwarzschild black hole background discussed above.

5.4.2 Symmetries near the surface

Unlike Schwarzschild black holes, Kerr spacetime is endowed with angular mo-
mentum, which plays a characteristically different role in defining the properties of
the associated symmetry algebra. Main objective of the whole symmetry analysis
program is to keep the asymptotic structure of the metric under investigation in-
variant under diffeomorphism transformation. Here also the following constraints
on the behaviour of some of the metric components which are associated with the
gauge condition, need to be maintained as before, and those are,

£ζ gρρ = 0; £ζ gρt = 0; £ζ gρA = 0 , (5.4.7)

where A stands for the transverse coordinates θ and φ. Because of the inherent
rotational angular momentum of the spacetime, the weak fall off conditions of the
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remaining metric component in terms of ρ coordinate are assumed to follow,

£ζ gtt ≈ O(1); £ζ gtA ≈ O(1); £ζ gAB ≈ O(1) . (5.4.8)

The fall-off conditions directly follow from the leading order behaviour of the
metric coefficients gtt, gtA and gAB. The two categories of boundary conditions
keep the asymptotic form of the metric intact near the timelike surface at r = rc.
So these are the asymptotic conditions imposed on the fluctuation of the metric
coefficients (5.4.5). Solving the three strong form of gauge conditions expressed in
Eq. (5.4.7) we determine the general solutions of the symmetry vector as follows
(detail is given in Appendix 5.E.3),

ζρ = T(t, x); ζt = −
∫

∂tT
gtt

dρ +
∫ gtA

gtt
[gtt∂AT + gtA∂tT)]dρ + F(t, x) ;

ζ A = [−gtA
∫

∂tTdρ− gAB
∫

∂BTdρ] + RA(t, x) , (5.4.9)

where x corresponds to the angular coordinates (θ, φ). Here T, F, and RA are
the unknown integration constants. These are the diffeomorphism vectors under
which the form of the metric near the time like surface under consideration will
remain invariant. Now further restrict on the above vectors under which the
position of the surface does not change will lead to the following additional
constraint T(t, x) = 0. The fall-off conditions expressed in Eq. (5.4.8) have been
observed to be automatically satisfied by the solution space Eq. (5.4.9) (details are
shown is given in Appendix 5.E.4). Finally the non-vanishing components of the
symmetry vectors ζ = ζa∂a are given by,

ζa∂a = F(t, x)∂t + RA(t, x)∂A. (5.4.10)

In the above expression RA denotes the rotation parameter. For generality we
assume all the differmorphism parameters to be function of all the coordinates
namely ζθ = Rθ(t, x) and ζφ = Rφ(t, x). Following the conventional definition,
we describe the parameters F as the generator of the ‘supertranslation’ and RA

as the ‘superrotation’. Important to note that for Kerr black hole background,
the supertranslation generator near the timelike surface turned out to be an ar-
bitrary function of both time and angular coordinates as opposed to that of the
Schwarzschild black hole background discussed before.

Similar to the Schwarzschild case, the form of the vector field ζa is such that
near the surface S , the metric coefficients in Kerr background keep their asymptotic
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form intact, while from the Lie variation of gtt, one can show that the black hole
mass M has been changed to,

M→ M− (Σrc − 2rcM)Σrc ∂tF− 2Ma2rcRθ sin 2θ − 4aMrcΣrc sin2 θ(∂tRφ)

2rcΣrc

;

(5.4.11)

and from the variation of the gtφ component, a/Σrc transform to,

a
Σrc

→ a
Σrc

(1 + ∂φRφ − ∂tF)

+
4aMrc(Σrc + a2 cos θ)Rθ sin 2θ − (Σrc − 2Mrc)Σ2

rc ∂φF
4MrcΣ2

rc sin2 θ

−

(
(r2

c + a2)2 − a2 sin2 θ∆rc

)
∂tRφ

4MrcΣ2
rc

.

(5.4.12)

Following the same procedure discussed for the Schwarzschild black hole, we
now explore the bracket algebra among the symmetry generators χa∂t = F∂t

and ηa∂a = RA∂A. The generators are expressed in terms of following Fourier
expansion,

F(t, x)∂t = ∑
kA

∫ ∞

−∞
dω α(ω, kA)e−iωt+i ∑A kAxA

∂t

= ∑
kA

∫ ∞

−∞
dω α(ω, kA) F̄k(ω, t, x); (5.4.13)

RA(t, x)∂A = ∑
lA

∫ ∞

−∞
dω ᾱA(ω, lA) e−iωt+i ∑A lAxA

∂A

= ∑
lA

∫ ∞

−∞
dω ᾱA(ω, lA)R̄l

A(ω, t, x). (5.4.14)

Here α(ω) and ᾱA(ω) represent the Fourier modes in frequency domain of the
functions F(t, x) and RA(t, x) respectively. The argument x corresponds to angular
coordinates (θ, φ). F̄k(ω, t, x) and R̄l

A(ω, t, x) are identified as basis generators.
So among the generators, the commutator algebra will be computed as follows
(details are given in Appendix 5.E.5),

i[F̄k(ω1, t, x), F̄l(ω2, t, x)] = (ω2 −ω1) F̄k+l(ω1 + ω2, t, x). (5.4.15)
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The Lie bracket for the ‘superrotation’ diffeomorphism vector with itself will take
the following form,

i[R̄k
A(ω1, t, x)], R̄l

B(ω2, t, x)] = lA R̄k+l
B (ω1 + ω2, t, x)− kB R̄k+l

A (ω1 + ω2, t, x) .

(5.4.16)

By using the similar manner we can calculate the commutator algebra between
‘supertranslation’ and ‘superrotation’ generators as,

i[F̄k(ω1, t, x), R̄l
A(ω2, t, x)] = ω2R̄k+l

A (ω1 + ω2, t, x) − kA F̄k+l(ω1 + ω2, t, x) ;

(5.4.17)

Let us point out the important difference between the results obtained for the
time like surface embedded in Kerr spacetime from that of the null surface [166].
For the null surface case, the notable difference is that the general ‘superrotation
generators is time-independent as opposed to the present case. Therefore, this
fact leads to difference result for the [R(t, x),F (t, x)] commutator. On the null
surface, the aforementioned commutator generates supertranslation only, whereas
on the time like surface, it generates both ‘superrotation and ‘supertranslation’
depending upon the parameter values of the transformation.

5.4.3 Charges Q on the surface

Associated with the symmetries discussed in the previous section, we now ex-
plicitly compute the charges Q defined on the two dimensional r = constant, t =
constant surface, which is essentially a two-sphere. The sphere at a particular
instant of time is characterized by spacelike and timelike normal vectors defined
as Ma and na, respectively. For the metric Eq. (5.4.5), the unit spacelike normal
vector Ma assumes Ma = (0, 1, 0, 0) and the non-zero components of the unit
timelike normal vector na are:

nt = −

√
α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
; nφ = − 2aM(rc + ρ s1 − ρ2s2)√

Σ(ρ, θ)∆(ρ, θ)α(ρ, θ)
, (5.4.18)

where we have defined the following quantities in GNC,

Σ(ρ, θ) = (rc + ρ s1 − ρ2s2)
2 + a2 cos2 θ, (5.4.19)

∆(ρ, θ) = (rc + ρ s1 − ρ2s2)
2 + a2 − 2M(rc + ρ s1 − ρ2s2), (5.4.20)

α(ρ, θ) = ((rc + ρ s1 − ρ2s2)
2 + a2)2 − a2 sin2 θ∆(ρ, θ), (5.4.21)
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Following the same procedure as discussed for the Schwarzschild case, the area
element dΣab survives with two non vanishing components: dΣtρ and dΣρφ. With
all these ingredients, the diffeomorphism charges can be expressed near the surface
ρ = 0, as follows (details are presented in Appendix 5.E.6.2),

Q[ζ] = Q[F ] + Q[R] , (5.4.22)

The first term is ‘supertranslation’ charge with the following explicit form,

Q[F ] = − 1
16πG

∫
d2x
[
2M(sin θ)F (t, x)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3

]
, (5.4.23)

the second term is attributed to the charge associated with the ‘superrotation’,

Q[R] = 1
16πG

∫
d2x
[
2aM(sin3 θ)R(t, x)

(3r6
c + a2r4

c + 4a2r4
c cos2 θ − a4(a2 − r2

c ) cos4 θ)

(r2
c + a2 cos2 θ)3

]
.

(5.4.24)

Now we are in a position to inspect the physical interpretation of the ‘supertransla-
tion’ and ‘superrotation’ charges. For simplest choice, F(t, x) = 1 and RA(t, x) = 1
,the results (5.4.23) and (5.4.24) yield the followings form of the charges (detail can
be found in Appendix 5.E.6.3),

Q[F(t, x) = 1] =
M
2G

, Q[RA(t, x) = 1] = −Ma
G

; (5.4.25)

which can be identified as the Komar conserved quantities [244–246] defined on
the timelike surface at a particular instant of time in the Kerr black hole space-
time. However, with the given diffeomorphism vectors, we have not found any
obvious thermodynamic interpretation as has been found for the Schwarzchild
case. However, if we consider a slightly more general diffeomorphism vectors
ζ = ∂t + Ωc∂φ, where

Ωc = −
gtφ

gφφ
r=rc =

2Marc

(r2
c + a2)(r2

c + a2 cos2 θ) + 2aMrc sin2 θ
, (5.4.26)

is the the angular velocity on our timelike surface. In that case we have, (detail
computation is given in Appendix 5.E.6.4)
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Qζ = Q[F(t, x) = 1] + Q[RA(t, x) = Ωc]

=
a2 − 2Mrc + r2

c
2aG

tan−1 (
a
rc
)

− (a2 + r2
c )(a2rc + a2M + r3

c − 3Mr2
c )

2aG
√

rc
√
(a2 + r2

c − 2Mrc)(r3
c + 2Ma2 + a2rc)

tan−1 [
a
√

a2 − 2Mrc + r2
c√

rc(r3
c + 2Ma2 + a2rc)

].

(5.4.27)

To find similar relation obtained in Eq. (5.3.37), following the reference [247], we
generalize the Tolman relation for stationary spacetime as

T(r)
√
−gabζaζb = T0; (5.4.28)

where ζa is the timelike vector, constructed out from the linear combination of
two existing Killing vectors (∂t)a and (∂φ)a of the spacetime. Now, in this case the
form of ζa is taken to be ζa = (1, 0, 0, Ωc) and we define

|K| =
√
−(gtt + 2Ωcgtφ + Ω2

c gφφ) . (5.4.29)

Then the Tolman temperature gradient leads to the gravitational acceleration along
the normal to the surface as follows,

g = −Ma∇aT
T

= −∂r|K|2
|K|2 , (5.4.30)

where Ma is the normal to the ρ = constant surface given by, (0, 1, 0, 0). Associated
expression for the charge (5.4.27), in differential form, will then take the identical
form as (detail is given in Appendix 5.E.7),

δQζ = − 1
2π

(
δAc

4G

)(
T0

T

)(
Ma∇aT

T

)
ρ=0 . (5.4.31)

Area element δAc is given by
√

αc sin θ dθdφ. It is now easy to check that after
integration over transverse coordinates the expression (5.4.31) reduces to (5.4.27).

The charges can now be expressed in terms of the mode function of the sym-
metry generators as,

Q[F(t, x)] = ∑
k

∫ ∞

−∞
dω αk(ω) Q[F̄k(ω, t, x)]

Q[R(t, x)] = ∑
l

∫ ∞

−∞
dω ᾱA

l (ω) QA[R̄l(ω, t, x)] ,

(5.4.32)
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where each mode can be written as follows,

Q[F̄k(ω, t, x)] = − 1
16πG

∫
d2x
[
2M(sin θ)F̄k(ω, t, x)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3

]
,

and

QA[R̄l(ω, t, x)]

=
1

16πG

∫
d2x
[
2aM(sin3 θ)R̄l

A(ω, t, x)

(3r6
c + a2r4

c + 4a2r4
c cos2 θ − a4(a2 − r2

c ) cos4 θ)

(r2
c + a2 cos2 θ)3

]
. (5.4.33)

Then using Eq. (5.3.28) the algebra between modes of charges are computed as
follows (detail is given in Appendix 5.E.8):

i[Q[F̄k(ω1, t, x)], Q[F̄l(ω2, t, x)]] = (ω2 −ω1)Q[F̄k+l(ω1 + ω2, t, x)] ;

i[Q[F̄k(ω1, t, x)], QA[R̄l(ω2, t, x)]] = −kA Q[F̄k+l(ω1 + ω2, t, x)]

+ω2 QA[R̄k+l(ω1 + ω2, t, x)];

i[QA[R̄k(ω1, t, x)], QB[R̄l(ω2, t, x)]] = lA QB[R̄k+l(ω1 + ω2, t, x)]

−kB QA[R̄k+l(ω1 + ω2, t, x)].

(5.4.34)

It is clear from the above Eq. (5.4.34) that the symmetry bracket among the charges
is isomorphic to that among diffeomorphism vectors. Hence we can conclude
that the components of the diffeomorphism symmetry generators together form
a closed algebra which is slightly different from the standard near horizon BMS
algebra.

5.5 Conclusion

In this chapter, we have studied in detail the symmetries of a timelike hypersurface
positioned at any arbitrary radial coordinate embedded in black hole spacetime.
We have considered two different black hole spacetime, where symmetries have
been identified by considering the class of diffeomorphisms which keep the form
of the metric near the timelike surface invariant. In the present analysis, the
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obtained bracket algebra of the asymptotic symmetry group near the timelike
surface has similarities with those of the black hole horizon and null infinity
in the Schwarzschild background, but for Kerr spacetime, there is a significant
difference between the algebra near the timelike surface and those near actual
physical boundaries of spacetime. This is because, in Schwarzschild spacetime,
the symmetry generator defined on the timelike surface turns out to be dependent
only on time, but the bracket algebra of the ‘supertranslation’ generator is similar
to that obtained for a generic null surface. Whereas, for Kerr case ‘superrotation‘
parameterR(t, x) is time-dependent, therefore notable differences has generated
for the [R(t, x),F (t, x)] commutator compared to null boundaries. The associ-
ated charges have also been computed and shown to follow the same algebra as
diffeomorphism transformation vectors. We have also established an interesting
connection between the charges with the local heat content on the surface under
the study.

The timelike surface divides the space into two complementary regions, which
are causally disconnected at any instant of time. Therefore, the symmetries near
the surface could play an interesting role in understanding the entanglement
phenomena in quantum theory. Usually, all the symmetry analysis have been
studied so far in the asymptotic infinity or near the horizon, keeping in mind
the causal physical phenomena such as the scattering of massive or massless
particles. However, the role of symmetries in entanglement phenomena has not
been discussed in the literature. Our present analysis of symmetries near timelike
surfaces could be helpful in understanding this phenomenon which will be taken
up in future work.
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Appendix

5.A Schwarzschild background

5.A.1 Derivation of (5.3.4) and (5.3.6)

For the metric (5.3.1), we evaluate the r component of the geodesic equation as,

d2r
dρ2 r=rc = [−Γr

bcNbNc]r=rc = [−Γr
rrNrNr]r=rc

= [−1
2

grr∂rgrrNrNr]r=rc =
(M

r2
c
(1− 2M

rc
)2
)

/(1− 2M
rc

)2 =
M
r2

c
. (5.A.1)

which is the result given in (5.3.4). Here Na has only r component non-zero. Then
with the components of Schwarzschild metric as given in (5.3.1), Γt

rr, Γθ
rr and Γφ

rr

are computed as,

Γt
rr =

1
2

git(2∂rgir − ∂igrr) = 0; Γθ
rr =

1
2

giθ(2∂rgir − ∂igrr) = 0.

Γφ
rr =

1
2

giφ(2∂rgir − ∂igbr) = 0. (5.A.2)

Hence we can say that,

d2t
dρ2 r=rc =

d2θ

dρ2 r=rc =
d2φ

dρ2 r=rc = 0. (5.A.3)

So collecting the results (5.A.1) and (5.A.3), considering the value of Nr given in
(5.3.2), from (5.3.3) we get the transformation of coordinates as given in (5.3.6).

5.A.2 Construction of the metric in (5.3.7)

• The component gt′t′ :

From (5.3.6), we use tensor transformation rule to construct the metric from
the original Schwarzschild one (5.3.1) as,

gt′t′ =
∂t
∂t′

∂t
∂t′

gtt = −(1−
2M

r
)

r→rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

= −(1− 2M

rc + ρ
√

1− 2M
rc

+ ρ2 M
2r2

c

) (5.A.4)
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Now the last line of (5.A.4) is expanded in Taylor series around ρ = 0 upto
O(ρ) as,

gt′t′ = −(1−
2M

rc + ρ
√

1− 2M
rc

+ ρ2 M
2r2

c

)

= −(1− 2M
rc

)− ρ
(2M

√
1− 2M

rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

(rc + ρ
√

1− 2M
rc
)2

)
ρ=0. (5.A.5)

Fom the above expression we get the component gtt given in (5.3.7) upto
O(ρ).

• The component gρρ:
From the transformation (5.3.6) we get ,

gρρ = grr
∂r
∂ρ

∂r
∂ρ

=
(√

1− 2M
rc

+ ρ
M
r2

c

)2
(

1
1− 2M

r
)

r→rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

=
(√

1− 2M
rc

+ ρ
M
r2

c

)2 1(
1− 2M

(rc+ρ
√

1−2M/rc+ρ2 M
2r2

c
)

)
=
(
1− 2M

rc
+ 2ρ

√
1− 2M

rc

M
r2

c
+ ρ2 M2

r4
c

)[ 1
1− 2M

rc

−ρ
( 2M(

√
1− 2M

rc
+ Mρ

r2
c
)

(rc − 2M + ρ
√

1− 2M
rc

+ Mρ2

2r2
c
)2

)
ρ=0

]
.

= 1 + ρ
(2M

r2
c

√
1− 2M

rc

1− 2M
rc

−
2M(1− 2M

rc
)
√

1− 2M
rc

(rc − 2M)2

)
+O(ρ2). (5.A.6)

From the above expression one can easily get gρρ uptoO(ρ) as given in (5.3.7).

• The component gθ′θ′ and gφ′φ′ :
With the help of the tensor transformation rule and using the aforementioned
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transformation of coordinates (5.3.6) we get,

gθ′θ′ = gθθ
∂θ

∂θ′
∂θ

∂θ′
= r2

r→rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

= r2
c + 2ρ r

r→rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

. (5.A.7)

gφ′φ′ = gφφ
∂φ

∂φ′
∂φ

∂φ′
= r2 sin2 θ

r→rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

= sin2 θ(r2
c + 2ρ r

r→rc+ρ
√

1− 2M
rc +ρ2 M

2r2
c

). (5.A.8)

Hence from (5.A.7) and (5.A.8), we can easily get the components gθ′θ′ and
gφ′φ′ upto O(ρ) as given in (5.3.7).

5.A.3 Derivation of diffeomorphism parameters (5.3.10)

The first equation of (5.3.8) implies that

£ζ gρρ = ζc∂cgρρ + 2gcρ∂ρζc = 2gρρ ∂ρζρ = 0. (5.A.9)

which immediately gives the form of ζρ as given in (5.3.10). Using this in the
second condition of (5.3.8), one finds

£ζ gtρ = gρρ∂tζ
ρ + gtt∂ρζt = 0 (5.A.10)[

1− 2M
rc

+ ρ
(2M

√
1− 2M

rc

r2
c

)]
∂ρζt − ∂tζ

ρ = 0

⇒ ζt =
∫

dρ
[
(1− 2M

rc
) + ρ

(2M
√

1− 2M
rc

r2
c

)]−1
∂tT(t, x) + F(t, x).

(5.A.11)

which upto O(ρ) leads to ζt. Finally, using these components in the last condition
of (5.3.8), yields

£ζ gρA = gρρ∂Aζρ + gAB∂ρζB = 0; ∂AT(t, x) + gAB∂ρζB = 0

or, gACgAB∂ρζB = −gAC∂AT(t, x);

δC
B ζB = −

∫
dρ[gAC∂AT(t, x)] + RC(t, x). (5.A.12)

whose solution is the angular component of ζ A.
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5.A.4 Details of the fall-off conditions (5.3.9)

Putting the components of ζa from (5.3.10) in the first condition of (5.3.9), near the
surface we get,

£ζ gtt = ζc∂cgtt + 2gct∂tζ
c = ζρ∂ρgtt + gtt∂tζ

t

= −T(t, x)(
2M
√

1− 2M
rc

r2
c

) +
[
− (1− 2M

rc
)

−ρ
(2M

√
1− 2M

rc

r2
c

)]
∂t[1/(1− 2M/rc)

∫
∂tT(t, x)dρ + F(t, x)]

= −(1− 2M
rc

)∂tF(t, x) +O(ρ). (5.A.13)

For arriving at the last line in (5.A.13), we have imposed the condition that T = 0.
So the variation of gtt does not give us any new constraints as it is already matching
with the assumed fall off condition £ζ gtt = O(1).

Next we concentrate on the variation of gtA as,

£ζ gtA = gtt∂Aζt + gAB∂tζ
B

=
(
− (1− 2M

rc
)− ρ

(2M
√

1− 2M
rc

r2
c

))
∂A[1/(1− 2M/rc)

∫
∂tT(t, x)dρ

+F(t, x)] +
(

r2
c + 2rcρ

√
1− 2M

rc

)
γAB∂t[−gBC

∫
∂CT dρ + RB(t, x)]

= −(1− 2M
rc

)∂AF(t, x) +
(

r2
c + 2rcρ

√
1− 2M

rc

)
γAB∂tRB +O(ρ).

(5.A.14)

The static Schwarzschild space-time has no intrinsic rotation, which implies that
RA = 0 and then from (5.A.14), we get directly the constraint condition on F as
given in (5.3.11). With that constraint condition and for the form of ζa as given in
(5.3.12), it is clear from (5.A.14) that Lie variation of gtA automatically vanishes at
all order of ρ.
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Next the variation of gAB is given by,

£ζ gAB = gAC∂BζC + gBC∂AζC

=
(

r2
c + 2rcρ

√
1− 2M

rc

)
γAC∂B[−gBC

∫
∂CT dρ + RB]

+
(

r2
c + 2rcρ

√
1− 2M

rc

)
γBC∂A[−gBC

∫
∂CT dρ + RB].

= γAC∂B(−γBC
∫

∂CT dρ) + γBC∂A(−γAC
∫

∂CT dρ)

+
(

r2
c + 2rcρ

√
1− 2M

rc

)
(γAC∂BRB + γBC∂ARB)

= r2
c (γAC∂BRB + γBC∂ARB) +O(ρ) (5.A.15)

which matches with the fall-off of gAB given in (5.3.9). Like before here also for
RA = 0, variation of gAB automatically vanishes.

5.A.5 Derivation of the Charges (5.3.24)

5.A.5.1 Derivation of unit timelike normal vector (5.3.22)

The unit timelike normal to the t = constant hypersurface can be defined by,
nt = c∂tt = c. Now the norm of nt gives,

ntnt = gttntnt = −1⇒ −c2 1(
1− 2M

rc

)
+ ρ
(2M

√
1− 2M

rc
r2

c

) = −1;

c =

√√√√(
1− 2M

rc

)
+ ρ
(2M

√
1− 2M

rc

r2
c

)

⇒ nt =

√√√√(
1− 2M

rc

)
+ ρ
(2M

√
1− 2M

rc

r2
c

)
; ⇒ nt = gttnt

= − 1√(
1− 2M

rc

)
+ ρ
(2M

√
1− 2M

rc
r2

c

) . (5.A.16)

by Taylor expansion of (5.A.16), we get the normal as given in (5.3.22).

5.A.5.2 Derivation of charges (5.3.24)

With the expression of Jab as given in (2.20) and also dΣtρ from (5.3.21), for the dif-
feomorphism vector (5.3.12) we calculate the diffeomorphism charges as follows,
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Q[F] =
1

16πG

∫
ρ→0

dΣtρ Jtρ = − 1
16πG

∫
ρ→0

d2x
√

σntMρ(∂tζρ − ∂ρζt).

=
1

16πG

∫
ρ→0

d2x
(

r2
c + 2rcρ

√
1− 2M

rc

)
sin θ

( 1√
1− 2M/rc

− Mρ

(r2
c − 2Mrc)

)
(gρρ∂tζ

ρ − ∂ρgttζ
t)

=
1

16πG

∫
ρ→0

d2x
(

r2
c + 2rcρ

√
1− 2M

rc

)
sin θ

( 1√
1− 2M/rc

− Mρ

(r2
c − 2Mrc)

)(2M
√

1− 2M
rc

r2
c

)
F(t).

=
1

16πG

∫
d2x

r2
c sin θ√
1− 2M

rc

(2M
√

1− 2M
rc

r2
c

)
F(t).

=
2MF(t)
16πG

∫ π

θ=0
(sin θ)dθ

∫ 2π

φ=0
dφ =

2MF(t)
16πG

(4π) (5.A.17)

Here σ is the determinant of the induced metric on the r = constant surface as
given by,

σ = gθθgφφ =
(

r2
c + 2rcρ

√
1− 2M

rc

)
sin2 θ. (5.A.18)

From (5.A.17), we get the final expression of charge as given in (5.3.24).

5.A.6 Algebra among charges (5.3.29)

Using the definition of bracket given in (5.3.28), we calculate commutator of the
supertranslation charges with itself as follows,

[Q[F1], Q[F2]] = £F1 Q[F2]

=
M
2G

[F1, F2] =
M
2G

∫ ∞

−∞

∫ ∞

−∞
dω1dω2α(ω1, ω2)[F̄(ω1, t), F̄(ω2, t)].

(5.A.19)

Also with the help of (5.3.27), we can write that,

[Q[F1], Q[F2]] =
∫ ∞

−∞

∫ ∞

−∞
dω1dω2α(ω1)α(ω2)[Q[F̄(ω1, t)], Q[F̄(ω2, t)]].

(5.A.20)
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Using the result as given in (5.3.17), we can express (5.A.19) as follows,

[Q[F1], Q[F2]] =
M
2G

∫ ∞

−∞

∫ ∞

−∞
dω1dω2α(ω1, ω2)[−i(ω2 −ω1)]F̄(ω1 + ω2, t)

=
∫ ∞

−∞

∫ ∞

−∞
dω1dω2α(ω1, ω2)[−i(ω2 −ω1)]Q[F̄(ω1 + ω2, t)]. (5.A.21)

Now comparing the result in (5.A.20) with (5.A.21), one can compute the bracket
among supertranslation charges given in (5.3.29).

5.B General spherically symmetric metric

background

5.B.1 Derivation of (5.3.33) and (5.3.32)

5.B.1.1 Finding the transformation of coordinates (5.3.33)

For the metric (5.3.31) the normal vector to the r = constant surface, Na will be,

Nr = c∂rr = c; (5.B.1)

which satisfies, NrNr = 1. Using this relation we got,

grrc2 = 1;⇒ c =
√

f2(r).⇒ Nr =
√

f2(r).

Nr = grrNr =
1√
f2(r)

. (5.B.2)

Here the other components of Na are zero for the given metric (5.3.31).

Like before in Schwarzschild case, we evaluate the geodesic equation, for the
general spherically symmetric metric (5.3.31) as follows,

d2r
dρ2 r=rc = [−Γr

bcNbNc]r=rc = [−Γr
rrNrNr]r=rc

= [−1
2

grr∂rgrrNrNr]r=rc = −
∂r f2(rc)

2 f 2
2 (rc)

. (5.B.3)

Then for the components of the metric as given in (5.3.31), we found that
Christoffel symbols Γt

rr, Γθ
rr and Γφ

rr are zero. Now following (5.3.3), with the
results (5.B.2) and (5.B.3), we construct the transfomration as given in (5.3.33).
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5.B.2 Derivation of the metric in GNC (5.3.32)

• The component gt′t′ :

Having the transformation given in (5.3.33), we use tensor transformation
rule to construct the metric in GNC from (5.3.31) as,

gt′t′ =
∂t
∂t′

∂t
∂t′

gtt = − f1(r)r=rc+ρ
√

1/ f2(rc)− ρ2

4 f 2
2

f ′2(rc)

which after Taylor expansion around ρ = 0 gives,

gt′t′ = −[ f1(rc) + ρ(∂ρ f1)ρ=0] = −[ f1(rc) + ρ∂r f1(
1√

f2(rc)
)]. (5.B.4)

This is the component gt′t′ as given in (5.3.32).

• gρρ:

From the transformation (5.3.33) we get ,

gρρ = grr
∂r
∂ρ

∂r
∂ρ

=
(√

1/ f2(rc)−
ρ

4 f 2
2 (rc)

f ′2(rc)
)2(

f2(r)r=rc+ρ
√

1/ f2(rc)− ρ2

4 f 2
2

f ′2(rc)

)
=
( 1

f2(rc)
− ρ

f 2
2 (rc)

√
f2(rc)

f ′2(rc)
)(

f2(rc) + ρ f ′2(rc)
1√

f2(rc)

)
+O(ρ2)

= 1 + ρ
( f ′2(rc)

f2(rc)
√

f2(rc)
− f ′2(rc)

f2(rc)
√

f2(rc)

)
+O(ρ2). (5.B.5)

The above expression gives the component gρρ in (5.3.32).

• The component gθ′θ′ and gφ′φ′ :
With the help of the tensor transformation rule and using the aforementioned
transformation of coordinates (5.3.33) we get,

gθ′θ′ = gθθ
∂θ

∂θ′
∂θ

∂θ′
= r2

r=rc+ρ
√

1/ f2(rc)− ρ2

4 f 2
2

f ′2(rc)

= r2
c + 2ρ rc

1√
f2(rc)

. (5.B.6)

gφ′φ′ = gφφ
∂φ

∂φ′
∂φ

∂φ′
= r2 sin2 θ

r=rc+ρ
√

1/ f2(rc)− ρ2

4 f 2
2

f ′2(rc)

= sin2 θ(r2
c + 2ρ rc

1√
f2(rc)

) (5.B.7)
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Hence (5.B.6) and (5.B.7) give the components gθ′θ′ and gφ′φ′ upto O(ρ) as
given in (5.3.31).

5.B.3 Derivation of charges (5.3.34)

Like before as we did in Schwarzschild case, The normal to the t = constant
hypersurface can be defined by, nt = c∂tt = c.
Now the norm of nt gives,

ntnt = gttntnt = −1⇒ −c2 1
[ f1(rc) + f ′1(rc)

√
1/ f2(rc) ρ]

= −1;

c =

√
[ f1(rc) + ρ f ′1(rc)

√
1/ f2(rc)]

nt =

√
[ f1(rc) + f ′1(rc)

√
1/ f2(rc) ρ].⇒ nt = gttnt;

nt =
1√

[ f1(rc) + f ′1(rc)
√

1/ f2(rc) ρ]
. (5.B.8)

Here other components of na are zero. Also unit spacelike normal to ρ =constant
surface will be Mρ = (0, 1, 0, 0). Then for the symmetry vector components (5.3.12)
we calculate charges as,

Q[F] =
1

16πG

∫
ρ→0

dΣtρ Jtρ = − 1
16πG

∫
ρ→0

d2x
√

σntMρ(∂tζρ − ∂ρζt).

=
1

16πG

∫
ρ→0

d2x[r2
c + 2rc

√
1/ f2(rc) ρ](sin θ)

( −∂ρgttF(t)√
[ f1(rc) + f ′1(rc)

√
1/ f2(rc) ρ]

)

=
1

16πG

∫
ρ→0

d2x[r2
c + 2rc

√
1/ f2(rc) ρ](sin θ)

f ′1(rc)F(t)√
f2[ f1(rc) + f ′1(rc)

√
1/ f2(rc) ρ]

=
1

16πG

∫ π

θ=0
sin θdθ

∫ 2π

φ=0
dφ

r2
c F(t) f ′1(rc)√
f1(rc) f2(rc)

. =
4πr2

c
16πG

F(t)
f ′1√
f1 f2

. (5.B.9)

From the above expression we get the charges given in (5.3.34) with Ac = 4πr2
c .

5.B.4 Local acceleration of the observer at r = rc

The effective metric, from (5.3.32), for an observer moving along ρ in the vicinity
of r = rc surface is given by

ds2 = −[ f1(rc) + f ′1(rc)
√

1/ f2(rc) ρ] dt2 + dρ2. (5.B.10)
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The above one is in Rindler form and more conveniently can be expressed by the
transformation f1(rc) + f ′1(rc)

√
1/ f2(rc) ρ = x. Then (5.B.10) reduces to,

ds2 = −xdt2 +
f2(rc)

f ′21 (rc)
dx2 . (5.B.11)

The metric (5.B.11) can be expressed in Minkowski form ds2 = −dT2 + dX2, by
having following transformation of coordinates,

X =

√
x

a
cosh(at) , T =

√
x

a
sinh(at) , (5.B.12)

where

a(x) =
f ′1(rc)

2
√

f2(rc)x
. (5.B.13)

The coordinates (t, x), adapted to the uniformly accelerated motion, are known
as Rindler coordinates. Below we will show that a is identified to be the local
acceleration of an observer in the Rindler frame.

To show this let us first calculate the proper acceleration this observer. For
that we consider any x = constant trajectory and then for this value of x the
coordinate time t is identified as the proper time τ. Then the magnitude of the
proper acceleration, defined as aprop =

√
ai

propaiprop with ai
prop = dXa/dτ, from

(5.B.12) is obtained as,

aprop = a(x)
√

xx=const . (5.B.14)

Therefore the local acceleration is given by a(x) = aprop/
√

x. At r = rc, from
(5.B.13), this is given by

g(rc) = a(x = xc) =
aprop√

xc
=

f ′1(rc)

2
√

f2(rc) f1(rc)
. (5.B.15)

5.C Tolman temperature and charges: derivation of

(5.3.37)

From the Tolman relation (5.3.36) one can get the following,

T2(r)( f1(r)) = T0 ⇒ 2T∂rT f1 + T2∂r f1 = 0.→ ∂rT(r)
T(r)

= −∂r f1(r)
2 f1(r)

.

(5.C.1)
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At r = rc, (5.C.1) will be,

∂rT(r)
T(r) r=rc = −

∂r f1(r)
2 f1(r)

r=rc ; ⇒ f ′1(rc) = −2 f1(rc)
∂rT(rc)

T(rc)
. (5.C.2)

Now as shown in (5.B.2), the unit normal to the r = constant hypersurface is given
by,

n̂r =
1√
f2

; n̂t = n̂θ = n̂φ = 0. (5.C.3)

So using (5.C.2) and (5.C.3), also for F(t) = 1, (5.3.34) can be expressed as,

Q =
Ac

16πG

(
− 2 f1(rc)

∂rT(rc)

T(rc)

)
n̂r

r=rc(
1√

f1(rc)
)

=
−Ac

8πG

√
f1(rc)

( n̂r∂rT(r)
T(r)

)
r=rc

=
−Ac

8πG

(T0

T
n̂a∂aT(r)

T(r)

)
r=rc ; (5.C.4)

which directly boils down to (5.3.37).

5.D Results in Minkowski background

Considering the metric (5.3.38) in Minkowski background, we get the following
transformation of coordinates ,

t = t′; r = rc + ρ; θ = θ′; φ = φ′. (5.D.1)

In flat background all Γ’s are zero. Also unit normal to the r = constant surface will
be, Na = (0, 1, 0, 0). Now following the tensor transformation rule as presented in
(5.3.7), the components of the metric are derived as,

gt′t′ =
∂t
∂t′

∂t
∂t′

gtt = gtt = −1.

gρρ = grr
∂r
∂ρ

∂r
∂ρ

= 1.

gθ′θ′ = gθθ
∂θ

∂θ′
∂θ

∂θ′
= r2

r=rc+ρ = (r2
c + 2rcρ).

gφ′φ′ = gφφ
∂φ

∂φ′
∂φ

∂φ′
= r2 sin2 θr=rc+ρ = (r2

c + 2rcρ) sin2 θ. (5.D.2)

With all these components, we get the metric transformed in the new coordinates
as given in (5.3.39).
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Now keeping the gauge conditions as before like static Schwarzschild case,
from (5.A.9) we got ζρ = T(t, x). Then from (5.A.10) we got,

∂tζ
ρ − ∂ρζt = 0⇒ ζt =

∫
∂tTdρ + F(t, x). (5.D.3)

Similarly following (5.A.12) , the component ζA will be,

ζB = −
∫

dρ[gBC∂AT(t, x)] + RB(t, x). (5.D.4)

with gAB is the transverse component of the flat metric found in (5.3.39).
Here the fall-off conditions (5.3.9) also remain same as in Schwarzschild case.

The variation of gtt is,

£ζ gtt = −∂t[
∫

∂tT(t, x)dρ + F(t, x)] = −∂tF(t, x) +O(ρ). (5.D.5)

Like before there will be no transformation along radial coordinate which says that
T = 0. The variation of gtt does not give us any new constraints as it is already
matching with assumed fall off condition of this metric component.

Next we concentrate on the variation of gtA as,

£ζ gtA = −∂A[
∫

∂tT(t, x)dρ + F(t, x)] +
(

r2
c + 2rcρ

)
γAB∂t[−gBC

∫
∂CT dρ

+RB(t, x)] = −∂AF(t, x) +
(

r2
c + 2rcρ

)
γAB∂tRB +O(ρ).

(5.D.6)

Where γAB is the metric on the two-sphere which is given by, dΩ2 = dθ2 +

sin2 θdφ2. For flat spacetime there is no rotation, so RA = 0. Then from (5.D.6), we
get directly the constraint condition on F as given in (5.3.11).

Next the variation of gAB is given by,

£ζ gAB = gAC∂BζC + gBC∂AζC

=
(

r2
c + 2rcρ

)
γAC∂B[−gBC

∫
∂CT dρ + RB]

+
(

r2
c + 2rcρ

)
γBC∂A[−gBC

∫
∂CT dρ + RB].

= γAC∂B(−γBC
∫

∂CT dρ) + γBC∂A(−γAC
∫

∂CT dρ)

+
(

r2
c + 2rcρ

)
(γAC∂BRB + γBC∂ARB); (5.D.7)

Here like before, considering RA = 0 and also T = 0, very near to the surface at
ρ = 0, variation of gAB automatically vanishes.
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At last we calculate diffeomorphism charges like before. The unit normal to
ρ = constant surface is Ma = (0, 1, 0, 0) and the normal on the t = constant surface
is given by na = (−1, 0, 0, 0). For the symmetry parameters (5.3.12), charges can
be calculated as,

Q[F] =
1

16πG

∫
ρ→0

dΣtρ Jtρ = − 1
16πG

∫
ρ→0

d2x
√

σntMρ(∂tζρ − ∂ρζt).

= − 1
16πG

∫
ρ→0

d2x
(

r2
c + 2rcρ

)
sin θ(∂ρgttζ

t) = 0. (5.D.8)

In the expression (5.D.8), derivative of gtt is zero for the flat metric (5.3.39). Then
we found that the charges vanishes in Minkowski spacetime.

5.E Kerr background

5.E.1 Derivation of (5.4.3) and (5.4.4)

For the metric (5.4.1), the unit normal to the r = constant surface is given by

Nr = c∂rr = c. (5.E.1)

Using NaNa = 1, we get,

grrc2 = 1⇒ c =
1√
grr ; Nr =

1√
grr .

Nr = grrNr =
√

grr =

√
(r2 + a2 − 2Mr)
(r2 + a2 cos2 θ)

. (5.E.2)

Other components of Na are zero. Then we evaluate the geodesic equation to get
the expression of s2 as given in (5.4.4). For the metric (5.4.1), the r component of
the geodesic equation will be,

d2r
dρ2 r=rc = [−Γr

bcNbNc]r=rc = [−Γr
rrNrNr]r=rc

=
[
− 1

2
grr∂rgrrNrNr

]
r=rc = [−1

2
(

r2 + a2 − 2Mr
r2 + a2 cos2 θ

)2 ∂r(
r2 + a2 cos2 θ

r2 + a2 − 2Mr
)]r=rc

= −
(rc(r2

c + a2 − 2Mrc)− (rc −M)(r2
c + a2 cos2 θ)

(r2
c + a2 cos2 θ)2

)
= −s2. (5.E.3)

Here s2 is same as defined in (5.4.4). Now with the help of (5.A.2), the components
Γt

rr, Γθ
rr and Γφ

rr are evaluated to be zero for the metric (5.4.1). Thus here we can
say that,

d2t
dρ2 r=rc =

d2θ

dρ2 r=rc =
d2φ

dρ2 r=rc = 0. (5.E.4)
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So collecting the results (5.E.3) and (5.E.4), for the value of Nr given in (5.E.2),
from (5.3.3) we get the transformation as given in (5.4.3).

5.E.2 Construction of the Kerr metric in GNC (5.4.5)

• The component gt′t′ :

Having the transformation given in (5.4.3), we use the tensor transformation
rule to construct the metric in GNC from the form give in Boyer-Lindquist
coordinate in (5.4.1) as follows,

gt′t′ =
∂t
∂t′

∂t
∂t′

gtt = −(
∆− a2 sin2 θ

Σ
)r→rc+ρ s1(θ)−ρ2s2(θ)

=
(rc + ρ s1 − ρ2s2)

2 + a2 − 2M(rc + ρ s1 − ρ2s2)− a2 cos2 θ

(rc + ρ s1 − ρ2s2)2 + a2 cos2 θ
.

(5.E.5)

Next we have the Taylor expansion of gt′t′ around ρ = 0 upto O(ρ) and thus
we obtain,

gt′t′ = −(
∆− a2 sin2 θ

Σ
)ρ=0 − ρ ∂ρ

(∆− a2 sin2 θ

Σ

)
ρ=0

= −(r2
c + a2 − 2Mrc − a2 sin2 θ

r2
c + a2 cos2 θ

)− ρ (
∂r
∂ρ

) ∂r(
∆− a2 sin2 θ

Σ
)ρ=0

= −(r2
c + a2 − 2Mrc − a2 sin2 θ

r2
c + a2 cos2 θ

)− ρ s1
2Σ(r−M)− 2r(∆− a2 sin2 θ)

(r2 + a2 cos2 θ)2 ρ=0

= −(r2
c + a2 − 2Mrc − a2 sin2 θ

r2
c + a2 cos2 θ

)− 2ρ s1

(Mr2 − a2M cos2 θ

(r2 + a2 cos2 θ)2

)
ρ=0. (5.E.6)

From (5.E.6) we get directly the transformed component as given in (5.4.5).

• The component gρρ:
From the transformation (5.4.3) we get ,

gρρ = grr
∂r
∂ρ

∂r
∂ρ

= (s1 − 2ρs2)
2(

Σ
∆
)r→rc+ρ s1(θ)−ρ2s2(θ)

Here also we have the Taylor expansion of gρρ around ρ = 0 upto O(ρ) and
then we got,
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gρρ =
[√ (r2

c + a2 − 2Mrc)

(r2
c + a2 cos2 θ)

− ρ
( a2rc −Mr2

c + (M− rc)a2 cos2 θ

(r2
c + a2 cos2 θ)2

)]2

×
[ r2

c + a2 cos2 θ

r2
c + a2 − 2Mrc

+ ρ

√
(r2

c + a2 − 2Mrc)

(r2
c + a2 cos2 θ)

2r(r2 + a2 − 2Mr)− 2(r−M)(r2 + a2 cos2 θ)

(r2 + a2 − 2Mr)2 ρ=0

]
+O(ρ2)

=
[ (r2

c + a2 − 2Mrc)

(r2
c + a2 cos2 θ)

− 2ρ

√
(r2

c + a2 − 2Mrc)

(r2
c + a2 cos2 θ)

×
( a2rc −Mr2

c + (M− rc)a2 cos2 θ

2(r2
c + a2 cos2 θ)2

)][ r2
c + a2 cos2 θ

r2
c + a2 − 2Mrc

+2ρ

√
(r2

c + a2 − 2Mrc)

(r2
c + a2 cos2 θ)

( a2rc sin2 θ + Ma2 cos2 θ −Mr2
c

(r2
c + a2 − 2Mrc)2

)]
+O(ρ2)

= 1− 2ρ
[ 1√

r2
c + a2 − 2Mrc

( a2rc −Mr2
c + (M− rc)a2 cos2 θ

(r2
c + a2 cos2 θ)3/2

)
− 1
(r2

c + a2 cos2 θ)3/2

( a2rc sin2 θ + Ma2 cos2 θ −Mr2
c√

(r2
c + a2 − 2Mrc)

)]
+O(ρ2).

(5.E.7)

From the above expression one can easily get gρρ as given in (5.4.5).

• The component gt′φ′ :

Using the transformation (5.4.3), we calculate,

gt′φ′ = gtφ
∂t
∂t′

∂φ

∂φ′
= −4aMr sin2 θ

Σ r→rc+ρ s1(θ)−ρ2s2(θ)
.

= − 4aM(rc + ρ s1 − ρ2s2) sin2 θ

(rc + ρ s1 − ρ2s2)2 + a2 cos2 θ
(5.E.8)

After the Taylor expansion of gt′φ′ around ρ = 0 upto O(ρ), we got,

gt′φ′ = −
4aMrc sin2 θ

(r2
c + a2 cos2 θ)

− ρ (
∂r
∂ρ

)
[
∂r(

4aMr sin2 θ

(r2 + a2 cos2 θ)
)
]

ρ=0.

= − 4aMrc sin2 θ

(r2
c + a2 cos2 θ)

− ρ s1(θ)

×
(4aM sin2 θ(r2

c + a2 cos2 θ)− 8aMr2
c sin2 θ

(r2
c + a2 cos2 θ)2

)
. (5.E.9)

The above result directly boils down to the expression of gt′φ′ as given in
(5.4.5).
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• The component gθ′θ′ and gφ′φ′ :
With the help of the tensor transformation rule and using the aforementioned
transformation of coordinates (5.4.3), we get,

gθ′θ′ = gθθ
∂θ

∂θ′
∂θ

∂θ′
= Σ(r, θ)r→rc+ρ s1(θ)−ρ2s2(θ)

= (rc + ρ s1 − ρ2s2)
2 + a2 cos2 θ. (5.E.10)

Like before after Taylor expansion around ρ = 0, it gives,

gθ′θ′ = (r2
c + a2 cos2 θ) + 2ρ rcs1(θ). (5.E.11)

Next the component gφ′φ′ transforms as,

gφ′φ′ = gφφ
∂φ

∂φ′
∂φ

∂φ′
=

sin2 θ[(r2 + a2)2 − a2 sin2 θ∆]
Σ r→rc+ρ s1(θ)−ρ2s2(θ)

.

=
sin2 θ[((rc + ρ s1 − ρ2s2)

2 + a2)2 − a2 sin2 θ∆(ρ, θ)]

(rc + ρ s1 − ρ2s2)2 + a2 cos2 θ
(5.E.12)

where ∆(ρ, θ) is given by (5.4.20). Then we have the Taylor expansion about
ρ = 0 and found out ,

gφ′φ′ =
sin2 θ[(r2

c + a2)2 − a2 sin2 θ∆rc ]

Σrc

+ ρ s1(θ) sin2 θ( [4r(r2 + a2)− 2a2(r−M) sin2 θ]

(r2 + a2 cos2 θ)
− 2r[(r2 + a2)2 − a2 sin2 θ∆]

(r2 + a2 cos2 θ)2

)
ρ=0.

=
sin2 θ[(r2

c + a2)2 − a2 sin2 θ∆rc ]

Σrc

+ 2ρ s1(θ) sin2 θ

×
( [2rc(r2

c + a2)− a2(rc −M) sin2 θ]

(r2
c + a2 cos2 θ)

− rc[(r2
c + a2)2 − a2 sin2 θ∆rc ]

(r2
c + a2 cos2 θ)2

)
.

(5.E.13)

Hence from (5.E.11) and (5.E.13), we easily get the components gθ′θ′ and gφ′φ′

upto O(ρ) as given in (5.4.5).

5.E.3 Derivation of diffeomorphism parameters (5.4.9)

With the components of the newly transformed metric given in (5.4.5), the first
equation of (5.4.7) imples that

£ζ gρρ = ζc∂cgρρ + 2gcρ∂ρζc = 2gρρ ∂ρζρ = 0; (5.E.14)
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which immediately implies the form of ζρ given in (5.4.9). Using this in the second
and the third condition of (5.4.7) respectively one finds following two relations,

£ζ gtρ = gρρ∂tζ
ρ + gtφ∂ρζφ + gtt∂ρζt = 0 (5.E.15)

£ζ gρA = gtA∂ρζt + gAB∂ρζB + ∂AT = 0. (5.E.16)

Now the equation (5.E.16) can be expressed in component form as follows,

gθθ∂ρζθ + ∂θT = 0 (5.E.17)

gtφ∂ρζt + gφφ∂ρζφ + ∂φT = 0. (5.E.18)

Now (5.E.17) gives directly the form of ζθ as,

ζθ =
∫

∂θT
gθθ

dρ + Rθ(t, θ, φ). (5.E.19)

Then with the solution of ζρ, the equation (5.E.15) can be written as,

∂ρζt = − 1
gtt

(∂tT + gtφ∂ρζφ). (5.E.20)

Substituting (5.E.20) in (5.E.18) we get,

−
(gtφ)2∂ρζφ

gtt
+ gφφ∂ρζφ = −∂φT +

gtφ

gtt
∂tT; (5.E.21)

⇒ ζφ =
1

gttgφφ − (gtφ)2

(
gtφ

∫
∂tTdρ− gtt

∫
∂φTdρ

)
+ Rφ(t, θ, φ).

(5.E.22)

Next putting the expression of ∂ρζφ from (5.E.21) in (5.E.20), we get the form of ζt

as follows,

ζt = −
∫

∂tT
gtt

dρ−
∫ gtφ

gtt

(gtt∂φT + gtφ∂tT
gttgφφ − (gtφ)2

)
dρ + F(t, θ, φ). (5.E.23)

Here we know that the upper components are,

gtφ =
gtφ

gttgφφ − (gtφ)2 ; gφφ =
gtt

gttgφφ − (gtφ)2 . (5.E.24)

Hence (5.E.23) , (5.E.19) and (5.E.22) can be written in the index notation as given
in (5.4.9), whereas the upper components of the metric are given by (5.E.24).
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5.E.4 Details of the fall-off condition (5.4.8)

Putting the components of ζa from (5.4.9) in the first condition of (5.4.8), we get,

£ζ gtt = ζc∂cgtt + 2gct∂tζ
c = ζ A∂Agtt + 2gtt∂tζ

t + gtA∂tζ
A

= [
∫

∂θT
gθθ

dρ + Rθ(t, θ, φ)]∂θgtt

+gtt∂t

(
−
∫

∂tT
gtt

dρ−
∫ gtφ

gtt

(
gtt∂φT + gtφ∂tT

)
dρ + F(t, θ, φ)

)
−gtφ∂t

(
gtφ

∫
∂tTdρ− gAB

∫
∂φTdρ + Rφ(t, θ, φ)

)
.

(5.E.25)

Here the metric components are functions of ρ and θ as given in (5.4.5). Hence
all the upper components of the metric which are present in (5.E.25), can have
series expansion in the order of ρ about ρ = 0. Then the leading order terms in the
expression (5.E.25) will be O(1) followed by the terms of O(ρ). So the variation
of gtt does not give us any new constraints as it is already matching with the
assumed fall off condition given in (5.4.8).

Similarly next we evaluate the variation of gtA as,

£ζ gtA = ζρ∂ρgtA + ζB∂BgtA + gtt∂Aζt + gAt∂tζ
t + gtB∂AζB + gAB∂tζ

B

= T ∂ρgtA + [−gtB
∫

∂tTdρ− gCB
∫

∂CTdρ + RB(t, x)]∂BgtA

+gtt∂A[−
∫

∂tT
gtt

dρ +
∫ gtA

gtt
[gtt∂AT + gtA∂tT)]dρ + F(t, x)]

+gAt[−
∫

∂2
t T
gtt

dρ +
∫ gtA

gtt
[gtt ∂t∂AT + gtA∂2

t T)]dρ + ∂tF(t, x)]

+gtB∂A[−gtB
∫

∂tTdρ− gCB
∫

∂CTdρ + RB(t, x)] + gAB[−gtB
∫

∂2
t Tdρ

−gCB
∫

∂t∂CTdρ + ∂tRB(t, x)]. (5.E.26)

And the variation of gAB will be,
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£ζ gAB = ζρ∂ρgAB + ζC∂CgAB + gAt∂Bζt + gBt∂Aζt + gAC∂BζC + gBC∂AζC.

= T ∂ρgAB + [−gtC
∫

∂tTdρ− gCD
∫

∂DTdρ + RC(t, x)]∂CgAB

+gAt∂B[−
∫

∂tT
gtt

dρ +
∫ gtC

gtt
[gtt∂CT + gtC∂tT]dρ + F(t, x)]

+gBt∂A[−
∫

∂tT
gtt

dρ +
∫ gtC

gtt
[gtt∂CT + gtC∂tT]dρ + F(t, x)]

+gAC∂B[−gtC
∫

∂tTdρ− gDC
∫

∂DTdρ + RC(t, x)] + gBC∂A[−gtC
∫

∂tTdρ

−gCD
∫

∂DTdρ + RC(t, x)]. (5.E.27)

It is clear from (5.E.26) and (5.E.27) that the leading order terms in the variation
of gtA and gAB are O(1) followed by the terms of O(ρ). So these variations does
not give us any new constraints as it is already matching with assumed fall off
conditions given in (5.4.8).

5.E.5 Details of the algebra among diffeomorphism vectors

As given in the main text the symmetry vectors are, χa∂a = F∂t and ηa∂a = RA∂A.
At first, we calculate the commutator of the supertranslation generator with itself.
The algebras are computed as follows.

• [F ,F ] commutator:

In terms of Fourier modes given in (5.4.13) we can write the commutator
between χ1 and χ2 as ,

[
χ1, χ2

]t
∂t

= ∑
kA,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA)α(ω2, lA)[F̄k(ω1, t, x), F̄l(ω2, t, x)]t∂t.

(5.E.28)

Hence in coordinate basis the temporal component of the aforementioned
Lie bracket [χ1, χ2] is non-zero only. It can be checked easily that the other
components of the bracket are zero automatically. With the help of the Lie
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algebra defined in (5.3.28), (5.E.28) becomes,

∑
kA,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA)α(ω2, lA)[F̄k(ω1, t, x), F̄l(ω2, t, x)]t∂t

= ∑
kA,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA)α(ω2, lA)[(F̄k)

a∂a(F̄l)− (F̄l)
a∂a(F̄k)]∂t

= ∑
kA,lA

∫ ∞

−∞

(
dω1 dω2 α(ω1, kA)α(ω2, lA)i(ω1 −ω2)

×ei(−(ω1+ω2)t+∑A(k+l)AxA)∂t

)
.

= ∑
kA,lA

∫ ∞

−∞

(
dω1 dω2 α(ω1, kA)α(ω2, lA)

×i(ω1 −ω2)F̄k+l(ω1 + ω2, t, x)∂t

)
. (5.E.29)

Comparing both the equations (5.E.28) and (5.E.29), we get the bracket algebra
for [FF ] commutator given in (5.4.15).

• [R,R] commutator:

To derive the aforesaid commutator we can write Lie bracket between η1 and
η2 as ,

[η1, η2]
A′′∂A′′ = ∑

lA,kA′

∫ ∞

−∞

(
dω1 dω2 ᾱA(ω1, lA) ᾱA′(ω2, kA′)

×[R̄l
A(ω1, t, x), R̄k

A′(ω1, t, x)]A
′′
∂A′′
)

.

(5.E.30)
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With the help of (5.3.28), the right hand side of (5.E.30) can be written,

∑
lA,kA′

∫ ∞

−∞

(
dω1 dω2 ᾱA(ω1, lA) ᾱA′(ω2, kA′)

×[R̄l
A(ω1, t, x), R̄k

A′(ω2, t, x)]A
′′
∂A′′
)

= ∑
lA,kA′

∫ ∞

−∞
dω1 dω2 ᾱA(ω1, lA) ᾱA′(ω2, kA′)

(
(R̄l

A)
a∂a(R̄k

A′)
A′′

−(R̄k
A′)

a∂a(R̄l
A)

A′′
)

∂A′′

= ∑
lA,kA′

∫ ∞

−∞
dω1 dω2 ᾱA(ω1, lA) ᾱA′(ω2, kA′)

(
e−iω1t+i ∑A lAxA

×∂A(e−iω2t+i ∑A′ kA′ x
A′

δA′′
A′ )− e−iω2t+i ∑A′ kA′ x

A′
∂A′(e−iω1t+i ∑A lAxA

δA′′
A )
)

∂A′′

= ∑
lA,kA′

∫ ∞

−∞
dω1 dω2 ᾱA(ω1, lA) ᾱA′(ω2, kA′)

×
(

ikA e−i(ω1+ω2)t+i ∑A′ (l+k)A′ x
A′

δA′′
A′

−ilA′ e−i(ω1+ω2)t+i ∑A(l+k)AxA
δA′′

A

)
= ∑

lA,kA′

∫ ∞

−∞
dω1 dω2 ᾱA(ω1, lA) ᾱA′(ω2, lA′)

×
(

ikA(R̄l+k
A′ (ω1 + ω2, t, x))A′′ − ilA′(R̄l+k

A (ω1 + ω2, t, x))A′′
)

∂A′′ . (5.E.31)

Now comparing the equations (5.E.30) and (5.E.31) we get the algebra for
[R,R] commutator given in (5.4.16).

• [F ,R] commutator:

Following the previous manner here we will get two non-zero components
of the Lie bracket [χ1, η2] as,

[χ1, η2]
t∂t + [χ1, η2]

A′′∂A′′

= ∑
kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)
(
[F̄k(ω1, t, x), R̄l

A(ω2, t, x)]t∂t

+[F̄k(ω1, t, x), R̄l
A(ω2, t, x)]A

′′
∂A′′ .

)
(5.E.32)
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Using the definition of Lie algebra, we calculate the first bracket given in the
the right hand side of (5.E.32) as follows,

∑
kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA) [F̄k(ω1, t, x), R̄l
A(ω2, t, x)]t∂t

= − ∑
kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)
(
(R̄l

A)
a∂a(F̄k)

)
∂t

= − ∑
kA′ ,lA

∫ ∞

−∞

(
ikA dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)

×e−i(ω1+ω2)t+∑A i(l+k)AxA
∂t

)
= − ∑

kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)ikA F̄k+l(ω1 + ω2, t, x)∂t

(5.E.33)

Next the second bracket given in the the right hand side of (5.E.32) is calcu-
lated as follows,

∑
kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA) [F̄k(ω1, t, x), R̄l
A(ω2, t, x)]A

′′
∂A′′

= ∑
kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)(F̄k)
a∂a(R̄l

A)
A′′∂A′′

= − ∑
kA′ ,lA

∫ ∞

−∞

(
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)

×(iω2 e−i(ω1+ω2)t+∑A i(l+k)AxA
δA′′

A )∂A′′
)

= ∑
kA′ ,lA

∫ ∞

−∞

(
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)

×(−iω2) (R̄k+l
A (ω1 + ω2, t, x))A′′∂A′′

)
.

(5.E.34)

Hence adding (5.E.33) with (5.E.34) we get,

= ∑
kA′ ,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA′)ᾱ

A(ω2, lA)

×
(
− iω2(R̄k+l

A (ω1 + ω2, t, x))A′′∂A′′ − ikA F̄k+l(ω1 + ω2, t, x)∂t

)
.

(5.E.35)

Comparing (5.E.35) with (5.E.32), the required [F ,R] commutator algebra in
(5.4.17) can be obtained.

168

TH-2749_166121005



5.E. Kerr background

5.E.6 Computation of charges (5.4.23) and (5.4.24)

5.E.6.1 Derivation of the unit time like normal vector (5.4.18)

The unit timelike normal to the t = constant hypersurface can be defined by,
nt = c∂tt = c. Now the norm of nt gives,

ntnt = gttntnt = −1⇒ −c2 gφφ

g2
tφ − gφφgtt

= c2 (
α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
) = −1;

⇒ nt =
g2

tφ − gφφgtt

gφφ
=

√
Σ(ρ, θ)∆(ρ, θ)

α(ρ, θ)
.

nt = gttnt = −
√

gφφ

g2
tφ − gφφgtt

= −( α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
)

√
Σ(ρ, θ)∆(ρ, θ)

α(ρ, θ)
.

(5.E.36)

nφ = gφtnt =
gtφ√

gtt
=

gtφ√
gφφ(g2

tφ − gφφgtt)

= (
−2aM(rc + ρ s1 − ρ2s2) sin2 θ

∆(ρ, θ)Σ(ρ, θ) sin2 θ
)(

√
Σ(ρ, θ)∆(ρ, θ)

α(ρ, θ)
);

nr = grtnt = 0; nθ = gθtnt = 0. (5.E.37)

where Σ, ∆ and α are given by (5.4.19), (5.4.20) and (5.4.21) respectively. For the
kerr metric constructed in (5.E.2), we have used the following result that,

g2
tφ − gφφgtt = ∆(ρ, θ) sin2 θ. (5.E.38)

Hence from (5.E.36) we get the components of the unit timelike normal as given in
(5.4.18).

5.E.6.2 Charges (5.4.23) and (5.4.24)

Here we will calculate diffeomorphism charges with the expression of Jab as given
in (2.20) and also with two surviving area element from (5.3.21) as,

dΣtρ = −d2x
√

σntMρ; dΣρφ = d2x
√

σMρnφ. (5.E.39)

Here σ is the determinant of the induced metric on the r = constant surface as
given by,

σ = gθθgφφ = α(ρ, θ) sin2 θ. (5.E.40)
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We compute the charges as follows,

Q[ζ] =
1

16πG

∫
ρ→0

(
dΣtρ Jtρ + dΣρφ Jρφ

)
=

1
16πG

∫
ρ→0

d2x
√

σ
(
− ntMρ(∂tζρ − ∂ρζt) + Mρnφ(∂ρζφ − ∂φζρ)

)
.

(5.E.41)

For the components of the metric in (5.4.5) and given that the components of the
symmetry vector in (5.4.10), we calculate ,

∂tζρ = ∂t(gρρζρ) = 0;

∂ρζt = ∂ρ(gttζ
t + gtφζφ) = ∂ρgttF(t, θ, φ) + ∂ρgtφRφ(t, θ, φ);

∂ρζφ = ∂ρ(gφtζ
t + gφφζφ) = ∂ρgφtF(t, θ, φ) + ∂ρgφφRφ(t, θ, φ);

∂φζρ = ∂φ(gρρζρ) = 0. (5.E.42)

Substituting the results (5.E.42) in (5.E.41) and for the timelike normal nt as given
in (5.4.18) and for the spacelike normal Mρ, we found the charges as,

Q[ζ] =
1

16πG

∫
ρ→0

d2x
√

gθθgφφ sin θ
(
−
√

gφφ

g2
tφ − gφφgtt

(∂ρgttF + ∂ρgtφRφ)

+
gtφ√

gφφ(g2
tφ − gφφgtt)

(∂ρgφtF + ∂ρgφφRφ)
)

(5.E.43)

=
1

16πG

∫
ρ→0

d2x(
√

α(ρ, θ) sin θ)
(
−

√
α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
(∂ρgttF + ∂ρgtφRφ)

− 2aM(rc + ρ s1 − ρ2s2)√
Σ(ρ, θ)∆(ρ, θ)α(ρ, θ)

(∂ρgφtF + ∂ρgφφRφ)
)

. (5.E.44)
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Now we separate the above expression for the supertranslation and superrotation
charges as given by,

Q[F] =
1

16πG

∫
ρ→0

d2x(
√

α(ρ, θ) sin θ)
[
−

√
α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
(∂ρgtt)F

− 2aM(rc + ρ s1 − ρ2s2)√
Σ(ρ, θ)∆(ρ, θ)α(ρ, θ)

(∂ρgφt)F
]

= − 1
16πG

∫
ρ→0

d2x(sin θ)

√
α(ρ, θ)∆rc

Σrc

[
2M

√
α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
(

r2
c − a2 cos2 θ

Σ2
rc

)F

−4a2M2 sin2 θ(rc + ρ s1 − ρ2s2)√
Σ(ρ, θ)∆(ρ, θ)α(ρ, θ)

(
r2

c − a2 cos2 θ

Σ2rc

)F
]

= − 1
16πG

∫
d2x(sin θ)

√
αrc ∆rc

Σrc

[
2M

√
αrc

Σrc ∆rc

(
r2

c − a2 cos2 θ

Σ2
rc

)F

−4rca2M2 sin2 θ√
Σrc ∆rc αrc

(
r2

c − a2 cos2 θ

Σ2rc

)F
]

= − 1
16πG

∫
d2x

2M (sin θ)

Σ3
rc

F (r2
c − a2 cos2 θ)(αrc − 2a2M rc sin2 θ)

= − 1
16πG

∫
d2x

2M (sin θ)

Σ3
rc

F (r2
c − a2 cos2 θ)[(r2

c + a2)Σrc + 2a2M rc sin2 θ

−2a2M rc sin2 θ]

= − 1
16πG

∫
d2x

2M (sin θ)

Σ3
rc

F (r2
c − a2 cos2 θ)(r2

c + a2)(r2
c + a2 cos2 θ). (5.E.45)

Here we have expressed αrc as,

αrc = ((rc)
2 + a2)2 − a2 sin2 θ∆rc = (r2

c + a2)Σrc + 2a2M rc sin2 θ. (5.E.46)

Then from the expression derived in (5.E.45) we easily get the supertranslation
charges given in (5.4.23).
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Similarly we calculate the superrotation charges as,

Q[R] =
1

16πG

∫
ρ→0

d2x(
√

α(ρ, θ) sin θ)
[√ α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
(∂ρgtφ)Rφ

− 2aM(rc + ρ s1 − ρ2s2)√
Σ(ρ, θ)∆(ρ, θ)α(ρ, θ)

(∂ρgφφ)Rφ
]

=
1

16πG

∫
ρ→0

d2x
√

α(ρ, θ)(sin θ)s1 Rφ

[
2aM(sin2 θ)

√
α(ρ, θ)

Σ(ρ, θ)∆(ρ, θ)
(

r2
c − a2 cos2 θ

Σ2rc

)

− 2aM(rc + ρ s1 − ρ2s2)√
Σ(ρ, θ)∆(ρ, θ)α(ρ, θ)

sin2 θ
(2a2rc + 2r3

c + (a2M− a2rc) sin2 θ

Σrc

−rc(a2 + r2
c )

2 − a2rc(a2 − 2Mrc + r2
c ) sin2 θ

Σ2rc

)]

=
1

16πG

∫
d2x
√

αrc(sin θ) Rφ

√
∆rc

Σrc

[
2aM(sin2 θ)

√
αrc

Σrc ∆rc

(
r2

c − a2 cos2 θ

Σ2rc

)

− 2aMrc√
Σrc ∆rc αrc

sin2 θ
(2a2rc + 2r3

c + (a2M− a2rc) sin2 θ

Σrc

−rc(a2 + r2
c )

2 − a2rc(a2 − 2Mrc + r2
c ) sin2 θ

Σ2rc

)]

=
1

16πG

∫
d2x

(sin3 θ)

Σ3
rc

2aM Rφ
[
αrc(r

2
c − a2 cos2 θ)− rcΣrc

(
2a2rc + 2r3

c

+(a2M− a2rc) sin2 θ
)
+ r2

c (a2 + r2
c )

2 − a2r2
c (a2 − 2Mrc + r2

c ) sin2 θ
]

=
1

16πG

∫
d2x

(sin3 θ)

Σ3
rc

2aM Rφ
[
2r2

c (r
2
c + a2)2

−2r2
c a2(a2 − 2Mrc + r2

c )(1− cos2 θ)− a2(r2
c + a2)2 cos2 θ

+a4(a2 − 2Mrc + r2
c )(cos2 θ − cos4 θ)− rc(r2

c + a2 cos2 θ)(2a2rc + 2r3
c

+a2(M− rc)(1− cos2 θ))
]
. (5.E.47)

From (5.E.47) we directly get the expression of the superrotation charges as given
in (5.4.24).
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5.E.6.3 Derivation of (5.4.25)

After integrating over transverse coordinates, from the expression given in (5.4.23),
for F(t, x) = 1 we get,

Q[F = 1] = − 2M
16πG

∫ π

θ=0

∫ 2π

φ=0

[
(sin θ)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3

]
= − M

4G

∫ π

θ=0

[
(sin θ)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3

]
=

M
2G

; (5.E.48)

which is the first result as given in (5.4.25).

In the similar way we integrate (5.4.24) over the transverse coordinates, then
for RA(t, x) = 1, we get,

Q[RA = ∞] =
1

16πG

∫ π

θ=0

∫ 2π

φ=0

[
2aM(sin3 θ)

× (3r6
c + a2r4

c + 4a2r4
c cos2 θ − a4(a2 − r2

c ) cos4 θ)

(r2
c + a2 cos2 θ)3

]
=

2aM
8G

∫ π

θ=0

[
(sin3 θ)

(3r6
c + a2r4

c + 4a2r4
c cos2 θ − a4(a2 − r2

c ) cos4 θ)

(r2
c + a2 cos2 θ)3

]
= −Ma

G
. (5.E.49)

The above result matches with the second one given in (5.4.25).
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5.E.6.4 Derivation of the result given in (5.4.27)

Now we calculate diffeomorphism charges corresponding to a general diffeomor-
phism vector ζa∂a = ∂t + Ωc∂φ. From (5.E.43) we can calculate,

Qζ = Q[F(t, x) = 1] + Q[RA(t, x) = Ωc]

=
1

16πG

∫
ρ→0

d2x
√

gθθgφφ sin θ
(
−
√

gφφ

g2
tφ − gφφgtt

(∂ρgtt + Ωc ∂ρgtφ)

+
gtφ√

gφφ(g2
tφ − gφφgtt)

(∂ρgφt + Ωc ∂ρgφφ)
)

= − 1
16πG

∫
ρ→0

d2x

√
α(ρ, θ)

∆(ρ, θ)

(gφφ∂ρgtt − gtφ∂ρgtφ√gφφ

+Ωc
gφφ∂ρgtφ − gtφ∂ρgφφ√gφφ

)
= − 1

16πG

∫
d2x csc θ

√
Σrc

∆rc

(
gφφ∂ρgtt − gtφ∂ρgtφ + Ωc(gφφ∂ρgtφ − gtφ∂ρgφφ)

)
(5.E.50)

Here we have used the relation (5.E.38) and also that gφφ = α sin2 θ
Σ . Hence after

integrating over transverse coordinates, (5.E.50) boils down to the expression
given in (5.4.27).

5.E.7 Tolman relation and kerr charges

• The proof of (5.4.29) and (5.4.30):

For the form of ζa = (1, 0, 0, Ωc), we can write,

|K|2 = −ζaζa = −gabζaζb

= −(gttKtKt + 2gtφKtKφ + gφφKφKφ). (5.E.51)

where Ωc is given by (5.4.26). From the above expression we get (5.4.29). Now
the temperature gradient part given in (5.4.30), can be derived from (5.4.28)
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as,

T(r) =
T0√

−(gttKtKt + 2gtφKtKφ + gφφKφKφ)

⇒ Mr∇rT
T

= grr ∂ρ(gtt + 2Ωcgtφ + Ω2
c gφφ)

2(−gtt − 2Ωcgtφ −Ω2
c gφφ)3/2

√
−(gtt + 2Ωcgtφ + Ω2

c gφφ).

= −1
2
−∂ρ(gtt + 2Ωcgtφ + Ω2

c gφφ)

(−gtt − 2Ωcgtφ −Ω2
c gφφ)

; (5.E.52)

which is the form given in (5.4.30).

• Derivation of (5.4.31)

Now the unit normal to the ρ = constant surface is defined by, Ma =

(0, 1, 0, 0).

Then the product of the temperature gradient term (5.4.30) , area element
δAc =

√gθθgφφdθdφ and ratio T0/T from (5.4.28), can be expressed near the
surface at r = rc as follows,

δAc

8πG
T0

T(r)
Ma∇aT

T ρ=0

=
1

8πG

[√
α sin θdθdφ

√
−(gtt + 2Ωcgtφ + Ω2

c gφφ)

×
∂ρ(gtt + 2Ωcgtφ + Ω2

c gφφ)

2(gtt + 2Ωcgtφ + Ω2
c gφφ)

]
ρ=0. (5.E.53)

Now we can express that,

(
gtt + 2Ωcgtφ + Ω2

c gφφ

)
ρ=0 =

(
gtt − 2

gtφ

gφφ
gtφ + (

gtφ

gφφ
)2gφφ

)
r=rc

=
(

gtt −
g2

tφ

gφφ

)
r=rc =

(gttgφφ − g2
tφ

gφφ

)
r=rc = −

∆rc Σrc

αrc

(5.E.54)

Putting (5.E.54) in (5.E.53) we get,
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− δAc

8πG
T0

T(r)
Ma∇aT

T ρ=0

= − 1
16πG

[√
αrc sin θdθdφ

√
∆rc Σrc

αrc

αrc

×
(∂ρgtt + 2Ωc ∂ρgtφ + Ω2

c ∂ρgφφ

∆rc Σrc

)
ρ=0

]
= − 1

16πG

[ αrc√
∆rc Σrc

sin θdθdφ
(

∂ρgtt − 2
gtφ

gφφ
∂ρgtφ + (

gtφ

gφφ
)2∂ρgφφ

)
= − 1

16πG

[ αrc√
∆rc Σrc

sin θdθdφ
(gφφ∂ρgtt − gtφ∂ρgtφ

gφφ

−
gtφ

gφφ
(

gφφ∂ρgtφ − gtφ∂ρgφφ

gφφ
)
)

ρ=0

]

= − 1
16πG

(csc θ dθdφ)

√
Σrc

∆rc

(
gφφ∂ρgtt − gtφ∂ρgtφ + Ωc(gφφ∂ρgtφ

−gtφ∂ρgφφ)
)]

. (5.E.55)

Hence the result (5.E.55) matches with the result found in (5.E.50) and after
integrating over tranverse coordinates the expression (5.E.55) reduces to
(5.4.27).

5.E.8 Algebra among charges (5.4.34)

Using the definition of bracket given in (5.3.28), we calculate commutator of the
supertranslation charges with itself as follows,

[Q[F1], Q[F2]] = £F1 Q[F2]

= − 1
16πG

∫
d2x
[
2M(sin θ)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3

×[F1(ω1, t, x), F2(ω1, t, x)]
]

= − 1
16πG ∑

kA,lA

∫
d2x

∫ ∞

−∞
dω1 dω2

[
2M(sin θ)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3

α(ω1, kA)α(ω2, lA)[F̄k(ω1, t, x), F̄l(ω2, t, x)]
]
. (5.E.56)
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Now following (5.4.32), [Q[F1], Q[F2]] can be expressed as,

[Q[F1], Q[F2]] = ∑
k,l

∫ ∞

−∞
dω1 dω2 α(ω1, kA)α(ω2, lA)

×[Q[F̄k(ω1, t, x)], Q[F̄l(ω2, t, x)]]. (5.E.57)

Following the [F, F] commutator as given in (5.4.15), from (5.E.56) we get,

[Q[F1], Q[F2]] = −
1

16πG ∑
kA,lA

∫
d2x

∫ ∞

−∞
dω1 dω2

×
[
2M(sin θ)

(a2 + r2
c )(r4

c − a4 cos4 θ)

(r2
c + a2 cos2 θ)3 α(ω1, kA)α(ω2, lA)(i(ω1 −ω2))

× F̄k+l(ω1 + ω2, t, x)
]

= ∑
kA,lA

∫ ∞

−∞
dω1 dω2 α(ω1, kA)α(ω2, lA)(i(ω1 −ω2))

Q[F̄k+l(ω1 + ω2, t, x)]. (5.E.58)

Now comparing the result in (5.E.58) with (5.E.57), one can obtain the bracket
among supertranslation charges given in (5.4.34). Now similarly other brackets
given in (5.4.34) can be easily derived.
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Conclusions and Outlook 6

6.1 Conclusions

Symmetries and the corresponding conserved charges play a vital role in un-
derstanding the full dynamics of a theory. In these endeavors, the asymptotic
symmetry analysis for the diffeomorphism invariant gravity theory has been one
of the most delicate research areas for a long time. Instead of the usual Poincaré
group, an infinite-dimensional group of symmetries emerged as the asymptotic sym-
metry group in the early sixties near the boundary of the asymptotically Minkowski
spacetime. The basic strategy behind the symmetry mechanism of this group was
to preserve the asymptotic forms of the solutions near the spacetime boundary.
Near the null infinities, this group paves the way for a fruitful interpretation of
the scattering of gravitational waves and mass loss phenomena of gravitational
radiation, etc. Nevertheless, the null infinity (past or future) of the asymptotically
flat spacetime is regarded as one part of the closed boundary enclosing the bulk
manifold. In contrast, the black hole horizon is considered as another part of this
boundary. Hence it was expected that like null infinity, the BMS symmetries must
be explored and studied extensively near the horizon of the black hole also. It is
well researched that the horizon BMS symmetries play a crucial role in the micro-
scopic description of the black hole thermodynamics. In this thesis, our primary
target was to inspect the various facts and facets of asymptotic symmetries near
the black hole horizon and analyze the connection of these symmetries with the
black hole thermodynamics.

In the second chapter, we studied the BMS symmetries near a generic charged
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null surface in a more general setting than the earlier analysis found in the existing
literature [90–92, 97, 110, 113]. The results that we found in this chapter can be
summarized as follows;

• The complete Lie bracket algebra between three symmetry parameters, su-
pertranslation, superrotation, and super-gauge, has been computed. In these
results, interestingly, the supertranslation parameter is shown to be non-
commutative with itself. This result is in sharp contrast with the existing near
horizon BMS algebra.

• In this analysis, the conserved charges have been derived for the higher-order
Lanczos-Lovelock gravity model accompanied by the non-linear electromag-
netic fields (Born-Infeld type). In this sense, the present analysis is most
general from the aspects of the gauge-gravity theory. Also it can be shown
that the zero mode of the supertranslation charges can be expressed as the
product of the entropy and the temperature attributed to a generic null sur-
face.

• To compute charges from the variation of the action, nowhere the field equa-
tions have been used (i.e., an off-shell derivation). This one is crucial in
the present context as the null surface under consideration may not be the
solution of the Einstein equations.

• Also, we have shown that the Noether charge derived from the GHY bound-
ary term of the Einstein-Hilbert action gives rise to the same expression
obtained before from the bulk action itself. Thus bracket algebra between
the charges is also the same for the two cases. This result indicates the
holographic relation of the bulk theory with the boundary.

• The bracket algebra between the symmetry generators near the extremal null
surface is found to be a bit different compared to that of the non-extremal case.
The difference appears because the supertranslation parameter becomes inde-
pendent of the null coordinate. This result shows that the zero-temperature
limit of the non-extremal surface has physically different symmetry proper-
ties. However, the reason for this difference is not understood in the realm of
the present investigation.

In the third chapter, we have obtained the mode solutions of the diffeomor-
phism parameters by analyzing the near horizon spontaneous symmetry breaking
phenomena that happened by the background solution itself. The correspond-
ing parameters which characterize this symmetry breaking are identified as the
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Goldstone modes. The dynamics of those modes have been determined by the
Lagrangian method in linearized theory. This analysis has been concluded with
the following results;

• For both Rindler and Spherically symmetric backgrounds, the one-dimensional
dynamics of the Goldstone modes along the null direction v is governed by an
inverse harmonic potential. Thus it is concluded that the modes are unstable
under this potential.

• For the Rindler case, irrespective of the values (l, m), all the modes have
been found out to feel the same inverted harmonic potential. However, for
the Schwarzschild background, inverse harmonic potential has emerged to
depend on l.

• To capture the physical interpretation of these unstable modes, quantum
analysis has been performed following the recently found connection between
semi-classical chaotic motion and the thermal nature of the system. Hence it
was revealed that the instability has a nice explanation for the thermality of
the black hole horizon.

• In Rindler background, the temperature perceived by the mode is the same for
all values of (l, m) and it has been proportional to the well-known expression
of Unruh with the proportionality factor

√
3/2.

• In Schwarzschild spacetime, each mode realizes different temperature de-
pending on the values of l. Therefore, the average temperature of all modes
came out to be proportional to the Hawking temperature of the black hole,
multiplied by the factor

√
3/2. Only for l = 1, the obtained result matches

exactly with Hawking’s expression.

In the fourth chapter, we have extended the analysis performed in the last chap-
ter for Kerr black hole. Here we have concentrated on two different conditions.

• Firstly, we analyzed Goldstone modes’ theory and found its non-trivial dy-
namics for slowly rotating spacetime. By analyzing the instability of the
modes quantum mechanically, we found the thermal nature like before. The
expression of the average temperature felt by the modes has emerged to
be similar to the known expression given by Hawking in a slowly rotating
case. This result has been obtained by determining the perturbatively cor-
rected terms upon the corresponding expression found in the Schwarzschild
background.
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• Next for ZAMO observers, we found that the temperature perceived by the
modes is proportional to the Hawking temperature of Kerr black hole with a
multiplicative factor given by m.

There are some important observations that should be mentioned here. In the
chapter 3 and 4 of the present thesis, we did a quantum mechanical treatment
by considering the Schrodinger equation corresponding to the Goldstone mode
F to explore the thermal behaviour. However the parameter F can be treated
as a quantum field which we leave for our further study. But it is expected
that the behaviour of each mode of the quantum field is similar to the quantum
mechanical wave function as far as temperature is concerned. Therefore the
predicted thermalization and temperature presented here are expected to be well
defined within the framework of the present analysis.

In the fifth chapter, we have investigated the asymptotic symmetries near a
timelike hypersurface which is fixed at a constant radial distance from the black
hole horizon. We have assumed the surface to be a physical boundary dividing
the space into two regions at an instant of time. Here briefly we have the following
results;

• Like null boundaries, the diffeomorphism symmetry vector obtained near the
timelike surface has two components. One component denotes translation
along time direction, named as supertranslation and another one gives angular
transformation, named as superrotation.

• Interestingly, unlike null boundaries, in Schwarzschild spacetime, the super-
translation parameter came out to be a function of time only. However, for
the Kerr case, the symmetry parameters are dependent on both time and
angular coordinates.

• The bracket algebras found between the symmetry generators in the present
context resemble near horizon symmetry algebra in Schwarzschild spacetime.
But for Kerr background, the algebras constructed near the aforementioned
surface are different from those found near null boundaries.

• The computed supertranslation and superrotation ’charges’ have an excit-
ing thermodynamics interpretation. Locally the charges can be described
as the heat content on the aforesaid hypersurface at a particular time. So
surface entropy and local temperature can be identified in terms of the lo-
cal gravitational acceleration. This result was proved to behold for not only
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Schwarzschild black hole, but for a generally spherically symmetric spacetime
also.

• Also, the corresponding charges for static and stationary spacetime have
been shown to have another astonishing explanation by considering the well-
known Tolman relation of the thermal equilibrium system in the gravitational
fields.

By all these results, we have tried to unfold the interesting connection of
the asymptotic symmetries with the thermodynamics of the black hole at the
classical or semi-classical level. Next, we have presented a brief description of
some directions of future research work.

6.2 Scope for future work

6.2.1 More detail investigation about the symmetries of

extremal null surface

In the second chapter, we have noticed that the bracket algebra between symmetry
generators of the extremal null surfaces is significantly different compared to
that of a non-extremal null surface. However, the physical reason behind this
difference was not clear there. The extremal surfaces correspond to a specific
configuration of the non-extremal one when the temperature goes to zero. So it
will be interesting to investigate more about the intertwining connection between
asymptotic symmetries and thermodynamics of extremal null surfaces.

6.2.2 Field theoretical analysis of the parameter F and RA

In the second and third chapters of the present thesis, we have found the non-
trivial classical mode solution of the supertranslation parameter F for both static
and stationary background spacetime. We have proposed the Einstein-Hilbert
Lagrangian for the modified metric under diffeomorphism and finally found
out that the one-dimensional equation of motion of F (along null coordinate v)
resembles the inverse Harmonic oscillator equation. Then by having a quantum
mechanical analysis with the help of the Schrodinger equation, the system of a
large number of unstable Goldstone modes is shown to be inherently thermal.
However, in that analysis, degenerate and quasi-degenerate modes have emerged
for Rindler and Schwarzschild backgrounds, respectively. We expect that these
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modes can be responsible for the possible mechanism of the microscopic origin of
the horizon entropy. But to study the corresponding microscopic states in detail,
full quantum field theoretic treatment is extremely important to elucidate the
thermal behavior of the system and for that relevant vacuum state have to be
considered.

6.2.3 Shock wave interpretation of modified metric

In the second and third chapters, we have analyzed that the background metric
can be modified by the supertranslation, which is the generator of the near horizon
symmetries. However, in the recent paper [84] by Strominger, Hawking and
Perry, it is shown that the background Schwarzschild metric is corrected due to
the supertranslation-like symmetries near null infinities. This phenomenon has
been physically realized as the effect of the propagation of shock waves in this
spacetime. The idea of the generation of the shock wave as the effect of the motion
of the massless particle near the Schwarzschild black hole horizon was earlier
introduced by Dray, and ’t Hooft in [248]. Motivated by that analysis, we want to
investigate if the physical interpretation of the fluctuation metric which arises due
to horizon BMS symmetries can be obtained in terms of the propagation of shock
waves in that spacetime.
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