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Abstract

Coherent control is a promising technique for manipulating atomic and molec-
ular systems. It has found numerous applications in a wide range of areas
such as, ultracold physics, laser cooling, Bose-Einstein condensates, quantum
information processing, attosecond physics and high precision spectroscopy.
Coherent control of atomic and other quantum systems using laser pulses re-
mains at the forefront of research in physics, chemistry and even in biological
sciences. In this thesis, we use laser pulse induced coherent control methods for
exploiting atomic systems for some interesting applications. We have proposed
a scheme for effective control of optical multistability in a three-level V -type
atomic system, which could find applications in optical switching. Also, we
put forward a strategy to achieve slow and fast light in a four-level ultracold
atomic systems via coherent control. In the last part of the thesis, we pro-
pose a novel scheme to obtain effective focusing of a diverging atomic beam
using femtosecond laser pulse. All the proposed schemes are analyzed with
experimentally realistic parameters, making them to be realized within current
state-of-the-art experimental setups.
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Chapter 1

Introduction

RESEARCH in the manipulation of quantum systems using laser light
continues at an ever-increasing pace, since the advent of Laser in 1960.
As a matter of fact, in the last one decade, owing to extraordinary

developments in femtosecond lasers and attosecond lasers, there is explosive
growth of both theoretical and experimental studies envisaged at controlling
atomic as well as molecular systems at its most fundamental level. In this
context, various coherent control techniques have been developed and experi-
mentally validated [1–5].

Quantum coherence and interference, which led to the observation of the
phenomena such as, coherent population trapping (CPT) and electromagneti-
cally induced transparency (EIT), are at heart of manipulation of the properties
of an atomic medium and have been studied extensively in past decades and
continues to remain a major area of research in various contexts [6–17]. This
has enabled the realization of a plethora of novel phenomena such as Bose-
Einstein condensation, laser cooling and trapping, deflection of atoms, optical
bistability (OB), optical tristability (OT), and slow and fast light. These break-
throughs are now paving the ways for many diverse applications ranging from
quantum metrology to quantum information [18–32] and, even in the context of

1
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1 Introduction

cold atoms [33, 34]. Optical bistability and multistability are interesting phe-
nomena in which the cooperative nature of the interaction between a collection
of atoms and laser fields tune system nonlinearity [35]. Such nonlinearity could
be escalated further by inserting the atomic system inside a cavity to employ
its feedback mechanism. Initially, OB has been demonstrated experimentally
for saturable absorber, Ruby crystal, and Sodium vapor as a nonlinear medium
inside in an optical resonator [36–38]. Then by developing the basic theoretical
model of OB for two-level atoms coupled by a single cavity mode [38–41], it
was realized that OB arises due to intensity-dependent absorption or dispersion,
or hybridization of both; henceforth, OB is classified as absorptive or disper-
sive, or hybrid respectively. A decade later, OT has been demonstrated for Λ-
type three-level atomic system comprising an excited state and two ground state
sublevels driven by two cavity modes [42–44]. Soon it was proposed that OB
(OT) is more definitive with multi-level atoms than in two (three) level atoms as
a nonlinear medium inside in an optical resonator. This is owing to the fact that
absorption, dispersion, and nonlinearity could be greatly modified by quantum
coherence and interference in multilevel atoms for increased pathways. In this
regard, coherent control by electromagnetic field induced transparency (EIT) in
three level atomic systems was demonstrated theoretically and experimentally
to reduce OB threshold intensity and give rise to a new type of OT by adjusting
the control laser field parameters [45–47].

The fact that laser is a monochromatic, intense, and coherent source of
radiation resurrects the long awaited expectation to manipulate atomic quantum
systems by realizing a tremendous optical force. The interaction of a single
frequency light with single atomic transition gives rise to two kinds of optical
forces namely the radiative force and the dipole force. The former occurs due
to spontaneous emission, while the later is due to stimulated emission [4, 48].
These two kinds of optical forces could be understood as a result of phase and

2
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intensity gradients in a beam of light [49, 50]. The physical effects of both
dipole and radiative forces induced by a CW laser were demonstrated through
the focusing, defocusing, and steering of neutral sodium atoms [51]. Similar
effects were also observed by utilizing the optical forces induced by pulsed
laser fields instead of CW lasers. The ability of pulsed laser induced optical
forces to beat the saturation limit of spontaneous force makes them much more
favorable and increasingly attractive tools.

While atomic systems are being manipulated using intense laser light, it
is interesting to note that the velocity of a laser light could be controlled in
an extreme way using the atomic system itself, and applying various coherent
control schemes. The possibility to engineer the group velocity of light pulses
propagating through atomic medium has led to the emergence of slow and fast
light. Slow light, also known as subluminality, stands for light propagation
with a group velocity vg less than the velocity of light in vacuum c, while fast
light, also known as superluminality, refers to light propagation with vg > c
or vg < 0. It was thought that superluminal velocities are generally unphysi-
cal in the sense that light wave traveling with superluminal velocity does not
transmit any information through the medium otherwise the causality princi-
ple of relativity theory would be violated [52]. Accordingly, subluminal group
velocity can be regarded as signal velocity, which is not the case for superlumi-
nal group velocity [53, 54]. It is well known, from Kramers–Kronig relations
which satisfy causality principle, that the dispersion changes sign steeply about
absorption line (or closely-spaced absorption doublet), equivalent to dip in gain
profile; where the steep anomalous (negative) dispersion near absorption line
center results in fast light and the normal (positive) dispersion in the wings of
absorption line results in slow light; likewise, slow light, associated with nor-
mal dispersion, is expected near the center of gain line (or closely-spaced gain
doublet), equivalent to dip in absorption profile which is also known as spectral

3
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1 Introduction

hole, and fast light, associated with anomalous dispersion, is expected in the
wings of gain line [32, 53, 55–60]. The observation of EIT, a quantum destruc-
tive interference effects in which a transparency window is generated between
two absorption peaks, a dip in absorption profile, opens the way for slow light
demonstration in Bose-Einstein condensate of sodium atoms and even in rubid-
ium vapor [61–63].

1.1 The topics and aim of research

In this thesis, we report our theoretical explorations of various applications
involving coherent control of atomic systems, briefly discussed below:
(a) Effective control and switching of optical multistability: OB and OT in
three-level Λ-type atomic system have been extensively studied while less at-
tention has been paid to investigate OB and OT in three-level V-type atomic
system. This may be owing to the coherence relaxation of upper-levels by
spontaneous emission which is not the case for Λ-type atomic system [64, 65].
Hence, available studies on OB and OT in three-level V-type atomic system are
attempting to circumvent this effect by incorporating coherent control using
incoherent pump field, or microwave field, or spontaneously generated coher-
ence (SGC) [65–72]. In this work, by assuming that three-level atomic system
should be sufficient for reliable obtainment of single OB, double OB, and OT,
we investigate the criteria for achieving the same, without considering coherent
control by incoherent pump field, or microwave field, or SGC.
(b) Coherent control of ultracold atom for slow and fast light phenomena:
Taking advantage of the sharp spectral features offered by atomic vapors to ob-
tain extreme values of the group velocity of light has been a topic of immense
research interest for quite some time [31]. Sometime back, the experimen-
tal observation of electromagnetically induced transparency (EIT) [11, 73], a

4
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1.1 The topics and aim of research

quantum destructive interference effects in which a transparency window is
generated between two absorption peaks, a dip in absorption profile, opens the
way for slow light demonstration in Bose-Einstein condensate of sodium atoms
with vg = 17 ms−1 [61], and the observation of vg = 90 ms−1 [62] and 8 ms−1

[63] in rubidium vapor. It was shown that slow light of EIT medium can be
switched to fast light by driving the transition between the ground states using
an additional control field in a closed system [74], or by tuning the phase of
one of the fields in an open system [75]. On the other hand, fast light of single
absorption line can be switched to slow light by controlling the coupling field
intensity [76]. Again, copropagating slow and fast light manifested by EIT-
assisted nonlinear gain and absorption has been observed experimentally [77].
In our work, we investigate various issues of slow and fast light effects through
the coherent manipulation of the D1 transition of 23Na atoms. In addition, the
coherent population transfer between the hyperfine states of the atom have been
investigated.
(c) Effective focusing of a diverging atomic beam: Recently, the optical dipole
induced by a unidirectional sequence of linearly chirped pulses has been inves-
tigated and showed to change its sign between odd and even number of pulses
in the pulse train [78]. This results in oscillatory optical dipole force, making
the time-averaged optical force to vanish. The physics behind the nature of the
oscillating forces was not discussed and therefore still remains open for further
investigations. Hence, we not only investigate and clarify physics behind the
nature of the oscillating forces but also propose a strategy to overcome this is-
sue, thereby realizing the effective time average focusing and defocusing dipole
force. For this, we propose for the use of a sequence of alternatively chirped
pulses instead of either positively or negatively chirped pulses.

5
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1 Introduction

1.2 Outline of the thesis

In the following, we present the outline of the thesis by including a description
of the various problems that have been tackled in the form of different chapters
of the thesis. There are a total of six chapters. Chapter 1 has already pro-
vided an adequate introduction to the thesis and, discussed briefly the recent
developments pertinent to the problems considered in the thesis.

We present a brief description about the content of the rest of the chapters
below.
Chapter 2: This chapter is devoted to familiarize the reader with relevant con-
cepts and phenomena introduced in this thesis. This chapter would be im-
mensely helpful for readers to comprehend the research problems addressed
in later chapters. Here, we discuss the density matrix formalism, the rotating
wave approximation, the concept of EIT, slow and fast light phenomenon, and
finally the notion of optical bistability.
Chapter 3: In this chapter, we theoretically analyze the behavior of single op-
tical bistability (OB), double OB, and tristability (OT) in a three-level V-type
atomic system confined in a unidirectional optical ring cavity. The physics be-
hind the emergence of various bistable and tristable states, and switching from
the absorptive to the dispersive characteristics, are explored. The role of probe-
and control-field detunings on the input-output characteristics is probed. Fur-
ther, it is found that the switching between various bistable phenomena is de-
fined by the ratio between the absolute peak values of the parameters describing
dispersion and absorption, respectively. This ratio sets a criterion for obtaining
absorptive OB, OT, double OB, and dispersive OB. The role of control-field
intensity and detuning as well as the cooperation parameter on the input-output
characteristics are explored. Finally, a scheme is discussed to control the width
of the middle branch of double OB and OT as well as single OB.

6
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1.2 Outline of the thesis

Chapter 4: In this chapter, we theoretically analyze the role of field detuning
on both the population transfer and the induced polarization for the D1 transi-
tion of Bose-Einstein condensate of 23Na atoms. We have observed complete
population transfer between the two hyperfine ground states at small field inten-
sity. It is shown that slow and fast light, with large bandwidth at intermediate
field intensity could be realized with our proposed scheme. In addition, we
find that switching between slow and fast light, with large bandwidth is achiev-
able via controlling the field intensity. Moreover, slow light associated with
gain (loss) is found to co-propagate with fast-light, associated with loss (gain).
Apart from these, we report our study on maximum attainable coherence for
optical and Raman transitions.
Chapter 5: Coherent manipulation of atomic systems using few-cycle-pulsed
light has garnered lots of attention recently. In this chapter, we theoretically
show how the effective focusing and defocusing of a diverging atomic beam can
be realized using an appropriate sequence of linearly chirped few-cycle pulsed
laser fields. First, we investigate and show that the time averaged optical dipole
force induced by the sequence of either positively or negatively chirped pulses
vanishes due to the periodic oscillations of the phases of in-phase components
of atomic dipole moments. Then, we demonstrate that this issue could be over-
come by utilizing a sequence of alternatively chirped pulses instead of either
positively or negatively chirped pulses. It is shown that for such a sequence
of pulses, the phases of in-phase components of atomic dipole moments does
not oscillate periodically and in fact remain constant at either 0 or π depend-
ing on the chirping direction of the initial pulse, resulting in either an effective
focusing or defocusing optical dipole force. The trajectory of atoms under an
optical dipole force is also investigated to actually show the focusing and defo-
cusing. Finally, the role of beam shape on the proposed scheme is investigated
and it turns out that a super-Gaussian pulse of order m = 2 shows more efficacy

7
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1 Introduction

compared to the normal Gaussian pulse.
Chapter 6: Here we provide the conclusions of the thesis. In this chapter, we
conclude with an outline of the results obtained in the thesis. We also provide
a future plan based on the work that we present in the thesis.

8
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Chapter 2

Coherent Control: Theoretical

Background

THIS chapter is devoted to familiarize the reader with the relevant concepts
and phenomena related to the research problems discussed in this thesis.

2.1 Density Matrix Formalism

Density matrix formalism is a powerful tool in quantum as well as nonlinear
optics. This tool is particularly suited for dealing with coherence in isolated or
interactive systems. The density matrix permits us to ignore parts of a problem
that appear to be irrelevant and to focus mathematically on the system of our
interest.

To understand the density matrix formalism, let us begin by considering a
two-level atomic system (TLS) interacting with a classical monochromatic field
with angular frequency ω , amplitude E0, and unit polarization vector η̂ . The
model is schematically depicted in Fig. 2.1. The ground state and the excited
state of the atom is labeled by |1⟩ and |2⟩, respectively. The resonant frequency
of the atom is denoted by ω0.

9
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2 Coherent Control: Theoretical Background

Figure 2.1: Schematic diagram of a two-level atom interacting with a classical
field.

From elementary quantum mechanics, we know that the system could be
described by the so called Schrödinger equation, as given below:

ih̄
∂ |ψ⟩

∂ t
= Ĥ |ψ⟩ . (2.1)

Here |ψ⟩ is the state of the atom, and it can be written as:

|ψ⟩= c1(t) |1⟩+ c2(t) |2⟩ , (2.2)

where c1(t) and c2(t) are the respective probability amplitudes for the ground
and the excited states. We know that |c1(t)|2 and |c2(t)|2 give us the probability
of finding the atom in the ground and the excited states respectively, with the
condition |c1(t)|2 + |c2(t)|2 = 1.

On the other hand, the total Hamiltonian of the system, Ĥ is

Ĥ = Ĥ0 + V̂ ,

Ĥ0 being the Hamiltonian describing the isolated atom, such that:

Ĥ0 |1⟩= E1 |1⟩
Ĥ0 |2⟩= E2 |2⟩

,

10
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2.1 Density Matrix Formalism

with E2 −E1 = h̄ω0. On the other hand, V̂ = ˆ⃗µ · E⃗ refers to the atom-field in-
teraction. ˆ⃗µ is the so-called atom-dipole operator, given in terms of the atomic
electron position r⃗e as ˆ⃗µ = −e⃗re. We assume the two-level atom to contain a
single electron, for simplicity. The operator ˆ⃗µ could be expressed in terms of
the eigenstates |1⟩ and |2⟩ as follows:

ˆ⃗µ = ⟨1| ˆ⃗µ|2⟩ |1⟩⟨2|+ ⟨2| ˆ⃗µ|1⟩ |2⟩⟨1| .

This is written, considering the fact that ˆ⃗µ has odd parity, while both |1⟩ and
|2⟩ has definite parity. Now, we can write, taking ⟨1| ˆ⃗µ|2⟩ to be real:

ˆ⃗µ = ⟨1| ˆ⃗µ|2⟩(σ +σ
+) , (2.3)

where σ = |1⟩⟨2| is the atomic lowering operator and σ+ = |2⟩⟨1| is the atomic
raising operator.

We can thus write the total atom-field Hamiltonian as :

Ĥ = Ĥ0 + V̂

= h̄ω0σ
+

σ − ⟨1| ˆ⃗µ|2⟩ · E⃗(σ +σ
+).

(2.4)

In writing the above Hamiltonian, we take the ground state energy E1 = 0, with-
out loss of any generality. It is straightforward to show that, in the unperturbed
state, the expectation value of σ = |1⟩⟨2| has the time dependence of e−iω0t ,
while σ+ has the time dependence of e+iω0t . Keeping this in mind, we get

V̂ =− ˆ⃗µ · E⃗
=−⟨1| ˆ⃗µ|2⟩ · η̂E0 cos(ωt)(σ +σ

+)

=−⟨1| ˆ⃗µ|2⟩ · η̂ E0

2
(
eiωt + e−iωt)(σ +σ

+)

.

Now let us examine the product term
(
eiωt + e−iωt)(σ +σ+):(

eiωt + e−iωt)(σ +σ
+) = σeiωt +σe−iωt +σ

+eiωt +σ
+e−iωt

≈ σ(0)ei(ω−ω0)t +σ
+(0)e−i(ω+ω0)t

+σ
+(0)ei(ω+ω0)t +σ

+(0)e−i(ω−ω0)t .

.
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2 Coherent Control: Theoretical Background

It is clear that the second and third terms of the above expression oscillates
rapidly as e±i(ω+ω0)t while the other two terms oscillate slowly as e±i∆t , with
∆ = ω −ω0. Now considering |ω −ω0| ≪ ω +ω0, we can make the so-called
rotating-wave approximation (RWA). “This approximation focuses on slow dy-
namics, replacing terms rotating at optical frequencies are replaced by their
zero-average value, which amounts to a coarse-graining on fs time scales. This
is reasonable since optical detectors do not respond on fs time scales anyway.”
[79]. Because of RWA, we can neglect the highly oscillating terms, and we
write:

Ĥ = h̄ω0σ
+

σ − E0 ⟨1| ˆ⃗µ|2⟩
2

· η̂(σeiωt +σ
+e−iωt)

= h̄ω0σ
+

σ +
h̄Ω

2
(σeiωt +σ

+e−iωt),

, (2.5)

where Ω =−⟨1| ˆ⃗µ·η̂ |2⟩
h̄ E0 is termed as the Rabi frequency.

Now, the Schrödinger equation, ih̄∂ |ψ⟩
∂ t = Ĥ |ψ⟩ leads to the following set

of coupled differential equations:
∂c1

∂ t
=−i

Ω

2
c2eiωt

∂c2

∂ t
=−iω0c2 − i

Ω

2
c1e−iωt

. (2.6)

The explicit time dependency in the above equations could be get rid of if we
make a transformation into the rotating frame of the laser field by the following
unitary transformation, U = eiωt|2⟩⟨2|. Then the Schrödinger equation, in this
new frame, gives us:

∂c1

∂ t
=−i

Ω

2
c̃2

∂ c̃2

∂ t
=−i∆c̃2 − i

Ω

2
c1

(2.7)

where c̃2 = c2eiωt . The full Hamiltonian is now expressed as,

Ĥ =−h̄∆ |2⟩⟨2|+ h̄Ω

2
(σ +σ

+) . (2.8)
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2.1 Density Matrix Formalism

Thus, to summarize, the TLS interacting with a classical field is described by
the state vector, under RWA and in the rotating frame, |ψ̃⟩= c1 |1⟩+ c̃2 |2⟩. The
Hamiltonian is given by Eq. 2.8.

Now, interestingly the state of the TLS can also be represented by an oper-
ator, defined as follows:

ρ = |ψ⟩⟨ψ| . (2.9)

This is the so-called density matrix. Soon, we will explain its significance.
Using |ψ⟩= c1 |1⟩+ c̃2 |2⟩, we can write:

ρ = |c1|2 |1⟩⟨1|+ c1c̃∗2 |1⟩⟨2|+ c̃2c∗1 |2⟩⟨1|+ |c̃2|2 |2⟩⟨2| . (2.10)

We can express the above in the following matrix form:

ρ =

[
c1c∗1 c1c̃∗2
c̃2c∗1 c̃2c̃∗2

]
≡

[
ρ11 ρ12

ρ21 ρ22

]
,

where ρ11 = |c1|2 and ρ22 = |c̃2|2 give us probabilities in level |1⟩ and |2⟩
respectively.

On the other hand, ρ12 = c1c̃∗2 and ρ21 = c̃2c∗1 denotes the coherence be-
tween the two energy levels. In fact, ρi j = cic∗j ̸= 0 ⇒ that it is possible to
have a coherent superposition between the energy levels |i⟩ and | j⟩. Because
|c1|2 + |c̃2|2 = 1, it is clear that Tr(ρ) = 1, an essential property for a density
matrix! Now, using Eq. 2.7 and Eq. 2.9, it is straightforward to obtain the
following evolution equations for the density matrix elements:

∂ρ22

∂ t
= i

Ω

2
(ρ21 −ρ12)

∂ρ11

∂ t
=−i

Ω

2
(ρ21 −ρ12)

∂ρ12

∂ t
=−i∆ρ12 − i

Ω

2
(ρ22 −ρ11)

∂ρ21

∂ t
= i∆ρ21 + i

Ω

2
(ρ22 −ρ11)

. (2.11)
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2 Coherent Control: Theoretical Background

It is clear that ρ21 = ρ∗
12. In fact, ρi j = ρ∗

ji is true in general. This leads us to
the property that, ρ = ρ† ⇒ the density matrix is hermitian.

Now, please note that Eq. 2.11 do not reflect the existence of relaxation
arising from spontaneous emissions and other collisional processes. However,
it is not difficult to incorporate these processes phenomenologically in the den-
sity matrix equations. To a significant accuracy, it works. For example, we can
incorporate spontaneous emissions as follows. With ∆ = 0 = Ω, we can add a
couple of extra-terms into Eq. 2.11:

∂ρ22

∂ t
=−Γρ22

∂ρ11

∂ t
= Γρ22

∂ρ12

∂ t
=−γ⊥ρ12

∂ρ21

∂ t
=−γ⊥ρ21

. (2.12)

Here, Γ is called the longitudinal decay rate. The excited population decays at a
rate of Γ, and a similar term is added to compensate for this decayed population
into the ground states. In the context of TLS, sometimes Γ is also denoted as
A21. The coherence also damp at the rate γ⊥, which could be justified using
quantum theory of damping. In general, γ⊥ > Γ

2 and one can write:

γ⊥ =
Γ

2
+ γc ,

where γc models dephasing effects such as atom-atom collisions that do not
affect the populations. γc is called the transverse decay rate. Including these
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2.2 Field Dynamics Inside the Atomic Medium

relaxation processes, we obtain the so-called optical Bloch equations:

∂ρ22

∂ t
= i

Ω

2
(ρ21 −ρ12)−Γρ22

∂ρ11

∂ t
=−i

Ω

2
(ρ21 −ρ12)+Γρ22

∂ρ12

∂ t
=−(γ⊥+ i∆)ρ12 − i

Ω

2
(ρ22 −ρ11)

∂ρ21

∂ t
=−(γ⊥− i∆)ρ21 + i

Ω

2
(ρ22 −ρ11).

(2.13)

2.2 Field Dynamics Inside the Atomic Medium

The optical Bloch equations describe a wide variety of coherent atom-field in-
teractions. However, it is unable to describe propagation effects induced by
an applied electric field, strong enough to stimulate substantial population ex-
change between levels |1⟩ and |2⟩. This issue could be addressed by coupling
the optical Bloch equations to Maxwell’s wave equation:

∇
2⃗E− 1

c2
∂ 2⃗E
∂ t2 =

1
ε0c2

∂ 2⃗P
∂ t2 . (2.14)

Here P⃗ is the polarization density, i.e., the electric dipole moment per unit
volume, and ε0 is the permittivity of free space.

Let us consider a plane wave propagating in the z-direction:

E⃗(⃗z, t) = η̂E(z, t)ei(kz−ωt) ,

where E(z, t) is complex amplitude of the electric field, to be determined. k = ω

c
is the magnitude of the wave vector. We assume that the magnitude E(z, t)
varies slowly compared to the carrier wave ei(kz−ωt), justifying the following
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2 Coherent Control: Theoretical Background

inequalities: ∣∣∣∣ ∂E
∂ z

∣∣∣∣≪ k | E |∣∣∣∣∂ 2E
∂ z2

∣∣∣∣≪ k
∣∣∣∣∂E

∂ z

∣∣∣∣∣∣∣∣ ∂E
∂ t

∣∣∣∣≪ ω | E |

(2.15)

Physically, these assumptions imply that E(z, t) represent a smooth envelope
in both space and time. These approximations are popularly known as slowly-
varying envelope approximation (SVEA).

In the plane wave and slowly-varying envelope approximations for E⃗(⃗z, t),
one can easily obtain the following:

∇
2⃗E− 1

c2
∂ 2⃗E
∂ t2 = 2i

ω

c

(
∂E
∂ z

+
1
c

∂E
∂ t

)
η̂ei(kz−ωt) . (2.16)

We now need to find out P⃗. Here, we are considering a two-state atom. Each
atom is assumed to have an electric moment, ⟨ ˆ⃗µ⟩, given by:

⟨ ˆ⃗µ⟩= ⟨1| ˆ⃗µ|2⟩ ⟨(σ +σ
+)⟩

= ˆ⃗µ12(⟨σ⟩+ ⟨σ+⟩).

As we discussed earlier, σ has the time dependence e−iω0t , while σ+ has the
time dependence eiω0t . Moreover, we can show that, ⟨σ⟩ = c̃2c∗1 and ⟨σ+⟩ =
c1c̃∗2. Again taking ω0 ≈ ω , we can write, using the explicit time dependence,

⟨ ˆ⃗µ⟩= ˆ⃗µ12
[
c̃2c∗1e−iωt + c1c̃∗2eiωt] .

To account for the spatial variations of the plane wave acting on the atom lo-
cated at z, we simply replace e−iωt by ei(kz−ωt). Thus for an atom at z:

⟨ ˆ⃗µ⟩= ˆ⃗µ12

[
ρ21ei(kz−ωt)+ρ12e−i(kz−ωt)

]
.
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2.3 Coherent Population Transfer

If there is a uniform distributions of N atoms per unit volume, the polarization
P⃗ is,

P⃗(z, t) = N ˆ⃗µ12ρ21ei(kz−ωt) .

Since ρ21 varies much slowly in time than e−iωt ,

∂ 2⃗P
∂ t2 =−Nω

2 ˆ⃗µ12ρ21ei(kz−ωt) . (2.17)

Now using Eq. 2.16 and Eq. 2.17 in Eq. 2.14 and writing ˆ⃗µ12 = η̂µ12, we
obtain:

2i
ω

c

(
∂E
∂ z

+
1
c

∂E
∂ t

)
=− 1

ε0c2 Nω
2
µ12ρ21

⇒ ∂E
∂ t

+ c
∂E
∂ z

=
iω
2ε0

Nµ12ρ21

⇒ ∂E
∂ t

+ c
∂E
∂ z

=
iω
2ε0

P(ω),

where P(ω) =Nµ12ρ21. This equation describes the propagation of the electric
field inside the atomic medium.

2.3 Coherent Population Transfer

Let us discuss the phenomenon of coherent population transfer (CPT) using the
density matrix formalism we just discussed. It is a relevant topic for this thesis.
Consider a three-level atomic system as depicted in Fig. 2.2.

Our goal is to transfer population in the most efficient way from the state
|1⟩ to |2⟩. The symmetry of the states is assumed to be such that the electric
dipole transitions are allowed between |1⟩↔ |3⟩ and |3⟩↔ |2⟩, but not between
|1⟩ ↔ |2⟩. Thus, V12 = ⟨1|V̂|2⟩ = −⟨1| ˆ⃗µ · E⃗|2⟩ = − ˆ⃗µ12 · E⃗ = 0 = V21. ω31

and ω32 are the respective atomic transition frequencies between |3⟩ → |1⟩ and
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2 Coherent Control: Theoretical Background

Figure 2.2: Schematic diagram of a three-level Λ-type atomic system for real-
izing CPT.

|3⟩ → |2⟩, respectively.

|ψ⟩= c1 |1⟩+ c2 |2⟩+ c3 |3⟩ ,

where ci is the probability amplitude of the eigenstate |i⟩. Two monochromatic
laser fields E⃗1 = η̂E10 cos(ω1t) and E⃗2 = η̂E20 cos(ω2t) are applied between
|1⟩ ↔ |2⟩ and |3⟩ ↔ |2⟩, respectively. Starting with the Schrödinger equation,
ih̄∂ |ψ⟩

∂ t = (Ĥ0+ V̂) |ψ⟩, we can obtain the following evolution equations for the
density matrix elements:

ih̄
∂ρ11

∂ t
=V13ρ31 −V31ρ13

ih̄
∂ρ22

∂ t
=V23ρ32 −V32ρ23

ih̄
∂ρ33

∂ t
=V31ρ13 −V13ρ31 +V32ρ23 −V23ρ32

ih̄
∂ρ12

∂ t
= h̄ω12ρ12 +V13ρ32 −V32ρ13

ih̄
∂ρ13

∂ t
= h̄ω13ρ13 +V13(ρ33 −ρ11)−V23ρ12

ih̄
∂ρ32

∂ t
= h̄ω32ρ32 +V31ρ12 +V32(ρ22 −ρ33)

(2.18)
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2.3 Coherent Population Transfer

It should be noted that ρ31 = ρ∗
13, ρ32 = ρ∗

23, and ρ12 = ρ∗
21. Again, V13 =

− ˆ⃗µ13 · E⃗1, V32 = − ˆ⃗µ32 · E⃗3 and so on. In fact, we can express V13 in the fol-

lowing form: V13 = −1
2 h̄Ω1eiω1t + c.c., where Ω1 =

− ˆ⃗µ13·η̂E10
h̄ . Similarly, we

can express others. We assume that, the density matrix elements describing the
coherence has slowly-varying envelope and we write:

ρ12 = ρ̃12eiω12t

ρ13 = ρ̃13eiω1t

ρ32 = ρ̃32e−iω2t

, (2.19)

where ρ̃i j refers to the slowly varying envelope. Putting Eq. 2.19 in Eq. 2.18,
under the so-called rotating wave approximation (RWA), we can obtain the
following set of coupled differential equations:

˙̃ρ12 =
i
2

Ω1ρ̃32 −
i
2

Ω2ρ̃13

˙̃ρ13 =−i∆ρ̃13 +
i
2

Ω1(ρ33 −ρ11)−
i
2

Ω2ρ̃12

˙̃ρ32 =−i∆ρ̃32 +
i
2

Ω1ρ̃12 +
i
2

Ω2(ρ22 −ρ33)

ρ̇11 =
i
2

Ω1(ρ̃31 − ρ̃13)

ρ̇22 =
i
2

Ω2(ρ̃32 − ρ̃23)

ρ̇33 =
i
2

Ω1(ρ̃13 − ρ̃31)+
i
2

Ω2(ρ̃23 − ρ̃32)

. (2.20)

In writing the above equations we have employed the two-photon resonance
condition: ∆=ω31−ω1 =ω32−ω2. Eq. 2.20 could be written in the following
compact form:

ih̄
∂ ρ̃

∂ t
=
[
Ĥe f f , ρ̃

]
, (2.21)
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2 Coherent Control: Theoretical Background

where,

Ĥe f f =− h̄
2

 0 0 Ω1

0 0 Ω2

Ω1 Ω2 2∆

 , (2.22)

and

ρ̃ =

ρ11 ρ̃12 ρ̃13

ρ̃21 ρ̃22 ρ23

ρ̃31 ρ32 ρ̃33

 . (2.23)

It is an easy exercise to find the eigenvalues of Eq. 2.22. The eigenvalues

of Ĥe f f are as follows: λ1(t) = 0, λ2(t) = ∆+
√

∆2 +Ω2
1 +Ω2

2, and λ3(t) =

∆−
√

∆2 +Ω2
1 +Ω2

2. Clearly, the eigenvector corresponding to λ1 = 0 does not

evolve in time. Defining a mixing angle, θ , as tan(θ) = Ω1(t)
Ω2(t)

, we can write the
eigenvector corresponding to λ1 = 0 as follows:

|λ1⟩= cosθ(t) |1⟩− sinθ(t) |2⟩ .

With a little introspection, it is easy to see that, complete population transfer
from |1⟩ to |2⟩ occurs, provided:

Ω1(t)
Ω2(t)

∣∣∣∣
t=−∞

→ 0 , (a)

and
Ω1(t)
Ω2(t)

∣∣∣∣
t=+∞

→ ∞ . (b)

Eq. a implies that the system starts in the state |1⟩, since |⟨1|λ1(t)⟩|2
∣∣∣
t=−∞

= 1,

while Eq. b assumes that the final state is |2⟩, since |⟨2|λ1(t)⟩|2
∣∣∣
t=+∞

= 1.
We can observe that for complete population transfer to occur, the second

transition (i.e., |3⟩ ↔ |2⟩) must precede the first transition (i.e., |3⟩ ↔ |1⟩) ini-
tially. It should be noted that initially, there is no population in the state |2⟩
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2.4 Electromagnetically Induced Transparency (EIT)

Figure 2.3: Schematic diagram of a three level Λ-type atomic system for real-
izing EIT.

to respond in the usual way to the pulse at ω2. Nevertheless, the system does
respond by establishing a coherence at this frequency. This counter-intuitive
technique for population transfer is widely used in physics and chemistry, for
coherent population transfer of atoms or molecules [3].

2.4 Electromagnetically Induced Transparency
(EIT)

EIT is an important coherent-control phenomenon. We are not discussing EIT
in this thesis, but referring to it at many places in the thesis. Moreover, some of
the problems discussed here could be explored in the context of EIT as well.

Simply put, EIT is a phenomenon by which a weak field (called ’probe’),
which is absorbed in an atomic media while passing through it, become trans-
parent or propagate without getting absorbed within the media when a strong
field (called ’pump’) is applied. Of course, EIT to occur, appropriate condi-
tions need to be fulfilled. We can understand this phenomenon by considering
the three-level atomic system schematically shown in Fig. 2.3. Transitions are
allowed between states |1⟩ and |3⟩ and between |2⟩ and |3⟩. |1⟩ to |2⟩ tran-
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2 Coherent Control: Theoretical Background

sition is not allowed. ωp ≈ (E3 −E1)/h̄ is the probe-field frequency, while
ωc ≈ (E3 −E2)/h̄ is the coupling-field (or pump field) frequency. Ωp and Ωc

are the Rabi frequencies corresponding to |3⟩ ↔ |1⟩ and |3⟩ ↔ |2⟩ transition
respectively. The system could be described by the Schrödinger equation:

ih̄
∂ |ψ⟩

∂ t
= (H0 +V ) |ψ⟩ ,

where |ψ⟩= c1 |1⟩+ c2 |2⟩+ c3 |3⟩.
Following a similar procedure as discussed in Section 2.3, we can obtain

the following equations for the density matrix elements describing coherence
in the system under RWA and SVEA:

∂ρ12

∂ t
= i∆ρ12 − iΩcρ13

∂ρ13

∂ t
= i∆ρ13 − iΩ∗

cρ12 − iΩ∗
pρ11

. (2.24)

Here, we have taken, ∆1 = ω21 − (ωp −ωc) = ∆2 = ω31 −ωp = ∆.
Under weak excitation approximation:

ρ11(t)≈ 1, ρ22(t)≈ 0, ρ32(t) = ρ22(t) = ρ33(t) = 0 .

So, we do not require density matrix equations for other elements. Taking
damping effects into account, we write:

∂ρ12

∂ t
= i(∆+ iγ12)ρ12 − iΩcρ13

∂ρ13

∂ t
= i(∆+ iγ13)ρ13 − iΩ∗

cρ12 − iΩ∗
pρ11

. (2.25)

γ12 and γ13 are the decay rates for coherences ρ12 and ρ13, respectively. The
steady state solutions of the above Eq. 2.25 for times t ≫ γ

−1
12 , γ

−1
13 could be

obtained very easily. We obtain the expression for the density matrix element
ρ13 as follows:

ρ13 =
Ω∗

p(∆+ iγ12)

(∆+ iγ12)(∆+ iγ12)−|Ωc|2
. (2.26)
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2.4 Electromagnetically Induced Transparency (EIT)

It should be noted that ρ13 is complex; its real part is responsible for dispersive
effect, and the imaginary part is responsible for the absorption, as experienced
by the probe field in the medium. From Eq. 2.26, we can easily see that the
presence of the pump field manipulates the coherence between |3⟩↔ |1⟩, which
eventually results in transparency of the probe field.

The steady-state electric dipole moment at the probe-field is given by:

p⃗ = µ⃗13ρ13e−iωpt + c.c. . (2.27)

We can write p⃗ in terms of complex polarizability α(ωp) at the probe frequency
ωp as follows:

p⃗ = η̂α(ωp)Epe−iωpt + c.c. . (2.28)

Now, writing Ωp =
µ⃗31·η̂Ep

h̄ , and comparing Eq. 2.27 and Eq. 2.28, after some
algebra we get:

α(ωp) =
|µ13|2

h̄
∆+ iγ12

(∆+ iγ12)(∆+ iγ13)−|Ωc|2
. (2.29)

We can define the complex refractive index, as seen by the probe field, using
n2(ωp) = 1+Nα(ωp)/ε0, where N is the atomic density. Assuming the atomic
medium to be dilute, we can write:

n(ωp) = 1+
N

2ε0
α(ωp) = nR(ωp)+ inI(ωp) ,

where nR and nI are the real and imaginary parts of n. It is straightforward
to get the power attenuation coefficient, a(ωp), and the real refractive index,
nR(ωp), at the probe frequency, for a plane probe field propagating through the
atomic medium. They are given as follows:

a(ωp) =
Nωp

ε0c
|µ13|2

h̄

γ12

(
γ12γ13 + |Ωc|2

)
+∆2γ13(

∆2 − γ12γ13 −|Ωc|2
)2

+∆2(γ12 + γ13)2
, (2.30)
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Figure 2.4: a(ωp) (in units of Nωp|µ13|2/(ε0h̄c)) vs ∆/γ13 as given by Eq. 2.30
for γ12/γ13 = 0.02 (a) Ωc = 0 and (b) Ωc = 3γ13.

and

nR(ωp) = 1+
N|µ13|2

2ε0h̄

∆

(
∆2 + γ2

12 −|Ωc|2
)

(
∆2 − γ12γ13 −|Ωc|2

)2
+∆2(γ12 + γ13)2

. (2.31)

Now, if ∆ = 0, it implies the probe frequency is tuned exactly to the |3⟩ ↔ |1⟩
transition. Then n(ωp(t)) = 1 and,

a(ωp) =
Nωp|µ13|2

ε0h̄c
γ12

γ12γ13 + |Ωc|2
. (2.32)

If |Ωc|2 ≫ γ12γ13, then the absorption coefficient a(ωp) can be very small.
Thus, a sufficiently intense coupling field can induce transparency at the probe
frequency. Fig. 2.4 illustrates how a transparency window is generated because
of presence of Ωc, i.e., the pump field.

EIT could also be understood as a quantum interference phenomena as fol-
lows. The absorption of the probe field is defined by the transition from |1⟩
to |3⟩, refer to Fig. 2.3. Now, the fields can drive population from |1⟩ to |3⟩
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by two pathways. One, directly from |1⟩ → |3⟩, and the other via the path,
|1⟩ → |3⟩ → |2⟩ → |3⟩. EIT results, if the probability amplitudes for the dif-
ferent paths interfere destructively. If |3⟩ has relatively long lifetime, then the
transparency window would be completely inside the |1⟩→ |3⟩ absorption line.

2.5 Slow Light

For realization of EIT, it is necessary that the decoherence rate γ13 to be very
small and consequently, EIT has been observed primarily in dilute gases. Now,
for |Ωc|2 ≫ ∆2, γ2

12, γ12γ13, |∆|γ13 we obtain:

n(ωp)≈ 1− N
2ε0h̄

|µ13|2

|Ωc|2
∆ .

Then, it could be shown that the group velocity, vg =
c

n+ω
dn
dω

, at the probe fre-

quency is: vg(ωp) ≈ 2ch̄ε0|Ωc|2

Nωp|µ13|2
, for Nωp|µ13|2/(2ε0h̄) ≫ |Ωc|2. We can thus,

conclude that the group velocity in EIT can be extremely small—on the order
of few meters per second. Hence, exploiting EIT one can obtain slow light. In
fact, we can estimate the group velocity for a probe field at the sodium D2 line
frequency (λ = 589 nm), taking atomic density N = 3×1012 cm−3 and pump
field intensity of 12 mW/m2. Assuming |µ23|2/|µ13|2 ≈ 1, from our treatment,
we obtain vg(ωp)≈ 120 m/s.

For an excellent treatment on the topic of EIT, readers are referred to Refs.
[80, 81].

2.6 Fast Light

We have touched upon the idea of slow light in the context of EIT in the previ-
ous section.
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2 Coherent Control: Theoretical Background

When a light pulse of frequency ω and bandwidth ∆ω propagate through
a dispersive medium having refractive index n(ω), the light velocity in the
medium is described by the group velocity, vg =

c
ng

, where

ng = n(ω)+ω
dn(ω)

dω
, (2.33)

is termed as the group index. c is the speed of light in vacuum. Now, based on
Eq. 2.33, we can think of the following situations:
Case 1: The group index ng remains constant over the pulse bandwidth ∆ω .
Then the pulse maintains its shape during propagation.
Case 2: One can have a situation, where dn(ω)

dω
> 0. This is what happens in

EIT. The group index is significantly enhanced in the lossless normal dispersion
region between two closed spaced absorption lines [61, 82]. In experiments, it
is shown that the group velocity of light is getting reduced to as low as 8 m/s
[63].
Case 3: There are situations, where it is possible to get, dn(ω)

dω
< 0. For example,

between two closely spaced gain lines, there appears an anomalous dispersion
region where ω

dn(ω)
dω

< 0 and its magnitude could be very large. Clearly, in
such a situation, the group velocity of light can exceed the speed c, and vg can
even be negative! At first, it may look like an impossibility. However, it turns
out that, superluminal light pulse propagation (vg > c) is not in conflict with
the so-called causality principle of physics. Superluminal light is a direct con-
sequence of classical interference between its different frequency components
in an anomalous dispersion region [31, 82].

As discussed in [82], we can understand the idea of negative group veloc-
ity as follows. Consider a dispersive medium of length L. Light takes time,
t = L

vg
=

Lng
c to propagate through it. Now compare the time t0 = L

c , the time
required by the light pulse to propagate the same distance in vacuum. It is ev-
ident that the light pulse that enters the medium will exit at a moment delayed
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by a time difference ∆t = t − t0 = L
c ng − L

c = L
c (ng −1). Now, when ng < 1 the

delay time ∆t is negative, resulting in advancement of the pulse compared to
vacuum. Thus, a light incident on a medium with ng < 1, the light appears to
be on the other side of the medium sooner, if it had traversed the same distance
in a vacuum. For more details on the topic, readers are referred to [31, 59].

2.7 Optical Force

Since the advent of laser, the mechanical effects of laser beams on particles
such as atoms, molecules, ions, etc., have been successfully exploited in a vari-
ety of areas, such as Bose-Einstein condensate [83], laser cooling and trapping
[84], quantum information [85], optical tweezers [86], and optomechanics [87].
At the core of most of these applications is the so-called radiation-pressure
force, or simply called optical force. One of the important applications of opti-
cal force is towards manipulation of an atomic beam.

In this section, we briefly discuss optical force in the context of a two-
level atom. The forces on two-level atoms are generally calculated by using
the steady-state solutions of the so-called optical Bloch equations within the
rotating-wave approximation (RWA) [88]. However, the validity of RWA and
the SVEA is questionable when one uses intense femtosecond and attosecond
optical pulses, rather than CW laser [89]. In this thesis, we discuss the problem
of manipulation of an atomic beam using a femtosecond laser pulse. Hence, in
the following, we explain optical force without taking RWA into consideration.
The treatment is based on the Ref. [88].

Let us consider the interaction between a system of two-level atoms with a
superimposed and copropagating collimated few-cycle laser pulse, given by:

E⃗ = η̂A(⃗r, t)cos(φ(z)−ωt) , (2.34)
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where A(⃗r, t) is the envelope, η̂ is the polarization direction, φ(z) is the phase,
and ω is the operating frequency of the laser field. The average optical force
on the atoms is as follows:

F⃗ =
〈

∇⃗(⃗µ · E⃗)
〉
. (2.35)

Using Eq. 2.34 in Eq. 2.35, it is straightforward to get:

F⃗= ⟨⃗µ · η̂⟩
[

∇A(⃗r, t)cos
(
φ(z)−ωt

)
−∇φ(z)A(⃗r, t)sin

(
φ(z)−ωt

)]
. (2.36)

Now, we know,
⟨⃗µ · η̂⟩= µ(ρ12 +ρ21) , (2.37)

where ρ12 and ρ21 are the off-diagonal elements of the density matrix with
|1⟩ and |2⟩ referring to the ground and the excited state of the two-level atom,
respectively. Writing, u = ρ12 +ρ21, the well-known Bloch vector component
which accounts for the dispersive effects of the two-level atomic medium, we
obtain:

F⃗ = µu
[

∇A(⃗r, t)cos
(
φ(z)−ωt

)
−∇φ(z)A(⃗r, t)sin

(
φ(z)−ωt

)]
. (2.38)

Now let us consider a few-cycle-pulse Gaussian laser field propagating along
the z direction described by the following equation:

E⃗(⃗r, t) = η̂E0e
−
(

r2

w2
0
+ t2

τ2

)
cos(kz−ωt) . (2.39)

Thus, A(⃗r, t) = E0e
−
(

r2

w2
0
+ t2

τ2

)
and φ(z) = kz.

Here, E0 is the peak amplitude, w0 is the beam waist, r2 = x2 + y2, and k
is the wave vector of the Gaussian laser field. τ is the temporal pulse width,
related to the full width at half maximum (FWHM) of the laser field. From
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Eqs. 2.38 and 2.39, we obtain the expression for the optical force as follows:

F⃗ = µu
[
− 2r

w2
0
E0e

−
(

r2

w2
0
+ t2

τ2

)
cos(kz−ωt)r̂

− kE0e
−
(

r2

w2
0
+ t2

τ2

)
sin(kz−ωt)ẑ

] . (2.40)

This could be decomposed into two parts, a transverse component, FT , and the
longitudinal component, Fz, of the light force, as given below:

FT =−2µuE0r
w2

0
e
−
(

r2

w2
0
+ t2

τ2

)
cos(kz−ωt)

Fz =−µukE0e
−
(

r2

w2
0
+ t2

τ2

)
sin(kz−ωt)

. (2.41)

It is evident that the transverse component of the optical force could be used for
trapping or focusing the atoms while the longitudinal one could be exploited
for steering the atoms. The optical force in the non-RWA regime has been
explored extensively in the last decade [2, 90–92].

2.8 Optical Bistability (OB)

OB refers to the situation in which two different output intensities are possible
for a given input intensity. OB has found applications in optical communication
and optical computing.

To understand OB phenomenon, let us consider a nonlinear medium placed
inside a Fabry-Pérot resonator as shown in Fig. 2.5. Let the amplitude re-
flectance be ρ and transmittance be τ , then intensity reflectance R and trans-
mittance T are given by:

R = |ρ|2

T = |τ|2
, (2.42)
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Figure 2.5: Fabry-Pérot resonator.

with, R+T = 1.
The incident and internal fields are related to each other through boundary

conditions of the form:

A′
2 = ρ(A2eikl)eikle−αl

= ρA2e2ikle−αl

A2 = τA1 +ρA′
2

, (2.43)

where the field amplitudes are measured at the left-hand mirror.
The propagation constant k = ω

c n, and the absorption coefficient α include
both linear and nonlinear contributions. These quantities are taken to be real.
Solving the above equations, we obtain

A2 = τA1 +ρ
2A2ei2kl−αl =

τA1

1−ρ2A2ei2kl−αl . (2.44)

If k or α (or both) is a sufficiently nonlinear function of the intensity of light
within the interferometer, this equation predicts bistability in the intensity of
the transmitted wave.

Absorptive Bistability

Say, the absorptive coefficient α depends nonlinearly on the field intensity, and
k is a constant. Assume that the mirror separation l is adjusted so that the cavity
is tuned to resonance with the applied field. Then, ρ2e2ikl = R. Also assume
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that αl ≪ 1, so that we can ignore the spatial variation of the intensity of the
field inside the cavity.

Thus,

A2 =
τA1

1−R(1−αl)
. (2.45)

Using Ii = 2nε0|Ai|2, we get

I2 =
T I1

[1−R(1−αl)]2
.

Now, introducing a dimensionless parameter C, called the cooperation number,
defined as:

C =
Rαl

1−R
, (2.46)

we can write:
I2 =

T I1

[T (1+C)]2
=

I1

T (1+C)2 , (2.47)

where C depends on intensity of light within the interferometer through α .
Let us assume that, α = α0

1+I/Is
, an expression valid for two level saturable

absorber, where I is the local field inside the interferometer. Taking I = I2 +

I′2 ≈ 2I2, the parameter C could be written as,

C =
Rαl

1−R
=

Rα0l
(1+ I/Is)(1−R)

=
C0

(1+2I/Is)
,

with C0 =
Rα0l
1−R . Thus,

I1 = T I2(1+C)2 = T I2

(
1+

C0

(1+2I/Is)

)2

. (2.48)

Finally, we have the output intensity,

I3 = T I2 . (2.49)

31

TH-2558_166121021



2 Coherent Control: Theoretical Background
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Figure 2.6: Illustration of Input-output relations under different cooperation
parameter C0

The input-output relations, as given by Eq. 2.48 and Eq. 2.49, is illustrated in
Fig. 2.6. It is clear that, for C0 greater than 8, more than one output intensity
can occur for certain values of the input intensity, showing that the system
posses multiple solutions. The mechanism of OB phenomena is illustrated in
Fig. 2.7. Let us imagine that the input intensity I1 is initially zero and is
slowly increased: as I1 is increased from zero to Ih (the high jump point), the
output intensity is given by the lower branch of the solution, i.e., by the segment
terminated by points a and b. As the input intensity is increased still further,
the output intensity must jump to the point c and trace out the portion of the
curve labeled c− d. If the intensity is now slowly decreased, the system will
remain on the upper branch and the output intensity will be given by the curve
segment e− d. As the input intensity passes through the value Il, the system
makes a transition to the point f and traces out the curve f − a as the input
intensity is decreased to zero. One can use such systems as an optical switch
as illustrated in Fig. 2.7. Let us say the input intensity is fixed at the value Ib

(the bias intensity). Two stable output points indicated by the filled dots are
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Il Ib Ih

I1

I
3

a b

c

d

e

f

Figure 2.7: Schematic illustration of Optical Bistability phenomenon

possible. The state of the system can be used to store binary information. The
system can be forced to make a transition to the upper state by injecting a pulse
of light so that the total input intensity exceeds Ih; the system can be forced to
make a transition to the lower state by momentarily blocking the input beam.

For more detailed exposition on the topic, readers are referred to Ref. Non-
linear Optics, Boyd [81], Ch. 7, on which this section is based.

There are excellent review articles and books on the topic of coherent con-
trol. Some of these are cited in: [1, 3, 93–95].

33

TH-2558_166121021



TH-2558_166121021



Chapter 3

Effective Control of Optical Multistability

IN this chapter, we theoretically analyze the behavior of single optical bista-
bility (OB), double OB, and tristability (OT) in a three-level V-type atomic
system confined in a unidirectional optical ring cavity. The physics behind

the emergence of various bistable and tristable states, and switching from the
absorptive to the dispersive characteristics are explored. The role of probe- and
control-field detunings on the input-output characteristics is probed. Further,
it is found that the switching between various bistable phenomena is defined
by the ratio between the absolute peak values of the parameters describing dis-
persion and absorption respectively. This ratio sets a criterion for obtaining
absorptive OB, OT, double OB and dispersive OB. The role of control-field
intensity and detuning as well the cooperation parameter on the input-output
characteristics are explored. Finally, a scheme is discussed to control the width
of the middle branch of double OB and OT as well single OB.

The contents of this chapter are published in Abdelaziz, Abdelsalam H. M. and Amarendra K.
Sarma, “Effective control and switching of optical multistability in a three-level V-type atomic system”,
Phys. Rev. A 102, 043719 (2020). Selected contents are reproduced with permission © American
Physical Society.
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3 Effective Control of Optical Multistability

3.1 Brief overview

The possibility to modify linear absorption, dispersion, and nonlinearity of
atomic medium ceaselessly pushes the research in optical sciences for half a
century till now. Quantum coherence and interference, which led to the ob-
servation of the phenomena such as, coherent population trapping (CPT) and
electromagnetically induced transparency (EIT), are at heart of manipulation of
the properties of an atomic medium and have been studied extensively in past
decades and continues to remain a major area of research in various contexts
[6–17]. Among a plethora of phenomena, optical bistability (OB) and optical
tristability (OT) have drawn much attention due to their numerous applications
such as all-optical switching, optical transistors, optical memories, logical gates
[23–26] and, even in the context of cold atoms [33, 34]. Initially, OB has been
demonstrated experimentally for saturable absorber, Ruby crystal, and Sodium
vapor as a nonlinear medium inside in an optical resonator [36–38]. Then by
developing the basic theoretical model of OB for two-level atoms coupled by
a single cavity mode [38–41], it was realized that OB arises due to intensity-
dependent absorption or dispersion, or hybridization of both; henceforth, OB
is classified as absorptive or dispersive, or hybrid respectively. A decade later,
OT has been demonstrated for Λ-type three-level atomic system comprising
an excited state and two ground state sublevels driven by two cavity modes
[42–44]. Soon it was proposed that OB (OT) is more definitive with multi-
level atoms than in two- (three-) level atoms as a nonlinear medium inside in
an optical resonator. This is owing to the fact that absorption, dispersion, and
nonlinearity could be greatly modified by quantum coherence and interference
in multilevel atoms for increased pathways. In this regard, coherent control
by electromagnetic field induced transparency (EIT) in three-level atomic sys-
tems was demonstrated theoretically and experimentally to reduce OB thresh-
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old intensity and give rise to a new type of OT by adjusting the control laser
field parameters [45–47]. Also by considering spontaneously generated coher-
ence (SGC), the possibility of obtaining small cooperative parameter with low
threshold intensity for OB, and OT in three level atomic systems was demon-
strated [65, 67, 71, 96, 97]. Moreover, the optical bistability (OB) behavior
of a three-level V-type atomic system inside a unidirectional ring cavity was
demonstrated using a microwave field driving a hyperfine transition between
two upper excited states. It was illustrated that, with the increase of the in-
tensity of the coherent microwave driving field, the bistable threshold intensity
increases and the hysteresis loop becomes wider [69]. Recently, incorporating
coherent control by incoherent pumping in Λ-type three-level atomic system
was demonstrated to reduce OB threshold intensity [98]. Furthermore, hybrid
absorptive-dispersive optical bistability (OB) behavior in an open Λ-type three-
level atomic system by using a microwave field to drive the hyperfine transition
between two lower states, along with the consideration of incoherent pumping
and SGC has been analyzed and demonstrated to reduce OB threshold intensity
over closed three-level atomic system [99]. On the other hand, the considera-
tion of coherent control by incoherent pumping and SGC in open Ξ-type three-
level atomic system was shown to affect the OB threshold intensity, and give
rise to OT by adjusting the detuning of the control laser field [100]. Alongside
closed and open three level schemes, four- and five-level atomic systems were
proposed as a promising alternatives to control OB and OT. In this context,
considering SGC in four level atomic system was illustrated to decrease the
threshold intensity for OB [101]. On the other hand, without considering SGC,
OB and OT in open and closed four level atomic system inside a standing-wave
cavity were theoretically and experimentally studied [102, 103]. Also, coher-
ent control of nonlinear absorption of a probe field by both the coupling and
control fields was shown to affect OB threshold intensity in Ξ-type four-level
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atomic system [104]. Moreover, coherent control of the two sublevels in the
ground state was shown to manipulate the OB threshold intensity, and change
OB to OT in inverted Y-type four level atomic system by switching the two
orthogonally polarized cavity modes was reported [105]. Furthermore, coher-
ent control by a microwave field driving two lower states and relative phase
of the applied fields was demonstrated to control OB behavior, and change
OB to OT in four-level systems [106, 107]. Again, coherent control by the
probe and the control field was shown to affect OB behavior, and switch OB to
OT in five-level EIT atomic system [108]. As previously mentioned, OB and
OT in three-level Λ-type atomic system have been extensively studied while
less attention has been paid to investigate OB and OT in three-level V-type
atomic system. This may be owing to the coherence relaxation of upper-levels
by spontaneous emission which is not the case for Λ-type atomic system [64,
65]. Hence, to the best of our knowledge, available studies on OB and OT
in a three-level V-type atomic system are attempting to circumvent this effect
by incorporating coherent control using incoherent pump field, or microwave
field, or SGC [65–72]. In passing, it is worthwhile to note that various studies,
including optical bistability, continues in V-type atomic systems. For example,
very recently, experimental studies on optical bistability and nonlinear dynam-
ics in a three-level V-type cold Yb-atomic system have been reported [109]. In
this work, by assuming that three-level atomic system should be sufficient for
reliable obtainment of single OB, double OB, and OT, we investigate the crite-
ria for achieving the same, without considering coherent control by incoherent
pump field, or microwave field, or SGC. In addition, we propose a method to
control the width of the middle branch of double OB and OT even at small co-
operation parameter. We find that our proposed scheme for obtaining OB and
OT in three-level V-type atomic system, even amidst coherence relaxation of
upper-levels by spontaneous emission, is comparable or even better than that of
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ones reported with three-level Λ-type atomic system, where coherent control is
done by making use of incoherent pump field, or microwave field, or SGC [25,
26, 45, 46, 96].

3.2 Model and theory

We consider a three-level V-type atomic system, as depicted in Fig. 3.1(a).
The transition |1⟩ ↔ |3⟩ with frequency ω31 is coupled by a coherent probe
laser field of frequency ωp and amplitude Ep. The transition |1⟩ ↔ |2⟩ with
frequency ω21 is coupled by coherent laser field of frequency ωc and amplitude
Ec. The total electric field can be written as: E = (Eceiωct +Epeiωpt + c.c)/2.
Under the dipole and the rotating-wave approximations, the Hamiltonian of a
three-level V-type atomic system is given by:

H/h̄ =

 0 Ω∗
c/2 Ω∗

p/2
Ωc/2 −∆c 0
Ωp/2 0 −∆p

 , (3.1)

where Ωc =−µ21Ec/h̄ and Ωp =−µ31Ep/h̄ are Rabi frequencies for the tran-
sitions with electric dipole moments µ21 and µ31 respectively. ∆c = ωc −ω21

and ∆p = ωp −ω31 are the detunings of control and probe fields respectively.
It should be noted that ωi j = ωi −ω j. The density matrix equations describing
the atomic system dynamics are given by:

ρ̇11 = γ21ρ22 + γ31ρ33 − i[Ω∗
cρ21 +Ω

∗
pρ31 − c.c]/2

ρ̇22 =−γ21ρ22 + i[Ω∗
cρ21 − c.c]/2

ρ̇33 =−γ31ρ33 + i[Ω∗
pρ31 − c.c]/2

ρ̇21 = Γ21ρ21 − i [Ωc (ρ11 −ρ22)−Ωpρ23]/2

ρ̇31 = Γ31ρ31 − i [−Ωcρ32 +Ωp (ρ11 −ρ33)]/2

ρ̇32 = Γ32ρ32 − i [−Ω
∗
cρ31 +Ωpρ12]/2

, (3.2)
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Figure 3.1: (a) Three-level V-type atomic system, (b) Unidirectional ring cav-
ity.

with ρi j = ρ∗
ji and ∑

3
i=1 ρii = 1. γi j denotes the spontaneous decay rate from

state |i⟩ to | j⟩. Γ21 = i∆c − γ21/2, Γ31 = i∆p − γ31/2, and Γ32 = i(∆p −∆c)−
(γ21 + γ31)/2.

In a unidirectional ring cavity, a three-level V-type atomic medium with
number density N and length L is inserted as shown in Fig. 3.1(b). For sim-
plicity, the mirrors M3 and M4 are assumed to be perfect, whereas R (T ) is the
intensity reflection (transmission) coefficient of mirrors M1 and M2, provided
that R+T = 1. The probe field Ep circulates in the cavity, while the control field
Ec does not. The incident coherent probe field EI

p entering the cavity through
semi-silvered mirror M1 induces polarization P(ωp) in the atomic medium and
then transmitted partially from the mirror M2 as ET

p . Meanwhile, the control
field can further modulate the induced polarization, which may modify the ab-
sorption and the dispersion of the atomic medium. Under the slowly varying
envelope approximation and using Maxwell’s equations, the equation describ-
ing the probe field dynamics could be expressed as follows:

∂Ep

∂ t
+ c

∂Ep

∂ z
=

iωp

2ε0
P(ωp) , (3.3)

where c is the speed of light, ε0 is the permittivity of free space, and P(ωp) =
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Nµ13ρ31 is the slowly oscillating term for the induced polarization in the transi-
tion |1⟩↔ |3⟩. It is worthwhile to note that, it is possible to obtain an analytical
expression for ρ31, and thereby P(ωp) [8, 10, 45]. The analytical expression
for ρ31 is provided in App. A. However, rather than discussing this very com-
plicated expression, we focus on our simplified model.

For a perfectly tuned ring cavity, in the steady state limit, the boundary
conditions between the incident field EI

p and the transmitted field ET
p are given

by:
Ep(L) = ET

p /
√

T

Ep(0) =
√

T EI
p +REp(L)

. (3.4)

By considering the mean-field limit, and employing the boundary conditions,
the steady state input-output relation for the probe field is written as [25, 41,
45]

y = x− iCγ31ρ31 , (3.5)

where x = µ13ET
p /(h̄

√
T ), y = µ13EI

p/(h̄
√

T ) are the normalized output and
input field respectively, and C = NωpLµ2

13/(2h̄ε0cT γ31) is the cooperation pa-
rameter. The input field y is complex while the transmitted amplitude x is
assumed to be real [45].

The atomic system response to the applied fields is determined by the com-
plex susceptibility parameter, χ = χR + iχI, which is connected to ρ31, which
is again a complex quantity, via the following relation:

χ(ωp) =
Nµ13

εoEp
ρ31(ωp). (3.6)

It is well known that the real part of susceptibility, i.e. χR is related to dispersion
while the imaginary one, i.e. χI, is related to absorption of the atomic system
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[81]. It is straightforward to show that:

χR =− Nµ13

Cγ31εoEp
Im(y)

χI =
Nµ13

Cγ31εoEp
[Re(y)− x]

. (3.7)

Thus, Im(y) could be utilized to quantify dispersion, whereas [Re(y)−x] could
be used for enumeration of absorption. For the sake of brevity, in the rest
of the work we will write, χ ′ = Im(y) and χ ′′ = [Re(y)− x], and they could
respectively be referred to as the real part of susceptibility and imaginary part
of susceptibility in normalized units.

3.3 Results and Discussions

We solve Eqs. 3.2 and their complex conjugates at the steady state, together
with Eq. 3.5 numerically to study the input-output characteristics. As regards a
real system, we may consider rubidium vapor as the cavity nonlinear medium
to observe OB, double OB, and OT. The states |1⟩, |2⟩ and |3⟩ respectively
refer to 5S1/2, 6P1/2, and 6P3/2 quantum states of Rb atoms. ω21/2π = 113.18
and ω31/2π = 113.56 THz are the transition frequencies with electric dipole
moments µ21 = 2.7427 and µ31 = 4.4342×10−30 C ·m respectively [110]. The
corresponding spontaneous decay rates are γ21/2π = 0.23873 and γ31/2π =

0.28170 MHz [111]. The vapor cell length L could be taken as 0.05 m, and
the intensity transmission coefficient T of mirrors M1 and M2 is 0.05. The
cooperation parameter C is an adjustable parameter, and could be changed by
varying the vapor density inside the cell. However it is worthwhile to note that
in order to set the cooperation parameter C to 100, the atomic number density
N of 7× 1015 m−3 is mandatory which corresponds to temperature ∼ 292 K
[112]. There is another possibility in which the probe and the control fields
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interchange their roles. In that case, C = 100 is possible at slightly higher
atomic number density N of 6× 1016 m−3 which corresponds to temperature
∼ 300 K.

For the sake of brevity and to keep the calculations clean, in the rest of the
work, we assume γ21 = γ31 and scale all figures in the unit of γ31. Fig. 3.2
exhibits the effect of the probe field blue-detuning, ∆P, on the output field, x,
as a function of the normalized parameters, the input field |y| and the suscepti-
bility components χ ′ and χ ′′. It could be seen that for small ∆P of 0.5γ31 [Fig.
3.2(a)], χ ′′ has a negative peak (absorption) at a small output field, while χ ′ af-
ter having a very small positive peak (positive refraction) at small output field,
displays a negative peak (negative refraction) at intermediate output field. This
feature may be used to explain the input-output characteristics, exhibiting OB,
as shown by the blue-colored solid curve. Here, OB is of absorptive nature as
its threshold intensity is mainly due to the absolute value of χ ′′, at small output
field. On the other hand, for large ∆P of 2.6γ31 [Fig. 3.2(d)], χ ′′ exhibits a
small negative peak value compared to the previous case. Interestingly, χ ′ does
not show any initial positive peak unlike the previous case. Rather, it displays
a minor negative peak at small output field followed by a small negative peak
at an intermediate output field. This results in disappearance of absorptive OB
at small output field and the emergence of dispersive OB, where the threshold
intensity could be owing to the absolute value of χ ′, at an intermediate output
field.

In between these two extreme cases, say, for ∆P of 1.0γ31 [Fig. 3.2(b)], we
find that χ ′′ has a negative peak at small output field, whereas χ ′ has a negative
peak at intermediate output field. These features results in the formation of
OT, as could be seen joining the higher and lower branches of absorptive and
dispersive hysteresis loops respectively into a middle branch. In fact, we find
that OT will exist whenever the width of the middle branch does not exceed
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the sum of respective widths of lower and higher branch. It is worthwhile to
note that OT could be changed to double OB by increasing ∆P to 1.3γ31, as
illustrated in Fig. 3.2(c). In this case, the width of the middle branch exceeds
the respective sum of the widths of lower and higher branch. The difference
between double OB and OT is that double OB has two stable output fields for
each of two input field regions while OT has three stable output fields for one
input field region. Moreover, the threshold intensities of the absorptive and
dispersive hysteresis loops increase with probe field detuning.

Furthermore, it is revealed that the threshold intensities of the dispersive
OB, and that of both OT and double OB, in the middle branch, are predom-
inantly due to the absolute peak value of χ ′ at intermediate output field. On
the contrary, the threshold intensities of absorptive OB and that of both OT and
double OB, in the lower branch, are due to the absolute peak value of χ ′′ and/or
χ ′ at small output field. Thus it may be inferred that, the ratio between the abso-
lute peak value of χ ′, at intermediate output field, and the absolute peak value
of χ ′′ and/or χ ′, at small output field, defines the switching between various
bistable phenomena. If this ratio is considerably less than unity, absorptive OB
is attainable and when it is around unity, OT could be obtained. On the other
hand, if it is slightly more than unity, double OB is achievable, while if it is
considerably more than unity, dispersive OB is attainable. It is worthwhile to
note that this ratio rely on the physical properties of the atomic system such as
absorption and dispersion but not on the cavity feedback.

In Fig. 3.3 we show the effect of the control field detuning, ∆c, on the be-
havior of single OB, double OB, and OT for a given blue-detuned probe-field,
∆p. It is observed that, in Fig. 3.3(a), the hysteresis loop area of the absorp-
tive OB could be enhanced by red-detuning the control field, say, by 0.15γ31,
compared to the case without detuning. This results in the increment of the
threshold intensity of the lower branch, while reduction in the threshold inten-
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Figure 3.2: Output Characteristics as a function of the normalized parameters:
the input field |y| and the susceptibility components χ ′ and χ ′′. for different
values of probe field detuning ∆p/γ31: (a) 0.5, (b) 1.0, (c) 1.3, and (d) 2.6.
Other parameters are: ∆c = 0, Ωc = 2.2γ31, and C=100.
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sity of the higher branch. On the other hand, blue-detuning of the control field,
by 0.15γ31, results in increase of the threshold intensity in both the lower and
the higher branch. Again, as illustrated in Figs. 3.3(b) and 3.3(c) respectively,
we find that the absorptive and dispersive hysteresis loop area/width for both
OT and double OB could be manipulated by detuning the control field. The
threshold intensity of both the lower and middle branch gets affected while that
of the higher branch remains almost the same. Similar effect could also be
seen for the case with highly detuned probe-field, as depicted in Fig. 3.3(d).
However, in this case only the middle branch and the corresponding threshold
intensity could be engineered by detuning the control field. It is worth mention-
ing that for a given red-detuned probe field, the resonant control field results
in the same input-output characteristics as that of the blue-detuned one. But
in this case, detuning of the control field yields opposite effects, i.e. the blue-
detuned control field exhibits the results shown by the red-detuned one with
blue-detuned probe-field and vice versa.

The effect of the control field intensity, Ωc, on the input-output character-
istics, for a given detuned probe-field, is illustrated in Fig. 3.4. It could be
seen that for small Ωc of 1.2γ31, only dispersive OB with very large area/width
exists. However, as the control field intensity, Ωc, is increased to 2.0γ31 and
2.2γ31, emergence of OT and double OB could be observed. If Ωc is increased
to 3.0γ31, the unfolding of OB alone could be seen. Thus it is possible to switch
from dispersive OB to OT, double OB and so on with judicious choice of the
control field intensity.

In Fig. 3.5 we show the effect of the cooperation parameter C on the input-
output characteristics. It can be seen that, for small C of 75, only the absorptive
hysteresis loop exists. Now, if C is increased to 100, the dispersive hysteresis
loop emerges above the absorptive one. The threshold intensity of its lower
branch is less than that of the middle branch, resulting in OT. Further increment
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Figure 3.3: Input-Output Characteristics under different control field detunings,
∆c, with blue-detuning the probe field, ∆p/γ31 : (a) 0.5, (b) 1.0, (c) 1.3, and (d)
2.6. The remaining parameters are: Ωc = 2.2γ31, and C=100.

of C to 175, results in significant decrease in the absorptive hysteresis loop area,
which is again situated below the dispersive hysteresis loop. It is easy to see
that the required input threshold intensity to obtain OB or OT is significantly
increases with higher C. Hence, the cooperation parameter needs to be chosen
sagaciously. Finally, in what follows, we discuss the attainability of OT and
double OB using a small control field intensity, Ωc. In Fig. 3.6, we depict
the combined effect of blue-detuned probe field and red-detuned control field
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Figure 3.6: Input-Output Characteristics under the combined effect of blue-
detuned probe field and red-detuned control field. (a) ∆p/γ31 = 2.5 and (b)
∆p/γ31 = 3.6. Other parameters are, Ωc = 1.0γ31 and C=100.

on the input-output characteristics. Previously, we found that blue-detuning
the control field, for a given blue-detuned probe field, shrinks the absorptive
hysteresis loop area, while the one for the dispersive case is increased. On
the other hand, opposite effect could be observed by red-detuning the control
field, paving the way to control the width of the middle branch by adjusting the
system parameters judiciously. Fig. 3.6(a) exhibits dispersive OB, for a given
blue-detuned probe field with 2.5γ31, if the control field is resonant. Now,
if the control field is red-detuned, say, by 0.9γ31, OT could be achieved. A
slight increase in the detuning, say, to 1.0γ31, results in a smooth and wide
OT characteristics. We find that in order to obtain double OB as well as OT,
the probe field detuning, i.e. ∆p needs to be increased, along with the control
field detuning. This is clearly illustrated in Fig. 3.6(b). We observe that, blue
detuning the probe field by 3.6γ31 and red-detuning the control field by 1.25γ31,
unfolding of the double OB is achievable. Further increase in the detuning of
the control field by 1.55γ31, gives rise to the ramification of OT. It may be noted
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that, while we have proposed atomic vapor as the nonlinear medium to observe
OB, double OB, and OT, it may be possible to test the proposed scheme in
other nonlinear systems as well. For example, asymmetric quantum wells, or
double quantum dot nanostructure, or even a hybrid semiconductor quantum
dot–metal nanoparticle system could possibly be modeled as a V-type system
for the observation of the aforementioned phenomena [113–115]. It may be
useful to note that SGC is extremely difficult to obtain in atomic systems. An
effect similar to that, such as Fano-type interference, is possible in solid-state
systems, which has been employed in Ref. [113]. Our work shows that even
with such a type of interference, while it reduces the threshold intensity, it is
not mandatory to obtain OB, double OB, and OT.

3.4 Summary

In conclusion, we have theoretically analyzed single OB, double OB, and OT
behavior in a V-type three-level atomic system, confined in a unidirectional op-
tical ring cavity. Most importantly, we have tried to understand the physics be-
hind the emergence of various bistable and tristable states, in particular switch-
ing from the absorptive to the dispersive characteristics. It is found that the
switching between various bistable phenomena is defined by the ratio between
the absolute peak values of the parameters describing dispersion and absorp-
tion respectively. This ratio sets a criterion for obtaining absorptive OB, OT,
double OB and dispersive OB. It is interesting to note that this ratio is inde-
pendent of the cavity feedback. However, the respective width of the lower,
the middle and the higher branch of the hysteresis loop could be manipulated
with judicious control of the detuning of the control and the probe fields. Fur-
ther, we report that the threshold intensities of the absorptive and the dispersive
hysteresis loops decrease with the control field intensity but increase with the
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3.4 Summary

probe field detuning and the cooperation parameter, thereby paving the way for
easy control of the width of the middle branch of double OB and OT as well
single OB. These results are crucial and useful for many applications aiming
towards fabrication of efficient all-optical switches and logic-gate devices for
optical computing and quantum information processing.
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Chapter 4

Slow and Fast Light in Ultracold Atoms

IN this chapter, We propose a scheme for attaining slow and fast light via
coherent control of the hyperfine ground and excited states of an ultracold
atomic system. The proposed scheme is theoretically analyzed for the D1

transition of ultracold 23Na atoms. The role of field detuning and field intensity
on both the population transfer and induced polarization is investigated. It is
shown that slow and fast light, with large bandwidth could be obtained in the
proposed system. It is inferred that both slow and fast light could co-propagate,
pertaining to different optical and Raman transitions. Further, it is observed that
switching between the slow and the fast light is achievable by controlling the
field intensity, as well as the field detuning.

4.1 Brief overview

The possibility to control the group velocity of light pulses propagating through
atomic medium has led to the emergence of slow and fast light. These effects

This chapter is based on the article Abdelaziz, Abdelsalam H. M. and Amarendra K. Sarma,
“Coherent Control of Hyperfine States and Slow and Fast Light Switching in Ultracold Atoms”,
arXiv:2107.08897 (2021). The article is under review in Physical Review A.
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4 Slow and Fast Light in Ultracold Atoms

are at the forefront of optical science research due to its promising applications
in optical telecommunication, interferometry, and laser radar [27–32]. Apart
from atomic media, slow and fast light phenomena is a topic of intense research
in a variety of media, including optomechanics [116, 117], optical fibers [118]
and photorefractive crystals [119, 120]. In fact, recently, slow and fast light
is experimentally demonstrated even in a plasma medium [121]. Furthermore,
storage and retrieval of optical pulse was reported, and recently implemented
with a nonlinear metamaterial; where the concept of dark-state polariton, a
combined atomic and optical excitation, clarifies how the quantum state of the
probe is ‘imprinted’ in the atoms [12, 59, 122–124]. On the other hand, fast
light in a medium with gain doublet, dip in gain profile, was proposed [125],
then demonstrated by creating a Raman gain doublet using a bichromatic field
[82]. Moreover, fast light was demonstrated by rendering a Raman gain peak
into a doublet using a coherent control field [126]. Slow and fast light have
been observed extensively in solid-state materials and realized in optical fibers
utilizing coherent population oscillation, stimulated Brillouin and Raman scat-
tering [30–32, 118, 127, 128].

Slow light, also known as subluminality, stands for light propagation with
a group velocity vg less than the velocity of light in vacuum c, while fast light,
also known as superluminality, refers to light propagation with vg > c or vg <

0. It was thought that superluminal velocities are generally unphysical in the
sense that light wave traveling with superluminal velocity does not transmit any
information through the medium otherwise the causality principle of relativity
theory would be violated [52]. Accordingly, subluminal group velocity can
be regarded as signal velocity, which is not the case for superluminal group
velocity [53, 54].

The group velocity for a traveling optical pulse vg = c/ng, where the group
index ng = n+ω dn

/
dω , depend on the refractive index n and its dependence
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on frequency ω—the dispersion dn
/

dω . It is well known, from Kramers–Kronig
relations which satisfy causality principle, that the dispersion changes sign
steeply about absorption line (or closely-spaced absorption doublet), equiva-
lent to dip in gain profile; where the steep anomalous (negative) dispersion
near absorption line center results in fast light and the normal (positive) disper-
sion in the wings of absorption line results in slow light; likewise, slow light,
associated with normal dispersion, is expected near the center of gain line (or
closely-spaced gain doublet), equivalent to dip in absorption profile which is
also known as spectral hole, and fast light, associated with anomalous disper-
sion, is expected in the wings of gain line [32, 53, 55–60]. The observation of
electromagnetically induced transparency (EIT) [11, 73], a quantum destruc-
tive interference effects in which a transparency window is generated between
two absorption peaks, a dip in absorption profile, opens the way for slow light
demonstration in Bose-Einstein condensate of sodium atoms with vg = 17 m/s
[61], and the observation of vg = 90 m/s [62] and 8 m/s [63] in rubidium vapor.
Despite the near complete symmetry between slow and fast light effects, it was
found that large fractional, delays is easily attainable than advances, on reso-
nance. This may be attributed to the constraints imposed by both the maximum
allowable loss or gain in a medium. The loss should not be too large, as the
transmitted pulse would be too weak to be noticeable. Again, the gain should
not also be too large at any frequency; otherwise the process of amplified spon-
taneous emission may occur resulting in the depletion of gain of the material
[60, 129]. Slow light of EIT medium can be switched to fast light by driving the
transition between the ground states using an additional control field in a closed
system [74], or by tuning the phase of one of the fields in an open system [75];
conversely, fast light of single absorption line can be switched to slow light by
controlling the coupling field intensity [76]. Copropagating slow and fast light
manifested by EIT-assisted nonlinear gain and absorption has been observed
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experimentally [77]. In this paper, we investigate the role of field detuning on
both the population transfer and the induced polarization for optical and Raman
transitions of the system. we observe slow and fast light, with large bandwidth
at intermediate field intensity.

4.2 Model and theory

We consider a four-level atomic system, where two hyperfine ground states,
|1⟩ and |2⟩, are coupled by a single coherent laser field of frequency ω and
amplitude E to two hyperfine excited states, |3⟩ and |4⟩, as depicted in Fig.
4.1. This system can be realized by the hyperfine states associated with the
D1 transition of an alkali atom with a nuclear spin quantum number I = 3/2
(7Li, 23Na, 39,41K, and 87Rb), where the total angular momenta of the hyper-
fine ground and excited states are F = 1, 2 and F ′ = 1, 2, respectively. The
electric field can be written as: E = (ε̂Eeiωt + c.c)/2. Under the dipole and
the rotating-wave approximations, the Hamiltonian for the proposed four-level
atomic system is given by:

H/h̄ =


0 0 Ω13 Ω14

0 ∆g Ω23 Ω24

Ω13 Ω23 −∆ 0
Ω14 Ω24 0 ∆e −∆

 , (4.1)

where Ωi j =−µi jE/2h̄ is one-half Rabi frequency for the transition with elec-
tric dipole moment µi j. ∆g = ω21 and ∆e = ω43 are ground and excited states
hyperfine energy splittings, respectively. ∆ = ω −ω32 is the laser field de-
tuning. It should be noted that ωi j = ωi −ω j. The density matrix equations
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describing the atomic system dynamics are given by:

ρ̇11 = γ31ρ33 + γ41ρ44 + i[Ω13ρ13 +Ω14ρ14 − c.c]

ρ̇22 = γ32ρ33 + γ42ρ44 + i[Ω23ρ23 +Ω24ρ24 − c.c]

ρ̇33 =−(γ31 + γ32)ρ33 − i[Ω13ρ13 +Ω23ρ23 − c.c]

ρ̇44 =−(γ41 + γ42)ρ44 − i[Ω14ρ14 +Ω24ρ24 − c.c]

ρ̇31 = Γ31ρ31 − i[Ω13(ρ11 −ρ33)−Ω14ρ34 +Ω23ρ21]

ρ̇32 = Γ32ρ32 − i[Ω13ρ12 +Ω23(ρ22 −ρ33)−Ω24ρ34]

ρ̇41 = Γ41ρ41 + i[Ω13ρ43 −Ω14(ρ11 −ρ44)−Ω24ρ21]

ρ̇42 = Γ42ρ42 − i[Ω14ρ12 −Ω23ρ43 +Ω24(ρ22 −ρ44)]

ρ̇21 = Γ21ρ21 + i[Ω13ρ23 +Ω14ρ24 −Ω23ρ31 −Ω24ρ41]

ρ̇43 = Γ43ρ43 + i[Ω13ρ41 −Ω14ρ13 +Ω23ρ42 −Ω24ρ23]

, (4.2)

with ρi j = ρ∗
ji and ∑

4
i=1 ρii = 1. γi j denotes the spontaneous decay rate from

state |i⟩ to | j⟩. Γ21 =−i∆g, Γ31 = i(∆−∆g)− (γ31+ γ32)/2, Γ32 = i∆− (γ31+

γ32)/2, Γ41 = i(∆−∆g −∆e)− (γ41 + γ42)/2, Γ42 = i(∆−∆e)− (γ41 + γ42)/2
and Γ43 = −i∆e − (γ31 + γ32 + γ41 + γ42)/2. As we are dealing with dense
media, in which many atoms exist within a cubic resonance wavelength, the
near-dipole-dipole interaction (NDD) needs to be considered by incorporating
local-field correction resulting in the following relation: Ωi j = Ω− εi j Re(ρi j),

where εi j =
Nµ2

i j
3ε0h̄ provided that N is the atomic number density and ε0 is the

permittivity of free space [130, 131]. We choose the average of ground and
excited states hyperfine energy splittings ∆u = (∆g +∆e)/2 as a unit scale for
detuning, and define a new detuning ∆c = ∆−∆u by raising the point of zero
detuning by ∆u.

It may be useful to be reminded, see Eq. 3.6, that the atomic system re-
sponse to the applied fields is determined by the complex susceptibility param-
eter, χ = χR+ iχI, which is connected to ρi j, which is again a complex quantity,
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Figure 4.1: Schematic diagram of a four-level atomic system.

via the following relation [81]:

χi j =
Nµi j

εoE
ρi j =−

N
∣∣µi j

∣∣
εoE

ρi j . (4.3)

It is well known that the real part of susceptibility, i.e. χR (which is again
related to Re(ρi j)), is related to dispersion while the imaginary one, i.e. χI

(which in turn is associated to Im(ρi j)), is related to absorption of the atomic
system [81].

4.3 Results and Discussions

We solve Eqs. 4.2 and their complex conjugates at the steady state to inves-
tigate the role of field detuning on both the population transfer and the in-
duced polarization for optical and Raman transitions of the system. We con-
sider the D1 transition of Bose-Einstein condensate of 23Na atoms with atomic
number density N of 1.5× 1020 m−3 at a temperature of 2.0 µK [132]. Note
that all hyperfine transitions have the same, spontaneous decay rate γ/2π of
9.76 MHz and electric dipole moment µ of 21.1165×10−30 C ·m [133–135].
The ground and excited states hyperfine energy splittings are ∆g/2π = 1771.62
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and ∆e/2π = 188.88 MHz, respectively. Accordingly, the unit scale for de-
tuning is ∆u/2π = 980.25 MHz. Figure 4.2 exhibits the role of field detun-
ing on population transfer for four different field intensities, namely 0.5γ , 5γ ,
20γ , and 100γ which would be referred respectively as small, low-intermediate,
high-intermediate, and large field intensities throughout the rest of the paper.
Interestingly, we observe complete population transfer, for Raman transition,
between the two hyperfine ground states [Fig. 4.2(a)] at small field intensity
around the positive and negative peaks of ∆c/∆u ≈±1, i.e., the field is near res-
onant between |4⟩ and |1⟩ states, and |3⟩ and |2⟩ states respectively. As the field
intensity is increased, the curve depicting population transfer gets flatten grad-
ually leading to insignificant population transfer for large field intensity. Then
the curve reverses its direction near about ∆c = 0 at high-intermediate field
intensity of 20γ . For the other Raman transition between the two hyperfine ex-
cited states [Fig. 4.2(b)], partial population transfer occurs at intermediate field
intensities with positive and negative peaks about ∆c = 0. It can be seen that
there is insignificant population transfer for small and large field intensities. In
view of these results, it could be concluded that population inversion for optical
transitions does not occur.

In Fig. 4.3, we depict the effect of field detuning on the real and imaginary
components of the induced polarization, which are correlated to dispersion and
absorption respectively, for optical transitions, |3⟩ ↔ |1⟩ and |4⟩ ↔ |1⟩, under
different field intensities. In the rest of the manuscript, for brevity and clarity of
explanations, we refer the optical transitions, |3⟩↔ |1⟩ and |4⟩↔ |1⟩ as optical
transitions I and II respectively. As could be seen from Fig. 4.3, the spec-
tral range of the region of anomalous dispersion associated with the absorption
line for the optical transition I and II at low-intermediate field intensity is ap-
proximately 2 ∆u. This region of (linear) anomalous dispersion is appropriate
for realizing fast light with large bandwidth. On the other hand, the region of
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Figure 4.2: Population transfer as a function of field detuning for the Raman
transition between the two hyperfine: (a) ground-, (b) excited- states.

normal dispersion of the red-detuned wing of absorption line, corresponding
to intermediate field intensity, has a spectral range of approximately 4.5 ∆u.
This region could be split into two sub-regions of (nearly linear) small and
large normal dispersion. The latter sub-region is appropriate for realizing slow
light with large bandwidth. Interestingly, the large-linewidth absorption-profile
changes to gain profile, for the optical transition I [Figs. 4.3(a) and 4.3(b)] at
the high-intermediate field intensity. Now, the spectral range of the region of
steep-normal dispersion associated with the gain line is found to be approxi-
mately 0.15 ∆u. This region of dispersion, which is nearly linear, is appropriate
for realizing slow light. It could be seen that the red-detuned wing of the gain
line, which has a spectral range of approximately 4.9 ∆u, exhibits anomalous
dispersion. This region could be split into two sub-regions of (nearly linear)
small and large normal dispersion. The latter sub-region is appropriate for re-
alizing fast light with large bandwidth. Again, it could be observed that there
is a steep but small anomalous dispersion regime, near ∆c = 0 and ∆c > 0, that
could be utilized for attaining fast-light. Thus, by controlling the field intensity
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or the field detuning, switching from slow to fast light or back, is feasible.
We can carry out a similar analysis for the optical transition II. Here, we

observe that the absorption profile with large-linewidth, corresponding to inter-
mediate field intensity, [Figs. 4.3(c) and 4.3(d)] transforms into an absorption
profile with narrow-linewidth at high-intermediate field intensity. The spec-
tral range of the region of very steep-anomalous dispersion associated with the
absorption line is approximately 0.15 ∆u. This linear dispersion region, near
∆c = 0 and ∆c > 0, is appropriate for realizing fast light. One could observe a
steep normal dispersion region at the other side, i.e. near ∆c = 0 and ∆c < 0;
this region could be used for slow-light. The region of dispersion correspond-
ing to the red-detuned wing of the absorption line has a spectral range of ap-
proximately 4 ∆u. This region could be further divided into two sub-regions
of (nearly linear) small-anomalous and large-anomalous as indicated in Fig.
4.3(c). The latter sub-region is appropriate for realizing fast light with large
bandwidth. Thus, by tuning the field intensity or the frequency of the external
field, it is possible to attain switching from slow to the fast light or back. One of
the advantages of the proposed scheme is that the switching mechanisms could
be realized with large bandwidth for both the optical transitions.

In addition to these switching behaviors from the slow to the fast light or the
reverse, it could be seen from Fig. 4.3 that, at high-intermediate field intensity,
the slow light associated with optical transition I could co-propagate with the
fast light related with the optical transition II. In passing, it is worthwhile to
mention that the spectra of polarization for the optical transitions, |4⟩ ↔ |2⟩
and |3⟩↔ |2⟩ are not depicted as we find that these transitions are connected to
optical transitions I and II, by dint of the following empirical relations:

ρ42(±∆c)+ρ
∗
31(∓∆c) = 0

ρ32(±∆c)+ρ
∗
41(∓∆c) = 0

. (4.4)
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Figure 4.3: Spectra of the real and imaginary components of polarization for
the optical transitions between |3⟩ ↔ |1⟩ [(a) and (b)] and |4⟩ ↔ |1⟩ [(c) and
(d)]
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We can also make few observations on maximum attainable coherences in
the proposed system. It could be seen from Fig. 4.3(a) that for the transition
I, we can obtain a coherence of ≈ 0.3 (on the scale of maximum attainable
coherence of 0.5) at the low-intermediate intensity. On the other hand, the
same is feasible at low- as well as, high-intermediate intensity for the transition
II, as could seen from Fig. 4.3(c).

Now, as regards the Raman transitions, |2⟩ ↔ |1⟩ and |4⟩ ↔ |3⟩, are con-
cerned, the behavior of the corresponding induced polarizations could be pre-
dicted from the optical transitions themselves, as follows. Let us consider the
steady state solutions of the induced polarization for Raman transitions by set-
ting ρ̇21 and ρ̇43 of Eqs. 4.2 to zero; this leads to the following equations:

Γ21ρ21 =−iΩ[ρ23 +ρ24 −ρ31 −ρ41]

Γ43ρ43 =−iΩ[ρ41 −ρ13 +ρ42 −ρ23]
. (4.5)

Here, for simplicity we neglect the near dipole-dipole interaction, which
may be of importance only at small field intensity. Using Eqs. 4.4, we can
express Eqs. 4.5 as follows:

Γ21ρ21 = iΩ[ρR
31 +ρ

R
41]

Γ43ρ43 = iΩ[ρ∗R
31 −ρ

R
41]

, (4.6)

where ρR
i j = ρi j(±∆c)+ρi j(∓∆c).

It is easy to infer directly from Eqs. 4.6, that the spectra of the induced
polarization for Raman transitions is symmetric about ∆c = 0 axis, i.e. it is
even function of ∆c. Bearing that in mind, we depict the effect of field detun-
ing on the real and imaginary components of the induced polarization for the
Raman transitions under different field intensity in Fig. 4.4. For brevity of
explanations, we split the spectra of the induced polarization into two regions,
1 and 2 as shown in Fig. 4.4. Each region has a spectral range of 5 ∆u. Figs.
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4.4(a) and 4.4(b) discuss the Raman transition |2⟩ ↔ |1⟩, while Figs. 4.4(b)
and 4.4(c) consider the one with |4⟩ ↔ |3⟩. It could be seen from Fig. 4.4(a)
that, at low-intermediate intensity near ∆c = 0, we have a linear anomalous
dispersion region in 1 and a normal one in 2. These regions correspond to a
broad-gain profile, as could be observed from Fig. 4.4(b). Thus just by a slight
change in field detuning, one can switch from a fast to a slow light or back. It is
interesting to observe that, at high-intermediate field intensity, the gain profile
gets wider, and a very sharp spike appears at the gain line center. Now the cor-
responding dispersion curve exhibits, near ∆c = 0, very steep anomalous and
normal dispersion in region 1 and 2 respectively. This could again be exploited
for fast and slow light applications. Thus, by controlling the field intensity,
switching from fast to the slow light could be achieved. However, it should
be noted that the proposed scheme is not effective at very large intensity or at
small intensity, as evident from Fig. 4.4.

Now, as regards the Raman transition, |4⟩ ↔ |3⟩ is concerned, one can ob-
serve steep, normal and anomalous dispersion in region 1 and 2 respectively at
high-intermediate intensity near ∆c = 0. In contrast, we can notice (near linear)
anomalous and normal dispersion at low-intermediate intensity in the respec-
tive regions. It is worthwhile to note that, here, these dispersion curves pertain
to absorption lines; while in the case of Raman transition,|2⟩ ↔ |1⟩, discussed
earlier, the dispersion curves are related to gain lines. Once again, we find that
either by field detuning or changing the intensity we can switch from fast to
slow light or back. One could have a larger band-width, and lower absorption,
in the case of low-intermediate intensity compared to the high-intermediate
one. Again, for reasons raised earlier, the Raman transition involving the hy-
perfine ground states is preferable for exploration of fast light phenomena over
that of the excited ones. Further, it could be observed that, at high-intermediate
field intensity, the fast (slow) light-associated with the gain line, corresponding
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Figure 4.4: Spectra of the real and imaginary components of the induced
polarization for the Raman transitions between the two hyperfine: (a) and (b)
ground-, (c) and (d) excited- states.

to |2⟩ ↔ |1⟩ Raman transition could co-propagate with the slow (fast) light as-
sociated with loss-line for the Raman transition |4⟩ ↔ |3⟩. Finally, we observe
that, while very little coherence is possible to attain between the hyperfine ex-
cited states, it is possible to obtain maximum coherence of ≈ 0.5 between the
two hyperfine ground states, though, at large field intensity.
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4.4 Summary

In conclusion, we have theoretically analyzed the role of field detuning on both
the population transfer and the induced polarization for optical and Raman tran-
sitions in an ultracold atomic system. We have observed complete population
transfer, for Raman transition, between the two hyperfine ground states at small
field intensity when the field is near resonant between |4⟩ and |1⟩ states or |3⟩
and |2⟩ states. We have ascertained that slow and fast light, with large band-
width are achievable at intermediate field intensity for the optical transitions,
|3⟩ ↔ |1⟩ and |4⟩ ↔ |1⟩. In addition, by controlling the field intensity, switch-
ing from the slow to the fast light, with large bandwidth and the reverse are
attainable. It is observed that at high-intermediate field intensity, the slow-light
associated with gain for the optical transition |3⟩↔ |1⟩ co-propagates with fast-
light associated with loss for the optical transition |4⟩↔ |1⟩. Similarly, we have
observed that slow and fast light, with large bandwidth are feasible at interme-
diate field intensities for Raman transitions of the system. One could switch
from fast to slow light, with large bandwidth, by tuning the field intensity for
the Raman transition between the two hyperfine ground states. It is observed
that the fast-light associated with the gain for the Raman transition between the
two hyperfine ground states could co-propagate with the slow-light associated
with loss for the Raman transition between the two hyperfine excited states. Fi-
nally, it should be noted that while our scheme is discussed in the context of the
sodium D1 transition, the proposed scheme should be applicable to other alkali
atoms such as 7Li, 39,41K, and 87Rb) or other molecular systems satisfying the
required conditions.
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Chapter 5

Effective Focusing of an Atomic Beam

IN this chapter, we theoretically show how the effective focusing and de-
focusing of a diverging atomic beam can be realized using an appropriate
sequence of linearly chirped few-cycle pulsed laser fields. First, we in-

vestigate and show that the time averaged optical dipole force induced by the
sequence of either positively or negatively chirped pulses vanishes due to the
periodic oscillations of the phases of in-phase components of atomic dipole
moments. Then, we demonstrate that this issue could be overcome by utilizing
a sequence of alternatively chirped pulses instead of either positively or nega-
tively chirped pulses. It is shown that for such a sequence of pulses, the phases
of in-phase components of atomic dipole moments does not oscillate period-
ically and in fact remain constant at either 0 or π depending on the chirping
direction of the initial pulse, resulting in either an effective focusing or de-
focusing optical dipole force. The trajectory of atoms under an optical dipole
force is also investigated to actually show the focusing and defocusing. Finally,
the role of beam shape on the proposed scheme is investigated and it turns out

The contents of this chapter are published in Abdelaziz, Abdelsalam H. M., Parvendra Kumar,
and Amarendra K. Sarma, “Effective focusing of a diverging atomic beam by a sequence of alterna-
tively chirped few-cycle pulsed laser fields”, Phys. Rev. A 99, 023408 (2019). Selected contents are
reproduced with permission © American Physical Society.
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5 Effective Focusing of an Atomic Beam

that a super-Gaussian pulse of order m = 2 shows more efficacy compared to
the normal Gaussian pulse.

5.1 Brief overview

Optical manipulation (OM) of atoms and molecules relying on laser induced
optical forces has enabled the realization of many novel phenomena such as
Bose-Einstein condensation, laser cooling, trapping, and deflection of atoms,
molecules, and nanoparticles [136–144]. These breakthroughs are now paving
the ways for many diverse applications ranging from quantum metrology to
quantum information [18–22]. OM, being on the path of continuous improve-
ments, is getting a tremendous boost and attention particularly due to the recent
technological development in the generation of short laser pulses together with
deterministic amplitude and frequency shaping techniques [145–147].

Generally, optical forces can be classified into two kinds: the dipole force,
also known as the stimulated force, and the radiative force, also known as the
spontaneous force [78, 148–150]. The dipole force could be understood to arise
as a result of the intensity gradient while the radiative force could be owing to
the phase gradient of the optical field [151]. For plane waves incident on neutral
atoms, absorption of photons is followed most probably by spontaneous emis-
sion, i.e., the optical force is purely radiative. Hence focusing of neutral atoms
using plane waves is not applicable. When it comes to non plane waves, ab-
sorption of photons is followed by either spontaneous or stimulated emission.
The absorption of photons followed by the spontaneous emission gives rise to
the radiative force which is dominant at resonant excitation of neutral atoms.
On the other hand, the absorption of photons followed by stimulated emission
gives rise to dipole force which is dominant at detuned excitation of neutral
atoms [4, 152]. The physical effects of both dipole and radiative forces in-

68

TH-2558_166121021



5.1 Brief overview

duced by a CW laser were demonstrated through the focusing, defocusing, and
steering of neutral sodium atoms [51]. Similar effects were also observed by
utilizing the optical forces induced by pulsed laser fields instead of CW lasers.
The ability of pulsed laser induced optical forces to beat the saturation limit of
spontaneous force makes them much more favorable and increasingly attractive
tools. Additionally, the broad spectrum of short laser pulses also allow us to
access the systems with strong Doppler and Zeeman shifts. It is demonstrated
that the magnitude of a counterpropagating pi-pulses induced force, termed as
stimulated force, can be at least one order of magnitude greater than that of sat-
urated spontaneous forces depending upon the pulse repetition rate [153]. Later
on, bichromatic and polychromatic pulses have been employed for laser cooling
through such stimulated forces [154–156]. Significant attention, recently, has
been paid towards the stimulated forces induced by the linearly chirped pulses
primarily because of their robustness [51, 157–162]. The laser cooling with-
out spontaneous emission is also demonstrated through this scheme [160]. In
all of these aforementioned works, stimulated forces by linearly chirped pulses
are investigated but the equally important intensity gradient dependent dipole
force has not received similar attention and is therefore rarely explored. In our
previous work [78], partially we investigated the optical dipole induced by a
unidirectional sequence of linearly chirped pulses and showed to change its
sign between odd and even number of pulses in the pulse train. This results
in an oscillatory optical dipole force, making the time-averaged optical force
to vanish. The physics behind the nature of the oscillating forces was not dis-
cussed and therefore still remains open for further investigations. In this article
we not only investigate and clarify physics behind the nature of the oscillat-
ing forces but also propose a strategy to overcome this issue, thereby realizing
the effective time average focusing and defocusing dipole force. For this we
propose the use of a sequence of alternatively chirped pulses instead of either
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positively or negatively chirped pulses. It is shown that for such sequence of
pulses, the phases of in-phase components of atomic dipole moments does not
oscillate periodically and in fact remain constant at either 0 or π depending
on the chirping direction of the initial pulse, resulting in either an effective fo-
cusing or defocusing optical dipole force. This could be in principle used in
effective focusing and defocusing of the diverging atomic beam. Moreover,
we investigate the role of the beam shape on the chirped pulsed excitation of
atoms. We find that a super-Gaussian pulse with order m = 2 offers the best
result in terms of effective focusing and defocusing in the proposed scheme.

5.2 Model and Theory

We consider a ladderlike atomic system interacting with a train of two few-
cycle-pulsed laser fields. The atomic beam is considered to consist of sodium
atoms, the schematic of the level structure of the atom is depicted in Fig. 5.1(a).
The states |1⟩, |2⟩ and |3⟩, respectively refer to 3S1/2, 3P3/2, and 4S1/2 quantum
states of neutral sodium atoms. It is to be noted that the proposed scheme is
similar to the one discussed earlier in Ref. [78]. However, in this work we
consider a sequence of chirped pulse trains of alternating sign while the earlier
work (i.e., Ref. [78]) considered chirped pulse trains of the same sign. For
brevity and clarity, we refer to the former scheme as “alternating” while the
later as the “standard” one in this work. This is illustrated in Figs. 5.1(b)
and 5.1(c). The total electric field of the trains of a few-cycle linearly chirped
pulsed laser fields is given by

Ei(i=1,2)(t) =
N−1

∑
n=0

ε iAi(t −ntr)cos[ωi(t −ntr)

+(−1)n
αi(t −ntr)2/2+ωDi(t −ntr)+φi(z)]

, (5.1)
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Figure 5.1: (a) Three-level laddered
atomic system, (b) time dependent
frequency of the pulse train in the
standard scheme, and in (c) the
alternating scheme, for a train of
eight pulses.
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where Ai(t − ntr) = Eoi exp{−[((t − ntr)/τ)2m/2+(r/wo)
2m]}. m is the order

of the super-Gaussian-shaped pulse. In the first of this work we consider a
super-Gaussian pulse of order m = 1, which basically refer to the so called
normal Gaussian pulse. Later, in order to investigate the role of the shape of the
pulse train on the atomic beam, we consider super-Gaussian beams of different
orders. It is assumed that the pulse train of electric field E1 and the pulse train
of electric field E2 are interacting between the states |1⟩ and |2⟩, and |2⟩ and
|3⟩, respectively. Here, ωDi = −ki · v refers to the detuning of the transition
lines of the atom moving with velocity v owing to the Doppler shift. τ is the
temporal half-width of the pulse and it is related to the so-called full width at
half maximum (FWHM) of the pulse by, TFWHM = 1.665τ . N is the number of
pulses, tr is the pulse repetition time, αi is the chirp rate, r is the radial distance
from the center axis of the beam, z is the axial distance from the beam waist, wo

is the beam waist radius, ωi is the laser frequency, and φi(z) = kiz represents the
longitudinal phases. Here, ki(i = 1,2) is the wave vector of the corresponding
electric fields.
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The density matrix equations, without invoking the so-called rotating wave
approximation, describing the temporal evolution of the density matrix ele-
ments, are as follows [78]:

dρ11

dt
= i(Ω12ρ21 −Ω21ρ12)

dρ22

dt
= i[Ω12(ρ12 −ρ21)+Ω23(ρ32 −ρ23)]

dρ33

dt
= i(Ω32ρ23 −Ω23ρ32)

dρ21

dt
=−iω21ρ21 + i[Ω21(ρ11 −ρ22)+Ω23ρ31]

dρ32

dt
=−iω32ρ32 + i[Ω32(ρ22 −ρ33)−Ω12ρ31]

dρ31

dt
=−iω31ρ31 + i[Ω23ρ21 −Ω21ρ32]

. (5.2)

Here, Ω12 = Ω21 = µ12E1(r, t)/h̄ and Ω23 = Ω32 = µ23E2(r, t)/h̄ are the time-
dependent Rabi frequencies for the transition with electric dipole moment µ12

and µ23 respectively. It should be noted that ωi j = ωi−ω j and ρi j = ρ∗
ji. Using

an approach based on the density matrix equations and the Ehrenfest’s theorem,
the optical dipole force, for m = 1, is derived as follows

Ft = µ12

N−1

∑
n=0

u[∇A1(t −ntr)]cos[ω1(t −ntr)

+(−1)n
α1(t −ntr)2/2+ωD1(t −ntr)+φ1(z)]

+µ23

N−1

∑
n=0

v[∇A2(t −ntr)]cos[ω2(t −ntr)

+(−1)n
α2(t −ntr)2/2+ωD2(t −ntr)+φ2(z)]

, (5.3)

where u = ρ12 +ρ21 and v = ρ32 +ρ23.
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5.3 Results and Discussions

We solve Eqs. (5.2) and (5.3) numerically using a standard Runge-Kutta al-
gorithm. The atoms are assumed to be in the ground state |1⟩ initially. The
following typical parameters are used for simulations with regard to the tem-
poral evolution of u and v phases, and populations: ω21 = ω1 = 3.19 rad/fs,
ω32 = ω2 = 1.65 rad/fs, α1 = α2 = 0.028 and −0.028 fs−2 for up- and down-
chirp pulse excitations respectively, Ωmax

21 = Ωmax
32 = 1.30 rad/fs, µ12 = µ23 =

1.85×10−29 C ·m, wo = 10 µm, r = wo/
√

2 = 7.07 µm. The pulse duration is
taken to be 20 fs which corresponds to a pulse FWHM of 33.3 fs. In the current
study, atoms with mass M = 22.99 u are considered for simulation.

In Fig. 5.2 the spatiotemporal profile of the optical dipole force under
the standard and the alternating chirped pulse excitations is depicted. Figures
5.2(a) and 5.2(b) exhibit the spatiotemporal profile of optical force for the stan-
dard scheme with up- and down- chirped pulse excitations respectively. On
the other hand, Figs. 5.2(c) and 5.2(d) refer to the corresponding cases for the
alternating scheme. From the temporal evolution of optical dipole force un-
der the standard chirped pulse excitation, it is evident that for the up-chirped
pulse trains [Fig. 5.2(a)] the optical force is negative for an odd number of
pulses in the pulse train and positive for an even number of pulses in the pulse
train. On the other hand, for the down-chirped pulse trains [Fig. 5.2(b)], the
contrary is observed. Hence the atoms in an atomic beam will experience an
oscillating optical dipole force induced by the chirped few-cycle-pulse trains.
While from the radial dependence of optical dipole force, it is obvious that for
the up-chirped pulse trains, refer to Fig. 5.2(a), the optical force is maximum
at r = 0, while it is minimum at r = wo/

√
2 = 7.07 µm for an odd number of

pulses in the pulse train. Interestingly, it is minimum at r = 0 and maximum at
r = 7.07 µm for an even number of pulses in the pulse train. On the other hand,
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for the down-chirped pulse trains, refer to Fig. 5.2(b), the contrary is observed.
Hence the atoms in an atomic beam will experience a radial dependent opti-
cal dipole force induced by the chirped few-cycle-pulse trains. Now from the
temporal evolution of optical dipole force under the alternating chirped pulse
excitation, it is clear that for the up-chirped pulse trains the optical force is
negative while it is positive for down-chirped pulse trains. It should be noted
that the nature of the force is independent of the number of pulses in the pulse
train. Hence the atoms in an atomic beam will experience non-oscillating op-
tical dipole force due to the alternating chirped few-cycle-pulse trains. Again,
it is evident from Fig. 5.2(c) that for up-chirped pulse trains the optical force
is maximum at r = 0 and minimum at r = wo/

√
2 = 7.07 µm. The contrary is

observed for down-chirped pulse trains, refer to Fig. 5.2(d). This result is also
independent of the number of pulses in the pulse train. Hence the atoms in an
atomic beam will experience a radial dependent non-oscillating optical dipole
force induced by the alternating chirped few-cycle-pulse trains.

In the following, we endeavor to understand the physics of both the standard
and the alternating schemes for chirped pulse excitation of atoms. Figure 5.3
depicts the temporal evolution of the populations under the alternating chirped
pulse excitation. The standard one also exhibits exactly the same behavior.
Regardless of the nature of the chirp, it is observed that coherent population
transfer occurs due to adiabatic rapid passage from state |1⟩ to state |3⟩ for
an odd number of pulses in the pulse train and from state |3⟩ to state |1⟩ for
an even number of pulses in the pulse train. Thus, we can conclude that the
diagonal elements in the density matrix are not directly responsible for the
oscillating nature of the force. It means that the off-diagonal elements of the
density matrix, i.e. the relative phase between the probability amplitudes of the
states, has a role to play.

In order to validate this assumption, in Fig. 5.4, we depict the temporal
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Figure 5.2: Spatiotemporal profile of the optical dipole force under standard
and alternating chirped pulse excitations for N = 2.
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Figure 5.3: Temporal evolution of populations under standard or alternating
chirped pulse excitations (RWA) for N = 2.

evolution for the phases of the Bloch vector components u and v under the
standard chirped pulse excitation. It could be seen that for the up-chirped pulse
trains, both u and v phases equal to zero for an odd number of pulses in the
pulse train and equal to π for an even number of pulses in the pulse train.
This means that the phases of the in-phase components of the atomic dipole
moments oscillate periodically i.e. the average dipole moments ⟨µ12⟩ = µ12u,
and ⟨µ23⟩= µ23v are positive for an odd number of pulses in the pulse train and
negative for an even number of pulses in the pulse train. As a result, the optical
dipole force is negative for an odd number of pulses in the pulse train and
positive for an even number of pulses in the pulse train. On the other hand, for
down-chirped pulse trains, the contrary is observed. Moreover, a comparison
between u and v phases of the up-chirped pulse trains and the respective u
and v phases of the down-chirped pulse trains reveal the existence of a time
reversal symmetry. This asserts the equivalence of up- and down-chirped pulse
excitation of atoms initially in states |1⟩ and |3⟩ respectively.
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Figure 5.4: Temporal evolution of phase angle of u and v under standard
chirped pulse excitation (RWA) for N = 2.
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Next, in Fig. 5.5 we show the temporal evolution of u and v phases un-
der alternating chirped pulse excitation scheme. It is apparent, regardless of
the pulse number in the pulse train, that both u and v phases equal zero for
up-chirped and equal π for down-chirped pulse trains i.e. the phases of the
in-phase components of the atomic dipole moments does not oscillate periodi-
cally. As a result, the optical dipole force, irrespective of the pulse number in
the pulse train, is negative for up-chirped and positive for down-chirped pulse
trains.

It is evident that the alternating scheme should be useful, unlike the standard
one (discussed in details in Ref. [78] ), for focusing and defocusing of atoms
owing to the non-oscillating nature of the force, resulting in a non-zero time-
averaged force. In order to see it more clearly, in Fig. 5.6 we exhibit the
temporal evolution of the radial distance under the standard and the alternating
chirped pulse excitations for different initial transverse velocities. It is apparent
that the alternating chirped pulse excitation is much more efficacious than the
standard chirped pulse excitation in focusing and defocusing of moving atoms.
It is obvious, for up-chirped pulse trains, that the efficacy of focusing of moving
atoms decreases with increasing initial transverse velocity. On the other hand,
for down-chirped pulse trains it is obvious that defocusing efficacy of moving
atoms increases with increase in the initial transverse velocity.

Finally, we investigate the role of the beam shape on the chirped pulse exci-
tation of atoms subjected to the optical dipole force via our proposed scheme.
Figure 5.7 exhibits the temporal evolution of the radial distance under the alter-
nating chirped pulse excitations for different order of the super-Gaussian pulse.
The phenomena of focusing and defocusing are achieved with up-chirped (shown
by solid lines) and down-chirped (shown by dash-dot lines) pulse excitations
respectively. We observe that the super-Gaussian pulse with order m = 2 gives
the best result and is more effective than the usual Gaussian one with m = 1
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Figure 5.5: Temporal evolution of phase angle of u and v under alternating
chirped pulse excitation (RWA) for N = 2.
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Figure 5.6: Temporal evolution of radial distance under standard alternatively
chirped pulse excitation for different initial transverse velocities.
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Figure 5.7: Temporal evolution of radial distance under alternating up-chirped
(solid lines) and down-chirped (dash-dot lines) pulse excitations for various
order of the super-Gaussian pulse train and initial transverse velocities (a) 100
m/s (b) 1000 m/s.

or even with pulses having m > 2. It is worthwhile to note that in the standard
case, not shown here, the focusing and defocusing effects rise with increase
in the order of the super-Gaussian pulse, though the enhancement is way be-
low the proposed scheme and not very significant. Thus, it is clear that the
proposed scheme has features that are much more improved and notable than
the so-called standard scheme, and hence may turn out to be useful for many
atomic physics related applications.

5.4 Summary

In conclusion, we have theoretically demonstrated how the effective focusing
and defocusing of a diverging atomic beam could be realized using an appropri-
ate sequence of linearly chirped few-cycle pulsed laser fields. It is shown that
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the time averaged optical dipole force induced by the sequence of either posi-
tively or negatively chirped pulses vanishes due to the periodic oscillations of
the phases of the in-phase components of the atomic dipole moments. We then
show that this issue could be circumvented by utilizing a sequence of alterna-
tively chirped pulses instead of either positively or negatively chirped pulses. It
is demonstrated that for such a sequence of pulses, the phases of in-phase com-
ponents of atomic dipole moments does not oscillate periodically and in fact
remain constant at either 0 or π depending on the sign of the chirp (i.e., posi-
tive or negative) of the initial pulse. This results in either an effective focusing
or defocusing optical dipole force. The trajectory of atoms under the optical
dipole force is also investigated to actually exhibit the focusing and defocus-
ing. The role of the beam shape is investigated and found that a super-Gaussian
pulse with order m = 2 is more effective than the usual Gaussian pulse (with
order m = 1). The proposed scheme may enable one to generate strong optical
force.
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Chapter 6

Conclusions

IN this thesis, we have explored coherent control to manipulate atomic sys-
tems for various applications such as optical multistability, slow and fast
light, and focusing of an atomic beam. In chapter 1, we presented a brief

introduction and motivation of the research problems considered in the thesis,
along with the recent developments pertinent to these problems. In chapter 2,
we discussed, in details, the relevant concepts and phenomena related to the
research problems addressed in this thesis.

In chapter 3, we analyzed single OB, double OB, and OT behavior in a V-
type three-level atomic system, confined in a unidirectional optical ring cavity.
We explored the physics behind the emergence of various bistable and tristable
states, in particular switching from the absorptive to the dispersive character-
istics. It is found that the switching between various bistable phenomena is
defined by the ratio between the absolute peak values of the parameters de-
scribing dispersion and absorption respectively. This ratio sets a criterion for
obtaining absorptive OB, OT, double OB and dispersive OB. It is interesting
to note that this ratio is independent of the cavity feedback. However, the re-
spective width of the lower, the middle and the higher branch of the hysteresis
loop could be manipulated with judicious control of the detuning of the con-
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trol and the probe fields. Further, we report that the threshold intensities of the
absorptive and the dispersive hysteresis loops decrease with the control field
intensity but increase with the probe field detuning and the cooperation param-
eter, thereby paving the way for easy control of the width of the middle branch
of double OB and OT as well single OB.

In Chapter 4, we discussed our theoretical proposal for attaining slow and
fast light via coherent control of the hyperfine ground and excited states of an
ultracold atomic system. We observed complete population transfer, for Raman
transition, between the two hyperfine ground states at small field intensity. We
ascertained that slow and fast light, with large bandwidth could be obtained
in the proposed system. It is inferred that both slow and fast light could co-
propagate, pertaining to different optical and Raman transitions. Further, we
observed that switching between the slow and the fast light is achievable by
controlling the field intensity, as well as the field detuning.

In chapter 5, we demonstrated theoretically how the effective focusing and
defocusing of a diverging atomic beam could be realized using an appropriate
sequence of linearly chirped few-cycle pulsed laser fields. It is shown that the
time averaged optical dipole force induced by the sequence of either positively
or negatively chirped pulses vanishes due to the periodic oscillations of the
phases of the in-phase components of the atomic dipole moments. We circum-
vented this issue by utilizing a sequence of alternatively chirped pulses instead
of either positively or negatively chirped pulses. It is demonstrated that for
such a sequence of pulses, the phases of in-phase components of atomic dipole
moments does not oscillate periodically and in fact remain constant at either 0
or π depending on the sign of the chirp of the initial pulse. This results in ei-
ther an effective focusing or defocusing optical dipole force. The trajectory of
atoms under the optical dipole force is also investigated to actually exhibit the
focusing and defocusing. We examined the role of the beam shape and found
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that a super-Gaussian pulse with order m = 2 is more effective than the usual
Gaussian pulse (with order m = 1).
Scopes of Future Work

In this thesis we have explored the problem of optical multistability using
cw laser light. Clearly, it would be interesting to investigate the issue using
pulsed laser light, in particular, the real-time behavior of the phenomena of op-
tical multistability. The transient behavior of the system may put restriction
on the attainability of optical multistability. Hence optimization of the system
for optical multistability might be essential. Again, related to our work on the
effects of slow and fast light, the role of field intensity on the switchability be-
tween slow and fast light effects in a system possessing a gain doublet could
be probed. While the investigation of slow and fast light phenomena using a
cw laser is the usual norm, it may be useful but challenging to come up with
schemes where pulsed laser light could be used. As it is already known that a
pulse contains a range of frequencies, not a single frequency, the steady-state
solution may be questionable in that case. Here, the counter-intuitive mecha-
nism of dark-sate polariton could be explored. The role of pulse shape, duration
and bandwidth might also be attempted. Indeed, atomic systems are suffering
from upper level relaxation. This is posing a limitation on the storage time of a
pulse. In this regard, it may be a promising choice to explore various systems,
such as quantum wells, quantum dots, optical fibers, and even optomechanics.
Finally, in continuation of our work on optical force, the role of ground-state
coherence on the optical force in a Λ-type three-level atomic systems under
coherent population trapping conditions may be investigated.
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Appendix A

Analytical form of ρ31

THE steady state solution for the off-diagonal density matrix element ρ31 is
found to be the ratio of two polynomials of order 5 and 6 in Ωp

ρ31 = 4Ωp
∑

2
i=0 [a2i − iγ31b2i/2]

∣∣Ωp
∣∣2i

∑
3
i=0 d2i

∣∣Ωp
∣∣2i , (A.1)

where a2i, b2i, and d2i are real parameters that depend on probe- and control-
field detunings, spontaneous decay rates, and control-field intensity. To arrive
at the familiar expression for two-level atomic system, simply set i = 0 and 1
in the numerator and denominator to retain the first order term, and up to the
second order in Ωp respectively, which result only in OB. While for three-level
atomic system, judicious choice of the system parameters plays the key role
behind the emergence of OB, double OB, and OT. The detailed expressions for
a2i, b2i, and d2i parameters are given as follows
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A Analytical form of ρ31

a0 = ∆pγ
mIs

c(4∆
2 + γ

2
s )+16γ

m(∆c −∆) |Ωc|4

+4γ
m(∆c(8∆δ + γ

2
s )+∆p(4∆

2 − γdγs)) |Ωc|2
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2
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b0 = γ
mIs

c(4∆
2 + γ

2
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where
γs = γ21 + γ31, γd = γ21 − γ31, γ

m = γ21γ31,

2δ = (∆p +∆c), ∆ = (∆p −∆c),

Is
p = (4∆

2
p + γ

2
31), Is

c = (4∆
2
c + γ

2
21)

. (A.5)
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