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ABSTRACT

This thesis examines the characteristics of the flow of granular systems involv-

ing non-spherical particles in a silo. The flow of an assembly of solid particles

reminiscent of fluid flow can be witnessed in the form of landslides or during

unloading of sand from trucks in a construction site or during the processing of raw

materials in industries. Understanding the flow of solid particles or granular flow is of

great importance in industries for effective plant operations and for producing desired

products. Most of the experimental or numerical works dedicated to understanding

the rheology of granular materials concentrated on systems consisting of either spher-

ical or disc-shaped particles. However, the particles involved in industries are mostly

non-spherical particles or mixtures involving non-spherical particles. In this regard,

we studied systems involving elongated particles or a mixture of discs and elongated

particles. When the orifice is slightly larger the particles flowing out of it, the flow might

halt abruptly due to the formation of a stable structure of particles above the orifice.

This is commonly termed as clogging phenomena, which is undesirable in industries

as it leads to the stoppage of production. In our work, we varied the position and size

of a circular insert above the orifice to reduce clogging. One interesting finding is the

presence of two local minima in the clogging index when the height of the obstacle is

increased from the orifice. Time-averaged flow fields for a mixture of elongated particles

and discs revealed an increase in the stagnant zone beside the orifice with an increase

in the fraction of dumbbells thus decreasing the velocity and flow rate of the mixtures.

Moreover, we investigated how the flow dynamics are affected when the orifice is placed

at an unconventional position: on a side wall in one case and in the other case, two orifices

on the silo base. Here, we found a shift in the flowing zone towards the right-side wall

with an increase in the fraction of dumbbells due to an expansion in the stagnant zone

thus decreasing the velocity. The decrease in the velocity and flow rate with an increase

in the fraction of dumbbells is also explained by an increase in the dynamic friction near
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the orifice due to an increase in the affinity to interlock by the dumbbell particles. I

observed that the flow rate is found to be maximum when the inter-orifice spacing is zero

and with an increase in the inter-orifice distance, the flow rate is found to decrease and

gets saturated at very large spacing. The time-averaged flow fields showed the presence

of a stagnant zone on the silo base between the two orifices and with an increase in the

inter-orifice distance, the stagnant zone is noticed to expand thus hindering the flow of

particles through orifices. This is the reason for a decrease in the velocity and flow rate

of particles with an increase in the inter-orifice spacing. Moreover, we analyzed how the

increase in the size of the head of the snowman-shaped particles influence the clogging

probability near the orifice.
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INTRODUCTION

1.1 Granular materials

G ranular medium is a system of distinct solid particles where the motion of an

individual particle is independent of other particles and interacts only at con-

tacts. The sand on the beach, desserts and pebbles, rocks on the mountains are

a few examples of granular particles in nature. They can be seen in our daily lives in the

form of food materials like rice, grains and coffee beans etc. Moreover, these materials

are handled in diverse commercial industries like agriculture, mining, pharmaceutical,

food, energy and many more. The size of these materials can range from fine powders

to enormous meteors. The recent decades were inundated with research articles on the

granular field. One reason is due to the applicability of granular physics in particulate

matter, ranging from micro size to meteor size, and from mundane systems to major

industrial hoppers. The second reason being the advent of numerical models and their

ceaseless development regularly which opened new frontiers to tackle issues in this

field. Thus researchers envisioned and applied the laws of granular physics to diversified

fields including pedestrian behaviour, vehicular traffic, meteor impacts, landslides using

experiments as well as numerical simulations to name a few.

Some of the major topics of interest for researchers regarding these unique particles

are segregation [1, 2], pattern formation [3, 4], force chains [5, 6], meteor impacts [7, 8],

1
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CHAPTER 1. INTRODUCTION

silo clogging [9, 10], artificial intelligence [11, 12] etc. The works including the flow of

pedestrians [13], a flock of animals [14] or vehicular traffic [15] etc. are carried out using

principles of granular matter in experiments and computations. Segregation among

the particles is witnessed when they are subjected to vibration or rotation. One of the

examples includes Brazil nut effect [16]. Pattern formation is one of the characteristics

exhibited by these materials when they are in motion. This can be visualized in dunes. In

the desert areas, quicksand acts like gas as it has less packing fraction due to fluidization.

In non-cohesive granular systems, the force is transferred through a network of contacts

namely force chains. Silos or hoppers are usually used in industries to accompany a large

number of solid materials during storage or processing or packing. During the outflow of

solids, the flow might get blocked at the orifice and this phenomenon is known as clogging.

The jamming behaviour of granular material is recently applied in the manufacture of

the universal gripper. “The Physics of Blown Sand and Desert Dunes”(1941) by Ralph

Alger Bagnold, the pioneer in the field of granular materials, was one of the earliest

books written on these omnipresent materials.

1.2 Flow of granular particles

The flow of granular particles is an interesting topic of research due to its complex be-

haviour, Spatio-temporal heterogeneity and the manifestation of diversified phenomena.

The granular flows can be witnessed during the unloading of sand or gravel near the

construction sites, during landslides or the flow of sand in an hourglass. In industries,

the feeding of solid raw materials or extraction of processed solid goods is common sites.

In a stationary pile of non-cohesive granular materials on a horizontal surface, the angle

between the steep and the base is known as the angle of repose and it is one of the prime

factors that influence the flowability of granular materials. One of the usages of the

angle of repose along with the coefficient of friction is to calibrate DEM simulations.

The magnitude of the angle of repose depends on many factors like static and dynamic

coefficients of friction, the roughness of the surface on which the pile is placed, size

and shape of the material used, the method used for measuring it etc [17]. The authors

reported that the angle of repose was found to increase with an increase in the roughness

of the base and particle surface, static and dynamic coefficient of friction, deviation from

the spherical shape of the particle.

2
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1.3. SILO FLOWS

In granular shear flows, the volume of the granular material was noticed to increase

due to shearing accompanied by the internal pressure forces among the particles and

this phenomenon is known as dilatancy [18].

Granular matter exhibits versatility in the state when subjected to different flow

conditions. Although they are solids individually, the particulate system as a whole

behaves in a complex way. For instance, particles on an inclined plane remain stationary

and manifest solid-state behaviour when the inclination angle is less than the angle of

repose [19]. As the tilt angle increases beyond the angle of repose, the transition from

solid to liquid-like behaviour is witnessed. When the tilt angle is further increased the

system exhibits gaseous nature where interactions between particles cease to exist. In

all the above cases, the matter as a whole displays unique characteristics in each of the

states. Hence some researchers proposed that granular matter can itself be stated as a

different state of matter instead of placing it in a solid-state or fluid state.

1.3 Silo flows

Silos or hoppers are huge cylindrical containers that are generally employed in industries

while handling the flow of solid materials. Silo is a flat bottomed hopper while hopper

has an inclined base with a small opening at the bottom which regulates the discharge

rate of particles. There are primarily two kinds of flows in a hopper: mass flow or funnel

flow. Mass flow involves a steady flow of particles through the bottleneck following "first

in first out". Whereas in funnel flow, particles in the centreline discharges and those

close to the walls either remain stationary or maintain insignificant velocities. Funnel

flow is also an issue in industries which in some cases reduces the overall efficiency of

the production. An extreme case of funnel flow is rat-holing where the flow is confined at

the centre with a width equal to the orifice width throughout the silo while the particles

are stagnant on either side of this central region. This kind of flow pattern has been

observed [20] in the flow of elongated particles having an aspect ratio of 12.

3

TH-2423_146107034



CHAPTER 1. INTRODUCTION

1.4 Non-spherical particulate systems

Most of the research that has taken place was centred around spherical particles in 2D

and 3D silos and hoppers. However, systems of perfect spherical granules are scarce

in reality. So, comprehending the dynamics of non-spherical particulate matter is of

great importance. Few researchers have attempted to understand the dynamics of non-

spherical particles discharging out of a silo. Favier et al. [21] conducted experiments

and numerical simulation of nonspherical particles with aspect ratio 1.4 for various

orifice sizes. They observed a good agreement between the two methods and proposed a

modified Beverloo’s equation for computing flow rate. Cleary and Sawley [22] reported

that the flow rate of elongated particles is 30% less than that of spherical particles. It

is also observed that an increase in the blockiness decreases the discharge rate by 28%.

Langston et al. [23] has reported that disc-shaped particles discharge 40% faster than

the spherical particles in the absence of the friction between particles. Jintang li et al.

[24] did a comparative study of the flow of spherical and disc-shaped particles using ex-

perimental and DEM method. They reported that discs flow 20-30% faster than spherical

particles. They observed consistency in both the methods regarding flow pattern and

clogged states. In Tao et al. [25] work, the mean voidage of corn-shape particles is found

to be less than that of spherical particles. The mean voidage decreases with an increase

in the ratio of width to length of hopper.

Jin Baosheng et al. [26] has reported that hexahedron particles displayed the fastest

discharge rates and plug-like flow pattern. Whereas, the ellipsoidal, spherical and binary

mixture of spherical and hexahedron showed parabolic profile while discharging. Liu et

al. [27] reported that the flow rate of ellipsoidal particles is maximum when the aspect

ratio is 1. It decreases with both increase or decrease in the aspect ratio. They modi-

fied Beverloo’s equation by incorporating the variation of parameters C, k with aspect

ratio to get the flow rate. Tamás Börzsönyi et al. [28] has conducted 3d experiments to

determine the shape effect of granular particles on dynamics of silo discharges using

X-ray tomography method. They reported that particles preferred vertical orientation

in the flowing zone making small angles with the streamlines. The Dome shape of the

particles is observed when they get clogged at the orifice similar to an arch formation in

2d systems. Ashour et al. [20] has reported that with an increase in the aspect ratio of

particles, flow rate decreases whereas clogging probability increases. However, when the

4
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aspect ratio is 12 a peculiar behaviour was observed where a vertical hole is formed from

the bottom to the free surface which is termed as a rat hole.

The previous experimental and theoretical works were mostly on spherical particles

in 2d and 3d inclined and normal silos and hoppers. Though there were few works

dedicated to systems of non-spherical particles, they were mainly focused on flow regimes

and mass flow rate analysis. It seems like there exists meagre research dedicated to

analyzing the particle level dynamics for systems of non-spherical particles as well as a

mixture of spherical and non-spherical particles.

1.5 Objectives

The objectives of this thesis are as follows:

• To understand the effect of position and size of the insert placed near the orifice on

clogging probability.

• To assess how the fraction of dumbbells influence the flow of a mixture of discs and

dumbbells.

• To analyse mixtures of dumbbells and discs at two eccentric flow conditions namely

lateral orifice and multiple orifices on the silo base.

• To provide insights on the clogging phenomena in a system of asymmetric dumb-

bells or snow-man shaped particles.

• To probe how a continuous flow through a larger orifice helps in reducing the

clogging at an adjacent smaller orifice.

The thesis is organized as follows:

Chapter 2: Simulation technique is elucidated.

Chapter 3: I studied the clogging phenomena in a two-dimensional silo consisting

of dumbbells using the discrete element method (DEM) technique. The influence of

the position and size of a circular insert on the clogging of particles near the orifice is

analysed.

Chapter 4: Here, I reported the effect of the fraction of dumbbells on the flow

dynamics of a mixture of discs and dumbbells in two flow regimes. The first one is a

5
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CHAPTER 1. INTRODUCTION

steady-flow regime where we elucidated the flow dynamics through time-averaged flow

fields (coarse-grained). Whereas, the other one is interrupting the flow regime, in which

arch morphology is probed as the chances of the system getting clogged is more.

Chapter 5: Dynamics of granular particulate mixtures flowing through silo with

orifices placed at unconventional positions are studied. In the first case, we placed the

orifice on the sidewall and probed how the variation in the orifice width and in the

fraction of dumbbells affect the flow dynamics. In the second case, the effect of varying

distance between the two orifices placed on the silo on the flow is reported.

Chapter 6: Two different sized spheres/discs adjoined to each other is known as

snowman-shaped particles. These are not uncommon in the industries due to cohesion or

ineffective grinding operations etc. In this work, we studied how an increase in the size

of one of the discs of the snowman influences the clogging near the orifice.

Chapter 7: The unclogging at a smaller orifice due to the continuous flow of non-

spherical particles through an adjacent larger orifice is analysed. We varied the inter-

orifice distance and studied how it affects the unclogging process.

Chapter 8: Conclusion and suggestions for future work.

Please note that the chapters from 3 to 7 are either published works in peer-reviewed

journals or the manuscripts under preparation. So, there might be slight repetition in

the simulation methodology as the discrete element method (DEM) has been employed

in all the works.

6
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2
SIMULATION METHOD

We used numerical technique named discrete element method (DEM) [1] in all

our works to study the particle level dynamics. One of the main advantages

of the DEM technique is it stores the positions, velocities, forces, torques etc

of all the particles at every timestep of the entire simulation. In this technique firstly,

contacts are determined for each particle. Two particles i and j as shown in Fig 2.2 are

said to be in contact if the overlap between the particles δ≥ 0. In reality, the overlap of

the particles is not possible however, it can be understood as the shrinking of the particle

at the point of contact due to the normal force of the other particle. Once the contacts

are recognised for all the particles, the normal Fn and tangential Ft components of the

contact forces [2] are computed as follows:

Fn
i j =

√
Reffδi j (Knδi j r̂ i j −meffγnvn

i j)

F t
i j =−min(µFn

i j,
√

Reffδi j (K t∆si j +meffγtvt
i j)).

Then, these forces are substituted in the equations of motion where gravitational

force Fg and contact forces Fc are the only forces considered.:

dmiui

dt
= Fg +

N∑
j=1

Fc j
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CHAPTER 2. SIMULATION METHOD

Figure 2.1: The flowchart depicting the flow of operations in a DEM technique.
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Figure 2.2: Two particles i and j in contact with r i, r j as their position vectors, ui,u j are their
velocities and wi,w j are their rotational velocity vectors. Fn and Ft are normal and tangential
forces acting at the point of contact of the two particles. Here, δ is the overlap between the two
particles i and j.

The positions and velocities are updated at regular intervals of time by integrating

the above equation using the velocity Verlet algorithm. The sequential flow of a DEM

technique is displayed in Fig 2.1.

The subscripts or superscripts consisting of n, t corresponds to normal and tangential

components of respective parameters and i, j denotes ith, jth particles. Here, Reff = RiR j
Ri+R j

is the effective radius where R is the radius of the particle. δi j = Ri +R j −|Ri j| is the

overlap between the particles where Ri j is the position vector in the direction of line

joining the centres of two particles i and j. K is the elastic constant, r̂ i j is the unit vector

in the direction of line joining the particles i and j and meff = mim j
mi+m j

is the effective mass

where m is mass. γ is the damping coefficient, µ is the coefficient of friction, ∆si j is

the tangential displacement vector and vt
i j is the tangential component of the relative

velocity. For the case of dumbbells which are generated by fusing two discs, positions

and velocities are computed as the centre of mass and centre of mass velocities from its

two discs. The force acting on each dumbbell is calculated by adding total force acting on

two discs of the dumbbell and assigning it to the centre of mass position of the dumbbell.

The torque on each dumbbell is calculated in the same way as that of the force. Note

that forces or torques experienced by a disc due to another disc that is part of the same

dumbbell are set to zero. All of our simulations are performed in LAMMPS [3] and the

visualization is done using OVITO [4].

The DEM has been an important tool to study the nature of granular particulate

flow in different scenarios. Most importantly in recent decades, the usage of DEM has

increased multifold due to the advent of supercomputers and good computational facili-
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CHAPTER 2. SIMULATION METHOD

ties. It has been used in problems about an intruder moving through a granular media

[5, 6], particles flowing over an inclined plane [7, 8], flow of particles through a hopper

[9], frictional distribution in the granular media [10], analysing packing properties of

particles [11, 12], contact networks in a granular media [13]. Moreover, this numerical

technique has been used in determining jamming probability in confined granular sys-

tems [14–16], analysing mixing properties [17, 18], studying particle motion in rotating

cylinders [19, 20], probing segregation dynamics [21–23], force chains [24, 25].
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3
GRANULAR SILO FLOW OF INELASTIC DUMBBELLS:

CLOGGING AND ITS REDUCTION1

3.1 Introduction

C logging is a common, and unwanted phenomenon during the discharge of gran-

ular material from a silo or hopper. It is also observed in active matter like a

herd of sheep passing through a narrow door[1–3], in a crowd of pedestrians[4],

panic escape [5, 6] and traffic jams [7, 8]. Clogging is typically the result of the particles

forming an arch in two dimensions [9, 10] or a dome in three dimensions [11, 12] next to

the orifice. Cates et al. [13] have termed clogged particles as fragile matter since an entire

assemblage can be collapsed by applying a small external force at particular points of the

arch. Various methods, including hitting or vibrating the silo[14–16], poking, or aiming

compressed air at, the arches, have been proposed as practical methods to unclog silos.

These solutions, however, have certain limitations in practice. For instance, vibrating a

silo is not economical since it requires energy from an external source.

A recently proposed method to prevent, or reduce, clogging is to place an obstacle

above the orifice [2, 17, 18]. Zuriguel et al. [18] have reported that a well-placed obstacle

1The article based upon the work reported in this chapter is published in Phys. Rev. E, vol. 98, 022904,
year 2018; title: Granular silo flow of inelastic dumbbells: clogging and its reduction; authors: AVK Reddy,
S Kumar, KA Reddy, J Talbot.
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CHAPTER 3. GRANULAR SILO FLOW OF INELASTIC DUMBBELLS: CLOGGING
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can reduce the clogging probability (CP) by up to a hundredfold. They proposed that

the underlying mechanism is the pressure difference between the particles that are

flowing below the obstacle and those that are flowing above. A similar phenomenon can

be observed in active matter. In particular, Zuriguel et al. studied the effect of an obstacle

on the flow properties of sheep passing through a narrow door [2]. They observed an

increase in CP when the obstacle is close to the orifice as temporary clogging occurs

between the obstacle and the bottom wall. On the other hand, when the obstacle is

placed far from the orifice, it does not affect the clogging. Time taken for the egress

of sheep was noticed to be minimum at an intermediate position of the obstacle. This

suggests the existence of an optimum position where clogging is minimum. Recently,

the effect of the shape of the obstacle on the clogging of spherical particles has been

reported[17]. The authors have considered three different shapes of obstacle namely

circular, triangular and inverted triangular. They reported that triangle-shaped obstacle

is more effective than the circular one in reducing the clogging probability of a system of

spherical particles.

Most of the 2D and 3D experimental and numerical studies of clogging in silos and

hoppers were carried out for systems of spherical particles. However, most granular

materials processed in industry, as well as those that occur in natural processes, are

aspherical to some degree. So, understanding the flow dynamics of non-spherical particles

is of great importance. In this regard, Börzsönyi et al. [11] conducted 3D experiments

to determine the shape effect of granular particles discharging out of a silo using X-ray

tomography. They reported that particles with a greater aspect ratio prefer to align

vertically in the flowing zone. Ashour et al. [12] have analyzed the shape and size effect

of non-spherical particles on clogging probability, flow rate and avalanche statistics.

Until now, most investigations of non-spherical particulate systems [19–25] have focused

mainly on modelling and computing flowrate. Few studies try to understand the physical

mechanism above the orifice, where clogging occurs. Moreover, the effect of an obstacle

on the flow of non-spherical particulate systems has not yet been investigated to the

best of our knowledge. Therefore, here we present results of 2D numerical simulations

of dumbbell-shaped particles discharging from a silo to analyze how the position and

size of an obstacle affect the flow dynamics in the region above the orifice. Firstly, we

performed numerical simulations in the absence of an obstacle for varying orifice width

(W). Then, we placed a circular obstacle at various axial (H) and lateral (L) positions
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while maintaining the orifice width (W) and diameter (D) of the obstacle constant. Later,

we compared four different D’s at H = 10d and L = 0d.

The organization of the chapter is as follows. Section 3.2 outlines the simulation

methodology and the force models used. In section 3.3, results and corresponding inter-

pretations are discussed and section 3.4 presents our conclusions.

3.2 Simulation Methodology

In our study, we employed the Discrete Element Method (DEM)[26, 27] to simulate

the gravity-driven flow of granular matter. We performed the simulations in quasi two-

dimensions, i.e., the equations of motions are integrated along two dimensions with

consideration of the third dimension for calculation of parameters such as the moment of

inertia. An inelastic dumbbell consists of two fused, tangential spheres each of diameter

d forming a rigid body. The simulation technique is explained in chapter 2.

The values of the various constants used in the simulations are Kn = 2×106ρdg and

K t = 2.45×106ρdg for a particle of density ρ (mass per unit volume). For a particle of

density ρ = 5000kg/m3 and diameter 20mm in a gravitational field of g = 9.8m/s2, this

represents roughly a material with Young’s modulus of 1 GPa and Poisson’s ratio of 0.3

[28]. Moreover, if we take Kn as high as 100 times its current value to represent materials

such as steel, the instantaneous flow rate and the number of particles discharged as

a function of time barely changes (see Fig. 3.2). Thus, we can use Kn = 2× 106ρdg

to represent realistic materials. In our simulations, we choose a damping coefficient

γn = γt = 2500
√

g/d3 to represent a realistic coefficient of restitution curve with respect

to collision velocity. The coefficient of friction is chosen as 0.5 and a time-step of 10−4
√

d/g

is taken in our simulations. The positions and velocities of the dumbells are defined as

the centre of mass positions and centre of mass velocities of the two adjoining spheres.

Forces between the two fused spheres are turned off and by considering the force and

torque on the dumbbell as the sum of the forces and torque on each of the constituent

spheres, i.e., F I = ∑2
ni=1 F I,ni for force along x on I th dumbbells consisting of spheres

ni = 1 and 2 where F I,ni is the force vector on the ni sphere of the I th dumbbell while F I

is the net force vector acting on the dumbbell. Each simulation is carried out for the time

it takes the system to fully discharge or until clogging occurs. The initial configurations

are generated independently of each other.

We simulated N = 8000 dumbbells in a system of size 100d×150d along x and y,
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CHAPTER 3. GRANULAR SILO FLOW OF INELASTIC DUMBBELLS: CLOGGING
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Figure 3.1: a) One of the configurations of our simulation box with dimensions 100d×150d. b)
View near the orifice. W is the orifice width, H is height of the obstacle and L is the horizontal
distance from axis to the centre of the obstacle. In this image dumbbells are represented by lines
to indicate their orientation.
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Figure 3.2: Number of dumbbells discharged N as a function of time t for different values of the
normal elastic constant Kn at W = 14d.

respectively, enclosed by walls at x =±50d and y= 0d. A gravitational force of magnitude

g acts in the negative-y direction. The initial configuration is generated by placing

particles randomly in space with random orientations and letting them settle in the

presence of gravity. This fills the system to a height of roughly y= 150d. The stress at

a depth roughly equal to the silo width remains unchanged even when more particles

are added into a silo because the frictional forces between the particles and lateral walls

shift the additional stress towards the wall instead of the silo base through force chains.

This behaviour is known as the Janssen effect [29]. The height of the granular bed in our

system is taken as 1.5 times that of the silo width to maintain a constant pressure at the

orifice during the discharge of particles. Fig. 3.1 shows the initial configuration for one of
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3.3. RESULTS AND DISCUSSIONS

the many cases we have considered in the study. Two spheres joined by a line represents

a single dumbbell. We open the orifice at the beginning of each simulation to allow the

flow of particles in the presence of gravity. The origin in our study represents the centre

of the orifice located symmetrically between the two vertical walls.

All the simulations are carried out in LAMMPS [30] and the post visualizations are

carried out in OVITO [31] and VMD [32].

3.3 Results and Discussions

In this section, we present the main results of our numerical simulations and their

interpretation. We have considered four different variables in our study: the orifice width

W, the axial height H, the lateral position L and diameter D of the obstacle (see Fig.

3.1(b)). In subsection 3.3.1, we present the results for the case without any obstacle for

varying orifice widths. In subsection 3.3.2, the results for various values of H for L = 0

are discussed, while in subsection 3.3.3, the results for various values of L for a fixed H

are discussed. In subsection 3.3.4, we report results for various values of D for constant

H and L = 0.

We calculate the clogging index Ψ for a given run i as the ratio of undischarged

particles to the initial number of particles. The particles that cannot undergo motion in a

silo, such as the those in the stagnant zone next to the orifice, are subtracted. The number

of particles in stagnant zone corresponds to the number of undischarged particles when

clogging doesn’t happen.

Ψ= 1
n

n(≈15)∑
i=1

Nundis,i −Nu

Ntotal −Nu
(3.1)

Here, Nu = (Nundis,i) =
∑

i Nundis,i/m, where m is the number of cases in which clogging

does not occur, Ntotal = 8000 is the total number of dumbbells in our system and Nundis,i

is the total number of particles that remain in the silo before the system’s kinetic energy

approaches zero for a given run i. Naturally, Nundis,i ≈ Nu for the case of full discharge.

Region R is defined above the orifice as shown in Fig. 3.1(b) with a length of (W +2d)

along x and 10d along y as used in Ref. [17]. The packing fraction Φ of the particles in the

region R is calculated as the ratio of the volume of particles lying in the region R to the

total volume of the region R. Since this system is quasi two-dimensional, its thickness

is taken as d for calculating the volume of the region R. The granular temperature is

computed for region R as Tg = 1
2〈(vx−< vx >)2 + (vy−< vy >)2〉 where < . > denotes the
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Figure 3.3: The variation of (a) Clogging index Ψ, (b) Packing fraction Φ and (c) Granular
temperature Tg with respect to an orifice width of W for a silo without an obstacle.

spatiotemporal mean. All the results presented, including the velocity distributions, are

averaged for approximately 15 independent runs using different initial configurations.

We calculate all the quantities of interest by averaging over time until clogging, or full

discharge occurs. We neglected any run in which clogging occurs before a minimum of

100 dumbbells discharge out of the silo. They correspond to those which are just above

the orifice which will anyway flow when the orifice is opened.

3.3.1 Without Obstacle

In this subsection, clogging of dumbbells in the absence of an obstacle is discussed for

various orifice widths W . The discharge of the dumbells is initiated by opening the orifice

at time t = 0.

In Fig. 3.3(a), we show the clogging index Ψ as a function of the orifice width W for

frictional (µ = 0.5) and frictionless (µ = 0.0) particles. One observes that the clogging

index of frictional particles is almost unity for W ≤ 9d, while it is approximately zero for

W ≥ 14d. Börzsönyi et al. [11, 12] have considered the critical orifice width ratio Wc/leq,

where Wc is critical width and leq is the equivalent diameter of a spherical particle of

volume equal to that of an aspherical particle. For disks in two dimensions, this ratio is

found to lie between 4 to 5 [33]. In our case, however, we observe the critical width Wc to

lie between 13d to 14d corresponding to a critical ratio in the range 10.3<Wc/leq < 11.1.

This is in huge contrast to what is observed in the case of circular particles. Even if we

consider, the longest dimension of the dumbbells 2d, still Wc/lmax comes out to be around

6.5d to 7.0d. Moreover, for frictionless dumbells, critical orifice width lies between 8d
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Figure 3.4: Clogged states at H = a) 10d, b) 15d, c) 17.5d, d) 20d, e) 22.5d and f) 25d with an
orifice width of W =11d.

and 9d while it is slightly larger than 1d for hydrogel particles used in [34]. This high

critical width ratio is due to many factors such as an orientational barrier, geometrical

interlocking and a larger surface area of interaction compared to disks. Clogging can be

induced due to an orientational barrier if a particle that has enough space to flow gets

clogged due to improper orientation. An example of this in real life would be attempting

to get a couch through a door. If the couch is improperly oriented it will not pass through.

Similarly, an aspherical particle will experience the same difficulty. This, in turn, also

induces anisotropy in the system as seen in [11]. Geometrical interlocking plays a role

not just in enhancing clogging but also in stabilizing the clogging arch that is formed.

Spherical particles have the least interlocking of all the particle shapes.

In Fig. 3.3 (b) and (c), we plot the packing fraction Φ and the granular temperature

Tg (non-dimensionalized by dg), respectively, of the dumbbells contained in region R

as a function of W. We notice that Φ is almost constant indicating that Ψ remains

independent of Φ in the absence of an obstacle. The granular temperature Tg, however,

increases with the orifice width. This can be explained by the increase in fluctuations

of the velocity components as W increases which are due to an increase in the collision

rate between the particles when particles on either side of the silo meet at the orifice

as W is increased. This increase in Tg with W can also be explained by plotting the

horizontal and vertical velocity distributions, vx and vy, respectively as shown in Fig. 3.5.
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Figure 3.5: The probability distribution of (a) velocity component along x and (b) velocity
component along y in region of analysis R for a silo without an obstacle .

The width of the distribution of horizontal and vertical components of particles in region

R increases as W is increased, thus, justifying the increase in Tg.

3.3.2 Axial variation of the obstacle position

This subsection examines the clogging of dumbbells in the presence of a circular obstacle

situated at a height H above an orifice of width W = 11d. We chose this width, as the

clogging index at W = 11d in the absence of an obstacle is approximately Ψ= 0.66 and

hence can be used to study the increase or decrease in Ψ in the presence of an obstacle.

Zuriguel et al. [18] observed that placing an obstacle at an appropriately chosen height

greatly decreased the clogging of circular particles. In Fig. 3.6(a), we see that the clogging

index is very high when the obstacle is close to the orifice exit. In this case, clogging is

enhanced by the ability of the obstacle to forming arches with the exiting particles. On

the other hand, we see that when the obstacle is positioned sufficiently far above the exit,

the clogging index tends to approach that of the no obstacle case. This is explained by the

fact that as the height of the obstacle increases, the more of its effect on the flow at the

exit dissipate, thus mimicking no obstacle case. At intermediate heights, however, low

values of the clogging index are observed. We see two local minima in Ψ (see Fig. 3.6(a))

at which Ψ≈ 0.2. i.e., about a three-fold reduction compared to a silo with no obstacle.

However, another intriguing thing to notice is the maxima at H = 20d. This behaviour is

explainable in terms of the type of clogging arch that is formed.

We observe that in the presence of an obstacle two types of clogging arches occur,

namely one that involves and one that does not involve the obstacle. When the obstacle
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Figure 3.7: The probability distribution of the (a) horizontal and (b) vertical velocity component
of particles in region R for a silo with W = 11d containing an obstacle.

is very close to the orifice, clogging is mostly due to the first type while when it is far

away, the clogging arches are formed only by the particles. The decrease and spike in

the clogging index (see Fig. 3.6(a)) is for the obstacle’s position in which transition from

the first type of clogging arc to the second type takes place. Both types of arches are

displayed in as in Fig. 3.4. When H = 10d, only the first type of arch is observed and for

H = 15d and 17.5d both types are witnessed. Whereas, for H ≥ 20d, the only second type

of arches is observed. This can be explained by the huge standard deviations in vertical

heights of the arches for H = 15d and 17.5d as shown in Table. 3.1. Figures 3.6(b) and

(c) show the variation of Φ and Tg in region R with respect to H of the obstacle. We see

that the packing fraction increases gradually while the granular temperature decreases

with respect to H. Both saturate after a certain H. The presence of an obstacle close to

the orifice reduces Φ due to the wake formed below the obstacle. Similarly, it increases
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Table 3.1: Average width w̄ and height h̄, standard deviation of width σw and height σw of the
arches averaged over n runs. The first row represents the case without an obstacle, the next set
of rows are runs with an an obstacle present. The final set is with frictionless ones.

W /H wavg σw havg σh n
W = 11d 12.43 0.54 8.47 2.22 10
H = 10d 12.75 0.76 18.99 4.19 14
H = 15d 12.26 1.15 18.08 10.59 10

H = 17.5d 11.74 0.68 9.31 8.91 12
H = 19d 12.19 1.02 8.47 7.73 10
H = 20d 11.84 0.77 6.59 2.23 12
H = 21d 11.54 0.75 7.13 2.22 13

H = 22.5d 12.23 0.68 7.94 1.95 10
H = 25d 12.25 0.9 7.86 3.61 10
H = 30d 12.12 0.7 8.13 2.07 15
H = 35d 12.04 0.65 6.96 1.5 14
W = 7d 8.5 1.33 4.75 2.35 14
W = 6d 6.6 0.72 3.81 2.02 10

the fluctuation in velocities of particles in the region R as the particles moving on the

alternate side of the obstacle collide in the region R giving rise to high fluctuations.

This can be seen in Fig. 3.7 which shows the distributions of the horizontal and vertical

velocity components. The width of the distribution decreases with an increase of H.

Interestingly, both Φ and Tg saturate at H ≈ 20d. Although, this may indicate that

the effect of obstacle ceases to exist in the region R, however, the spike in the clogging

index is because of the transition from the first type of clogging arch to the second. At

H = 20d, the clogging arcs are formed without the obstacle. The decrease in Ψ beyond

that point may be related to the stability of the clogging arches which might be affected

by the obstacle.

3.3.3 Lateral variation(L) of the obstacle

Earlier studies have shown the existence of optimal location of an obstacle for reducing

clogging in the discharge of spherical particles from a silo [17], as well as for sheep passing

through a narrow door [2]. In the present work, we examine if a lateral displacement of

the obstacle leads to the reduction in the clogging. It should be noted that two stagnant

zones (one on each side of the orifice) exist in our system. When the obstacle is displaced

laterally, particles flowing on either side of it interact with the stagnant zones differently
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Figure 3.8: Variation of (a) clogging index Ψ, (b) packing fraction Φ, (c) granular temperature
Tg for particles in region R with respect to the lateral position L of the obstacle with W = 11d
and constant H.

and this may lead to a change in the clogging index Ψ.

We observe that displacing the obstacle laterally may reduce clogging. Although the

clogging index as shown in Fig. 3.8(a) shows variability it does show that there exists at

least one location at which the clogging index Ψ is lower than for L = 0. Moreover, the

presence of an obstacle away from the central vertical axis also increases the packing

fraction of the particles in the region R up until L/d ≈ 10 beyond which there is no

dependence. The wake formed below the obstacle lies completely inside the region R for

L = 0d and H = 10d. However, for L ≥ 5d, only a part of the wake lies in the region R

thus providing more room for particles to fill.

The granular temperature Tg decreases with L (see Fig. 3.8(c)). When an obstacle is

located symmetrically, i.e., L = 0, then the flow is separated into two halves that collide

below the obstacle. However, as we increase L the flow rates on the right side of the

obstacle decreases thereby reducing the collision rate as shown in Fig. 3.10. This is the

reason behind the decrease in granular temperature.

The distribution of the horizontal velocity component at H = 10d is shown in Fig.

3.9a. The plot is symmetric and widest at L = 0 since in this position the obstacle forces

the particles to flow on either side of the obstacle. However, for L ≥ 5d, the left part

of the plot is very steep since the obstacle blocks particles flowing from the right side.

Thus at L = 5d, even the particles on the right side are forced to flow from the left side.

This results in additional stress on the particles corresponding to those in the stagnant

zone on the left side of the orifice. The above phenomena coupled with the absence of

collisions with particles flowing on the right side results in high horizontal and vertical
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Figure 3.9: The probability distribution of the (a) horizontal and (b) vertical velocity component
of particles in region R for a silo containing an obstacle with H = 10d, W = 11d at various values
of L.

velocities. This is consistent with the large width on the right side of the plot for L = 5d

in horizontal velocity distributions. However, for L ≥ 10d, the width of the plot on the

right side decreases gradually. As the obstacle is displaced further towards the right,

most of the particles can reach the orifice without detouring around the obstacle. As

a result lateral collisions, which are responsible for major variations in velocities, are

almost absent for L ≥ 10d explaining the smaller widths on the right side of the plots.

The distribution of the vertical velocity component for different values of L is displayed

in Fig. 3.9 b. The width of the plot is least at L = 0d indicating that the obstacle hinders

the free flow of particles, thus reducing the vertical velocities in the region R. Whereas,

the plots are slightly broader for L ≥ 5d as the interference of the obstacle in the free

flow of particles gradually decreases.

3.3.4 Variation of the obstacle size

Here we consider the effect of varying the obstacle size D (for L = 0 and three different

values of H) on the clogging index. Fig. 3.11 displays Ψ, Φ and Tg as a function of D

at W = 11d and constant H. Ψ increases with increase in D for H ≤ 15d. During the

discharge of the particles from the silo, a stagnant zone on either side of the orifice is

present. As D increases, the distance between the obstacle and the stagnant zone(Sd)

decreases. Moreover, the surface exposed to the stagnant zone increases. This coupled

effect enhances the resistance to the free flow of particles at D = 10d as displayed by

high values of Ψ. At D = 15d, arches are primarily formed between the obstacle and
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Figure 3.10: Velocity magnitude and vector field for the case of H = 10d and L = 10d (see Fig.
3.1 to get a clear idea about the location of the orifice and the obstacle) at a particular instant.
The figure shows the interaction of obstacle with the stagnant zone as well. The reduction in Tg
with L is a consequence of the reduced collision rate due to the blocking of the flow on the right.
Note that, the dimensions of the silo shown here are the same as that of the one shown in figure
3.1 however, I have shown only the zoomed-in image close to the orifice.
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Figure 3.11: The variation of (a) Clogging index Ψ, (b) Packing fraction Φ and (c) Granular
temperature Tg with respect to diameter of the obstacle D for various H at W = 11d and L = 0d.
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Figure 3.13: The distance between the stagnant zone and the obstacle at an orifice width W= a)
11d, b) 22d, c) 33d and d) 44d. Please note that, the dimensions of the silo shown here is same as
that of the one shown in figure 3.1. However, I have shown only the part of the silo which is close
to the orifice.

the bottom wall. This requires the arch height to be at least 15d, which involves more

particles to align in a particular way to resist the huge stress from the particles above.

The other possibility of arch formation at H = 15d is between obstacle and stagnant zone

when particles pile up so that Sd is close to 5d. Thus Ψ increases with an increase in

D due to an increase in the exposed curvature of the obstacle to the stagnant zone and

due to a decrease in Sd. However, Ψ exhibits a non-monotonic variation with D at H

= 20d rather than the steady rise observed for H ≤ 15d. At H = 20d, arch formation

involving the obstacle is almost negligible as Sd > 15d. So, the only possibility of arch

formation is by particles near the orifice. Moreover, an increase in D creates a larger

wake region below the obstacle due to its large curvature. Thus particles colliding below

the wake region are less likely to be clogged for H ≥ 33d. Ψ decreases with increasing D

due to large wakes created below the obstacle for H ≤ 15d. However, it remains almost

constant for H ≥ 20d as, in this case, the wake is formed above region R. Tg increases as

D increases for H ≥ 15d. High horizontal velocities observed in the region R for D ≥ 33d

due to the increase in the curvature of the obstacle. The distributions of the horizontal

and vertical velocity components are displayed in Fig. 3.12.
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3.4 Conclusion

In the present work, we studied the flow of a monolayer of dumbbells through an orifice

at the bottom of a silo. We performed simulations of discharge flow for several orifice

widths and observed that the clogging probability is close to zero when the orifice width

is greater than 13d. This is equivalent to 6.5 times the particle length (major dimension

of the dumbbell). We also studied the effect of placing an obstacle in the vicinity of the

orifice on the granular flow. The size and position of the obstacle have a marked influence

on the probability of clogging. While a previous study examined the effect of changing

the vertical position only, we also considered changes in the lateral position. Even

small displacements away from the vertical axis can substantially lower the clogging

probability.

Compared with spherical particles, the clogging probability of the aspherical dumb-

bells is markedly higher, though velocity distributions of particles in the vicinity of the

orifice, which characterize the particle dynamics, are qualitatively similar. It would be

interesting to understand the particle dynamics near the orifice for aspherical particles

of larger aspect ratios and complex shapes and to investigate whether we can relate

their dynamics to the clogging. Another important observation from the present study is

the nonmonotonicity of the clogging index as a function of the height of the the obstacle

which is not observed in the case of spherical particles.
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4
GRANULAR PARTICLE-SHAPE HETEROGENEOUS

MIXTURES DISCHARGING THROUGH A SILO1

4.1 Introduction

A large assembly of randomly amassed solid particles, commonly termed as

granular particles, is ubiquitous in both industries and nature. Granular par-

ticles discharging through silos or hoppers exhibit interesting phenomena like

spatio-temporal heterogeneities [1], jamming [2], funnel flow [3], etc. This along with

its applications in industries has garnered interest among the researchers to explore

the characteristics of dense granular media flowing out of a silo. Some works [4–6]

have been dedicated to comprehending the dynamic behaviour of spherical particles

in silos or hoppers. However, solid particles involved in either industry or nature are

often non-spherical. The shape of the flowing particles induces more complexity into

the system, thus yielding yet new phenomena like ratholing [7] or local jamming be-

cause of strong interlocking among the particles. In non-spherical particulate flow, the

shear-induced orientation of the particles at different depths also plays a crucial role

in flow dynamics. Tamás Börzsönyi et al. [8] noticed that the longer axis of elongated

particles or rods were not oriented parallel to the streamlines but encloses small angles

1The article based upon the work reported in this chapter is published in J. Fluid Mech vol. 912, year
2021; title: Granular particle-shape heterogeneous mixtures discharging through a silo; authors: AVK
Reddy, S Kumar and KA Reddy.
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during silo flow. The solid materials in practice are often heterogeneous mixtures due

to imperfect processing while grinding or milling. So, a basic understanding of the flow

dynamics of heterogeneous mixtures of particles, which vary in shape and size, is of great

importance. Binary mixtures of spherical and non-spherical particles flowing out of a silo

is a special case. Adding spherical particles to a system of non-spherical particles or vice

versa shows a wide variety of phenomena such as lubricating effects, stratification and

segregation. Wambaugh et al. [9] has observed lubrication effect by adding monomers

to a collection of trimers (glueing three spherical particles side by side in a single line).

Here, monomers or spherical particles acted as a lubricant, thus increasing the velocity

of trimers on a vibrating ratchet-shaped base. The critical angle of repose of a sandpile

consisting of spherical monomer grains was found [10] to increase with the addition of

dimers. However, Zhiguo Guo et al. [11] has observed “needle particle effect” where the

addition of elongated particles has enhanced the flow of fine granules. They argued that

elongated particles played a major role in reducing cohesion and adhesion among fine

granules, thus improving the flow conditions. A comprehensive understanding of the flow

of mixtures helps in predicting flow rates which aid in effective handling of operations in

industries.

One of the most widely accepted laws that predicts flow rate of grains discharging

through silo proposed by Beverloo et al. [12] is Q = Cρb
p

g (W − kD)n− 1
2 . Here Q,W ,D

are mass flow rate, orifice width and particle diameter, ρb is bulk density and C, k

are empirical discharge and shape coefficients and n = 2,3 corresponds to the two-

dimensional and three-dimensional system. The major limitation of this model is that it

is valid for W >> D and it fails to predict flow rates for small orifice widths where clogging

is evidenced. To bridge this gap, Mankoc et al. [13] has proposed a modified expression

for the number of beads discharged per unit time which is valid for orifice widths ranging

from 2 < W/D < 100 as Qb = C′(1− 1
2 e−b( W

D −1))(W
D −1)n− 1

2 . Here, C,ρb,
p

g of Beverloo’s

expression are clubbed into a single term C′ and k is set to one which is obtained from the

fit. Further, they reported that the introduced correction factor (exponential term) most

possibly corresponds to the variation in grain density in the region above the orifice. The

above-mentioned models apply to monodisperse particles. In reality, the granular systems

are hardly monodisperse. In this light, modified Beverloo expressions were proposed

for different binary mixtures. For instance, Artega and Tüzün et al. [14] has proposed

a model for the flow rate of binary mixtures of equal density granules in cylindrical

and conical hoppers. Whereas, for binary mixtures of fine particles flowing through a
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sieve, Chevoir et al. [15] has proposed an alternative model. Recently, Benyamine et al.

[16] empirically generated a flow rate expression for the binary mixture of glass beads.

Researchers [17, 18] have proposed analytical expressions for flow rate which mostly

apply to the large orifice width to particle size ratios W/d >> 1. In industries, often

regulated flow of solid particles is essential during processing or packing. In regulated

flows involving narrow outlets, particle flow might encounter hindrance or it might

abruptly stop because of the blockage at the orifice. This phenomenon is commonly

termed as clogging. In the flow of mono layered spherical particles, it has been noticed

that clogging might occur at the orifice of the silo or in the bulk [19–21]. The latter type

of clogging slightly hinders the flow, whereas the former one yields in complete stoppage

of the flow. This issue of clogging at bottlenecks has been addressed in different ways like

understanding the arch geometry [22], the stability of arches when subjected to external

force [23] or placing an obstacle just above the orifice [24, 25] to alleviate clogging. The

clogged structures of mutually stabilized particles formed above the orifice were found to

be close to a semicircle or dome shape in two-dimensional and three-dimensional silos.

To et al. [22] proposed that arches are convex everywhere by showing the angle Φ made

by any arch particle with its two adjacent arch particles as less than 180o for the case of

mono layered spherical particles in a silo. However, Garcimartín et al. [26] proved the

existence of local concavities in arches, namely defects (Φ> 180o), although they observed

the ratio of height and half-width of the arch as close to one. Defects were found to be the

weakest portions of an arch. Lozano et al. [27] observed that the resistance of the arch to

vibrations of the silo is determined by Φmax. The geometry of the arch gets more complex

for the case of nonspherical particles [7, 28] such as elongated particles or dumbbells.

However, to the best of our knowledge, there is hardly any work that deals with the

geometry of arches in the case of heterogeneous mixtures. The flow of heterogeneous

mixtures through silos has been a topic of interest due to its wide variety of applications

in industries. Binary mixtures are a special case comprising only two types of particles

that differs in either their shape or size. Experimental [16] and simulation [29] works

were carried out for analysing bi-disperse mixtures of spherical particles varying in

size. However, the dense solid mixtures in practice often consist of particles varying in

shape. In the present work, we have analysed how the presence of dumbbell-shaped

particles affects the flow of a mixture of disc and dumbbell particles in two-dimensional

silos using numerical simulations. We have analysed flow characteristics by varying

the orifice width W and the fraction of dumbbells Xdb in the mixture. Two regimes
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Figure 4.1: Schematic diagram representing a mixture of dumbbells (red circles) and discs (blue
circles) in a two-dimensional silo. Here, d is the diameter of each circle of a dumbbell. Few
parameters in our work are computed in the region A whose width is W +2

p
2 d and height

is 5
p

2 d, where W is orifice width. The origin is located at the centre of the orifice which is
equidistant from both the side walls.

were analyzed namely, the free flow regime and interrupted flow regime. Firstly, in the

free flow regime, flow is characterized by using various parameters like flow rate, area

fraction, granular temperature. We plotted mean flow fields for various parameters to

analyse the region above the orifice. In the interrupted flow regime, unlike the free flow

one, the orifice might get blocked after some time because of the formation of mesoscopic

structures of mutually stabilising particles. In this case, we focussed on the morphology

of arches for different particle mixtures. Moreover, we determined the deviation of the

arch shape from semicircle with the addition of dumbbells. The paper is organised as

follows: Simulation methodology is explained in Section 4.2. The results obtained from

numerical simulations for the free flow regime are explained in Section 4.3.1 and those

of interrupted flow regime in Section 4.3.2. In Section 4.4, concluding remarks of the

work are reported.

4.2 Simulation Methodology

We employed the Discrete Element Method (DEM) [30] to study the dynamics of granular

mixtures of dumbbells and discs in a two-dimensional silo. Figure 4.1 shows the schematic

representation of our system. Dumbbells are rigid particles created by fusing two circles,

each of diameter d, adjacent to each other. The diameter of the disc is D =p
2 d which

is computed by considering the area of the dumbbell same as that of the disc. The total

number of particles is N = 15000 for all fractions of dumbbells Xdb. Firstly, dumbbells
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and discs are placed at arbitrary positions with random orientations in a silo confined by

walls at x =±50d and y= 0 while ensuring that there are no overlaps among them. Then,

a gravity of magnitude g is applied in the negative-y direction. Once the particles get

settled, the height of the assembly of particles reaches close to 290±10d, which slightly

depends on Xdb. The origin is located at the centre of the silo base, which is also the

centre of the orifice. At time t = 0, the orifice of width W on the silo base is opened to

let the particles discharge out of the silo. Periodic boundary conditions are applied in

y-direction and the particles discharged out of the silo are placed at random positions

with reduced velocities at the top. The DEM technique is explained in chapter 2. The

values of the constants used in the simulations such as elastic constants Kn and K t

are 2.0×106ρdg and 2.45×106ρdg. The damping coefficients γn and γt are 1000
√

g/d3

and the subscripts n and t represents normal and tangential components of respective

parameters. The coefficient of friction µ is taken as 0.5 and the timestep ts is set to

10−4
√

d/g .

4.3 Results and Discussion

In this section, we will present numerical simulation results for our system of dumbbells

and discs. Flow dynamics of mixtures that varied in the fraction of dumbbells Xdb are

analysed at different orifice widths W. The results pertaining to the free flow regime

(W /d ≥ 15) are explained in Section. 4.3.1. Time-averaged flow fields of various parame-

ters in the absence of an obstacle are demonstrated in Section. 4.3.1.1 and we discuss

the flow fields in the presence of an obstacle in Section. 4.3.1.2. In Section 4.3.2, results

corresponding to interrupted flow regime (W/d ≤ 10) are elucidated and in the next

subsection, the morphology of arches are presented. We examine the flow characteristics

at different orifice widths W using various parameters like flow rate Q, area fraction φ

and granular temperature Tg. Flow rate Q is the average number of particles discharged

per unit time before a clogging event or during the free flow of particles. Area fraction

φ and granular temperature Tg are computed in the region A as shown in figure 4.1

which lies just above the orifice and whose length is W +2
p

2 d in x direction and 5
p

2 d

in y direction respectively. Area fraction φ is calculated as the ratio of area occupied by

all the particles in the region A and the area of region A. Granular temperature is a

measure of fluctuations in translation and rotation velocities [34, 35] and is computed

as Tg = 1
3〈m{(vx−< vx >)2 + (vy−< vy >)2}+ I(Ωz−<Ωz >)2〉. Here, vx,vy are the instan-
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Figure 4.2: a) Flow rate Q, b) area fraction φ and c) granular temperature Tg as a function of
normalised orifice width W /d for different fractions of dumbbells Xdb. Here, d is the diameter of
each of the circles in a dumbbell.

taneous velocities in x, y direction and Ωz is the instantaneous angular velocity in z

direction. Moreover, < .> denotes spatio-temporal average over the region A and from

time t = 0 to t = T. The mass and moment of inertia of the particles are indicated by m

and I.

4.3.1 The flow of a mixture of discs and dumbbells in the

freeflow regime

In this subsection, we will elucidate the numerical results for large orifice widths W /d ≥
15 where the free flow regime is observed. We analyse the flow characteristics at six

different orifice widths W /d ranging from 15 to 40. To examine how the total number of

dumbbells in the mixture affects the flow dynamics, we have considered nine different

fractions of dumbbells Xdb at each W /d. Figure 4.2 shows flow rate Q, area fraction φ and

granular temperature Tg as a function of W /d. Q is noticed to increase monotonically with

W/d for all Xdb. Interestingly, at each W/d, Q is observed to decrease with an increase

in the fraction of dumbbells Xdb. We tried to find whether the average orientation of

dumbbells is almost zero with the horizontal in the flowing zone which might hinder

the flow. Figure 4.3 shows the average orientation of dumbbells θ at different horizontal

positions x/D from the centre of the orifice x, y = 0 and θ at various angular positions
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Figure 4.3: The mean orientation of dumbbells θ with respect to a) horizontal position x at
different heights and with respect to b) angular position Ψ for different radii from the centre
of the orifice. c) The angular position Ψ of the dumbbells is represented. The orientation of a
dumbbell θ is computed as the angle between the larger axis of the dumbbell and the horizontal
axis x = 0. The angular position Ψ is measured as the angle made by the line joining the centre of
the orifice x, y= 0 and centre of the dumbbell with horizontal axis x = 0.
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Figure 4.4: Flow rate Q as a function of the fraction of elongated particles Xdb at an orifice
width of W /d = 40 for a mixture of discs and elongated particles. AR corresponds to aspect ratio
of the elongated particle.
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Figure 4.5: a) Flow rate Q and b) the flow rate Q scaling with the orifice width W and the
fraction of dumbbells Xdb, as a function of W /d for different Xdb. Here, d is the diameter of each
of the circles in a dumbbell.

Ψ of the dumbbells with x, y = 0 as the center. Both plots show that the longer side

of the dumbbells is almost vertically oriented θ ≈ 90o at the centre line of the silo,

x = 0 and Ψ = 90o. As the position of the dumbbells shifts from the centerline, θ is

observed to decrease, which can be seen in both plots. These results show that the

dumbbells do not orient horizontally in the flowing zone, suggesting that the orientation

of dumbbells is not the reason behind the decrease in Q with an increase in Xdb. Tamás

Börzsönyi et al. [8] observed that in a system of elongated particles, the longer side of

the particles align to the flow and their average orientation makes small angles with

streamlines. However, in our case, for x/d > 10, there is no correlation in the orientation

of dumbbells due to the stagnant zone where velocities of the particles are almost zero.

The reason for the decrease in Q with an increase in Xdb could be due to the interlocking

of particles. Spheres or discs can not interlock among themselves, but particles with

higher aspect ratio are more prone to interlocking. An example of this is a robust bird’s

nest created by interlocking feeble twigs of high aspect ratios. In our case, dumbbells

with an aspect ratio of 2 can interlock among themselves and hinders the flow. Moreover,

dumbbells experience a much higher hindrance in their rotational degree of freedom,

i.e., the spheres have their rotational freedom resisted by just the frictional forces as

their rotation does not occupy any space. However, rotation of dumbbells entail particles

surrounding them to undergo complete rearrangement. There may be these two namely
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Figure 4.6: Probability distribution of horizontal velocities Vx of particles in region A at orifice
widths W /d = a) 15, b) 25 and c) 35 for various fractions of dumbbells Xdb.

geometrical interlocking and hindrance to the rotation that may compete or possibly one

of the two may dominate in reducing the flow rate of the mixture with an increase in

Xdb. To validate whether the flow rate of the mixture decreases with an increase in the

fraction of particles with a higher aspect ratio, we performed simulations with a mixture

of discs and elongated particles with an aspect ratio of 4. The elongated particles (AR =

4) are generated by fusing four circles adjoining each other. Here, the mass and area of

the elongated particles are taken the same as that of the discs so that the diameter of

each circle of the elongated particle(AR=4) is dAR=4 = 0.707. The variation of flow rate

Q in figure 4.4 shows a decreasing trend with an increase in the fraction of elongated

(AR=4), (AR=2) particles Xdb at W /d = 40. This indicates that adding elongated particles

to a system of discs decreases the flow rate of the mixture provided the particles are

non-cohesive and their areas are equal. The flow rate scaling with the orifice width as

0.3× (W /d)1.72 and with the fraction of dumbbells as 1+ Xdb/2 is shown in the figure 4.5.

Area fraction φ in the region A increases with W/d for all Xdb as shown in figure

4.2b. As the orifice width increases, the flowing zone above the orifice increase and

facilitates better rearrangement of the particles increasing the area fraction. However,

φ decreases with an increase in Xdb at all W/d because the void space formed inside

a set of interconnected dumbbells is more than the void space formed inside a set of

interconnected discs. Similar behaviour was observed previously [10] in a mixture of

dimers and monomers. Granular temperature Tg increases steadily with W /d as shown
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Figure 4.7: Probability distribution of vertical velocities Vy of particles in region A at orifice
widths W /d = a) 15, b) 25 and c) 35 for various fractions of dumbbells Xdb.

in figure 4.2c due to increase in the fluctuations of velocity components. This is due to an

increase in the collision rates among the particles flowing from either side of the orifice

resulting from an increase in the particle velocities with W /d. The increase in Vx with W /d

is shown by an increase in the width of the probability distributions in figure 4.6a, 4.6b

and 4.6c which corresponds to W /d = 15,25 and 35. In figure 4.7, Vy is observed to increase

with an increase in W/d in the form of first maxima whereas the maxima at Vy = 0

corresponds to those particles present on the silo base. Moreover, in each of the three

plots of Vy distribution, the magnitude of the first maxima decrease with an increase in

Xdb. Consequently, Tg at all W /d is noticed to decrease with an increase in Xdb as shown

in figure 4.2c. Figure 4.8 shows velocity profiles as a function of horizontal position in the

region A. Self similar profiles were observed when normalised horizontal Vx/Vxmax and

vertical velocities Vy/Vymax are plotted against normalised horizontal position x/W . In an

earlier study [29], similar trends of velocity profiles were observed in the case of binary

mixtures of spherical particles of two different sizes. The maximum velocity Vmax in the

region above the orifice increases gradually with W /d as shown in figure 4.8c. However,

Vmax decreases with an increase in Xdb at all W/d because the addition of dumbbells

hinders the flow as dumbbells can interlock more effectively among themselves than

that of discs.
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4.3.1.1 Mean flow fields

In this subsection, we will illustrate the spatial distributions of various parameters like

area fraction φ, angular velocity Ω and its fluctuation Ω2
f l , granular temperature Tg,

shear stress τ, pressure P and velocity v. The parameters at various spatial locations

are computed using Gaussian coarse-graining function as implemented in [36]. The

aforementioned parameters are computed at any position p with position vector rp as

follows:

W (r)= 1
πw2 e−r2/w2

(4.1)

φ(t)=
[

n∑
i=1

ρπd2
i

4
W (rp − r i(t))

]
/ρ (4.2)

Ω(t)=
[

n∑
i=1

ρπd2
i

4
ΩziW (rp − r i(t))

]
/ρφ (4.3)

Ω2
f l(t)=

[
n∑

i=1

ρπd2
i

4
(Ωzi −Ω)2W (rp − r i(t))

]
/ρφ (4.4)

v(t)=
[

n∑
i=1

ρπd2
i

4
viW (rp − r i(t))

]
/ρφ (4.5)

Tg(t)=
∑n

i=1
ρπd2

i
4 |vi −v|2W (rp − r i(t))

2ρφ
(4.6)

σi j(t)=
n∑

i=1

n∑
j=i+1

(F i j × r i j)
∫ 1

s=0
W (rp − r i(t)+ sr i j)ds (4.7)

P(t)= −tr(σi j(t))
2

(4.8)

Here, φ(t),Ω(t),Ω2
f l(t), v(t), Tg(t), σi j(t) and P(t) corresponds to area fraction, rotational

velocity, fluctuations in rotational velocity, velocity, granular temperature, stress tensor

and pressure at time t. Whereas, φ, Ω, Ω2
f l , v, Tg, σi j and P are the time-averaged

values of respective parameters over approximately 5000 frames. W (r) is Gaussian

coarse-graining function with w = 1.414. Gaussian coarse-graining function at any

position p is measured for all the particles i = 0 to n which satisfy |rp − r i| < 3w,

where r i is the position vector of a particle i. For each parameter, we have plotted flow

fields corresponding to a different fraction of dumbbells Xdb starting from 0.0 to 1.0.

For all cases, the distributions are plotted in the space range of −40d < x < 40d and

1.414d < y < 148.414d and the orifice width is W/d = 15. Figure 4.10 shows spatial
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Figure 4.8: a) Normalised horizontal velocity Vx and b) normalised vertical velocity Vy profiles
as a function of normalised horizontal position x/W at various widths W/d of the orifice. These
plots correspond to Xdb = 0.5. Similar trends were observed for all other Xdb.

Figure 4.9: The region of interest for plotting flow fields is demonstrated. The shaded region
corresponds to −40d < x < 40d and 1.414d < y< 148.414d.
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Figure 4.10: Spatial variation of area fraction at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0
and width of the orifice is W /d = 15. The plots are averaged over approximately 5000 frames.
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Figure 4.11: Spatial variation of rotational velocity Ω at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75
and e) 1.0 and width of the orifice is W/d = 15. The plots are averaged over approximately 5000
frames.
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Figure 4.12: Spatial variation of fluctuations in rotational velocities Ω2
f l at Xdb = a) 0.0, b)

0.25, c) 0.5, d) 0.75 and e) 1.0 and width of the orifice is W/d = 15. The plots are averaged over
approximately 5000 frames.

distribution of area fraction φ at different Xdb. Area fraction is less in the region above

the orifice as compared to the bulk due to shear-induced dilation. Moreover, as Xdb

increases, φ is observed to decrease in the bulk as well as in the region above the orifice.

This can be explained by an increase in the void space formed inside a set of three or more

particles with the addition of dumbbells. This is due to the longer side of the dumbbells,

which results in larger void spaces when the particles are randomly packed. Similar

behaviour has been observed by Tamás Börzsönyi et al. [8] where they found a strong

dilation in the case of elongated particles as compared to that of spherical particles. The

angular velocity Ω as displayed in figure 4.11 is almost negligible in the bulk because

the particles hardly rotate due to space constraint. However, small rotational velocities

are observed near the orifice for all Xdb because of the availability of space due to shear-

induced dilation as observed in figure 4.10. Interestingly, the addition of dumbbells has

very little effect on the angular velocities of the particles near the orifice. Fluctuations in

rotational velocities Ω2
f l are almost negligible in the bulk for all Xdb as shown in figure

4.12. However, as Xdb increases, Ω2
f l near the orifice decrease. To rotate, discs require

less space around them than that of a dumbbell. Thus discs can rotate easily, leading to
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Figure 4.13: Spatial variation of velocities V at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0
and width of the orifice is W /d = 15. The plots are averaged over approximately 5000 frames.

higher fluctuations in rotational velocity than that of dumbbells. The velocity V fields

are shown in figure 6.12. Velocities of the particles are lower and almost constant in

the entire bulk for all Xdb. Higher velocities of the particles are observed only above

the orifice because the particle motion is less obstructed by the surrounding particles in

this region than that in the bulk. The regions of dark red beside the orifice corresponds

to the stagnant zone or dead zone where the particles remain stationary or move with

negligible velocities. The stagnant zone is found to expand with an increase of Xdb due

to the interlocking among the dumbbells. Thus, the flow pattern deviates from mass flow

to semi-mass flow as Xdb increases from 0.0 to 1.0. In a previous study [37], the size

of the stagnant zone was found to increase with an increase in the aspect ratio of the

particles. The stagnant zone beside the orifice hinders the movement of the particles

flowing adjacent to it. This phenomenon coupled with geometrical interlocking results

in the decrease of the velocity with an increase in Xdb in the region above the orifice.

Figure 4.14 demonstrates spatial distributions of granular temperature Tg. In the bulk,

Tg is almost negligible because the particle velocities are almost constant as noticed

in figure 6.12. However, in the region above the orifice, Tg decreases with an increase

in Xdb. With the addition of dumbbells, velocities of the particles approaching from

either side of the orifice decrease resulting in a decrease in the velocity fluctuations. Tg

is negligible in the region beside the orifice due to the presence of the stagnant zone.

Moreover, the size of the stagnant zone where Tg is negligible is found to increase with

an increase in Xdb which is similar to that observed in figure 6.12. Pressure fields P

are demonstrated in figure 6.13. In the bulk, pressure P is observed to be higher near

the sidewalls than in the centre because the particles near the walls experience more

stress as force chains are supported by the side walls. Figure 4.16 displays the force

chains where its strength is found to be more near the walls as compared to that in the
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Figure 4.14: Spatial variation of granular temperature Tg at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75
and e) 1.0 and width of the orifice is W/d = 15. The plots are averaged over approximately 5000
frames.

[a] [b] [c] [d] [e]

Figure 4.15: Spatial variation of pressure P at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0 and
width of the orifice is W /d = 15. The plots are averaged over approximately 5000 frames.

[a] [b] [c] [d] [e]

Figure 4.16: Fore chains inside the silo at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0 and
width of the orifice is W /d = 15.

[a] [b] [c] [d] [e] 0

70

Figure 4.17: Spatial variation of shear stress τ at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0
and width of the orifice is W /d = 15. The plots are averaged over approximately 5000 frames.
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centre. In the region above the orifice, the pressure is least due to shear-induced dilation

as observed in figure 4.10. However, P increases gradually as we go away from the orifice

in the vertical direction due to an increase in the number density of the particles and

thus the particles experience the load from the above particles. Similar behaviour has

been observed previously [38] for pressure fields near the orifice. The pressure is found

to be higher in the stagnant zone as compared to that of the flowing zone because of the

presence of strong force chains supported by the side walls as well as the bottom wall. As

Xdb increases, the strength of force chains is noticed to decrease leading to a decrease in

P. Figure 6.14 illustrate shear stress fields |τ| at different Xdb. At the centre of the silo,

as it is the flowing zone, interparticle shear stress |τ| is observed to be very less, which

is similar to that observed in the flowing zone of liquids. However, |τ| increases close

to the wall for all Xdb. In the region beside the orifice, |τ| is noticed to be very less due

to the presence of a stagnant zone. As Xdb increases, |τ| is noticed to decrease because

elongated particles hinder the movement of particles adjacent to them more effectively

than that of the discs.

4.3.1.2 Mean flow fields in the presence of an obstacle

An obstacle placed at a proper position above the orifice has been proved [24, 25] to

decrease the probability of clogging near the silo orifice. Zuriguel et al. [24] proposed that

a pressure decrease in the region above the orifice due to the presence of an obstacle is

the reason for the decrease in clogging probability. However, Endo et al.[39] proposed

that placing an obstacle results in less packing fraction in the region of arch formation

which causes a decrease in clogging probability. In both cases, it is evident that obstacle

can dramatically influence the flow dynamics inside a silo. In this subsection, we will

explain how the presence of an obstacle affects the mean flow fields of the mixtures. For

all cases, the orifice width is W /d = 12 and the obstacle of diameter Dobs/d = 24 is placed

with its centre at a height of hobs/d = 27 from the base of the silo. Figure 4.18 displays

the spatial distributions of area fraction φ at different fractions of dumbbells Xdb in

the presence of an obstacle. The obstacle impels those particles in its vicinity to detour

around it to reach the orifice. It results in a wake formation downstream to the obstacle

provided the particles are reaching the obstacle with high velocities as is the case in [40].

However, in our case, as velocities of the particles approaching the obstacle are less, the

wake region is not evident for Xdb ≤ 0.5. A small wake is observed for Xdb ≥ 0.75 despite
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Figure 4.18: Spatial variation of area fraction at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0
and width of the orifice is W /d = 12. The plots are averaged over approximately 5000 frames for a
silo with an obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27.
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0
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Figure 4.19: Spatial variation of rotational velocity Ω at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and
e) 1.0 is W/d = 12. The plots are averaged over approximately 5000 frames for a silo with an
obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27.
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0
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Figure 4.20: Spatial variation of fluctuations in rotational velocities Ω2
f l at Xdb = a) 0.0, b)

0.25, c) 0.5, d) 0.75 and e) 1.0 and width of the orifice is W/d = 12. The plots are averaged over
approximately 5000 frames for a silo with an obstacle of diameter Dobs/d = 24 placed at height
hobs/d = 27.

the low velocities of the particles because dumbbells can not move into the wake region

due to their longer side. For the case of Xdb = 1.0, a region of dark purple just below the

obstacle signifies the presence of wake. In the region above the orifice, φ is observed to

be small because of the presence of an obstacle in the flowing zone. Similar behaviour

was noticed in [39] for the case of a system of spherical particles in a two-dimensional

silo. The spatial distributions of the rotational velocities Ω are shown in figure 4.19.
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Figure 4.21: Spatial variation of velocities V at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0
and width of the orifice is W /d = 12. The plots are averaged over approximately 5000 frames for a
silo with an obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27.

In the bulk, Ω is almost negligible as the particles are closely packed. The areas of

light cyan around the obstacle are due to the particles rolling over the obstacle. In the

region above the orifice, the rotational velocities of the particles are significant due to

the availability of space to rotate. As Xdb increases, there is no significant variation in

Ω. Figure 4.20 shows spatial variations in the fluctuations of rotational velocity Ω2
f l .

In the region above the orifice, Ω2
f l decreases with an increase in Xdb similar to that

of the without obstacle case. The velocity fields at different Xdb are displayed in figure

4.21. The velocity V just above the obstacle is observed to be almost negligible, and it

increases gradually in the region beside the obstacle. The flowing zone expands in the

region beside the obstacle and covers almost the entire width of the silo as the particles

traverse around the obstacle. This leads to a smaller stagnant zone beside the orifice

as compared with that of the without obstacle case. In the region above the orifice, V is

maximum as compared with the other regions of the silo. However, V is observed to be

less as compared with that of the without obstacle case because of the hindrance to the

flow due to the presence of an obstacle. The spatial variations of granular temperature

Tg are shown in figure 4.22. In the region above the obstacle, Tg is negligible as the

particles are closely packed and their velocities are almost constant. Tg is significant

in the region below the obstacle because the particles detouring from either side of the

obstacle collide in this region and result in the fluctuations of the velocities. As Xdb

increases, Tg varies slightly. The obstacle has a significant effect on the pressure P fields

as shown in figure 4.23. The particles lying just above the obstacle experience a higher P

as compared to that of the other regions of the silo. This can be explained by the presence

of strong force chains supported by the obstacle as shown in figure 4.24. The zones of

dark blue below the obstacle and extending up to the base of the silo indicate that of a
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Figure 4.22: Spatial variation of granular temperature Tg at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75
and e) 1.0 and width of the orifice is W/d = 12. The plots are averaged over approximately 5000
frames for a silo with an obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27.

[a] [b] [c] [d] [e]

Figure 4.23: Spatial variation of pressure P at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0 and
width of the orifice is W /d = 12. The plots are averaged over approximately 5000 frames for a silo
with an obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27.

low P. This is due to the absence of a strong contact network of force chains in those

particles that are lying below the obstacle. The reduction of pressure in the region above

the orifice due to the presence of an obstacle is observed previously [24] in the system

of spherical particles. As Xdb increases, the magnitude of pressure decreases due to a

decrease in the strength of the force chains as seen in figure 4.24. The spatial variations

of shear stress at different Xdb are shown in figure 4.25. At upstream of the obstacle, a

large |τ| is noticed on either side of it due to detouring of particles around the obstacle.

Shear stress beside the obstacle is due to the flowing zone as observed in figure 4.21.

However, |τ| is almost negligible beside the orifice due to the presence of a stagnant

zone. The magnitude of |τ| decreases with an increase in Xdb because the addition of

dumbbells leads to the hindrance of flow as dumbbells can interlock with the adjacent

particles.
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[a] [b] [c] [d] [e]

Figure 4.24: Fore chains inside the silo at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0 in the
presence of an obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27. The width of the
orifice is W /d = 12.

[a] [b] [c] [d] [e]
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70

Figure 4.25: Spatial variation of shear stress τ at Xdb = a) 0.0, b) 0.25, c) 0.5, d) 0.75 and e) 1.0
and width of the orifice is W /d = 12. The plots are averaged over approximately 5000 frames for a
silo with an obstacle of diameter Dobs/d = 24 placed at height hobs/d = 27.

4.3.2 The flow of a mixture of discs and dumbbells in the

interrupted-flow regime

The results explained in the previous sections pertain to large orifice widths W/d ≥ 15

where a free flow of particles is mostly observed. However, if the silos are operated at less

W , the flow might get blocked due to the formation of self-stable structures at the orifice.

This phenomenon is commonly termed as clogging. In this section, flow characteristics

are investigated at narrow orifice widths W /d ≤ 10 where clogging of particles is mostly

noticed. We have considered four different orifice widths W/d ranging from 7 to 10.

At each W/d, four mixture concentrations (0.25≤ Xdb ≤ 1.0) are analysed. Figure 4.26

display clogged states of the system at different W/d where blue circles denote discs,

the red ones indicate dumbbells and black ones represent clogged particles. Figure 4.27

show flow rate Q, area fraction φ and granular temperature Tg with respect to orifice

width W/d at different Xdb. The trends are qualitatively similar to those observed in a

free flow regime. As Xdb increases, Q is observed to decrease at all W/d because non-

spherical particles present either in the flowing zone or in the stagnant zone provides

more resistance to the flow than the discs as non-spherical particles can interlock among
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[a] [b] [c] [d]

Figure 4.26: Representative arches of the clogged outlets for the fraction of dumbbells Xdb = a)
0.25, b) 0.5, c) 0.75 and d) 1.0. Here, blue circles correspond to discs, red ones to dumbbells and
black ones to clogged particles.

themselves. Area fraction φ slightly increases with W/d, whereas it decreases with an

increase in Xdb because an empty space formed within a structure of particles increases

with an increase in the number of dumbbells due to the longer side of the dumbbells.

This yields a poor tessellation of elongated particles. The particles in the region above

the orifice can rearrange more effectively when there is a large flowing zone. This is

the reason for a slightly larger φ in the free flow regime than that of the interrupted

flow regime. Granular temperature Tg increases gradually with W /d for all Xdb because

of an increase in the velocities of the colliding particles flowing from either side of the

orifice resulting in more velocity fluctuations. The variation of average avalanche size

< s > with W/d is displayed in figure 4.28. Avalanche size s is the number of particles

discharged out of a silo before the system gets clogged. We have computed < s > by

taking the average of a minimum of 100 avalanches s for each case. Average avalanche

size < s > increases gradually as a function of orifice width W/d for all Xdb. However,

< s > decreases with an increase in Xdb due to the geometrical interlocking of dumbbell

particles. One of the main factors which determine the clogging and the subsequent

unclogging due to external force is the stability of the arch. The stability of the arch

mainly depends on its geometry, which is hardly explored [26]. In the next section, arch

geometry is analysed.

4.3.2.1 Morphology of arches at the orifice

In this subsection, we will discuss the morphology of arches near the orifice by using

different parameters like the fraction of dumbbells X arch
db and the number of particles Nt

in the arch, width w, height h and perimeter p of the arch. During a clogging event, the

particles radially closest to the centre of the orifice are considered as particles belonging

to an arch. The horizontal distance between the centres of two arch particles each lying

on either side of the orifice on the silo base is the width of the arch w. The difference
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Figure 4.27: The variation in a) flow rate Q, b) area fraction φ and c) granular temperature Tg
as a function of orifice width W /d for various fractions of dumbbells Xdb. Here, d is the diameter
of each of the circles in a dumbbell.
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Figure 4.28: The variation in average avalanche size < s > with respect to orifice width W /d for
various fractions of dumbbells Xdb.
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in the y position of an arch particle with a maximum y value and the one lying on the

base is the height of arch h. The perimeter of the arch p is computed by calculating the

distance between centres of the adjacent particles in the arch and summing them up. The

value of each parameter is an average over a minimum of 100 clogged states. We have

shown the variation of the fraction of dumbbells X arch
db and the number of particles Nt

in an arch, the ratio of circular arc length to arch perimeter c/p in figure 4.29. Fraction

of dumbbells in the arch X arch
db is observed to be more than Xdb (black horizontal lines)

at all W/d and for all Xdb except for that of Xdb = 1.0. This indicates that elongated

particles play a major role in arch formation when a mixture of circular and elongated

particles are considered. The number of particles in an arch Nt increases gradually

with W/d. However, Nt is observed to increase even with an increase of Xdb. This can

be explained by the shear-induced alignment of dumbbells to the flow direction in the

flowing part as observed in the past [8] which results in more particles in an arch. The

deviation of arch shape from semicircle is analysed using c/p. Here, c is the length of the

arc that passes through the centres of two arch particles on the silo base and the arch

particle with the highest y and p denotes the perimeter of the arch. Figure 4.29c shows

that c/p is close to one for Xdb = 0.25 which indicates that the arch shape is close to a

semicircle. Similar behaviour was observed for the case of spherical particles (Xdb = 0.0)

in a two-dimensional silo, where Garcimartín et al. [26] found that the arch shape is

close to a semicircle. A semicircle arch is more stable due to an isotropic loading. As Xdb

increases, c/p is found to decrease suggesting a deviation from semicircle shape or the

presence of local concavities in the arch. Lozano et al. [27] found that local concavities in

an arch are the weakest portions in a system of spherical particles. However, if an arch

involves non-spherical particles, the local concavities might not be the weakest portions.

Determining the stability of the arch based on the arch shape in a system involving

non-spherical particles is still an unanswered question. Figure 4.30 displays width W /d,

height h/d and perimeter p/d of an arch as a function of orifice width W/d. As Xdb

increases, W/d is noticed to vary slightly. However, h/d and p/d of the arch increases

with Xdb at all W/d. This can be due to the coupled effect of an increase in the number

of arch particles with an increase in Xdb and the length of a longer side in the case of

dumbbells (2.0d) is more than that of a disc (1.414d).
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Figure 4.29: The variation in a) fraction of dumbbells in arch X arch
db , b) number of particles

in arch Nt and c) arc to perimeter ratio of the arch c/p as a function of orifice width. The
symbols represent same Xdb values as that of figure 4.28. The black horizontal lines represent
Xdb = 0.25,0.5,0.75 and 1.0 in the system.
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Figure 4.30: The variation in the a) width w, b) height h and c) perimeter p of the arches as
a function of orifice width W/d. The arch is formed by mutually stable clogged particles at the
outlet.
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4.4 Conclusion

In this work, we performed numerical simulations to study the heterogeneous mixtures

of dumbbells and discs flowing out of a silo. We have analysed the flow characteristics

for various fractions of dumbbells as well as at different orifice widths and found that

the flow rate of the mixture decreases with an increase in Xdb. This could be due to

the geometrical interlocking or hindrance to the rotation of dumbbells offered by the

surrounding particles. In the flowing zone of the silo, we found that the longer side

of the dumbbells is oriented along the flow even in the case of mixtures. Self-similar

velocity profiles with horizontal positions are observed for all mixture concentrations.

Mean flow fields are plotted for various parameters at different Xdb. We noticed that

as Xdb increases, there is a decrease in the area fraction in the region above the orifice.

Rotational velocity is observed to remain constant with a variation in Xdb whereas

fluctuations in rotational velocity decrease with an increase in Xdb in the region above

the orifice. The stagnant zone was found to expand beside the orifice where the particle

velocities are found to be almost negligible. The effect of the obstacle on mean flow fields

is also studied. The obstacle has a dramatic effect on the pressure and shear stress

flow fields where maximum pressure is observed upstream of the obstacle. This can be

attributed to the strong network of force chains supported by the obstacle. Along with

the free-flow regime at large orifice widths W/d ≥ 15, we studied the mixture flow at

small orifice widths W/d ≤ 10 where the system might get clogged after a certain time.

We analysed the arch geometry at different orifice widths and for various fractions of

dumbbells. The number of particles in an arch is found to increase with Xdb because

the elongated particles are mostly aligned to the flow direction in the region of the arch

formation. A parameter c/p is introduced which measures the deviation of arch structure

from semicircle shape (c/p = 1.0). As Xdb increases, c/p is found to decrease indicating

the presence of local concavities. In previous studies, local concavities were found to be

the weakest portions of an arch in the case of spherical systems. However, whether the

same definition works for an arch involving non-spherical particles hasn’t addressed yet.

The weakest location of an arch is ideally the particle that experiences the least stress,

however, determining it is a very tedious task. Moreover, evaluating the continuum

model with µ(I) rheology on a mixture of spherical and non-spherical particles could be

interesting work.
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5
GRANULAR MIXTURES DISCHARGING THROUGH A SILO

WITH ECCENTRIC ORIFICE LOCATION

5.1 Introduction.

The flow of an assembly of solid particles reminiscent of fluid flow can be witnessed

in the form of landslides or during unloading of sand from trucks in a construction

site or the flow of sand in an hourglass. In industries, the handling of solid raw

materials is involved mainly during production or storage. Understanding the flow of a

collection of solid particles or the rheology of granular particles is of great importance in

industries for effective plant operations and for producing desired products. The common

scenarios of granular particulate flow are the flow of particles on an inclined surface [1]

or particles discharging through an orifice of a silo [2] or hopper [3].

The flow of particles through an orifice entails interesting phenomena like ratholing,

clogging, pressure saturation etc, based on the material properties, the shape of the

particles and the silo geometry. During a silo discharge, two types of flow patterns [4] can

occur namely mass flow and funnel flow depending upon the inter-particle friction and

the shape of the particles. In mass flow, there is little difference in the velocities of the

particles that are flowing in the centre and those near the walls. Whereas, in a funnel

type flow, the flow is mainly concentrated in the central part of a silo with a significant

difference in the velocities of particles in the centre and those near the wall. An extreme
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situation of funnel type flow is rat-holing [5] where the flow occurs only in a small section

at the centre of the silo and in the other regions, the particles are completely stationary.

This type of flow has been witnessed in the systems of elongated particles with high

aspect ratios. Clogging phenomena [6, 7] or a sudden stoppage of the flow due to the

formation of a stable structure of particles that blocks the orifice is common in silo

flows involving small orifices. The average major dimension of the elongated particles

was found to align almost along the streamlines of the flow due to the shear-induced

orientation of the particles [8]. The pressure is found to get saturated at depths greater

than the width of the silos [9] as the load of the particles is partially taken by the side

walls through force chains and this is named as Janssen effect. The above-mentioned are

some of the phenomena observed during the flow of particles through a silo. Beverloo et al.

[10] proposed a model to compute flow rate for a system of spherical particles discharging

through a silo as Q = Cρb
p

g (W−kD)n− 1
2 . Here, Q is the flow rate, C is a constant whose

value depends on the material properties, ρb, g and W are bulk density, acceleration

due to gravity and orifice width. Moreover, k, D are dimensionless coefficient, particle

diameter and n = 2,3 corresponds to a two-dimensional and three-dimensional silo. In

recent decades, many models have been proposed for computing flow rate [2, 11–13] of

particles discharging through an orifice on the silo base depending on the particle shapes,

mixtures of particles or the range of orifice widths considered.

In silos, the orifice is usually placed at the centre of the base due to the practical

applications in industries. One of the unconventional orifice positionings in a silo is on

the sidewall which can be witnessed during an accidental leakage. In the silos with

lateral exits, wall thickness plays a significant role which is not the case in silos having

bottom apertures. With an increase in the wall thickness outflow capacity was found to

decrease in a cylindrical tube [14]. The flow rate dependence on the diameter/hydraulic

diameter of the orifice and the wall thickness has been experimentally investigated [15]

for an assembly of particles discharging through circular, rectangular and triangular

orifices on the vertical walls. Recently, Serrano et al. [16] proposed a correlation for

computing flow rate Q as a function of D and w of dry cohesionless particles discharging

through circular orifices of diameter D on a vertical wall of thickness w. Further, the

authors showed that Hagen-law (Q α D5/2) can be used for computing the flow rate of

particles discharging through orifices placed on very thin vertical walls. Zhou et al. [17]

performed experiments, discrete and continuous simulations and proposed an empirical

relation for computing flow rate based on the dimensions of the lateral orifice of a silo
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with thin walls. Moreover, clogging phenomena at lateral orifice for a variety of granular

materials was studied and the minimum orifice width where the continuous flow can be

expected was proposed by Davies and Desai [18].

Granular particles discharging through multiple orifices placed on the base of the

silo is another eccentricity in the silo flows apart from a lateral orifice. The usage of

multiple orifices is one of the practical industrial solutions for mitigating the clogging

of particles discharging through narrow orifices. Before the system gets clogged, the

average number of particles discharged from each of the two small orifices as compared

with a single orifice silo was found to increase by an order of magnitude [19] just by

varying the inter-orifice distance. The fluctuations due to an intermittent flow from an

orifice resulted in the resumption of the flow in another jammed orifice thus increasing

the time before the system gets clogged. In another study [20], the effect of inter-particle

friction has been investigated on the flow and jamming behaviour of the particles exiting

through multiple orifices. Correlations for the flow rate of the particles discharging out of

two orifices placed on the base considering various outlet sizes and inter-orifice distances

has been proposed by performing simulations [21] as well as experiments [22]. Fullard

et al.[23] noticed a non-monotonic dependence of flow rate on the inter-orifice distance.

The authors reported that inter-particle friction is the reason for this kind of behaviour.

Maiti et al. [24] studied the influence of inter-orifice distance between symmetrically as

well as asymmetrically placed orifices on the base. Further, they reported the existence

of a neutral axis between the two orifices which bifurcates the flow fields due to each

orifice inside a silo when the orifices are wide apart. Kamath et al.[25] studied mixing

characteristics in a silo having multiple orifices where it is noticed that an intermittent

flow through a narrow orifice due to its small size influences the mixing of particles

discharged.

In the silo problems involving either lateral orifice or multiple orifices, mostly the

systems were involving spherical particles or disc particles. However, understanding

the dynamics of mixtures involving non-spherical particles is more useful for practical

applications since in reality, the systems involve mixtures of particles varying in size

and shape. In this work, we studied the flow of a mixture of dumbbells and discs in two

eccentric silo flow situations. In the first case, we analyzed how the fraction of dumbbells

influence the dynamics of the particles flowing through a lateral orifice. Whereas in the

second case, we studied how the distance between the two orifices placed on the silo

base affects the flow dynamics. Moreover, we have presented time-averaged flow fields of
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100d
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W

x

y
R1

a)

Dd
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400d

R2

b)

W WL

Figure 5.1: a) Schematic representation of a silo with a) an orifice placed on the sidewall and b)
multiple orifices placed on the silo base. Here, the blue circles indicate discs and the red ones that
of dumbbells. We have taken the area of the disc same as that of the dumbbell. The diameter of
each circle of a dumbbell is d and the diameter of each disc is D =p

2 d. The orifice width is given
by W in both the images and L is the distance between two orifices. Few parameters in our work
are analysed in the regions R1 and R2. The region R1 has a length of 5

p
2 d in x direction and

W +2
p

2 d in y-direction and the region R2 has a length of W +2
p

2 d in x direction and 5
p

2 d in
y-direction. Please note that the orifice on the sidewall is placed at a height of 3.5d from the silo
base to avoid the effect of the base. Origin is located at the centre of silo base for both the cases.

various parameters in both cases which can be verified with the results obtained from the

continuum models using µ(I) rheology. The paper is organised in the following way: in

the next section, geometries of both the silos and the simulation technique are explained.

In Section 5.3.1, the results pertaining to the lateral orifice case are discussed and in

section 5.3.2, the results obtained for the multiple orifice case are elucidated. Finally,

in section 5.4, our important findings are summarized.

5.2 Simulation Methodology

We used the discrete element method (DEM) [26] to study the influence of the orifice

location and the fraction of dumbbells on the dynamics of granular mixtures. Figure

5.1 shows the schematic representation of two-dimensional silos differing in orifice

positioning. In the first case, a single orifice is placed on the sidewall whereas, in the

other one, two orifices are placed on the silo base. In both cases, mixtures of discs and

dumbbells (two circles are fused to form a rigid body) are analysed. The area of each
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Table 5.1: The constants used in our numerical simulations

Simulation parameters Values
Kn 2.00×106ρdg
K t 2.45×106ρdg
γn 1000

√
g/d3

γt 1000
√

g/d3

µ 0.5
timestep 10−4√

d/g

disc is taken the same as that of a dumbbell. Thus, the diameter of the disc is D =p
2 d,

where d is the diameter of a single circle of a dumbbell. In figure 5.1a case, N = 15000

particles are placed at arbitrary locations with random orientations inside a silo confined

by the walls at x =±50d and y = 0. We ensured that there are no overlaps among the

particles. A gravity of magnitude g is applied in the negative y direction. Consequently,

the particles got settled (KE ≈ 0.0) and the bed height was found to be close to 270d. At

time t = 0, an orifice of width W is placed on the sidewall so that particles can discharge

out of the silo. Please note that the orifice is placed on the right side wall of the silo and

at a height of 3.5d to lessen the effect of the silo base on the flow dynamics. Periodic

boundary conditions (PBC) were applied in y direction and the particles discharging

out of the silo were placed on top of the granular bed at random positions with reduced

velocities. In our work, few parameters are analysed in the region R1 which is just beside

the orifice and having a length of 5
p

2 d in x-direction and W +2
p

2 d in y-direction. In

figure 5.1b case, the silo is confined by the walls at x =±75d and y= 0 and it consists of

N = 33750 particles with a bed height close to 400d. The same procedure is employed for

creating the initial configurations of both silos. At time t = 0, two orifices on the silo base

separated by a distance of L and each of width W were opened and PBC was applied

in the y direction. A few parameters are calculated in the region R2 which is having a

length of W +2
p

2 d in the x direction and 5
p

2 d in y direction and is located just above

one of the orifices.

One of the main advantages of the DEM technique is it stores individual data of

each particle which helps in understanding particle level dynamics. In this technique,

positions and velocities of each particle are updated at regular intervals by integrating

equations of motion using the velocity Verlet algorithm. In the equations of motion,

gravitational and contact forces are the only forces that are considered. The normal

and tangential components Fn
i j, F t

i j of contact forces on a particle i due to particle j is
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computed by using contact force model [27] as

Fn
i j =

√
Reffδi j (Knδi j r̂ i j −meffγnvn

i j)

F t
i j =−min

(√
Reffδi j (K t∆si j +meffγtvt

i j),µFn
i j

)
Here, Reff =

√
RiR j

Ri+R j
and meff =

√ mim j
mi+m j

are the effective radius and effective mass

of the particles i, j in contact where Ri,R j are radii and mi,m j are masses of respective

particles. The overlap δi j = Ri +R j −|Ri j| must be non-negative for two particles to be in

contact. Here, |Ri j| is the distance between the centres of two particles. The subscripts

or superscripts consisting of n, t represents the normal or tangential components of the

respective parameters. The elastic constant and damping coefficient are denoted by K

and γ and r̂ i j is the unit vector in the direction of line joining the centres of two particles.

Moreover, vi j is the relative velocity, ∆si j is the tangential displacement vector and

µ is the coefficient of friction. The values of various constants used in our numerical

simulations are shown in Table 5.1. The positions and velocities of dumbbells are the

centres of mass and centre of mass velocities. The force on each dumbbell is computed

by adding the forces on both the circles of a dumbbell. The torques on each dumbbell

are calculated in the same way as that of the forces. The force acting on each circle

of a dumbbell due to the other circle of the same dumbbell is ignored. All simulations

were performed using LAMMPS [28] package and the progress of the simulations were

visualized using OVITO [29] package.

5.3 Results and Discussion

In this section, we will explain the results obtained for a mixture of discs and dumbbells

flowing out of a two-dimensional silo. This section consists of two subsections. In Section.

5.3.1, we elucidated the effect of fraction of dumbbells on the dynamics of particles flowing

through a lateral orifice and in Section. 5.3.2, we explained how the flow dynamics is

influenced by the spacing between the orifices placed on the silo base. In this regard,

the flow is characterized by parameters like mass flow rate Q, area fraction φ, granular

temperature Tg etc. In this paper, wherever we use the term flow rate it means mass flow

rate. The flow rate is calculated by using the least-square fitting method on the total mass

of particles discharged versus time data. Area fraction is the ratio of the area occupied
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Figure 5.2: a) Flow rate Q as a function of the fraction of dumbbells Xdb. b) Flow rate normalised
by (W /d)1.5+Xdb/2 with respect to Xdb and c) Flow rate normalised by 1−0.65× Xdb as a function
of various widths W /d of an orifice placed on the sidewall. Here, “d" corresponds to the diameter
of each of the circles of a dumbbell.

by the particles in a region of interest and the area of the region. Granular temperature

Tg, a measurement of velocity fluctuations of particles [30, 31], in a region of interest is

computed as Tg = 1
3〈m{(vx−< vx >)2 + (vy−< vy >)2}+ I(Ωz−<Ωz >)2〉. Here, m is mass

of a particle, vx and vy are instantaneous velocities in x and y directions respectively.

Moreover, I is the moment of inertia, Ωz is the rotational velocity in z direction and < .>
corresponds to a spatio-temporal average over a specified region of interest.

5.3.1 Lateral orifice

In this subsection, we explained how the fraction of dumbbells influences the flow

dynamics while particles are flowing out of an orifice placed on the sidewall of a silo. In

this regard, the particulate flow is analysed for five different fractions of dumbbells Xdb

ranging from 0.0 to 1.0. Moreover, five different widths of the orifice positioned on the

sidewall ranging from W/d = 25 to 45 are considered. Flow rate is observed to decrease

with an increase in the fraction of dumbbells at all orifice widths (figure 5.2a). This is due

to an increase in the dynamic friction (µ = shear stress/pressure) in the region beside the

orifice R1 with an increase in the fraction of dumbbells Xdb as shown in figure 5.3a. The

increase in the geometrical interlocking among the particles with an increase of Xdb or

the addition of dumbbells might be the reason behind an increase in µ. The shear stress
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Figure 5.3: Dynamic friction µ with respect to the fraction of dumbbells Xdb in the region R1
beside the lateral orifice having a width W /d = 25.

and pressure are obtained from the time-average flow fields which are explained in detail

in the next section. Lattanzi and Stickel [3] found an increase in the flow rate with an

increase in the number of rods in a rod-sphere mixture discharging through an orifice in

the silo base. Beverloo’s law [10] states that the mass flow rate scales with (W−kd)5/2 for

a system of spherical particles flowing out of a three-dimensional silo, where W ,k,d are

orifice width, shape coefficient and diameter of the disc. For a two-dimensional case, it

can be derived as (W−kd)3/2 and k was found to be 1 for spherical or disc particles. In our

case which involves a mixture of dumbbells and discs, we tried to find some scaling for

orifice width so that all the data collapse. Beverloo’s law was fitting reasonably well only

when Xdb = 0.0 which involves only discs. So, we tried with a modified Beverloo’s law to

collapse the data. The flow rate is found to scale with orifice width as (W /d)1.5+Xdb/2 and

with the fraction of dumbbells as 1/(1.43+17× X2
db) as shown in figure 5.2b.

Area fraction and granular temperature are analysed in the region R1 which lies

just beside the orifice as shown in figure 5.1a. With an increase in the fraction of

dumbbells, the voids formed among the particles increases resulting in a decrease in

the area fraction (figure 5.3b). Recently, Lattanzi and Stickel [3] noticed a similar result

where the packing fraction was found to decrease with an increase in the fraction of

rod-like particles of a spherical-rod mixture flowing through the silo base. Granular

temperature is found to decrease with an increase in Xdb as shown in figure 5.3c due

to a decrease in the velocity fluctuations of the particles in the region R1. This can be
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Figure 5.4: a) Normalized horizontal Vx/Vxmax and b) normalized vertical Vy/Vymax velocities as a
function of normalized vertical positions y/W where, W is orifice width on the sidewall of the silo.
c) Maximum velocity Vmax at different orifice widths W /d and for various fractions of dumbbells
Xdb.

explained by a decrease in the velocities and collisions of the particles with an increase

in Xdb due to geometrical interlocking among the particles. Self-similar velocity profiles

are noticed when normalized horizontal and normalized vertical velocities are plotted

against normalized vertical position (figure 5.4a, 5.4b). Zhou et al. [32] noticed self-similar

velocity profiles for a system of bidisperse spherical particles discharging out of an orifice

placed on the silo base. Moreover, Janda et al. [33] reported self-similar velocity profiles

in a system of monodispersed spherical beads discharging out of a two-dimensional

silo from an aperture on a silo base. The stagnant zone or a set of almost stationary

particles that are present below the lateral orifice [17] hinders the free-flow of particles.

Moreover, with an increase in the fraction of dumbbells, the stagnant zone offers more

resistance to the flow resulting in a decrease in the flowing zone (Please refer to the

supplementary information†). This yields in a decrease in the maximum velocity Vmax

(figure 5.4c) in the region beside the orifice (R1) with an increase in Xdb. This result

complements a decrease in the flow rate of particles with an increase of Xdb (figure

5.2a). We computed the orientational order parameter to check whether the particles are

aligned in a particular direction at three different regions. The first region is beside the

orifice (35< x < 45 and 10< y<W −5), the second one is slightly away from the orifice

(15 < x < 25 and W −5 < y < W +5) and the third one is taken in the bulk (5 < x < 15
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and 60< y< 70). The orientational order parameter S is computed as S = 2< cos2θ >−1

where θ is the difference of the orientation of the dumbbell and the director vector which

indicates the flow direction. The orientational order parameter is noticed to decrease

with an increase in the fraction of dumbbells in the region close to the orifice (figure 5.5a).

A disordered packing of elongated particles result in more voids and consequently lower

area fraction. In our case, this decrease in the area fraction might be another reason for

a decrease in the flow rate with an increase in the fraction of dumbbells. In the bulk, as

the particles are closely packed, the orientational order parameter is found to increase

with an increase in the fraction of dumbbells (figure 5.5c). However, in the intermediate

region, the ordering of particles is almost unaffected by the fraction of dumbbells. To

explore the flow dynamics at various lateral orifice widths W /d we have analysed spatial

flow fields of various parameters by using the coarse-graining method [34, 35] in the

next subsection.
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Figure 5.5: Orientational order parameter as a function of the fraction of dumbbells in the
region a) 35 < x < 45 and 10 < y < W −5, b) 15 < x < 25 and W −5 < y < W +5, c) 5 < x < 15 and
60< y< 70 at different orifice widths.

5.3.1.1 Flow fields at various lateral orifice widths W /d

We have generated continuous macroscopic flow fields by using discrete microscopic

data like positions, velocities etc,. of the individual particles. Here we employeed coarse-

graining technique as suggested by [35] for a two-dimensional silo. The area fraction φ(t),

rotational velocity Ω(t), fluctuations in rotational velocity Ω f l(t), velocity v(t), granular
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temperature Tg(t), stress tensor σi j(t) and pressure P(t) at any point of time t and at

any position p having a position vector rp is computed as follows:

φ(t)=
[

n∑
i=1

ρπd2
i

4
W (rp − r i(t))

]
/ρ (5.1)

Ω(t)=
[

n∑
i=1

ρπd2
i

4
ΩziW (rp − r i(t))

]
/ρφ (5.2)

Ω f l(t)=
[

n∑
i=1

ρπd2
i

4
(Ωzi −Ω)2W (rp − r i(t))

]
/ρφ (5.3)

v(t)=
[

n∑
i=1

ρπd2
i

4
viW (rp − r i(t))

]
/ρφ (5.4)

Tg(t)=
∑n

i=1
ρπd2

i
4 |vi −v|2W (rp − r i(t))

2ρφ
(5.5)

σi j(t)=
n∑

i=1

n∑
j=i+1

(F i j × r i j)
∫ 1

s=0
W (rp − r i(t)+ sr i j)ds (5.6)

P(t)= −tr(σi j(t))
2

(5.7)

W (r)= 1
πw2 e−r2/w2

(5.8)

Here, ρ, di and r i are density, diameter and position vector of the ith particle and

W (r) is the coarse-graining function which weighs the parameters over space from

discrete data with w = 1.414. The parameters are evaluated only when |rp − r i| < 3w.

Moreover, φ, Ω, Ω f l , v, Tg, σi j and P are the time-averaged quantities of the respective

parameters. All the flow fields demonstrated in this subsection are averaged over 2500

frames and they corresponds to the region: −38.5≤ x ≤ 48.5 and 1.5≤ y≤ 148.5. For each

parameter we have produced five flow fields each corresponding to a different lateral

orifice width W/d ranging from 25 to 45. The fraction of dumbbells is Xdb = 0.5 for all

the flow fields demonstrated in this subsection.

Area fraction φ is found to vary slightly with an increase in the width W of the

lateral orifice (figure 5.6). The area fraction is least in the region beside the orifice due

to shear-induced dilation [36]. Moreover, with an increase of W , the region of dilation is
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[a] [b] [c] [d] [e] 0.7

0.9

Figure 5.6: Spatial distribution of area fraction φ at an orifice width W /d = a) 25, b) 30, c) 35, d)
40 and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.

[a] [b] [c] [d] [e] 0

0.3

Figure 5.7: Spatial distribution of rotational velocity Ω at an orifice width W /d = a) 25, b) 30, c)
35, d) 40 and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.

[a] [b] [c] [d] [e] 0

2

Figure 5.8: Spatial distribution of fluctuations in rotational velocity Ω f l at an orifice width W /d
= a) 25, b) 30, c) 35, d) 40 and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.

[a] [b] [c] [d] [e]
0

6

Figure 5.9: Spatial distribution of velocity V at an orifice width W/d = a) 25, b) 30, c) 35, d) 40
and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.
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noticed to increase. In the bulk as well as in the left side corner of the silo, φ is noticed to

be slightly less than that of the random close packing (0.84) at all W . Figure 5.7 displays

the spatial distribution of rotational velocity Ω at various lateral orifice widths. The

flowing solid particles tend to rotate while crossing the edges [37], thus Ω is found to

be maximum at both edges of the orifice for all the cases. In the bulk, as the particles

are closely packed they hardly rotate resulting in a negligible Ω. However, in the region

beside the orifice, the particles are loosely packed (figure 5.6) thus the particle collisions

might yield in their rotations. Moreover, the particle collisions result in the fluctuations

of rotational velocities Ω f l in the region beside the orifice as seen in figure 5.8. This

region is noticed to expand with the lateral orifice width due to an increase in the flowing

zone of the particles. Figure 5.9 displays velocity V fields at various lateral orifice widths

W. A stagnant zone is observed at the left side of the silo as well as on the base where

velocity is found to be almost zero. This zone is found to vary slightly with an increase in

the lateral orifice width. The stagnant zone hinders the movement of particles flowing

adjacent to it. Thus velocity is found to increase as one moves away from it. Moreover,

the flowing zone reaches the left wall at a certain height due to the presence of the

stagnant zone. The presence of stagnant zone on the entire silo base as well as until a

certain height of the left side wall was observed previously [17] though in their study

they presented velocity fields at various widths of the silo. As particle velocities are

almost constant in the bulk, granular temperature Tg or fluctuations in velocities are

found to be almost negligible (figure 5.10) in the bulk. However, in the region beside

the orifice, Tg is present due to two types of particle collisions. The first one is between

the particles of the flowing zone and those present above the orifice. The other type

is between the particles in the flowing zone and those present in the stagnant zone.

Moreover, Tg is found to increase with an increase in W /d in the region beside the orifice

due to an increase in the velocity fluctuations. This can be explained by an increase in

the particle collisions as well as particle velocities (figure 5.9) due to an increase in the

orifice width.

Pressure P flow fields are illustrated in figure 5.11. In granular media, force is

transmitted through a network of contacts namely force chains [38]. In the region beside

the orifice, the pressure is noticed to be least due to a low area fraction as seen in figure

5.6. With an increase in the orifice width, pressure varies slightly in the region beside

the orifice. Towards the left side of the silo, the pressure is maximum due to the presence

of a stagnant zone and the force exerted by the particles above it which corresponds to
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[a] [b] [c] [d] [e] 0

1.2

Figure 5.10: Spatial distribution of granular temperature Tg at an orifice width W /d = a) 25, b)
30, c) 35, d) 40 and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.

[a] [b] [c] [d] [e]
0

200

Figure 5.11: Spatial distribution of pressure P at an orifice width W /d = a) 25, b) 30, c) 35, d) 40
and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.

[a] [b] [c] [d] [e] 0

70

Figure 5.12: Spatial distribution of shear stress |τ| at an orifice width W/d = a) 25, b) 30, c) 35,
d) 40 and e) 45 on the sidewall with fraction of dumbbells Xdb=0.5.

the flowing zone. Figure 5.12 displays the shear stress |τ| and it is least in the region

beside the orifice as it is flowing zone. |τ| is observed to be maximum for all the cases at

the left side of the silo as it is the region that lies between the wall and the flowing zone.

This kind of behaviour is similar to that observed in the liquids. Moreover, as there is

hardly any flow in the region above the base of the silo, shear stress is the least in this

region.
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Figure 5.13: a) Normalized flow rate Q/Q0 as a function of inter-orifice distances L/d at different
fraction of dumbbells Xdb and b) scaling of flow rate with inter-orifice distance L/d. Here, the
width of each of the two orifices is W /d = 20 and Q0 is the flow rate at L/d = 0.

5.3.2 Two orifices on a silo base

In this subsection, we are going to elucidate how the flow dynamics of a mixture of

discs and dumbbells is affected by the separation distance between the two orifices that

are placed on the silo base. In this regard, we have analysed the flow at six different

separation lengths L/d ranging from 0 to 40 between the two orifices each of width

W/d = 20. Moreover, we have considered five different fractions of dumbbells Xdb from

0.0 to 1.0. When granular particles are discharging through an orifice on a flat bottomed

silo base, a stagnant zone is present on either side of the orifice [36]. The stagnant zone

usually hinders the movement of particles flowing adjacent to it. In the case of a silo

with multiple orifices, an additional stagnant zone is present in between the orifices

[21] along with the one that exists beside the sidewalls. As the distance between the

orifices increases, the stagnant zone formed between them expands and the hindrance

to the flow increases thus decreasing the flow rate Q. This is shown in figure 5.13a,

where Q/Q0 decreases with L/d for all fractions of dumbbells Xdb until L/d = 20 and

then it gets saturated. Here, Q is the flowrate of particles exiting through both the

orifices and Q0 represents flow rate when the inter-orifice distance is zero. Zhang et al.

[21] reported a similar result to that of ours where they noticed a gradual decrease

followed by saturation in Q with an increase in the inter-orifice distance for a system

of spherical particles. We observed a decrease in the flow rate with an increase in the
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Figure 5.14: a) Area fraction φ and b) granular temperature Tg at different spacings L/d between
the two orifices, each of width W /d = 20.
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Figure 5.15: Vertical velocity Vy as a function of horizontal position x at various spacings L
between the two orifices, each of width W /d = 20.

fraction of dumbbells Xdb, similar to the result observed in figure 5.2a. The flow rates

corresponding to different inter-orifice distances for various fractions of dumbbells are

collapsed into a single curve. The flow rate Q scales with the inter-orifice distance L/d as

Q ∝Q0 × e−0.1(1+Xdb)(L/d)0.1
and with the fraction of dumbbells as Q ∝ 1

0.86+0.73Xdb
(figure

5.13 b).

Area fraction and granular temperature are computed in the region R2 lying just

above one of the orifices as shown in the figure 5.1b. Area fraction φ is found to vary
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[a] [b] [c] [d] [e] [f] 0.6

0.9

Figure 5.16: Spatial distribution of area fraction φ at different spacings L/d = a) 0.0, b) 2.5, c) 5,
d) 10, e) 20 and f) 40 between the orifices, each of width W/d = 20, placed on the silo base. The
fraction of dumbbells for all the cases is Xdb = 0.5.

slightly with the inter-orifice distance L/d however it decreases with an increase in Xdb

(figure 5.14). Moreover, φ, in this case, is less as compared to that of the lateral orifice

case because the particles lying above the lateral orifice flow into the region beside the

orifice due to gravity and thus results in higher φ. Granular temperature Tg is found to

increase with an increase in L/d for a system of discs Xdb = 0.0 and it decreases with

an increase in L/d for that of dumbbells Xdb = 1.0. For the mixtures of dumbbells and

discs, Tg is noticed to remain almost constant. Moreover, Tg is noticed to decrease with

an increase in Xdb at all L/d. With the addition of dumbbells, velocity fluctuations in the

region above the orifice decrease due to a decrease in the particle collisions and particle

velocities as dumbbells have more affinity to interlock due to their geometry. Figure

5.15 displays the vertical velocity profiles as a function of horizontal position. At a lower

inter-orifice distance L/d ≤ 10, the flow through an orifice is found to influence the flow of

particles through another orifice. This interaction zone between the orifices is responsible

for a significant difference in the magnitude of the particle velocities at L/d = 2.5 and

L/d = 20 in the region above the orifice. The interaction zone is noticed to be almost

absent at L/d ≥ 20. As the distance between the orifices increases, the velocities of the

particles lying between the two orifices decreases due to an increase in the stagnant

zone. The silo flows are usually characterised by the spatio-temporal heterogeneities [39].

However, the two orifices are observed to have almost similar velocity profiles because Vy

is averaged over a certain time. The maximum vertical velocity of the particles is noticed

to decrease with an increase in L/d supporting the result of a decrease in the flow rate

with L/d in figure 5.14a.

5.3.2.1 Flow fields at various L/d

We employed the coarse-graining technique as explained in section 5.3.1.1 to comprehend

the influence of the separation distance between the two orifices on the flow dynamics.
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[a] [b] [c] [d] [e] [f] 0

0.5

Figure 5.17: Spatial distribution of rotational velocity Ω at different spacings L/d = a) 0.0, b)
2.5, c) 5, d) 10, e) 20 and f) 40 between the orifices, each of width W/d = 20, placed on the silo
base. The fraction of dumbbells for all the cases is Xdb = 0.5.

[a] [b] [c] [d] [e] [f] 0

4

Figure 5.18: Spatial distribution of fluctuations in rotational velocity Ω f l at different spacings
L/d = a) 0.0, b) 2.5, c) 5, d) 10, e) 20 and f) 40 between the orifices, each of width W /d = 20, placed
on the silo base. The fraction of dumbbells for all the cases is Xdb = 0.5.

[a] [b] [c] [d] [e] [f] 0

6

Figure 5.19: Spatial distribution of velocity V at different spacings L/d = a) 0.0, b) 2.5, c) 5, d) 10,
e) 20 and f) 40 between the orifices, each of width W /d = 20, placed on the silo base. The fraction
of dumbbells for all the cases is Xdb = 0.5.

Here, we demonstrated flow fields of area fraction φ, rotational velocity Ω, fluctuations

in rotational velocity Ω f l , velocity V , granular temperature Tg, pressure P and shear

stress |τ|. Each parameter is plotted at six different separation distances L/d ranging

from 0.0 to 40.0 in the region: −68.5 ≤ x ≤ 68.5 and 1.5 ≤ y ≤ 148.5. All the flow fields

correspond to the fraction of dumbbells Xdb = 0.5 and the width of each of the orifice

is W/d = 20. The variation in L/d has little effect on φ in the bulk (figure 5.16) as the

fraction of dumbbells is the same for all the cases. In the region above the orifice due to

shear-induced dilation, the area fraction is noticed to be less. With an increase in L/d, the

[a] [b] [c] [d] [e] [f] 0

2.25

Figure 5.20: Spatial distribution of granular temperature Tg at different spacings L/d = a) 0.0,
b) 2.5, c) 5, d) 10, e) 20 and f) 40 between the orifices, each of width W/d = 20, placed on the silo
base. The fraction of dumbbells for all the cases is Xdb = 0.5.
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[a] [b] [c] [d] [e] [f] 0

300

Figure 5.21: Spatial distribution of pressure P at different spacings L/d = a) 0.0, b) 2.5, c) 5,
d) 10, e) 20 and f) 40 between the orifices, each of width W/d = 20, placed on the silo base. The
fraction of dumbbells for all the cases is Xdb = 0.5.

[a] [b] [c] [d] [e] [f] 0

120

Figure 5.22: Spatial distribution of shear stress |τ| at different spacings L/d = a) 0.0, b) 2.5, c) 5,
d) 10, e) 20 and f) 40 between the orifices, each of width W/d = 20, placed on the silo base. The
fraction of dumbbells for all the cases is Xdb = 0.5.

region of dilation decreases gradually and for L/d ≥ 10, it is confined to small regions just

above the orifices. Rotational velocity Ω is almost negligible in the bulk as the particle

rotations are not possible because the particles are closely packed. As L/d increases, Ω

is present on either side of the two orifices. Until L/d = 10, rotational velocity varied

slightly from that of a single big orifice case (L/d = 0), however, at L/d > 10, the Ω at

each orifice is found to be independent of the other orifice. Fluctuations in rotational

velocity are almost negligible in the bulk (figure 5.18) as the rotational velocity is almost

constant in the bulk as observed in figure 5.17. In the region above the orifice, Ω f l is

found to be less at inter-orifice distance L/d = 0 and L/d ≥ 20. However, Ω f l is found to

be more in the region between the two orifices for 2.5≤ L/d ≤ 10 as the particles present

in between the orifices tends to discharge through either of the orifices.

Velocity fields of a mixture of discs and dumbbells at various inter-orifice distance

L/d are displayed in figure 5.19. In the bulk, the velocities V of the particles are almost

constant and V is found to decrease with an increase in L/d. The orifices are found to

interact until L/d = 20 and then for L/d = 40, they cease to interact as they are wide

apart. Qualitatively similar behaviour has been noticed in [21] while spherical beads are

discharging through two orifices placed on the base of a flat-bottomed quasi-2D hopper.

The stagnant zone is found to expand between the orifices from L/d ≥ 10 forming an

upward-pointed triangle due to the availability of a flat base. However, for L/d < 10,

the stagnant zone is almost negligible as the base is so small that hardly two or three

particles can stay on the base which would be discharged from either of the orifices. As
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the stagnant zone hinders the flow, consequently velocity is found to decrease with an

increase in L/d due to the expansion of the stagnant zone. Granular temperature Tg is

found to be almost negligible in the bulk(figure 5.20) as the velocity is almost constant.

However, Tg decreases with an increase in the inter-orifice distance L/d in the region

above the orifice due to a decrease in the collisions resulting from a decrease in the

particle velocities as noticed in figure 5.19. Pressure fields are illustrated in the figure

5.21 where the orifices are found to interact until L/d = 10 in the region above the orifice

as if there is a single orifice. However, at L/d = 20, a weak interaction is noticed and

at L/d = 40, it is completely absent as the orifices are wide apart. The pressure is more

near the walls as compared to the bulk because the force chains are usually stronger

near the walls as they can be supported by the walls. The pressure is found to be least

in the region above the orifices due to dilation as noticed in figure 5.16. Moreover, due

to the expansion of the stagnant zone as observed in figure 5.19, the pressure is found

to increase in the region between the two orifices as the load from the particles flowing

above is supported by the base wall between the two orifices. Shear stress seems to be

almost independent of inter-orifice distance L/d in the bulk as shown in the figure 5.22

except at very large L/d. The areas of deep blue with the least |τ| in the bulk correspond

to the flowing zone. Moreover, shear stress is noticed to be maximum near the walls, a

behaviour reminiscent in the fluid flow. The stagnant zone developed at the centre of the

silo base at L/d ≥ 10 hinders the movement of particles discharging through each of the

orifices thus resulting in higher shear stress. Figure 5.22 displays an increase in shear

stress with an increase in the inter-orifice distance in the region between the orifices and

the stagnant zone at the centre of the silo base due to an expansion of the stagnant zone

as observed in the figure 5.19.

5.4 Conclusion

In this work, we studied the mixture of dumbbells and discs in a silo for two different

situations: the first one is the flow through an orifice placed on the sidewall and the other

one is flow through multiple orifices on a silo base.
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5.4.1 Lateral orifice

Here, we studied the effect of the fraction of dumbbells on the mixture of dumbbells and

discs flowing through an orifice placed on the sidewall. Flow rate is found to decrease with

an increase in the fraction of dumbbells. This can be due to an increase in the dynamic

friction with an increase in Xdb resulting from the interlocking of the dumbbells. At

any fraction of dumbbells, flow rate Q is found to scale with (W/d)1.5+Xdb/2 where W/d

is the width of the lateral orifice. This is a modified Beverloo’s law which includes not

only orifice width but also the fraction of dumbbells. Moreover, at any orifice width, the

flow rate is observed to scale with 1−0.65× Xdb. The ordering of dumbbells is found

to decrease with an increase in the fraction of dumbbells near the lateral orifice. This

results in a decrease in the area fraction and consequently a decrease in the flow rate.

Moreover, the maximum velocity Vmax is found to decrease with an increase in the

fraction of dumbbells in the region beside the orifice thus complimenting the flow rate

trends. The area fraction in the region beside the lateral orifice is found to be more

as compared to the region above the orifice placed on a silo base as the particles lying

above the lateral orifice slides into the region beside the orifice. Self-similar profiles

of horizontal and vertical velocities are observed in the region beside the orifice for a

mixture of dumbbells and discs. The pressure is noticed to be more towards the left side

wall and least in the region beside the orifice. Shear stress is maximum in the region

close to the left side wall as it lies between the wall and the flowing zone.

5.4.2 Multiple orifices on the silo base

Here, we analysed how the distance between the two orifices placed on the silo base

influences the rheology of a mixture of dumbbells and discs. The flow rate Q is found to

be maximum when the inter-orifice distance L/d is zero for all mixture concentrations.

It decreases gradually with an increase in the inter-orifice distance and gets saturated

when the distance between the two orifices is very large. Time-averaged velocity fields

revealed an increase in the stagnant zone present in between the two orifices. The

hindrance offered by this stagnant zone along with the one present besides the side walls

might be the reason for a decrease in Q with an increase in L/d. The two orifices were

found to interact until L/d = 20 and then they cease to interact for larger inter-orifice

spacing. Inter-orifice distance has little effect on the area fraction. In the region above

the orifices, shear stress is found to increase with an increase in the inter-orifice spacing
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due to an expansion of the stagnant zone between the orifices.
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6
CLOGGING PHENOMENA IN A SYSTEM OF ASYMMETRIC

DUMBBELLS

6.1 Introduction

A narrow road gets jammed when more automobiles simultaneously try to enter

or exit through it. The entrance of any theatre or stadium gets blocked when

a large crowd of enthusiasts wish to pass through it. Similarly, the flow of solid

raw materials into a processing unit might get clogged if the outlet is slightly larger than

the average size of the raw materials. Clogging is one of the major issues in industries as

it halts processing. It is associated with the formation of an arch in a two-dimensional

silo or a dome shape in a three-dimensional silo respectively. The clogged particles are

mutually stabilized and can hold the weight of the entire bed. The clogged systems

were termed as fragile matter by Cates et al. [1] as the entire bed collapses when the

small external stress is applied on the arch particles at a particular point. The clogging

phenomena can be quantified by using either clogging probability or avalanche size.

Avalanche size is the number of particles discharged before the system gets clogged or

the number of particles discharged between two consecutive clogged instances.

In a system of spherical particles, the ratio of orifice width and diameter of the particle

is the prime factor that influences the clogging. When this ratio is beyond 5, the chances

of clogging were found to be very less in a two-dimensional silo consisting of spherical
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particles [2]. In a spherical particulate system, the aspect ratio (arch height/half of the

orifice width) of the arch formed at the orifice in a clogged system was found to be 1.0 [3].

To and Lai [4] noticed that the clogged arch is convex in shape at all particle positions

of an arch. However, Garcimartín et al [3] observed that some clogged particles might

make an angle of more than 180o with their two adjacent clogged particles and these

are termed as defects. In another work [5], the maximum angle made by any clogged

particle with its two adjacent particles was found to be the weakest portions of an arch.

[6] noticed that the average normal force experienced by the particles in the arch is

significantly larger than that of the surrounding particles. The authors further reported

that the magnitude of the normal force on an arch particle strongly depends on the angle

subtended by its centre with the contact points of the two neighbouring arch particles.

Moreover, when this angle is more than 180o, with an increase in the angle normal

force was noticed to decrease whereas the tangential force was found to increase. The

behaviour was vice versa when the angle is less than 180o. Thomas and Durain [7]

studied how the angle made by the hopper base with horizontal and the size of the

aperture influences the clogging in a hopper. The authors reported that the chances

of clogging increases with an increase in the tilt angle. Pournin eta l. [8] studied the

influence of friction and polydispersity of spherical beads on the jamming behaviour. [9]

reported that the clogging probability does not depend on the material properties but it

depends on the shape of the particles.

Unlike spherical systems, in a system of non-spherical particles, along with the size

ratio of orifice and particle, their orientation also plays a prominent role regarding

clogging phenomena. The orifice width beyond which the chances of clogging is very

less in a system of dumbbells (aspect ratio is 2) was found to be more than twice that

of the one with spherical (aspect ratio is 1) particles [10]. The authors attributed the

orientation of the particles as well as the geometrical interlocking among the particles

to this behaviour. Parisi et al. [11] studied a system of self-propelled sphero cylindrical

particles propelling with the desired orientation. The flow rate was found to be more

when the small axis of the particles is oriented in the flow direction than that of the

case where the large axis of particles is oriented in the flowing direction. The authors

explained that the particles in the latter case are more prone to clogging than that in

the former case. The importance of orientation in the case of non-spherical particles was

reiterated in another work where the alignment of the elliptical particles was noticed to

88

TH-2423_146107034



6.1. INTRODUCTION

enhance the stability of the arches [12]. Tamás Börzsönyi et al. [13] as well found that

the elongated particles make small angles with the streamlines in the flowing zone of the

three-dimensional silo. Yet in another study [14], the elongated particles were noticed to

align in such a way that their longest axis is oriented towards the centre of the silo in a

clogged state. Further, the authors reported that the clogging probability increases with

an increase in the aspect ratio of the elongated particles. Moreover, they noticed that the

number of particles required to form clog increases with an increase in the aspect ratio

of the particles. At aspect ratios greater than 8, an extreme case namely “rat-holing"

is observed which involves long vertical holes from silo base to the open surface of the

granular bed.

A special case of elongated particles is the asymmetric dumbbell particles or snowman-

shaped particles which are generated by fusing two different sized discs. Using Monte

Carlo simulations and free energy calculations, Dennison et al. [15] illustrated a phase

diagram of hard snowman-shaped particles. Han et al. [16] performed experiments as

well as simulations on the dense random packing of snowman particles and observed

strong correlations in orientation with the surrounding particles. To the best of our

knowledge, there is no study on the clogging characteristics of a system of snowman

particles or asymmetric dumbbells flowing through a two-dimensional silo. Most of the

previous works on the clogging phenomena were confined to either spherical particles

or in some cases with that of elongated particles. In this work, we probed how the

clogging characteristics are affected by an increase in the asymmetry of the particles.

The asymmetry is varied by increasing the diameter of one disc Db of a snowman particle

while keeping the diameter of the second disc Ds constant. Firstly, the average avalanche

size is computed at different orifice widths and different Db/Ds ratios. Further, we

analysed the arch characteristics like the average number of particles required to form

a clogged structure, arch morphology, the pressure experienced by clogged particles at

various angular positions and the orientation of clogged particles. Moreover, we presented

time-averaged flow fields of parameters like velocity, pressure, shear stress at various

locations of the silo during the free flow of particles to analyse how the asymmetry

of particles Db/Ds affect the flow dynamics. The paper is organised as follows: the

simulation technique is explained in the next section. In Section 6.3, results and their

interpretations are elucidated.
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150d

300d

W

Ds
Db

y

x

head

body

R
Db/Ds 1.0 1.25 1.5 2.0

Figure 6.1: The schematic representation of snowman-shaped particles discharging through a
flat-bottomed silo. Here, the orange ones indicate head or smaller part and the blue ones indicate
body or larger part of snowman particles. Ds and Db denote diameters of the smaller and larger
parts of the snowman particles. The origin is located at the centre of the silo which is equidistant
from both the side walls.

6.2 Simulation Methodology

The discrete element method (DEM) [17] is used in the study to comprehend the flow of

snowman-shaped particles discharging through a two-dimensional flat-bottomed silo. The

DEM technique is elucidated in chapter 2. Snowman particles are created by adjoining

two discs of different diameter as shown in figure 6.1. The diameter of the smaller and

larger particles are denoted by Ds = d and Db respectively. The initial configuration

is generated by placing few snowman particles at arbitrary locations with random

orientations in a silo confined by walls at x = ±75d and y = 0. We ensured that there

are no overlaps among the particles at any point in time. A gravity of magnitude g is

applied in the negative y-direction. Once these particles get settled at the base, another

set of particles are placed into the silo and they are allowed to settle and so on until

the height of the bed reaches 300d. At time t = 0, an orifice of width W is opened on the

silo base to let the particles discharge out of the silo. Periodic boundary conditions are

applied in the y direction and the particles discharging out of the silo are placed at the

top of the granular bed at random locations with reduced velocities. The simulation is

stopped when the system gets clogged near the orifice. We have studied a minimum of

100 clogged states obtained from 100 different initial configurations for each of the cases.

The values of the constants used in the simulations are shown in Table 6.1
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Simulation parameters Values
Kn 2.00×106ρdg
K t 2.45×106ρdg
γn 1000

√
g/d3

γt 1000
√

g/d3

µ 0.5
timestep 10−4

√
d/g

Table 6.1: The constants used in our numerical simulations
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103

104

1 1.25 1.5 1.75 2

<
s
>

Db/Ds

W/Deq = 5

W/Deq = 6

W/Deq = 7

W/Deq = 8

Figure 6.2: Average avalanche size < s > as a function of Db/Ds for various orifice widths W /Deq.
Here, Db and Ds are diameters of larger and smaller parts of an asymmetric dumbbell and Deq
is the dumbbell equivalent diameter.

6.3 Results and Discussion

In this section, we will explain the results obtained for a system of snowman-shaped

particles discharging through a two-dimensional silo. We elucidate the morphology of

arches, the flow characteristics followed by the time-averaged flow fields. The flow is

characterised by parameters like mass flow rate, area fraction, average velocity etc.

Mass flow rate Q is obtained by computing the slope of the total mass of the particles

discharged versus the time plot using the least-square fitting method. Area fraction φ

and average velocity < v > are computed in the region R which lies just above the orifice

and having a size of W +2Deq in the x-direction and 5Deq in the y-direction as shown in

figure 6.1. Area fraction is computed as the ratio of the total area occupied by particles in
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[a] [b] [c] [d]

Figure 6.3: Representative clogging arches for W /Deq = 8 and Db/Ds = a) 1.0, b) 1.25, c) 1.5 and
d) 2.0. Here, red and blue circles are used to represent the smaller and larger particle conforming
the dumbbell respectively; except in a) where both dumbbell particles are equally sized and
the color is assigned randomly. Black dumbbells are used to signal the particles conforming the
clogging arch.
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Figure 6.4: a) Number of clogged particles Nt, b) height h/Deq and c) perimeter p/Deq of the
arches with respect to Db/Ds.

the region R and the area of the region R. Finally, the flow fields of different parameters

are presented.

We start by presenting the effect that an increase in the asymmetry of the snowman

particles has on the appearance of clogging. To this end, we compute avalanche sizes, s, as

the total number of particles discharged through an orifice before the system gets clogged.

In particular, we use the mean avalanche size < s >, which is calculated by averaging

over a minimum of 100 clogged states. In Fig. 6.2 the dependence of < s > with the ratio

Db/Ds is reported for several orifice widths (W). Note that Db/Ds somehow characterizes

the asymmetry of the particles: 1.0 corresponds to symmetric dumbbells and 2.0, to the

most asymmetric particles analyzed in this work. Also, it should be mentioned that the

orifice width is normalized by Deq which is the equivalent diameter of a disc Deq with the

same area as the snowman particle. The reason for using Deq instead of, for example, Db
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or Ds+Db, is based on the observation that the orientations of the particles when flowing

out of the silo are not homogeneous. Indeed, if all the particles above the orifice were

vertically orientated during the entire duration of flow, the best normalizing parameter

for orifice width would be Db, whereas if all the particles were horizontally oriented,

then Db +Ds would be the best normalizing parameter. However, as the orientations

of the particles generally lie between these two extremes, hence we chose Deq as the

normalizing parameter for orifice width.

Fig. 6.2a demonstrates that for all orifice widths, the average avalanche size < s >
increases with Db/Ds; i.e. clogging reduces when the dumbbells become more and more

asymmetric. This result, which may seem surprising at first, is rather reasonable if we

consider that for Db/Ds >> 1, the snowman particle becomes, basically, a disc. Thus, with

an increase in Db/Ds, the behaviour of the snowman particle shifts from a dumbbell-like

(elongated particle) to that of a disc-like particle. Consequently, when increasing Db/Ds,

the role of the rotational degrees of freedom of the particles diminishes, as well as the

characteristic interlocking among dumbbells. All these effects lead to a reduction of the

ability of the particles to form clogs, and therefore, to an increase of the avalanche size.

A similar result was noticed in [14], where the average avalanche size of a system of

spherical particles was proved to be larger than that of elongated particles.

Next, we analyze some geometrical properties of the clogging arches (see Fig. 6.3 to

see some examples for different Db/Ds ratios). In particular, we measure the number

of particles conforming the arch, as well as their height and perimeter. The height of

the arch is the distance between the clogged particle whose centre of mass y position is

maximum and the one lying on the silo base. The perimeter of an arch is computed as the

sum of the distances between the centre of mass positions of adjacent clogged particles.

At any orifice width W/Deq, the mean number of particles Nt averaged over all

clogging arches, decreases with an increase in Db/Ds (Fig. 6.4a). Again, this behaviour

can be justified if we think that the particles tend to display more spherical or disc-like

properties with an increase in Db/Ds. Therefore, if the number of different geometrical

configurations that can block the orifice is higher for the case of elongated particles than

for discs, it follows that the average number of particles conforming these arches is also

larger for the lower values of Db/Ds. In other words, irregular arches that would not be

stable with spherical beads can be found when using symmetric dumbbells. Also, the

preferential orientation of elongated particles pointing to the orifice as noticed by Ashour

et al [14], might be the reason behind the increase of Nt when Db/Ds reduces. Incidentally,
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Figure 6.5: Probability distribution of the orientation Ψ of particles in different scenarios: a)
in the stationary deposit formed before opening the orifice at the beginning of the simulation;
b) during continuous flow (W/Deq = 8); and c) particles conforming a clogging arch (W/Deq = 8).
In all cases, the region considered for computing Ψ is at an angular position θ =π/4 at a radial
distance of 10Ds. In the inset of c) the definition of the dumbbell orientation (Ψ) and angular
position of the particles (θ) is schematized.

let us note that in Fig. 6.4a, we can observe the expected effect that increasing W/Deq

must have in the obtained values of Nt: as the orifice size grows, more particles are

required to span the entire width to form a clog.

The outcomes of the height and perimeter of the arches (Fig. 6.4b and 6.4c, res-

pectively) are perfectly consistent with the ones in Fig. 6.4a: both magnitudes slightly

decrease with an increase of Db/Ds due to a decrease in the number of clogged parti-

cles. In summary, when Db/Ds increases, it seems that to have an arch stabilized, its

regularity should augment (Nt, h and p are reduced). This would reduce the number of

arches that can clog the orifice, hence leading to an increase in the avalanche size. In

other words, small values of Db/Ds allow the stabilization of irregular arches that are

never found for the case of isotropic particles (discs).

Once we have qualitatively related the arch geometry with the dependence of the

avalanche size on Db/Ds, we will focus on the role of the particle orientation in clogging.

The particle orientation,Ψ, is measured as the angle made by the line joining the centres

of the two discs in the asymmetric dumbbell with the horizontal axis (y= 0) as shown in

the inset of figure 6.5c. As the orientation of anisotropic particles is known to depend

on their position within the silo [14], we will perform a spatial analysis of the dumbbell
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Figure 6.6: The mode of orientation of the clogged particles Mo(Ψ) with respect to their
angular positions θ. Results for orifice widths W /Deq=6,7 and 8, are represented in a), b), and c)
respectively. Black lines represent Mo(Ψ)= θ.
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Figure 6.7: Pressure experienced by the clogged particles with respect to their angular positions
θ. Results for orifice widths W /Deq=6,7 and 8, are represented in a), b), and c) respectively.
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orientation. Indeed, given the special geometry of our system, we will use cylindrical

coordinates with the origin at the centre of the orifice to characterize the position of the

particles. In particular, in the inset of figure 6.5c the definition of the angular position

of the particles, θ, is schematized as the angle made by the line joining the centre of an

orifice (x = 0, y = 0) and the centre of mass position of the particle with the horizontal

axis (y= 0). As an example, in Fig. 6.5 we represent the probability distributions of the

orientations Ψ of the dumbbells found at an angular position θ = π/4. This is done in

three different scenarios: a) immobile dumbbells in a static pile at a radial distance of

10 Ds, b) dumbbells at a radial distance of 10 Ds that are flowing out of the silo, and

c) dumbbells conforming to a clogging arch. The particles prefer to orient horizontally

irrespective of the Db/Ds ratio in a static pile (figure 6.5a), a behaviour that is coherent

with the one found in a static pile of elongated rods (aspect ratio 5) [21]. Dissimilarly, Fig.

6.5b reveals that, irrespective of Db/Ds, the alignment distribution of flowing dumbbells

displays a maximum at an angle close to Ψ = π/4 and a minimum for Ψ = 3π/4. This

indicates that when flowing out of the silo, dumbbells have a certain tendency to align

their long axis pointing towards the outlet. On the contrary, the perpendicular alignment

of the dumbbell long axis with the outlet direction is disfavoured. Similar, but more

pronounced behaviour, is observed for the particles conforming the clogging arch (Fig.

6.5c). Indeed, the peak at Ψ=π/4 displays almost twice the probability observed in Fig.

6.5b (note the different scale in both figures), and the probability of finding particles

aligned at Ψ= 3π/4 is practically negligible.

Now, to see if the alignment of the clogging particles with their long axis pointing

towards the outlet is robust and occurs for other angular positions, in Fig. 6.6 we

represent the mode of the probability distributions of the orientation Mo(Ψ) as a function

of the angular position θ. To this end, we discretized the total range of angular positions

0< θ <π into bins, and we calculated the distribution of orientations of all the clogged

particles with the centre of mass position lying within the bin limits; and then, the

most probable orientation for each bin. This analysis is performed for several orifice

widths and dumbbell aspect ratio, evidencing a robust behaviour: the most probable

orientation of the dumbbells Mo(Ψ) coincides with the angular position θ at almost all

angular positions (see the continuous black lines representing Mo(Ψ)= θ). This is due to

the shear-induced alignment of the snowman particles to the flow direction as observed

earlier [22] for a system of elongated particles. The only exception to this behaviour

occurs for θ ≈ 0 and θ ≈ π, where the particles tend to align horizontally due to the
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Figure 6.8: Average fraction of contacts between the different type of discs in the sample as a
function of Db/Ds. Fraction of contacts among smaller discs (s− s), the larger and smaller discs
(l−s) and the larger discs (l− l), are calculated out of the total number of contacts that correspond
to the particles in the entire system after the orifice gets clogged. The average fraction of contacts
is obtained by averaging over a minimum of 100 clogged states. Note that, for Db/Ds = 1, the
represented proportion is obtained after randomly considering one of the two particles as large,
and the other as small. Moreover, If a large disc of one snowman particle is in contact with both
the small and large discs of another snowman particle, then the number of contacts is taken as
one each in the smaller-larger and larger-larger contact

presence of a silo base. Interestingly, the orifice width W /Deq and the dumbbells aspect

ratio Db/Ds have little effect on the preferred orientation of the clogged particles.

Next, the forces on the clogged particles are analysed in terms of stress tensor

σ computed for each disc i of the dumbbells in the arch, considering only pairwise

interactions as in [23]:

σab =
1

2×Vi

Np∑
j=1

(r ia Fib + r ja F jb ) (6.1)

Here, a and b can take values x and y, Np corresponds to the total number of

neighbours and V represents the volume of the particle. Moreover, r i and r j are position

vectors of particle i and its neighbouring particle j, Fi and F j are the forces on the

particles i and j due to their pairwise interaction. From the stress tensor, the pressure

at each particle is computed as P =−(σxx+σyy
2 ). Then, following the idea of distinguishing

among particles standing at different angular positions, in Fig. 6.7 we represent the

average pressure of all particles that belong to a clogging arch and fall within the
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Figure 6.9: Average pressure < P > of the particles conforming an arch as a function of its size
(measured by its number of particles Nt). Results for dumbbell aspect ratios Db/Ds= 1.0, 1.25, 1.5
and 2.0, are represented in a), b), c), and d), respectively. The insets in each of the plots display
the histogram of the number arches found for each type of dumbbell.

regions (bins) defined by the same limits of θ established before. Again, this analysis is

performed for three different outlet sizes and four dumbbell aspect ratios. Interestingly,

three features can be distinguished in the plots: 1) the average pressure per particle

grows with the aspect ratio Db/Ds; 2) the average pressure per particle also increases

with the outlet size W/Deq; and 3) the particles above the centre of the orifice (θ ≈ pi/2)

reveal a pressure slightly lower than in other angular locations (excluding θ ≈ 0 and

θ ≈π). The latter behaviour can be easily related to the lower overall pressure developed

in the centre of the silo in comparison with the lateral sides reported by Hidalgo et al

[6]. On the contrary, there is not a conclusive justification for the two former features;

therefore, in the following, we will try to further investigate them and hypothesize some

explanations.

The growth of the average pressure per particle with the aspect ratio Db/Ds evidenced

in Fig. 6.7 may be related to a progressive modification of the type of contact among

dumbbells. Indeed, as Db/Ds grows, the probability that two asymmetric dumbbells

contact each other via their larger discs (instead of their smaller ones) also increases
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(see Fig. 6.8). Therefore, as a larger disc can receive more pressure (from the force

chains within the sample) than a smaller one, it seems reasonable that the pressure

it exerts in the contact is also higher. Moreover, the fact that the larger disc in the

dumbbell is heavier than the smaller one may play a role in the observed behaviour.

Importantly, let us note that it seems to be a correlation between the pressure of the

particles in the arch, and the probability of clogging: increasing Db/Ds systematically

leads to lower probabilities of clogging and higher particle pressures. We believe that

these two phenomena may just be a consequence of a reduction of arch robustness when

the conforming particles become more disc-like. Although this hypothesis should be

confirmed, augmenting Db/Ds will entail increasing the pressure necessary to get the

arch stabilized and, consequently, a diminution of the number of arches that can get

stabilized leading to a clog.

The increase of the average pressure per particle with the outlet size depicted in

Fig. 6.7 was an unexpected result that suggests an increase of the average pressure per

particle with the number of particles in the arch (as larger outlet sizes require arches

with a larger number of particles). To confirm this, in Fig. 6.9 we represent, for each arch,

the average pressure < P > of the particles conforming it, as a function of its size (in the

number of particles Nt). Overall, we can conclude that increasing Nt leads to an increase

of the average pressure felt by the particles, at least up to Nt ≈ 35. Above this size, a

surprising reduction of the average pressure is appreciated in all the plots which could

be related to the quite likely irregular shape that these arches should have. In any case,

the relevance of these very large arches in the overall clogging behaviour observed in the

system should not be important because they suppose a tiny fraction of the total number

of arches, as it could be appreciated in the histograms displayed in the insets of Fig. 6.9.

The mass flow rate increases with an increase in the diameter of the larger disc

Db/Ds at all orifice widths (figure 6.10a). This is due to an increase in the area fraction

as well as an increase in the velocity with an increase in Db/Ds (figure 6.10b, c) in the

region above the orifice. As Db/Ds increases, the particle characteristics start to shift

from that of an elongated particle to that of a spherical particle of diameter Db. Thus

with an increase in Db/Ds, velocity increases at all W/Deq as spherical particles can

discharge more quickly than that of elongated particles through a given orifice width.
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Figure 6.10: a) Flow rate Q, b) area fraction φ and c) average velocity < v > with respect to
Db/Ds. Here, Db,Ds are the diameters of the body, head of the snow-man particle and Deq is the
equivalent diameter.

6.3.1 Flow fields

In this subsection we demonstrated flow fields of various parameters obtained from

coarse graining technique as suggested by Glasser and Goldhirsch [24]. The area fraction

φ(t), velocity v(t), pressure P(t) and stress tensor σi j(t) at any postion p with position

vector rp and at time t are computed as

φ(t)=
[

n∑
i=1

ρπd2
i

4
W (rp − r i(t))

]
/ρ (6.2)

v(t)=
[

n∑
i=1

ρπd2
i

4
viW (rp − r i(t))

]
/ρφ (6.3)

σi j(t)=
n∑

i=1

n∑
j=i+1

(F i j × r i j)
∫ 1

s=0
W (rp − r i(t)+ sr i j)ds (6.4)

P(t)= −tr(σi j(t))
2

(6.5)

W (r)= 1
πw2 e−r2/w2

(6.6)

In the above equations, ρ, d and r i(t) are density, diameter and position vector of

the ith particle and W (r) is the coarse-graining function. Moreover, φ, v, P, σi j are
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Figure 6.11: Spatial variation of area fraction φ at Db/Ds = a) 1.0, b) 1.25, c) 1.5, d) 2.0 and
width of the orifice is W /Deq = 20.
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0

6

Figure 6.12: Spatial variation of velocity V at Db/Ds = a) 1.0, b) 1.25, c) 1.5, d) 2.0 and width of
the orifice is W /Deq = 20.

time-averaged area fraction, velocity, pressure and stress tensor. For each parameter,

four plots are illustrated each one corresponding to a different Db/Ds ranging from 1.0

to 2.0 in the region: −48.5≤ x ≤ 48.5 and 1.5≤ y≤ 148.5.

Area fraction φ is noticed to vary slightly with an increase in the diameter of the

larger disc of the snowman particles Db/Ds. It is maximum in the bulk and minimum

near the orifice due to shear-induced dilation close to the orifice. Velocity V is higher

in the region above the orifice (figure 6.12) as the flow is less interrupted from the

surrounded particles due to lower area fraction as noticed in the figure 6.11. A region of

dark red beside the orifice signifies the presence of a set of almost immobile particles

and this part of the silo is usually termed as the stagnant zone. A stagnant zone hinders

the flow of particles adjacent to it which can be seen in the form of an increase in V

at regions away from the stagnant zone. The stagnant zone is found to decrease with

an increase in Db/Ds thus the velocities of the particles increases with an increase in

Db/Ds. Pressure fields are demonstrated in figure 6.13 and the pressure is found to be

maximum near the walls and it is least close to the orifice due to a low area fraction

φ as observed in figure 6.11. With an increase of Db/Ds, the pressure as well as shear

stress |τ| increases because the stress transmission is more effective resulting from an
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[a] [b] [c] [d]

Figure 6.13: Spatial variation of pressure P at Db/Ds = a) 1.0, b) 1.25, c) 1.5, d) 2.0 and width of
the orifice is W /Deq = 20.

[a] [b] [c] [d]

Figure 6.14: Spatial variation of shear stress |τ| at Db/Ds = a) 1.0, b) 1.25, c) 1.5, d) 2.0 and
width of the orifice is W /Deq = 20.

increase in the area fraction. The spatial variation in shear stress |τ| is illustrated in

figure 6.14. Shear stress is maximum towards the sidewalls and it slowly decreases as

one moves away from the wall and it is least in the central part as it is the flowing zone.

This behaviour is similar to that in the liquids which show maximum shear stress near

the walls followed by a gradual decrease in the regions away from the wall.

6.4 Conclusion

We studied the clogging phenomena in a system of asymmetric dumbbells, also known

as snowman particles, in a two-dimensional silo. An asymmetric dumbbell consists of

two discs of different radii. We analysed the flow of these particles at four Db/Ds ratios

ranging from 1.0 to 2.0 and at four orifice widths W/Deq ranging from 5.0 to 8.0. Here,

Db and Ds are the diameters of bigger and smaller discs of the dumbbell and Deq is the

diameter of a disc whose area is the same as that of the snowman particle. At Db/Ds >> 1,

the snowman particle is a disc and at Db/Ds = 1, it is a symmetric dumbbell. With an

increase in Db/Ds, the characteristics of the snowman particles shifts from elongated

particle to that of a disc and consequently, the average avalanche size is noticed to

increase. This is because the chances of clogging are more in the case of dumbbells as
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compared to that of a disc. The orientation of clogged particles vary neither with orifice

width nor with Db/Ds but it varies with the angular position of the clogged particles.

The pressure experienced by the clogged particles increases with an increase in Db/Ds

because the force transferred between two heavier particles is larger than that of two

lighter particles. Moreover, I noticed a dip in the pressure experienced by the clogged

particles in the central region of a clog indicating that the weakest portion of an arch

could be at the centre of the arch. The time-averaged flow fields revealed that with

an increase in Db/Ds, pressure and shear stress is found to increase because the force

transmission is more among heavier particles than that of lighter particles.
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7
CLOGGING REDUCTION AT AN ORIFICE DUE TO FLOW

THROUGH AN ADJACENT LARGER ORIFICE

7.1 Introduction

F low of granular particles through a multi orifice silo has been a topic of interest

due to its wide variety of applications in industries. Kamath et al. [1] reported

that a multi-orifice silo can be very useful in the effective mixing of the particles.

The transverse motion of the particles is enabled by a random opening and closing of

orifices. The authors suggested that the degree of mixing was can be altered by controlled

opening and closing of orifices or by letting the orifice jam and unjam intermittently

by keeping smaller orifices. Moreover, they indicated that the stagnant zone can be

eliminated, a feature that can’t be found in a flat-bottomed single orifice silo. The effect of

inter-orifice distance and the coefficient of friction between the particles on jamming and

unjamming behaviour in a multi-orifice silo is studied by [2]. The mean jamming time and

flowing time was observed to increase and decrease with an increase in the inter-particle

friction coefficient. However, the frequency of unjamming instances was noticed to

behave non-monotonically with friction-coefficient. Cheng et al. [3] proposed an empirical

equation relating the flow rate and inter-orifice distance for a two-dimensional multi-

orifice system. The authors attributed the relation to the velocity above the orifices and

the interaction between the orifices. Moreover, Zhang et al. [4] as well proposed a relation
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between flow rate and inter-orifice distance in a multi-orifice silo. The authors noticed

that the velocity field above an orifice is influenced by the other orifice thus decreasing

the stagnant zone but doesn’t influence the packing fraction field. Spontaneous jamming

and unjamming behaviour at an orifice thus increasing the overall amount of particles

discharged by an order of magnitude due to the presence of an adjacent orifice of the

same outlet size were noticed by [5]. The authors reported that at large inter-orifice

distances, only fluctuations from the flowing orifice is reason to unjam a jammed orifice.

However, at small inter-orifice distances, along with fluctuations, flow is also a reason to

unjam a jammed orifice. The flow of particles through a multi-orifice rectangular silo is

studied by [6] using particle image velocimetry and DEM simulations. The flow rate was

found to decrease with an increase in the inter-orifice distance reaches a minimum and

then again increases until it reaches a saturated value which is roughly twice that of the

flow through a single orifice.

Most of the two-orifice problems in a silo were dealt with spherical particles in a

two or three-dimensional silo. There is hardly any work reported in the literature that

investigated the flow of non-spherical particles in a two-dimensional silo with multiple

orifices. In this work, we studied how the flow of dumbbells is affected by the inter-orifice

distance and width of the smaller orifice. In the next section, we explained the simulation

technique used and the simulation system. In section 7.3, results are discussed and in

section 7.4 conclusions are reported.

7.2 Simulation Methodology

We used the discrete element method (DEM) [7] to study the flow of dumbbells flowing

through a two-dimensional silo with multiple orifices on the silo base. Please see chapter

2 for the explanation of the DEM technique. A schematic diagram of our simulation

system is shown in figure 7.1 consisting of dumbbell particles. A dumbbell is created

by fusing two discs each of diameter d adjacent to each other. Initially, we placed a few

randomly oriented dumbbells at arbitrary locations inside a silo confined by walls at

x/d = ±75 and y = 0. The origin is located at the centre of the silo base. A gravity of

magnitude g is applied in the negative-y direction which lets the dumbbells settle at the

bottom of the silo. At regular intervals of time, the dumbbells are poured into the silo

until the total number of dumbbells reach Nt = 20000. Thus, the height of the granular

bed is noticed to reach y/d ≈ 250. At time t = 0, two orifices of widths W1 and W2 placed
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250d

100d

W1 W2L

A

Figure 7.1: The schematic representation of a two-dimensional silo with multiple orifices on the
silo base. Here, W1 is the width of the smaller orifice which might get clogged whereas, W2 is the
width of the larger orifice through which there is an uninterrupted flow and the red ones indicate
dumbbells. Moreover, L is the inter orifice distance. The origin is located at the centre of the silo
which is equidistant from both the side walls.

Simulation parameters Values
Kn 2.00×106ρdg
K t 2.45×106ρdg
γn 1000

√
g/d3

γt 1000
√

g/d3

µ 0.5
timestep 10−4

√
d/g

Table 7.1: The constants used in our numerical simulations

on the silo base are opened to let the particles flow out of the silo. We applied periodic

boundary conditions (PBC) in the y direction and the particles flowing out of the silo

are placed on the top of the granular bed. The values of various constants used in the

simulations are displayed in Table 7.1.

7.3 Results and Discussion

In this work, we studied how the clogging characteristics at an orifice are affected

due to the presence of a continuous flow of particles through an adjacent larger orifice.

Firstly, the width of the larger orifice is set to W2/d = 20 and the clogging phenomena
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Figure 7.2: Time-evolution of average velocity in the region above the smaller orifice for an inter
orifice distance L/d = a)5, b)10, c)20, d)25, e)50, f)100, g)150.
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Figure 7.3: a) Average flowing time < t f > and b) average clogging time < tc > and c) the number
of clogging instances per unit time Nu as a function of inter orifice distance L/d for different
widths of the smaller orifice W1/d.
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Figure 7.4: a) Average flowing time < t f > and b) average clogging time < tc > and c) the number
of clogging instances per unit time Nu as a function of inter orifice distance L/d for different
widths of the larger orifice W2/d.

are analysed at four different widths of the smaller orifice W1/d = 7,8,9,10. Later, the

width of the smaller orifice W1/d = 7 is fixed and the effect of the driving force from the

larger orifice is determined by varying the width of the larger orifice W2/d = 20,30,40,50.

Moreover, at each above-mentioned cases, we considered seven different inter-orifice

distances ranging from L/d = 5 to L/d = 150.

We have plotted the time evolution of average velocity in the region above the smaller

orifice at different inter orifice distances (figure 7.2). When the plot is fluctuating, it

implies a flow through the orifice whereas, a straight line showing V ≈ 0.0 indicates a

clogged state. At small inter orifice distances L/d ≤ 10 the smaller orifice hardly gets

clogged and at 10< L/d < 50, it gets clogged and automatically gets unclogged due to flow

through the adjacent orifice. However, at large inter-orifice distances, L/d ≥ 50, the time

for unclogging is significantly high. Further, we investigated how the average flowing

time and average clogging time and the frequency of unclogging instances are influenced

by the inter orifice distance (figure 7.3). There is a sharp decrease in the average flowing

time < t f > through the smaller orifice until L/d = 20 because there are hardly any

clogging instances until L/d = 20 as noticed in figure 7.2. At L/d > 25, flowing time gets

saturated with a slight decrease with an increase in L/d as the orifice gets clogged for

longer durations of time. The average clogging time < tc > increases gradually with an

increase in inter orifice distance. These two results suggest that the influence of flow
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through the larger orifice decreases with an increase in the inter orifice distance. At

small inter-orifice distances L/d ≤ 25, both the orifices interact. I noticed maxima in the

frequency of unclogging events per unit time Nu at L/d = 25 for all the smaller orifice

widths. This is because at L ≤ 10, there are hardly any clogging events and hence the

frequency of unclogging is less. Moreover, at L/d ≥ 50, the larger orifice is ineffective

in unclogging the smaller orifice resulting in a decrease in Nu. This result indicates

that the larger orifice is effective in unclogging the smaller orifice at an inter-orifice

distance of L/d = 25. Further, I analysed how the width of the larger orifice W2/d affects

the clogging phenomena near the smaller orifice. To this end, I studied the system at four

different widths of the larger orifice W2/d ranging from 20 to 40 by keeping the width of

the smaller orifice W1/d = 7 and for different L/d. Flowing time is almost unaffected by

the larger orifice width however, the clogging time is noticed to decrease with an increase

in W2/d as shown in figure 7.4.

To explore the reasons behind the interaction dynamics between the two orifices, I

analysed the velocity v and velocity fluctuations v f l inside the silo due to the particles

flowing through the larger orifice. Firstly, I identified how the velocity and velocity

fluctuations in the region of the arch formation above the smaller orifice are affected by

variation in L/d (figure 7.5). With an increase in the inter orifice distance, I observed

that both the velocity and fluctuations in velocities decreases. A decrease of two orders

of magnitude in the velocity and a decrease of four orders of magnitude in the velocity

fluctuations is noticed. This shows that the velocity fluctuations play a major role in

the process of unclogging by the larger orifice. This is the reason for an increase in the

clogging time or a decrease in the frequency of unclogging events with an increase in L/d

as seen in figure 7.3. These fluctuations in velocity might cause the clogged structure to

get destabilized. Further, I analysed the v and v f l at different distances from the larger

orifice to understand the effect of the larger orifice on its surroundings. Figure 7.6 shows

velocity and its fluctuations at different distances x/d from the larger orifice of width

W2/d = 20 and L/d = 150. We noticed similar behaviour as that of figure 7.3. This further

suggests that the velocity fluctuations play a major role in the process of unclogging the

smaller orifice.
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Figure 7.5: a) Velocity profiles and b) fluctuations in velocities v f l in the region above the
smaller orifice at different inter orifice distances L/d.
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Figure 7.6: a) The velocity profile < v > and b) fluctuations in velocity v f l at different horizontal
positions with x = 0 as the centre of the larger orifice.
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CHAPTER 7. CLOGGING REDUCTION AT AN ORIFICE DUE TO FLOW THROUGH
AN ADJACENT LARGER ORIFICE

7.4 Conclusion

Here, we studied the flow of non-spherical particles through a multi-orifice silo. Our main

goal is to understand how the clogging behaviour at a smaller orifice is influenced by the

presence of continuous flow through an adjacent larger orifice. We varied inter-orifice

distance ranging from 5d to 150d and noticed how it affects the flowing and clogging

events at the smaller orifice. The flowing time decreases sharply at lower inter-orifice

distances L/d and get saturated at larger L/d. The average clogging time is close to zero

at small inter-orifice distances and increases gradually with an increase in the inter-

orifice distance. This can be attributed to the fluctuations emanating from the continuous

flow through the larger orifice. Moreover, the frequency of unclogging instances per unit

time is maximum at an inter orifice distance of 25. A decrease of four orders of magnitude

in the velocity fluctuations with an increase in the inter-orifice distance suggests that it

is the prime reason for a decrease in the efficiency of the larger orifice.

114

TH-2423_146107034



BIBLIOGRAPHY

[1] Sandesh Kamath, Amit Kunte, Pankaj Doshi, and Ashish V. Orpe. Flow of granular matter in a silo

with multiple exit orifices: Jamming to mixing. Phys. Rev. E, 90:062206, Dec 2014.

[2] Ashish V. Orpe and Pankaj Doshi. Friction-mediated flow and jamming in a two-dimensional silo with

two exit orifices. Phys. Rev. E, 100:012901, Jul 2019.

[3] Cheng Xu, Fei-Liang Wang, Li-Peng Wang, Xiao-Shuang Qi, Qing-Fan Shi, Liang-Sheng Li, and Ning

Zheng. Inter-orifice distance dependence of flow rate in a quasi-two-dimensional hopper with dual

outlets. Powder Technology, 328:7 – 12, 2018.

[4] Xuezhi Zhang, Sheng Zhang, Guanghui Yang, Ping Lin, Yuan Tian, Jiang-Feng Wan, and Lei Yang. In-

vestigation of flow rate in a quasi-2d hopper with two symmetric outlets. Physics Letters A, 380(13):1301

– 1305, 2016.

[5] Amit Kunte, Pankaj Doshi, and Ashish V. Orpe. Spontaneous jamming and unjamming in a hopper

with multiple exit orifices. Phys. Rev. E, 90:020201, Aug 2014.

[6] L. A. Fullard, E. C. P. Breard, C. E. Davies, A. J. R. Godfrey, M. Fukuoka, A. Wade, J. Dufek, and

G. Lube. The dynamics of granular flow from a silo with two symmetric openings. Proceedings of the

Royal Society A: Mathematical, Physical and Engineering Sciences, 475(2221):20180462, 2019.

[7] P. A. Cundall and O. D. L. Strack. A discrete numerical model for granular assemblies. Géotechnique,

29(1):47–65, 1979.

[8] Steve Plimpton. Fast parallel algorithms for short-range molecular dynamics. Journal of Computa-

tional Physics, 117(1):1 – 19, 1995.

[9] Alexander Stukowski. Visualization and analysis of atomistic simulation data with ovito–the open

visualization tool. Model. Simul. Mater. Sci. Eng, 18(1):015012, 2010.

115

TH-2423_146107034



TH-2423_146107034



C
H

A
P

T
E

R

8
CONCLUSIONS

In this dissertation, we studied the flow of granular particles discharging through

a flat-bottomed silo. In our work, we studied systems of dumbbells or systems

involving a mixture of dumbbells and discs.

The output of this dissertation is summarized as follows:

• The clogging probability of dumbbells (ar=2) is significantly higher than that of

discs(ar=1). The size and position of the obstacle have a marked influence on the

probability of clogging for a system of dumbbell particles. An important observation

is the nonmonotonicity of the clogging index with the height of the obstacle.

• Flow rate of the mixture of dumbbells and discs decreases with an increase in the

fraction of dumbbells Xdb. Self-similar velocity profiles with horizontal positions

are observed for all mixture concentrations. Mean flow fields are presented at

various fractions of dumbbells. The temporal-averaged velocity fields revealed an

expansion of the stagnant zone beside the orifice with an increase in the fraction of

dumbbells. The stagnant zone hinders the flow thus resulting in a decrease in the

flow rate with an increase in Xdb. As Xdb increases, the arch shape deviates from

semi-circle.

• Flow rate decreases with an increase in the fraction of dumbbells for the case of

lateral orifice due to an increase in the dynamic friction resulting from geometrical
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CHAPTER 8. CONCLUSIONS

interlocking. The area fraction at the lateral orifice is more as compared to that

near an orifice on the silo base. Flowrates are scaled with orifice width using a

modified Beverloo’s law in the lateral orifice case. Flow rate decreases with an

increase in the inter orifice distance L/d for the case of multiple orifices placed on

the silo base. The flow fields revealed that the stagnant zone between the orifices

expands with an increase in L/d resulting in higher pressure and higher shear

stress in the region between the orifices.

• Avalanche size increases with an increase of Db/Ds. There is a dip in the average

pressure experienced by the clogged particles in the region close to the centre of

the arch which possibly is the weakest portion of an arch. Flow rate is found to

increase with an increase in Db/Ds which is consistent with an increase in velocity

as observed in flow fields. Pressure and shear stress increase with an increase

in Db/Ds as larger particles can transmit stress more effectively than smaller

particles.

• With an increase in inter orifice distance l/d, the average flowing time of a smaller

orifice is decreasing and the average clogged time is increasing in the presence of a

continuous flow through an adjacent larger orifice. Fluctuations in velocity in the

region of arch formation are decreasing with an increase in l/d.

8.1 Scope of future work

Some works which can be interesting for the future are summarized here:

• Clogging phenomena in a system of dumbbells flowing inside a silo with a rotatable

obstacle placed just above the orifice.

• Reduction in clogging probability of elongated particles in a silo consisting of

multiple obstacles.

• Flow characteristics of elongated particles with different aspect ratios flowing out

of a silo.

• A mathematical relation for the flow rate of elongated particles discharging through

a flat-bottomed silo.
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• Flow rate scaling for a mixture of randomly shaped particles discharging out of a

silo.

• Clogging mechanism for a system of non-spherical particles in a 3D silo.
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