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A BSTRACT

D

esigning of all-solid-state-battery by replacing the currently used liquid/gel
electrolytes with solid ones is the prospect of next generation energy storage
devices. This advancement promises higher energy density, safety and longer

operating cycles. However, the progress towards the commercial realization of such
devices demands microscopic insights on various factors, including the mechanism
of ion transport in solids. This calls for computational investigations complementing
experimental studies. In this thesis, computational studies of some of the promising
classes of Li/Na-ion conducting solids are presented. The first chapter of the thesis is
devoted to the review of the ongoing research on Li/Na-ion conducting inorganic solids.
In the second chapter, the theoretical background of the computational methods, such as
classical and ab initio molecular dynamics, metadynamics, nudged elastic band method,
etc. employed in the studies are discussed. The third chapter presents fresh atomic-scale
insights on the role of framework dynamics on ion transport in Li-substituted NASICONs

(LiM2 P3 O12 where M = Zr, Hf, Sn, Ti) based on classical molecular dynamics study. The
fourth chapter of the thesis addresses the ‘time scale’ issue of standard molecular
dynamics simulation in the study of slow diffusing systems. Plugged in with classical
molecular dynamics, the utility of metadynamics technique has been demonstrated by
taking the low diffusing phosphate and silicate end members of the true-NASICON
family Na1+x Zr2 Six P3 – x O12 (0 ≤ x ≤ 3) as the prototype systems. This utility is further
explored in the fifth chapter by using metadynamics interfaced with ab initio molecular
dynamics, to understand the Li migration mechanism in γ-Li3 PS4 . The sixth chapter
summarizes the results.
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CHAPTER

1

I NTRODUCTION

One of the major concerns currently before mankind is that of environmental conservation. The unscrupulous use of fossil fuels in the last several decades in particular,
has inflicted a fatal scar on our planet, in the form of global warming and consequent
environmental damages. To overcome this crisis, development of alternative and sustainable green energy sources, replacing fossil fuels, is necessary. The evolving strategy is
mutli-faceted, and involves harvesting of natural power sources such as solar and wind,
to development of environmentally benign energy devices including batteries and fuel
cells. Apart from powering automobiles, portable energy sources such as batteries attract
great demands from the ever growing market of compact electronic gadgets.
Historically the concept of converting chemical energy into electrical through a device
is due to Alessandro Volta in 1800. Known as Voltaic pile, with zinc and copper used as
the electrodes and brine (concentrated solution of NaCl) soaked cloth as electrolyte, it
was the first device that could provide continuous electric current [1, 2]. Three decades
later John F. Daniell designed an improved version of the Volta cell, with copper sulfate
and dilute sulfuric acid as electrolytes that provide much steadier power [3, 4]. The first
known rechargeable battery was designed by Gaston Plante using lead-acid in 1859
[2, 5, 6]. In 1899, Waldmar Jungner invented another rechargeable battery, called nicklecadmium (NiCd) battery, in which nickle was used as cathode and cadmium was used
as anode material[5]. For the major part of the twentieth century, these lead-acid and
NiCd rechargeable batteries were largely the choice for almost all kind of technological
1
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applications. Even in modern days, despite its toxicity, lead-acid batteries are extensively
used in automobiles, power back up systems, etc. Later on NiCd batteries were gradually
replaced by somewhat safer NiMH (Nickel metal hydride) batteries [7].
However, over the last couple of decades, with the surge in compact and portable
electronic gadgets, the demand for batteries with much higher energy density intensified.
This motivated the search for new generation of energy storage devices leading to the
development of lithium ion batteries (LIBs). First commercialized by Sony in 1991, these
LIBs were a major breakthrough in technology [8, 9]. Standard LIBs are constructed with
lithium intercalated graphite as anode and Lix CoO2 as cathode material which are good
electronic conductors as well. Non-aqueous solutions or gels of Li salts, such as LiPF6 ,
LiClO4 , etc., are used as the electrolytes. Recently, more efficient LIBs are proposed, such
as lithium-sulphur, lithium-silicon, lithium-air batteries [10–20]. Nevertheless, these
liquid/gel electrolytes come with major issues related to longevity and safety, as they
are flammable. Replacing the liquid/gel electrolyte with solid state electrolyte, is one of
the major directions of research in the present day, as it promises safer and high energy
density devices. Solid electrolytes scores over the current liquid/gel electrolytes in various
aspects. Solid electrolytes offer better safety as they inhibit the growths of dendrites that
leads to short-circuits causing fire. All-solid-state batteries also promise better thermal
and chemical stability at the electrode/electrolyte interface, yielding longer battery life.
Inorganic solid electrolyte materials, in particular, can operate over wider ranges of
temperatures improving their reliability. Another advantage of solid electrolytes is the
absence of bulk polarization as the anionic frameworks, by and large, stay rigid allowing
higher current density.
Materials that exhibit high ionic conductivity (> 10−4 S / cm) are known as fast ion
conductors or superionic conductors [21–25]. Fast ion conducting solids, but having negligible electronic conductivity, are promising candidates as solid electrolytes. The discovery
of fast ion conductors can be traced way back to 1830’s when Faraday discovered low
electrical resistance in Ag2 S and PbF2 and accounted the phenomenon to the existence
of mobile charge carriers other than those responsible for the high electrical conductivity
in metals, now realized as electrons. Two materials in particular, AgI and β − alumina
(M2 O · 11 Al2 O3 , where M = Li, Na, Ag, K or Rb), having ionic conductivity of the order
of 10 mS / cm at 300K were among the most popular fast ion conductors during the
initial periods of development. Probably, these materials inspired the creation of a new
scientific sub-discipline named “Solid State Ionics”, since Takehiko Takahashi. [26, 27]
2
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In 1976, Hong and Goodenough et al. [28, 29] reported the synthesis and characterization of a few families of fast ion conductors, having skeleton structures. This is regarded
as a major breakthrough in the field of fast ion conductors, and in recognition of the
contribution John B Goodenough was awarded Nobel prize for chemistry in 2019, along
with Stanley Whittingham and Akira Yoshino. It shall be noted that prior to Hong and
Goodenough et al. [28, 29] it was generally believed that only soft framework structures
such as AgI, Ag2 S etc. (opposed to strongly covalently bonded framework solids) could
favor fast ion transport, taking beta-alumina an exception. Among the skeleton structures synthesized by Hong and Goodenough et al., NASICON (acronym for Na+ Super
Ionic CONductor) structural family, with the general formula Na1+x Zr2 Six P3 – x O12 stood
out as the most promising class of materials for solid electrolytes. The material has been
very popular over these years for their structural, chemical and thermodynamic stability
over a wide range of ionic substitutions. This spurred rigorous research works on fast ion
conductors particularly pertaining to the class of skeleton structures that promises the
feasibility of a new generation of batteries entirely of the solid components. Nevertheless,
practical realization of all-solid-state batteries demands that apart from having high
ionic conductivity at ambient temperatures, the electrolyte materials should maintain
high thermal and chemical stability, along with low contact resistance, at their interface
with the electrodes [30–48].
Over the last couple of decades several fast ion conducting solids have been synthesized and their utility in battery and fuel-cell applications are being examined. Among
these are solids conducting electricity via, oxide ions (O2 – ) [49–53], protons (H+ ) [54–56],
fluoride (F – ) [57–59], copper (Cu2+ ) [60, 61], silver (Ag+ ) [62–64], and alkali ions (Li+ and
Na+ ) [65–67]. Among these oxide ion and protonic conductors find enormous application
in the development of fuel-cells. Cu2+ conductors discovered are very limited in number,
and are of high activation energy due to the higher charge of the species. Fluoride ion
conductors are highly toxic in nature thus are of limited practical applications. Li+ and
Na+ ion conducting solids are believed to be the most promising materials for all solid
state batteries, and are being extensively studied since the last couple of decades. Silver
ion conductors are too expensive for large scale applications. However, they have been
subject of rigorous studies in the past, particularly of theoretical and computational
nature, providing better understanding of the diffusion phenomena in solids. Hence
the rest of the discussion in this chapter will focus on promising families of Li+ and
Na+ conducting inorganic solids, along with Ag+ conductors – in view of their academic
3
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interest.

1.1

Ag+ Ion Conductor

The most well known and widely studied Ag+ ion conductor is perhaps silver iodide (AgI),
the inception of which can be traced back to 1914. While studying electrical properties of
different silver halides, Tubandt and Lorenz [68] discovered that the solid AgI exhibits
ionic conductivity comparable to that of liquid electrolytes. In comparison to AgBr or
AgCl, it was found that AgI has the highest conducting solid phase which was later
named as the α-AgI [69]. The low temperature phase, known as β-AgI exhibits low ionic
conduction owing to its hexagonal close packed (hcp) configuration of the I ions. The
β ↔ α phase transition occurs at a temperature around 420 K. In the α phase, the I

ions form bcc configuration among which the Ag+ ions are reported to occupy three
crystallographic positions, namely the octahedral 6 b sites, tetrahedral 12 d sites and
trigonal 24 h sites [70–72]. In their seminal work, Vashishtha and Rahman carried out
classical molecular dynamics (MD) simulation to investigate the ion dynamics in α-AgI
by employing an empirical interaction potential [73]. The study showed that majority of
ion jumps occur between neighbouring tetrahedral 12 d sites along [110] direction. Later
in 1983, Parrinello et al. extended the work to investigate the β − α phase transition
in AgI employing isothermal-isobaric (NPT) ensemble MD techniques [74]. In 2008, Ab
initio MD study was carried out on the α-AgI by Sun et al., and the migration mechanism
of Ag+ ions through the framework structure was revisited [75].
As the high conducting α phase occurs at a temperature much higher than ambient
temperature, efforts had been used to stabilize the bcc phase at the room temperature
by means of doping different elements in the framework. One such early attempt was
perhaps by Takahashi et al. back in 1964, through anionic substitution in the system
which resulted the material Ag3 SI [76]. At room temperature, the framework (immobile
species) forms a bcc cell in which the I – ions occupies the corners of the cube and the S –
ion occupies the center. The material exhibited appreciable conductivity (10 mS/cm), but
had stability issues. Different cationic substitutions also have been investigated in past
years, among which a popular material is Ag4 RbI5 , that has a cubic structure with an
ionic conductivity of about 20 mS/cm at room temperature [77–81]. Another set of quasibinary systems based on α-AgI, namely AgI – AgX, where X = Br, Cl and AgMI where
M = Cu, Cs, also stabilizes for a wide range of temperature as well as concentrations.
4
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Both experimental and computational studies have been carried out on these materials
in order to investigate the conductivity variation over different concentration range. It is
found that in α-AgI1 – x Clx (0 < x < 0.25) and in α-Ag1 – x Cux I where (0 < x < 0.25) the
conductivity decreases monotonically with the concentration of the dopant, respectively

Cl and Cu, in the system [82–85]. Silver chalcogenides, Ag2 X where X = S, Se, Te, are
another family of material, known for their mixed (both ionic and electronic) conductivity.
Both S and Se compositions show α-AgI type structure at high temperature where S or
Se make bcc framework and Ag occupies the tetrahedral and octahedral positions. On
the other hand Ag2 Te is known to have an anti-fluorite type of structure [86–90].
First reported by Kuhs et al. back in 1979 [61], the argyrodites have been a center
of research interest for a long time. The Ag argyrodites had gained attention for their
appreciable ionic conductivity. The general formula is given as Ag+12 – n – x Mn+ X26 –– x Yx–
where M = Al, Ga, Si, Ge, Sn, P, or As ; X = S, Se, or Te and Y = Cl, Br, or I (0 ≤ x ≤
1). Structural analysis over the years have concluded that there are two phases, the
low temperature phase which stabilizes in various ordered structures and the higher
temperature cubic phase with F 4̄3 m space group. The phase transition reportedly occurs
at a temperature near the ambient temperature. The higher temperature phase shows
good ionic conductivity [91–95]. In recent years, the Li+ counterparts of this family, which
is discussed in the later section, are also gaining scientific attention.

1.2

Li+ and Na+ Ion Conductors

A number of different families of fast ion conducting skeleton structures, having both Li+
and Na+ counterparts, such as LISICON, NASICONs, Perovskites, Garnets, etc. have
been synthesized over the years, and is still a vibrant area of research [31, 45, 96–104].

1.2.1

LISICON

While trying to substitute Li+ directly in NASICON, Hong et al. synthesized a material with chemical formula Li14 Zn(GeO4 )4 which exhibited conductivity as high as
130 mS/cm at 300 o C [105]. Named as LISICON (Lithium superionic conductor) the
material was reported to stabilize in orthorhombic structure with P nma space group.
Four crystallographic sites for Li+ -ions have been reported in the LISICON framework,
[Li11 Zn(GeO4 )4 ]3 – . The remaining three Li+ -ions diffuse through the framework. Later
5
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studies reported that the material is highly reactive against Li metal and have a low
room temperature conductivity ( 0.01 mS/cm) [106].
LISICON structures are known to be related to the γ-Li3 PO4 structure. In γ-Li3 PO4 ,
the cations (i.e. P5+ and Li+ ) are tetrahedrally connected with the O2 – . In the pure
structure, all the Li+ -ions are located at perfect crystallographic sites for which they
can only diffuse through the vacancy mechanism process which causes very low ionic
conductivity [107–115]. But aliovalent doping, such as P5+ by Si4+ or Ge4+ can create
interstitial positions to accommodate the extra Li+ -ions, and as an outcome conductivity
can increase significantly. The general chemical formula for such doped Li3 PO4 is given
by Li3+x (P1 – x Six )O4 [105, 113, 116]. These materials also shows ionic conductivity of the
order of 0.001 mS/cm at room temperature. In later research works, it has been observed
that substituting oxygen by sulphur has a dramatic effect on the conductivity. These
sulphur substituted materials, Li3+x (P1 – x Six )S4 , known as thio − LISICON s, show at
least three orders of magnitude higher conductivity at room temperature compared to
LISIOCNs [117].
In 2011, Kamaya et al. reported a material with the chemical formula, Li10 GeP2 S12
(LGPS), which exhibited a conductivity of 12 mS/cm, highest ever among inorganic solid
electrolytes, reported till then[118]. The XRD data revealed that the structure differs
from that of thio − LISICON . The LGPS structure stabilizes in the tetragonal cell with
the space group P 42 / nmc. The framework is made of isolated PS4 and GeS4 tetrahedral
wherein there are four different crystallographic sites for Li+ -ions - 4 c, 4 d , 8 f , and 16 h.
The Li+ -ions located at the 4 d sites contribute to the framework structure and believed to
be less mobile. The initial analysis suggested the existence of dominant one dimensional
diffusion pathway connected via the 16 h and 8 f sites. Later two different groups, Mo et al.
and Hu et al. [119, 120], performed first principle MD simulation on LGPS and observed
that diffusion across the ab-plane is also possible for Li+ -ions which suggests three
dimensional conduction. In another study employing bond valence technique, Adams
and Rao [121] also reported existence of three dimensional channel. Despite having an
excellent conductivity at room temperature, the difficulties with devices involving LGPS
are the cost of Ge which limits wider commercial applications and the sensitivity of
sulfide based materials to air and moisture.
In a further development, Ong et al. [122] performed ab-initio MD on a group of
materials with the general chemical formula Li10±1 MP2 X12 where M = Ge, Si, Sn, Al
or P and X = O, S or Se to investigate the phase stability, electrochemical stability and
6

TH-2395_136121031

CHAPTER 1. INTRODUCTION

ionic conductivity across the series. The study concluded that Ge can be substituted
with cheaper Sn or Si to address cost related disadvantage of LGPS. Such isovalent
substitution have small effects on the desired properties. They also noted that aliovalent
substitution with Al or P have small effect on the Li+ diffusivity in the system. However,
the issues related to sensitivity is difficult to overcome by O or Se substitutions. Followed
by the computational study, Bron et al. [123] experimentally investigated Li10 SiP2 S12
and found a conductivity of 4 mS/cm which is less than that of LGPS. In 2014, Kato
et al. [124] did an experimental study on a series of similar material with general
chemical formula Li10 (Ge1 – x Mx )P2 S12 where M = Si, Sn. Both compositions exhibited
single phase solid solution for 0 ≤ x ≤ 1.0. The cell volume found to be monotonically
increasing from Li10 SiP2 S12 to Li10 SnP2 S12 through the intermediate Ge system. But
the conductivity was found to be initially increasing with the cell volume, showing
the highest value of 8.6 mS/cm for Li10 Ge0.95 Si0.05 P2 S12 , comparable to the original
LGPS system, and then decreased as the volume increased further with Sn substitution.
This observation indicates that there is an optimum cell volume for which the Li+
diffusion occurs at maximum rate. Much progress have been made in the synthesis
of higher conducting materials such as Li11 Si2 PS12 which shows even higher ionic
conductivity than LGPS [125]. Two new LGPS type material was reported by Kato et
al. [126], Li9.54 Si1.74 P1.44 S11.7 Cl0.3 and Li9.6 P3 S12 , the former having room temperature
conductivity as high as 25 mS/cm. The electrochemical cell based on these materials was
reported to have much better stability as well.
Sedlmaier et al. reported a newer material, Li4 PS4 I, from the quasy-ternary family L2 S – P2 S5 – LiI in 2017 [127], the structure of which is made of layers of isolated
+
PS3+
4 tetrahedral. The Li diffuses through a three dimensional network. The conduc-

tivity reported for the system is 0.12 mS/cm at room temperature. Richards et al. [128],
in 2016, performed an ab-initio MD study on LiZnPS4 , having bcc type framework,
which known to be suitable for high ionic conductivity. Although the material exhibited
poor conductivity, the study was extended to the derivatives of LiZnPS4 by introducing
interstitial defects in the structure. The derivatives are presented with the common
chemical formula Li1+2x Zn1 – x PS4 (0 ≤ x ≤ 0.75). The structure of LiZnPS4 consists of
layers of corner sharing PS4 tetrahedral along the c-axis. The Zn and Li rich layers are
sandwiched in between the PS4 layers. The extra Li+ ions occupies the vacant corner
sharing tetrahedral sites in the PS4 layers. The study showed that the extrapolated
room temperature conductivity can reach up to 53.8 mS/cm within the solid solubility
7
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limit of x = 0.5, which is much higher than existing reports. It is predicted that if the
solubility can be raised to x = 0.75, i.e. Li2.5 Zn0.5 PS4 , the conductivity may achieve an
unprecedented value of 100 mS/cm [128]. In 2018, Kaup et al. [129] reported synthesis
of Li1.7 Zn0.65 PS4 and Li1.2 Zn0.9 PS4 solids, which measures conductivities of 0.13 mS/cm
and 0.0165 mS/cm respectively. This was however lower than the theoretical prediction.
The probable causes of such lower conductivity are attributed to the inaccessibility of
desired Li+ defect concentration and the probability that the ‘defect compositions’ are
meta-stable.

LPS family, also known as the Li2 S – P2 S5 binary system, is another promising
class of material for the designing of all solid state battery which show good ionic
conductivity even without the incorporation of any dopant such as Ge, Si, Al. Absence
of such metallic elements make the system electrochemically more stable [130]. Kudu
et al. [131], in a detailed review have categorized five different species in this class: a.
Ortho-thiophosphate, where the framework is made of isolated PS4 3 – tetrahedral units,
b. Hypo-thiodiphosphate, where the framework is made of two PS3 units with P − P bond,
c. Pyro-thiophosphate, with two corner sharing PS4 units, d. meta-thiodiphosphate, with
two PS4 units sharing edges, and e. meta-thiophosphate, PS3 – making polymeric chain.
The most intriguing material in the LPS family is perhaps Li7 P3 S11 , having very
high conductivity of 17 mS/cm at room temperature, even higher than the LGPS system
described previously [132, 133]. First principle MD study by Chu et al. [134] has found a
highly correlated Li+ -ion motion in Li7 P3 S11 system and the diffusion mechanism was
also compared with that of LGPS . The AIMD study found conductivity value much
higher than the experimental one (57 mS/cm compared to 17 mS/cm). Another well
known material from the LPS family is Li3 PS4 which exhibits four different phases
[130, 135, 136]. This material has been studied in this thesis, thus shall be discussed in
detail in chapter five of the thesis.
The Na counterpart of the above discussed Li-thiophosphate is currently undergoing a
rigorous research for its high ionic conductivity, low grain boundary resistance, etc. It has
been over a couple of decades since Na3 PS4 is known as a Na+ conductor [137–139]. This
material has gained a fresh round of attention after Hayashi et al. [140] in 2012 reported
successful stabilization of the high temperature cubic phase at ambient temperatures.
The room temperature conductivity reported for this newly synthesised Na3 PS4 was 0.2
mS/cm. Later in 2014, Hayashi et al. [141] reported an improved conductivity value of
0.46 mS/cm. The framework of cubic Na3 PS4 (space group: I 4̄3 m) is made of independent
8
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PS4 tetrahedral among which two distinct sites for Na+ have been observed, 6 b and 12 d .
It is to note that studies have suggested only small structural difference between the
cubic and the tetragonal phases of Na3 PS4 [142].
Since the achievement of Hayashi et al. [141], further efforts have been made to improve the conductivity value by various approaches. In 2014, a new pseudo-binary system,
(100 – x)Na3 PS4 · xNa4 SiS4 was reported by Tanibata et al. [143, 144] in which a maximum conductivity value (0.74 mS/cm) was achieved for x = 6, i.e. 94 Na3 PS4 · 6 Na4 SiS4 .
Further observation showed that the partial substitution of Si for P results larger 12 d
site occupancy which causes the enhanced mobility for Na+ ion. In another study, Zhang
et al. [145] investigated the effect of substitution of larger Se2 – for S2 – in the cubic
Na3 PS4 The study was carried out for the series Na3 PSe4 – x Sx (0 ≤ x ≤ 4) and a very
high ionic conductivity value 1.16 mS/cm was obtained for the NaPSe4 at room temperature. Two factors were proposed for the increase in the conductivity with Se2 –
incorporation: a) the larger cell volume and higher polarizability of Se2 – compared
to S2 – which helps to provide optimum channel size for Na+ while also weakens the
attractive interaction between the framework and the mobile ion, and b) the resulting
broader distribution of the 12 d sites which enables additional interstitial sites for Na+ .
Karuskopf et al. [146] investigated the effect of lattice softness on ionic conductivity
in Na3 PSe4 – x Sx and showed that the softening of vibrational frequency indeed play
crucial role in Na+ conduction. In 2016, there were at least three reports on derivative
of Na3 PS4 , where in P5+ is substituted with Sb5+ [147–149]. The structure of Na3 SbS4
was determined to be tetragonal with space group P 4̄21 c. Banerjee et al. and Wang et
al. [147, 148] reported the room temperature conductivity to be 1.1 mS/cm and 1 mS/cm
respectively, whereas Zhang et al. [149] reported a conductivity ranging 3 mS/cm at room
temperature to 16 mS/cm at 90 o C.
Another well known strategy to enhance the ionic conductivity is to introduce defects
by various aliovalent substitution. Experimental effort had been made by Hibi et al.
[150] by incorporating I – in the system, resulting to (100 – x)Na3 PS4 · xNaI glass ceramic,
but the conductivity obtained was not up to the desired value. Also the formation of
an unknown phase indicated incompatibility to host large I – in the framework. Later
Chu et al. [151] conducted a study combining AIMD and experiment on tetragonal
Na3 – x PS4 – x Clx and reported an enhancement in the room temperature conductivity
value (up to 1 mS/cm). Similar computational study with halogen substitution have also
been carried out by Huang et al. [152] and a high conductivity of 2.37 mS/cm at ambient
9
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temperature is reported for the Br doped tetragonal Na3 PS4 . Recently, Moon et al. [153]
carried out a study by partially substituting Ca2+ in the tetragonal Na3 PS4 structure.
This substitution resulted the series Na3 – 2x Cax PS4 (0 < x ≤ 0.375) stabilizing in cubic
phase. Also the Na vacancy induced by the divalent cation substitution enabled a much
higher conductivity of 1 mS/cm at room temperature. Much exploration and progress
have been made through many more various substitutions resulting new derivatives such
as, Na3 SbSe4 (3.7 mS/cm)[154], Na3 P0.62 As0.38 S4 (1.46 mS/cm), Na4 – x Sn1 – x Sbx S4 (0.51
mS/cm)[155] etc., by different groups. Zhu et al. [156] conducted a computational study
to investigate the phase stability, defect formation energy, and conductivity in c – Na3 PS4
5+
and on the series Na3+x M4+
x P1 – x S4 (M = Ge, Sn; x = 0.0625 and M = Si ; x = 0.0625,

0.125). They showed that pristine cubic-Na3 PS4 is a poor conductor and incorporation
of more Na+ in the system through aliovalent doping is a major key to enhance the
conductivity as the Si doped composition ( x = 0.0625) showed a conductivity of 1.66
mS/cm in good agreement with experimental report. Interestingly the Sn composition
exhibited a conductivity value 10.7 mS/cm which is much higher for the same x =
0.0625 concentration. Another computational study by Klerk et al. [157] showed that
vacancy inducing through halogen F, Cl, Br, I doping in c – Na3 PS4 can also enable high
conduction, in agreement with the previously described study by Chu et al. [151] and
Huang et al. [152]. Very recently, Femprikis et al. [158] reported the existence of a third
polymorph, γ-Na3 PS4 , above 500 o C in which a 10 fold increment in conductivity is
observed compared to the β − phase (c – Na3 PS4 ). The structure of this new phase is
found to be orthorhombic (F ddd space group). Five distinct sites for Na+ are identified,
namely 32 h, 16 g, 8 f , 16 f , 16 g. The PS4 tetrahedral of the framework structure have the
possibility of multiple conformations, indicating the character of a ‘plastic crystal’. The
study proposed that the Na+ conduction is enhanced by the rotational dynamics of the
PS4 tetrahedra.
The Na counterpart of the famous LGPS , Na10 GeP2 S12 , was first theoretically predicted by Kandagal et al. [159] in 2015. The room temperature conductivity was predicted
to be, 4.7 mS/cm. The first experimental synthesis of the material was reported by Tsuji
et al. [160] and the conductivity was found to be around 0.01 mS/cm which is much
lower than the theoretically predicted value. The reason of such discrepancy is not yet
clear, but the ‘order-disorder transition’ has been pointed out to be a probable factor.
Richards et al. [128] conducted a combined computational and experimental study on
Na10 MP2 S12 where M = Sn, Ge or Si. Their computations suggest that the activation
10
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energy changes across the series follows, E Si < E G e < E Sn . Experimentally they obtained appreciable conductivity (0.4 mS/cm) for the Si composition at room temperature.
Another composition, Na11 Sn2 PS12 , was reported to exhibit a high conductivity value of
1.4 mS/cm at room temperature, and has a tetragonal structure (space group: I 41 /acd : 2)
[161–163]. Based on computational techniques Wang et al. [164] predicted another set
of material, A7 P3 X11 (A = Na, Li; X = O, S, Se), to have very high conductivity values
in tune to 10.97 mS/cm and 12.56 mS/cm, respectively for Na7 P3 S11 and Na7 P3 Se11 .
Another major breakthrough came in 2019, again from Hayashi et al. [165], wherein
they report a partially tungsten substituted Na3 SbS4 , namely Na2.88 Sb0.88 W0.14 S4 , to
measure an unprecedented high conductivity value of 32 mS/cm at room temperature.
Further understanding of the mechanism leading to the high Na+ conductivity in this
system is awaited.

1.2.2

Argyrodite

In 2008, Deiseroth et al. [166] reported the structure of Lithium argyrodite which has the
chemical formula Li6 PS5 X where X = Cl, Br, I for the first time. The structure stabilizes
in cubic form having space group F 4̄3 m, similar to its Ag, Cu counterparts. The structure
consists of isolated PS4 tetrahedral units forming the cubic lattice. The Li+ -sites (48 h and
24 g), are arranged in octahedral formations, the centers of which are occupied by some of
the remaining S/X (4 d ). The rest of the S/X (4a) are arranged in fcc formations[167]. Li+
diffusion occurs via migration through these 48 h and 24 g sites. Li-Argyrodite are known
to be high conducting material [168–171]. Klerk et al. [157] carried out ab-initio MD
study on a series of high temperature phases (here it is to note that the phase transition
temperature depends on the composition: without halogen, its above 450 K and with
halogen its 170K ) of argyrodite materials (Li7 PS6 , Li7 PSe6 , Li6 PS5 X with X = Cl, Br, I)
and investigated the influence of substitution of S with Se and also the substitution of
chalcogen (S) with halogen. The study suggested that although Li+ vacancy induced by
halogen substitution is important for better diffusivity, the halogen distribution over the
possible sites is equally crucial as it influence the Li+ vacancy distribution which dictates
the total conductivity. The MD study also predicted that conductivity as high as 10 mS/cm
is achievable for argyrodite materials. Further experimental studies have been conducted
to study the effect of different types of doping in the system. Bernges et al. [172] did an
experimental study by incorporating Se in the structure, the chemical formula of which
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is Li6 PS5 – x Sex Br [0 ≤ x ≤ 1.0]. The study concluded that, firstly, incorporation of more
polarizable Se in the system softened the lattice which caused the activation energy
and the Arrhenius pre-factor to decrease at the same time. As a result no significant
improvement in conductivity was observed. This observation is in tune with another
study on argyrodites by Kraft et al. [173] where it has been concluded that the general
belief that softer the lattice, higher the conductivity is not quite ‘straightforward’. Secondly
the disorder corresponding to Br – /Ch2 – sites (where Ch stands for chalcogens) was found
to decrease with Se content and disappeared for x = 1 which effected the arrangement of
local Li+ sub-lattice and this thwarted the effect of widening of the diffusion pathway
due to the increase in the unit cell volume with Se substitution. The effect of the anion
disorder is also recently investigated by Hanghofer et al. [167] for the parent series of
argyrodite where it has been found that more ordered Li6 PS5 I shows low conductivity as
the local clusters made of short range Li+ hops are truncated from each other. Another
recent study by Minafra et al. [174] on Li6+x P1 – x Six S5 Br (0 ≤ x ≤ 0.5) found increase
in the conductivity with Si content and shows maximum value at x = 0.35 attributed to
the increment of number of Li+ as well as the unit cell volume. Very recently, Kim et al.
[175] reported an anomalously high conductivity of 10.2 mS/cm) at room temperature for
Li5.5 PS4.5 Cl1.5 , highest for a halogen rich lithium argyrodite (HRLA). Also, Feng et al.
[176] reported room temperature conductivity as high as 17 mS/cm for a very similar
composition, Li5.3 PS4.3 Cl1.7 , and attributed it to the S /Cl disorder and redistribution
Li-ions among the 48 h and 24 g sites. Perhaps the first study on the possibility of Na+
argyrodite material is recently carried out by Ceder et al. [177] by employing firstprinciple computation with different pinctogen, chalcogen and halogen combinations.
The study predicted both good stability and ionic conductivity for the Na – P – Se – X (X
=Cl, Br, I) compositions.

1.2.3

Lithium Garnets

In a remarkable achievement Li+ -ion conducting garnet structures of the formula,
Li5 La3 M2 O12 where M = Nb, Ta, were first synthesized by Thangadurai et al. [178]
in 2003. The material exhibited ionic conductivity of 0.001 mS/cm at 25 o C [179–181].
The general chemical formula of garnet is given by A3 B2 (XO4 )3 , where A = Ca, Mg, Y or
La is a eight coordinated cationic site, B = Ga, Mn, Fe, Ni, Al or Cr is a six coordinated
cationic site and X = Al, Si, Ge or V is four coordinated cationic site. The structure is cubic
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with the space group Ia3̄ d . Subsequently, in order to improve the Li+ ion conductivity,
extra lithium ions were incorporated in the system by substitution of different valance
cations in A and B sites [182–184]. The series of garnet-like Li3 Ln3 Te2 O12 where Ln = Y,
Pr, Nd, Sm or Lu was studied by O’Callaghan et al. [185] to investigate the Li+ conductivity. Across the series, the Li+ ion occupies the tetrahedral 24 d sites in the structure. The
unit cell volume was found to increase with the ionic radius of Ln but the Li+ conductivity
was found to be very low for all the cases (maximum 0.01 mS/cm at 850 o C was obtained
for N d composition). This is indicative of the fact that the tetrahedral Li+ -ions are less
mobile and do not contribute to the overall conductivity. In later study from the same
group [186], garnet series with excess Li+ , Li3+x Nd3 Te2 – x Sbx O12 ( x = 0.05 − 1.5) was
investigated and the Li+ conductivity was found to improve dramatically, and reached
the maximum value of 10 mS/cm for the composition Li3.5 Nd3 Te1.5 Sb0.5 O12 at 400 o C.
The extra Li+ -ions, which contribute to the bulk conductivity, occupies the distorted
octahedral sites (48 g and 96 h). Increasing the number of Li+ -ion is considered to be one
of the most effective way to enhance the ionic conductivity in garnet like materials.
Li+ concentration had been increased by doping divalent ions at the trivalent La3+
sites. The general chemical formula of such series is given by Li6 ALa2 M2 O12 where A =
Mg, Ca, Sr or Ba and M = Nb, Ta [187–190]. It has been further reported that the pentavalent M sites can be substituted with tri or tetravalent ions which further increases
the Li+ -ion concentration in the distorted octahedral sites and lower the concentration
in the tetrahedral sites. Murugan et al. [191] synthesized cubic Li7 La3 Zr2 O12 in 2007
and reported a high conductivity value of 0.1 mS/cm around room temperature. Later
tetragonal Li7 La3 Zr2 O12 structure was reported [192–195] in which the Li+ ions are
distributed in 8a tetrahedral sites and 16 f and 32 g octahedral sites. However, the ionic
conductivity for this phase was found to be less ( 10−6 S/cm). Till date, among Li garnets
promising high Li+ conductivity at room temperature has been achieved for compositions,
Li6.55 La3 Zr2 Ga0.15 O12 and Li6.4 La3 Zr1.4 Ta0.6 O12 [196–198].
Many computational studies have been carried out in order to unearth the atomicscale insights of Li+ -garnets [199–205]. In 2004, Thangadurai et al. [206] performed
a computational study on Li5 La3 M2 O12 where M =Nb, Ta, using bond valance sum
technique and investigated the hoping mechanism of Li+ in the structure. The analysis
suggested that the three dimensional diffusion network is made of ‘non-planar’ squares
constructed with four octahedral Li+ sites with a tetrahedral Li+ site at the center of
it. As each octahedral Li+ site is shared by two such planes, a mobile Li+ -ion has the
13
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probability to hop in any of the four directions to equivalent Li+ sites. Later in 2012, Xu
et al. [207] performed ab-initio NEB calculation on Li3+x La3 M2 O12 (M = Te, Nb and Zr) to
find the minimum energy path for Li+ -ions. For Li3 La3 Te2 O12 , in which the tetrahedral
24 d are the only occupied sites by Li+ , the ion jump found to be only possible to the
neighbouring octahedral 48 g or 96 h sites. The energy barrier for such jumps came out
to be as high as 1.5 eV. For Li5 La3 Nb2 O12 , the predominant mechanism found to be
consisted of jump from the octahedral site to a neighbouring vacant octahedral site as
they are partially filled by Li+ ions. The energy barrier for this case came out to be 0.8 eV.
And lastly, for Li7 La3 Zr2 O12 , as the population at the tetrahedral sites is lesser compared
to that at the octahedral sites, the jumping mechanism was found to be between two
octahedral sites through a tetrahedral site, the energy barrier for which came out to be
0.26 eV, minimum among the three cases.

1.2.4

Perovskite-type

The perovskite (ABO3 ) materials are popular oxygen conductors and have applications
in solid oxide fuel cells [50, 208–212]. Incorporation of Li+ ion in the A -sites of perovskite
structure, can result high Li+ conductivity at room temperature[213]. Such aliovalent
substitution results materials like Li3x La( 32 – x) ( 13 – 2x) TiO3 where  represents vacancies
[214–217]. Excellent bulk conductivity has been observed in Li0.34 La0.56 TiO3 at room
temperature ( 1 mS/cm) [218]. Structurally, the compositions with low-Li+ concentration
are reported to have orthorhombic symmetry and those with high-Li+ concentration have
tetragonal symmetry. Studies have suggested that the La/Li distribution over the A
sites are not random, rather arranged with La rich and La poor planes along the c-axis
[219–226]. The diffusion pathway of Li+ is mainly distributed in the ab-plane for the
La-rich (i.e. poor-Li) cases. But for the Li-rich cases, in which vacancy concentration is
also high, the diffusion is reported to be also possible in the c-direction and thus resulting
a three dimensional network. The Li+ -ions migrate through the square bottlenecks
made with oxygen ions, the size of which largely depends on the A -cation size [227].
Investigations have been carried out with different A -ion substitutions, such as Sm3+ ,
Pr3+ , Nd3+ and La3+ , among which the composition with La (having larger ionic radius
than the rest) showed the highest conductivity [214, 228]. On the the other hand, partial
incorporation of Sr, which has larger ionic radius than La, increased the conductivity. In
2000, Thangadurai et al. [229] carried out detailed investigation of the effect of different
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B-ion substitution, which causes tuning of the B – O bonds, on the Li+ conductivity. The
study reported that the (Li, La)TiO3 system with 0.5 mol of Al substitution shows the
highest conductivity, and concluded that there exist an effect of the bond strength on the
conductivity.
Zhao et al. [230], in 2012, proposed a new family of superionic conductors ((Cl, Br)OLi3 )
based on anti-perovskite structure. The materials are structurally similar to perovskites,
but "electronically inverted". That is, in the usual A+ B2+ X – perovskites, the A+ and
B2+ ions are replaced respectively by monovalent and divalent anions and the strongly
electronegative X is replaced with electropositive cation, i.e. Li+ , resulting the antiperovskite structure, A – B2 – X+ . The ionic conductivity was reported to be 0.85 mS/cm for
ClOLi3 and 1.94 mS/cm for Cl0.5 Br0.5 OLi3 at room temperature. Zhang et al. [231] carried out ab-initio MD study on the series and suggested that Li+ vacancy and structural
disorder enables higher ionic conductivity in anti-perovskites. Studies have been done
to investigate the effects of different substitutions, like larger halide ions or divalent
cations in the system. Braga et al. [232] reported a series of glassy electrolytes with
anti-perovskite structure, Li3 – 2x Mx XO where M represents divalent cations such as
Ca2+ , Mg2+ etc and X stands for halides (Cl – , I – ), that exhibits very high conductivity
(25 mS/cm) at room temperature. In their computational study, Emly et al. [233] proposed a cooperative jumping mechanism within the ‘Li interstitial dumbbells’ for the
crystalline anti-perovskites. In another classical MD study, Mouta et al. [234] concluded
that vacancies generated from Schottky defects plays major role in the ion diffusion
mechanism in Li3 OCl, whereas in ‘LiCl-deficient’ materials where charge compensation
creates Li+ interstitial sites, the interstitial mechanism is dominating. However, the
diffusion mechanism in anti-perovskite materials is still largely debatable and still
undergoing rigorous research work [235, 236].
The Na+ counter parts of the anti-perovskite material are also been researched for
past few years[237]. In 2015 Wang et al. [238] newly proposed structural manipulation
approach with Na3 OCl1 – x Brx (0 < x < 1) and Na3 OBr1 – x Ix (0 < x < 0.6) to increase the Na+
conductivity. In 2019, a new member Na3 OBH4 was reported [239] which exhibited four
orders of magnitude higher conductivity than the standard Na-rich anti-perovskites at
room temperature. A very recent report [237] investigated the effect of halide substitution
in Na3 OX where X = Cl, Br, BH4 . Although the previously reported [239] high room
temperature conductivity in Na3 OBH4 could not be reproduced, the study suggested
that the size of halogen determines the lattice volume and thus the Na+ conductivity. It
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was also proposed that the polarizability of the halogen effects the activation energy via
lattice softness, thus partial substitution of O2 – with S2 – can increase the conductivity.

1.2.5

NASICON-type

Na SuperIonic CONductors ( N ASICON ), first reported by Hong and Goodenough et al.
[28, 29] are another promising class of material for a variety of technological applications, including that as solid electrolytes. The typical chemical formula of this family is
Na1+x Zr2 Six P3 – x O12 (0 ≤ x ≤ 3), and generally stabilize in the rhombohedral phase with
space group (R 3̄ c). However, compositions ranging between 1.8 ≤ x ≤ 2.2 is reported to
have structural distortion at room temperature, where it stabilizes in monoclinic C 2/ c
unit cell. Above 423 K, all the compositions stabilizes in rhombohedral R 3̄ c unit cell and
this phase exhibits superionic conduction. In the compositions with low Na+ concentration, like the phosphate end member, the Na+ ions occupy the 6 b crystallographic sites
and as more Na+ are incorporated in the system, the extra ions occupy the 18 e positions.
The highest conductivity is observed in the x = 2 composition, i.e. for Na3 Zr2 Si2 PO12 . It
shows conductivity value of 0.67 mS/cm at room temperature and around 200 mS/cm at a
higher temperature ( 300 o C). The conductivity value decreases on the both side of x = 2
and shows minimum for the end members: NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 [240, 241].
The fourth chapter of this thesis is dedicated to the computational study on this two end
members employing metadynamics technique. Multiple studies have been conducted on
the series and such anomalous behaviour in the conductivity trend has been proposedly
attributed to the optimum ion-ion correlations, and suitable bottleneck size along the
diffusion pathway of Na+ ions. The framework structure also allows various chemical
substitution through which structural properties can be tuned [102].
Many such studies with different substitution have been carried out since their
inception 1976. Vogel et al. [242] reported a Hf substituted series, Na1+x Hf2 Six P3 – x O12
(1.4 ≤ x ≤ 2.8), in which extrapolated room temperature conductivity reached up to
2.3 mS / cm which is higher than the Zr counterpart. Tillement et al. [243] investigated
the effect of mixed valance (FeII /FeIII ) doping on the ionic conductivity in NASICON. The
series, Na2+x+y Zr1 – y FeII x FeIII 1 – x+y (PO4 )3 was found to stabilize in the rhombohedral

R 3̄ c symmetry for y = 0, 0 ≤ x ≤ 1 and x + y = 1, 0 ≤ y ≤ 0.5. The maximum conductivity, 4 mS/cm, was obtained for Na2.3 ZrFeII 0.2 FeIII 0.3 (PO4 )3 at 300 o C. But the appreciable
value of electronic conductivity of the material makes them suitable for electrode com-
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ponent. In 2016, Ma et al. [244] reported a Sc substituted Na3 Zr2 Si2 PO12 series with
general formula Na3+x Scx Zr2 – x Si2 PO12 (0.0 ≤ x ≤ 0.6). The structure reported to be
changing from monoclinic to rhombohedral as x goes from 0.0 to 0.6. The intermediate
structures showed combination of monoclinic and rhombohedral phases. The highest
conductivity at room temperature was obtained for the x = 0.4 composition, which showed
a conductivity value of 4.0 mS/cm. Chen et al. [245] investigated influence of variety of
dopant ( N b5+ , T i 4+ , Y 3+ , Zn2+ ) at the octahedral Zr 4+ position on the conductivity in
Na3 Zr2 Si2 PO12 . They concluded that dopant with low valance state enables higher ionic
conductivity owing to weak electrostatic interaction between the dopant and the Na+ ions.
The study showed that the highest conductivity was obtained for Na3 Zr1.8 Zn0.2 Si2 PO11.8
ceramic which reached a value of 1.44 mS/cm at room temperature. Efforts have also been
made to stabilize the high conducting phase, i.e. the rhombohedral phase of NASICON
at room temperature. Jolley et al. [246] have performed a study on Na3 Zr2 Si2 PO12 by
doping different trivalent atoms such as Al, Y, Fe, divalent atoms such as Co, Ni, Zn at
the octahedral Zr position and investigated the structural phase transition behaviour.
They found that the Y3+ doping results to the lowest phase transition temperature and
smallest lattice distortion. Lalère et al. [247] proposed an all-solid-state battery operating
at 200 o C built of all-NASICON type materials where Na3 V2 (PO4 )3 [248–253] was used
as both of the electrodes, and Na3 Zr2 Si2 PO12 was used as the electrolyte.
The first full interatomic potential for the true-NASICON family (Na1+x Zr2 Six P3 – x O12
was developed by Kumar and Yashonath [254, 255] and classical MD and Monte Carlo
(MC) studies were carried out to investigate various structural and dynamical properties of the system across the series. This study for the first time demonstrated that
the migration channel in NASICONs is the one that connect an Na1 site (6 b sites)
to six neighboring Na1 sites through the Na2 site (18 e sites). More recently, Roy and
Kumar [256, 257], showed that the Si/P ordering influences the Na+ conductivity to
a great extent owing to the differences in the strength of the electrostatic interaction
between Na – Si and Na – P. In 2016, Bui et al. [258] carried out density functional theory
(DFT) calculations and also NEB calculations to investigate the structural properties
and diffusion mechanism in the low temperature (C 2/ c) phase of Na3 Zr2 Si2 PO12 . Three
possible ‘inner-chain’ processes and one possible ‘inter-chain’ process was suggested for
Na+ dynamics. The activation energies for both processes were found to be comparable
and thus a combination of all the mechanism in three dimension was concluded. In
2017, Mo et al. [259] carried out ab-initio MD (AIMD) on a wide variety of superionic
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conductors including Na+ conducting NASICONs and demonstrated the crucial role of
‘concerted’ migration in superionic conductors. It is proposed that mobile ions at higher
energy sites induce such ‘concerted’ migration through a lower energy barrier. Later in
2019, Zhang et al. [260] conducted a detailed study focusing on the correlated migration
mechanism in both low and high temperature phases of Na3 Zr2 Si2 PO12 by employing
AIMD. They reported a previously unknown Na5 site in the low temperature monoclinic
structure. The study concluded that increasing the concentration of Na+ ion is a more
effective strategy for achieving higher ionic conductivity than to solely enhancing the cell
volume. The study also experimentally verified that forcing the mobile ion species into
the higher energy sites indeed helps in lowering the migration energy barrier. In another
computational study, Zou et al. [261] revisited the rhombohedral NASICON structure
and the migration mechanism in it.
Substituting Na+ by Li+ in the N ASICON framework can produce promising lithium
ion conductors. The series LiM2 (PO4 )3 where M = Zr, Hf, Sn, Ti or Ge is under rigorous
research over at least last couple of decades [262–270]. The effect of different M ions on
the conductivity and its relation to the framework flexibility in LiM2 (PO4 )3 , where M =
Zr, Hf, Sn or Ti, has been carried out by us, and the results are presented in the third
chapter of this thesis. For M = Ti, Ge systems, the structure of LiM2 (PO4 )3 is known to be
stabilized in the rhombohedral (R 3̄ c) unit cell at room temperature whereas for higher M ion radius, i.e. for Zr, Hf, Sn a lower symmetric triclinic phase (C 1̄) at room temperature
has been reported in literature [267, 270–274]. The LiTi2 (PO4 )3 (LTP )is one of the widely
studied material in the family. The room temperature conductivity in LTP is very low for
any practical application. Studies were conducted by introducing another Li-compound,
such as Li3 PO4 , Li3 BO3 etc., in the system to enhance the ionic conductivity in the
system. The second compound serves as ‘flux’ at the grain boundaries and encourage
crystallization which enables higher conductivity. For instance incorporation of 20%
Li2 O in pure LiTi2 (PO4 )3 improves the conductivity to 0.5 S/cm [275, 276]. Another
strategy is to increase Li+ concentration via aliovalent doping which may also alter
the bottleneck sizes on the diffusion pathway. Numerous studies [277–282] have been
carried out over the years by partial incorporation of trivalent ions (Ga3+ , Sc3+ , In3+ , Al3+
etc.) in the Ti4+ position. Among these materials, Li1.3 Al0.3 Ti1.7 (PO4 )3 is reported to
have the highest bulk conductivity ( 1 mS/cm) at room temperature [283]. Studies have
suggested that in Li1+x Alx Ti2 – x (PO4 )3 , the extra Li+ ions occupy a new crystallographic
site, called Li3 (36 f ), which is situated between two neighbouring Li1 (6 b) sites. The
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diffusion channel follows Li1-Li3-Li3-Li1 connectivity [284]. Similar studies have been
carried out for LiGe2 (PO4 )3 system as well [285]. Despite the high conductivity value at
room temperature, Ti based Li-NASICON compositions are unstable against metallic
Li [286]. One of the way to overcome this issue is to introduce a stable ‘barrier layer’
to separate Li anode and the electrolyte [287]. In 2016, Zhao et al. [288] proposed a
bi-layer LATP/LAGP (Li1.3 Al0.3 Ti1.7 (PO4 )3 /Li1.3 Al0.3 Ge1.7 (PO4 )3 ) system in which the
LAGP part acts like the separator. The combined system exhibited around 0.34 mS/cm
ionic conductivity at 25 o C. The system was found to be showing stability against the
Li anode as LAGP has good stability. On the other hand, better stability has been
predicted against Li anode for the LiZr2 (PO4 )3 (LZP ). But the triclinic structure at room
temperature has a very low conductivity, [265] which together with their low affinity for
doping limits applicability. El-Shinawi et al. [289] in 2018 introduced a new approach for
synthesis of LiZr2 (PO4 )3 and reported a conductivity of 0.1 mS/cm at 80 o C, and showed
good compatibility with LZP electrolyte. The improvement in conductivity is attributed
to the lower grain-boundary resistance. In another study, Zhang et al. [290] reported
a series of Al3+ substituted LZP systems, Li1+x Alx Zr2 – x (PO4 )3 (0.0 ≤ x ≤ 0.5), which
retains the high temperature rhombohedral phase at room temperature and owing to
the increased number of Li+ ions, the conductivity also reaches up to 0.0031 mS/cm for

x = 0.275 composition. Similarly, La3+ substituted LZP has also been reported which
retain the rhombohedral structure at room temperature [291]. Computational studies
of the migration barrier in LTP and related materials have been performed by Lang et
al. [292]. Investigation of the effect of Ca doping in LZP [293], and study of migration
mechanism in LZP [294] also have been carried out in recent years.

1.2.6

Na2 M2 TeO6 (M = Ni, Co, Zn or Mg)

The new class of Na based fast ion conductor, Na2 M2 TeO6 where M = Ni, Co, Zn or Mg,
was first reported by Evstigneeva et al. [295] in 2011. All four structures stabilize in
the hexagonal cell with the framework made of edge sharing T eO6 and MO6 octahedra.
The octahedral layers align perpendicular to the c-axis and Na+ -ions are distributed in
between consecutive layers, making NaO6 prisms. It is proposed that in the Na2 Ni2 TeO6
structure, the octahedral columns along c-axis are arranged as Te - Te - Te - Te and M M - M - M and the space group for this case is identified as P 63 / mcm. On the other hand,
in the remaining cases, i.e. for M = Co, Mg or Zn, the octahedral columns are arranged
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as Te - M - Te - M and M - M - M - M and space group is P 63 22. Three sites for Na+ ions
have been reported in the interlayer distribution, and the Na+ diffusion happens strictly
in the ab-plane owing to the tightly packed octahedral layers. Interatomic potentials
were developed for the family and classical MD study was conducted [296, 297] which
highlighted crucial atomic-scale insights. The correlated motion of Na+ and the disorder
in the Na sub-lattice were proposed as the key factors influencing the diffusion. Recently,
an ab-initio MD study [298] on Na2 Zn2 TeO6 have showed the tendency of Na+ ions
to form disordered Na sub-lattice while maintaining the primary prismatic positions.
Partial doping of trivalent Ga in place of divalent Zn, resulting to Na2 – x Zn1 – x Gax TeO6
(0 ≤ x ≤ 0.15), has shown to enhance the room temperature conductivity up to 1.1
mS/cm owing to the Na vacancy creation in the system [299]. Deng et al. [300] reported
that incorporation of Ca in the Na2 Zn2 TeO6 structure enlarge the octahedral interlayer
spacing which in turn assist higher Na+ diffusion. Further exploration related to this
family is still under-way [301–303].

Figure 1.1: Reported room temperature conductivties of some of the promising classes of Li-ion
conducting inorganic solids. Figure used with permission from ref. 96. Copyright ©2016, American
Chemical Society.
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1.3

Summary

The development of all-solid-state batteries, for large scale applications, such as in
automobiles, and miniature electronic gadgets, remain one of the major goals before
the scientific community. This is necessary for the sustainability of the environment,
and for technological advancement across a multitude of areas. However replacing
liquid/gel electrolytes, used in the present day battery technology, by solid electrolytes
poses great technological challenges. The above account highlights several structurally
diverse families of fast ion conducting solids which are promising in this pursuit. Figure
1.1 [96] provides an overview of the range of room temperature conductivity of some of
the promising families of Li-ion conductors. As discussed in the previous sections, the
Na- counterparts of these classes of solids are also promising in terms of their room
temperature conductivities. The experimental and computational studies across these
spectrum of materials have identified numerous key factors that govern ion transport
in solids. Ionic conduction mechanism in solids usually occurs by means of: (a) direct
hopping/vacancy diffusion in which an ion jumps to a neighbouring vacant site, (b)
interstitial diffusion, in which partially occupied interstitial sites plays major role.
‘Concerted migration’ of the diffusing species has been found to be an important factor
for diffusion in several classes of materials [259]. It has also been reported that ‘bcc’-type
anionic frameworks are particularly favorable for ‘Li’-ion migration owing to the lower
migration barrier compared to ‘fcc’, ‘hcp’ type frameworks [304].
One of the experimental strategies, exploited since long, is to make isovalent substitutions of the framework cations by larger ones, which causes an expansion of the lattice
parameters, making wider migration channels. However, there are counter examples
which suggest an optimal sized channel, rather than bigger channels, enhances ion
mobility. Some theoretical predictions [305] and experimental observations, such as on
Li10 (Ge1 – x Mx )P2 S12 where M = Si, Sn [124], support this argument.
It has also been generally agreed upon that there is an optimal balance between the
concentration of mobile species in the system and the number of available sites. The
optimal composition however may vary based on the topology of the migration channel
in the matrix. Typically concentration of the mobile species are tuned through aliovalent
substitutions of the framework cations. This widely employed strategies have yielded
several advancements across the spectrum of solids, Li1+x Alx Ti2 – x (PO4 )3 ( x = 0.3),
Na1+x Zr2 Six P3 – x O12 ( x = 2), Na3+x M4+
x P1 – x S4 (M = Ge or Sn, and x = 0.0625 and M
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= Si; x = 0.0625, 0.125) , to name a few typical examples. Studies have also shown
that the ordering of the framework cations, such as Si/P ordering in the NASICON
framework, plays a crucial role on determining ion transport in solids [256, 257, 306–
309]. Another aspect closely related to the ion concentration is the ion-ion correlations.
Many computational studies, such as that of Na2 Ni2 TeO6 , suggest that an optimal
correlation between ions thermodynamically favours higher disorder of the mobile ion
sub-lattice, resulting in enhanced ion transport [297]. Proposedly, one of the reasons for
the high conductivity of Na3 Zr2 Si2 P12 has also been attributed to this effect [241, 310].
In Chapter 3 of this thesis we present theoretical evidence that ion hops are indeed
correlated with the framework motion. Recent studies are exploring to improve the ion
transport through softening of the frameworks. This has attracted fresh attention on
chalcogenide systems, and resulted the discovery of materials such as thio-phosphates
[117, 311]. Studies have also suggested that in some systems such softening lead to
decrease in the Arrhenius pre-factor and thus making the effect of softer lattice on
diffusion ambiguous, at least in some cases [172, 173].
Thus several factors that influence ion transport in solids have been recognized, and
efforts are on to combine and optimize these, often competing, aspects to achieve better
ionic conductivity. Further, apart from achieving high ionic conductivity several other
aspects related to the stability and compatibility at the electrode/electrolyte interfaces
also need be addressed to realize commercially viable all-solid-state batteries.

1.4

Objective of the thesis

From the above review on fast ion conducting solids it is evident that further advancement in this direction calls for concerted efforts wherein experimental, theoretical and
computational approach compliment each other. Atomistic computer simulation techniques such as molecular dynamics (MD) is an extremely powerful tool to investigate
materials properties at atomic length and time scales. In the study of ion conduction,
these techniques have been successfully used over the last three decade [312–315], as
highlighted in the previous sections. These studies have provided many important microscopic insights related to ion transport in solids, such as the migration channels,
microscopic energetics, mechanism of ion mobility, etc. These insights are important in
the tailor making of materials for solid state batteries. The thesis presents simulation
studies on some of the promising Li+ and Na+ conducting inorganic solid electrolytes.
22

TH-2395_136121031

CHAPTER 1. INTRODUCTION

The remaining chapters of the thesis are organized as follows,
• Chapter 2 discusses the theoretical foundations of the computational techniques
employed in the study.
• In Chapter 3 investigation of the role of framework flexibility on ion transport
mechanism in LiM2 (PO4 )3 , where M = Zr, Hf, Sn or Ti, and the correlation between
the bottleneck size and ion dynamics have been discussed.
• Chapter 4 discusses utility of the metadynamics technique in exploring slow diffusion in solids, where in the time-scale of standard molecular dynamics (MD) is
inadequate. The implementation of the technique is demonstrated for the two end
members of the NASICON family, namely NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 .
• Chapter 5 discusses the Li+ -ion diffusion mechanism in γ-Li3 PS4 by incorporating
metadynamics technique within ab-initio-MD. The diffusion channels and mechanism of Li+ transport are explored. The underlying microscopic energy barriers, are
estimated both from metadynamics as well as from nudged elastic band method.
• Chapter 6 summarizes the findings of the study, with an outlook to future directions.
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2

T HEORETICAL B ACKGROUND

2.1

Introduction

It was only since post world war II computers became available for general scientific
research work. The first problem addressed with atomistic computer simulation was
that of a dense liquid, by Metropolis et al. (1953) at Los Alamos National Laboratory,
employing Monte Carlo (MC) method [1]. Several other seminal works came out in the
following years. However, to investigate the dynamical properties at the atomic-scale, a
different approach was needed and this lead to evolution of molecular dynamics (MD)
technique. The first MD simulation was performed by Alder and Wainwright in 1956 to
study the dynamics of collection of hard spheres [1, 2]. In 1964, Rahman employed MD
to study the correlated motion of atoms in liquid argon [3]. This marked the first MD
investigation of a realistic system, and is acclaimed for its systematicity, thus playing
a major role in popularizing the technique. More than a decade later, in 1978, MD was
used to study α-AgI, the first fast ion conductor to be examined computationally [4].
Soon molecular dynamics approach was widely recognized as one the most powerful
methods to address a wide range of problems requiring atomic-scale ’resolution’. The
investigations on fast ion conducting solids presented in this thesis are based on extensive
use of molecular dynamics (MD) and metadynamics (MTD) techniques. The theoretical
background of these techniques are described below.
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2.2

Molecular Dynamics

The core of Molecular Dynamics (MD) simulation is to numerically solve the Newton’s
equations of motion for a collection of atoms, ions or molecules where analytical solution
is not possible. Calculation of the inter-atomic interaction is the starting point of such
iterations. Two different types of approaches are available for such calculations - (1)
classical molecular dynamics, which relies on predefined empirical interatomic potentials,
and (2) ab initio molecular dynamics (AIMD) in which the interatomic interaction is
calculated on the fly by incorporating the first principle-based solution of the electronic
structure of the system [1, 2, 5–9]. It is to mention that, in both cases, the dynamics
of the atoms/ions/molecules strictly follows Newton’s equation irrespective of how the
inter-atomic interactions are calculated.

2.2.1

Classical MD

In classical MD simulation, predefined inter-atomic potential is used for the calculation
of the force, and the second order differential equation is solved to obtain the evolution
of the coordinates and velocities in real time [1, 2, 9],
³ ´
³ ´
~I R
~ I = −~
~I ,
F
∇I V R

MI

³ ´
~I
d2 R
~I R
~I ,
=
F
dt2

(2.1)

(2.2)

~ I ) is calculated from the negative gradient of interaction potential V (R
~ ).
The force (F
~ I ({~r 1 , ~r 2 , ~r 3 , ....., ~r N }) are respectively mass and coordinates of the
In eq. (2.2), M I and R
I th atom, in a system of N atoms/ions. The standard algorithm begins with the initial set
of atomic coordinates of the system of interest (usually obtained from experimental data)
and their velocities (usually generated from a Maxwellian distribution). The desired
temperature of simulation can be achieved through different ways depending upon
the statistical ensemble used. In the following sections, the essential ingredients for a
MD simulation, namely integration scheme, periodic boundary condition, inter-atomic
potentials, various aspects related to ensembles, are discussed in some detail.
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2.2.1.1

Integration Scheme

Among different available integration schemes (such as Runge-Kutta, Euler etc.) velocity
verlet algorithm is perhaps one of the most popular choice for MD. This algorithm is a
modification of the simple ‘velocity’ verlet scheme, and handles positions, velocities, and
accelerations of all the particles simultaneously. The algorithm is of the form of,

~ ( t)
1F
~ ( t + ∆ t) = R
~ ( t) + ~
R
v( t)∆ t +
∆ t2
2 M
´
∆ t ³~
~ ( t) ,
~
v( t + ∆ t) = ~
v( t) +
F ( t + ∆ t) + F
2M

(2.3a)
(2.3b)

Elaborately,
• Move the velocity by half time-step using the initial velocity and acceleration,

~
v( t +
• Move the positions as,

~ ( t)
F
∆t
) =~
v( t) +
∆t
2
2M

∆t
~ ( t + ∆ t) = R
~ ( t) + ~
R
v( t + )∆ t
2

(2.4)

(2.5)

~ ( t + ∆ t)
• Calculate the new accelerations ~
a( t + ∆ t) from the new positions R
• Move the velocities to full time step using,

~
v( t + ∆ t) = ~
v( t +

∆t
1
)+ ~
a( t + ∆ t)∆ t
2
2

(2.6)

As the new set of positions and velocities of the atoms are available, new iterations
are performed to generate the trajectory.
2.2.1.2

Periodic Boundary Condition (PBC)

The number of atoms that can be handled within a reasonable computational expenditure
lies typically between 1000-10000. But, as any real bulk system consists of much larger
number of atoms, of the order of

1023 , calculations limiting to this low number of

atoms gives rise to spurious ‘surface effects’. This problem arises as large number of
atoms resides at boundaries in comparison with the real bulk system. As a result these
large number of surface atoms feels a completely different environment than the atoms
residing at the central region.
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Imposing periodic boundary condition (PBC) is an effective way to eliminate this
so called ‘surface effects’ during simulation. This method allows an atom to re-enter
from the opposite boundary of the simulation box in case it is leaving the simulation
box from one boundary. In other words, one boundary of the simulation box, under PBC,
always ‘feels’ the opposite boundary of the box. In practice, this phenomena is realized by
considering adjacent ‘images’ of the simulation box in all direction as follows,

x0 = xbox + n x L x

(2.7a)

y0 = ybox + n y L y

(2.7b)

z0 = z box + n z L z

(2.7c)

where xbox , ybox , z box are position coordinates of the particle inside the simulation
cell, n x , n y , n z are integer numbers representing the number of images in each direction,

L x , L y , L z are the lattice vectors. In case the simulation box is non-orthogonal, the real
coordinates of the atoms are usually transformed into what is called ‘scaled’ coordinates
through a matrix multiplication. This matrix is termed as ‘h-matrix’ and looks like,


ax bx cx



h=
(2.8)
 0 b y c y
0 0 cz
where the matrix elements are different components of the lattice vectors, ~
a, ~
c
b and ~
of the simulation box. The ‘scaled’ coordinates is obtained by,

~s = h−1~r

(2.9)

which will provide a orthogonal box with unit dimensions. The PBC can be applied in
standard way, following equations (2.7) but for a cubic box of unit dimensions. Then all
the coordinates are transformed back to real coordinates by,

~r = h~s
2.2.1.3

(2.10)

Inter-atomic Potential

The accuracy of the results produced from classical MD majorly depends on the interatomic potential form and parameters used for the simulation. Some of the popular
functional forms for inter-atomic potential available in the literature are, Lennard-Jones,
Vashistha Rahman, Born Mayer etc.
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Lennard-Jones potential is given as,

V = 4²[(

σ

ri j

)12 − (

σ

ri j

)6 ]

(2.11)

where ² is the depth of the potential at the equilibrium distance for a pair of atom, σ
is the diameter of atom and r i j is the distance between two atoms. The first term in the
bracket represents the Pauli repulsion originating from the electron cloud overlapping
and the second term represents the attractive part originating from the instantaneous
dipole-dipole interactions. Lennard-Jones potential is extensively used to simulate inert
gas systems, such as, argon, but can be extended to simulate certain ionic solids by
adding the Coulombic term to the potential.
The functional form of Born Mayer (Buckingham) potential[10] is given as,

V=

qi q j
ri j

+ A i j exp(

ri j
ρ

)−

Di j
r 8i j

−

Ci j
r 6i j

(2.12)

where q is the charge, A i j and ρ are respectively the strength and range of the overlap
repulsive term, D i j , C i j are respectively the dipole-quadrupole interaction term and
the dipole-dipole interaction term. This potential has widely been employed to simulate
inorganic solids, molten salts and many fast ion conductors such as β-alumina, Li 3 N ,

CaF2 etc.
The Vashistha Rahman potential [4] is given as,

V=

qi q j
ri j

+ Ai j

(σ i + σ j )n i j
n
r i ji j

−

Pi j
r 4i j

−

Ci j
r 6i j

(2.13)

where q is the charge, σ is ionic radius, A i j , P i j , C i j are respectively the overlap
repulsive term, charge dipole interaction and the dispersion energy terms. n i j is usually
taken as 11, 9 and 7 for cation-cation, cation-anion and anion-anion pairs respectively.
This potential form was first proposed for the study of fast ion conductor A gI . Later on,
it has been implemented to study several other fast ion conductors as well.
While calculating the interaction potentials under PBC, if all the ‘real atoms’ and
the ‘images’ are considered, the computational expenditure will be too high and such
calculations may be unnecessary as well. For ionic systems, the potential usually consists
of two parts, the short range term and the long range Couloumbic term. To minimize the
computational expenditure, often a cut off distance (R c ) is incorporated beyond which
the potential energy contributions from the short-range interactions are neglected. The
implementation of cut off distance is pretty straightforward for the short range term, and
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is incorporated in such a way that an atom will either interact with another atom or it’s
image, whichever is nearer – but not both. This is known as minimum image convention
in which the cut off is usually chosen as half the box length (R c ≤ L/2).

2.2.2

Ewald Summation

But when Coulombic interaction comes into the scenario, special care is needed as this
long range interaction doesn’t converge within the cut off. To deal with this difficulty, a
well known technique, known as ‘Ewald summation’, is implemented.
Under periodic boundary condition (PBC), the Coulombic contribution from all the
periodic images has to be considered. For a ‘ N ’ particle system, thus, the total potential
for the Coulombic part is given as,

U=

N
N X
qi q j
1 XX
8π² o n i=1 j=1 | ~r i j + n~
L|

(2.14)

where ~
L (L x , L y , L z ) are the lattice vectors and n is the number of periodic images. To
begin with, Ewald summation method assumes a Gaussian charge distribution of opposite
sign but same magnitude around each and every charge q i so that the total charge of this
distribution precisely cancels the q i out. Another Gaussian charge distribution same as
the original charge is also assumed to compensate the Gaussian distributions mentioned
earlier. The contributions from the parts of this arrangement can be split into a short
range and a long range part.
2.2.2.1

Short range part

The Gaussian charge distribution of opposite signs screen the neighboring ion’s interaction and the screened interactions become short ranged. The Gaussian charge is given
as,

α 3
ρ ( r ) = − q j ( ) 2 exp (−α r 2 )
π

(2.15)

where α is the width of the Gaussian. The potential at some distance r due to this
distribution is given as,
φs = −

qj

p
erf (α r )

r
here ‘erf’ is known as error function and defined as,
Z z
2
2
erf( z) = p
e− t dt
π 0
40

TH-2395_136121031

(2.16)

(2.17)

CHAPTER 2. THEORETICAL BACKGROUND

So, the potential due to the screened charge at some distance r is given as,
φscreened = φ p + φs =

qj
r

−

qj

p
p
qj
erf (α r ) =
erfc( α r )
r
r

(2.18)

where ‘erfc’ is known as complimentary error function and given as erfc( z) = 1 − erf( z).
The total potential coming from this part, thus given as,
p
1 X q i q j erfc( α r )
Ushort =
~r i j
2 i 6= j
2.2.2.2

(2.19)

The Self Term

The potential at r = 0, arises because of the self interaction between the Gaussian and
the corresponding point charge, is to be subtracted . This can be obtained from eq (2.16)
as,
N
α 1 X
qi2
Uself = ( ) 2
π i=1

2.2.2.3

(2.20)

The Long-range Term

The interaction between the compensating Gaussian charge distributions is long range
one and in Ewald’s method, the potential energy due to these charges is calculated in the
reciprocal space and obtained as,

Ulong =

1 X
k2
|ρ (~
k)|2 exp(− )
2V k 6= 0
4α

(2.21)

where,
ρ (~
k) =

N
X

~

q i e i k.~r i

(2.22)

i =1

Thus, the total potential energy is given as,

Uewald = Ushort + Ulong − Uself
p
N
1 X
k2
α 1 X
1 X q i q j erfc( α r )
|ρ (k)|2 exp(− ) − ( ) 2
=
+
qi2
~r i j
2 i 6= j
2V k 6= 0
4α
π i=1

2.2.3

Aspects of Different Ensembles

2.2.3.1

Microcanonical Ensemble (NVE)

(2.23)

Performing MD in a microcanonical ensemble (NVE) is straightforward. Simply integrating the equation of motion, following the steps mentioned in the previous sections, gives
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us results for a NVE ensemble because of the conservation of the total Hamiltonian of
the system.
But the algorithm, discussed so far, does not provide any control over the temperature.
So, to perform NVE-MD at a desired temperature, a technique, known as velocity rescaling is employed. The equipartion theorem tells,
1
3
N k B T = M~
v2
2
2

(2.24)

From (2.24), the instantaneous (T in ) and required (T r ) temperature can be written
as,

v iin )2
i =1 M i (~

PN

T in =
Tr =

3N kB
PN
v ri )2
i =1 M i (~
3N kB

(2.25a)
(2.25b)

From (2.25a) and (2.25b), It can be shown that the required temperature (T r ) for the

v iin ) with a scale
simulation can be achieved by multiplying the instantaneous velocity (~
factor and thus re-scale the velocity as,
s

~
v ri

=

T r in
~
v
T in i

(2.26)

This velocity re-scaling is usually done for certain initial steps and then the production
phase is performed without the scaling.
2.2.3.2

Canonical Ensemble (NVT)

Unlike NVE-MD, NVT-MD can not be performed by simple integration of the equation
of motion as the total energy of the system in the later case is not conserved. The
total energy or the Hamiltonian of the system fluctuates and generates a Boltzmann
distribution. This happens because of the energy exchange between the system and
thermal bath. To simulate a system in contact with a thermal bath, different techniques
have been introduced by different groups, like Andersen [11], Nose and Klein [12] etc.
In this section we will briefly discuss the extended Hamiltonian approach developed by
Nose and Hoover[12–14].
The Hamiltonian of system connected with a thermal bath is written as,

H nh =

N
X

~
p2i

i =1 2 M i s

+ U (r) +
2
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Here the 3rd and the 4 th terms are to introduce a ‘Maxwell daemon’ like agent[15],
denoted by ‘s’, that checks the instantaneous kinetic energy and adjust it to achieve the
desired temperature. ‘Q’ is a factor that decides the frequency at which the kinetic energy
is modulated. gk B T ln(s) is formulated, with the ‘g’ chosen in a way so that the microcanonical distribution in 2 dN + 2 (where d is spatial dimension, and 2 is added for ‘s’ and

p s ) will eventually give canonical distribution in the physical space [15]. It can be shown
that in molecular dynamics simulation by implementing this Nose Hamiltonian, H nh
will eventually generate a canonical distribution, e−βH(~r,~p) for the physical Hamiltonian
given that ergodicity is maintained.
2.2.3.3

Isothermal-Isobaric Ensemble (NPT)

From experimental perspective, isothermal-isobaric ensemble is the most realistic one as
experiments are majorly done in a constant pressure environment where the cell volume
is allowed to fluctuate. This condition can be mimicked in MD simulation by adding
another degree of freedom to the Hamiltonian as[15],

H nh =

N
X

~
p2i

i =1 2 M i s

+ U (r) +
2

p2
p2s
+ gk B T ln( s) + v + P ex V
2Q
2W

(2.28)

where p v is conjugate momentum of the volume and W is a fictitious mass that
decides the time scale at which the volume changes. In NPT-MD simulation the volume
of the cell is thus allowed to fluctuate depending on the difference between the internal
stress and the external pressure (P ex ).

2.2.4

Ab Initio Molecular Dynamics

One of the fundamental shortcomings of classical MD is the availability and accuracy
of the interaction potential and their parameters. They are highly non trivial across
different systems and the difficulty with parameterization rises as the types of molecules
increases in the system. Also, classical MD can not be used for the study of ‘chemically
active’ systems as it can’t account for events like bond breaking or making. These limitations of classical MD is overcome in first-principles based approach known as ab-initio
molecular dynamics (AIMD). In AIMD, the forces between atoms are calculated on-the-fly
from electronic structure calculation. Although AIMD calculation is computationally very
expensive, numerous studies in various fields, over last three decades have exhibited the
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efficiency and predictive power of the method. In the following sections, the theoretical
overview of AIMD simulation is presented.
The Hamiltonian corresponding to a many-body problem can be written as,

H = T N + T e + Vee + VN e + VN N

(2.29)

where, T N and T e are respectively nuclear and electronic kinetic energy. Vee , VN e and

VN N are respectively the electron-electron, nucleus-electron and nucleus-nucleus potential energies. Thus,
X
X ZI ZJ
1
ZI
1X 1 2 1X 2 X
~
~
∇I −
∇i +
−
+
H = −
~ I −~r i | I < J |R
~I − R
~J|
2 I MI
2 i
r i −~r j | I,i |R
i < j |~
= −

X ~
∇2I
I

2M I

~)
+ H e ({~r i }, R

(2.30a)

(2.30b)

~ are respectively the electronic and nuclear degrees of freedom. M I and
where ~r and R
~)
Z I represent the mass and atomic number of the I th nucleus respectively. H e ({~r i }, R
³
´
~ ). If Ψ {~r i }, R
~ ; t is the total wavefunction,
represents the electronic part of the H ({~r i }, R
then the time dependent Schrödinger equation, to be solved is,
´
³
´
∂ ³
~; t = H
~; t
b Ψ {~r i }, R
i ~ Ψ {~r i }, R
∂t

(2.31)

The Born-Oppenheimer approximation [16–18] allows the motion of the nuclei and the
electrons to be treated separately. By considering that the electrons are in instantaneous
equilibrium positions with the nuclei, the T N in (2.30) term can be neglected which
brings the many body problem down to a only electronic structure problem. In that case,
~ ) with parametric
the Hamiltonian to be considered is the electronic one, i.e. H e ({~r i }, R

~ . The total wave function can then be written as the
dependence on the nuclei position R
product of the nuclear and electronic wave functions [18–20],
³
´
³
´
³
´
~ ; t = ψ {~r i }; R
~ × ψN R
~; t .
Ψ {~r i }, R

(2.32)

The time independent many-body Schrödinger equation for the ground state electronic
sub-system can be solved from,
³
´
³ ´
~ ψ0 ({~r i }) = ²0 R
~ ψ0 ({~r i }) ,
b e {~r i } ; R
H
(2.33)
³ ´
~ represents the ground state eigenvalues. Once the electronic structure
where ²0 R
problem is solved, the forces on the ions can be computed using,

~ I = −∇ I 〈ψ0 | H
b e |ψ0 〉,
F
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After obtaining the forces between the ions, the equation of motion can be solved as
described in the previous section to get the real time evolution of the system in interest.
Born-Oppenheimer Molecular Dynamics
Born-Oppenheimer Molecular Dynamics (BOMD) is one of the two major approaches
to AIMD simulation in which the time-independent Schrödinger equation for electrons
~ I , and the time evolution is incorporated via
is solved for each nuclear configuration R
its parametric dependence on the dynamics of the nuclei [21–24]. The Lagrangian that
describes the BOMD dynamics is given as,

L BO =

X
¡
¢
1X
~˙ 2 − min〈Ψ0 | H
b e |Ψ0 〉 + Λ i j 〈ψ i |ψ j 〉 − δ i j ,
MI R
I
{ψ i }
2 I
i, j

(2.35)

where the first term represents the kinetic energy of nuclei, the second term (where

Ψ0 is the Slater determinant, and ψ i is one electron wave function) is the potential
energy which is to be minimized at every MD step and the Hermitian Lagrangian
matrix is represented by Λ i j which maintain the ortho-normality constraints. Now, as
per Euler-Lagrange equations for this case,
Ã
!
d ∂L
∂L
=
~I
dt ∂R
~˙ I
∂R
δL
=0
δψ∗i

(2.36a)
(2.36b)

which gives the equations of motion as,
© ¯ ¯ ®ª
~¨ I ( t) = −~
b e ¯ Ψ0
MI R
∇ I min Ψ0 ¯ H
{ψ i }

(2.37)

¯ ¯
b e ¯ Ψ0 > is generally solved using density functional theory (DFT). The neces< Ψ0 ¯ H

sity of solving the electron structure problem at every MD step makes BOMD intrinsically
more expensive in terms of computational power.
Car-Parrinello Molecular Dynamics
Roberto Car and Michele Parrinello, in 1985, proposed a new approach to AIMD simulation in which the computational expenditure is significantly reduced [5]. Car-Parrinello
Molecular Dynamics (CPMD) [5, 18] is founded on the idea of adiabatic time scale separation between the fast electronic and the slow nucleus degrees of freedom. In CPMD, the
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problem is dealt as two-component pure classical system with explicit time dependence
of the fast electrons. The Lagrangian in this case is given as [5],
X
X 
¡
¢
®
1X
~˙ 2 + µ ψ̇ i |ψ̇ i − 〈Ψ0 | H
b KS
Λ
〈
ψ
|
ψ
〉
−
δ
,
|
Ψ
〉
+
L CP =
MI R
i
j
i
j
i
j
0
e
I
2 I
i, j
i

(2.38)

The second term in the equation adds an artificial kinetic energy to the electrons and
µ represents fictitious electronic mass. From the Euler-Lagrange equation [25], as

mentioned in Eqs. (2.36a)-(2.36b), the equation of motions for the nuclei and the electrons
in CPMD obtained as,
D
E
¨
KS
~
b
~
M I R I ( t) = − ∇ I Ψ0 | H e |Ψ0
X
µψ̈ i ( t) = − H KS
Λi j ψ j ,
e ψi +

(2.39a)
(2.39b)

j

where H KS
e is the Kohn-Sham electronic Hamiltonian. The second order time derivative
in Eq (2.39b) clearly indicates that, unlike BOMD, the electronic part in this case is a
dynamic quantity[ref].
Hellmann-Feynman Forces

~ I = −~
b e |Ψ0 〉 is very
A numerical calculation of the force on the nuclei by using F
∇ I 〈Ψ0 | H
expensive and can be highly inaccurate for simulations. Analytically, the expression can
be written as,

~I = −~
b e |Ψ0 〉
F
∇ I 〈Ψ0 | H
b e |Ψ0 〉 − 〈~
b e |Ψ0 〉 − 〈Ψ0 | H
b e |~
= − 〈Ψ0 |~
∇I H
∇ I Ψ0 | H
∇ I Ψ0 〉

(2.40)

For stationary state wavefuctions, the contributions coming from ~
∇ I Ψ0 vanish and Eq.
(2.40) becomes,

D
E
~ I = − Ψ0 |~
b e |Ψ0
F
∇I H

(2.41)

This is the Hellmann-Feynman Theorem (HFT) [26–28] , using which the force
calculation becomes simplified.

2.3

Brief Overview of Density Functional Theory

The solution of the time independent, many-body Schrödinger equation is the most
complicated and expensive part due to dimensionality of the electronic subsystem. Based
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on the two papers by Hohenberg, Kohn and Sham [7, 8], density functional theory (DFT)
is an magical tool to reduce the complexity. The two fundamental theorems of DFT are,
Theorem 1. The ground state energy is a unique functional of the electronic density
Theorem 2. The electron density that minimizes the total energy is the exact ground-state
density [7].
Use of electron density instead of wave function reduces the degrees of freedom of the
many-body problem from 3 N e to 3. The energy functional, thus can be expressed as,
Z
E [ n] = T [ n] +U [ n] + Vext (~r ) n (~r )
(2.42)
The third term in Eq (2.42) is the external potential, the first and the second terms
are respectively electronic kinetic energy and electron-electron interaction energy. This
energy functional takes minimum value for the exact ground state density, and hence
the ground state can be obtained by minimizing it:

®

®
b e |ψ = min ψ[ρ ]| H
b e [ρ ]|ψ[ρ ] = min E DFT [ n 0 ] ,
E 0 = E DFT [ n 0 ] = min ψ| H
ψ

ρ

ρ

(2.43)

The T [ n], U [ n] terms in Eq (2.42) is unknown quantity which prevents exact solution of
the problem , so, physically sound approximations are required. In Thomas-Fermi approximation[29] the electron-electron interaction energy is approximated by the Hartree
energy[30],

U ≈ UH

£

1
n(~r ) =
2
¤

Ï

0

d~r d~r

¡ ¢
n (~r ) n ~r 0
|~r −~r 0 |

(2.44)

which is basically the classical electrostatic interaction energy between the electron
¡ ¢
densities n (~r ) and n ~r 0 . Handling the electronic kinetic energy term (T ) is more tricky
as it contains a ~
∇2 -term. As per Kohn-Sham (KS) scheme, an important approximation
is made at this point,

n (~r ) =

N
occ
X

f i φ i (~r )φ∗i (~r ),

(2.45)

i =1

where a fictitious single-particle wave function, known as Kohn-Sham (KS) orbitals
[8] is represented as φ i . Nocc represents the number of occupied orbitals and f i is the
occupation number for state i and related to the number of electrons ( N e ) by the following
relation
N
occ
X

f i = Ne ,

i =1
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Thus the electronic kinetic energy term is approximated as,
Ne
1X
T ≈−
2 i=1

Z

φ∗i (~
r )~
∇2 φ i (~r ) d~r = T s

£© £
¤ª¤
φ i n(~
r) .

(2.47)

Effectively, the actual many particle problem is now reshaped as a non-interacting singleparticle problem with the same electron density. With above sets of simplifications, the
KS-energy functional becomes,

E

KS

[{φ i }] = T [{φ i }] +

Z

1
Vext (~r ) n(~r )d~r +
2

Z

UH (~r ) n(~r )d~r + E xc [ n],

(2.48)

where,
¡
£© £
¤ª¤¢
E XC = T [ n(~r )] − T s φ i n(~r )
+ (U [ n(~r )] − UH [ n(~r )])

(2.49)

known as the exchange and correlation (XC) functional [7, 8], representing the manybody correlation effect and according to HK theorem, is also a functional of n( r ). For
practical applications, many approximations are available for E XC , such as Local Density
Approximation (LDA), Generalized Gradient Approximation (GGA) etc [31].
To obtain the ground state, E KS [{φ i }] is to be minimized w.r.t. electron density. Eventually one obtain the KS equation as follow,
¸
·
1 2
KS
~
− ∇ + V (~r ) φ i (~r ) = ² i φ i (~r )
2

H KS
r ) = ² i φ i (~r ),
e φ i (~

(2.50a)
(2.50b)

Pseudopotential
The computational cost of DFT calculation can significantly be reduced by explicit
consideration of valance electrons and replacing the core potential with a effective
one. This effective potential is known as the pseudopotential. For practical purposes
in plane-wave electronic structure algorithms the commonly used pseudopotentials
are Norm-conserving [32] and Ultra-soft (USP) [33]. First developed by Kleinman and
Bylander [34], in norm-conserving pseudo-potentials, the pseudo- and all-electron wavefunctions have equal norms inside a cutoff distance r c . A new softer pseudopotential
was proposed by Vanderbilt [33] which facilitate the use of smaller cutoff and known as
ultra-soft pseudo-potential.
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2.4

Metadynamics

MD study of ion diffusion mechanism in various promising electrolyte materials faces
one common challenge when dealing with relatively low conducting systems. In such
slow diffusive systems, the time scale needed to generate ion diffusion through MD
is often very large. Given the fact that in standard MD simulation the appropriate
time step for the integration of equations of motion is of the order of femtoseconds, the
required time length for a simulation to study such slow diffusing systems are in general
computationally unfeasible.
Such ‘rare events’ are very common in numerous problems of interest across scientific
disciplines, thus posing great computational challenges. Several methods have been
proposed in the past to deal with such ‘rare events’ [15]. Among them, metadynamics(MTD) is perhaps one of the most well reputed techniques that can overcome the
above mentioned limitation of MD by ‘accelerating’ the event. Originally proposed by
Laio and Parrinello [35], MTD method applies small ‘hills’ (external potential) on the
appropriate collective variable (CV), and encourage the system to escape the free energy
minima. As these ‘hills’ keep adding up filling up the local potential energy minima,
the system is rather strongly discouraged to revisit the same place in the configuration
space. Also, because of the accumulative nature of the ‘hills’, MTD technique is able to
map the underlying free energy landscape efficiently. Since the method’s inception, MTD
has underwent several improvements and modifications [36–39]. MTD method so far
proved to be extremely useful in different fields of studies, such as chemical reactions,
bond breaking etc.
The external bias potential, in its basic form can be written as,

V (~
s, t) =

X

H0 exp [

t g <t

X ( s i − s i ( t g ))2
i

2σ 2

]

(2.51)

where H0 is the height of the Gaussian, σ is the width of the Gaussian, t g is the instant
at which the potential is applied, s is the appropriate collective variable. As t → ∞, the
underlying free energy landscape can be reconstructed simply from the accumulated
bias potential as,

F (~
s) = −V (~
s, t) + c

(2.52)

where c is a constant.
A more efficient variant of the MTD simulation, known as ‘well-tempered’ metadynamics [38] has been adopted in the fourth and fifth chapters of this thesis, where
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two promising classes of solid electrolytes are examined. The mathematical details of
the technique and its implementation are discussed more elaborately in the respective
chapters.

2.5

Nudged Elastic Band method

Nudged elastic band method (NEB) is one of the most efficient and popular technique
to determine the minimum energy path from an initial state to a final state [40]. The
calculation is realized by considering multiple intermediate ‘images’ between the initial
and the final state, which are all connected to each other through what can be considered
as an elastic band. The convergence of the arrangement to the minimum energy path
is then achieved by minimizing the force acting on each of the images. The total force
acting on the images can be written as,

~i = −∇V (R
~i ) + F
~i spring
F

(2.53)

where the first term on the right hand side is the force on the i th image due to the
potential energy (known as ‘true force’) and the second term is the spring force, given as,

~i spring = k i+1 (R
~ i+1 − R
~ i ) − k i (R
~i − R
~ i−1 )
F

(2.54)

k being the spring constant. Now, minimizing eq (2.54) in order to obtain the minimum
energy path is what is known as ‘plain elastic band’ method, in which the component of
the spring force perpendicular to the path and the component of the true force parallel to
the path restrict the desired convergence. The simple solution to this problem, achieved
through considering out those components. So, in NEB method, eq (2.54) looks like,

~ 0 i = −∇V (R
~ i )⊥ + F~i ∥ spring
F

(2.55)

Eliminating the perpendicular component of the spring force completely can results
acute kinks in the path in case of some systems. In the original implementation of NEB,
solution to this ‘kinks’ was obtained by introducing a switching function which turns
~ i+1 − R
~ i ) and
on and off depending on the deviation of the angle between the vectors (R

~i − R
~ i−1 ) [40]. Later on an improved tangent definition technique was introduced with
(R
which smooth convergence can be achieved [41].
Another addition to the standard NEB method is known as the climbing image NEB
(CI-NEB) [42], in which after the convergence achieved in the regular NEB calculation,
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the shape of the minimum energy path is preserved and the image with the highest
energy is identified and the force on it is redefined as,

~ i=max = −∇V (R
~ i=max )⊥ + ∇V (R
~ i=max )∥
F

(2.56)

which means, the total force it feels is only due to the potential energy with the component
along the tangent ‘inverted’. This causes the image with maximum energy to climb up
along the band to reach the saddle point (it is to note that the image is allowed to climb
down the energy, but only perpendicular to the band). Thus a rigorous convergence to
the exact saddle point is achieved.

2.6

Basic Analysis

2.6.1

Radial Distribution Function

Calculation of radial distribution function (RDF) is similar to the XRD technique in
experiment from which the structural information can be obtained. It provides the
probability of finding an atom as a function of the distance from a reference atom. The
dynamic RDF is calculated by averaging over the frames in MD-trajectory. Usually
dynamic RDF shows some broadening around the static RDF depending on diffusivity of
the atom. The RDF is defined as,

g( r ) =

N
X
V
n i ( r, ∆ r )
4π r 2 ∆ rN 2 i=1

(2.57)

where, V is the volume of the simulation box, N is total number of atom, n is the
number of atom in a spherical shell defined by two spheres of radius r and ∆ r . Running
coordination number, which essentially provides the number neighboring atoms as a
function of distance from a reference atom, can be obtained from integrating g( r ) as
following,

C ( n ) = 4π

Z

r

r 2 ng( r ) dr

(2.58)

0

where n is the global density of atoms.

2.6.2

Diffusivity and Conductivity

Diffusivity and conductivity are two important quantities in the study of solid state
ionics. The mean squared displacement of an ion can be calculated simply from,

MSD = < | r ( t) − r (0)|2 >
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In practice, multiple time origins are considered for averaging in eq (2.59). The diffusivity
(D ) of the ion, then can be calculated from the slop of the MSD-time plot using the
Einstein’s equation, given as
< | r ( t + t 0 ) − r ( t )| 2 >
D = 0lim
t →∞
6 t0

(2.60)

Then by using Nernst-Einstein equation, the conductivity σ calculated as,
σ =

nq2 D
Hr kB T

(2.61)

where n is the number density of the ion, q is the charge, H r is Haven ratio, k B is the
Boltzmann constant and D is the self diffusivity at temperature T .
Activation energy (E a ) is another essential quantity which tells the energy barrier
associated. Arrhenius’s equation gives,

D = D 0 exp[−

Ea
]
kB T

(2.62)

So,
Ea

exp[− k T ]
nq2 D 0
Ea
B
σ =
exp[−
] = σ0
kB T
kB T
T

(2.63)

Or,
log(σT ) = log(σ0 ) −

Ea
kB T

log(σ0 ) in eq (2.64) being a constant, the slope of log(σT ) vs.

(2.64)
1
T

plot gives the activation

energy E a .
Apart from the above mentioned standard analyses of the MD-trajectories, spatial
distribution function (SDF) calculation that provides the three dimensional density
distribution has also been employed in the works presented in this thesis. The rest of the
problem specific analysis were done using in house developed programs.

52

TH-2395_136121031

B IBLIOGRAPHY

[1]

M. P. Allen and D. J. Tildesley, Computer simulation of liquids, Oxford university press, 2017.

[2]

D. Frenkel and B. Smit, Understanding molecular simulation: From algorithms to applications,
Elsevier (formerly published by Academic Press), 2002, vol. 1, pp. 1–638.

[3]

A. Rahman, Physical review, 1964, 136, A405.

[4]

P. Vashishta and A. Rahman, Phys. Rev. Lett., 1978, 40, 1337.

[5]

R. Car and M. Parrinello, Phys. Rev. Lett., 1985, 55, 2471.

[6]

D. Marx and J. Hutter, Modern methods and algorithms of quantum chemistry, John von Neumann
Institute for Computing (NIC), 2000, pp. 301–449.

[7]

P. Hohenberg and W. Kohn, Phys. Rev., 1964, 136, B864.

[8]

W. Kohn and L. J. Sham, Phys. Rev., 1965, 140, A1133.

[9]

C. Gray and K. Gubbins, Fundamentals (Theory of Molecular Fluids), Oxford: Clarendon, 1984, vol. 1.

[10] R. A. Buckingham, Proceedings of the Royal Society of London. Series A. Mathematical and Physical
Sciences, 1938, 168, 264–283.
[11] H. C. Andersen, J. Chem. Phys., 1980, 72, 2384–2393.
[12] S. Nosé and M. Klein, Mol. Phys., 1983, 50, 1055–1076.
[13] S. Nosé, J. Chem. Phys., 1984, 81, 511–519.
[14] W. G. Hoover, Phy. Rev. A, 1985, 31, 1695.
[15] M. Tuckerman, Statistical mechanics: theory and molecular simulation, Oxford university press,
2010.
[16] M. Born and R. Oppenheimer, Ann. Phys., 1927, 389, 457–484.
[17] R. M. Martin, Electronic structure: basic theory and practical methods, Cambridge university press,
2004.
[18] D. Marx and J. Hutter, Ab initio molecular dynamics: basic theory and advanced methods, Cambridge
University Press, 2009.
[19] W. Kolos, Adv. Quantum Chem., 1970, 5, 99.
[20] W. Kutzelnigg, Mol. Phys., 1997, 90, 909–916.
[21] A. Szabo and N. S. Ostlund, Modern quantum chemistry: introduction to advanced electronic structure
theory, Courier Corporation, 2012.
[22] R. McWeeny, Methods of molecular quantum mechanics, Academic press, 1992.
[23] R. G. Yang and W. Yang, Density Functional Theory of Atoms and Molecules, Oxford University Press,
Oxford, 1989.
[24] R. M. Dreizler and E. K. Gross, Density–Functional Theory, Springer, 1990.

53

TH-2395_136121031

BIBLIOGRAPHY

[25] H. Goldstein, C. P. Poole and J. L. Safko, Classical Mechanics: Pearson New International Edition,
Pearson Higher Ed, 2014.
[26] H. Hellmann, Z. Phys, 1933, 85, 180–190.
[27] R. P. Feynman, Phys. Rev., 1939, 56, 340.
[28] I. N. Levine, D. H. Busch and H. Shull, Quantum chemistry, Prentice Hall Upper Saddle River, NJ,
2000, vol. 5.
[29] N. March, Adv. Phys., 1957, 6, 1–101.
[30] T. D. Kühne, M. Krack, F. R. Mohamed and M. Parrinello, Phys. Rev. Lett., 2007, 98, 066401.
[31] K. Burke and L. O. Wagner, Int. J. Quantum Chem, 2013, 113, 96–101.
[32] D. Hamann, M. Schlüter and C. Chiang, Phys. Rev. Lett., 1979, 43, 1494.
[33] D. Vanderbilt, Phys. Rev. B, 1990, 41, 7892–7895.
[34] L. Kleinman, Phys. Rev. Lett., 1982, 48, 1425.
[35] A. Laio and M. Parrinello, Proc. Natl. Acad. Sci. U.S.A, 2002, 99, 12562–12566.
[36] C. Micheletti, A. Laio and M. Parrinello, Phys. Rev. Lett., 2004, 92, 170601.
[37] G. Bussi, A. Laio and M. Parrinello, Phys. Rev. Lett., 2006, 96, 090601.
[38] A. Barducci, G. Bussi and M. Parrinello, Phys. Rev. Lett., 2008, 100, 020603.
[39] A. Laio and F. L. Gervasio, Rep. Prog. Phys, 2008, 71, 126601.
[40] H. Jónsson, G. Mills and K. W. Jacobsen, 1998.
[41] G. Henkelman and H. Jónsson, J. Chem. Phys., 2000, 113, 9978–9985.
[42] G. Henkelman, B. P. Uberuaga and H. Jónsson, J. Chem. Phys., 2000, 113, 9901–9904.

54

TH-2395_136121031

CHAPTER

3

R OLE OF F RAMEWORK F LEXIBILITY ON I ON
T RANSPORT : M OLECULAR D YNAMICS S TUDY OF
L I M 2 (PO 4 ) 3

3.1

Introduction

Since their inception in 1976 [1, 2] NASICON-type solids have attracted rigorous experimental and theoretical research. Detailed in chapter 1, along with various other inorganic
Li+ /Na+ conductors, the advances in the research and development of NASICON type
materials have been discussed. This includes the wide range of cationic substitutions
in the polyhedral framework [3], to efforts to device an all-NASICON battery [4]. Li
substituted NASICONs, LiM2 (PO4 )3 , where M is Zr, Hf, Sn, Ti and Ge, have also gained
wide spread attention over the years. The LiTi2 (PO4 )3 , which retains the rhombohedral
structure at room temperature and exhibits high conductivity with aliovalent substitutions, faces the hurdle of reactivity with Li-anode [5, 6]. On the other hand, LiZr2 (PO4 )3
shows better stability against Li-anode, but has a low conducting triclinic structure at
room temperature [7]. The effect of different M-ions on the framework flexibility, and
thus on the ionic conductivity is also a subject of interest for quite a long time. All these
challenges and curious structural properties have kept the series exciting and worthy of
active research [8, 9].
The present chapter details molecular dynamics (MD) study of the rhombohedral
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Table 3.1: Inter-ionic potential parameters for different ion pairs

Species(X)

qx

σx

Axo

Cxo

nxo

Li

0.7020

0.86

0.1716

0

9

M = Zr

2.808

0.86

1.2126

11.917

9

M = Hf

2.808

0.85

1.2126

11.917

9

M = Sn

2.808

0.83

1.2126

11.917

9

M = Ti

2.808

0.745

1.2126

11.917

9

P

3.510

0.31

3.6158

9.279

9

O

-1.404

1.21

0.4484

47.999

7

ANa – Na = 5 eV;

nNa – Na =11

phases of LiM2 (PO4 )3 , where M is Zr, Hf, Sn or Ti. The study examines the role of
structural and dynamical correlations, between the mobile ion and the host lattice, on
ion transport for different M-ion substitutions.

3.2

Simulation Details

The isobaric-isothermal (NPT) as well as microcanonical (NVE) molecular dynamics (MD)
simulation has been carried out (using LAMMPS) [10] employing the Vashishta-Rahman
form of the inter-atomic potential form [11].

V=

(σ i + σ j ) n i j C i j
1 qi q j
+ Ai j
− 6
n
4π² o r i j
ri j
r i ji j

(3.1)

where q i is the charge and σ i is the ionic radii of the i th atom. A i j and C i j controls
respectively the overlap-repulsive energy and dispersion energy between i th and j th
atom respectively. The potential parameters are based on previous studies for the ‘true’
NASICON solid-solution, namely, Na1+x Zr2 P3 – x Six O12 [12, 13]. However, in view of the
smaller Li radius the Li – Li and Li – O parameters are tuned to get the conductivity of
LiZr2 (PO4 )3 in agreement with the previously experimental reports [14–16]. Also, the A i j
for the O-O pair is slightly modified, as found required for the high temperature stability
of the LiM2 (PO4 )3 system. The ionic radii of the framework cations, M = Zr, Hf, Sn and Ti,
are chosen from previous estimates [17]. The list of parameters used in the present study
are listed in Table 4.1. The initial positions of the ions are taken from the XRD-studies
56

TH-2395_136121031

CHAPTER 3. ROLE OF FRAMEWORK FLEXIBILITY ON ION TRANSPORT:
MOLECULAR DYNAMICS STUDY OF LIM 2 (PO 4 ) 3

on LiZr2 (PO4 )3 by Petit et al. [15]. The initial cell parameters for the NPT-MD are chosen
as a = b = 8.847 Å and c = 22.24 Å, and α = β = 90 o and γ = 120 o , as reported
experimentally [15], for all the LiM2 (PO4 )3 systems investigated. The simulation super
cell consists of 3 × 3 × 1 unit cells, of rhombohedral (R 3C ) symmetry, involving a total
972 atoms (54 Li, 108 M, 162 P and 648 O). Simulations on LiZr2 (PO4 )3 employing larger
supercell of 5 × 5 × 2 unit cells (consisting 5400 atoms) showed excellent convergence of
structural and dynamical properties, confirming the adequacy of the system size. Periodic
boundary conditions are imposed to eliminate the surface effect. The time step for the
integration of the equation of motion is taken as 2 fs for all the simulations. Starting from
the above mentioned cell parameters, 6 ns long NPT-MD simulations are performed for
all four compositions. An initial 2 ns were dedicated for equilibration additionally, during
which the atomic positions as well as the lattice parameters relax to thermodynamic
equilibrium. Further, in order to demonstrate the role of framework flexibility on ion
transport, 20 ns long microcanonical (NVE-MD) simulations are carried out at 1000 K on
LiZr2 (PO4 )3 with a frozen-in framework, that is, treating only Li+ to have their degrees
of freedom. The three natural choices of the rigid, frozen-in, frameworks considered are,
• the ideal (symmetry-imposed) structure with experimental lattice parameters as
reported by Petit et al [15].
• ideal (symmetry-imposed) structure, but with the lattice parameters relaxed (based
on their average from a well equilibrated NPT-MD simulations at 1000 K)
• an instantaneous framework structure (taken from a well equilibrated NPT-MD
simulations at 1000 K, with the dynamical distortions of the framework frozen-in).
Comparison of ion transport in these frozen-in frameworks against the dynamical framework demonstrates the role of framework flexibility on ion transport.

3.3

Results and Discussions

Figure 3.1 shows a single unit cell of the Rhombohedral structure of LiM2 (PO4 )3 . The
structure consists of corner shared M – O6 octahedra and PO4 tetrahedra. Each P-O
tetrahedron is connected to four M-O octahedra and each M-O octahedron connected to
six P-O tetrahedra, thus giving rise to a three-dimensional covalently bonded framework.
This framework facilitate migration channels for small alkali ions, such as Li+ and Na+ .
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Figure 3.1: Single unit cell of LiM2 (PO4 )3 , where M = Zr, Hf, Sn and Ti.
Table 3.2: Bond length of different M-O pairs from NPT- MD simulations of LiM2 (PO4 )3
at 500K

M

M − O in Å(MD)

M − O in Å(expt.)

Zr

2.06

2.06 [15]

Hf

2.05

2.029 [18]

Sn

2.02

-

Ti

1.93

1.94 [19]

To validate the proposed inter-atomic function, structural parameters, such as, the
bond lengths, lattice parameters, radial distribution functions, etc. computed from the
present MD simulations are compared with experimentally reported structure. The
average M-O bond lengths (given in Table 3.2) show a systematic reduction with the
size of the M ion. These are consistent with the experimental reports [15, 18, 19]. The
average P-O bond lengths measures about 1.52 Åand the shortest O-O separation about
2.49 Å, for all the four systems, in agreement with the experimental values.
Table 3.3 lists the average lattice parameters of LiM2 (PO4 )3 systems from the NPT58
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Figure 3.2: Change in lattice parameters as a function of M-ion radius, where M = Zr, Hf, Sn
and Ti, at a temperature of 500K.
Table 3.3: Lattice parameters (in Å) of LiM2 (PO4 )3 from NPT-MD simulations at 500K.
The difference in the averaged cell angles α, β and γ were less than 0.03 o of their
respective experimental values.

Material

Expt.

NPT-MD

∆%

LiZr2 P3 O12

a = b = 8.84, c = 22.240 [15]

a = b = 8.96, c = 22.631

1.35, 1.75

LiHf2 P3 O12

a = b = 8.83, c = 22.027 [18]

a = b = 8.93, c = 22.540

1.13, 2.32

LiSn2 P3 O12

a = b = 8.64, c = 21.574 [20]

a = b = 8.87 c = 22.390

2.66, 3.78

LiTi2 P3 O12

a = b = 8.50, c = 20.90 [21]

a = b = 8.63, c = 21.770

1.52, 4.16

MD simulation at 500K along with the corresponding experimental reports for the
rhombohedral phase. The average cell angles (not listed), α, β and γ were found to
be well within 0.03 o of their respective values for the rhombohedral cell. Also, the a
and c parameters when plotted against the M-ion radii (Figure 3.3) suggest monotonic
increase, consistent with the experimental reports [15, 21, 22]. An additional data point,
corresponding to a fictitious M-ion of radius 0.8 Å is examined, to bridge the relatively
large gap in the ionic radii of Sn and Ti ions. The increasingly higher value of the lattice
parameters down the series (especially the ‘c’ parameter) compared to the experimental
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Figure 3.3: Radial distribution functions of selected ion pairs from NPT-MD simulations at
500 K. The functions are uniformly shifted along the y-axis for clarity. The vertical bars are
the corresponding distributions based on the X-ray structure of the Zr system, on an arbitrary
y-scale.

ones perhaps is the result of the deteriorating quality of the potential parameters, which
were tuned for the ‘Zr’ case. It is interesting to note that the substitution of larger alkali
ion, A , in AZr2 (PO4 )3 though produces an increase in the c-parameter, the a-parameter
was found to decreases in stark contrast with the present case of M substitution. This
behavior was discussed in detail in one of previous simulation studies [23].
Shown in Figure 3.3 are the radial distribution functions (rdf) of M-O, P-O and O-O
pairs for all the four systems, with Zr, Hf, Sn and Ti substituted at the M sites (see
figure3.1) computed at 500K. The corresponding static rdfs based on the X-ray structure
[15] are shown for M = Zr case (as brown bars) for comparison. The stability of the
framework structure, in all the four cases, are evident from the correspondence between
the dynamic radial distribution functions with the static one. The broadening of the
peaks in the dynamical rdf are due to the thermal vibration of the framework atoms
about their equilibrium position. The reduction in M-O bond lengths with the size of the
M ion are reflected in the radial distribution functions (shown in Figure 2). Even though
the PO4 tetrahedra are of nearly the same size the next neighbor distances of P-O and
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O-O pairs reduce across the series, from Zr to Ti, due to the smaller size of the M – O6
octahedron, and the reduction in the unit cell dimensions. These observations confirm
the satisfactory reproduction of the structural stability of the simulated LiM2 (PO4 )3
system.

Figure 3.4: Mean square displacements of Li ions at 1000 K for LiM2 (PO4 )3 , where M = Zr, Hf,
Sn and Ti.

Having confirmed the structural stability of the simulated systems, the dynamical
properties related to the Li ion transport are examined. The mean square displacements
(MSD) of Li-ion for the LiM2 (PO4 )3 are calculated over the range of 700 − 1100K. Figure
3.4 shows the MSD at an elevated temperature of 1000 K. The self-diffusivities of the Li
ions in these systems are deduced using Einstein’s relation,
< [~r ( t + t0 ) −~r ( t) >
t →∞
6 t0

D = lim
0

(3.2)

As seen in Figure 3.4 the Li+ diffusion is found to increases with the unit cell
dimension, and is significantly higher in LiZr2 (PO4 )3 compared to LiTi2 (PO4 )3 . This
observation is in qualitative agreement with Martinez-Juarez et al. [22] There are some
contradictions about this trend in the existing literature. Some experimental studies
have reported higher Li conductivity for M = Ti, and attributed the behavior to an
optimal cell volume for Li-ion transport [7, 24, 25]. However, the present simulations do
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Figure 3.5: Arrhenius plot of Li+ conductivity in LiM2 (PO4 )3 , where M = Zr, Hf, Sn and Ti.
Previous experimental reports [16, 20–22] are also reproduced for comparison. The dashed lines
are extrapolations to room temperature.

not support this observation. Figure 3.5 shows the plot of log(σT ) versus 1000/T , where
σ is the conductivity obtained from the Nernst-Einstein equation,
σ =

nq2 D
Hr kB T

(3.3)

where n is the number density of Li-ions, q is the electronic charge, k B is the Boltzmann’s constant, D is the self-diffusivity at temperature, T , and H r is the Haven ration
which is assumed to be unity. Previously reported experimental reports [16, 20–22] are
also included in the plot. It shall be noted that our simulation could not probe for Li+
transport at lower temperatures as over the length of the typical MD simulations (6 ns,
in the present study) the Li-ions hardly make a successful jump to a nearby favorable
site, on an average, leading to poor statistics in the estimation of self-diffusivity. A
contradicting nature of trend in the conductivities for M = Sn, Ti systems between our
simulation and available experimental reports [20, 21] is obvious from the Arrhenius plot
(Figure 3.5). Due to the unavailability of other experimental reports on the Sn-system,
we could not investigate this further.
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Figure 3.6: Li-Li dynamic radial distribution functions at 1000 K for LiM2 (PO4 )3 , where M = Zr,
Hf, Sn and Ti. The vertical bars are the corresponding distributions of Li sites, on an arbitrary
scale.

Atomic-scale insights:
Detailed analysis of the MD trajectories are carried out for better understanding of
the Li transport in the system, and factors that influence it. Previous experimental [26]
and simulation studies [13] have suggested three prominent sites for the mobile ions in
the NASICON type structure, Li1 (6 b sites of R 3 c), Li2 (18 e) and mid − Li (36 f ). Figure
3.6 shows the Li – Li dynamic radial distribution functions at 1000 K, along with the
Li1-Li2 and Li1-Li2 static radial distribution functions, based on the X-ray structure
of the Zr-system [15]. The first prominent peak of the dynamic rdf for all four cases
are found to be at a distance of 6.3 Å. This corresponds to the distance of one Li1 site
from another nearest Li1 site. The second prominent peak is at a distance of 9.1 Åwhich
corresponds to the second nearest Li1 site. A relatively low intensity develops around
the distance of 3.3 Å which corresponds to the Li1-Li2 nearest neighbor separation. This
essentially signaling that a small population of Li ions are located at the Li2 sites. This
is consistent with the fact that the conduction channel connects two neighboring Li1
sites through an Li2 site, as proposed in earlier studies on Na-NASICONs [12, 26–28].
It is evident that in all the four systems Li ions preferentially occupy the Li1 sites.
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Figure 3.7: Three-dimensional diffusion pathway of Li ions in rhombohedral LiZr2 (PO4 )3 from
the present MD simulation at 1000 K. The large blue “balls” represent the Li1 sites, and the
smaller balls in “cyan” are the Li2 sites.

Early literature also suggests that in pure LiM2 (PO4 )3 structure the Li-ions tends to
occupy the six coordinated Li1 sites [15, 29]. However, the Ti-system which measured
significantly lower conductivity relative to the rest results more pronounced intensity at
the Li1-Li2 distances, indicative of stronger Li localization at the Li1 site. Essentially,
higher the diffusivity of the Li ions the more diffuse are the nature of the Li – Li rdfs.
Three dimensional pathway of Li-ion transport through the LiM2 (PO4 )3 framework
is shown in Figure 3.7, taking the Zr system as a representative. This is generated
by “folding back” all the coordinates of Li-ion spread across the simulation super cell
into a single unit cell, and for the entire trajectory stored. As noted earlier, the Li
diffusion channels connect the Li1 sites to a neighboring Li1 site through the Li2 sites.
It shall be seen in Figure 3.7 that there are six conduction channels emerging from a
given Li1 site (shown as blue balls) leading to six of its neighboring Li1 sites, through

64

TH-2395_136121031

CHAPTER 3. ROLE OF FRAMEWORK FLEXIBILITY ON ION TRANSPORT:
MOLECULAR DYNAMICS STUDY OF LIM 2 (PO 4 ) 3

Figure 3.8: Schematic diagram showing the pathway of migration from Li1 to Li2. One pair
of the bottlenecks,BN1 and BN2, are highlighted in green and blue respectively (see text for
details).

Li2 sites (shown as cyan balls). Figure 3.8 shows an enlarged view of the framework
around the Li1 and Li2 sites. The oxygen (red balls) forming the vortices of the six
triangular faces of the Li1 – O6 octahedra are marked by thicker lines. The six conduction
channels emerging from a given Li1 site are through these triangular faces of the Li1 – O6
octahedra. X-ray diffraction studies by Kohler and Schultz [28, 30] had proposed two
geometrical bottlenecks for alkali ions in the Li1-Li2 migration channel. The first of this
kind (referred to as BN1) are the six isosceles triangles of the Li1 – O6 octahedra. The
other bottleneck proposed, BN2, shares a common edge with the bottleneck BN1, and one
vortex-oxygen from the neighboring M – O6 octahedron. One pair of these bottlenecks,
BN1 and BN2, are highlighted in figure 8 by blue lines. Some of earlier studies, both
experimental and simulations [22, 31, 32], have attempted to understand the alkali
ion transport in NASICONs based on the size of these two bottlenecks in the Li1-Li2
channel. We are discussing an in-depth analysis of the effect of these bottlenecks on
the Li transport in LiM2 (PO4 )3 for the rest of the discussion. Activation energy for Li
ion transport in these systems is calculated from the slope of Arrhenius plots (Figure
3.5). The size of the bottlenecks (BN1 and BN2) are calculated as the radius of the
circumcircle of the triangles made of oxygens. The variation of activation energy with the
bottleneck size is shown in Figure 3.4. The radii of the bottlenecks, BN1 and BN2, in
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Figure 3.9: Variation of activation energy with bottleneck radii, BN1 and BN2, for different M
ion sizes.

LiM2 (PO4 )3 and the corresponding activation energies from the present MD simulations
are listed in Table 3.4. The BN1 radii are well in agreement with previous report [22].
Experimental values of BN2 radii were not available in the literature. As expected,
the Zr substituted system has the largest bottleneck radius by virtue of the larger
Zr – O6 octahedra, and results lower activation energy for Li transport. The size of
the bottlenecks essentially reduces across the series, with Ti -system measuring the
smallest. The present simulation results suggest a monotonic increase in activation
energy with a decrease in the bottleneck size. A few studies in the past have drawn
similar conclusions on the role of bottlenecks on the measured activation energies for
ionic conduction [22, 31, 32]. It shall be noted that the experimental values of activation
energies are somewhat scattered for these systems. The simulation results are agreeing
with these only qualitatively. Figure 3.10 shows the potential energy profile of Li-ion
from one Li1 site to a neighboring Li1 site at 1000 K for all four LiM2 (PO4 )3 systems.
The interesting fact is that the potential energy is highest around the Li2 site which is
at around a distance of 3.3 Åfrom Li1 site. It supports the fact that the Li-ions tend to
occupy the Li1 site as they are energetically most preferable, consistent with the Li – Li
rdf discussed earlier. The M = Ti composition shows the highest potential energy barrier,
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Table 3.4: Radii of bottleneck-1 (BN1) and bottleneck-2 (BN2) of the LiM2 (PO4 )3 systems from
present MD simulations. Also, the calculated activation energy for Li + conduction is compared
with available experimental reports.

M-ion radius(Å)

BN1(Å)
NPTMD

BN2(Å)
NPTMD

E a (eV)
NPTMD

E a (eV) Expt.

0.86 (Zr)

2.407

2.308

0.51

0.45 [14], 0.44[15]

0.85 (Hf)

2.396

2.298

0.57

0.44 [7, 33], 0.33 [22]

0.83 (Sn)

2.373

2.285

0.75

0.35 [22], 0.56 [34]

0.745 (Ti)

2.284

2.217

0.83

0.48 [22], 0.39 [25], 0.67 [21]

Figure 3.10: Potential energy profiles of Li ions as a function of distance between two Li1 sites
at 1000 K for M = Zr, Hf, Sn and Ti.

in agreement with their lower Li+ diffusivity. To summarize the key observations this
far, it is concluded that unit cells as well as bottleneck radii decreases with size of the
M-ion. The activation energy for conduction is found to increase with the decreasing
bottleneck size, reducing the Li+ diffusivity. It is however noted that the potential energy
profile does not indicate any direct evidence of energetic bottlenecks at the locations
where the geometrical bottlenecks are reported. Instead, the energy barrier that limits
the mobility of the Li+ ions is observed at the Li2 sites ( 3.3 Å). This is rather surprising,
prompting us to investigate the role possible cooperative mechanism of Li ions with the
geometrical bottlenecks, BN1 and BN2. Effect of framework dynamics on the mobility of
Li-ion: In pursuit of the plausible correlation between the framework and mobile ions,
the instantaneous dimensions of individual bottlenecks were calculated as a function
of distance of the approaching Li-ion. Having known the triplets of oxygen forming the
triangular bottlenecks, BN1 and BN2, their instantaneous radii are calculated as that of
the circumcircle employing the entire trajectory from MD simulations at 1000 K. These
instantaneous radii are plotted in figure 3.11 versus the distance (measured from the
center for the respective bottlenecks) of an approaching Li+ ion (essentially of the closest
Li+ under periodic boundary conditions).
It shall be noted in Figure 3.11 that, when the Li-ion is at large distance from the
center of a bottleneck, the radius of the bottlenecks tend to converge to the statistically
averaged values for the different M-systems as listed in Table 4. As the Li-ion comes
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Figure 3.11: Instantaneous radii of the bottlenecks, BN1 (top panel) and BN2 (bottom panel), as
a function of the distance to an approaching Li+ ion for LiM2 (PO4 )3 systems at 1000 K.

closer, initially the bottleneck radius decreases and then increases rather sharply as
the ion is within about half an angstrom from the center of the bottlenecks. Having
averaged over long MD trajectories, the smooth nature of the graph clearly establish
that Li+ motion is highly correlated with framework oxygen, that pronounces well above
the thermal ‘randomness’ even at 1000 K. In order to understand further, the curious
nature of this correlation, the Li – O distances are calculated, as where r BN and r C −Li are
respectively the instantaneous bottleneck radii and distance of the Li+ from the center of
the bottlenecks (see schematic illustration in figure 3.12). The calculated Li – O distances
for BN1 and BN2 are shown as insets in the Li – O rdf shown in Figure 3.13. The first
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Figure 3.12: Schematic representation of the triangular bottleneck (black line) in the presence of
an approaching Li+ ion. The circumcircle (blue line), circumcenter, C, and other relevant distance
of interest are marked (see text for details).

peak position of Li – O rdf for all four compositions, which signifies the most favorable
distance between the Li+ and oxygen of the framework measures around 2.20 − 2.25 Å. As
seen in the inset figures, the Li – O distance estimated from the bottleneck analysis tend
to converge to this favorable Li – O distance for all four cases. From this, the observed
trend can be explained in terms of Li – O interaction. When Li+ are at longer distances
the bottleneck oxygen coming closer to their center helps reducing the Li – O distance
towards their favorable distance. But as the Li+ comes further close, the bottlenecks
relaxes back to the favorable the Li – O distance ( 2.25 Å). Thus the framework oxygen,
despite being part of a strong-covalent framework, is sensitive to the motion of the
mobile ion. To examine the role of this correlated dynamics, between the Li+ ion with
the polyhedral framework of the NASICONs, on transport properties another set of
NVE simulations has been carried out for 20 ns at 1000 K on LiZr2 (PO4 )3 keeping the
framework rigid. Li+ motion is monitored under three different frozen models of the
framework, as described in the method’s section and the msd for each cases are shown in
Figure 3.14. The frozen structure of LiZr2 (PO4 )3 with experimental lattice parameter
[15], marked ‘XRD-lattice’, shows practically no Li diffusion. The ‘NPT-MD relaxed’
structure which employs NPT-MD averaged lattice parameters at 1000 K shows Li+
diffusion but several orders of magnitude lower than the standard dynamic framework
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Figure 3.13: Li-O radial distribution function and Li-O distances calculated as a function of
distance between Li and the center of the bottleneck at 1000 K. The vertical bars indicate the
static Li-O radial distribution function calculated from the XRD structure for LiZr2 (PO4 )3 .

results shown in figure 3.4. For the dynamically distorted frozen framework, which is
an instantaneous frame from an NPT-MD at 1000 K (marked ‘Distorted Framework’),
Li+ diffusivity is intermediate. The relative difference in the Li+ diffusivity across these
three frozen framework is not significant here, rather what is important is the fact
that these values orders of magnitude lower than the dynamic framework. This result
indicates a strong influence of the framework motion on Li+ mobility in these systems.

3.4

Conclusions

A series of classical molecular dynamics simulations in the isothermal-isobaric ensemble
(NPT-MD) is carried on LiM2 (PO4 )3 , where M = Zr, Hf, Sn and Ti, primarily to investigate
the Li+ motion in these systems. It is noted that with the decrease in the ionic radii of the
M-ion the a and c–lattice parameters of the rhombohedral cell decreases monotonically,
in agreement with experimental reports. The decrease in lattice parameter results in a
contraction of the geometrical bottlenecks for ion migration, previously identified based
X-ray diffraction studies. The activation energy for conduction increases as the size of M70
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Figure 3.14: Mean square displacement of Li ions in LiZr2 (PO4 )3 at 1000 K for frozen-in frameworks from three different initial structures.

ion decreases, and consequently the Li+ diffusivity drops. Analysis of the potential energy
landscape, however suggest that the rate-determining microscopic energy barrier for Li+
migration do not correspond to the proposed bottlenecks, rather at the 18 e Li sites of the
rhombohedral structure. This prompted a closer examination of the proposed bottlenecks,
to find that the triangular arrangement of oxygens forming the bottlenecks are very
sensitive to an approaching Li+ . Depending on the distance to the approaching Li+ ion,
the bottlenecks dynamically shrinks or opens-up (around their respective statistically
averaged dimensions in all of the substituted systems). This helps to improve the Li-O
interaction favorably. Thus, the oxygens, despite being part of a strong covalently bonded
(P5+ – O2 – – M4+ ) framework, is sensitive to the Li+ motion. Hence, it is concluded that
ion transport in these solids involves correlated motion of the mobile species with the
framework. In order to examine the role of this dynamical correlation on ion transport a
series of microcanonical (NVE) molecular dynamics (MD) simulations has been carried
out under frozen-in framework assumption. It is noted that Li+ mobility in frozen-in
frameworks are significantly lower (by more than three orders of magnitude) than that in
the dynamical framework. This establishes, within the scope of the present model, that
framework flexibility can be one of the key factors in facilitating fast ion transport, among
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other factors previously realized, such as, the availability of energetically favorable sites
(in excess of the mobile species), and with low-barrier migration channels connecting
them spanning the matrix, etc.
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CHAPTER

4

A CCESSING S LOW D IFFUSION I N S OLIDS E MPLOYING
M ETADYNAMICS S IMULATION

4.1

Introduction

Molecular dynamics (MD) simulations comes in two flavours, namely classical and
ab-initio [1–5]. In Chapter 2, the utility of these techniques has been discussed with
the detailed descriptions of the theoretical background. One of the limitations of MD
pertains to the time scales of simulations, and is particularly important in the study of
slow processes or ‘rare events’. Several methods have been proposed in the past to deal
with such ‘rare events’ [6–12], and as already mentioned in chapter 2, originally proposed
by Laio and Parrinello [13], metadynamics (MTD) is arguably one of the most promising
approaches in this pursuit. Since its inception MTD approach has been successfully
adapted to variety of problems of interest [14–22]. Consequently the technique has
evolved, with several improvements and modifications, providing prescriptions for its
optimal implementation, balancing both efficiency and accuracy [12, 23–30]. In the
investigation of diffusion in condensed matter systems, since Jug et al. [31] examining
oxide ion transport in rutile (TiO2 ), a few studies have employed MTD technique, such
as, proton transport in zirconia (ZrO2 ) [32], Li transport in garnets (Li7 La3 Zr2 O12 ) [33],
Cu diffusion in CuZr-alloys [34], and molecular transport in porous organic network
solids [35].
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Table 4.1: Inter-ionic potential parameters for different ion pairs taken from previous
study [39, 40]

Species(X)

qx

σx

Axo

Cxo

nxo

Na

0.7020

1.13

0.1716

0

9

Zr

2.808

0.86

1.2126

11.917

9

Si

2.808

0.40

2.8089

11.529

9

P

3.510

0.31

3.6158

9.217

9

O

-1.404

1.21

0.3252

47.999

7

ANa – Na = 5 eV;

nNa – Na =11

The present chapter demonstrates a some-what different implementation of the
technique, exploiting Na+ transport in NASICONs [36, 37] as an example. As discussed
in the introduction of the thesis, the intermediate composition of this solid solution with

x = 2, Na3 Zr2 Si2 PO12 , exhibits very high Na+ conductivity, and has been extensively
studied, both experimentally as well as employing MD simulations. However, the two
end members of the family, NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 , exhibits much slower Na+
diffusion with respect to time-scales of MD simulation, thus serving as good prototypical
candidates for the present MTD calculations.

4.2

Simulation Details

Classical MD and MTD simulations on NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 are carried out
in the canonical ensemble (NVT) at 500 K, employing the Vashishta-Rahman form of the
interaction potential [38],

U (r i j ) =

1 q i q j A i j (σ i + σ j )n i j C i j
+
− 6 ,
n
4π²0 r i j
ri j
r i ji j

(4.1)

where q i and q j are the partial charges, σ i and σ j are the ionic radius of i th and

j th species respectively. A i j and C i j are respectively the overlap repulsive energy and
dispersion energy between i th and j th ions. Listed in Table 4.1, the potential parameters
employed are taken from a previous study by Kumar and Yashonath [39, 40].
The initial structure of the NASICONs are taken from the X-ray study of Boilot et
al. [41]. The simulation box is made from 3 × 3 × 1 unit cells having rhomohedral (R 3C )
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symmetry. The simulation super-cell thus includes a total of 972 ions (54-Na, 108-Zr,
162-P and 648-O) for NaZr2 (PO4 )3 and 1134 ions (216-Na, 108-Zr, 162-P and 648-O)
for Na4 Zr2 (SiO4 )3 . The initial X-ray structures [41] of both systems are relaxed under
isothermal-isobaric (NPT) ensemble at 500 K. The dimension of the relaxed simulation
box are a = b = 26.989 Å, c = 22.672 Å for NaZr2 (PO4 )3 and a = b = 27.680 Å, c = 22.379 Å
for Na4 Zr2 (SiO4 )3 . At an integration time-step of 2 fs, the production run for NaZr2 (PO4 )3
was 100 ns long, while that for Na4 Zr2 (SiO4 )3 was 200 ns long for better convergence of
properties.
Molecular dynamics that powers the MTD calculation, is carried out employing the
software LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) [42].
MTD simulation of the system is invoked by interfacing PLUMED [43] with LAMMPS.
In chapter 2, a brief description on MTD is given. Now the specific details about the
implementation of it in the current study shall be discussed. Our implementation of
the techniques for the expedition of the ion transport process in the systems employs
coordinates of a single, arbitrarily chosen, Na+ ion, r̄ s = ( xs , ys , z s ), as the ‘collective
variables’ (CV ). The net external potential imposed on this tagged ion or ‘walker’ at any
instant, t, is the sum of the Gaussian ‘hills’ deposited at regular intervals (100 MD steps
in the present work), during the period of t = 0 to t = t0 , and is given by,
Ã ¡
¢2 !
0
tX
≤t
r̄ s ( t) − r̄ s ( t0 )
0
,
V ( r̄ s , t) =
H ( t ) exp −
2 w2
t0

(4.2)

where w is the width of the Gaussian, kept constant at a value of 0.35 Å. H ( t0 ) is the
height of the Gaussian imposed at an MTD step, t = t0 . In the ‘well tempered’ MTD
formalism [25] the Gaussian heights are tuned as,
µ
¶
V ( r̄ s , t0 )
0
H ( t ) = H0 exp −
,
k B ∆T

(4.3)

where T is the instantaneous temperature of the system, and ∆T = (γ − 1)T . The initial
height H0 is chosen as 0.006 eV, and γ = 6 following Barducci et al. [25] However, to
validate the choice of γ we have carried out additional runs – with γ = 3 and with γ = 9.
These additional results are presented in the Appendix A.
Free Energy Calculation: One of the most useful information from MTD simulation
is the mechanism of the process and its underlying free energy landscape. It shall be
noted that the free energy of a ‘process’ (except for an insignificant additive term due to
the reference state) as a function of CV (in the present case, the position of the tagged
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particle, r̄ s ), is given by [25],

T + ∆T
V ( r̄ s , t0 ).
t →∞ ∆T

F ( r̄ s ) = − lim
0

(4.4)

In the present work the free energy profile for the Na+ along the migration channel is
calculated by mapping the F ( r̄ s ), as a function of the distance of the location, r̄ s , with
respect to any two of its nearest Na1-sites, λ, under periodic boundary conditions. Note
that the mapping of the F ( r̄ s ), from space coordinates, r̄ s , to F (λ), is in the spirit of
introducing a ‘reaction coordinate’, which reduces the dimensionality of the information,
and helps to visualize the free energy profile along the migration channel.
Below we shall note certain technicalities of the mapping procedure:
The separation between two neighboring Na1 sites (∼ 6.4 Å), is divided into fine bins (of
size 0.1 Å). The distance r̄ s1 ( i ) = r̄ s − r̄ 1 ( i ), where r̄ 1 ( i ) is the location of i th Na1 site, is
searched over all Na1 sites in the simulation cell. Whenever this distance is less than 6.4
Å under PBC, the F ( r̄ s ) is cumulated in an appropriate bin, say indexed j , which spans
the reaction coordinate, λ. The quantity is then averaged over the counts registered in
each bin. That is,

F (λ j ) = < F (PBC ( r̄ s1 ( i ))) > j ,

i f r̄ s1 ( i ) < 6.4 Å

(4.5)

where < · · · > j represent the average over the trajectory in a given bin j . It shall be
noted that, the migration channel being the one connecting two neighboring Na1 (which
shall be demonstrated in the later sections), for every hill-drop locations, r̄ s , there would
be two i values (that is, Na1 sites) which would meet the above criterion. It shall be
remarked further that the above mapping procedure is not unique and any other method
of mining the F ( r̄ s ) data onto repeating segments of trajectories may also be employed.
The free-energy profile from MTD simulation is compared with other compatible
quantities, such as the potential energy profile of individual Na+ ions, and potential
energy barrier employing nudged-elastic-band (NEB) calculations, detailed as bellow:
1. The potential energy profile: the average potential energy of individual Na+ ions
at a given location, r̄ i , due to all the rest of the ions in the system,
N
X

U ( r̄ i ) =

U ( r̄ i j )

(4.6)

j =1, j 6= i

where N is the total number of ions (including mobile as well as those of the
framework) in the system and U ( r̄ i j ) is the pair-wise interaction potential as in
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eq. (4.1). The quantity, U ( r̄ i ), computed from the MTD trajectory, is mapped on to
reaction coordinate, λ i (under periodic boundary conditions), as discussed earlier.
The U (λ i ), thus calculated is averaged over all the Na+ ions and over the entire
MD trajectory.
2. From climbing-image nudged elastic band (CI-NEB) [44, 45] for a single Na+ ion
crossing over from one Na1 site to its neighbouring site.

Figure 4.1: Dynamic RDFs (g(r)) of select ion pairs are shown along with that of the corresponding X-ray structure (bars) from both MTD and MD simulations at 500 K. Top panel: for
NaZr2 (PO4 )3 . Bottom panel: for Na4 Zr2 (SiO4 )3 . The nearest-neighbour coordination numbers,
C(n), of Zr-O, P-O, and Si-O are also marked in the respective, sub-panels. The plots are systematically shifted-up, along the y- axis, for clarity.
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4.3

Results and Discussions

Structural stability: Radial distribution functions (RDFs) for Zr – O, P/Si – O, O – O
pairs have been calculated to check the stability of the framework, during the MTD as
well as MD simulations at 500 K. Figure 4.1 shows the dynamic RDFs for NaZr2 (PO4 )3
(top panel) and Na4 Zr2 (PO4 )3 (bottom panel), along with the corresponding static RDFs
calculated from the X-ray structure.[41] The first peak positions of Zr – O are around
2.09 Å for both NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 systems. For the RDFs of P – O (top
panel) and Si – O pairs (bottom panel) these are around 1.52 Å and 1.61 Å, respectively.
These distances essentially corresponds to their respective bond lengths, and are in good
agreement with experimental reports. [41, 46, 47] The nearest-neighbour coordination
numbers, C(n), for Zr – O are 6, while that of P – O and Si – O are 4, as expected of the
polyhedral structure of NASICONs involving ZrO6 octahedra and (P/Si)O4 tetrahedra.
These observations confirms the structural stability of NASICON framework during
MD and MTD simulation at 500 K. Having confirmed the structural stability, we shall
demonstrate how the MTD simulations accelerate the ion transport facilitating access to
relevant microscopic insights, where the standard MD fails. The results on NASICON
systems, NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 , chosen for these demonstrations shall be
discussed separately in the next two sub-sections.

4.3.1

NaZr2 (PO4 )3

Figure 4.2 (top) shows the distribution of Na+ -ions in the simulation super-cell (consisting of 3 × 3 × 1 rhombohedral unit cells) sampled over 100 ns of standard MD simulations.
Evidently, the Na+ ions are exhibiting only thermal vibrations about their equilibrium
positions without making any visible jump to neighbouring sites. Thus, weighed down
by the timescale of ion hops the standard MD simulation does not yield any practical
insights on the nature or mechanism of ions transport. On the other hand, the MTD
trajectory of the ‘tagged’ Na+ ion (Figure 4.2, bottom), on which the external potential
has been applied, explores nearly the entire simulation cell gradually over the 100 ns
of simulation. The external potential or ‘hills’, gradually deposited at locations, already
visited by the ions, builds up over the period and compensates for the underlying local
minimum enabling the ions to migrate to other favorable sites. A more quantitative
measure of this ‘accelerated dynamics’ is presented in Figure 4.3, where the mean square
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Figure 4.2: Top: Distribution of all the Na+ -ions in the simulation super-cell sampled over
100 ns of standard MD simulations of NaZr2 (PO4 )3 at 500 K. Bottom: Distribution of the single
‘tagged’ Na+ ion in the system from 100 ns of MTD simulation at 500 K. The trajectory of the ion
is shown in different colors to highlight the progress over time (olive green: 0-20 ns, gray: 20-40
ns, Red: 40-100 ns). The framework ions are not shown for the sake of clarity.

displacement (MSD) of Na+ ions,
MSD( t) = 〈[~r ( t) −~r (0)]2 〉,

(4.7)

where ~r ( t) is the position vector of an ion at time t, and 〈. . . 〉 indicate averaged over
all ions of the same species and over several time-origins, are compared. However, to
note a disadvantage, tough in typical MD studies the self-diffusion coefficient can be
estimated directly, by the Einstein’s relation, D =

MSD(t)
,
6t

the same does not apply in

MTD simulations as the process is ‘artificially’ accelerated.
The Na+ − Na+ RDF (Figure 4.4), calculated from the MTD trajectory, offer insights
on the ion transport in the system. The first peaks of the RDF appears at around 6.3 Å
which measures the distance between two neighbouring Na1 sites (6b positions of R 3̄ c
space group). The second peak is at around 9.1 Å corresponds to the next-neighbour
distance between two Na1 sites. This reflects the fact that in NaZr2 (PO4 )3 all the Na+
ions prefers to occupy the Na1 sites, and also the Na+ hops occurs from one Na1 to the
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Figure 4.3: Mean squared displacement (MSD) of Na+ ions, averaged over all Na+ ions, from
MTD and MD simulations of NaZr2 (PO4 )3 at 500 K.

Figure 4.4: The radial distribution function (RDF) between the Na+ ions calculated from MTD
simulation of NaZr2 (PO4 )3 at 500 K. The bars indicates the static RDF between Na1-Na1,
Na1-Na2 and Na2-Na2 sites.

nearest Na1 site. Most experimental and computer simulation studies on this material
have suggested this mechanism earlier [39–41, 48, 49].
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Figure 4.5: Evolution of the free energy profiles (calculated using (4.5)) as a function of λ, chosen
as the reaction coordinate, during the MTD simulation of NaZr2 (PO4 )3 at 500 K.

For better convergence of the free energy profile the ‘tagged’ particle need to sample
a significant fraction of the individual local minima and the saddle points connecting
them. For instance, in Figure 4.5, the free energy barrier measures 0.24 eV after 10 ns,
while from 20 ns onward the barrier starts converging, and settles to the value of 0.34
eV over the period of 100 ns.
Figure 4.6 shows the free energy (Eqs. (4.4) and (4.5)) and potential energy profiles
(Eq. (4.6)) calculated from the entire MTD trajectory of 100 ns, along with that from NEB
calculations. The barriers calculated from different profiles show comparable values
ranging between ∼ 0.35 − 0.4 eV. It shall be noted that all the energy profiles indicates
energy minimum at Na1 sites, and the saddle point is located at the Na2 site. This
is in agreement with the Na+ - Na+ dynamic rdf shown in figure 4.4, that the Na+
ions preferentially occupy the Na1 sites NaZr2 (PO4 )3 . The calculated values of the
microscopic barriers are also in good agreement previous studies [50, 51].
The ion migration channel connecting two Na1-sites and the built-up external potential along it is illustrated in Figure 4.7. The observed migration channel is consistent with
the previous MD simulations on the high conducting Na3 Zr2 Si2 PO12 system [40, 48, 49].
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Figure 4.6: The converged free energy profile (FE) as a function of λ from 100 ns of MTD
simulation of NaZr2 (PO4 )3 is compared with the individual potential energy profile of Na+ ions
(averaged over all the ions and over the entire MTD trajectory), and with potential energy profile
calculated from NEB calculated.

Figure 4.7(left) shows the minimum energy path (MEP) of Na+ from one Na1-site to the
neighbouring Na1 site obtained from the NEB calculation. This compares well with the
profile of external potential deposited over the 100 ns long MTD run on select plane
containing two neighbouring Na1-sites and the Na2-site in the channel, shown in Figure
4.7(right). It can be seen that the ‘hills’ are developed at the two energetically favorable

Na1-sites, with a low-ridge connecting the two, depicting the migration channel. The nature of the channel is qualitatively very similar to that of the minimum energy path from
NEB calculations, and the absence of any local maximum in the channel is indicative of
fact that Na2-sites are energetically not favorable.
Having examined the utility of MTD simulations for ion transport in NaZr2 (PO4 )3 ,
we shall demonstrate the same for Na4 Zr2 (SiO4 )3 , where the results are less direct, or
more intriguing on a primary inspection.
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Figure 4.7: Left: The three dimensional distribution hills deposited between two Na1 sites over
the MTD simulation of NaZr2 (PO4 )3 at 500 K. The color-map (in arbitrary scale) helps to compare
the relative intensities of regions. Right: The minimum energy path for Na+ ion between two
neighbouring Na1-sites calculated from NEB.

4.3.2

Na4 Zr2 (SiO4 )3

The silicate end member of NASICONs, Na4 Zr2 (SiO4 )3 , shares the same structural
feature as its phosphate counterpart, NaZr2 (PO4 )3 , discussed above. However, the former
packs-up four times Na+ ions in about the same volume. This high ‘packing ratio’
makes it much harder for the Na+ ions move in the lattice. Figure 4.8 (top) shows the
distribution of Na+ ions in the simulation cell, consisting of 3 × 3 × 1 rhombohedral unit
cells, sampled from 100 ns of standard MD run. As in the previous case, standard MD
simulations observe only the thermal vibrations of Na+ about their equilibrium positions
during the period. Thus the Na+ transport remains inaccessible due to the long times
scales of the process. Figure 4.8 (bottom) shows the MTD trajectory of the single Na+
ion on which the external potential is applied. Due slower transport, the Na+ ion could
not explore the simulation box sufficiently during 100 ns of time (shown in red), initially
dedicated. Hence, the simulation is continued for another 100 ns of MTD-simulation
(shown in olive green). The mean squared displacement of Na+ ions calculated from
the MTD trajectory (averaged over all Na+ ions and over several time-origins, as in the
previous case) is presented in Figure 4.9.
Figure 4.10 shows the Na+ - Na+ RDF calculated from MTD trajectory, along with
the X-ray distributions of the sites, Na1-Na1 (brown), Na1-Na2 (green) and Na2-Na2
(blue). The first peak of the dynamic RDF corresponds to the Na1-Na2 distance (3.4
Å), the second peak to the Na2-Na2 distance (4.9 Å), and the third and fourth peaks
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Figure 4.8: Top: Distribution of all the Na+ ions in the simulation super-cell sampled from
standard MD simulation of Na4 Zr2 (SiO4 )3 at 500 K. Bottom: The progress of the tagged Na+ ion
in the super-cell during the MTD simulation of Na4 Zr2 (SiO4 )3 at 500 K highlighted for first 100
ns in red, and that during the next 100-200 ns in olive green.

Figure 4.9: MSD of Na+ ions from MTD and MD simulations of Na4 Zr2 (SiO4 )3 at 500 K.
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Figure 4.10: The Na+ -Na+ RDF for Na4 Zr2 (SiO4 )3 at 500 K, along with the distribution of Na
sites (shown as bars) due the X-ray structure.

are respectively first and second Na1-Na1 neighbor distances. Thus, as required by
the composition all the Na1 and Na2 sites remain occupied. The diffusion channel of

Na+ revealed by the MTD trajectory also remains the same, as the one connecting
Na1- Na2- Na1-sites.
Calculation of the energy profile, F , for Na4 Zr2 (SiO4 )3 has been carried out from
the accumulated external potential in a similar fashion as in the previous case. The
convergence of the profile (plotted as function of the reaction coordinate, λ i ) with the
progress of the MTD run demonstrated in Figure 4.11. As seen, the profile significantly
vary for run-lengths of 20 ns, 60 ns and 70 ns. For run-lengths 80 ns and larger, the profile
starts converging measuring a barrier of about 0.34 eV. In Figure 4.12 the converged
free energy profile, F , from MTD simulation is compared with the average potential
energy profiles of individual Na+ ions sampled from the MTD trajectory, and that from
the Nudged Elastic Band (NEB) calculations. The NEB calculations are performed only
between two neighboring Na1 and Na2 sites.
The free energy barriers for Na+ transport in Na4 Zr2 (SiO4 )3 is observed to be qualitatively different from that of NaZr2 (PO4 )3 in Figure 4.5. Unlike in NaZr2 (PO4 )3 , the

Na2-location is now a local minimum, with the peak of the profile shifting to, roughly,
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Figure 4.11: Convergence of the free energy profiles (calculated using (4.5)) during the progress
of the 200 ns long MTD simulation of Na4 Zr2 (SiO4 )3 at 500 K.

mid-way between the Na1 − Na2 channel. The free energy barrier of 0.34 eV, from the
MTD is in good agreement with experimental activation barrier of 0.347 eV by Tran Qui
et al. [47].
The most intriguing aspect in Figure 4.12 is that the potential energy profiles of
individual Na+ ions, both from MTD and NEB calculations, are at sharp contrast to the
free-energy profiles. The barrier heights of the potential energy profiles are about 0.15
eV which is much lower than the barrier obtained from the free energy profile (∼ 0.34
eV) as well as with the experimental activation energy. This behaviour is attributed
to the high degree of ion-ion correlation in the system. In the NASICON solid solution
Na1+x Zr2 Six P3 – x O12 (0 ≤ x ≤ 3.0) ion-ion correlations are expected to increase with the
concentration of the mobile ions x. It shall be recalled that many studies in the past
[41, 52, 53] have attributed the anomalously high conductivity of Na3 Zr2 Si2 PO12 to
an ‘optimal’ ion-ion correlation. From a contextual perspective, we shall note that the
Na4 Zr2 (SiO4 )3 system contains four times more Na+ ions compared to NaZr2 (PO4 )3 ,
necessitating that all the Na1 and Na2-sites in the lattice be occupied. The migration
channel in the structure being the one connecting Na1 − Na2 − Na1-sites [40, 48, 49],
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Figure 4.12: The converged free energy profile (FE) of Na+ migration from 200 ns long MTD
simulation of Na4 Zr2 (SiO4 )3 is compared with the individual potential energy profile of Na+ ions
(from MTD trajectory), and that from the NEB calculation.

no Na+ ions can jump to any of the neighbouring sites independently. Thus, it shall be
inferred that the Na+ transport in the framework involves correlated hops of multiple

Na+ ions.
In Figure A.1 (see Appendix A) the correlated hops of Na+ ions are demonstrated
using the trajectories of arbitrarily picked ions along with some of their neighbours. In
MTD simulations, the tagged Na+ ion (on which the external potential are imposed)
propels all the participating Na+ ions in this correlated motion, thus the ‘total effective
cost’ of the event is reflected in F , while individual Na+ ions experience only a ‘fractional
share’ of it. Thus F is the more appropriate measure of the diffusion barrier.
Figure 4.13 demonstrates the MEP for Na+ from one Na1-site to the neighbouring

Na2 site obtained from the NEB calculation. This is compared with profile of external
potential deposited over one segment of the of the conduction channel connecting Na1 −

Na2 − Na1-sites. Like the previous case, two neighbouring Na1 sites develops maximum
external potential, indicating the free-energy minima at Na1 sites. However, in contrast,
for Na4 Zr2 (SiO4 )3 system there is a local maximum of the external potential formed
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Figure 4.13: Left: Three dimensional map of hills deposited on the tagged Na+ )-ion in
Na4 Zr2 (SiO4 )3 . The color-map (in arbitrary scale) helps to compare the relative intensities
of regions. Right: the corresponding minimum energy path of Na+ ion between two neighbouring
Na1-Na2-sites obtained from NEB calculation.

between the two Na1-sites which corresponds to the local free-energy minima at Na2
site.
Before summarizing the results we shall briefly examine the results for different
values of the bias factors, namely for γ = 3 and γ = 9, relative to γ = 6, for which the above
results are discussed. It shall be noted in figure A.2 (see Appendix A) that for γ = 3 the
tagged particle does not explore the configurational space efficiently. In NaZr2 (PO4 )3 ,
for γ = 3, the tagged particle makes several unsuccessful attempts to hop to its six
neighbouring Na1 sites during the 100 ns of simulation, while for Na4 Zr2 (SiO4 )3 the
tagged ion successfully hops to one of its neighbouring Na1 sites, but fails to explore any
further during the 200 ns of simulation. On the other hand, for bias factor γ = 9, visually
the entire simulation cell is visited by the tagged ion in both the systems, as was the
case for γ = 6.
Demonstrated in Figure A.3 (for γ = 6) (see Appendix A) is the fact that for large
enough bias factor the tagged particle attempts several hops to neighbouring sites before
being successful. As this process continues in each of the minima ( Na-sites) encountered
by the tagged ion, the corresponding wells gets filled out evenly by the dropped hills.
However, for very large bias factors (not shown), say γ = ∞ (that is, with out the ’tuning’
of the hills), the tagged ion explores the configuration space rather too fast, that is,
without sampling the local minima sufficiently. This causes uneven filling of the minima
causing larger errors in the free energy estimates. Thus, for an optimal range of γ values,
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the tagged ion samples the local minima fairly extensively, while also explores the rest
of the accessible configuration space within affordable time scales. And as seen in Figure
A.4 (see Appendix A) the resulting free energy profile for γ = 9 is very similar to that of
γ = 6 for both the systems. Thus the choice of γ in the range of 6 to 9 for these systems

seem adequate.
It is worthy of mentioning that although NEB is computationally less expensive than
MD (more specifically in AIMD), and has been proven to be successful in estimating
the migration barrier accurately for several classes of material [54], it has certain
disadvantages. Firstly, prior knowledge of initial and final stages of migration is needed
which can pose as an obstacle in finding new diffusion mechanisms. Secondly, the
necessity of manual incorporation of vacancy for the diffusion species may appear as an
artifice, and can effect the accuracy. Further, as noted in our study, for highly correlated
motion of ions, MTD technique seems to predict the free energy surface more accurately.
Incorporation of such correlation effect in NEB calculation is not straightforward [55].
Nevertheless, further studies would be required ascertain the above.

4.4

Conclusion

The general utility of metadynamics technique in accessing slow diffusion in solid
electrolytes is explored for the prototypical phosphate and silicate end members of
the ‘true’ NASICON solid solution, Na1+x Zr2 Six P3 – x O12 (where 0 ≤ x ≤ 3.0). We shall
note in passing that, in contrast to previous MTD implementations [31–35], where a
distance measure from a select origin was chosen as the collective variable, the present
simulation employs the Cartesian coordinates of a ‘tagged’ ion as the collective variables.
However, without further investigations it is hard to compare the efficiencies of these
two implementations.
The MTD method involves imposition of external Gaussian ‘hills’ on the tagged ion or
the ‘walker’, at regular intervals following the well-tempered variant of the algorithm.
As the hills starts filling out the local energy minimum the ion starts exploring other
parts of the configurational space, resulting in the transport of ions across the matrix.
The migration channel of the ions in the NASICON structure is found to be the one
connecting Na1 − Na2 − Na1-sites, consistent with the previous MD simulations on
the high conducting Na3 Zr2 Si2 PO12 system. The hills imposed are reconstructed, and
mapped on to the separation between two neighbouring Na+ sites (namely, Na1 and
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Na2) in the conduction channel, chosen as the ‘reaction coordinate’. Thus, the microscopic
free-energy profile of the ions in the migration channel is constructed. As demonstrated,
for better convergence of the free-energy barrier the walker need to explore a significant
fraction of the individual local minima and the saddle points connecting them.
In the phosphate end member, NaZr2 (PO4 )3 , the free energy profiles from MTD
calculations are in agreement with the individual potential energy of ions and with
nudged-elastic band (NEB) calculations. And the estimated barrier agrees well with the
activation barrier reported in experiments. For the silicate end member, Na4 Zr2 (SiO4 )3 ,
the MTD free energy barrier remains in good agreement with experimental values,
however quantitatively different from the potential energy profiles, from MTD as well as
from NEB calculations. This has been attributed to the high-degree of correlated hops
of Na+ ions. The situation is analogous to a freight engine pulling several carriages
over a mountainous terrine, wherein the engine (akin to the ‘walker’) accounts for the
entire energy expended, while the work done by individual carries (akin to the other
ions) measure only the fractional share of the gross.
Thus, the metadynamics approach facilitates investigation of the mechanism and
microscopic energetics of diffusion in condensed phases, overcoming to a great extent,
the time-scale limitations typical to atomistic simulation studies. We hope that the
present study will further stimulate and guide metadynamics studies of atomic/molecular
diffusion in condensed states of matter.
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CHAPTER

5

U NDERSTANDING Li + - ION M IGRATION M ECHANISM IN
γ-L I 3 PS 4 : A F IRST P RINCIPLE B ASED S TUDY

E MPLOYING M ETADYNAMICS AND NEB

5.1

Introduction

In the previous chapter, the utility of metadynamics technique in the study of ion
transport in solids has been demonstrated on the NASICON end members. In this
chapter, the application is extended to a different material, the low temperature γphase of Li3 PS4 , and the migration mechanism of Li + is explored. In the discussion
of LISICON-type materials in chapter 1, it has been seen that Li3 PS4 has different
phases, namely γ, β, and α corresponds to the low (< 573 K), intermediate (> 573 K) and
higher temperature (> 758 K) respectively [1]. The structures of α, β, and γ stabilizes
in orthorhombic unit cell but with different space groups and can be differentiated
from the arrangements of the P – S4 tetrahedra [2, 3]. The γ-phase shows the lowest
conductivity at room temperature (2.61 × 10−7 S/cm), the β-phase shows conductivity of
3.0×10−2 S / cm at 573 K but the extrapolated value shows conductivity of 8.93×10−7 S/cm
at room temperature. Later Liu et al. [5] have synthesized nanoporous β-Li3 PS4 by wetchemical method and found three orders of magnitude enhancement of conductivity at
room temperature (1.64 × 10−4 S / cm) and also good inter-facial stability against metallic
lithium. The possible diffusion mechanisms in γ-Li3 PS4 have been investigated in a
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couple of earlier studies employing nudged elastic band (NEB) method, along with other
important aspects by implementing first principle approach [6, 7]. Also an ab-inito MD
(AIMD) study at a elevated temperature of 800 K was reported for the γ-phase, but the
migration mechanism was not discussed in the study [8]. The present chapter discusses
detailed investigation of Li + migration mechanism in the low temperature γ-phase of
Li3 PS4 .

Figure 5.1: Orthorhombic simulation box consisting 2 × 2 × 2 unit cells of γ-Li3 PS4 . The green
balls represents the ‘2a’ sites and the black balls represents ‘4b’ sites, the red, mauve, and cyan
balls represent the interstitial defect sites for Li + -ions. The orange sticks represent the PS4
tetrahedra.

5.2

Simulation Details

Ab-initio MD incorporated with well tempered metadynamics (MTD) is performed on
γ-Li3 PS4 at constant cell volume and at a temperature of 400 K using the open source

package Quantum ESPRESSO [9–11]. For metadynamics implementation, PLUMED
[12] is interfaced with Quantum ESPRESSO. The orthorhombic simulation box is created
using 2 × 2 × 2 unit cells with total 128 numbers of atom (48 Li, 16 P and 64 S) based on
the X-ray structure reported by Homma et al [3]. The cell parameters are a = 15.636
Å, b = 13.220 Å, c = 12.408 Å and α = β = γ = 90 o . Perdew-Burke-Ernzerhof (PBE)
exchange correlation function is used. Optimized normconserving Vanderbilt (ONCV)
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pseudopotential is employed, and Kohn-Sham orbitals are expanded in plain wave basis
with a cut-off of 60 Ry. The relaxed structure after energy minimization is used for the
simulation. NVT-MD is carried out for 750 ps, with time steps of 2.0 fs. Well tempered
MTD is implemented following the approach of the previous chapter, with initial hill
height of 0.001 Ry, and the bias factor γ = 8.0. A constant hill width of 0.30 Bohr is used
through out the simulation. The position of a single Li + -ion (tagged Li + ) is chosen as
the CV.
The overall free energy barrier is computed from the accumulated bias potential of
the MTD simulation, as described in chapter 4. The energy barriers for the different
pathways of Li + -ion are also calculated using climbing image nudged elastic band method
(CI-NEB) [13] as incorporated in Quantum ESPRESSO.

5.3

Results and Discussions

Figure 5.2: Radial distribution function (rdf) of P-S ion pairs calculated from the MTD simulation
at 400 K.

One of the primary validations of a simulation is the structural integrity of the
system and radial distribution function (RDF) is the general tool to check the same.
Figure 5.2 shows the P-S dynamic RDF calculated and averaged over the entire length
of the simulation. The first peak of the rdf appears to be at around 2.1 Å and reflects
the average bond length of P-S pair which is well in agreement with the experimental
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Figure 5.3: Radial distribution function (rdf) of Li + -Li + -ion pairs calculated from the MTD
simulation at 400 K.

reports for γ-Li3 PS4 [3]. The running coordination number (rcn), which gives the number
of nearest neighbours, also found to be four. This confirms the integrity of the framework
structure through out the run length of the MTD simulation.
Figure 5.3 shows the dynamic rdf of Li + − Li + pair along with the static rdfs calculated
for different static sites. The first peak of the dynamic rdf appears to be around 4.0 Å,
which coincide with the static 4 b-2a and 4 b-4 b peak. With the given structure, several
different jumps are possible between these static Li + sites. In the following section,
different jumping mechanisms, responsible for the Li + -ion migration are described by
analysing the trajectory obtained from the MTD run.
A comparison of the efficiency of standard AIMD with MTD is shown in Figure5.4.
Figure 5.4a shows the simulation box after 15 ps of standard AIMD simulation at 400
K. In this case, the Li + -ions are exhibiting only thermal vibration around their mean
positions without making any jump to the neighbouring sites. On the other hand, in case
of the MTD simulation, in 15 ps the applied bias potential on a single Li + -ion (tagged

Li + ) has initiated diffusion mechanism at the same temperature (Figure 5.4b). Over
the 750 ps of MTD, the tagged Li + is found to explore a large fraction of the simulation
box (Figure 5.4c). Shown in figure (5.4d), the diffusion of the tagged Li + has eventually
caused movement of the other Li + -ions in the system as well, and consequently well

98

TH-2395_136121031

CHAPTER 5. UNDERSTANDING Li + -ION MIGRATION MECHANISM IN γ-LI 3 PS 4 : A
FIRST PRINCIPLE BASED STUDY EMPLOYING METADYNAMICS AND NEB

connected diffusion pathways of the Li + -ions across the simulation box emerges.

Figure 5.4: a. Simulation box after 15 ps of standard AIMD. b. Simulation box after 15 ps
of MTD run. c. Simulation box after 750 ps of MTD run showing only the tagged-Li + in the
three-dimensional framework. d. Same as c but with all the Li + in the system.

Table 5.1: Relabeling of the crystallographic sites of orthorhombic (P mn21 ) γ-Li3 PS4 .

5.3.1

Wyckoff notation

label used in Ref [6, 7]

Color codes

2a

2a

G (green)

4b

4b

B (black)

2a

I, I1

M (mauve)

2a

I1 , I2

C (cyan)

4b

II, II

R (red)

Migration mechanism:

Apart from the two previously reported crystallographic sites, Lepley et al. [6] and Yang
et al. [7] have reported three more different interstitial sites in γ-Li3 PS4 . However, the
reports have labelled these Li sites inconsistently[6, 7]. In the absence of standard
notations we shall refer to these sites by the color codes listed in Table 5.1 for the ease of
description.
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Figure 5.5: Atomic density distribution of Li + -ion calculated from the trajectory at 400 K is
shown for two different iso-values. In panel a, b, and c, in yellow, the higher iso-value is shown
for different planes and panel d, in blue, the lower iso-value. The reported Li sites are also shown,
2a sites-‘green balls’ (G), 4b - ‘black balls’ (B), I 1 -‘mauve balls’ (M), I 2 -‘cyan balls’ (C), I I-‘red
balls’ (R).

The resulting trajectory (Figure 5.4d) of all the Li + -ions in the system are analysed to
investigate the microscopic diffusion mechanism in the system. Atomic densities shown
in Figure 5.5 depict the channels connecting these five sites. Two different iso-values are
shown, Figure 5.5 a, b, c, in yellow (of higher density) and Figure 5.5 d in blue (of lower
density).
Based on the atomic density distribution of Li + in the system the following observations are noted.
• It is seen that the primary migration pathways have been formed connecting one
G-site and two B-sites and thus forming discrete ‘V’ shaped sections arranged in up
and down formation (V+ and V-) predominantly lying on the xy-plane. The distance
between the G and B sites in each of these ‘V+/V-’ shape is found to be 3.6 Å. It is
noticeable that in each of the ‘V’ shaped channels, the path between the G and B
sites passes through the interstitial site R, though slightly off reported location.
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Figure 5.6: Li + -ion pathway spanned over the xz-plane made of the G(V +) - R - G(V −) connectivity as obtained from the atomic density calculated from the trajectory data. The enlarged
image is produced by zooming in the density. The some differences in the appearance between
the actual and the enlarged image is due to the apparent ‘loss’ of the top layer of density from the
‘visual’ range.

Figure 5.7: Li + migration pathway along y-axis through the G(V +) − R − B(V +) − M − G(V +)

connecting two V+ sections along y-axis.
• Depicted in figure 5.6, two neighbouring V+ and V- sites are further connected
through the R-sites that is located between the G and B sites of the V-sections.
This connectivity (G(V+)-R-G(V-)) essentially results a continuous diffusion channel
across the xz-plane. Yang et al. [7] also suggested this pathway along the x-axis.
• Along y-axis (Figure 5.7), another path is observed, connecting two neighbouring
V+ sites through the M sites. The path is connected as G(V+)-R-B(V+)-M-G(V+).
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Figure 5.8: Li + migration pathway, connecting G-site of a V+ section to the B-site of the neighbouring V- section via G(V +) - M/C - B(V −)

Figure 5.9: Li + migration pathway connecting two V+ sections (as shown in figure 5.7) along
y-axis via B(V +) - M - B(V +) - C - B(V +).

This pathway along the y-axis was also reported by Yang et al. [7].
• Figure 5.8 shows another pathway, connecting the G-site of a V+ to the B-site of the
neighbouring V-, via either a M-site or a C-site as M and C appears alternatively.
It can be described as G(V+)-M/C-B(V-) largely on the xz-plane. This particular
mechanism is also reported in the previous studies [6, 7].
• Another pathway made of from the sections of the path along the y-axis described
earlier has been observed (Figure 5.9). In this case, the two ‘B(V+) - M - B(V+)’ are
further connected by another C site, resulting a continuous channel spread over
the xz-plane.
Pathway made of direct jumps between any of the interstitial sites are not found
within the time length of the simulation which agrees with the observation of Lepley et
al. [6], although Yang et al. [7] have proposed such mechanism.
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5.3.2

Energy Landscape

5.3.2.1

NEB :

Figure 5.10: Top: The minimum energy paths obtained from CI-NEB for different jumps shown
in different colors. Bottom: The corresponding energy barriers.

The potential energy barrier is calculated for each of the above described pathways
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employing CI-NEB method. Figure 5.10 shows the different pathways (above) and the
corresponding potential energy barrier (below) in different colors. The barrier between a
G-site and a B-site of one of the ‘V’ shaped section, is found to be 0.1 eV with a depth
around the mid distance (shown in pink color). This is the lowest energy barrier among
all the pathways which further confirms the previous observation (Figure 5.5, left) that
the primary migration channels are formed between these sites. Also, the depth around
the mid distance indicates the presence of an energetically favourable intermediate site
(R). This barrier height is also in agreement with the previous report [7].
Second lowest energy barrier (0.3 eV) is found for the pathway connecting G and
B-sites of two consecutive V- and V+ sections (shown in yellow color). It is to note that the
minimum energy path obtained from CI-NEB shows a direct connectivity between the
G(V+) and B(V-) sites that is not passing through any of the interstitial sites. Although
this behaviour is in agreement with previous computational (NEB) reports [6, 7], the
trajectory obtained from MTD simulation contradicts this. Shown earlier in figure 5.8,
the pathway clearly passes through one of the interstitial sites (M/C). AT this point the
reason of such mismatch is unknown.
The other three energy barriers are found to be ranging between 0.4 - 0.5 eV. The
G-G pathway along the xz-plane (shown in ‘cyan’ color), shows a barrier of 0.4 eV. The
G-B pathway connecting two V+ sections along y-axis (shown in ‘blue’) shows a barrier
around 0.45 eV. As discussed earlier (Figure 5.7), this particular path is a part of the
long connectivity along the y-axis. In this case also, unlike the MTD trajectory, the NEB
pathway doesn’t (although very close to M/C) passes through any of the interstitial sites.
The B-B path along x-axis (shown in ‘orange’) shows a energy barrier of 0.5 eV, turning
out to be of the highest energy barrier.
The observations from the CI-NEB calculation suggest that there are pathways for
+

Li -ion with energy barrier as low as 0.1 eV and as high as 0.5 eV, which implies that
although discrete channels of Li + can form owing to the low energy barriers along some
pathways (the V shaped local networks), but to form a three dimensional well percolated
diffusion network, the Li + -ions essentially have to overcome a higher energy barriers
ranging up to 0.5 eV. It is to mention here that previous experimental studies also have
reported the activation energy for γ-Li3 PS4 to be 0.5 eV [3, 14].
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Figure 5.11: Free energy profile calculated from the bias potential obtained from the MTD at
400 K

5.3.2.2

Free Energy:

The underlying free energy barrier is also calculated from the information of the bias
potential deposited on the tagged Li + -ion. The overall barrier height obtained is 0.53 eV
(Figure 5.11), which is consistent with the findings from the NEB. It noticeable that the
energy minima appears at around 4.0 Å, which corresponds to the first nearest neighbours of a given Li + -ion as discussed earlier. Here it shall be noted that in γ − Li 3 PS 4 ,
the arrangement of the mobile ion species is more complex than in the NASICONs
(discussed in the previous chapter) and consequently, the jumping mechanisms follow a
rather complex network involving five different sites. Unlike NASICONs, here multiple
neighboring pairs exist with comparable distances (4.0 Å) with different underlying
energy barriers. To determine the energy barriers for these different pathways from the
information of the bias potential, perhaps a different approach is needed. As for now,
only the averaged, overall barrier is shown.

5.3.3

Polyhedral flexibility

In figure 5.12, the top panel shows the same PS4 tetrahedron, picked up from the
simulation cell of standard-AIMD (left) as well as from MTD (right). Shown in red are the
dynamic distribution of the S -ion trajectory generated during the simulations. Larger
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Figure 5.12: Top panel: Dynamic distribution of S ion shown for a PS4 tetrahedron, obtained
from standard-AIMD and MTD simulations at 400 K over a run-length of 15 ps. Bottom panel:
The corresponding mean squared displacements of the four S-ion constituting the tetrahedron.

wobbling of PS4 -tetrahedra is noticeable in the 15 ps MTD run compared to the same
obtained from the same time-length of standard-AIMD. Previously, in figure 5.4, it is
shown that with the said simulation length, no Li + diffusion is observed in case of the
standard-AIMD, whereas the tagged Li + in MTD case started diffusing driven by the
applied bias potential. It is to mention here, that the PS4 tetrahedron shown here is
adjacent to the initial position of the tagged Li + -ion. This observation points towards
the possible existence of a correlation between the Li + -ion dynamics, and as reflected
in the larger wobbling of PS4 tetrahedra, with that of the framework tetrahedra. The
second and the third panels of figure 5.12 shows the mean squared displacements (msd),
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Figure 5.13: Atomic density distribution of both P and S from a PS4 tetrahedron, calculated
from the MTD trajectory data of the length of 750 ps, at 400 K. Left: the same tetrahedron shown
in figure 5.12. Right: The entire simulation box.

calculated for standard-AIMD and MTD, of the four S ions that construct the tetrahedra.
For all four S , larger msd is observed for the MTD case, where the Li + diffusion is
accelerated.
Role of Polyhedral rotation on ion transport has gained significant attention in past
few years. In many materials, the coupled dynamics of cation-anion is shown to have
crucial role in facilitating higher ionic diffusion [15–20]. In β-Li3 PS4 similar orientational
dynamics of the framework tetrahedra has been observed previously. Further, recently
it has also been reported that partial substitution of P with Si can stabilize the ‘rotor
phase’ at room temperature [21] in which the P/Si – S4 rotation flattens the energy barrier
associated with cation diffusion.
Studies have suggested that crystalline γ-Li3 PS4 does not have such orientational
degrees of freedom for the framework tetrahedra [16, 21]. Yet, intrigued by the comparatively larger wobbling of the framework tetrahedra, we calculated the atomic density
distribution of the PS4 tetrahedron from the entire 750 ps trajectory data (Figure 5.13)
to show the dynamics of the framework tetrahedra.

107

TH-2395_136121031

CHAPTER 5. UNDERSTANDING Li + -ION MIGRATION MECHANISM IN γ-LI 3 PS 4 : A
FIRST PRINCIPLE BASED STUDY EMPLOYING METADYNAMICS AND NEB

5.4

Conclusion

To conclude, following the approach mentioned in chapter 4, metadynamics technique
has been employed within AIMD simulation using the position of a single Li + as the
collective variable, and the migration mechanism in slow diffusing γ − Li 3 PS 4 at 400 K
is investigated. Well percolated migration pathways is obtained, owing to the accelerated
diffusion caused by the bias potential. Various jump processes are examined by analysing
the trajectory data. Five different diffusion pathways has been identified, and the results
are compared with the available literature.
The overall free energy barrier calculated from the information of the applied bias
potential is found to be 0.53 eV . Using CI-NEB method, the potential energy barrier
is calculated for each of the jumping mechanisms and it is found that energy barriers
ranging between

0.1 − 0.5 eV exists for different pathways. It is noted that local

diffusion networks are easily formed owing to low energy barrier ( 0.1 eV ), however
long-range diffusion channels spanning the system costs higher effective energy barriers
of 0.5 eV .
Further, the dynamics of the framework tetrahedra has also been analysed. The
results suggest possible correlation between the Li + -ion mobility in γ-Li3 PS4 with the
framework tetrahedra.
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CHAPTER

6

C ONCLUSION

Ion conducting solids find numerous technological applications, particularly in energy
storage devices. The traditional liquid/gel electrolytes, which continues to find use even
in the present day Li + -ion batteries, poses several health and safety hazards. Replacing
them with solid electrolytes promises higher energy density, wider operational window,
better chemical stability, longer life-cycles and superior safety standards. Thus the
design of all-solid-state-battery is one of the major directions of concurrent research.
Alkali ion conductors, specially Li + / Na+ -ion conductors, are perceived to be the most
promising candidates for the development of all-solid-state-batteries. Chapter-1 of the
thesis surveys the current status of the research activity, including experimental as well
as computational studies, on Li + / Na+ - conducting materials,. Tailor making of potential
material for commercial uses demands a concerted approach of both experimental and
computational studies. In the works presented in this thesis, atomistic simulation studies
have in carried out on promising materials to address various issues. The theoretical
background of the methods used for the studies are described in the chapter-2.
Chapter-3 discusses the effect of framework dynamics on ion transport in Li + substituted NASICONs, LiM2 (PO4 )3 where M=Zr, Hf, Sn and Ti. Classical MD has been employed for the study, using potential parameters proposed earlier for the true-NASICON
family, Na1+x Zr2 Six P3 – x O12 , where 0 ≤ x ≤ 3. It is found that the Li + -ion conductivity
in LiM2 (PO4 )3 decreases with the radius of the M -ion, in qualitative agreement with
previous experimental studies. This is attributed to the reduction in the size of the geo110
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metrical bottleneck in the conduction channel. The present work further investigates this
aspect to find that the geometrical bottlenecks in the conduction channel are sensitive
to approaching Li + -ions. It is noted that simulations with frozen-in framework results
in significant drop in the Li + diffusion. Thus a strong correlation between framework
dynamics and ion diffusion is proposed.
Chapter-4 demonstrates the utility of metadynamics technique in the study of slow
diffusing systems. Metadynamics is an accelerated sampling technique for ‘rare-events’
in which external repulsive Gaussian-shaped potentials or ‘hills’ are applied on the
appropriate collective variable (CV) at intervals so as to drive the system out of its local
minima. For the study, the phosphate and silicate end members of the true-NASICON
family, namely NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 , are chosen which are relatively low
conducting materials. Well-tempered metadynamics technique has been employed within
canonical ensemble (NVT) classical MD simulations, with the position of a single Na+ -ion
chosen as the CV. The free energy landscape is later reconstructed from the information
of the external potentials deposited. MTD simulations have been carried out at 500 K
for 100 ns and 200 ns for NaZr2 (PO4 )3 and Na4 Zr2 (SiO4 )3 respectively. The convergence
of free energy barriers with the progress of the simulation has been demonstrated. The
free energy barriers for Na+ -ion migration in these systems are compared with the
potential energy profiles of individual Na+ ions as well as that from NEB calculations.
In NaZr2 (PO4 )3 the energy barriers calculated from different methods are found to be
in good agreement with each other. However, for Na4 Zr2 (SiO4 )3 the free energy barrier
from metadynamics differs from the individual potential energy profiles of Na+ ions
as well as with the NEB calculations. This is attributed to the strongly correlated Na+
dynamics in the system. Trajectory analysis of neighbouring Na+ ions demonstrates
simultaneous hops of ions, supporting the proposal of correlated movement of ions in the
system. The investigation also provides certain insights related to the optimal tuning of
‘hills’ for improving the efficiency of MTD sampling.
In Chapter-5, the utility of the metadynamics technique has been extended to the low
diffusive γ-Li3 PS4 system to understand the diffusion mechanism associated with the

Li + in the system. Ab-initio MD simulations, coupled with well-tempered metadynamics
is performed for a time length of 750 ps at a temperature of 400 K in the NVT ensemble.
Well connected Li + migration pathways have been achieved, analyses of which showed
various hops to neighbouring sites, producing a complex ion migration network. The
overall free energy profile has been calculated from the information of the applied
111
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bias potentials. Also, in order to find the energy barriers for the individual hops, CINEB calculations are carried out based on the hopping mechanisms obtained from the
metadynamics trajectory. Analysis of the trajectories show that there are clusters of
‘local’ Li + sites, which are well inter-connected with low energy barriers (0.1 eV). These
clusters, however, are connected through percolation channels of large energy barriers
(0.5 eV). Further, the dynamics of the framework tetrahedra has also been investigated. It
has been observed that the accelerated Li + diffusion driven by the applied bias potential,
has caused larger wobbling in the framework tetrahedra. The observation indicates a
possible coupling between the two.
Hopefully, the works presented in this thesis will contribute to the concurrent research in the field of solid state ionics.
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A.1

Correlated Dynamics of Na+ in Na4 Zr2 Si3 O12

Figure A.1: The time-evolution of the Cartesian coordinates of a few randomly picked Na+ ions
and some of their respective neighbours from MTD simulation of Na4 Zr2 Si3 O12 at 500 K (with
the bias factor, γ = 6). The simultaneous changes in the x,y or z –coordinates of different ions
indicates correlated hops of neighbouring ions - a few are highlighted.
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To demonstrate the correlated motion of Na+ -ion in Na4 Zr2 Si3 O12 , A few Na+ is
picked up from the system, along with their nearest neighbours. Then there trajectory
is plotted as a function of the simulation time. At multiple instances, simultaneous
movements are visible (Figure A.1).

A.2

Bias Factor Dependence

Shown in figure A.2 are the simulation boxes with the tagged Na+ trajectory, obtained from two different bias factors (γ) values (3 and 9) for both NaZr2 P3 O12 and
Na4 Zr2 Si3 O12 .

Figure A.2: Statistical distribution of the tagged Na+ ion (panels a, b) for NaZr2 P3 O12 , respectively for γ = 3, and 9, during the 100 ns of MTD simulation at 500 K; and (panels c, d) for
Na4 Zr2 Si3 O12 , respectively for γ = 3, and 9 during the 200 ns MTD simulation at 500 K.

A.3

Site Exploration

Distance of the tagged ‘ Na+ ’ from its initial location as a function of the time elapsed
(figure A.3a) for NaZr2 P3 O12 , and (figure A.2b) for Na4 Zr2 Si3 O12 from MTD simulations
at 500 K, for bias factor γ = 6. In panels c) and d) of figure A.2 an enlarged view
of the short time behaviour of Na+ ions are shown respectively for NaZr2 P3 O12 and
Na4 Zr2 Si3 O12 systems. It shall be noted in figure A.3c) that the tagged ion makes several
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unsuccessful hops to its neighbours at 6.4 Åwithin about 1.6 ns before hoping off from
the initial Na1 site. Figure A.3d) also shows several attempts by the tagged Na+ to reach
the neighbouring Na2 site ( 3.4 Å) before it succeeds. The motion of the ion in its newer
sites also follow this pattern. In figure A.3a) and b) there are instances when the tagged
ion after diffusing off to distance sites returns close to the original site, respectively after
durations of 80 ns and 60 ns. Thus, the ion explores the local minima quite extensively
before diffusing off, thus ensuring the quality of the sampling.

Figure A.3: Distance of the ‘tagged’ Na+ from it’s initial position as a function of the simulation
time, shown for NaZr2 P3 O12 (panel a and c) and for Na4 Zr2 Si3 O12 (panel b and d), at 500K and
for γ = 6

A.4

Comparison of Free Energy barrier

Figure A.4 shows the free energy profiles calculated for two different bias factors (γ =
6, 9) for NaZr2 P3 O12 (left) and Na4 Zr2 Si3 O12 (right). It is to note that the simulations
are performed for γ = 6 and 9 are with different choice of the Na+ as the ‘tagged’ one.
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Figure A.4: Free energy profiles for γ= 6 and 9, for NaZr2 P3 O12 (left), and Na4 Zr2 Si3 O12 (right)
from MTD simulations at 500 K.
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