
Department of Physics

Indian Institute of Technology Guwahati

Ph.D. Thesis

Quantum Correlations in Cavity

Optomechanical Systems

Subhadeep Chakraborty

Thesis Supervisor: Prof. Amarendra Kumar Sarma

March 15, 2020.

TH-2282_146121016



TH-2282_146121016



Quantum Correlations in Cavity

Optomechanical Systems

A Thesis submitted for the award of the degree of

Doctor of Philosophy in Physics
by

Subhadeep Chakraborty

Thesis Supervisor: Prof. Amarendra Kumar Sarma

Department of Physics

Indian Institute of Technology Guwahati

Guwahati - 781039, Assam, India

August, 2019

TH-2282_146121016



c©Subhadeep Chakraborty

TH-2282_146121016



Statement

The work contained in the thesis entitled “Quantum Correlations in Cavity

Optomechanical Systems” has been carried out at the Department of Physics,

Indian Institute of Technology Guwahati, India by me under the supervision of

Prof. Amarendra Kumar Sarma. The material of this thesis has not been submitted

elsewhere for any other degree. Works presented in the thesis are all my own unless

referenced to the contrary in the text.

(Subhadeep Chakraborty) March 15, 2020

Department of Physics

Indian Institute of Technology Guwahati

Guwahati - 781039, India

i

TH-2282_146121016



ii

TH-2282_146121016



Disclaimer

The bibliography included in this thesis is, by no means complete but contains the

ones which are consulted thoroughly by me. I apologize for inadvertently missing out

some of the research papers, review articles and other scientific documents pertaining

to the focus of this thesis which should also have been cited. For illustration purpose

some of the figures in this thesis are taken from other sources and properly cited.

iii

TH-2282_146121016



iv

TH-2282_146121016



Certificate

It is certified that the work contained in the thesis entitled “Quantum Correla-

tions in Cavity Optomechanical Systems” by Subhadeep Chakraborty (Roll

no.-146121016), a Ph.D. student of the Department of Physics, Indian Institute of

Technology Guwahati is carried out under my supervision and has not been submit-

ted elsewhere for the award of any other degree.

(Prof. Amarendra Kumar Sarma) March 15, 2020

Professor

Department of Physics

Indian Institute of Technology Guwahati

Guwahati - 781039, India

v

TH-2282_146121016



vi

TH-2282_146121016



To

My beloved father...

vii

TH-2282_146121016



viii

TH-2282_146121016



Acknowledgement

First and foremost, I express my sincere gratitude to my thesis supervisor Prof.

Amarendra Kumar Sarma for his constant guidance, continuous support and com-

plete freedom to explore new scientific understandings during my Ph.D tenure. I

have been always motivated by his expert supervision and dedication for work. I am

also thankful to him for giving me the opportunity to be involved in different types

of problems and collaborations that helped me a lot to increase my experience and

knowledge about the subject.

I would like to acknowledge my doctoral committee members - Prof. Subhradip

Ghosh, Prof. Aditya N. Panda and Dr. Gagan Kumar for their useful suggestions to

improve my scientific understanding during the yearly assessments of my research

work. I also thank all HODs (Prof. Saurabh Basu, Prof. Poulose Poulose and

Prof. Subhradip Ghosh) for their various academic help during my Ph.D. I would

like to thank all the technical assistants, academic and non-academic staff of the

department who helped me in various ways during my research period. I specially

thank Basab-da and Hemanta-da for their support in different computer related

issues.

I am grateful to IIT Guwahati, and Ministry of Human Resource and Develop-

ment, Government of India for the financial support. I would also like to acknowledge

CSIR, Government of India for providing me an initial financial during my PhD. I

am also thankful to Physics Department, IIT Guwahati for providing the necessary

computation facilities.

I would like to thank my group members, Dr. Samit Kumar Gupta, Dr. Koushik

Paul, Dr. Bijita Sarma, Dr. Jyoti Prasad Deka, Ms. Koijam Monica Devi, Ms.

Dipti Kanika Mahato, and Mr. Sampreet Kalita for their continuous support and

wonderful friendship. I have learned a lot from them about the various aspects of

the fields.

I am fortunate enough to have a great friend circle here, seniors like Debopam-

da, Abhisek-da, Anirban-da, Kallol-da, Ramiz-da, Sourav-da. I am extremely lucky

ix

TH-2282_146121016



to have my friends like Sanghka, Shyam, Shamik, Ayan, Rony, Sanket. I had lot

of great memories with them which I will never forget. I would like to thank my

batchmates Ghanashyam, Indu, Joy, Jagan, Nawaz, Goutam and Gobinda. Most

importantly, I would like to thank all my childhood friends like Sanat, Kuntal,

Sasanka-da and Ankan-da for their wonderful friendship throughout the years.

Finally, I would like to thank all my family members, specially my parents for

their unconditional love, support, freedom and sacrifices for me. Last but not the

least, I am extremely grateful to my dearest friend, Camelia for always being there

for me.

August, 2019 Subhadeep Chakraborty

x

TH-2282_146121016



Abstract

Understanding the quantum nature of macroscopic systems is a topic of intense

research for quite some time now. Numerous efforts have been made to know the

classical-to-quantum boundary in various platforms. In fact, it is still not clear

exactly when to stop applying the so-called Newtons laws and switch over to the

Schrodinger equation. Recently, a new field of research, namely cavity quantum

optomechanics has emerged opening many doors to study these open ended fun-

damental questions, apart from numerous possible applications. A typical cavity

optomechanical system consists of two mirrors, one fixed while the other one is

movable. These systems may be of micrometer or nano-meter in dimensions. The

electromagnetic radiation incident on the system may get coupled to the mechan-

ical motion of the movable mirror. This opto-mechanical coupling is the heart of

all phenomena such as quantum entanglement, state-transfer, squeezing and so on.

In this thesis, we have explored various aspects of quantum correlations in cavity

quantum optomechanical systems. We have proposed various schemes to improve

the degree and robustness of quantum correlations. For example, our proposals show

how one can achieve robust quantum entanglement even at high temperature. It

should be noted that quantum entanglement is the key component of any quantum

communication protocols and extremely vital for the realization of quantum com-

puters. We have even come up with a scheme to delay the so-called entanglement

sudden death (ESD), an issue considered to be an immediate stumbling block in the

realization of various entanglement based quantum information and computing pro-

tocols. We have addressed this issue, in an optomechanical platform,by exploiting

the phenomenon of exceptional points in binary and ternary mechanical PT sym-

metric architectures. Apart from quantum entanglement, we have explored other

quantum correlations such as, quantum discord and quantum synchronization in our

thesis.
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Chapter 1

Introduction

Cavity quantum optomechanics turns out to be a universal tool for attaining quan-

tum control of mechanical motion in recent years, owing to the rapid advances in

micro- and nano-fabrication techniques and availability of very high quality (Q) cav-

ities [1]. A typical cavity optomechanical system could be modelled by considering

it as a Fabry-Perot cavity where one of the mirrors is fixed while the other one os-

cillates harmonically. The cavity could be driven by optical or microwave radiation

depending on the size of the system. The coupling between the radiation and the

movable mechanical mirror is caused by the so-called radiation-pressure interaction.

The typical size of such systems may vary from nanometers to centimeters, with

masses from femtograms to kilograms and with mechanical frequencies from a few

Hz to GHz.

The first set of experiments with such prototype of cavity optomechanical sys-

tems could be traced back in the late 1970s, when Braginsky and co-workers were

mainly motivated to build the early stage of gravitational wave-detectors. Such

setup were basically large interferometer, with mirrors of kilogram in masses be-

ing separated by kilometer long arms formed by optical cavities. Capitalizing on

the radiation-pressure interaction, Braginsky revealed the retarded nature of the

force, that would lead to damping or antidamping in the mechanical motion, due

to the finite cavity lifetime [2]. Later, in the late 1980s to early 90s, within such

similar framework, the sensitivity limit as imposed by the fluctuation of radiation-

pressure was addressed by Braginsky, Caves, and Walls [3–5]. It was the 1990s,

when the quantum aspects of cavity optomechanical system started to be explored

theoretically. This includes some of the following noteworthy studies on squeezing

of light [6, 7], quantum nondemolition detection of light intensity [8], and, feedback

cooling of mechanical oscillator [9]. Besides, exploiting strong optomechanical cou-
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pling, the possibility of generating nonclassical and entangled states of light field

and mechanical motion was also pointed out [10]. On the experimental side, the

first demonstration of optical feedback cooling of macroscopic mechanical end mir-

rors, based on radiation-pressure, came in 1999 [11]. This was followed by a series

of works, with the goal to reach much lower temperature. In 2005, with the advent

of both high-quality optical cavities and miniaturized mechanical mirrors, the op-

tical microtoroid resonators came into the picture. This led to the demonstration

of radiation-pressure-induced self-oscillations [12]. Around the same time, different

groups achieved the radiation-pressure cavity cooling, for suspended micromirrors

[13] and for microtoroids [14]. Among the other geometries where optomehani-

cal coupling were observed include membrane, nanorods inside Fabry-Perot cavity,

whispering gallery microdisks and microspheres and photonic crystals. In addition,

cold atom clouds, and wave guides in photonic circuits and crystal were the other

novel candidate to exhibit the optomechanical interactions. Also, there are other

proposal for quadratically coupled [15, 16] and multiple membrane cavity optome-

chanical systems [17] and nonlinearly coupled optomechanical systems [18]. Current

researches in this area mainly include cavity cooling of a mechanical oscillator [19–

21], continuous-variable entangled state preparation [22–26], quantum squeezing of a

mechanical mode [27–29], nonclassical state generation [30, 31], and quantum state

transfer [32, 33] etc. Along with the above mentioned studies, it has also become a

key tool for wide range of potential applications, such as: quantum information pro-

cessing [116], ultra-high precision measurements [35], gravitational wave detection

[36], and even biological measurements [37]. Hence, in recent years optomechanical

devices are well rooted as a fertile light-matter interface to probe the the macro-

scopic massive mechanical resonators, in a way that would steer us to completely

different worldview, far from our everyday classical intuitions.

In this thesis we are probing the quantumness of nano-mechanical oscillators in

cavity optomechanical setup, owing to its technological relevance. We are proposing

various practical schemes to enhance quantum correlations in such optomechanical

systems. Entanglement, known as the “characteristic traits” quantum mechanics,

lies at the heart of many applications, such as superdense coding, quantum tele-

portation and protocols of quantum cryptography. Besides Quantum entanglement,

quantum discord is an additional measure of the quantum correlations which can

not be captured by addressing entanglement only. Apart from these two standard

measures, we also study the phenomena of quantum synchronization in a coupled

cavity optomechanical systems.
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1.1 Cavity optomechanics: Basic theory

Figure 1.1: Schematic diagram of typical cavity optomechanical systems. A laser driven
optical cavity gets coupled to a mechanical mirror via radiation pressure.

There are a number of excellent review articles and books covering various as-

pects of cavity quantum optomechanics [1, 38–40]. In the following, we are going to

discuss briefly only those facets of cavity quantum optomechanics that are relevant

to the present thesis.

1.1 Cavity optomechanics: Basic theory

1.1.1 The optomechanical Hamiltonian

Let us consider a prototypical cavity optomechanical system, i.e., a Fabry-Perot

cavity where one of the end mirrors is fixed while the other one oscillates simple

harmonically. The schematic of the system is depicted in Fig. 1.1.

As driven by an external laser, the photons inside the cavity exert a radiation-

pressure force on the mechanical mirror. This in turn changes the length of the

cavity, making the cavity resonance frequency modulated. Considering, l to be the

equilibrium length of the cavity and q is the displacement made by the mechanical

mirror, the (modified) cavity resonance frequency reads as ωc(q) = Nπc
l+q

, where N

is the mode number and c is the speed of light in vacuum. As, we are typically

interested in small mechanical displacement, i.e., q � l, we can Taylor expand the

3
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cavity frequency and write it as:

ωc(q) ≈ ωc

(
1− q

L

)
, (1.1)

where ωc = Nπc
l

refers to the intrinsic cavity resonance frequency, in the absence of

any optomechanical interaction.

Now, we proceed to construct the generic optomechanical Hamiltonian. A very

basic assumption to start with, is that these optical and mechanical modes are

quantum harmonic oscillators, respectively, with frequency ωc and ωm. The op-

tomechanical Hamiltonian (in the unit of ~ = 1) could then be written as

HOM = ωc(q)a
†a+ ωmb

†b, (1.2)

where a is the annihilation operator of the cavity field and b is annihilation operator

of the mechanical mirror. Substituting Eq. (1.1) in Eq. (1.2), we get

HOM = ωca
†a+ ωmb

†b− ga†a(b† + b), (1.3)

where

g =
ωc
l
qzpf , (1.4)

is the single-photon optomechanical coupling strength. Note that, while deriving

in Eq. (1.3) we have introduced the quadrature operator q = qzpf

(
b+ b†

)
, where

qzpf =
√

~
2mωm

defines the zero-point fluctuation of the mechanical mirror (of mass

m). A more rigorous derivation of this Hamiltonian could be found in Ref [38].

From this Hamiltonian (1.4), one must note the following points. Firstly, the

interaction between then optical and mechanical mode is essentially nonlinear in

nature, with the mechanical displacement being proportional to the cavity photon

number or vice versa. Secondly, this optomechanical coupling is usually very small

g � ωm and, hence is not sufficient enough to show us the desired quantum effects.

However, one can achieve a strong effective optomechanical coupling via strongly

driving the cavity. To do so, we now include the coherent drive into the cavity and

write the complete optomechanical Hamiltonian as:

H = ωca
†a+ ωmb

†b− ga†a(b† + b) + iE0(a†e−iωlt − aeiωlt). (1.5)

where E0 and ωl are, respectively, be the driving amplitude and frequency of the

external laser. One may note that this driving amplitude can also be written as

4

TH-2282_146121016



1.1 Cavity optomechanics: Basic theory

Figure 1.2: Gallery of cavity optomechanical devices: (a) ultracold atomic gasses, (d)
microsphers and (g) micromembranes optomechanically coupled to light inside an optical
cavity; (b,c) nanoscale waveguides, supporting both optical and mechanical resonances; (e)
superconducting membranes, integrated into microwave cavities; (f) microtoroidal waveg-
uides ranging from the microscopic (h) to macroscopic and which acts as a mechanical
degrees of freedom to an optical cavity. Image taken from: Quantum optomechanics by
M. Aspelmeyer, P. Meystre and K. Schwab, Physics Today 65, 29 (2012), page 32, Figure
3.

E0 =
√

Pκ
~ωl

where P is the power associated with the external laser and κ is the

decay rate of the cavity field.

Next, to get rid of the explicit time dependence of the driving Hamiltonian,

we switch to a frame rotating with the laser frequency ωl and write the complete

Hamiltonian (1.5) in a following manner:

H = ∆0a
†a+ ωmb

†b− g0a
†a(b† + b) + iE0(a† − a). (1.6)

Here ∆0 = ωc − ωl corresponds to the input cavity detuning. The Hamiltonian

described by Eq. (1.6) serves as an excellent starting point to discuss the physics of

cavity optomechanical systems. It is remarkable to note that this simple model is

capable to describe the physics of a plethora of seemingly different optomechanical

systems as depicted in Fig. 1.2.
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Chapter 1. Introduction

1.1.2 Optomechanical equations of motion

In order to have a correct study of the phenomena related to an optomechanical

system (OMS), it is extremely crucial to take into account the environmental effects

on the OMS. The OMS is always surrounded by a thermal bath. the cavity photons

and the phonons on the mechanical resonator decay due to the coupling to the

environment. At the same time, thermal noise may also enter into the OMS owing

to the coupling, as the mechanical resonator is in thermal equilibrium with the heat

bath. The time evolution of the system operators can be described by using the

Heisenberg equations of motion with the addition of the corresponding damping

and noise terms as follows:

d

dt
a = −i [a,H]− κ

2
a−
√
κain, (1.7a)

d

dt
b = −i [b,H]− γ

2
a−√γbin. (1.7b)

Here, the first term on the R.H.S describes the coherent evolution of the field op-

erators, the second term takes the decay of the bosonic mode into account, while

the last term refers to the noise entering into the system due its coupling to the

environment. The cavity decay rate is denoted by κ, while the mechanical damping

rate is denoted by γ. On the other hand, ain and bin refer to the input vacuum noise

operators corresponding to the cavity mode and the mechanical mode, respectively.

These noise operators are assumed to be Gaussian in nature, with the following

non-zero correlation relations [41]:

〈ain〉 = 〈bin〉 =0, (1.8a)

〈ain(t)a†in(t′)〉 =δ(t− t′), (1.8b)

〈b†in(t)bin(t′)〉 =nthδ(t− t′), (1.8c)

〈bin(t)b†in(t′)〉 =(nth + 1)δ(t− t′). (1.8d)

Here, nth =
[
exp

(
~ωm

KBT

)
− 1
]−1

is the average number of thermal quanta with KB

being the well-known Boltzmann constant and T is the temperature of the thermal

bath.
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1.2 Outline of the thesis

In the following, we present the outline of the thesis by including a description of

the various problems that have been tackled in the form of different chapters of the

thesis. There are a total of seven chapters. We present a brief description about the

content of each chapter below.

Chapter 1: This chapter provides the introduction to the thesis, with a brief

literature review of the recent developments in the cavity optomechanical systems.

It is followed by a brief discussion of the basic theory of cavity optomechanical

systems.

Chapter 2: In this brief chapter we discuss about various measures of quan-

tum correlations in the context of continuous variable system. These measures are

relevant to the problems discussed in the thesis.

Chapter 3: In this chapter, we report two schemes to generate and enhance the

steady-state optomechanical entanglement at a considerably lower coupling strength

or external laser driving. Both of these schemes offer some considerable advantages,

for generating steady-state optomechanical entanglement, over the conventional sys-

tems. The proposed schemes may find its applications in realizing continuous-

variable quantum information interfaces and networks.

Chapter 4: In this chapter, we study the entanglement dynamics of two coupled

mechanical oscillators in a modulated optomechanical system. We find a strong con-

nection between the entanglement dynamics and the stability of the normal modes.

In particular, we have shown that with appropriate choice of mechanical coupling

and modulation frequency, a significantly large degree of stationary entanglement

could be achieved which is also extremely robust against the oscillator temperature.

Chapter 5: This chapter addresses the issue of entanglement sudden death in

optomechanical systems. Almost a decade ago, physicists encountered a strange

quantum phenomenon that predicts an unusual death of entanglement under the

influence of local noisy environment, known as entanglement sudden death (ESD).

This could be an immediate stumbling block in realizing all the entanglement based

quantum information and computation protocols. In this chapter, we discuss a

scheme to tackle such shortcoming by exploiting the phenomenon of exceptional

points (EP). Starting with a binary mechanical PT symmetric system, realized over

an optomechanical platform, we show that a substantial slowing down in ESD can

be achieved via pushing the system towards an exceptional point. This finding has

been further extended to higher (third) order exceptional point by considering a

7
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more complicated tripartite entanglement into account.

Chapter 6: Here, we present a systematic study on quantum synchronization

between two dissimilar nanomechanical oscillators, placed within two optical cavi-

ties. The coupling between the optomechanical cells is considered to be purely opti-

cal in nature, with two different geometries: bidirectional and unidirectional. Based

on these realizations, we first show that when synchronization builds up in the sys-

tem, the two oscillators also become quantum mechanically correlated, with a finite

degree of Gaussian quantum discord. Moreover, we find that for bidirectional con-

figuration, both the synchronization and quantum discord exhibit a tongue, which is

a quantum analogue of classic Arnold tongue like behavior. On the contrary, for an

unidirectional configuration, we observe a completely anomalous behavior where the

degree of synchronization peaks at a finite value of frequency detuning. This novel

feature is recently observed in the context of anharmonic quantum oscillators and

coined as quantum synchronization blockade. However, we also find that quantum

discord is not able to capture such blockade like behavior.

Chapter 7: This chapter concludes the thesis with a summary of the major

findings of the research works carried out, and a brief outline on the scope for future

studies.
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Chapter 2

Measures of quantum correlations

It is extremely crucial to quantify the quantumness of various correlations that may

arise in an optomechanical systems. In this thesis, we are dealing with Gaussian

states. Also, in this work, we are primarily interested in the following quantum cor-

relations only: quantum entanglement, quantum discord and quantum synchroniza-

tions. In this chapter, we briefly discuss the measures related to quantum entangle-

ment and quantum discord only. The measures related to quantum synchronisation

is discussed in Ch. 6.3.

2.1 Gaussian states

In the context of continuous-variable (CV) quantum information, Gaussian states

are of central importance. These are the states with Gaussian Wigner function and

are completely characterized by its first and second moment of the field quadrature

operators. For any n mode Gaussian state, the vector of the first moments reads

R̄ = Tr (ρR), while the second moments is denoted by the 2n×2n correlation matrix

(CM) V of elements

Vij =
1

2
(〈RiRj +RjRi〉)− 〈Ri〉〈Rj〉, (2.1)

where R is a 2n dimensional vector of CV operators RT = (q1, p1, q2, p2, ..., qn, pn).

The canonical commutation relations among these CV operators takes the following

compact form

[Rk, Rl] = iΩkl (2.2)

9
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where Ωkl ≡ [Ω]kl are the elements of a 2n× 2n symplectic matrix, given by

Ω =
n⊕
k=1

(
0 1

−1 0

)
, (2.3)

Following a displacement operation in the phase space, the first moments could

be arbitrarily adjusted to zero. Then, the Wigner function for a n mode Gaussian

state can be written as [42–44]

W (R) =
1

(2π)n
√

DetV
e−

1
2
RTV −1R. (2.4)

Here, it is worth mentioning that in order to preserve the Gausianity of a Wigner

function, the Hamiltonian should be linear or bilinear in the field operators. The

most general form of such Hamiltonian could be written as [44, 45]

H =
n∑
k=1

g
(1)
k a†k +

n∑
k≥l=1

g
(2)
kl a

†
kal +

n∑
k,l=1

g
(3)
kl a

†
ka
†
l + h.c., (2.5)

where, the first block of this Hamiltonian corresponds to the displacement operation,

the second block represent the beam-splitter kind of interaction, while the third one

refers to two-mode squeezing type interaction. Since, in the linearized regime of

optomechanical interaction, one is strictly restricted within such kind of interactions

only, the Gaussian description along with CM formalism is of particular relevance

here. Indeed, it is extensively used in all the following attached papers.

Now, given a CM V , it is always essential to ask whether there exist any con-

straint relation that has to be obeyed by any bona fide CM. For any density matrix

operator ρ, it simply implies to the well-known positive-semidefiniteness require-

ment of ρ. In particular, to CV quantum systems, the Heisenberg relation among

the canonical operators imposes a constraint on the CM, given by the following

inequality [46, 47]

V +
iΩ

2
≥ 0. (2.6)

Note that such uncertainty relation applies to any CM, describing a physical state.

For Gaussian state this is however not only the necessary but also the sufficient

criteria to ensure the positive-semidefiniteness of ρ [47].
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2.2 Two-mode Gaussian states

To discuss entanglement and the other relevant quantities, we consider the simplest

scenario of two-mode Gaussian states. Such states can in general be written as:

V =

(
A C

CT B

)
, (2.7)

where A, B and C are 2× 2 block matrices. With this choices, one can then define

the following four symplectic invariants:

I1 = det [A] , I2 = det [B] , I3 = det [C] , I4 = det [V ] . (2.8)

The two symplectic eigenvalues of a generic two-mode CM V can then be com-

puted as [48]

ν± ≡ 2−1/2
[
∆(V )±

√
∆(V )2 − 4I4

]1/2

, (2.9)

where ∆(V ) ≡ I1 + I2 + 2I3. The uncertainty relation in Eq. (2.6), then leads to

the following single inequality

ν− ≥ 1/2, (2.10)

which means that for any bona fide CM, the smallest symplectic eigenvalue must be

greater than or equal to 1/2.

2.2.1 Entanglement in two-mode Gaussian states

A standard measure to find whether a given quantum state is entangled or not is

given by the PPT (positive partial transpose) criteria [49]. It states that a separable

density operator under partial transposition necessarily goes over into a bona fide

density operator. For CV quantum systems, such partial transposition is associated

with the time reversal operation which maps a CV vector RT (2) = (q1, p1, q2, p2) to

R(2) → ΛR(2) with Λ = diag (1, 1, 1,−1). Therefore, the PT (partial transpose)

operation on the CM V leads to the following uncertainty relation [50]

Ṽ +
i

2
Ω ≥ 0 (2.11)

where Ṽ = ΛV Λ. Recalling the four symplectic invariants 2.8, we find

Ĩ1 = I1, Ĩ2 = I2, Ĩ3 = −I3, Ĩ4 = I4, (2.12)
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where Ĩk are the the symplectic invariants of Ṽ . Then, under the PPT criteria, the

uncertainty relation reads as

ν̃− ≥ 1/2, (2.13)

where ν̃− ≡ 2−1/2

[
∆̃(V )−

√
∆̃(V )2 − 4I4

]1/2

is the smallest symplectic eigenvalue

of Ṽ with ∆̃(V ) ≡ I1 + I2 − 2I3. This restriction (2.13) has to be obeyed by all

separable correlation matrices. A quantitative measure for quantum entanglement

can then be given by the degree of violation of Eq. (2.13). A standard practice here

is to calculate for the Logarithmic Negativity, given by [51, 52]

EN = max
[
0,− ln 2ν̃−

]
, (2.14)

Therefore, the Gaussian state is entangled if and only if EN > 0, which is equivalent

to ν̃− < 1/2 [50].

2.2.2 Gaussian quantum discord

Besides the quantum entanglement, quantum discord is another measure for the

quantumness of the correlations present in a quantum state. In the seminal pa-

per [53], Zurek introduced discord as the mismatch between the two classically

equivalent descriptions of mutual information and showed that it can even exist

for separable states (which are usually referred to have classical correlation). How-

ever, their study was limited in the finite dimensional system, which was further

extended in the realm of continuous-variables (CV) in Refs. [54, 55]. In recent

years, quantum discord has received much attention in optomechanical systems to

study non-classical correlations in it [56]. In particular, it has been both theoret-

ically and experimentally demonstrated that pre-availability of such non-classical

correlation can activate entanglement, which is also more robust against temper-

ature and thermal noise [57, 58]. By definition, quantum discord is given by the

following difference (with respect to a measurement made on the mode B):

DG(A|B)
= IM(ρAB)− C(A|B)(ρAB), (2.15)

where, the first term IM(ρAB) quantifies the amount of quantum mutual information,

while the second term CA|B)(ρAB) refers to the one-way classical correlation between

the mode A and mode B.

For the considered Gaussian bipartite system characterized by the correlation
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matrix V , the quantum mutual information is written as [45]

IM(ρAB) = f(
√
I1) + f(

√
I2)− f(ν+)− f(ν−), (2.16)

where, the function f is defined as:

f(x) ≡ (x+
1

2
) ln(x+

1

2
)− (x− 1

2
) ln(x− 1

2
), (2.17)

and, ν± (2.9) are the two symplectic eigenvalues of V .

In particular to two-mode Gaussian states, Gaussian quantum discord is evalu-

ated only by performing Gaussian measurement on the subsystems and expressed

as [45, 54, 55]:

DG(A|B)
= f(

√
I2)− f(ν+)− f(ν−) + f(

√
W ) (2.18)

where, the function f is defined in Eq. (2.17) and

W =


[

2|I3|+
√

4I23+(4I2−1)(4I4−I1)

(4I2−1)

]2

if 4(I1I2−I4)2

(I1+4I4)(1+4I2)I23
≤ 1,

I1I2+I4−I23−
√

(I1I2+I4−I23 )2−4I1I2I4

2I2
otherwise.

(2.19)

These measures of quantum entanglement and Gaussian quantum discord will

be frequently used in the following chapters.
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Chapter 3

Enhancement of stationary

optomechanical entanglement

In this chapter, we focus on the steady-state regime of the optomechanical cor-

relations. A key challenge here is the stability condition which imposes a strong

upper bound on the available entanglement. To circumvent such issues, we explore

the possibilities of coupling a conventional optomechanical system to an additional

two-level system or a nonlinear inductive element. It has been found that such in-

teractions could lead to the inclusion of either an additional second order potential

term q2 (q be the position of the mechanical mirror) or an extra cross-Kerr type

interaction between the optical and the mechanical field operators. We discuss the

effect of these further added terms on the optomechanical entanglement genera-

tion. We also look for Gaussian quantum discord, as an additional measure of the

quantum correlation.

3.1 Qubit assisted enhancement of quantum correla-

tions in an optomechanical system

3.1.1 Brief overview

Entanglement [60, 61] is one of the most intriguing feature of quantum mechanics,

having myriads of potential applications in quantum information and communication

The contents of this chapter are published in Subhadeep Chakraborty and Amarendra K.
Sarma, Ann. Phys 392, 39 (2018) and Subhadeep Chakraborty and Amarendra K. Sarma J. Opt.
Soc. Am. B 34, 1503 (2017).
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Chapter 3. Enhancement of stationary optomechanical entanglement

[62]. So far, preparation and manipulation of entanglement has been successfully

demonstrated in microscopic systems, such as atoms, photons, ions [63–65] etc.

However, the validity of entanglement in the macroscopic realm is still a debatable

fact. In this regard, optomechanical system [1, 38] where a macroscopic mechanical

motion interacts with an optical field has emerged as a promising platform to realize

entanglement at a macroscopic level. Several studies have been reported to generate

entanglement between an optical and a mechanical mode or two optical modes [10,

22, 23, 66–79]. These studies mostly explore entanglement in the steady-state regime

of the system where the strength of the entanglement is strictly limited by the

stability conditions. In fact, in this regime entanglement becomes maximum only

when the system is driven close to the instability threshold, which demands a strong

many-photon optomechanical coupling or high external laser driving [66].

In typical cavity optomechanical system [1, 38], a laser driven optical cavity gets

coupled to a harmonically oscillating end mirror. However, regarding the quantum-

ness of the mechanical mirror, it should be noted that a pure quantum harmonic

motion is dynamically analogous to its classical counterpart, as the expectation val-

ues of the canonical observables obey the same set of classical equation of motion

[80]. Therefore, to fully explore the quantum nature of the mechanical mirror, it

may be useful to introduce additional nonlinearity in the system. Here, it is worth

mentioning that the intrinsic nonlinearity of a sub-gigahertz mechanical oscillator is

usually very small (nonlinear amplitude smaller than 10−15ωm [81]), and, therefore is

relevant only in the regime of large oscillation amplitudes. Several studies have been

reported to generate nonlinearities that are strong in the quantum regime [82–85].

In particular, recently, Rips et al. [86] have proposed a scheme to enhance the intrin-

sic geometrical nonlinearity via an inhomogeneous electrostatic field. This has been

further exploited by Djorwé et al. in Ref. [87] to generate robust optomechanical

entanglement. Along this line, in 2009 Jacobs et al. [88] have reported a theoretical

study to engineer wide range of nonlinearities in a mesoscopic resonator by coupling

it to a simple auxiliary system. Following [88], Lü et al. [89] engineered a Duffing

nonlinearity to study mechanical squeezing in optomechanical system, and, Wang

et al. [119] constructed a cubic nonlinearity to investigate steady state mechanical

squeezing in a hybrid atom-optomechanical system. Furthermore, in Ref. [91] Ja-

cobs. et al. showed that it is possible to engineer superposition states by coupling a

qubit to the square of the resonator’s position. A plethora of experimental studies

on the coupling between the mechanics and a two-level system can also be found

Refs. [92–97].
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3.1 Qubit assisted enhancement of quantum correlations in an optomechanical system

Motivated by these works, we first consider a hybrid optomechanical system in

which the mechanical mirror is perturbatively coupled to a single auxiliary qubit.

Following [88], we find that this coupling results in an additional second-order term

q2, in the Hamiltonian describing the system where q is the position of the mechanical

mirror. All the higher order nonlinear terms are neglected, as we assume weak

coupling between the mechanical mirror and the qubit. We discuss the effects of

such inclusion of an additional q2 term in various quantum correlations present in a

cavity optomechanical system.

Figure 3.1: Schematic diagram of the cavity optomechanical system which consists of
an optical cavity with frequency ωc coupled to a mechanical mirror of frequency ωm, via
radiation pressure. Furthermore, we consider the mechanical mirror to be perturbatively
coupled to an auxiliary qubit.

3.1.2 System dynamics

As depicted in Fig. 3.1, we consider a hybrid optomechanical system where the

mirror is perturbatively coupled to an auxiliary qubit. The Hamiltonian of this

system can be written as (in the unit of ~ = 1):

H = H0 +Hmq, (3.1a)

H0 = ωca
†a+

ωm
2

(p2 + q2)− ga†aq, (3.1b)

Hmq = −η
2
q2, (3.1c)

where a is the annihilation operator of the cavity field (with frequency ωc), q (p)

is the dimensionless position (momentum) operator of the mechanical mirror (with

frequency ωm), and g is the single-photon optomechanical coupling rate. In Eq.

(3.1a), H0 describes the Hamiltonian of the conventional optomechanical system,

while Hmq refers to the Hamiltonian for the mirror-qubit interaction, with η being
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the coupling strength (see Appendix A. for a brief discussion on the generation of

this term).

In addition, the system dynamics includes the fluctuation-dissipation processes

affecting both the cavity field and mechanical mirror. Starting from Hamiltonian

(3.1a), the time evolution of the system is given by the following set of nonlinear

quantum Langevin equations (in a frame rotating with laser frequency ωl):

q̇ = ωmp, (3.2a)

ṗ = −ωmq + ηq − γmp+ ga†a+ ξ, (3.2b)

ȧ = −(κ+ i∆0)a+ igaq − iE0 +
√

2κexain +
√

2κ0fin, (3.2c)

where ∆0 = ωc−ωl denotes the detuning of the cavity field from the laser frequency

ωl, κ = κex+κ0 is the total decay rate of the cavity field [1] and γm is the mechanical

damping rate. We note that while defining Eq. (3.2c) the total cavity decay rate

κ, we have considered two distinct contributions, one arising due to the losses at

the input cavity mirror κex and a second contribution from the internal losses of

the cavity filed κ0, associated with the scattering and absorption losses behind the

first mirror. The input noises acting on the cavity field and mechanical mirror are

characterized by the following set of non-zero correlation functions [41, 99], given

by

〈ain(t)a†in(t′)〉 = δ(t− t′), (3.3a)

〈fin(t)f †in(t′)〉 = δ(t− t′), (3.3b)

〈ξ(t)ξ(t′)〉 =
γm
ωm

∫
dω

2π
e−iω(t−t′)ω

[
coth

(
~ω

2KBT

)
+ 1

]
, (3.3c)

where KB is the Boltzmann constant and T is the mirror temperature. However,

in the limit of large mechanical quality factor Q = ωm/γm � 1, one could well

approximate the Brownian noise ξ(t) to a Markovian delta-correlated relation, given

by [100]:

〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉/2 ' γm (2nth + 1) δ (t− t′) , (3.4)

with nth =
[
exp

(
~ωm

KBT

)
− 1
]−1

being the mean thermal phonon number.

For an intensely driven cavity, we can further expand each of these Heisenberg

operators as a sum of its c-number classical steady-state value plus an additional

small fluctuation operator with zero mean value: a = as+δa, q = qs+δq, p = ps+δp.
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3.1 Qubit assisted enhancement of quantum correlations in an optomechanical system

The steady-state values are obtained by solving the following nonlinear algebraic

equations:

ps = 0, (3.5a)

ωmqs − ηqs − g|as|2 = 0, (3.5b)

(κ+ i∆)as −
√

2κexαin = 0, (3.5c)

where αin = 〈ain〉 is the driving amplitude and ∆ = ∆0 − gqs is the effective cavity

detuning, modified owing to radiation pressure interaction. On the other hand, the

dynamics of the quantum fluctuations are linearized in the limit |as| � 1 and written

as:

δ̇q = ωmδp, (3.6a)

δ̇p = − (ωm − η) δq − γmδp+
G√

2

(
δa+ δa†

)
+ ξ, (3.6b)

δ̇a = −(κ+ i∆)δa+ i
G√

2
δq +

√
2κexain +

√
2κ0fin. (3.6c)

Here as is considered to be real and G = gas
√

2 is the effective many-photon op-

tomechanical coupling strength.

Next, we introduce the dimensionless quadrature operators, respectively, for the

cavity field and the corresponding Hermitian input noise operators, as follows: δX ≡
(δa+δa†)√

2
, δY ≡ (δa−δa†)

i
√

2
, and Xin ≡

(ain+a†in)√
2

, Yin ≡
(ain−a†in)

i
√

2
, Fin ≡

(fin+f†in)√
2

,

Gin ≡
(fin−f†in)

i
√

2
. With the above definitions, we express Eq. (3.6) in a matrix form:

u̇(t) = Au(t) + n(t), (3.7)

where uT (t) = (δq(t), δp(t), δX(t), δY (t)) is the vector of continuous-variable (CV)

fluctuation operators, A is the drift matrix:

A =


0 ωm 0 0

− (ωm − η) −γm G 0

0 0 −κ ∆

G 0 −∆ −κ

 , (3.8)

and nT (t) =
(
0, ξ(t),

√
2κexXin(t) +

√
2κ0Fin(t),

√
2κexYin(t) +

√
2κ0Gin(t)

)
is the

vector of corresponding noises. The solution of Eq. (3.7) reaches its steady state
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Chapter 3. Enhancement of stationary optomechanical entanglement

when all the eigenvalues of the drift matrix A have negative real parts. These

stability conditions are checked via the Routh-Hurwitz criteria [101], which are given

in terms of the system parameters, by the following two nontrivial equations:

2γm[∆4 + ∆2(γ2
m + 2γmκ+ 2κ2 − 2ω2

m) + (γmκ+ κ2 + ω2
m)2]

+G2∆ωm(γm + 2κ)2 + 4ηγmκωm(∆2 − γmκ− κ2 − ω2
m) + 2η2ω2

mγmκ > 0, (3.9a)

(
∆2 + κ2

)
ω2
m − η

(
∆2 + κ2

)
ωm −G2∆ωm > 0. (3.9b)

It should be noted that, strictly for red-detuned driving the first condition is

always satisfied, only the second condition becomes relevant. Following a simplifi-

cation of Eq. (3.9b), we obtain

G < Gthres =
√

(∆2 + κ2)(ωm − η)/∆. (3.10)

where Gthres refers to the threshold optomechanical coupling, separating the stable

and unstable phase of the system. We note that in contrast to standard optome-

chanical system [22], now the system’s stability depends on the strength of the

mirror-qubit coupling and one must have η < ωm. To numerically illustrate our

result, we consider a set of experimentally accessible parameters as implemented

in Refs. [13]. Figs. 3.2(a) and 3.2(b) depict the stable (yellow) and the unstable

(green) phase of the optomechanical system in the (G/ωm,∆/ωm) plane, respec-

tively without (η/ωm = 0) and with the mirror-qubit coupling (η/ωm = 0.6). It is

clear that in the former case the stability range is much wider than the later, i.e.

the system remains stable from G/ωm = 0.0 to G/ωm ≈ 1.0 (Fig. 3.2(a)). On the

contrary, in the presence of the mirror-qubit coupling η/ωm = 0.6 (Fig. 3.2(b)),

the stability region stretches from G/ωm = 0.0 to G/ωm ≈ 0.63. Therefore, we can

infer that the mirror-qubit coupling imposes a serious limitation on the maximum

allowable effective optomechanical coupling strength. In the rest of this work, to

operate safely within the stability range of the system, we will restrict ourselves to

a coupling strength G/ωm ≤ 0.6.

3.1.3 Optomechanical entanglement

Due to the above linearized dynamics and the zero-mean Gaussian nature of the

quantum noises ain (fin) and ξ, the steady state for the quantum fluctuations is a
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3.1 Qubit assisted enhancement of quantum correlations in an optomechanical system

Figure 3.2: Stable (yellow) and unstable (green) region of the optomechanical system
in the (G/ωm,∆/ωm) plane, respectively for (a) η/ωm = 0 and (b) η/ωm = 0.6. The other
parameters are chosen to be ωm/(2π) = 10 MHz, Q = 105, κ/(2π) = 5 MHz and T0 = 0.6
K.

zero-mean Gaussian bipartite state, which is fully characterized by its 4 × 4 corre-

lation matrix (CM):

Vij = (〈ui(∞)uj(∞) + uj(∞)ui(∞)〉) /2. (3.11)

Here, uT (∞) = (δq(∞), δp(∞), δX(∞), δY (∞)) is the vector of CV fluctuation

operators in the steady-state (t→∞). When the system is stable, the steady-state

CM satisfies the following Lyapunov equation [22]:

AV + V AT = −D, (3.12)

where D is a diagonal matrix of the noise correlations:

D = Diag [0, γm(2nth + 1), κ, κ] . (3.13)

We now solve Eq. (3.12) to study various quantum correlations, present in a cavity

optomechanical system.

In Fig. 3.3(a), we first plot logarithmic negativity EN (2.14) versus the normal-

ized detuning ∆/ωm, for different mirror-qubit coupling strengths. It shows that for

the chosen parameters, the usual system (η = 0) exhibits stationary optomechan-

ical entanglement, which reaches its maximum Emax
n = 0.18 around ∆/ωm = 0.8.

However, the introduction of the mirror-qubit coupling enhances the degree of en-

tanglement and shifts the position of the maxima towards a lower cavity detuning.

In particular, we find a high degree of entanglement Emax
n = 0.34 at ∆/ωm = 0.51
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Chapter 3. Enhancement of stationary optomechanical entanglement

Figure 3.3: Plot of logarithmic negativity EN as a function of (a) normalized detuning
∆/ωm for a fixed coupling strength G/ωm = 0.6 and (b) dimensionless effective optome-
chanical coupling strength G/ωm at a fixed detuning ∆/ωm = 0.5, with all the other
parameters same as in Fig. 2.

for η/ωm = 0.6. Here, it is also worth mentioning that for the chosen parame-

ters, (∆/ωm, η/ωm = 0.80, 0.0) and (∆/ωm, η/ωm = 0.51, 0.6) respectively yield:

Gthres = 1.03ωm and Gthres = 0.63ωm. This implies that the maximum entangle-

ment appears only when G → Gthres i.e. for the maximum possible optomechan-

ical coupling strength. Therefore, we infer that this entanglement enhancement is

achieved due to the additional mirror-qubit coupling, which brings the system close

to the instability. Fig. 3.3(b) depicts the same logarithmic negativity EN as a

function of the dimensionless effective optomechanical coupling G/ωm, for differ-

ent mirror-qubit coupling strengths. As expected, after a critical coupling strength

(Gc), entanglement appears and increases with increasing optomechanical coupling.

We note that this enhancement becomes more profound with an increase in mirror-

qubit coupling strength η/ωm. More importantly, as illustrated in the inset of Fig.

3(b), we observe a lowering of this critical coupling strength Gc, with an increase

in η/ωm. For example, the usual system (η = 0) starts exhibiting entanglement at

Gc/ωm = 0.24, whereas, in presence of the mirror-qubit coupling (η/ωm = 0.6) it

shows entanglement at Gc/ωm = 0.18. Hence, the mirror-qubit coupling not only

enhances the degree of entanglement but also generates it at a considerably lower

optomechanical coupling strength.

Next, to study the robustness of our scheme, we plot in Fig. 3.4 logarithmic

negativity EN with respect to the mean thermal phonon number nth, for various

mirror-qubit coupling strengths. We observe that the degree of entanglement de-

creases monotonically with increasing thermal phonon number. However, the maxi-

mum number of thermal phonons up to which entanglement persists increases with
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3.1 Qubit assisted enhancement of quantum correlations in an optomechanical system

Figure 3.4: Plot of logarithmic negativity EN as a function of the mean thermal phonon
number nth. Here, the effective cavity detuning and optomechanical coupling strength are
respectively fixed at ∆/ωm = 0.5 and G/ωm = 0.6, with all the other parameters same as
in Fig. 2.

increasing mirror-qubit coupling strength. For example, in the generic case (η = 0)

the entanglement is maintained up to nth = 6626 (T = 3.18 K). In contrast, in

presence of the mirror-qubit coupling η = 0.6ωm the entanglement persists up to

a relatively high nth = 11752 (T = 5.64 K). Thus, the bipartite entanglement in

presence of the mirror-qubit coupling becomes more robust against thermal phonon

fluctuations.

3.1.4 Quantum mutual information and Gaussian quantum

discord

In Figs. 3.5(a) and 3.5(b), we respectively plot the quantum mutual information IM

(2.16) and the Gaussian quantum discord DG (2.18) as a function of the normalized

detuning ∆/ωm, for different mirror-qubit coupling strengths. In both these figures,

we find that for the generic system (η/ωm = 0) IM and DG are maximum near

∆/ωm = 0, and, then decrease monotonically with increasing ∆/ωm [98]. However,

with the introduction of mirror qubit coupling we observe a completely different

behavior: Depending the strength of mirror-qubit coupling, both IM and DG en-

hance significantly at higher cavity detuning. In particular, for η/ωm = 0.6, we

obtain the maximum IM = 1.29 at ∆/ωm = 0.49 and DG = 0.20 at ∆/ωm = 0.80.

Therefore, this along with Fig. 3.3, confirms that invoking the mirror-qubit coupling

to a generic optomechanical system is a promising mean to improve the quantum

correlations between the cavity field and mechanical mirror.
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Figure 3.5: Plot of (a) quantum mutual information IM and (b) Gaussian quantum
discord DG as a function of the normalized detuning ∆/ωm, for different mirror-qubit
coupling strengths η/ωm, with all the other parameters same as in Fig. 2.

3.1.5 Conclusion

In conclusion, we reported a scheme to enhance the quantum correlation between

a light field and a mechanical mirror. The system under consideration, consists of

an optomechanical system where the mechanical mirror is perturbatively coupled to

an auxiliary qubit. With in the standard linearized description, we found that due

to the mirror-qubit coupling the system becomes unstable at a considerably lower

optomechanical coupling strength, which leads to significant enhancement of steady-

state entanglement near the instability threshold. We also reported that in presence

of the mirror-qubit coupling, entanglement could be generated at lower optomechan-

ical coupling strength which is extremely robust against the mirror temperature.

Moreover, to investigate the correlations which can not be captured by studying en-

tanglement only, we extended our calculation to quantum mutual information and

Gaussian quantum discord. We found that unlike the generic system (without the

mirror-qubit coupling), now both the mutual information and the quantum discord

enhance significantly at a higher cavity detuning with an increase in mirror-qubit

coupling strength. As all the chosen parameters are achievable within the current

state-of-the-art experimental setups, our proposed scheme can be implemented to

improve the quantum correlations in optomechanical platforms.

However, one should consider the following point as a drawback of our proposal.

Due to the coupling to the cavity field, the mirror motion is driven by the external

pump field. Here, it is worth mentioning that in order to maintain the perturbation

approximation valid, the maximum eigenvalue of the mirror-qubit interaction should

be significantly smaller than the separation energy of the auxiliary qubit. Therefore,

while driving the cavity, one should focus at a lower driving amplitude, so that the
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3.1 Qubit assisted enhancement of quantum correlations in an optomechanical system

qubit is not pushed into a nonlinear regime.
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Chapter 3. Enhancement of stationary optomechanical entanglement

3.2 Enhancing quantum correlations in an optome-

chanical system via cross-Kerr nonlinearity

3.2.1 Brief overview

Very recently, optomechanical systems coupled to a two-level system or a nonlinear

inductive element (single-Cooper pair transistor) have shown significant enhance-

ment of the single-photon radiation-pressure coupling [102, 103]. More importantly,

it has been theoretically deduced that such interaction induces an additional cross-

Kerr type coupling between the optical and mechanical mode. In nonlinear optics,

cross-Kerr effect describes the change in refractive index of one electromagnetic mode

by the intensity of another. It has been extensively studied in the context of quan-

tum information processing, such as non-demolition photon number detection [104],

C-NOT gate [105] and, discrete [106] and continuous-variable entanglement concen-

tration [107–109]. Concerning optomechanical system, the cross-Kerr coupling be-

tween the optical and mechanical mode, involves the change in the refractive index

of the optical mode depending on the resonators phonon number [110, 111]. Re-

cently, Ref. [112] has showed that this cross-Kerr coupling gives rise to a frequency

shift in mechanical and optical mode, with the shift depending on the cavity photon

number and mechanical phonon number. Furthermore, Ref. [113] studied the ef-

fect of cross-Kerr nonlinearity on the stability of the optomechanical system. Along

this line, Ref. [114] showed that in presence of an additional cross-Kerr coupling,

the steady-state response of the mechanical resonator becomes a nonmonotonous

function of cavity photon number and the bistable behavior of the mean cavity pho-

ton can be turned into a tristable behavior. Motivated by these works, we study

the combined effect of radiation pressure and cross-Kerr coupling on the quantum

correlations present in an optomechanical system.

3.2.2 System and steady-state behavior

As depicted in Fig. 3.6, we consider an optomechanical system which consists of an

optical and a mechanical mode, respectively, with frequency ωa and ωb. As usual,

The contents of this chapter are published in Subhadeep Chakraborty and Amarendra K.
Sarma J. Opt. Soc. Am. B 34, 1503 (2017) and Subhadeep Chakraborty and Amarendra K.
Sarma, Ann. Phys 392, 39 (2018).
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Figure 3.6: Schematic diagram of the considered optomechanical system. An opti-
cal mode (with frequency ωa) couples the mechanical mode (with frequency ωb) via the
radiation-pressure coupling g0 and an additional cross-Kerr coupling gck. Here, κ is the
optical decay rate and γ is the mechanical damping rate.

these two modes are coupled via the generic radiation pressure coupling g0. In addi-

tion, here we consider an extra cross-Kerr type coupling gck between the optical and

the mechanical mode, generated by a two-level system or a superconducting charge

qubit [102, 103]. Also, the whole system is driven by an external laser of frequency

ωl. With this consideration, the complete Hamiltonian of the optomechanical system

in a rotating frame of the laser reads (~ = 1):

H = ∆0a
†a+ ωbb

†b− g0a
†a(b† + b)− gcka†ab†b+ iE0(a† − a). (3.14)

Here, a (a†) and b (b†) are, respectively, the annihilation (creation) operators of

the optical and mechanical mode, ∆0 = ωa − ωl is the optical detuning and E0

is the driving amplitude, related to driving power P and optical decay rate κ by

|E0| =
√

2Pκ/~ωl.
In addition, the system dynamics also includes fluctuation-dissipation processes

affecting both the optical and the mechanical mode. Starting from Hamiltonian

(3.14), the time evolution of the optomechanical system is given by the following

nonlinear quantum Langevin equations:

ȧ = −(i∆0 + κ)a+ ig0a(b† + b) + igckab
†b+ E0 +

√
2κain, (3.15a)

ḃ = −(iωb + γ)b+ ig0a
†a+ igcka

†ab+
√

2γbin, (3.15b)

where γ is the mechanical damping rate, and ain and bin are the corresponding

zero-mean input Gaussian noises, with nonzero correlation functions [41], given by:
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〈ain(t)a†in(t′)〉 = δ(t− t′), (3.16a)

〈b†in(t)bin(t′)〉 = nthδ(t− t′), (3.16b)

〈bin(t)b†in(t′)〉 = (nth + 1)δ(t− t′). (3.16c)

Here, nth is the mean thermal phonon number, related to Boltzmann constant KB

and environmental temperature T by: nth =
[
exp

(
~ωb

KBT

)
− 1
]−1

.

Under intense laser driving, we now expand each Heisenberg operators as a sum

of its semi-classical steady-state value plus an additional small fluctuation operator

with zero-mean value: a = α+ δa and b = β+ δb. The steady-state values are given

by the following nonlinear equations:

(i∆̃ + κ)α− E0 = 0, (3.17a)

(iω̃b + γ)β − ig0|α|2 = 0, (3.17b)

where ∆̃ = ∆0−g0(β∗+β)−gck|β|2 is the effective optical detuning, modified owing

to the both radiation pressure and cross-Kerr coupling, and, ω̃b = ωb − gck|α|2 is

the effective mechanical frequency, modified owing to the cross-Kerr interaction. As

for the fluctuations, their dynamics is given by the linearized quantum Langevin

equations, written as:

δ̇a = −(i∆̃ + κ)δa+ i
G

2
(δb† + δb) +

√
2κain, (3.18a)

δ̇b = −(iω̃b + γ)δb+ i
G

2
(δa† + δa) +

√
2γbin, (3.18b)

where G = 2g|α| is the effective optomechanical coupling strength with modified

g = g0 +gckβ. Note that, in the above calculations the phase reference of the optical

field is chosen such that α is real.

Next, we introduce the dimensionless quadrature operators, respectively, for the

optical and the mechanical mode: δX ≡ (δa+δa†)√
2

, δY ≡ (δa−δa†)
i
√

2
and δQ ≡ (δb+δb†)√

2
,

δP ≡ (δb−δb†)
i
√

2
, and, similarly for the corresponding Hermitian input noise operators:

Xin ≡
(ain+a†in)√

2
, Yin ≡

(ain−a†in)
i
√

2
and Qin ≡

(bin+b†in)√
2

, Pin ≡
(bin−b†in)

i
√

2
. With the above

definitions, we express Eq. (3.18) in a more compact form:

u̇(t) = Au(t) + n(t), (3.19)
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where uT (t) = (δQ(t), δP (t), δX(t), δY (t)) is the vector of continuous variable (CV)

fluctuation operators, A is the drift matrix:

A =


−γ ω̃b 0 0

−ω̃b −γ G 0

0 0 −κ ∆̃

G 0 −∆̃ −κ

 , (3.20)

and nT (t) =
(√

2γQin(t),
√

2γPin(t),
√

2κXin(t),
√

2κYin(t)
)

is the vector of corre-

sponding noises. A formal solution of Eq. (3.19) is given by:

u(t) = M(t)u(0) +

∫ t

0

dsM(s)n(t− s), (3.21)

where M(t) = eAT . The system is stable and reaches its steady-state when all the

eigenvalues of the drift matrix A have negative real parts. These stability conditions

are derived by applying the Routh-Hurwitz criteria [101], which is given in terms of

the system parameters by the following two nontrivial equations:

4γκ[∆̃4 + 2∆̃2(γ2 + κ2 − ω̃b2) + (γ2 + κ2 + ω̃b
2)2 (3.22a)

+4γκ(∆̃ + κ+ γ2 + κ2 + ω̃b
2)] + 4G2∆̃ω̃b(γ + κ)2 > 0,

(∆̃2 + κ2)(ω̃b
2 + γ2)−G2∆̃ω̃b > 0. (3.22b)

Note that, in the following work we will strictly restrict to red-detuned driving

(∆̃ > 0), for which the first condition is always satisfied, only the second condition

is relevant.

To numerically illustrate the effect of the cross-Kerr coupling on the steady-state

behavior of the optomechanical system, we consider a set of experimentally accessible

parameters: ωa/2π = 370 THz, ωb/2π = 10 MHz, g0 = 1.347 KHz, γ/2π = 100 Hz,

P0 = 0.1 mW and nth = 100. In Fig. 3.7(a), we plot the steady-state amplitudes

of the optical and mechanical mode along with the stability range of the system

(with gck = 10−3g0), as a function of the driving power. It is clear that for the

chosen value of the parameters, both these amplitudes satisfy |α|, |β| � 1 which

ensures the validity of our linearization assumption. We also note that unlike pure

radiation-pressure coupling, now |β| changes drastically with increasing power, as

could be explained from Eq. (3.17b). In Fig. 3.6(b) we plot ω̃b and g against the

driving power. We can see that with increasing power ω̃b decreases and g increases.
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In particular, at a driving power P = 2.23P0 (just before the instability), we get

ω̃b ≈ 0.4ωb and g ≈ 2.5g0. Therefore, in presence of the cross-Kerr coupling, owing

to this significant change in the effective mechanical frequency and (single photon)

coupling strength, the system becomes unstable at a considerably lower driving

power. It is worthwhile to note that in Ref. [112], Raphael et al. have shown

that the frequency of the mechanical resonator gets shifted owing to the cross-

Kerr effect and the shift depends on the number of photons in the cavity. On the

other hand, in Ref. [114], Wei et al. have shown that the mean phonon number,

which increases monotonically with increase in the photon number in presence of the

radiation-pressure coupling, changes drastically with the introduction of the cross-

Kerr coupling. Our analysis, as could be seen from Eq. (3.17) and Fig. 3.7 agrees

well with these observations. However, in this work, the parameter regime where

the system becomes unstable is of prime concern to us owing to its significance in

attaining high entanglement.

Figure 3.7: (a) The steady-state amplitudes |α| (blue dashed) and |β| (red solid), and,
(b) the modified mechanical frequency ω̃b (blue dashed) and coupling strength g (red
solid) versus the normalized driving power P/P0. The shaded (cyan) region corresponds
to the unstable phase of the optomechanical system. The other parameters are fixed at:
gck = 10−3g0, κ/ωb = 0.4 and ∆0/ωb = 0.5.
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3.2.3 Optomechanical entanglement

Due to the above linearized dynamics and zero-mean Gaussian nature of the quan-

tum noises, the steady-state for the quantum fluctuations is simply a Gaussian

bipartite state, which is fully characterized by its 4× 4 correlation matrix (CM):

Vij = (〈ui(∞)uj(∞) + uj(∞)ui(∞)〉) /2. (3.23)

Here, uT (∞) = (δQ(∞), δP (∞), δX(∞), δY (∞)) is the vector of CV fluctuation

operators in the steady-state (t → ∞). When the system is stable, performing a

substitution of Eq. (3.21) in the definition of CM, we get

Vij =
∑
k,l

∫ ∞
0

ds

∫ ∞
0

ds′Mik(s)Mjl(s
′)Φkl(s− s′), (3.24)

where Φkl(s − s′) = (〈nk(s)nl(s′) + nl(s
′)nk(s)〉)/2 is the matrix of the stationary

noise correlations. Using Eq. (3.16), Φkl(s − s′) further simplifies to Φkl(s − s′) =

Dklδ(s− s′), where D is a diagonal matrix, given by:

D = Diag [γ(2nth + 1), γ(2nth + 1), κ, κ] . (3.25)

Therefore, (3.24) becomes V =
∫∞

0
dsM(s)DM(s)T , which, when the stability

conditions are satisfied (M(∞) = 0) is equivalent to the following Lyapunov equation

for V :

AV + V AT = −D. (3.26)

Following a numerical solution of Eq. (3.26), one can assess the degree of quantum

entanglement (2.14) and Gaussian quantum discord (2.18) between the optical and

mechanical mode.

First, we focus on the steady-state optomechanical entanglement and the influ-

ence of cross-Kerr coupling on it. In Fig. 3.8, we plot EN as a function of the

normalized cross-Kerr coupling strength gck/g0, for a fixed driving power and opti-

cal detuning. We can see that with increase in the cross-Kerr coupling, the degree

of entanglement increases monotonically and becomes maximum just before the in-

stability. In particular, for the pure radiation-pressure coupling case (gck = 0) we

have EN = 0.025. On the other hand, in the presence of cross-Kerr coupling, with

coupling strength gck = 10−3g0, we obtain EN = 0.27. Therefore, by invoking cross-
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Chapter 3. Enhancement of stationary optomechanical entanglement

Figure 3.8: EN as a function of the normalized cross-Kerr coupling strength gck/g0, at
a fixed P/P0 = 2.0, ∆0/ωb = 0.5 and κ/ωb = 0.4.

Kerr coupling on a generic optomechanical system, we can significantly enhance the

degree of the steady-state optomechanical entanglement.

To further probe into entanglement properties and its dependence on the system

parameters, we plot in Fig. 3.9, EN as a function of the normalized detuning ∆0/ωb

and the normalized driving power P/P0, for gck = 0 (a) (no cross-Kerr coupling),

gck = 0.5 × 10−3g0 (b), and gck = 1.0 × 10−3g0 (c). We observe that with increase

in the cross-Kerr coupling strength, the degree of entanglement increases, however,

the parameter region in which the steady-state is entangled significantly narrows.

In fact, with increasing cross-Kerr coupling strength, as discussed in earlier section,

the system becomes unstable at a lower driving power, which leads to the signifi-

cant enhancement of steady-state optomechanical entanglement near the instability

threshold.

Fig. 3.10, depicts the same EN as a function of the normalized optical decay

rate κ/ωb and normalized driving power P/P0, for gck = 0 (a) (no cross-Kerr cou-

pling), gck = 0.5 × 10−3g0 (b), and gck = 1.0 × 10−3g0 (c). Here also, we find the

enhancement of the steady-state optomechanical with increasing cross-Kerr coupling

strength. However, now the maximum entanglement only occurs for gck = 1×10−3g0

(Fig. 3.10(c)) at higher driving power and lower optical decay rate. It is also im-

portant to note that even in the presence of cross-Kerr coupling, we find significant

entanglement only in the resolved sideband region, i.e. for κ/ωb < 1.

Finally, in Fig. 3.11, we plot EN as a function of the mean thermal phonon

number nth. We observe that the degree of entanglement monotonically decreases

with increase in the thermal phonon number. However, the maximum number of

thermal phonons up to which the entanglement persists increases with increasing
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Figure 3.9: Contour plot of EN versus the normalized detuning ∆0/ωb and driving
power P/P0, for gck = 0 (a) (no cross-Kerr coupling), gck = 0.5 × 10−3g0 (b), and gck =
1.0 × 10−3g0 (c). The optical decay rate is fixed at κ/ωb = 0.4. The white thick line
separates the entangled and the non-entangled phase of the system.

Figure 3.10: Contour plot of EN versus the normalized optical decay rate κ/ωb and
normalized driving power P/P0, for gck = 0 (a) (no cross-Kerr coupling), gck = 0.5×10−3g0

(b), and gck = 1.0× 10−3g0 (c). The optical detuning is fixed at ∆0/ωb = 0.5.

cross-Kerr coupling. For example, for the pure radiation-pressure coupling case the

entanglement persists up to nth ≈ 460. In contrast, in presence of an additional

cross-Kerr coupling, with coupling strength gck = 10−3g0, we have entanglement

up to nth ≈ 4970. This shows that with the introduction of cross-Kerr coupling,

the bipartite entanglement becomes more robust against the fluctuation of the bath

temperature.

It is worthwhile to mention that similar conclusions could be drawn for a different

set of parameters as well. For example, we find that the proposed scheme works well

for the following set of parameters, recently used in an experiment [20]: ωa/2π = 195
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Figure 3.11: EN versus the mean thermal phonon number for different cross-Kerr
coupling strengths. The other parameters are fixed at ∆0/ωb = 0.5, κ/ωb = 0.4 and
P/P0 = 2.0.

THz, ωb/2π = 3.68 GHz, g0/2π = 910 KHz, γ/2π = 35 KHz, P0 = 0.5 mW

and nth = 100. We further note that though with increase in the thermal phonon

numbers entanglement gradually decreases, quantum correlation can persist up to to

a much higher number of thermal phonons as quantified by the parameter, Gaussian

quantum discord. This issue is addressed in the following section.

3.2.4 Gaussian quantum discord

To study the effect of cross-Kerr nonlinearity on the Gaussian quantum discord, we

first plot in Fig. 3.12, discord as a function of the normalized cross-Kerr coupling

strength gck/g0. We find that like optomechanical entanglement discord increases

monotonically with increasing cross-Kerr coupling and becomes maximum just be-

fore the instability. For example, initially for the pure radiation-pressure coupling

(gck = 0) we have DG ≈ 0.01, on the other hand, in presence of an additional cross-

Kerr coupling of coupling strength gck = 10−3g0 we obtain DG ≈ 0.1. Therefore,

this result along with Fig. 3.8 confirm that incorporating cross-Kerr nonlinearity on

a generic optomechanical system can considerably enhance the quantum correlation

between the optical and the mechanical mode.

Next, in Fig. 3.13 we plot the same Gaussian quantum discord against the mean

thermal phonon number, for increasing cross-Kerr coupling strengths. We observe

that unlike optomechanical entanglement discord is a nonmonotonous function of
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Figure 3.12: DG as a function of the normalized cross-Kerr coupling strength gck/g0.
The other parameters are fixed at ∆0/ωb = 0.5, κ/ωb = 0.4 and P/P0 = 2.0.

the mean thermal phonon number. Initially, for smaller number of thermal phonons

it increases. But then, at higher number of thermal phonons it decreases. A similar

kind of nonmonotonous behavior of the Gaussian QD against the thermal phonon

number has recently been reported in Ref. [115]. It is also worth mentioning that

as compared to optomechanical entanglement, discord survives up to a significantly

higher number of thermal phonons. We further note that at higher number of ther-

mal phonons, with the increase in cross-Kerr coupling the degree of quantum discord

enhances significantly over the conventional system (gck = 0). Therefore, we infer

that in the presence of an additional cross-Kerr coupling the quantum correlation

present in the system becomes more robust against the variation of thermal phonon

fluctuation.

3.2.5 Conclusion

In conclusion, we present a scheme to enhance the steady-state quantum correla-

tions in an optomechanical system by incorporating an additional cross-Kerr type

coupling between the optical and mechanical mode. We first consider logarithmic

negativity to quantify the degree of stationary entanglement between the optical and

mechanical mode, and then, we focus on Gaussian quantum discord to investigate

the quantumness of the correlation beyond entanglement. We found that owing to

the cross-Kerr nonlinearity the system becomes unstable at a considerably lower

driving power, which leads to significant enhancement of both entanglement and

discord near the instability threshold. Moreover, we showed that in presence of the

cross-Kerr nonlinearity the generated entanglement becomes more robust against the
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Figure 3.13: DG against mean thermal phonon number nth. The other parameters are
fixed at ∆0/ωb = 0.5, κ/ωb = 0.4 and P/P0 = 1.5.

variation of system parameters and thermal phonon fluctuations. Furthermore, we

found that unlike optomechanical entanglement, quantum correlation between the

optical and mechanical mode as quantified by the parameter called, Gaussian quan-

tum discord, could persists up to a much higher bath temperature in the presence

of cross-Kerr coupling. Therefore, this work paves the way for exploring cross-Kerr

nonlinearity as a promising way to optimize both the quantum entanglement and

quantum discord in a generic optomechanical system.
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Chapter 4

Entanglement dynamics of two

coupled mechanical oscillators in

modulated optomechanics

In this chapter, we aim to entangle two massive macroscopic mechanical oscil-

lators in an optomechanical setup. To do so, we consider a periodically modulated

external driving and mechanical coupling. We show that how depending on the

mechanical coupling strength, one can observe either a stationary or a dynamical

behavior of the mechanical entanglement. Remarkably, both these entanglements

are extremely robust against the oscillator’s temperature. An analytical expression

for the critical mechanical coupling strength is also derived.

4.1 Brief overview

Relying on the generic radiation-pressure coupling, much studies have already been

reported on the entanglement generation between a cavity field and a mechanical os-

cillator [22, 66, 78, 116–120]. Besides, based on similar architecture, a lot of empha-

sis has been currently put forward to create entanglement between two macroscopic

mechanical oscillators. These studies mostly include light-to-matter entanglement

transfer [7, 129], driving the optical cavity with a two-tone field [130, 131], dissipa-

tion induced optomechanical entanglement [132, 133] and the reservoir engineered

based schemes [134–138]. We also note that, recently, an experimental demonstra-

The contents of this chapter are published in Subhadeep Chakaborty and Amarendra K. Sarma,
Phys. Rev. A 97, 022336 (2018).
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tion of entangling two massive macroscopic mechanical oscillators has been reported

in Ref. [139–141]. However, in most of the cases, the possibility of observing such a

nonclassical state is seriously hindered by the presence of the environmental noise.

Hence a lot of emphasis has currently been put in realizing quantum entanglement

at higher bath temperature.

While the search for robust and hot entanglement [121] in optomechanical sys-

tems is on, it occurs that modulating an optomechanical system may be a very

rewarding proposition in achieving a more robust nonclassicality. For example, in

2009, Mari et al. [122] first showed that by gently modulating an optomechanical

system, one could not only enhance the degree of squeezing in mechanical quadra-

tures but also improve the stationary entanglement between the cavity field and

the nanomechanical resonator. Following Ref. [122], Farace et al. [123] studied

the effect of both the amplitude modulation and frequency modulation in an op-

tomechanical system. They showed that there exists an optimal modulation regime

where the desired quantum effects can either be enhanced or suppressed. Along

this line, Schmidt et al [124] implemented a suitable amplitude modulation scheme

in optomechanical circuits for continuous variable (CV) quantum state processing.

More recently, Chen et al. [125] has exploited the same amplitude modulation to

improve the stationary mechanical entanglement in a double cavity optomechanical

system.

In parallel to the developments in optomechanical systems, one modulation

scheme of particular interest is the so-called periodic modulation of the coupling

strength. It is now well established that by periodically driving the coupling strength

with a frequency twice that of the oscillator frequency, one can squeeze the collective

quadratures, leading to entanglement generation between the two harmonic oscil-

lators. In 2010, within a similar framework, two identical harmonic oscillators in

contact with two independent thermal baths and coupled via a time periodic driv-

ing, Galve et al. [126] first demonstrated the existence of stationary entanglement

at a relatively high temperature. Following Ref. [126], Roque et al. [127] reported

the dynamics of quantum correlations between two coupled harmonic oscillators in

contact with a common heat bath. They found that it is not the bath temperature,

rather the system parameters to which the entanglement dynamics is more sensitive.

However, it should be noted that in their study they could not find any steady-state

behavior of the generated entanglement. On the other hand, recently, Chen et al.

[128] considered a system of two coupled harmonic oscillators connected via a weak

time-dependent coupling. In the absence of any environmental decoherence, they re-
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4.2 Model and dynamics

Figure 4.1: Schematic diagram of the considered optomechanical system. The cavity
is driven by an amplitude modulated laser E(t), and, the two mechanical oscillators are
coupled via a periodically modulated coupling strength λ(t).

ported that a transition from bounded to unbounded entanglement dynamics occurs

when the modulation strength crosses a critical value.

Here, we discuss the effects of both these periodically modulated external driving

and mechanical coupling on the entanglement generation between two macroscopic

mechanical oscillators.

4.2 Model and dynamics

The system under consideration, consists of two identical mechanical oscillators

placed within an optical cavity. An external laser with a time-dependent ampli-

tude E(t) and frequency ωl drives the cavity which makes the two oscillators couple

indirectly via the radiation-pressure interaction. Besides, there is a direct mechan-

ical coupling between the two oscillators, with a periodically modulated coupling

strength λ(t). The schematic of our system is depicted in Fig. 4.1, and, the Hamil-

tonian (in a frame rotating with the laser frequency) is written as follows (in the

unit of ~ = 1):

H = ∆0a
†a+

2∑
j=1

ωm
2

(q2
j + p2

j) + ga†a
2∑
j=1

qj + λ(t)q1q2 + i
(
E(t)a† − E∗(t)a

)
.

(4.1)

Here, a (a†) refers to the annihilation (creation) operator of the cavity field (with

frequency ωc and decay rate κ), qj (pj) is the dimensionless position (momentum)

operator of the j-th mechanical oscillator (with frequency ωm and damping rate

γm). g refers to the strength of the single photon radiation-pressure coupling. In
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Hamiltonian Eq. (4.1), the first and the second terms correspond to the Hamiltonian

of the driven cavity and the mechanical oscillators, respectively, with ∆0 = ωc − ωl
being the optical detuning. The third term describes the optomechanical interaction

between the cavity field and the mechanical oscillators, while the fourth term refers

to the bilinear coupling between the two oscillators. Finally, the last term gives the

external laser driving.

In addition to this, the system dynamics is unavoidably subjected to the fluctuation-

dissipation processes affecting both the cavity field and the mechanical oscillators.

Taking all the damping and noise terms into account, the dynamics of the system

is fully described by the following set of nonlinear quantum Langevin equations

(QLEs):

q̇j = ωmpj, (4.2a)

ṗj = −ωmqj − ga†a− λ(t)q3−j − γmpj + ξj(t), (4.2b)

ȧ = −{i(∆0 + g
2∑
j=1

qj) + κ}a+ E(t) +
√

2κain, (4.2c)

where ain is the vacuum input noise operator, with the only nonzero correlation

function [41]:

〈ain(t)a†in(t′)〉 = δ(t− t′). (4.3)

ξj(t) are the stochastic Hermitian Brownian noise operator, with the non-Markovian

correlation function given by [99]

〈ξj(t)ξk(t′)〉 =
δjk
2π

γm
ωm

∫
ωe−iω(t−t′)

[
coth

(
~ω

2KBT

)
+ 1

]
dω, (4.4)

(kB being the Boltzmann constant and T being the temperature of the mechanical

oscillators). However, in the limit of large mechanical quality factor Q = ωm/γm �
1, one could well approximate this Brownian noise to a Markovian delta-correlated

relation [100]:

〈ξj(t)ξj(t′) + ξj(t
′)ξj(t)〉/2 ' γm (2nth + 1) δ (t− t′) , (4.5)

with nth =
[
exp

(
~ωm

KBT

)
− 1
]−1

being the number of mean thermal phonons.

Next, when the system is strongly driven to a large classical mean value, we can

adopt the standard linearization technique and rewrite each Heisenberg operator

as follows: o(t) = 〈o(t)〉 + δo(t) (o = qj, pj, a). Here, 〈o(t)〉 refers to the classical
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c-number mean value and δo(t) is the zero-mean quantum fluctuation around the

classical mean value. The equation of motion corresponding to the classical mean

values is given by the following set of nonlinear differential equations:

〈q̇j(t)〉 = ωm〈pj(t)〉, (4.6a)

〈ṗj(t)〉 = −ωm〈qj(t)〉 − g|〈a(t)〉|2 − λ(t)〈q3−j(t)〉 (4.6b)

− γm〈pj(t)〉,

〈ȧ(t)〉 = −{i(∆0 + g

2∑
j=1

〈qj(t)〉) + κ}〈a(t)〉+ E(t). (4.6c)

On the other hand, the dynamics of the quantum fluctuations is governed by the

following linearized QLEs, written in a matrix form:

˙u(t) = A(t)u(t) + n(t). (4.7)

Here, uT (t) = (δq1(t), δp1(t), δq2(t), δp2(t), δX(t), δY (t)) is the vector of quadrature

fluctuation operators, nT (t) =
(
0, ξ1(t), 0, ξ2(t),

√
2κXin(t),

√
2κYin(t)

)
is the vector

of corresponding noises and

A(t) =



0 ωm 0 0 0 0

−ωm −γm −λ(t) 0 Gx(t) Gy(t)

0 0 0 ωm 0 0

−λ(t) 0 −ωm −γm Gx(t) Gy(t)

−Gy(t) 0 −Gy(t) 0 −κ ∆(t)

Gx(t) 0 Gx(t) 0 −∆(t) −κ


, (4.8)

is the drift matrix. The time-dependent coupling and the detuning terms are, re-

spectively, defined as follows:

G(t) = −
√

2g〈a(t)〉, (4.9a)

G(t) = Gx(t) + iGy(t), (4.9b)

∆(t) = ∆0 + g

2∑
j=1

〈qj(t)〉, (4.9c)

It should be noted that in Eq. (4.7) we have used the quadrature operators for the

cavity field with the corresponding Hermitian input noise operators, respectively

defined as: δX ≡ (δa+δa†)√
2

, δY ≡ (δa−δa†)
i
√

2
, and Xin ≡

(ain+a†in)√
2

, Yin ≡
(ain−a†in)

i
√

2
.
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Due to the above linearized dynamics and the zero-mean Gaussian nature of

the quantum noises, the quantum fluctuations in the stable regime evolve to an

asymptotic Gaussian state which is completely characterized by its 6×6 correlation

matrix, given by:

Vij = (〈ui(t)uj(t) + uj(t)ui(t)〉) /2. (4.10)

The equation of motion corresponding to the correlation matrix, using Eq. (4.7)

and Eq. (4.10), can be written as follows:

V̇ (t) = A(t)V (t) + V (t)AT (t) +D, (4.11)

whereD = Diag [0, γm(2nth + 1), 0, γm(2nth + 1), κ, κ] is the matrix of noise-correlation.

Note that, Eq. (4.11) is an inhomogeneous first-order differential equation with

21 elements which could be numerically solved with the initial condition V (0) =

Diag [nth + 1/2, nth + 1/2, nth + 1/2, nth + 1/2, 1/2, 1/2]. Here, we have assumed

that each mechanical oscillators are prepared in their thermal states at tempera-

ture T and the cavity field is in it’s vacuum state.

4.3 Results and discussions

Before proceeding to a direct numerical investigation of the mechanical entangle-

ment, we first specify the exact form of time modulation for both the external

driving and the mechanical coupling strength, as follows:

E(t) = E0 + E1cos (Ωt) , λ(t) = λ0cos (Ωt) . (4.12)

Moreover, we choose the following set of parameters for our numerical simulations:

∆0/ωm = 1.0, κ/ωm = 0.1, γm/ωm = 5× 10−4, g/ωm = 1× 10−5, E0/ωm = 1× 104,

E1/ωm = 1 × 103, T0/ωm = ~/kB, Ω/ωm = 2.003 (this particular choice will be

justified later) and τ = 2π/Ω.

In Fig. 4.2, we plot the time evolution of the mechanical entanglement EN for

multiple values of λ0/ωm. It can be observed that in absence of the mechanical

coupling (λ0/ωm = 0), the two oscillators exhibit a very small degree of stationary

entanglement. However, as soon as the mechanical coupling is introduced, there is

a sudden but significant enhancement in EN at initial time, which finally converges

to an asymptotic steady-state value. We note that this enhancement becomes more

profound with an increase in coupling strength λ0/ωm. Moreover, in the asymptotic
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Figure 4.2: Entanglement dynamics of the two coupled mechanical oscillators for
λ0/ωm = [0, 0.005] (from bottom to top) at T = 0. The left hand panel shows the
asymptotic nature of the mechanical entanglement.

regime, we find that the entanglement acquires the same period of modulation (see

the right hand panel of Fig. 4.2). Hence one can identify the degree of the entangle-

ment as the maximum over one period τ = 2π/Ω of modulation, defined as follows

[123]:

EN = max
t∈[T ,T +τ ]

EN(t), (4.13)

after a long enough time T � 1/κ, 1/γm. It is worth mentioning that, with the

application of periodically modulated mechanical coupling, λ0/ωm = 0.005 we obtain

a remarkable degree of stationary entanglement, EN = 0.34, as opposed to EN =

0.04 , which is achieved with no direct mechanical coupling.

The dependence of the stationary mechanical entanglement on the oscillator

temperature is exhibited in Fig. 4.3. As expected, it could be seen that the degree

of entanglement decreases monotonically with increase in temperature T . However,

one should note the improved robustness for the same mechanical entanglement with

an increase in the coupling strength λ0. For example, it is shown that in presence

of the mechanical coupling λ0/ωm = 0.005, the degree of entanglement survives up

to a relatively high temperature T/T0 ≈ 0.9, in sharp contrast to the case where

entanglement is found to persist upto temperature T/T0 ≈ 0.3 in absence of the

mechanical coupling.

Next, in Fig. 4.4(a), we once again depict the time evolution of EN , similar to

Fig. 4.2 but with a set of higher values of λ0/ωm. Now one could observe that, with

increase in λ0, the entanglement not only grows much faster in time but also decays
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Figure 4.3: Dependence of stationary mechanical entanglement on the oscillator tem-
perature for λ0/ωm = [0, 0.005] (from bottom to top). The other parameters are fixed as
Fig. 4.2.

quickly to zero. Thus, it is evident that depending on the strength of the mechan-

ical coupling, one could achieve a completely different dynamical behaviour of the

mechanical entanglement. In order to investigate the role of oscillator temperature

on the entanglement dynamics, we have redone the calculations for T = 3T0 and

depicted it in Fig. 4.4(b). It exhibits that with the increase in temperature, EN

decreases and there is a delay in the entanglement formation as well as reduction in

survival time for entanglement, compared with its T = 0 counterpart. It should be

noted that this feature is also reported in Ref. [127]. However, if one compares Fig.

4.3 and Fig. 4.4(b), it is clear that a significant degree of entanglement could be

attained at a relatively high temperature, with higher mechanical coupling strength.

Figure 4.4: (Color online) Entanglement dynamics of the two coupled mechanical oscil-
lators for λ0/ωm = [0.01, 0.05] (from bottom to top) at (a) T/T0 = 0 and (b) T/T0 = 3.
The other parameters are fixed as Fig. 4.2.
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Now, to further probe into the entanglement dynamics and the role of the me-

chanical coupling on it, we introduce the normal modes for the mechanical oscil-

lators as follows: δq± = (δq1 ± δq2) /
√

2, δp± = (δp1 ± δp2) /
√

2, and, rewrite the

linearized optomechanical Hamiltonian in the following way:

H lin = H+ +H−, (4.14)

where, H± is given by

H+ =
∆

2

(
δX2 + δY 2

)
+

1

2

(
ωmδp

2
+ + (ωm + λ(t)) δq2

+

)
(4.15a)

−
√

2 (GxδX +GyδGy) δq+,

H− =
1

2

(
ωmδp

2
− + (ωm − λ(t)) δq2

−
)
. (4.15b)

The above Hamiltonian Eq. (4.14) describes two independent parametric oscil-

lators, one of which (“+” mode) is coupled to the cavity field via the usual optome-

chanical interaction, while the other (“−” mode) one is completely free. Following

a similar procedure, used to obtain Eq. (4.11), we construct the correlation matrix

corresponding to the normal modes and the cavity field.

In order to illustrate the dynamics of the normal modes in the so-called phase-

space, in Figs. 4.5 and 4.6 we depict the respective Wigner functions (Eq. (2.4))

at some specific times, for two different mechanical coupling strengths λ0/ωm =

0.005 and λ0/ωm = 0.01. We note that the value of the coupling strengths are so

chosen to yield two different kinds of entanglement dynamics. The localization of

the Wigner function in phase space, for “+” mode, could be clearly seen in Fig.

4.5(a)-(c) and 4.6(a)-(c), and, this localization is independent of the mechanical

coupling strengths. On the contrary, the “−” mode exhibits both the localization

and delocalization phenomena depending on the strength of the mechanical coupling.

Fig. 4.5(d)-(f) show localization of the “−” mode when we have, λ0/ωm = 0.005,

which is maintained even for a sufficiently long time t/τ = 5000. However, as

could be seen from Fig. 4.6(d)-(f), with increase in λ0/ωm, the delocalization occurs

quickly in time: The Wigner function stretches along the dynamical rotating axis

along with a contraction in the perpendicular direction. This feature becomes quite

prominent if one observe the dynamics at a time t/τ = 300.45. This clearly signifies

a dynamical instability corresponding to the “−” mode. Therefore, we can infer

that the asymptotic nature of the mechanical entanglement is directly related to the

instability in the “−” mode.
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Figure 4.5: The wigner function for “+” and “−” mode at differetnt times, for the
mechanical coupling stregth λ0/ωm = 0.005.

Figure 4.6: The wigner function for “+” and “−” mode at differetnt times, for the
mechanical coupling strength λ0/ωm = 0.01.
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Now, to explicitly derive the relationship between the entanglement dynamics

and the strength of the mechanical coupling, we focus on the stability of the “−”

mode. Starting form the Hamiltonian Eq. (4.15b), we derive the equation of motion

corresponding to the “−” mode, as given below:

δ̈q− +
(
ω2
m − ωmλ0 cos Ωt

)
δq− + γmδ̇q− = 0. (4.16)

The above equation corresponds to a dissipative classical parametric oscillator, with

a time modulated mechanical frequency ω2
m(t) = ω2

m − ωmλ0 cos(Ωt). Following a

substitution t̃ = Ωt
2

, we can rewrite the Eq. (4.16), in the following form:

δ̈q− +
(
ω̃m − 2λ̃0 cos 2t̃

)
δq− + γ̃mδ̇q− = 0, (4.17)

where the dimensionless parameters are defined as follows:

ω̃m =
4ω2

m

Ω2
, λ̃0 =

2ωmλ0

Ω2

, γ̃m =
2γm
Ω

. (4.18)

Now, defining δq− = δ̃q−e
−γ̃m t̃/2 and substituting in Eq. (4.17), we get the standard

form of the canonical Mathieu equation

¨̃δq− +
(
δ − 2ε cos(2t̃)

)
δ̃q− = 0, (4.19)

where δ and ε are respectively given by δ = 4ω2
m−γ2m
Ω2 and ε = 2ωmλ0

Ω2 . It is clear that,

for a modulation frequency Ω2 ≈ 4ω2
m, we have δ ≈ 1 and ε� 1. In this limit, one

can neglect all the higher-order terms in the eigenvalues of the Mathieu’s equation

Eq. (4.19) (see Appendix B. for a better discussion) and obtain:

α1(ε) ≈ 1 + ε, (4.20a)

β1(ε) ≈ 1− ε. (4.20b)

The stability of the “−” mode in the ε-δ plane, is depicted in Fig. 4.7. One can

observe that, for the “−” mode to be stable the following stability criteria must be

satisfied:

β1(ε) = 1− ε ≤ δ ≤ α1(ε) = 1 + ε. (4.21)

Solving Eq. (4.21) in terms of the Ω, ωm and γm, we can obtain an analytical
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expression for the critical mechanical coupling strength λ0c, given as follows:

λ0

ωm
≤ λ0c

ωm
=

Ω2 − 4ω2
m + γ2

m

2ω2
m

. (4.22)

It should be noted that for the modulation frequency Ωm = 2.003ωm, one gets the

following critical mechanical coupling strength λ0c/ωm = 0.006. This situation is

further illustrated in Fig. 4.7, respectively, for the three distinct mechanical cou-

pling strengths λ0/ωm = 0.005 (green circle), λ0/ωm = 0.006 (blue diamond), and

λ0/ωm = 0.007 (red square). We can see that the points corresponding to the afore-

mentioned coupling strengths, respectively, locate in the stable, on the boundary

and in the unstable zone of the “−” mode. This well justifies our previously ob-

tained entanglement dynamics, corresponding to the different sets of the mechanical

coupling strengths.

Figure 4.7: Stable (white) and unstable (grey) phase of the “−” mode, for ε � 1.
Here, the circle (green), diamond (blue) and square (red) respectively corresponds to the
λ0/ωm = 0.005, 0.006 and 0.007.

Finally, in Fig. 4.8 we depict the dependence of the stationary mechanical entan-

glement on the modulation frequency. It can be seen that the entanglement EN is

quite sensitive to the variation in the modulation frequency, which can be attributed

directly to the instability in the “−” mode. Furthermore, one can observe that the

peak of the stationary entanglement is obtained exactly at Ω/ωm = 2.003, which

justifies our initial choice of the modulation frequency.
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Figure 4.8: (Color online) Dependence of stationary mechanical entanglement EN on
the modulation frequency.

4.4 Conclusion

In conclusion, we have proposed a scheme to entangle two directly coupled mechani-

cal oscillators, in an optomechanical system. Our scheme exploits the periodic mod-

ulation technique, in both the external driving and mechanical coupling strengths.

We observe that an abrupt transition from stationary to dynamical mechanical en-

tanglement occurs when the “−” mode becomes unstable. More importantly, it is

shown that in the presence of the mechanical coupling, a significant improvement in

the robustness of the generated entanglement could be achieved with respect to the

oscillators temperature. Finally, based on the eigenvalues of the Mathieu’s equa-

tions, we give an analytical estimations corresponding to the the critical mechanical

coupling strength, where the transition occurs. The feasibility of the chosen param-

eters, makes our proposed scheme a promising mean to realize macroscopic quantum

entanglement within current state-of-the-art experimental setups.
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Chapter 5

Delayed sudden death of

entanglement at exceptional points

Almost a decade ago, physicists encountered a strange quantum phenomenon

that predicts an unusual death of entanglement, under the influence of local noisy

environment. Known as entanglement sudden death (ESD), This could be an imme-

diate stumbling block in realizing all the entanglement based quantum information

and computation protocols. In this chapter, we propose a scheme to tackle such

shortcomings by exploiting the phenomenon of exceptional points (EP). We con-

sider binary and ternary mechanical PT symmetric architectures, realized over an

optomechanical platform. We show that a substantial delay in ESD can be achieved

in the PT symmetric binary system by pushing the system towards an exceptional

point. This finding has been further extended to higher (third) order exceptional

point by considering a more complicated tripartite entanglement into account.

5.1 Brief overview

PT symmetric quantum mechanics, as an extension of standard quantum theory

into the complex domain, was introduced by Carl Bender and Stefan Boettcher in

1998. Followed by their seminal papers [142, 143], this whole new class of non-

Hermitian Hamiltonians was established that could exhibit a spectrum of entirely

real eigenvalues under the only restriction [H,PT ] = 0 [144]. Here, P refers to

the parity operator that simply interchanges two of the constituent modes of the

The contents of this chapter are published in Subhadeep Chakaborty and Amarendra K. Sarma,
Phys. Rev. A 100, 063846 (2019).
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system, while T is the time-reversal operator that takes i → −i. A more striking

feature of such Hamiltonians is the breaking of PT symmetry, in which the eigen-

spectra switches from being entirely real to completely imaginary. Such abrupt PT
phase transition is marked by the presence of an exceptional point [145, 149] where

two (or more) eigenvalues and their corresponding eigenvectors coalesce and become

degenerate.

While the search for PT symmetric devices is on, it occurs that one can easily

implement such notions by judiciously providing gain and loss to an optical system.

This leads to a remarkable exploration of PT phase transitions in particular to

photonic systems, such as optical waveguides [146–149], lattices and resonators [150–

153]. Moreover, based on such realizations, the existence of EP has further triggered

many exotic phenomena which include nonreciprocal light propagation [151], laser

mode control [152–155], unidirectional invisibility [150, 156–158], optical sensing

[159–161], light stopping [162] and structuring [163].

At this point, one must note that most of these studies explored so far are con-

fined in the so-called classical regime, as the involved components are essentially

macroscopic in nature. Therefore, any PT symmetric device whose dynamics is

governed by an intrinsic quantum mechanical equation of motion would provide a

better insight into this theory. Along this direction, researchers have a proposed few

architectures that include cold atoms [164, 165], Bose-Einstein condensates [166],

optomechanical devices [167–169], and recent circuit QED systems [170]. These

quantum PT symmetric devices facilitate us to explore many intrinsic quantum

properties, such as critical phenomena [171], entanglement [172], chiral population

transfer [173, 174], decoherence dynamics [175], and, information retrieval and criti-

cality [176]. However, the true quantumness of a PT symmetric device still remains

questionable, as while dealing with such gain (amplifying) and cooling (dampening)

mechanisms one often abandons the associated quantum noises which rather must

exist to preserve the proper commutation relation. So far, PT symmetry including

quantum noises has been attempted in a very few studies [177–180], which indicate a

drastic difference from the usual (without considering quantum noises) predictions.

Notably, in Ref. [181], it has been shown the continuous variable (CV) entangle-

ment, generated in a system of two coupled waveguides is seriously affected owing

to the presence of quantum noises. Recently, incorporating gain saturation, it is

proposed to reduce the influence of quantum noise [182] on entanglement.

Entanglement [61], being a form of correlation that is inherent to quantum

systems, has become an invaluable resource for futuristic quantum computation
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and communication protocols. However, for a real-world implementation of such

schemes, the longevity of the available entanglement is what experimentalists mostly

concerned about. As, it is now well understood that any unavoidable interaction

with external environment brings noise to the system which is substantially detri-

mental to the generated entanglement. One of such destructive manifestations, is

the entanglement sudden death (ESD) [183] where the system losses entanglement

in finite time. This unfortunate fate of entanglement has been both theoretically

predicted and experimentally verified in a wide variety of entangled pairs involv-

ing atoms [184], photons [185], spin chains [186] and continuous Gaussian states

[187, 188]. Therefore, any manipulation that either avoids or delays ESD will help

in executing various quantum information processing (QIP) protocols, that would

otherwise be spoiled by the short entanglement lifetime. To overcome such short-

comings, a number of distinctive proposals have been put forward, such as quantum

error correction [189, 190], local unitary operation [191, 192] dynamical decoupling

[193, 194], decoherence free subspace [195, 196], the quantum Zeno effect [197, 198],

delayed choice of decoherence suppression [199], and quantum measurement reversal

[200–202].

In this chapter, we investigate such phenomenon of death of entanglement under

the PT symmetric scenario. To the best of our knowledge, entanglement in PT
symmetric geometries has been mostly dealt with optical binary systems, around

the canonical PT phase transition point (EP). Therefore, it is intriguing ask: what

happens to the entanglement evolution if one goes beyond the standard bipartite

model to a more involved multipartite configuration, possessing higher-order ex-

ceptional point? To answer this question, we respectively consider a binary and

a ternary mechanical PT symmetric system within an optomechanical setup. In

order to engineer the mechanical gain/loss into the system, we exercise the similar

approach [168, 203] of first tuning the cavity to the Stokes/Anti-Stokes sidebands,

followed by an adiabatic elimination of the cavity field. However, unlike the previous

reports, here we take the full quantum noises into account.

5.2 Cavity optomechanics based architecture to real-

ize the gain (loss) in a mechanical system

In this section, we outline the derivation of the equations describing the effective

dynamics of the mechanical resonator in the presence of optomechanically induced
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gain and loss. To begin with, we first consider a generic cavity optomechanical

system [1], consisting of a single cavity mode of frequency ωc and a mechanical mode

of frequency ωm. Following a rotating frame transformation at a (laser) frequency

ωl, the Hamiltonian of this system reads (~ = 1):

H = ∆0a
†a+ ωmb

†b− ga†a(b† + b) + E0

(
a† + a

)
, (5.1)

where a (a†) and b (b†) are, respectively, the annihilation (creation) operators of the

cavity field and the mechanical resonator. g is the strength of the single-photon

optomechanical coupling, and, E0 is the driving amplitude with ∆0 = ωc−ωl being

the cavity detuning. Taking the fluctuation-dissipation processes into account, the

dynamics of the system is then fully described by the following set of nonlinear

quantum Langevin equations (QLEs),

ȧ = −(i∆0 + κ/2)a+ iga(b† + b)− iE0 +
√
κain, (5.2a)

ḃ = −(iωm + γ/2)b+ iga†a+
√
γbin. (5.2b)

Here κ (γ) is the cavity decay (mechanical damping) rate. ain is the zero-mean

vacuum input noise operator, satisfying the only non-zero correlation function:

〈ain(t)a†in(t′)〉 = δ(t−t′), and bin refers to the random Brownian noise operator, with

zero-mean value and Markovian correlation functions [41], given by: 〈bin†(t)bin(t′)〉 =

nthδ(t−t′), 〈bin(t)bin
†
(t′)〉 = (nth+1)δ(t−t′). The parameter nth =

[
exp

(
~ωm

kBT

)
− 1
]−1

denotes the mean thermal phonon number at temperature T (kB being the Boltz-

mann constant).

For a strongly driven cavity, we now adopt the standard linearization technique

and expand each operators as a sum of its c-number classical steady-state value plus

a time-dependent zero-mean quantum fluctuation operator, i.e., a(t)→ α+a(t) and

b(t) → β + b(t). These steady states values could then be obtained by solving the

following nonlinear algebraic equations:

(i∆ + κ/2)α + iE0 = 0, (5.3a)

(iωm + γm/2)β − ig|α|2 = 0, (5.3b)

where ∆ = ∆0 − 2gRe(β) is the effective cavity detuning. On the other hand, the

dynamics of the quantum fluctuations are given by the linearized QLEs (valid in the
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limit of |α| � 1), written as:

ȧ = −(i∆ + κ/2)a+ iG(b† + b) +
√
κain, (5.4a)

ḃ = −(iωm + γ/2)b+ iG(a† + a) +
√
γbin, (5.4b)

with G = g|α| being the effective many-photon optomechanical coupling strength.

Next, we introduce two slowly varying operators: ã = aei∆t and b̃ = beiωmt, and,

rewrite Eq. (5.4) in the following way:

˙̃a = −κ
2
ã+ iG

(
b̃†ei(∆+ωm)t + b̃ei(∆−ωm)t

)
+
√
κãin, (5.5a)

˙̃b = −γ
2
b̃+ iG

(
ã†ei(ωm+∆)t + ãei(ωm−∆)t

)
+
√
γb̃in. (5.5b)

Note that in the above equations, we have also defined the new noise operators

ãin = ainei∆t and b̃in = bineiωmt which possess the same correlation functions.

We now proceed to discuss how to realize gain (damping) in the mechanical

resonator, in a pure quantum mechanical way. To do so, we first assume that the

cavity is resonant with the Stokes sideband of the driving laser, ∆ = −ωm, and

invoke the rotating wave approximation (RWA) (which is justified in the limit of

ωm � {G, κ, γ}) to obtain:

˙̃a = −κ
2
ã+ iGb̃† +

√
κãin, (5.6a)

˙̃b = −γm
2
b̃+ iGã† +

√
γb̃in. (5.6b)

Under the condition that the cavity decay rate is much larger than the effective

optomechanical coupling strength, κ � {G, γm}, one can adiabatically eliminate

the cavity field and gets

ã = i
2G

κ
b̃† +

2√
κ
ãin. (5.7)

Following a substitution of Eq. (5.7) in Eq. (5.6b), we end up with the following

equation describing effective the dynamics of the mechanical resonator:

˙̃b =

(
Γ

2
− γ

2

)
b̃+ i
√

Γãin
†

+
√
γb̃in. (5.8)

Here, one should note the inclusion of the following two terms: Γ = 4G2

κ
which quan-

tifies the amount of optomechanically induced gain in the mechanical resonator, and,

the cavity induced noise term
√

Γain
†

which helps to preserve the right commutation
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relation.

On the other hand, when the cavity is resonant with the Anti-Stoke sideband of

the driving laser, ∆ = ωm, following a similar procedure, one obtains:

˙̃b = −
(

Γ

2
+
γ

2

)
b̃+ i
√

Γãin +
√
γb̃in, (5.9)

where the same Γ = 4G2

κ
corresponds to the optomechanically induced loss in the

mechanical resonator.

The physics behind optomechanically induced gain/loss could perhaps be un-

derstood in the following manner. Let us first assume that the cavity is detuned

to the Stokes sideband, i.e., ∆ = −ωm. Here, following the RWA, one can easily

infer that the interaction Hamiltonian is of the form, HI = −G
(
a†b† + ab

)
(see

Eq. (5.6)). Such an interaction leads to a transition of any arbitrary state |m,n〉
(m,n represents the photon and phonon numbers respectively) to |m+ 1, n+ 1〉.
Further, when subjected to a strong optical dissipation, this state |m+ 1, n+ 1〉
irreversibly looses a single photon and becomes |m,n+ 1〉. After eliminating the

cavity filed, this whole process is now equivalent to a transition from |n〉 to |n+ 1〉,
with an effective gain rate Γ. On the other hand, when the cavity is detuned to

the Anti-Stoke sideband, i.e., ∆ = ωm, one ends up with an interaction of the form,

HI = −G
(
a†b+ ab†

)
. This interaction couples a state |m,n〉 to |m+ 1, n− 1〉.

Then, following an elimination of the cavity field, one eventually gets a transition

from |n〉 to |n− 1〉, with a same damping rate Γ.

5.3 Entanglement in PT symmetric binary systems

We now couple two such identical mechanical resonators, each characterized by a

frequency (damping rate) ωm (γm), via a mechanical coupling of strength J . A

schematic of such mechanical PT symmetric system and its optomechanical real-

ization have been illustrated, respectively, in Fig. 5.1(a) and Fig 5.1(b). Then,

following the prescription as derived in Sec. 5.2, one can write the effective dynam-

ical equations corresponding to each mechanical resonators, as follows:

ḃ1 =

(
Γ

2
− γ

2

)
b1 + iJb2 + i

√
Γain

†

1 +
√
γbin1 , (5.10a)

ḃ2 = −
(

Γ

2
+
γ

2

)
b2 + iJb1 + i

√
Γain2 +

√
γbin2 . (5.10b)

56
TH-2282_146121016



5.3 Entanglement in PT symmetric binary systems

Figure 5.1: (a) Schematic diagram of binary mechanical PT symmetric resonators, with
optomechanically induced gain-loss. (b) Scheme for engineering mechanical gain/loss in an
optomechanical platform. Here, two optomechanical cavities, respectively, driven at Stokes
and Anti-Stokes of the driving lasers, are coupled mutually via a mechanical interaction.

Here, b1, b2 (b†1, b
†
2) be the annihilation (creation) operators of the gain and the lossy

resonators, respectively. Γ is the effective optomechanically induced gain/loss rate.

Notably, here the interaction Hamiltonian between these two mechanical resonators

is assumed to be Hint = −J(b†1b2 + b1b
†
2). Such an interaction could be generated

from the common X-X type interactions as achieved in Refs [204, 205] under a RWA.

The remaining parameters ainj and binj (j = 1, 2), respectively, corresponds to the

vacuum input noises, acting on the cavity fields and the mechanical resonators. In

the parameter regime, where the effective optomechanical coupling is strong enough,

one can further discard the intrinsic mechanical damping as Γ � γ. However, to

simulate the actual physical condition, we retain a finite damping γ > 0 throughout

our calculations.

By ignoring the quantum noises, one can recast the above equation as u̇(t) =

−iH2u(t). Here, uT (t) = (q1(t), p1(t), q2(t), p2(t)) is the state vector, written in

terms of the dimensionless CV quadrature operators qj ≡
(
bj + b†j

)
/
√

2 and pj ≡(
bj − b†j

)
/i
√

2 (with j = 1, 2), while H2 be the non-Hermitian Hamiltonian, given

by

H2 = i


Γ
2

0 0 −J
0 Γ

2
J 0

0 −J −Γ
2

0

J 0 0 −Γ
2

 . (5.11)

One can then easily verify that under the simultaneous PT operation, the Hamil-
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Figure 5.2: (a) The real, and, (b) the imaginary parts of ω± vs. the normalized coupling
coefficient J/Γ. The system exhibits an exceptional point (of order 2) at J = Γ

2 .

tonian remains invariant, i.e., [PT , H2] = 0.

Now, in order to study the PT phase transition, we first diagonalize the Hamil-

tonian and find the eigenfrequencies:

ω± = ±

√
J2 −

(
Γ

2

)2

, (5.12)

It is evident that respectively for J > Γ/2 and J < Γ/2 there exist two distinct

phases: one that includes all the real eigenvalues, namely a PT symmetric phase,

while the other possesses purely imaginary eigenvalues, namely a broken PT sym-

metric phase. The critical coupling strength which separates these two phases is

located at Jc2 = Γ/2. An exact situation can be found in Fig. 5.2, where we depict

the eigenfrequencies as a function of the normalized coupling strength J/Γ. Also,

we observe that this same Jc2 marks the exceptional point (of order 2) of this system

where the two eigenvalues coalesce. It should be noted that in order to obtain a

closed expression for the PT symmetric condition, we have not included the me-

chanical damping γ as justified by the fact, Γ � γ. However, in all our numerical

calculations, we do consider a finite degree of mechanical damping γ.

Physically, the emergence of EP refers to the situation where the mechanical

coupling rate J gets exactly balanced with the respective mechanical heating/cooling

rates Γ. Then, for all J > Γ
2

there is an coherent exchange of energy between these

two resonators which corresponds to the PT symmetric phase. However, as soon

as the coupling becomes weak to support the energy exchange, i.e. for any J < Γ
2

there is an localization of energy in the the passive resonator which in turn leads to

the breaking of the PT symmetry.
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Next, we take the full quantum noises into the account and rewrite Eq. (5.10) in

a more compact from: u̇(t) = Au(t) +n(t). Here, u(t) be the same CV state vector,

A = −iH2 is the drift matrix, and, nT (t) =
(√

ΓY in
1 +

√
γQin

1 ,
√

ΓX in
1 +
√
γP in

1 ,
√

ΓY in
2 +

√
γQin

2 ,
√

ΓX in
2 +
√
γP in

2

)
is the matrix of corresponding noises. The in-

put noise quadratures, as used in nT (t), are respectively defined as follows: X in
c ≡(

ainc + ain
†

c

)
/
√

2, Y in
c ≡

(
ainc − ain

†
c

)
/i
√

2, and, Qin
c ≡

(
binc + bin

†
c

)
/
√

2, P in
c ≡(

binc − bin
†

c

)
/i
√

2 where c = 1, 2. A stable solution of this equation requires all the

eigenvalues with negative real parts. In what follows, we find that one can have such

solutions only when the system remains in the PT symmetric phase.

We further note that owing to the above linearized dynamics and zero-mean

Gaussian nature of the quantum noises, the system retains its Gaussian character-

istics. In turn, one can adopt the standard covariance matrix (CM) formalism to

fully describe the system [42]. Let V (t) be the CM with each elements defined as

Vij(t) = 〈ui(t)uj(t) + uj(t)ui(t)〉/2. Then, one has the following equation of motion

as satisfied by the CM

V̇ (t) = AV (t) + V (t)AT +D. (5.13)

Here, D =
(

Γ
2

+ γ
(
nth + 1

2

))
diag (1, 1, 1, 1) is the matrix of the noise correlations,

obtained under the Markovian assumption and 〈ni(t)nj(t′) + nj(t
′)ni(t)〉/2 = δ (t−

t′)Dij.

The above Eq. (5.13) is an inhomogeneous first order differential equation which

can be solved numerically with a proper initial condition. As studying the quantum

correlation is of our prime concern, here, we consider this input state to be a generic

CV entangled state, i.e., a two mode squeezed state |z〉 = er(b
†
1b
†
2−b1b2)|0, 0〉 with r

being the squeezing parameter. Here, one may look into various striking proposals

for entanglement generation using optomechanical setups in Ref. [139–141].

In Fig. 5.3(a) we first show the time evolution of the quantum entanglement

(2.14) in the absence of any noises. One can see that when the system is in the PT
symmetric phase, the entanglement oscillates periodically. This oscillations could

be attributed to the nature of the eigenvalues ±i
√
J2 − J2

c2
of A, as obtained for

J > Jc2 . However, as we approach the EP, we notice a lesser oscillation with a

longer time period. Finally, in the close vicinity of EP (J → Jc2), the entanglement

dynamics almost “freezes out”, i.e., it takes a longer time to complete one oscillation.

In Fig. 5.3(b), we show the same entanglement evolution, but, now taking the

quantum noises taking into the account. One can see that as soon as noise is
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introduced into the system, the entanglement quickly decays to zero, a typical ESD

like behavior. However, a more notable feature of this figure is the delayed death

of entanglement, as achieved via pushing the system towards the exceptional point

(EP).

To further support this conclusion, in Fig. 5.4 we compare the two-mode Wigner

functions (2.4) for two different coupling strengths, at two different times. One can

see that at Γt = 0.5 both these W (q1, q2)p1=0
p2=0 exhibit a squeezing like behavior

which is sufficient to ensure the presence of entanglement between these two-modes.

However, at a subsequent time Γt = 0.75, one finds the W (q1, q2)p1=0
p2=0 corresponding

J = Γ almost losses its squeezing characteristic, while the other still retains it with

a finite degree. Moreover, it is also important to note that for both these coupling

strengths the Wigner functions remain localized in the phase-space, i.e., there is no

abrupt stretching associated with W (q1, q2)p1=0
p2=0 that could push the system towards

instability.

5.4 Entanglement in PT symmetric ternary systems

Motivated by these results, we now extend this same strategy to the higher-order

exceptional points. A possible realization that supports a EP3 (exceptional point of

order 3) would be a ternary mechanical system where the gain and lossy resonators

are being separated by a neutral one (see Fig. 5.5). Then, proceeding in a similar

manner, one can write the following equation of motion, as satisfied by the each

Figure 5.3: Entanglement evolution between the gain-loss resonators, (a) in the absence
and (b) in the presence of noises. The parameters used are Γ = 1 and γ = 10−3. In panel
(a) the blue (dashed), red (dash-dotted) and yellow (solid) lines respectively corresponds
to the J = Γ, J = 0.75Γ and J = 0.53Γ.
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Figure 5.4: Time evolution of Wigner functions W (q1, q2)p1=0
p2=0, respectively, at Γt = 0.5

(upper two panels), and Γt = 0.75 (bottom two panels).

mechanical resonators

ḃ1 =

(
Γ

2
− γ

2

)
b1 + iJb2 + i

√
Γain

†

1 +
√
γbin1 , (5.14a)

ḃ2 = −γ
2
b2 + iJb1 + iJb3 +

√
γbin2 , (5.14b)

ḃ3 = −
(

Γ

2
+
γ

2

)
b3 + iJb2 + i

√
Γain2 +

√
γbin3 . (5.14c)

Here, b1, b2, b3 (b†1, b
†
2, b
†
3), refer to the annihilation (creation) operators of the gain,

neutral and lossy resonators, respectively, while the other parameters remain un-

changed with the previous descriptions. Then in the absence of any noises, one can

have the following cubic algebraic equation as obeyed by each of these eigenfrequen-

cies ωn (n ∈ {−1, 0, 1})

ωn

(
ω2
n +

Γ2

4
− 2J2

)
= 0. (5.15)
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Figure 5.5: Schematic illustration of PT symmetric ternary mechanical setup. Here, the
side resonators are subjected to equivalent gain and loss, while the middle one is neutral.

It is evident that for a critical coupling strength Jc3 = Γ
2
√

2
, all the three eigenfre-

quencies merge at ωn = 0. This characteristic feature of EP3 has been pictorially

demonstrated in Fig. 5.6, where we show the dependence of the eigenfrequencies on

the normalized coupling strength J/Γ.

Figure 5.6: (a) The real and (b) the imaginary parts of ωn as a function of the normalized
coupling coefficient J/Γ. The three eigenfrequencies merge at J = Γ

2
√

2
, exhibiting a third-

order exceptional point

Now, to take this discussion further ahead, we consider the case of tripartite

entanglement between theses three mechanical resonators, under the PT symmetric

scenario. The measurement of such complicated multipartite entanglement goes

as follows. Let us first define the following linear combinations of the quadrature

variances:

x ≡h1q1 + h2q2 + h3q3, (5.16a)

y ≡g1p1 + g2p2 + g3p3, (5.16b)

where q1, q2, q3 (p1, p2, p3) be the position (momentum) operators of the gain, neutral

and lossy resonators, respectively, while hk and gk are being any arbitrary real

parameters. Then, following the prescription as proposed in Refs. [206–208], we
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5.4 Entanglement in PT symmetric ternary systems

employ the nonseparability measurement

S = 〈(∆x)2〉+ 〈(∆y)2〉. (5.17)

The three-party state is then said to be genuinely tripartite entangled iff it negates

the following single inequality

S ≥ min{|h3g3|+ |h1g1 + h2g2|, (5.18)

|h2g2|+ |h1g1 + h3g3|, |h1g1|+ |h2g2 + h3g3|},

whereas, only the violation of any of theses inequalities

S ≥ (|hkgk|+ |hlgl + hmgm|) , (5.19)

for a given permutation of {k, l,m} of {1, 2, 3}, guarantees a full tripartite insep-

arability. These classes of nonseparabilities may sound equivalent, but as pointed

out by Teh and Reid [207] they remain indistinguishable only for pure quantum

states, while for mixed states meeting the full inseparability criteria does not suffice

to claim multipartite entanglement.

In order to numerically evaluate the bounds of Eq. (5.18) and (5.19), we now

consider the following set of the parameters h1 = g1 = 1 and g2 = g3 = −h2 =

−h3 = 1/
√

2. The reason behind such particular combination is
[
q1 − (q2 + q3)/

√
2,

p1 + (p2 + p3)/
√

2
]

= 0, which allows to have an arbitrary good degree of violation

of Eq. (5.18). Then, one has to fulfill S < 1 to ensure the emergence of genuine

tripartite entanglement, while S < 2 will suffice to confirm at least full tripartite

inseparability.

Fig. 5.7 depicts the time evolution of S, starting from a CV GHZ state with the

squeezing parameters r1, r2 being equal to 1 [206]. It is observed that, with the inclu-

sion of quantum noise, the tripartite state quickly suffers a sudden death of (genuine

tripartite) entanglement, followed by a fully tripartite inseparable state. However, it

is remarkable to note that at EP3, such three-party state losses entanglement more

slowly as compared to any other points in unbroken the PT symmetric phase. One

may also notice that by operating near the EP3, it is possible to prolongate the time

pertaining to a full tripartite inseparable state.

Finally, in Fig. 5.8 we examine the effect of thermal noise on the bipartite

(Fig. 5.8(a)) and tripartite entanglement (Fig. 5.8(b)) evolution. As expected, the

degradation of quantum entanglement with increasing thermal phonon is observed.
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Figure 5.7: Time evolution of the nonseparability criteria S, for three different coupling
strengths. The shaded area guarantees the presence of genuine tripartite entanglement.
The parameters used are same with Fig. 5.3.

Figure 5.8: (a) Bipartite and (b) tripartite entanglement measures, as a function of the
normalized coupling J/Γ and the number of thermal phonons nth. The time corresponding
to each snapshots are, respectively, (a) Γt = 0.5 and (b) Γt = 0.1. In Fig. 5.8(b), the
white line separates between two distinct regimes of genuine tripartite entanglement and
full tripartite inseparability.

However, it is worthwhile to note that, the available bipartite (tripartite) entangle-

ment achieved in the close vicinity of the EPs (EP3) is fairly robust. This makes our

proposed scheme a viable means to improve the entanglement sustainability with

the aid of exceptional points. Also, it may be useful to note that, though we assume

that the frequencies of both mechanical oscillators as well as their coupling rates

to the cavity field are exactly the same, we find that slight deviations from these

conditions do not change the overall conclusion of the obtained results. This makes

the work experimentally relevant
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5.5 Conclusion

In conclusion, we have performed a systematic study to unravel the relation between

death of entanglement and the phenomenon of exceptional points. The architectures

that we have specifically focused on, are essentially, binary and ternary mechanical

PT symmetric systems with optomechanically induced gain-loss. Our study shows

that a substantial delay in sudden death of entanglement is possible at exceptional

points, respectively, of orders two and three. It is also shown that near the EPs, the

available entanglement survives to a much higher degree of thermal phonons. These

findings may pave the ways for exploiting PT symmetric devices as novel means to

control the entanglement dynamics in different QIP protocols. It is also worthwhile

to note that our approach could in principle, be applied in various photonic and

phononic PT symmetric systems, with engineered gain-loss mechanisms. Further

efforts along this directions include the investigation of quantum entanglement in

the broken PT symmetric regime, where the effect gain saturation must be treated

with care.
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Chapter 6

Quantum synchronization and

correlation in bidirectionally and

unidirectionally coupled

optomechanical oscillators

Spontaneous synchronization, in particular to the quantum domain, has been found

to share a very strong connection with the onset quantum correlations. In this chap-

ter, we explore such possibilities for the onset of quantum synchronization and the

generation of quantum correlation in two optically coupled optomechanical oscilla-

tors. We show that Gaussian quantum discord, despite its strong connection with

synchronization generation, fails to provide a conclusive map for quantum phase

synchronization.

6.1 Brief overview

The phenomenon of synchronization essentially describes the ability of group of

self-oscillators to spontaneously adjust their intrinsic rhythms, to oscillate in unison

[209]. The very first observation of synchronization could be traced back to the

earliest 17th century when Huygens described the antisynchronous motion in two

maritime pendulum clocks [210]. Since then, synchronization has been commonly

observed in wide varieties of physical, biological, chemical and social systems [211–

216]. Spontaneous synchronization is also great technological importance, as it finds

its applications in high precision clocks [217], sensing [218], information processing

[219] and communications [220].
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While the classical nonlinear dynamical systems stand as an excellent paradigm

for synchronization, recently, there has been a quest to observe analogous phe-

nomenon in quantum counterparts. Josephson junctions [221, 222], van der Pol

(vdP) [223–225], Kerr-anharmonic oscillators [226], atomic ensembles [227], ions

[228] and spin systems [229, 230] are to name a few of those quantum models where

synchronization has been thoroughly observed. Optomechanical systems [231] is

another such example, best suited to study synchronization in micro- and nano-

mechanical oscillators. A key advantage of such systems is the ability to couple high

frequency mechanical oscillators to one or more electromagnetic fields inside a reso-

nant cavity. As this coupling is inherently nonlinear in nature, the resultant classical

dynamics could undergo a limit-cycle oscillation, often referred to as optomechani-

cal self-oscillation. The theoretical studies on optomechanical synchronization has

initially been focused only on the classical realm of such self-oscillators, where Ku-

ramoto model is a paradigmatic [232, 233]. Besides the theoretical investigations,

synchronization has also been experimentally demonstrated, using optomechanical

system with coupled micro-disks [234] and optical racetrack cavity with integrated

mechanical oscillators [235]. Only recently, optomechanical array synchronization

has been achieved, using seven such micro-disks oscillators sharing a common optical

field.

Apart from these classically inspired investigations, there has been a growing

interest to explore synchronization deep into the quantum regime. For instance, in

particular to optomechanical systems, it has already been pointed out that quan-

tum noise can give rise to an unsynchronous motion even for identical mechanical

oscillators at different sites, under weak intercellular interaction [237]. Also, tak-

ing thermal noise into account, Ref [238]. predicts a quantum noise driven bistable

regime in optomechanical synchronization. Remarkably, a proposal for producing

stronger degree quantum synchronization by invoking a squeezing drive in quantum

vDP oscillator is reported in Ref [239]. However, one must note that measuring

quantum synchronization is still challenging enough and has been afforded in Refs.

[228, 240]. Besides, there has been numerous efforts devoted to connect the onset of

quantum synchronization and the generation of quantum correlations [225, 229, 241–

243]. Notably, mutual information as a purely information-theoretic measure of

quantum synchronization has been suggested in Ref. [244]. Very recently the con-

nection between classical synchronization and persistent entanglement in aisolated

quantum system has been demonstrated in Ref [245]. Although, arguably the most

fascinating outcome of such quantum synchronizations would be the observation
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synchronization blockade where identical self-oscillator are peculiarly blocked for

attaining maximum synchronization. This phenomenon was first observed in Kerr-

anharmonic oscillators [246] and later realized in circuit QED [247], spin-1 [230]

systems and recent optomechanical systems [248].

In this chapter, we systematically investigate the phenomenon of quantum phase

synchronization in optically coupled optomechanical oscillators. This specific choice

of exploiting the optical coupling as opposed to the mechanical one is primarily

motivated by the recent theoretical investigation [237, 249, 250], as well as the ex-

perimental demonstrations [234, 251] of synchronization in coupled optomechanical

oscillators. In fact, here we focus on two distinct topologies in which these optome-

chanical oscillators interact. The first being the bidirectional configuration where

photons are exchanged in a reversible manner between both the optical cavities,

while in the second one, namely the unidirectional configuration, photons are ex-

changed in an unidirectional way, i.e., only one of the cavities is receiving photons

from the other one.

Figure 6.1: Schematic diagram of, respectively, the bidirectionally (a) and unidirection-
ally (b) coupled optomechanical oscillators. These couplings are considered to be purely
optical in nature, as could be generated via optical fiber.

6.2 Model and dynamics

Let us first consider two optomechanical oscillators (j = L( left), R (Right)), each

of which contains one optical mode of frequency ωcj and one mechanical mode of

frequency ωmj. The generic Hamiltonian (~ = 1) that describes these individual

oscillators [1] is given by Hj = ωcja
†
jaj + ωmjb

†
jbj − gja

†
jaj(b

†
j + bj), where aj, bj be

the annihilation operators of the optical and mechanical modes, respectively, and gj

is the usual radiation-pressure coupling rate.
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Now, as shown in Fig. 6.1, we consider two distinct topologies in which these

two optomechanical oscillators interact. To begin with, we first consider the bidirec-

tional configuration (see Fig. 6.1(a)) where both these optomechanical cavities are

allowed to exchange photons in a reversible manner. Such an interaction could be

mimicked by a Hamiltonian of the form Hc = −λ(a†1a2 + a1a
†
2), where λ being any

arbitrary coupling strength. Also, to drive these optical cavities, we use two sepa-

rate laser sources, each characterized by an amplitude El and frequency ωl. Taking

the dissipative effects into account, we can write the following quantum Langevin

equations (in a frame rotating at ωl):

ȧL =
(
−κL + i∆0

L + igL(b†L + bL)
)
aL + iλaR + El +

√
2κLa

in
L ,

ḃL = (−γL − iωmL) bL + igLa
†
Lal +

√
2γLb

in
L (6.1a)

ȧR =
(
−κR + i∆0

R + igR(b†R + bR)
)
aR + iλaL + El +

√
2κRa

in
R ,

˙bR = (−γR − iωmR) bR + igRa
†
RaR +

√
2γRb

in
R , (6.1b)

where ∆0
j is the input optical detuning, κj and γj are, respectively, the optical

and mechanical damping rates, and ainj and binj are the corresponding input bath

operators. These operators are considered to be zero-mean Gaussian fields, satisfying

the standard correlation relations [41] 〈ainj (t)†ainj′ (t
′)+ainj′ (t

′)ainj (t)†〉 = δjj′δ(t−t′) and

〈binj (t)†binj′ (t
′)+binj′ (t

′)binj (t)†〉 = (2nth+1)δjj′δ(t−t′), where nth =
[
exp

(
~ωmj

KBT

)
− 1
]−1

defines the mean thermal occupation number, at a temperature T . (As we are

only interested in ωmL ≈ ωmR, the thermal phonon numbers corresponding to each

oscillators can safely be taken to be equivalent. )

We next consider the unidirectional configuration (see Fig. 6.1(b)) where these

optomechanical oscillators are arranged in a forward feed manner. This topology

is quite different from the above described reversible one. As, it allows only the

photons leaving from left cavity to enter the right one, and, thereby restricting

any photons, traveling from right to reach the left cavity. Such cascaded geometry

can be modeled using [252–254]: ainR (t) =
√
ηaoutL (t − τ), where ainR (t) (aoutL (t)) is

the input (output) optical field entering to (leaving from) the right (left) cavity, η

(η ≤ 1) is the transmission loss between these optical cavities and τ is the time

required for light transmitting from left to right oscillator. However, for theoretical

simplification, we will consider τ = 0 in the rest of this manuscript. As for driving

these optical cavities, here, we use only a single laser source (with same amplitude

El and frequency ωl) and shine it on the left cavity. The full dissipative dynamics
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can then be described by the following set of quantum Langevin equations (in a

frame rotating at ωl):

ȧL =
(
−κL + i∆0

L + igL(b†L + bL)
)
aL + El +

√
2κLa

in
L ,

ḃL = (−γL − iωmL) bL + igLa
†
Lal +

√
2γLb

in
L (6.2a)

ȧR =
(
−κR + i∆0

R + igR(b†R + bR)
)
aR +

√
2κR
√
η(ainL −

√
2κLaL),

˙bR = (−γR − iωmR) bR + igRa
†
RaR +

√
2γRb

in
R , (6.2b)

where denotations of the parameters ∆0
j , κj, γj, a

in
j and binj remain unaltered, with

the previous description.

We now expand these operators O(t) as sums of classical expectations values

〈O(t)〉 plus quantum fluctuation operators δO(t), i.e., we write O(t) = 〈O(t)〉 +

δO(t). Then, following a substitution, we get a set of nonlinear differential equations

as satisfied by the classical expectations. Now, while solving these equations, we set

∆0
j = ωmj and choose the laser amplitude El to be large enough, so that each solution

yield a limit-cycle in the classical steady-state regime. As these solutions also acquire

large coherent amplitudes, we can safely linearize the quantum Langevin equations

for the fluctuation operators δO(t). Then, for the bidirectional configuration, we

have the following set of linearized quantum Langevin equations

δȧL(t) =(−κL + i∆L)δaL + igL〈aL(t)〉(δb†L + δbL) + iλδaR +
√

2κLa
in
L (6.3a)

δḃL(t) =(−γL − iωmL)δbL + igL(〈aL(t)〉∗δaL + δa†L〈aL(t)〉) +
√

2γLb
in
L , (6.3b)

δȧR(t) =(−κR + i∆R)δaR + igR〈aR(t)〉(δb†R + δbR) + iλδaL +
√

2κRa
in
R , (6.3c)

δ ˙bR(t) =(−γR − iωmR)δbR + igR(〈aR(t)〉∗δaR + δa†R〈aR(t)〉) +
√

2γRb
in
R , (6.3d)

while for the unidirectional configuration, the same reads as follows:

δȧL(t) =(−κL + i∆L)δaL + igL〈aL(t)〉(δb†L + δbL) +
√

2κLa
in
L (6.4a)

δḃL(t) =(−γL − iωmL)δbL + igL(〈aL(t)〉∗δaL + δa†L〈aL(t)〉) +
√

2γLb
in
L , (6.4b)

δȧR(t) =(−κR + i∆R)δaR + igR〈aR(t)〉(δb†R + δbR)− 2
√
ηκLκRδaL (6.4c)

+
√

2ηκRa
in
L ,

δ ˙bR(t) =(−γR − iωmR)δbR + igR(〈aR(t)〉∗δaR + δa†R〈aR(t)〉) +
√

2γRb
in
R . (6.4d)
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6.3 Quantum synchronization measure

With these quantum dynamical equations in hand, we now proceed to measure

the degree of quantum phase synchronization. To do so, we follow the prescrip-

tion, suggested by Mari in Ref [240]. At first, let us express the classical ex-

pectation values as 〈Oj(t)〉 = rj(t)e
iφj(t) where rj(t) and φj(t) are, respectively,

the the amplitude and phase of 〈Oj(t)〉. Then, we have the fluctuation opera-

tor as Oj(t) − 〈Oj(t)〉 =: δOj(t)eiφj(t). In particular to CV (continuous variable)

quantum systems, a convenient way to express this fluctuation operators δOj(t)
is δOj = (δqj(t) + iδpj(t)) /

√
2 where the Hermitian and anti-Hermitian parts of

δOj(t) are, respectively, interpreted as the the amplitude and phase fluctuation op-

erators. Now, if any two operators are classically synchronized, i.e., the phase of say

〈O1(t)〉 and 〈O2(t)〉 are locked, then one can define the phase shift operator with

respect to the locking condition as δp− = [δp1(t)− δp2(t)] /
√

2. Hence, a figure of

merit for quantum phase synchronization could be given by

Sp(t) =
1

2
〈δp−(t)〉−1. (6.5)

A feasible way to gauze the degree of phase synchronization is to solve for the cor-

relation matrix Ci,l(t), given in terms of the bosonic fluctuation operators Ci,l(t) =

〈Ri(t)Rl(t)
†+Rl(t)

†〉, whereR(t) =
(
δa1(t), δa†1(t), δb1(t), δb†1(t), δa2(t), δa†2(t), δb2(t),

δb†2(t)
)

. Then, from Eq. (6.3) and (6.4), one can construct a dynamical equation

corresponding to the correlation matrix Ci,l(t) and solve it with a given initial condi-

tion. However, only finding a solution of Ci,l(t) is not sufficient here, as the measure

of phase synchronization is defined with respect to a frame rotating with the phases

of individual classical trajectories. To incorporate such rotations, we give an unitary

transformation on R → R′ = U(t)R where U(t) = diag
[
e−iφa1(t), eiφa1(t), ...

]
. With

this definition, the rotated correlation matrix reads as C ′(t) = U(t)C(t)U ′(t), from

which one can extract all the second moments of the bosonic fluctuation operators,

required to evaluate Sp(t).

6.4 Results and discussions

A simulation of quantum phase synchronization between the two mechanical os-

cillators is plotted in Fig. 6.2. For both configurations, e.g., bidirectional and

unidirectional, it is observed that after an initial transient, the system settles into
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Figure 6.2: Time evolution of quantum phase synchronization (blue solid line) and
Gaussian quantum discord (red solid line), between two mechanical oscillators, respectively
for bidirectionally (a) and unidirectionally (b) coupled optomechanical oscillators. The
parameters (normalized with respect to ωmL) chosen for the simulations are ωmR = 1.005,
γmL = γmR = 0.005, κL = κR = 0.15, gL = gR = 0.005, El = 52, λ = κ/2(κ = κL) and
nth = 0 and τ = 1/ωmL.

a periodic steady-state with a significant degree of synchronization Sp(t), implying

a quantum phase locked state between these two mechanical oscillators. Notably,

we find that this quantum phase synchronous motion is also associated with a finite

degree of Gaussian quantum discord DG (2.18). This indicates at a possible rela-

tion between the onset of quantum synchronization and the generation of quantum

correlation. However, it is worth mentioning that even though the system is quan-

tum mechanically correlated (DG > 0), we could not find any regime with non-zero

logarithmic negativity (2.14).

Now, following these observations, a natural question that arises is whether the

Gaussian quantum discord is a sufficient order parameter to map the essential traits

of quantum (phase) synchronization. To test such hypothesis, in Fig. 6.3 we re-

spectively plot the time-averaged measures of quantum phase synchronization (Fig.

6.3(a)) and the Gaussian quantum discord (Fig. 6.3(b)), as a function of the nor-

malized coupling strength λ/κ and the frequency detuning between these two me-

chanical oscillators δ/ωmL. It is observed that when the two optomechanical cells

interact in a bidirectional manner, both synchronization and quantum discord ex-

hibit a tongue like pattern, which is the quantum analogue of the classic “Arnold

tongue”. Such an appearance essentially yields a range of frequency detunings and

their corresponding coupling strengths for which synchronization and non-classical

correlation occur. Not surprisingly, here one finds both the maximum degrees of
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synchronization and quantum discord around the resonance condition δ = 0, i.e.,

strictly for a pair identical mechanical oscillators ωmL = ωmR.

Figure 6.3: Time-averaged measures (〈X〉 = limT→∞
1
T

∫ T
0 X(t)dt) of quantum phase

synchronization 〈Sp〉 (a) and Gaussian quantum discord 〈DG〉 (b), as a function of fre-
quency detuning δ/ωmL and coupling strengths λ/κ.

Figure 6.4: Time-averaged measures of quantum phase synchronization 〈Sp〉 (a) and
Gaussian quantum discord 〈DG〉 (b), as a function of frequency detuning δ/ωmL and
transmission losses η.

However, a similar investigation on the unidirectional configuration reveals a

very intriguing outcome. Plotting 〈Sp〉 with respect to transmission losses η and the

frequency detunings δ/ωmL (see Fig. 6.4(a)), we find that the degree of quantum

synchronization 〈Sp〉 is not maximum at the resonance condition, rather, it peaks

around finite frequency detunings, depending on the strength of the transmission

losses η. Such an anomaly in quantum synchronization has recently observed in
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Figure 6.5: Average quantum synchronization, respectively, for bidirectionally (a) and
unidirectionally (b) coupled optomechanical oscillators for an initial occupation of nth =
10.

Kerr-anharmonic oscillators and coined as quantum synchronization blockade. In

Ref. [246] it was well explained in terms of the intrinsic nonlinearity, leading an

energy mismatch between the two oscillators. In particular to our system, we note

that such occurrence of energy mismatch is inherent here, owing to the intrinsic

unidirectionality of the optical coupling. Moreover, as we are specifically focused

on δ > 0, i.e., ωmR > ωmL the required mismatch condition is always satisfied,

leading to a blockade like behavior. However, exercising a similar investigation on the

time-averaged Gaussian quantum discord, we find 〈DG〉 is unable to reproduce such

blockade like behavior. Instead, it retraces a similar a pattern as obtained in Fig.

6.3(b). Hence, one can infer that Gaussian quantum discord is not a conclusive map

for quantum synchronization, despite of its strong presence while synchronization

generation.

Finally, to investigate whether the appearances of the Arnold tongue and syn-

chronization blockade are exclusive only to the ground states of the mechanical

oscillators, we redo the same calculation for an initial occupation nth = 10, and,

respectively plot 〈Sp〉 as f (δ/ωmL, λ/κ) and f (δ/ωmL, η) (Fig. 6.5). Remarkably,

we find that both observation still hold for mechanical oscillators, residing at higher

thermal phonon numbers. However, one may notice a lesser degree of synchroniza-

tion which is quite expected due to the increase in thermal noises.
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6.5 Conclusion

In conclusion, we have systematically explored the connection between the onset of

quantum phase synchronization and the generation of quantum correlations in two

distinct setups of optically coupled optomechanical oscillators. Our results shows

that when the two optomechanical cavities exchange photons in a reversible manner,

both the measures of phase synchronization and quantum correlation, here Gaus-

sian quantum discord, exhibit a tongue like pattern which is the quantum analogue

of the Arnold tongue. Not surprisingly, here we find that the tendency of being

synchronized and quantum mechanically correlated become maximum for identical

mechanical oscillators. However, when these optomechanical cavities exchange pho-

tons in an unidirectional (forward feed) manner, one finds that the synchronization

is blocked for identical oscillators. Instead, it becomes maximum for detuned oscil-

lators. Exercising a similar investigation on Gaussian quantum discord, though does

not allows one trace such blockade like pattern. Hence, despite of the strong asso-

ciation with quantum synchronization, Gaussian quantum discord fails to provide

a conclusive map of quantum phase synchronization. Overall our study provides a

further insight into the onset of quantum synchronization and correlation generation

in different topological configurations within optomechanical platforms.
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Chapter 7

Conclusions

In this thesis, we have explored various types of quantum correlations such as,

quantum entanglement, Gaussian quantum discord and quantum synchronization in

cavity optomechanical setups. In Chapter 1, we introduced the readers to the basics

of cavity optomechanical system, with a brief literature survey. Then, in Chapter

2, we briefly discussed the measures of such quantum correlations (a measure of

quantum synchronization has been provided in Chapter 6), that we have throughly

used in all the following working chapters.

In Chapter 3, we proposed two schemes to generate and enhance the steady-

state optomechanical correlations at a considerably lower coupling strength or ex-

ternal laser driving. In our first scheme, we coupled the mechanical mirror to a

single auxiliary qubit, which induces an additional second-order potential term q2

(q be dimensionless mirror’s postion) in the Hamiltonian describing the system. We

found that in presence of the mirror-qubit coupling, the system becomes unstable

at a lower optomechanical coupling strength, which leads to a significant enhance-

ment of the steady-state entanglement, as well as the Gaussian quantum discord,

near the instability threshold. Moreover, we reported that with increasing mirror-

qubit coupling strengths, entanglement can be achieved at a lower optomechanical

coupling strength, which is also extremely robust with respect to thermal phonon

fluctuations. In the second scheme, besides the usual radiation-pressure coupling, we

considered an additional cross-Kerr type coupling between the optical and mechan-

ical mode, generated by a two-level system or superconducting charge qubit. We

found that invoking the cross-Kerr coupling on a generic optomechanical system not

only generates a significant degree of entanglement at a lower external laser driving

but also improves the robustness of the generated entanglement against system pa-

rameters and mirror’s temperature. Furthermore, we considered Gaussian quantum
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Chapter 7. Conclusions

discord (QD) as an additional measure of the quantum correlations. We showed

that in presence of the cross-Kerr nonlinearity, QD becomes more robust and sur-

vives up to a much higher number thermal phonons as compared to optomechanical

entanglement.

In Chapter 4, we studied the entanglement dynamics of two coupled mechanical

oscillators, within a modulated optomechanical system. We found that depending

on the strength of the mechanical coupling, one could observe either a stationary

or a dynamical behavior of the mechanical entanglement, which is also extremely

robust against the oscillator temperature. Moreover, we have shown that this entan-

glement dynamics is strongly related to the stability of the normal modes. Taking

the mechanical damping effects into account, an analytical expression corresponding

to the critical mechanical coupling strength where the transition from stationary to

dynamical entanglement occurs is also reported.

In Chapter 5, we studied the entanglement dynamics in PT symmetric mechan-

ical oscillators. To realize the mechanical gain and loss into the system, we couple

the each of these oscillators to an optomechanical cavity and tune the respective

cavity detuning to the Stokes and Anti-Stokes side-bands of the driving lasers. We

showed that in binary PT symmetric system, entanglement (sudden) death ESD

can be substantially slowed down, via operating near an exceptional point. We then

carried out a similar investigation on the ternary PT symmetric system by taking

a more complicated tripartite entanglement measure into account.

In Chapter 6, we investigated the phenomena of quantum synchronization and

quantum correlations in two optically coupled optomechanical oscillators with two

different topologies. In one case the oscillators are coupled with optical photons in

a reversible manner, termed as bidirectional coupling, while in the other photons

are allowed to enter to the other oscillator but not allowed to exchanged back in

the opposite direction, termed as unidirectional coupling. It has been found that

irrespective of these configurations, when synchronization builds up, the two oscilla-

tors also become quantum mechanically correlated with a finite degree of Gaussian

quantum discord. However, we have found that depending on these topologies, both

synchronization and quantum discord behave in a very distinctive manner. For in-

stance, in bidirectionally coupled optomechanical oscillators, we find both quantum

synchronization and quantum discord exhibit a tongue like pattern which is the

quantum analogue of an Arnold tongue. Whereas, in the unidirectionally coupled

oscillators, we observe a novel blockade like behavior for quantum phase synchro-

nization, also known as the quantum synchronization blockade, quantum discord on

78
TH-2282_146121016



the other hand fails to map such an anomalous behavior.

Scopes of Future Work

In this thesis, we have explored the linearized regime of single cavity optome-

chanical oscillators, or at most two of such coupled oscillators. However, one may

recall that going over to the strong coupling limit, one can exploit the intrinsic non-

linearity of an optomechanical interactions. Here, the study of photon and phonon

antibunching is of utmost relevance. While incorporating PT symmetry, we have

restricted ourselves only into the PT symmetric phase. However, one may also look

into the broken PT symmetric phase to investigate quantum correlation dynam-

ics. One could also consider a more extended version of optomechanical oscillators,

namely the optomechanical arrays. This facilitates us to explore the quantum many

body dynamics over such integrated platforms. Another important aspect would be

to study quantum synchronization and correlations in hybrid optomechanical sys-

tems. One may even explore the role of PT symmetry with regard to quantum

synchronization. To the best of our knowledge, it is a highly open area of research.
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Appendix

A. Generation of additional q2 potential

Here, we provide a brief discussion on the generation of the additional second-

order term, introduced in the system Hamiltonian. As prescribed in Ref. [88], we

couple the mechanical mirror to a single auxiliary qubit with the Hamiltonian Hq =

(∆q/2)σx, via a linear interaction Hint = µqqσz. Here, µq is the interaction strength

between the mechanical mirror and auxiliary qubit, and, q be the dimensionless

position operator of the mechanical mirror. Then, under the condition ∆q � µq, we

use the standard time-independent perturbation theory to diagonalize the auxiliary

Hamiltonian: Haux = Hq + Hint, which gives the eigenvalues of Haux, as a power

series in µqq. Now, by placing the qubit in the eigenstate of σx, we can engineer

an additional second-order term Hmq = −2∆q(µq/∆q)
2q2 (η

2
= 2∆q(µq/∆q)

2). It

should be noted that in the perturbation expansion all the higher order nonlinear

terms are neglected, in the limit of ∆q � µq.
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Appendix

B. Matheu’s Equation

The canonical form of Matheu’s equation for the parameters δ and ε is given by

[255, 256]

ÿ + (δ − 2ε cos(2t)) y = 0. (B.1)

This equation is a linear second order differential equation, with periodic coefficients.

In general, the solution of such equation varies depending on the choice of δ and ε.

However, it should be noted that to maintain the periodicity of the solution, δ and ε

must be interrelated. Therefore, one has a set of eigenvalues αn(ε) (n = 0, 1, 2, 3, ...)

and βn(ε) (n = 0, 1, 2, 3, ...) necessary to yield solution of Eq. (B.1). For small ε,

the first three αn(ε) and βn(ε) could be written as follows [255]

αo = −1

2
ε2 +

7

128
ε4 +O(ε6), (B.2a)

α1 = 1 + ε− 1

8
ε2 − 1

64
ε3 +O(ε4), (B.2b)

β1 = 1− ε− 1

8
ε2 +

1

64
ε3 +O(ε4). (B.2c)
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M.A. Sillanpää, Nat. Commun. 6, 6981 (2015).

[97] G. Kurizki, P. Bertet, Y. Kubo, K. Mlmer, D. Petrosyan, P. Rabl, J. Schmiedmayer,

Proc. Natl. Acad. Sci. USA 112, 3866 (2015).

[98] M. Brunelli, M. Paternostro, arXiv:1610.01172 (2016).

[99] V. Giovannetti and D. Vitali, Phys. Rev. A 63, 023812 (2001).

[100] R. Benguria and M. Kac, Phys. Rev. Lett. 46, 1 (1981).

[101] E. X. DeJesus and C. Kaufman, Phys. Rev. A 35, 5288 (1987).
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[108] J. Fiurášek, L. Mǐsta, Jr., and R. Flipp, Phys. Rev. 67, 022304 (2003).

[109] T. Wang, H. W. Lau, H. Kaviani, R. Ghobadi, and C. Simon, Phys. Rev. A

92,012316 (2015).

[110] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics (Cambridge Uni-

versity Press, Cambridge, 1995).

[111] K. Koshino, Phys. Rev. A 74, 053818 (2006).

88
TH-2282_146121016



BIBLIOGRAPHY

[112] R. Khan, F. Massel, and T. T. Heikkilä, Phys. Rev. A. 91, 043822 (2015).
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