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Abstract
The thesis investigates the behaviour of conductance properties of spin-orbit coupled
ballistic junction devices using the Landauer-Büttiker formalism and Green’s function technique. The primary motivation is to explore spin Hall effect in these devices
via computing the spin Hall conductance which assesses their utilities for spintronic
applications. Two terminal, three terminal (Y-shaped) and four terminal structures
are discussed extensively in the thesis. The step-like features in the longitudinal
conductance, emphasizing discrete modes available for transport, and an oscillatory,
coupled with an antisymmetry about the zero bias for the spin Hall conductance are
the highlights of the transport characteristics. The inclusion of disorder destroys
the former and suppresses the latter. Further, since conductance in graphene and
graphene-based devices have been under focus in recent times for their non-trivial
topological physics and possible spintronic properties, we have considered adatom
decorated graphene nanoribbons described via Kane-Mele model. The quantum
spin Hall (QSH) phase is shown to be robust in presence of heavy adatoms that
are capable of inducing strong spin-orbit coupling. On the other hand, the Rashba
spin-orbit interaction is seen to have detrimental effects on the QSH phase, which
however has prospects in enhancing spintronic applications. Finally, an interplay
between an external magnetic field and the Rashba spin-orbit coupling is explored
for a six terminal graphene nanoribbon.
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Chapter 1

Introduction
Mesoscopic physics is a relatively new branch of Condensed Matter physics. It deals
with systems having dimensions that are intermediate between the microscopic (a
few angstroms) and the macroscopic length (of an order of a micron) scale. A
conductor of length L appears to be ohmic if L ≪ λdb (λdb : de Broglie wavelength),
however, it is termed as non-ohmic or mesoscopic if L ≪ lφ (λφ : phase coherence
length, over which the electrons retain phase coherence). This regime is governed
by the Landauer formula for conductance [1] , namely,
G=



e2
h



T

where T is the probability of an electron to be transmitted through the conduc2
tor and has been summed over all the channels or modes. The constant, eh =
[(25.8)kΩ]−1 represents the quantum of conductance corresponding to a single transverse mode in a conductor.
Several typical characteristic length scales are briefly introduced to define and
characterized different transport regimes [2–4] . They are:
(a) Fermi wavelength (λF ): It is the de Broglie wavelength (λdb ) of the electrons
near the Fermi energy.
(b) Mean free path (le ): It is the distance that an electron travels before its
initial momentum is destroyed, and describes the elastic scattering caused by the
random impurity potential.
(c) Phase coherent length (Lφ ): It is the distance that an electron travels before
it looses its initial phase due to scattering from other electrons or lattice vibrations.
(d) Localization length ξ: It is an asymptotic property of the conductance as a
function of the linear sample size and can be expressed by the relation, G = G0 e−2L/ξ ,
1
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where G0 is the conductance without the disorder.
In terms of the above length scales, one can define three distinct regimes for the
mesoscopic transport. These are:
(1) Ballistic regime (λdb < L ≪ le , lφ ): In this regime, the electrons propagate
through the mesoscopic sample without any elastic or phase breaking scattering in
the bulk. The scattering occurs at the contact region separating the leads and the
conductor and the impurity scattering can be neglected.
(2) Diffusive regime (λdb ≪ le ≪ L < ξ): In this regime, a few impurity atoms or
a small concentration of disorder exist in the conducting sample and the electrons
traverse coherently. Scattering is sample specific and one observes the full statistical
fluctuations which are not suppressed by self-averaging.
(3) Insulating regime (ξ < L): It’s also called localized regime in the presence
of strong scattering limit where the interference can completely cease the transport
inside the disordered mesoscopic conductor.
Many novel phenomena exist that are intrinsic to mesoscopic systems, such as
the integer quantum Hall effect [5] , where the Hall resistance is quantized in units of
h/e2 , Aharonov-Bohm (AB) oscillations [6,7] in the conductance spectrum of mesoscopic rings with flux period h/e and “the dissipationless persistent currents” flowing in such systems in the normal (non-superconducting) resistive states etc. Since
then, the attention to the physics governing mesoscopic transport has been growing
rapidly, and a wide range of new physical concepts have been realized. Some of
them are: mesoscopic resistors in series that do not obey standard resistance addition rules [2,8] , the conductance of very narrow constrictions being quantized [9,10] , the
conductance of disordered systems shows sample specific reproducible fluctuations
with universal amplitudes [11] , the weak localization phenomena [12,13] etc.
Over the last two decades, it is possible to experimentally realize dimensions,
L < lφ , using modern electronic material fabrication techniques, such as molecular
beam epitaxy (MBE), lithography technique, scanning tunneling microscope (STM)
etc [14–20] . They are denoted as nanostructures. Familiar examples are GaAs/GaAlAs
semiconductor heterostructures, which are formed by two semiconducting samples
with different doping levels. At the interface, a thin layer of charges, called a twodimensional electron gas is realized (2DEG). These heterostructures yield mobilities
of the order of 106 cm2 /(V-s) that correspond to flow of electrons having a mean
free path of about 10 µm. The numbers quoted here justify the onset of mesoscale
transport phenomena which forms the central focus of the thesis.
A recent development in nanoscale technology is the exploitation of the spin
2
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degree of freedom, which popularly goes by the name, spintronics, where the spins
of electrons carry the information. Compared to ordinary charge-based electronics,
spin-based electronics offers opportunities for a new generation of devices. The advantages of these new devices are non-volatility, increased data processing speed, decreased electric power consumption and increased integration densities compared to
the conventional semiconductor devices. The discovery of the giant magnetoresistive
effect (GMR) [21,22] is considered the beginning of the study of this new spin-based
electronics. The GMR effect denotes a large increase in resistance observed for a
ferromagnet/metal/ferromagnet multilayer structure when the magnetization of the
magnetic layers changes from being parallel to antiparallel. Important applications
of the GMR effect are magnetic field sensors, read heads for hard drives, galvanic
isolators and magnetoresistive random access memory (MRAM). Only ten years after its discovery, this effect has already found commercial applications in the form
of read heads for hard drives and magnetic field sensors.
However, in order to realize spintronic devices, one has to generate a spin polarized current. In early attempts, the generation of spin-polarized currents was
obtained by attaching ferromagnetic metallic contacts to the semiconductors [23–25] .
But, the efficiency of the spin injection from a ferromagnet into a semiconductor does
not meet expectations because of the conductivity mismatch between the two [26] .
This drawback can be overcome by producing spin-polarized current intrinsically.
A strong spin-orbit scattering can generate spin-polarized electrons intrinsically [27] . In general, two types of spin-orbit coupling terms can be present in semiconductor heterostructures having two-dimensional electron systems (2DES). One
of them is the Dresselhaus spin-orbit coupling (DSOC) which originates from the inversion asymmetry of the zinc blende type of structures [28] . The other is the Rashba
spin-orbit coupling (RSOC) which originates due to the effective electric field originating from the asymmetry of the potential confining the systems in two dimensions [29] . The Dresselhaus term is found to be dominant in large bandgap materials
and the strength can be controlled easily by tuning the quantum well width [30] .
On the other hand, the Rashba term is dominant in narrow-gap systems where the
strength of the Rashba term can be controlled by external gate voltages [31,32] . Since
we are going to be interested in conductance properties of two-dimensional systems,
RSOC will be important for most of our studies. However, Dresselhaus SOC has
also been briefly discussed in the thesis, especially with regard to its interplay with
the RSOC.
The strength of the spin-orbit interactions are sensitive to electric fields, enabling
3
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one to control the electron spin electrically, without the need to use any magnetic
agent, such as a magnetic field. A large number of devices have been proposed based
on spin-orbit interactions, for example, the spin field effect transistor [33] , and several
spin interference based devices (see Refs. [34,35]).
Just as the magnetic field creates a charge segregation thereby producing a Hall
voltage in a 2DEG, the spin-orbit coupling can facilitate opposite spins to move
across edges of the sample, producing a spin version of the Hall effect, generally
referred to as the spin Hall effect. The discovery of spin Hall effect is one of the
celebrated discovery in this field, in which a longitudinal unpolarized charge current
can induce a transverse pure spin current due to spin-orbit interactions [36–38] . A
quantum version of the spin Hall effect, denoted as the quantum spin Hall (QSH)
effect has earned its reputation for having nontrivial topological properties. QSH
effect is perceived as two copies of the quantum Hall system, one for each species of
the spin. The QSH phase is usually identified by the presence of a plateau of finite
value (= 2e2 /h) at and around the zero bias.
In two-dimensional systems, owing to its surface inversion asymmetry, RSOC
is found to have large values and hence produces non-ignorable effects in quantum
transport. Graphene was believed to be an excellent playground for testing known
theories of quantum transport. It is useful to have an a priori mention of the
prospects of a nontrivial topological phase lying therein. However, the existence of
such phases is understood to be beyond the experimental accuracy for modern day
measuring devices.
The successful fabrication of graphene [39] has attracted a wide attention over
more than a decade owing to its several interesting electronic and transport properties [39–45] . Quantum Hall effect [39,41,42] , half-metallicity [43,44] , high carrier mobility [45]
remarkable elastic properties etc. are the interesting features that make graphene,
among many other technological usages, as promising candidate for nanoelectronics and spintronic applications. The recent realization of freestanding graphene
nanoribbons (GNRs) [46,47] has generated renewed interest in carbon-based materials
with exotic properties.
GNRs are basically a single strip of graphene. The electronic properties of GNRs
depend on the geometry of the edges and the lateral width of the nanoribbons [48] , and
according to the edge termination type, mainly there are two kinds of GNRs, namely,
the armchair graphene nanoribbon (AGNR) and the zigzag graphene nanoribbon
(ZGNR). The ZGNRs are always metallic with zero bandgaps, while the AGNRs
are conditionally metallic that is, when the lateral width, N = 3M − 1 (M is an
4
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integer) it is metallic, else they are semiconducting in nature [49] with a finite band
gap.
Apart from the spintronic application point of view, there was a fundamental
interest that guided the field of research ahead. The interest is to search for a new
topological state other than the one obtained in the context of QHE. C. L. Kane and
E. J. Mele [50,51] predicted that quantum spin Hall (QSH) state which may be perceived as a new topological state can be observed in presence of intrinsic spin-orbit
coupling (SOC) in graphene, which triggered an enormous study on topologically
nontrivial electronic materials [52–55] . Kane and Mele wrote down a Hamiltonian that
respects all the symmetries, such as space inversion, time reversal, Kramer’s degeneracy etc. and predicted the existence of (chiral) metallic edge states along with an
insulating bulk. The edge states conduct, rendering ‘metallic’ properties of the topological ‘insulators’ thereby implying the existence of a QSH phase. However, as said
earlier, the QSH effect in clean graphene is still not observed experimentally owing
to its vanishingly small intrinsic spin-orbit coupling (SOC) strength [56,57] , whereas
in strained semiconductors, such as CdTe/HgTe quantum wells, the QSH effect has
been experimentally observed [58] .
It was theoretically proposed that adsorption of adatoms such as Indium (In),
Thallium (Tl), Gold (Au) etc. can enhance or induce the intrinsic SOC and the
Rashba SOC in graphene [59–61] . While the intrinsic SOC is indispensable for realizing the predicted QSH effect, Rashba SOC is found to be detrimental to it.
Specifically, adatoms such as In or Tl can open up a significant topologically nontrivial gap implying inducing of predominantly the intrinsic SOC that lead to the
stabilization of the QSH phase. Different theoretical studies have confirmed that the
two systems (that is In and Tl decorated GNRs) are indeed stable two-dimensional
topological insulators [59,61,62] . On the other hand, Au-like adatoms induce Rashba
SOC which dominates over the intrinsic SOC and the QSH effect will likely to lose
in the competition. Therefore it will be relevant to study the transport properties in
Au adatom decorated graphene to assess the interplay of intrinsic SOC and RSOC
and illustrate the validity of the above scenario. Moreover, owing to the presence
of Rashba SOC induced by Au adatoms, features of the spin polarized conductance
may provide additional clues on the topological phase and spintronic applications.
Among the metal adatoms, the study of GNRs in presence of transition metals
(TM) warrants some special attention since TM serve as important catalysts for
the synthesis of graphite, CNT, GNR etc. Since TM catalysts (particularly Fe) is a
common impurity in the graphite [63] , graphene layers fabricated from graphite are
5
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likely to have these impurities. Longo et al. [64] have shown that the behaviour of
Fe atoms in a GNR renders a magnetic character, in contrast with the behavior
found in graphene [65,66] which itself is non-magnetic. Mao et al. [67] showed that
adsorption of Fe on graphene makes graphene metallic and generates 100% spin
polarization. Basically the study of TM adsorption on graphene [68,69] shows possible
applications in the realization of graphene-based electronic and spintronic devices.
Another important point that should be noted here is that the adsorption of TM onto
GNR gives rise to a Rashba spin-orbit interaction coupling and the hybridization
between the carbon π-state and the 3d-shell states of magnetic adatoms generates
a macroscopic exchange field [70] , which in turn breaks the time reversal symmetry
(TRS) a feature otherwise present in the Kane-Mele model (relevant to non-magnetic
adatoms, like Au etc.), where the TRS is preserved.
Motivated by the above discussion, we aim to study several interesting features
concerning the charge and spin transport properties of junction devices, including
GNRs via Landauer-Büttiker formalism. As we shall see in the subsequent discussion, the fundamental physics associated with quantum transport and the QSH
phase will be as important as the spin polarized transport that is central to spintronic applications.
In the upcoming sections, we briefly introduce the two kinds of spin-orbit coupling (SOC), namely Dresselhaus and Rashba SOC, a general introduction to the
graphene nanoribbons.

1.1

Spin-orbit interaction

When an electron with momentum p moves in a magnetic field B, it experiences
a Lorentz force in the direction perpendicular to its motion F = −ep × B/m and
possesses Zeeman energy µB σ · B, where σ is the vector of the Pauli spin matrices
and µB = 9.27×10−24 JT−1 is the Bohr magneton. According to the theory of special
relativity, the electric and the magnetic fields undergo a Lorentz transformation as
one goes from one inertial frame of reference to another. Thus for a charged particle
moving through an electric field, it starts to experience some magnetic field in its own
inertial frame of reference. A key example of this effect is the spin-orbit interaction
in atomic systems. There the strong electric field of the atoms couples to the spin
of the electrons, resulting in a Zeeman type splitting of the atomic spectral lines [71] .
6
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The Hamiltonian describing this type of spin-orbit interaction can be written as,
HSO = −

~
σ · p × (∇V0 )
4m2e c2

(1.1)

where, c is the velocity of light, p is the linear momentum and V0 is an electric
potential. The term HSO is known as the Pauli spin-orbit term and can be derived
by taking the non-relativistic limit of the Dirac equation [72] . In crystals we can
approximate the potential originating from the atomic cores as being radial close
to the cores, that is, VO ∼ 1/r. With this approximation we can write the Pauli
spin-orbit term as,
HSO ∼ L · S
(1.2)
where L = p × r is the orbital angular momentum operator and S = ~2 σ is the spin
operator.
The crystal potential produces a spin-orbit field of the from, w(p) ∼ ∇VO ×
p. Since the spin-orbit coupling preserves the time reversal symmetry denoted by,
w(p) · σ = −w(−p) · σ, the spin-orbit field must be odd in the electron momentum
p; that is w(−p) · σ = −w(p) [73] . This odd-in-p SO field only survives in systems
that lack spatial inversion symmetry.

1.1.1

Dresselhaus spin-orbit interaction

Dresselhaus had noted that in the zinc-blende III-V semiconductor compounds lacking a center of inversion, such as GaAs, InSb etc., the SO coupling close to Γ point
takes the form,
HD3 = (γ/~)







p2y − p2z px σx + p2z − p2x py σy p2x − p2y pz σz

(1.3)

The addition symmetry considerations in the band structure results in additional
odd-in-p SO coupling terms [74] . For 2DEG structures grown in the (001) crystal
direction, the cubic Dresselhaus SO term given in Eq.(1.3) reduces to the linear
Dresselhaaus SO term of the form [75] ,
HD1 = (β/~) (px σx − py σy )

(1.4)

where β = γp2z and it depends on the material band parameters and the thickness
of the 2DEG.
7
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1.1.2

Rashba spin-orbit interaction

When the motion of electrons is confined to two dimensions, for example in quantum
wells, an asymmetric confinement potential becomes another source for SOC. The
importance of this mechanism lies in the fact that asymmetry in the confinement
potential can be varied by electrostatic means, allowing one to tune the SOC strength
by an external gate voltage. This type of SOC is known as Rashba SOC [29] . The
strength of RSOC depends also on the crystal composition in the quantum well, and
is largest for narrow gap III-V semiconductors, such as InAs and InGaAs.
In the following subsections, we shall give brief descriptions to the Rashba SOC
in the continuum model as well as in the lattice model. We have often used Rashba
SOC or RSOC interchangeably for the Rashba spin-orbit coupling.
Let us discuss it in the context of a continuum model, in which case, the RSOC
is described by the following Hamiltonian [29] ,
HR = α (p × σ) · ẑ

(1.5)

where p = −i~∇ is the momentum operator, and σ = (σˆx , σˆy , σˆz ) denote Pauli spin
matrices. α is the strength of the SOC. In the absence of the Zeeman coupling and
elastic scattering, the total Hamiltonian for the electrons is given by

H=

p2x + p2y
p2
+ α (p × σ) · ẑ =
+ α (σˆx py − σˆy px )
2m
2m

(1.6)

Diagonalizing this Hamiltonian yields the following energy spectrum [76] ,
E (k) =

~2 k 2
± α|k|
2m

(1.7)

p
where |k| = kx2 + ky2 is the modulus of the electron momentum and the plus and
minus signs correspond to the two possible spin orientations. The eigenvectors of the
Hamiltonian (Eq.(1.6)) relative to the spectrum (Eq.(1.7)) are plane wave functions
of momentum k and they are given by,
1
Ψ± (x, y) = ei(kx x+ky y) √
2

!
1
e−iθ
±i

(1.8)

 
ky
. It is important to note that the spin states (Eq.(1.8)) are
where θ = tan
kx
always perpendicular to the direction of motion. In fact, if an electron moves along
−1

8
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Figure 1.1: Single particle energy spectrum is shown in presence of Rashba spin-orbit
coupling. (a) Three-dimensional view of the energy spectrum. (b) The Fermi energy
contours with the spin states are indicated. (c) Energy spectrum for a free electron showing
degeneracy of up and down spins. (d) Energy spectrum for an electron in presence of a
magnetic field (Zeeman splitting). (e) Energy spectrum for an electron in presence of
Rashba spin-orbit interaction. Courtesy of Ref. [77].

!
1
, which denotes the spin up
x-direction, the spinor part of the eigenvector is
±i
and spin down in the y-direction. !
On the contrary if the electron moves along the y1
, which represents spin up and spin down state
direction, the eigenvector is
±1
in the x-direction (see Fig. 1.1).
In Fig.1.1(c-e) the energy spectra are plotted as a function of ky for different
physical situations as explained in the following. Fig.1.1(c) is related to a free
electron of a 2DEG. In this case, the spin degeneracy is present. In presence of
~ (Fig.1.1(d)), the spin degeneracy is lifted upon by the Zeeman
a magnetic field B
splitting and the gap separating spin up and spin down is equal to gµB B where
g is the Bohr magneton. When the Rashba SOC is present (Fig.1.1(e)), the spin
degeneracy is lifted up but only for ~k = 0. In this situation, the degeneracy is
removed without opening of gaps.
Similar calculations as above can be carried on to a discrete system that is a lattice model. In order to perform numerical calculations on a lattice, we have to dis9
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cretize the Hamiltonian (Eq.(1.6)). For this, we adopted a discretization scheme [78]
for the Rashba Hamiltonian which is elaborately discussed in the next section.
By following the general discretization method as discussed in the next section,
the Rashba Hamiltonian in the local orbital basis representation with tight binding
approximation becomes,
H=

X

ǫi c†iσ ciσ +

iσ

X

c†iσ tσσ
ij cjσ ′
′

(1.9)

ijσσ ′

where ǫi is the on-site energy, c†iσ (ciσ ) is the creation (annihilation) operator of
′
are the generalized hopping
an electron at the i -th lattice site with spin σ. tσσ
ij
parameters, which are actually a 2 × 2 Hermitian matrices. The generalized nearest
′
neighbor hopping tσσ
ij = (tij )σσ ′ accounts for the Rashba coupling.
tij =

(

−tO I − itSO σˆy (m = m + ex )
−tO I + itSO σˆx (m = m + ey )

(1.10)

2

~
α
where tO = 2ma
2 is the orbital hopping term, tSO = 2a is the Rashba SO hopping
term. the physical meaning of both of the hopping terms are illustrated in Fig.1.2.

Figure 1.2: (a) The probability amplitude for a spin to hop among any of its nearest
neighbor without flipping is proportional to tO , which is spin independent. (b), (c) The
probability of the central electron to flip its spin by hopping among any of its nearest
neighbor is proportional to tSO . Courtesy of Ref. [78].

The Rashba Hamiltonian (Eq.(1.9)) is not separable in most situations, especially
if there is a confining potential. However, without that, it is possible to diagonalize
and solve for the Hamiltonian in 1D and 2D exactly. With a tight binding approximation, the eigenvalues and the eigenvectors for the Hamiltonian (Eq.(1.9)) for the
10
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2D case are,
Ek,±

q
= 2tO (cos kx a + cos ky a) ± 2tSO sin2 kx a + sin2 ky a
ik·(xx̂+y ŷ)



e

Ψk,± = p
2Lx Ly

± √sin k2y a+i sin k2x a



sin kx a+sin ky a 

1

(1.11)

(1.12)

where Lx and Ly are the dimensions of the lattice along x and y axis respectively,
the plus sign stands for the up spin and minus for the down spin.

1.2

Discretization scheme for the Hamiltonian

For finite sized systems, it is advantageous to discretize the Rashba Hamiltonian.
Say we do it on a square lattice of sides a with m = (mx , my ), collections of points on
a square lattice. mx and my are integers. Thus, Ψm = hm|ψi i.e. the representation
of the function Ψ in real space, and the matrix element of an operator is defined as
hm|A|m′ i = Amm′ .
In finite difference methods, the derivative of a function f (x) on a 1D grid
{..., xm−1 , xm , xm+1 , ...} (≡ {..., (m − 1)a, ma, (m + 1)a, ...}) is evaluated as,


df
dx



=
m

fm+1 − fm−1
2a

(1.13)

where fm = f (xm ). Similarly the second derivative is computed as,


d2 f
dx2



=
m

fm+1 − 2fm + fm−1
a2

Thus the matrix elements of the derivative operator,

m

d
n
dx



d
dx

(1.14)

is written as,

hm + 1 | ni − hm − 1 | ni
2a
δn,m+1 − δn,m−1
=
2a
=

(1.15)

Similarly for a double derivative,

m

d2
n
dx2



=

δn,m+1 − 2δn,m + δn,m−1
a2

(1.16)

It is important to note that the matrix elements depend upon the discretization
11
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2

d
scheme. If dx
2 is interpreted as,
the alone scheme.

d
dx

d
· dx
then the result obtained will be different than

In the second quantized notation, the operator in terms of its matrix element is,
Â =

X
m,n

using this definition,

hm | ni c†m cn

X 1

d
=
c†m cm+1 − c†m cm−1
dx
2a
m

and

(1.17)

(1.18)

X 1

d2
†
†
†
c
c
−
2c
c
+
c
c
(1.19)
=
m+1
m
m−1
m
m
m
dx2
a2
m
 2

p2
d
~2
d2
Thus for a free Hamiltonian H = H0 = 2m
= − 2m
+
+
...
is written as,
2
2
dx
dy
~2 X †
~2 X †
c
c
−
c cn
m
m
2ma2 m
2ma2 m,n m
X
X
= ǫ
c†m cm − t
c†m cn

H0 = 4

m

2

~
with ǫ = 4 2ma
2 and t =
hopping amplitude.

~2
.
2ma2

(1.20)

m,n

The term ǫ is called the onsite term and t is the

By following the above discretization scheme, it is straight forward to discretize
the Rashba Hamiltonian (Eq.(1.6)), namely,

Hsq =

X

ǫi c†iσ ciσ + t

i,σ

X

c†iσ cjσ

hiji,σ



i
X h †
+ α
ci↑ ci+δx ↓ − c†i↓ ci+δx ↑ − i c†i↑ ci+δy ↓ + c†i↓ ci+δy ↑

(1.21)

i

The above equation is derived on a 2D square lattice and will be discussed later
(see Eq.(3.6)).

1.3

Junction devices

The geometry and the number of attached leads to the scattering region play an important role in quantum transport. For example, in case of a two terminal system,
12
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one can calculate or observe the charge conductance or the spin polarized conductance. However spin Hall effect cannot be studied in a two-terminal device. Since
spin-orbit interactions play an important role in this thesis, the spin Hall effect
becomes an indispensable study in this regard. Thus in order to observe the spin
Hall effect, one needs to resort to multi-terminal devices, such as a four terminal
or a six terminal etc. in this section, we shall briefly describe different kinds of
multi-terminal devices that are relevant to our thesis.
(i) Two terminal (2T): In 2T setup, a conductor is sandwiched between two
contacts. These two contacts have different values of the chemical potential and
as a result, current will flow between the two leads. One can measure the charge
conductance or the spin polarized conductance as we shall show in Chapter 5 and
Chapter 6.
(ii) Four terminal (4T): The four terminal or the cross-shaped junction device
is suitable for observing the spin Hall effect and is easy to visualize. In 4T devices,
a current is allowed to flow along the longitudinal direction. The transverse leads
are voltage probes and hence no charge current flows through them. A spin current
can be observed at the transverse leads and hence one can measure the spin Hall
conductance. In Chapter 3 we shall show the calculations related to the spin Hall
conductance.
(iii) Three terminal (3T): Examples of 3T setup are the Y-shaped or T-shaped
devices [79–81] . A charge current is allowed to flow through the main branch of the Y
or T shaped devices. One of the arms acts as a voltage probe. Spin Hall effect can
be observed between the two arms of the Y or T shaped devices. In Chapter 4 we
shall show that the results for spin Hall conductance for Y-shaped devices.
(iv) Six terminal (6T): The six-terminal setup is a standard setup for measuring
the Hall resistance [82] . However, one can observe the spin Hall effect as well in case
of a 6T device. The 6T Hall bar contains two current electrodes at the ends of the
Hall bar, with four potential electrodes along the side of the bar to allow longitudinal
and transverse (Hall) voltages measurements. In chapter 7 we shall discuss the 6T
setup where we have studied the quantum (charge) Hall and the spin Hall effect.

1.4

Basics of Graphene

Graphene is a one-atom-thick planar sheet of sp2 -bonded carbon atoms densely
packed in a honeycomb crystal lattice. Graphene was first experimentally realized
only a decade ago by Novoselov et al. [39] . It has attracted a wide attention to be used
13
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as a next generation electronic material, due to its exceptional properties including
high current density, ballistic transport, chemical inertness, high thermal conductivity, optical transmittance and super hydrophobicity at nanometer scale [83,84] .
Carbon has four valence electrons, three of them form tight bonds with the
neighbouring atoms in the plane. Their wave functions have the form,

√
1 
√ ψ (2s) + 2ψ (τi 2p) ,
3

(i = 1, 2, 3)

(1.22)

where ψ(2s) is the 2s wave function and ψ(τi 2p) are the 2p wave functions of which
the axes are in the directions τi joining the carbon atom to its three neighbours
in the plane. The fourth electron is in the 2pz state. Its nodal plane is the lattice
plane and its axis of symmetry perpendicular to it. Since the three electrons forming
coplanar bonds do not play any role in its conducting properties, graphene can be
considered to have one conduction electron per carbon atom in the 2pz state.

1.4.1

Crystal structure

The carbon atoms in graphene form in a honeycomb lattice due to their sp2 hybridization. The honeycomb lattice is not a Bravais lattice because two neighbouring sites are not equivalent. Fig.1.3 illustrates that a site on the A sublattice has
nearest neighbours (nn) in the directions east, south-west and north-west which belong to the B sublattice, whereas a site on the B sublattice has nn in the directions
west, north-east, and south-east which belong to the A sublattice. Both A and B
sublattices, however, are triangular Bravais lattices, and one may view the honeycomb lattice as a triangular Bravais lattice with a two-atom basis (A and B). The
distance between nn carbon atoms is 1.42 Å,
The primitive lattice vectors of graphene can be written as (Fig.1.3(a)),
3a
a1 =
2



1
x̂ + √ ŷ ;
3

3a
a2 =
2



1
x̂ − √ ŷ
3



(1.23)

where a = 1.42Å. The reciprocal lattice vectors (Fig.1.3(b)) are given by,
b1 =

√ 
2π 
x̂ + 3ŷ ;
3a

b2 =

√ 
2π 
x̂ − 3ŷ
3a

(1.24)

The three nearest neighbour vectors in real space are given by,
δ1 =

√ 
a
x̂ + 3ŷ ;
2

δ2 =
14
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√ 
a
x̂ − 3ŷ ;
2

δ3 = ax̂

(1.25)
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(a)

(b)

Figure 1.3: (a) Honeycomb lattice structure of graphene. The vectors δ1 , δ2 and δ3
connect nn carbon atoms separated by a distance a = 1.42 Å. The vectors a1 and a2 are
the basis vectors. (b) First Brillouin zone (BZ) of the honeycomb lattice. Its primitive
lattice vectors are b1 and b2 . The Dirac points, K and K ′ are situated at the corners of
the BZ.

The positions of the two (non-equivalent) Dirac points K and K ′ , located at the
corners of the Brillouin zone (as shown in Fig.1.3(b)) are,
2π
K=
3a

1.4.2




1
x̂ + √ ŷ ;
3

2π
K =
3a
′



1
x̂ − √ ŷ
3



(1.26)

Tight-binding approximation

It was Wallace [85] who developed the tight-binding method for 2D graphite long back.
Because the spacing of the lattice planes of graphite is large (3.37Å), compared to
the hexagonal spacing of the layer (1.42Å), the interactions among the planes was
neglected and it was assumed that conduction takes place in the layers. This is
precisely the scenario with graphene.
For the electronic band structure of graphene, we consider a tight binding model
with nearest neighbour interaction only. The relevant atomic orbital is the single
(pσ) (or more precisely π) C orbital which is left unfilled by the bonding electrons,
and which is oriented normal to the plane of the lattice. This orbital can accommodate two electrons with spin projection ±1. If we denote the orbital on atom i with
spin σ by (i, σ), and the corresponding creation operator by a†iσ (b†iσ ) for an atom on
the A(B) sublattice, then the nearest neighbour tight binding Hamiltonian has the
15

TH-1716_126121007

Chapter 1. Introduction

form,
H = −t


X † †
aiσ bjσ + H.c.

(1.27)

hiji,σ

B
δ1
A
Ri

Figure 1.4: Convention for choosing the reference frame for A and B sublattice in
graphene. δ1 connects A to B.

It is convenient to write the tight binding eigenfunctions in the form of a spinor,
whose components correspond to the amplitudes on the A and B atoms respectively
within the unit cell labeled by a reference point R0i . It is a matter of convention how
we choose the pair A and B and the point R0i , but for definiteness, let us choose B
to be separated from A by δ1 and R0i at the position of A as shown in Fig.1.4. Then
the tight binding eigenfunctions have the form (apart from the spin index)
αk
βk

!

=

X

e

ik·R0i

i

a†i e−ik·δ1 /2
b†i eik·δ1 /2

!

(1.28)

where b†i creates an electron on the B atom in cell i. The factor e±ik·δ/2 are the
spinor components that are inserted in order to simplify subsequent expressions.
The Resulting Hamiltonian in the k-representation is purely off-diagonal and has
the form,
!
3
X
0 ∆k
;
∆k = −t
eik·δl
(1.29)
Hk =
∆∗k 0
l=1
From the explicit expressions for the nearest neighbour vectors δl as given in Eq.(1.25),
we obtain,
!
√
3kx a
3
∆k = −teikx a 1 + 2ei· 2 cos
ky a
(1.30)
2
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Finally the eigenvalues of H, ǫk are given by,
3kx a
cos
ǫk = ±∆k = ±t 1 + 4 cos
2

√

3ky a
+ 4 cos2
2

√

3ky a
2

! 12

(1.31)

There are certain values of k for which ∆k is zero. Any such value must satisfy the
condition,

or

√
3
1
3kx a
= 2nπ,
cos
ky a = −
(n integral)
2
2
2
√
3
3kx a
1
= (2n + 1)π,
cos
ky a = +
2
2
2

(1.32)

The first choice takes ky outside the first Brillouin zone. while the second (with
n = 0) is satisfied exactly at the corner points K and K′ . These points are called the
Dirac points. The characteristic shape of the resulting band structure is displayed
in Fig.1.5

Figure 1.5: Electronic band structure of graphene. Left: energy spectrum (in units of
t). Right: enlarged view of the energy bands close to one of the Dirac points. Courtesy of
Ref. [40].

1.5

Graphene Nanoribbon

Graphene nanoribbons are elongated strips of graphene which can be obtained by
cutting a graphene sheet along a certain direction. Depending on the edge termination type, there are two types of graphene, namely Armchair graphene nanoribbon
(AGNR) and Zigzag graphene nanoribbon (ZGNR) as shown in Fig.1.6. Along the
double arrow headed straight line, as shown in Fig.1.6, the GNR strips have periodic
17
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shapes. In the left figure, the GNR setup has an armchair shape, hence it denotes
by AGNR and the right one has a zigzag shape, thus it is called as ZGNR. It should
also be noted that the width of the AGNR has a zigzag shape and likewise, a ZGNR
has an armchair shape.

Figure 1.6: Left: Armchair graphene nanoribbon (AGNR). Right: Zigzag graphene
nanoribbon (ZGNR) along the directions indicated in the figure by the line with double
headed arrow.

The electronic properties of GNRs depend on the geometry of the edges and
lateral width of the nanoribbons. Wakabayashi et al. [49] examined analytically that
the ZGNRs are always metallic, but the conducting state of the direct energy gap
(∆a ) for AGNRs depend on their width and follow the relation,

∆a ∼









0
− π √3
W+ 2
π
W

N = 3M − 1
N = 3M

(1.33)

N = 3M + 1

where, W is the width of the AGNR and M is an integer. Hence according to
Eq.(1.33), AGNRs are always metallic when their width is N = 3M − 1, else they
are semiconducting in nature.
18
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A

B

A

νij = +1

B

νij = −1

Figure 1.7: The sign structure, νij of the next nearest neighbour (nnn) hopping term
for a honeycomb lattice in the Kane-Mele model. While connecting to the nnn site via
the nn site, a right turn denotes νij = +1 and a left one implies νij = −1.

1.6

Kane-Mele model

In quantum Hall effect the time reversal (τ ) symmetry is broken by a strong perpendicular magnetic field. C. L. Kane and E. J. Mele [51] have shown that the spin-orbit
interaction in a single plane of graphene leads to a τ -invariant quantum spin Hall
state which has a bulk energy gap, and a pair of gapless spin filtered edge states
at the boundary [50] . In their model, the perpendicular component of the spin, Sz is
conserved. As a result, this model reduces to two independent copies, one for each
spin of a model introduced by Haldane [86] , which exhibits an integer quantum Hall
effect even in the absence of a magnetic field.
They consider a tight-binding Hamiltonian of graphene, which generalizes the
Haldane’s model [86] and further includes spins with τ -invariant spin-orbit interactions. The Hamiltonian is written as [50,51] ,
H=t

X
hiji

c†i cj

+ λν

X
i

ξi c†i ci

+ iλSO

X

hhijii

νij c†i σz cj

+ iλR

X
hiji

c†i



s × d̂ij cj (1.34)
z

The first two terms are spin independent. The first term denotes the nearest neighbour hopping term on a honeycomb lattice which has a structure of a triangular
lattice with two (carbon) atoms per unit cell. This terms yields a Dirac semimetal
as is the case for graphene. The second term is a staggered sublattice potential
which violates the symmetry under twofold rotations in the plane. This term de19
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notes the asymmetry between A and B sublattices, with (ξi = ±1), each sign for A
and B sublattices. This term creates a gap in the spectrum and if the Fermi energy
lies in the gap, the system is a trivial band insulator. The third term is the mirror
symmetric spin-orbit interaction
 which involves spin dependent second neighbour
√ 
hopping. νij = 2/ 3 dˆ1 × dˆ2 = ±1, where dˆ1 and dˆ2 are the unit vectors along
z
the two bonds that the electron traverses while making a hop from a site i to next
neighbour site j (see Fig.1.7). σz is the Pauli matrix. This term is crucial to study
of a non-trivial topological state. The fourth term is the nearest neighbour Rashba
term, which violates the z → −z mirror symmetry and a familiar component for
our discussion.
Fig.1.8 shows the typical energy bands obtained by solving the lattice model for
finite-sized zigzag strip geometry for a few representative points in the k-space. The
trivial insulating and the non-trivial QSH phase are shown in the parameter space
defined by λR , λν and λSO . Both phases have a bulk energy gap and edge states,
but in case of QSH phase, the edge states traverse the energy gap in pairs [51] .

Figure 1.8: Energy bands for a one-dimensional zigzag strip in the (a) QSH phase
λν = 0.1t and (b) the insulating phase λν = 0.4t. In both cases λSO = 0.06t and λR = 0.05t
The edge states on a given edge cross at ka = π. The inset shows the phase diagram as a
function of λν and λR for 0 < λSO ≪ t. Courtesy of Ref. [51].

1.7

Quantum spin Hall effect

The spin Hall (SH) effect can be thought of as the spin counterpart to the classical
‘charge’ Hall effect. In the SH effect, a transverse spin current flows, say, in the
y-direction, due to an applied electric field in the x-direction. In contrast to the
Hall effect, which breaks time reversal symmetry due to an applied magnetic field,
the SH effect does not break time reversal symmetry. The charge Hall effect at
20
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low temperature and large magnetic field leads to its quantum analogue, called the
quantum Hall (QH) effect, likewise the intrinsic SH effect of metals and insulators
similarly have a quantum version, the quantum spin Hall (QSH) effect. The QSH
state can be viewed as two copies of the QH state, one for each spin with opposite
Hall conductances.

Figure 1.9: Schematic representation of the traffic rule. (left) A spinless 1D system has
both a forward and a backward mover. Those two basic degrees of freedom are spatially
separated in a QH state, as illustrated by the symbolic equation ‘2 = 1 + 1’. The upper
edge contains only a forward mover and the lower one has an only backward mover. (right)
A spinful 1D system has four basic channels, which are spatially separated in a QSH state.
The upper edge contains a forward mover with up spin along with a backward mover with
down spin at the lower edge. The spatial separation is illustrated by the symbolic equation
‘4 = 2 + 2’. Courtesy of Ref. [87].

What is quantized in the QSH effect, and in what sense is the QSH state a
topological state of matter? These questions can be addressed by looking at whether
this state supports stable gapless boundary modes or this state is robust to disorder.
In case of QH state, electrons travel only along the edge of the sample (the socalled ‘skipping orbits’), and the flow of electrons in mutually opposite directions
are spatially separated where they propagated along the top and bottom edges of
the sample. Compared with a 1D system (referred to as spinless 1D chain in Fig.1.9)
with electrons propagating in both directions, the top edge of the QH bar contains
only half the degrees of freedom. This unique spatial separation is shown in Fig.1.9
(left figure) and can be illustrated by the symbolic equation ‘2 = 1 [forward mover]
+ 1 [backward mover]’ [87] . When an edge-state electron encounters an impurity, it
simply takes a detour and still keeps going on in the same direction. That is why
the QH effect is topologically robust.
21
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By contrast, the QSH state can be qualitatively understood as two copies of the
QH state, with one copy for each spin. Compared with a spinful 1D system, the top
edge of a QSH system contains only half the degrees of freedom. This new pattern of
spatial separation can be illustrated by the symbolic equation ‘4 = 2 + 2’ as shown
in Fig.1.9 (right figure), where each 2 corresponds to the spin degrees of freedom.
These edge states for different spin species are robust to non-magnetic disorder.
The spatial separation is achieved in case of the QSH effect via the TR invariant
spin-orbit coupling. Since the QSH state is characterized by a bulk insulating gap
and pair of gapless boundary states robust to disorder (with no available states to
scatter to), the QSH state is indeed a new topological state of matter.
A topological state of matter is insulating in the bulk but supports gapless boundary states that are robust to disorder. Instead of being characterized by a local order
parameter, the bulk is characterized by a topological invariant that, is obtained from
integral of a geometric quantity. For example, in the case of the integer QH state,
these topological invariants are the TKNN number [88] or the Chern number [89] which
is obtained from the integral of the Berry curvature over the first Brillouin Zone.
The bulk topological invariant is in turn related to the number of stable gapless
boundary states and this emphasizes the bulk-edge correspondence for these classes
of materials [90] .
In the integer QH state, these invariants denote the number of stable gapless
edge states (and hence conducting) and are also the value of the quantized Hall
conductance in units of e2 /h. The topological order of the quantum spin Hall phase
is characterized by a topological order parameter, known as the Z2 topological index [51] . The Z2 group contains only two elements, namely 0 and 1, with 1 corresponding to the topologically non-trivial QSH insulator and 0 corresponding to a
topologically trivial insulator with no robust gapless edge states.
In our thesis, we have computed the conductance properties of graphene and its
adatom decorated variants using recursive Green’s function technique. The method,
being completely a real space approach and the fact that we were interested in
spintronic applications, computing these invariants are thought to be outside the
purview of the methodology employed here. Instead, a 2e2 /h plateau in the longitudinal conductance of a two terminal graphene-based device, which is thought to
be a signature for a non-trivial topological phase, is computed by us. Even that is
shown ‘not’ to be a smoking gun for the QSH state in chapter 5.
Kane and Mele [50] and Bernevig and Zhang [52] independently proposed two systems to realize the QSH effect. The proposal by Kane and Mele is based on the spin22
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orbit interaction of graphene and is mathematically motivated by the earlier work
of Haldane on the so-called quantum anomalous Hall effect (QAH effect) [86] . The
proposal by Bernevig and Zhang is based on the spin-orbit interaction induced by
strain in semiconductors. The second proposal has been verified experimentally [91] .
However, both the ideas provide the important conceptual framework within which
the stability of the QSH state can be investigated.
Let us try to understand the nature of a system consisting of the edge modes and
the insulating bulk states. Seshadri et al. [92] in their paper have shown the emergence
of these conducting edge states in presence of the intrinsic spin-orbit coupling (λSO
term in Eq.(1.34)). However, it is enough for our purpose to demonstrate a few
conditions that imply how these states arise which are propagating only at the
edges and non-conducting at the bulk [48] .
Nakada et al. [48] gave a derivation of the analytic expressions for the electronic
wave functions corresponding to the edge states for a semi-infinite graphene sheet
with a zigzag edge, that is ZGNR. The analytic form of the wave function is depicted
in Fig.1.10. Considering the translational symmetry, one can construct the analytic

Figure 1.10: Analytic form of the edge states for a semi-infinite graphene sheet with a
zigzag edge. The edges are shown by the bold lines. Each site is denoted by a location
index, n on the zigzag chain and by a chain order index, m from the edge. Courtesy of
Ref. [48].

solutions for the edge states by assuming the Bloch components of the linear combination of atomic orbitals (LCAO) wave function be ..., eik(n−1) , eikn , eik(n+1) , ... on
the consecutive edge sites, where n denotes a site at the edge. The condition for
the wave functions to be exact at E = 0 is that the total sum of the components
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of the complex wave function over the nearest neighbour sites should vanish. By
applying this conditions, the wave functions at x, y and z (shown in Fig.1.10) are
found to be [−2 cos (k/2)]eik(n+1/2) , [−2 cos (k/2)]eik(n−1/2) and [−2 cos (k/2)]eikn respectively. Thus the charge density is proportional to [−2 cos (k/2)]2m at each of
the non-nodal site of the m-th zigzag chain with m increasing from the edge to
the bulk. The wave functions would converge in a semi-infinite graphene sheet for
| − 2 cos (k/2)| ≤ 1. Now one can see that the resultant nonbonding orbital is a
wave function, that penetrates inwards from the edges with a decaying amplitude
having a damping factor of −2 cos (k/2) per zigzag chain. In Fig.1.10 the radius of
each circle is proportional to the charge density. This comprehensively shows that
even for a pristine graphene (without any intrinsic or Rahba spin-orbit coupling or
a staggered sublattice potential), the edge states exist. This is verified by a 2e2 /h
plateau in the longitudinal conductance of a two terminal graphene junction.

Outline of the thesis
In the following, we present a more elaborate plan of the thesis by including a
description of the various problems that have been tackled in the form of different
chapters of the thesis. There are a total of seven chapters. We proceed with a brief
description in the context of each one by one. Chapter 1 contains an overview of
the quantum transport in generic junction devices and graphene.
Chapter 2 deals with Multi-terminal Landauer-Büttiker formula and Green’s
function formalism. This chapter is reserved for the mathematical details used in
this thesis. The theoretical framework commonly used to describe transport through
these so-called mesoscopic devices is the Landauer-Büttiker approach [1] . In this
chapter, we shall give a review of this method that computes the current in terms
of transmission probabilities. The transmission coefficients can be calculated via
computing the Green’s functions [2] . In this chapter, we describe a convenient way
to calculate Green’s function numerically, which is obtained by using the recursive
Green’s function technique. For most of our numerical calculations of quantum
transport in a variety of junction devices, we have used KWANT package [93] . A
brief discussion of the essential features of the package is included. The results for
the transport of a two-terminal junction device obtained via the numerical code
written by us as a part of a pilot study have been checked with those obtained
using KWANT. However, for more complicated geometries, such as GNR, KWANT
is easier and efficient to implement.
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Chapter 3 includes effects of disorder on the conductance properties of a four
terminal junction device. We report a thorough theoretical investigation on the
quantum transport of a disordered four terminal device in the presence of Rashba
spin-orbit coupling (RSOC) in two dimensions. Specifically, we have computed the
behaviour of the longitudinal (charge) conductance, spin Hall conductance (SHC)
and spin Hall conductance fluctuations as a function of the strength of disorder
and Rashba spin-orbit interaction. Both RSOC and disorder are found to have
similar effects on the conductance properties, where both cause the longitudinal
conductance and SHC diminish, with the SHC, out of the two, being more strongly
affected by disorder. Further, we have extended the one parameter scaling theory [94]
in presence of RSOC to assess the existence of a phase transition scenario therein.
Chapter 4 investigates the transport of a three terminal, for example, a Yshaped junction device. We have studied spin Hall effect in a three terminal Yshaped device in presence of tunable spin-orbit (SO) interactions. We have shown
possible fabrication techniques for creating different angular separation between the
two arms of the Y-shaped device, so as to investigate the effect of angular width
on the longitudinal and the (SHC). A smaller angular separation is seen to yield a
larger conductance. Also, arbitrary orientations of the spin quantization axes yield
interesting three dimensional contour maps for the SHC corresponding to different
angular separations of the Y-shaped device. In addition to the SHC demonstrating
bounded behaviour for different angular separations, there are distinct symmetry
axes about which SHC demonstrates reflection symmetry. The results explicitly
show breaking of the spin rotational symmetry. Further, we have carried out a
systematic study to compare and contrast between the possible SO terms, such as
Rashba and Dresselhaus SO interactions and the interplay of the angular separation
of the Y-shaped device therein. Interesting symmetry axes and periodic behaviour
of the SHC are noted in this context. Also, the results reveal that the rotational
symmetry in spin space is lost owing to the SO couplings present therein.
Chapter 5 deals with quantum transport in graphene and nonmagnetic adatoms
in graphene nanoribbons. In this chapter, we study the charge and spin transport in
two terminal (2T) and four terminal (4T) graphene nanoribbons (GNR) decorated
with random Gold (Au) adatoms using a Kane-Mele model. The presence of the
(QSH) phase is found to crucially depend on the strength of the intrinsic spin-orbit
term, while the plateau in the longitudinal conductance at a 2e2 /h value is shown
not to be the smoking gun for the QSH phase. Thus the Au adatoms which manage
to induce only a small intrinsic spin-orbit coupling cannot guarantee a QSH phase,
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albeit yielding a 2e2 /h plateau in the longitudinal conductance around the zero of the
Fermi energy. If other adatoms are capable of inducing larger spin-orbit strengths
(we called them hypothetical adatoms), they would ensure both the plateau and the
QSH phase as is evident from the presence of the conducting edge states. Motivated
by these results, the spintronic applications are explored via computing the spin
polarized conductance for both Au and hypothetical adatoms. One of the components of the spin polarized conductance renders dominant contribution owing to a
finite width of the GNR in that direction and is shown to possess strikingly similar
features with that of the longitudinal conductance. The other two components are
finite and hence underscores the relevance of the RSOC in spintronic applications.
Moreover, the fluctuations of the spin polarized conductance are shown to be useful quantities as they show specific trends, that is, they enhance with increasing
adatom densities. The intrinsic SO coupling is shown to stabilize the QSH phase.
Also, we have studied the behaviour of the charge and spin polarized conductances
in 2T ZGNR and AGNR with Au adsorbates. Further to compute the spin Hall
conductance, we have considered a four terminal GNR decorated with Au and Tl
adsorbates. The longitudinal and the spin polarized conductances are compared and
contrasted with those obtained for the 2T device.
Chapter 6 describes the conductance of GNRs in presence of magnetic adatoms.
In this work, we study the charge and spin transport in two and four terminal
graphene nanoribbons (GNR) decorated with a random distribution of magnetic
adatoms to investigate the transport properties when TRS is explicitly violated.
The inclusion of the magnetic adatoms may be included by an external exchange
bias in the Kane-Mele Hamiltonian (with the intrinsic SOC being absent for magnetic adatoms). The magnetic adatoms generate only the z-component of the spin
polarized conductance via the exchange bias term, while additionally RSOC as in
the case of Fe, one is able to create all the three (x, y and z) components. This
has important consequences for possible spintronic applications. The charge conductance shows interesting behaviour near the zero of the Fermi energy, where the
familiar plateau at 2e2 /h vanishes, thereby transforming a quantum spin Hall insulating phase to an ordinary insulator. The local charge current and the local spin
current provide an intuitive idea on the conductance features of the system. We
have shown that profile of the local charge current flowing in the sample is independent of RSOC, while the three components of the local spin currents are sensitive
to the RSOC. A 2T GNR device seems to be better suited for possible spintronic
applications. We also study the behaviour of density of states (DOS) to understand
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the violation of TRS which is found to be fairly similar for 2T and 4T devices.
Since our focus has been studying transport properties of SOC throughout the
thesis, we have not included explicitly an external magnetic field, which otherwise
is central to the study of quantum Hall effect. Thus for the sake of completeness,
we have included an external magnetic field in a six terminal GNR and revisited the
familiar Hall effect in Chapter 7. The RSOC is found to have a detrimental effect
on the width of the Hall plateaus. On a parallel ground, the magnetic field disrupts
the familiar antisymmetric feature of the SHC.
Chapter 8 provides the conclusions of the thesis. In this chapter, we conclude
with a highlight of the results obtained in the thesis.
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Chapter 2

Analytic and computational methods
This chapter presents the theoretical formalism for determining the charge and spinrelated transport properties of mesoscopic systems. Transport properties of mesoscopic systems have become more important and attractive in the past decades, and
several successful theoretical formalisms have been devoted to studying the transport
properties, such as, scattering matrix theory (SMT) [95] , Green’s function formalism [2,96,97] , Kubo formula [98] , transfer matrix method [99] etc. In the SMT, the transmission function and other transport properties are calculated from the Schrödinger
equation in the coherent transport regime. From Fisher-Lee relation [100] , the elements of the scattering matrix S can be obtained from the Green’s function.

2.1

Landauer-Büttiker formula

It is well-known that the conductance (G) of a rectangular two-dimensional conductor is directly proportional to its width (W ) and inversely proportional to its length
(L). Then the conductance, G can be written as,
G = σW/L

(2.1)

where σ is the proportionality constant, called the conductivity, which is a material
property of the sample and independent of its dimensions. If this ohmic scaling relation were to hold as the length (L) is reduced, then one would expect the conductance
to grow indefinitely. However, experimentally it is found that the measured conductance approaches a limiting value Gc , when the length of the conductor becomes
much smaller than the mean free path (L << Lm ), in other words, the conductor is
a ballistic conductor. It is expected that the ballistic conductor must have zero re29
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sistance. There are corrections to this law arising from, (i) contact resistance: arises
from the interface between the conductor and the contacts [101] ; (ii) the conductance
does not decrease linearly with width W , it depends on the number of transverse
modes in the conductor and goes down in discrete steps as W is increased. The
Landauer formula incorporates both of these features, and G is written as,
2e2
MT
G=
h

(2.2)

where T is the average probability of an electron injected from one end of the conductor and will transit to other lead and with M being the number of the transverse
modes (assuming the leads are ballistic conductors as well). Following Landauer’s
work, Büttiker proposed a simple and elegant solution to improve the formula. At
zero temperature, the current flow takes place entirely due to difference in the electrochemical potential between the leads, namely µ1 and µ2 , for which the two terminal linear response formula is given by,
I=

2e
T [µ1 − µ2 ]
h

(2.3)

where T denotes the product of the number of modes M and the transmission
probability per mode T at the Fermi energy. By treating all the probes on the equal
footing, Eq.(2.3) can be extended by summing over all the terminals as,
Ip =

X
q

T q←p µp − T p←q µq



(2.4)

Let Vi = µi /e, Eq.(2.4) can be written in the following form,
Ip =

X
p

[Gqp Vp − Gpq Vq ]

(2.5)

where,

2e2
T q←p
(2.6)
h
The arrows in the subscripts have been inserted just as a reminder that the electron
transfer is backwards from the second subscript to the first one. We shall generally
write the subscripts without the arrows.
Gpq =

Gpq in Eq.(2.5) and Eq.(2.6) must satisfy the following ‘sum rule’ regardless of the
detailed physics, in order to ensure that the current is zero when all the potentials
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are equal,
X

Gqp =

q

X

Gpq

(2.7)

p

Due to the sum rule, Eq.(2.5) can be written as
Ip =

X
p

Gpq [Vp − Vq ]

(2.8)

Landauer-Büttiker formalism provides a rigorous framework for the description
of the conductance characteristics of the mesoscopic systems as long as the transport
is coherent.

2.2

Transmission function and Scattering matrix

In this section, we shall discuss the relationship between the transmission function
and the scattering matrix (or in short, the S-matrix) for coherent conductors.

a1
b1
a2
b2

Coherent
Conductor

b3
a3

contact

contact
Lead with one
propagating mode

Lead with two
propagating modes

Figure 2.1: A coherent device can be characterized by a scattering matrix at each value of
the propagating energy mode. The scattering matrix relates the outgoing mode amplitudes
b to the incoming mode amplitudes a.

A coherent conductor can be characterized at each energy by an S-matrix that
relates the outgoing wave amplitudes to the incoming wave amplitudes at the different leads. If there is a total of three modes in the leads as shown in Fig.2.1, we
can write
 
  
a1
s11 s12 s13
b1
 
  
b2  = s21 s22 s23  a2 
a3
s31 s32 s33
b3
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The above equation can be written in matrix notation as
{b} = [S]{a}

(2.10)

In order to ensure current conservation, the S-matrix must be unitary and hence
it must satisfy the condition,
[S]† [S] = I = [S][S]†

(2.11)

In principle, one can calculate the S-matrix from the one electron Schrödinger equation if the vector potential A and the potential energy U (x, y) inside the conductor
are known. The main point is that for a coherent conductor, one can define and (if
necessary) compute an S-matrix.
The transmission probability Tnm is obtained by taking the squared magnitude
of the corresponding element of the S-matrix,
Tm←n = |sm←n |2

(2.12)

Finally the transmission function T pq (E) can be obtained by summing the transmission probability Tnm over all modes m in lead q and all modes n in lead p from
the following relation,
T p←q =

XX

Tn←m =

m∈q n∈p

XX
m∈q n∈p

|sn←m |2

(2.13)

From now on, we shall simply denote the transmission function or the transmission
coefficients by Tpq .

2.3

Transmission coefficients and the Green’s Function

In the Landauer-Büttiker formalism, a central conducting device is connected to
perfect leads and its current-voltage characteristics can be expressed in therm of
transmission coefficients between those leads. These transmission coefficients are
related to the Green’s function of the central device. The transmission coefficient
between the leads p and q is given by [100] ,
Tpq = Tr [Γp Gr Γq Ga ]
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Γp are the coupling matrices representing the coupling between the central region
and the leads and they are defined by the relation [2] ,
i
h
Γp = i Σp − (Σp )†

(2.15)

Here Σp is the retarded self-energy associated with the lead p. The self-energy contribution is computed by modeling each terminal as a semi-infinite perfect wire [102] .
The retarded Green’s function, Gr is defined as,
Gr =

E−H −

X

Σp

p

!−1

(2.16)

where E is the electron Fermi energy and H is the model Hamiltonian for the central
conducting region. The advanced Green’s function is defined in terms of the retarded
one by, Ga = (Gr )† .

2.4

Green’s Function formalism

For many years the transport calculations in two terminal ballistic systems have
been done via the recursive Green’s function method [103,104] , and are also applicable
for multi-terminal systems; but at a heavy price to be paid in terms of the efficiency
of the algorithm, its stability etc. Several methods have been developed to make the
recursive Green’s function method more suitable for multi-terminal systems, such
as optimal block-tridiagonalization scheme [105,106] , decimation method [107] , circular
slicing scheme for a simple four-terminal cross [108] , knitting algorithm [109] etc. Here
we shall briefly describe the original two-terminal recursive Green’s function method.
The recursive Green’s function involves a partial inversion of the system Hamiltonian which is actually a block tridiagonal matrix. Here we consider for example a
two terminal set up as shown in Fig.2.2.
The matrix representing the retarded Green’s function Gr is just the inverse of
A = EI − H

(2.17)

where I is an identity matrix, which has the same dimension as that of the system
Hamiltonian matrix H.
Since the leads are semi-infinite, A is an infinite dimensional matrix that describes the whole system (leads and the scattering region). We are interested in
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AL

a

AS

− ΣL

AR

− ΣR

A 1,1

A 2,2

A Nx,Nx

Figure 2.2: Schematic diagram for a two-terminal system discretized on a grid with mesh
size a. The system is divided into three areas: a scattering region denoted by the matrix,
AS and two semi-infinite leads, AL and AR . By grouping the discretized points into
vertical slices, AS takes the form of a block tridiagonal matrix. Slice i is then represented
by the block Ai,i . The effects of the semi-infinite leads are added as self-energies ΣL and
ΣR , to the points at the left and right boundaries of the scattering region.

knowing what happens in the central scattering region. In order to do so, we divide
the Hamiltonian for the whole system into three parts: the left and right leads,
represented by the infinite dimensional matrices AL and AR respectively, and the
scattering region, denoted by AS which is a finite sized (Nx × Ny ) matrix, where
Nx and Ny are the number of discretized spatial points in the x and y directions of
the scattering region (see Fig.2.2). Then we can write the following equation for the
whole system as,


 
GrL GrLS GrLR
AL ALS
0
IL 0 0



 
 ASL AS ASR   GrSL GrS GrSR  =  0 IS 0 
0
ARS AR
0 0 IR
GrRL GrRS GrR


(2.18)

Matrices labeled Aj where j = L, S, R have dimensions Nj ×Nj where NS = Nx ×Ny .
The matrices labeled AjS where j = L, R have dimensions Nj × NS . At the end of
the calculations we shall let NL → ∞ and NR → ∞ to obtain a continuous spectrum
of the eigenvalues for AL and AR [2] .
The matrices ASj are written as,
ASj = A†jS = −HSj = tI
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They result from the discretization and couple the scattering region to the left lead
(j = L) and right lead (j = R). Since there is no direct coupling between the left
and right leads, ALR = ARL = 0; Eq.(2.18) gives nine matrix equations from which
we can isolate a finite matrix equation for GrS ,
AS −

X

Σj

j

!

Grs = I

(2.20)

whose dimension is the number of the spatial points in the scattering region. Here
Σj = ASj A−1
j AjS

(2.21)

is the self-energy contribution from the lead j. The same procedure stated above
can be applied for any lead connecting to the system. Therefore Eq.(2.20) holds for
multi-terminal systems where j will run over all leads.
The leads are assumed to be translationally invariant. Hence the self-energy
matrix Σj can in most cases be worked out analytically [2] . In the next section, we
have shown an example of the calculation of the self-energy of a lead. To simplify
the notations we will from now on refer to AS and GrS as simply A and Gr . For
a two terminal system, we order the matrix elements of A in such a way that each
diagonal block Ai,i represents a vertical slice at i in the scattering region (Fig.2.2).
With this ordering the self-energies from the left and right leads add only to the first
and last diagonal blocks respectively, that is, A1,1 and ANx ,Nx . This is important
because the block tridiagonal form is then preserved, enabling us to use the recursive
algorithm.

2.5

Evaluation of the self-energy

For the semi-infinite leads as shown in Fig.2.2, the translational invariance is preserved in the x-direction. The wave function amplitude at any arbitrary site, m of
the leads can be written as,
φm ∝ eikx mx a sin (ky my a)

(2.22)

Where a denotes the lattice constant and (mx , my ) are the position coordinates of
the mth site in two dimensions. The tight binding energy in a square lattice is of
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the form,
E = 2tL [cos (kx a) + cos (ky a)]

(2.23)

tL denotes the hopping energy of the electrons in the leads. In Eq.(2.23), kx is
continuous, while ky has discrete values given by,
ky (i) =

iπ
(M + 1)a

(2.24)

Here i = 1, 2, 3, ..., M. M is the total number of transverse channels in the leads,
and in our case M = Ny . The self-energy matrices are constructed in the reduced
Hilbert space of the conductor itself. These matrices have non-zero elements only
for the sites on the edge layer of the sample that couple to the leads and are given
by [2] ,
ΣL(R) (m, n) =

2 X
sin (ky my a)Σ (ky ) sin (ky ny a),
M +1 k

(2.25)

y

Σ (ky ) is the self-energy of each transverse channel and for any value of ky it becomes,


q
t2C
2
2
Σ (ky ) = 2 E − ǫ (ky ) − i 4tL − (E − ǫ (ky ))
tL

(2.26)

with ǫ (ky ) = 2tL cos (ky ), when the energy lies within the band, that is, |E−ǫ (ky ) | <
2tL , and


q
t2C
2
2
Σ (ky ) = 2 E − ǫ (ky ) ∓ (E − ǫ (ky )) − 4tL
tL

(2.27)

when the energy lies outside the band. Here the negative sign appears for E >
ǫ(ky ) + 2|tL | and positive holds for E > ǫ(ky ) − 2|tL |. This self energy can be used
in Eq.(2.16) in order to calculate the conductance.

2.6

The recursive Green’s Function algorithm for twoterminal systems

The recursive Green’s function algorithm focuses on finding either the diagonal
blocks or selected block columns of an inverted block tridiagonal matrix. This
method is sometimes called partial inversion since only part of the Green’s function
is calculated. For example, in order to calculate the charge density, one needs the
36

TH-1716_126121007

2.6 The recursive Green’s Function algorithm for two-terminal systems

first and last columns of the full Green’s function.
The algorithm is divided into three parts. In Fig.2.3, we show schematically the
working algorithm for a simple 3 × 3 example system.

Figure 2.3: Schematic diagram showing the recursive Green’s function method applied
to a 3 × 3 two dimensional example system. (a) Forward algorithm using Eqs.(2.28),
(2.29), (2.30). (b) The backward algorithm, using Eq.(2.31). (c) The first column of the
full Green’s function is calculated using Eq.(2.33). Courtesy of Ref. [110].

(i) The first part is the so called forward algorithm and is demonstrated in
Fig.2.3. This part uses the same method outlined above where the effects of the
semi-infinite leads are incorporated through the self-energy term into the scattering
region. We begin by dividing the system into vertical slices. The first slice, already
containing the self-energy of the left lead, is inverted and added to the next slice to
the right. This procedure is continued until we reach the last slice. The procedure
can be summarized as,
−1
First slice: Gr;L
(2.28)
1,1 = (A1,1 − ΣL )

−1
i-th slice: Gr;L
= Ai,i − Ai,i−1 Gr;L
(i = 2, ..., Nx − 1)(2.29)
i,i
i−1,i Ai−1,i

−1
r;L
=
A
last slice: Gr;L
A
−
A
G
−
Σ
(2.30)
N
,N
N
−1,N
N
,N
−1
R
x
x
x
x
x
x
Nx ,Nx
Nx −1,Nx

Since the last slice contains the self-energy of the right lead, the Green’s function of
the last slice is exact, that is, GrNx ,Nx = Gr;L
Nx ,Nx . Above we applied the algorithm
from the left to right and we used the notation L to mark that the above Green’s
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function to be a left-connected Green’s functions. The algorithm can also be applied
from the right to left, which would produce right-connected Green’s function marked
with R. These right connected Green’s function will play a role in the last part of
the algorithm.
(ii) The second part is called the backward algorithm and computes the diagonal
blocks of the full Green’s function. From the forward algorithm we obtained the last
block on the diagonal of the full Green’s function. Using a discrete version of the
Dyson equation we can couple it to the left connected Green’s function Gr;L
Nx −1,Nx −1
of the adjacent slice on the left. This produces diagonal block number Nx − 1 of the
full Green’s function. We then continue this procedure until we have calculated all
the diagonal blocks:
r;L
r;L
r
Gri,i = Gr,L
i,i + Gi,i Ai,i+1 Gi+1,i+1 Ai+1,i Gi,i ,

i = Nx − 1, ..., 1

(2.31)

In Fig.2.3(b) we use the backward algorithm on our example system.
(iii) Finally, the third part calculates the off-diagonal blocks. It uses the Dyson
equation to couple together the exact diagonal blocks with left or right connected
Green’s functions to produce the off-diagonal blocks or above the diagonal line.
r
Gri−1,j = −Gr;L
i−1,i−1 Ai−1,i Gi,j ,

r
Gri+1,j = −Gr;R
i+1,i+1 Ai+1,i Gi,j ,

1 < i ≤ j ≤ Nx

(2.32)

Nx − 1 ≥ i ≥ j ≥ 1

(2.33)

In Fig.2.3(c) we apply Eq.(2.33) to calculate the first column of the Green’s function
of our example system.
Using the above technique we calculate the two-terminal conductance for a scattering region having the dimension of a 16 × 16 square lattice (with two semi-infinite
leads) in presence of an onsite (potential) disorder as shown in Fig.2.4 for example.
The disorder is assumed from a random rectangular distribution centered at the
zero energy. In the absence of disorder, the conductance increases in discrete steps
as we increase the Fermi energy for E < 0, and for E > 0, it decreases again in
discrete steps showing the quantum nature of the system. That is conductance is
only possible when the system offers an energy mode to conduct. As the disorder
is introduced, the step-like feature is lost and also the overall magnitude of the
conductance decreases with increasing strength of disorder owing to the scattering
effects. The behaviour of the normalized conductance is symmetric as a function
of the Fermi energy irrespective of the disorder strength. This is shown in Fig.2.4.
Further, the discrete steps in the conductance properties get washed out owing to
38

TH-1716_126121007

2.7 Kwant: a package for computing quantum transport

the availability of additional (localized) modes contributed by the random disorder,

σ = 0.0
σ = 0.1
σ = 0.5
σ = 1.0

0.8
g

0.6
0.4
0.2
0
-4

-2

0

2

4

E
Figure 2.4: The normalized two-terminal conductance, g is plotted as a function of
the Fermi energy, E for different strengths of disorder, σ. With increasing the disorder
strength, the conductance decreases.

2.7

Kwant: a package for computing quantum transport

To calculate the transmission probability for complex geometries, and to facilitate
efficient calculations, the Kwant package [93] is used. Kwant is a free (open source)
Python package for numerical calculations on tight binding models with a strong
focus on quantum transport. It is designed to have flexible and easy to use features. Though Kwant can calculate the transmission coefficients through the RGF
technique (described earlier), but it also uses highly efficient and robust algorithms
that allow one to significantly outperform the most commonly used recursive Greens
function methods. Apart from the transmission coefficients, Kwant can calculate a
variety of quantities, for example, band structure of leads, local density of states,
local currents and much more.
In our earlier works, we have used the recursive Green’s function algorithm as
discussed above. However, since the package, Kwant is easy to implement and
computationally highly efficient, for most of our thesis work Kwant package is used.
In the following, we have shown the behaviour of normalized conductance as a
function of the Fermi energy for a 16 × 16 square shaped two terminal scattering
device. The result obtained via the numerical code build by us and that from Kwant
code are plotted as shown in Fig.2.5.
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Figure 2.5: The normalized conductance g is plotted as a function of the Fermi energy
E. (a) Generated via our code. (b) Generated from Kwant package. Both the plots are
quiet in good agreement.

2.8

Non-equilibrium Green’s function

Up to now what we have discussed was based on equilibrium Green’s function formalism. On the other hand, the non-equilibrium Green’s function (NEGF) formalism
provides a microscopic theory for quantum transport including interactions. In the
absence of external fields, the NEGF method reduces to the equilibrium Green’s
function method. NEGF can be applied to both extended and finite systems and
it can handle strong external fields nonperturbatively. The electron-electron interactions are taken by infinite summations. The NEGF theory was developed
by Keldysh [111] and, in a slightly different form, independently by Kadanoff and
Baym [112] . In the last decade, the NEGF method has been developed to investigate and predict transport properties of nanoscale materials as well as the operation
and the performance of nanoscale devices. The NEGF method has been implemented via many computer packages with different sophisticated levels, such as,
combined with density-functional calculations [113] , or based on effective physical
models [114–116] . However, many technical and physical issues still need to be solved
to improve the effectiveness and the performance of such computational tools in
various applications.
Since we did not consider any kind of external interactions such as electronelectron interactions etc., the implementation of NEGF is beyond the scope of this
thesis.
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Disorder effect in a four terminal
Rashba coupled junction device
As we have discussed earlier, spintronics or spin-based electronics focuses on transportation of electron spins in a variety of semiconducting materials [25,37,117] . The
prospects of obtaining a dissipationless spin current along with a large number of
possible applications have generated intense activities from both the theoreticians
and the experimentalists.
While there were early attempts of injecting spin-polarized charge carries (from
ferromagnetic metals) in non-magnetic semiconductors (thereby converting them to
dilute magnetic semiconductors), they have yielded very limited success. However
the recent discovery of intrinsic spin Hall effect (SHE) in p-type semiconductors,
that originate from an effective magnetic field that causes the up and down spin
electrons to drift in opposite directions has contributed immensely to the ongoing
experimental work on spin manipulation phenomena in real materials [37] . In twodimensional electron gases (2DEG), one can hope to realize some of the interesting
physics in this regard in presence of Rashba spin-orbit coupling (RSOC) [38] .
In this chapter, we shall concentrate on the Hall effect (for both charge and spin)
induced by RSOC in a four terminal junction device. As these devices are intrinsically disordered, we incorporate random potential disorder and investigate how
the conductance properties of the disordered system are renormalized in presence
of RSOC. The existing work on the subject of the interplay of disorder and RSOC
on the conductance properties of such junction devices is limited and not beyond
controversy [118–120] .
In a simple language, the existence of RSOC distinguishes the up and down spin
electrons and hence a potential gradient is generated, which causes the opposite
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spins to drift towards the mutually opposite transverse direction. Thus an accumulation of spins can be observed along the edges of the sample, which yields SHE.
In experiments, such accumulation of spins could be optically detected by using the
Kerr rotation spectroscopy [121,122] .
The spin polarization in a two-dimensional electron gas (2DEG) is spatially resolved using the low-temperature scanning Kerr rotation microscopy [123] . A linearly
polarized beam is directed at the sample through an objective lens. The rotation
of the polarization axis of the reflected beam provides a measure of the electron
spin polarization. Fig.3.1 shows that the electron polarization is localized at the
two opposite edges of the sample as seen from (A) spin density and (B) reflectivity.
Plots obtained by the Kerr rotation measurement.

Figure 3.1: (A and B) Two-dimensional images of the spin density ns and the reflectivity
R, respectively, for the unstrained GaAs sample measured at T = 3 K and E = 10
mVµm−1 . Opposite spins are seen to accumulate at the two edges. Courtesy of Ref. [121].

Now, as disorder is mostly an inextricable component in real systems, we seek
to study the effect of disorder on the spin Hall conductance properties of disordered
samples. The issue is particularly relevant because of a number of reasons. On one
hand, there are studies that claim that SHE can be strongly suppressed by disorder
effects [124] signaling the onset of spin relaxation and diffusion [125] , while the other
school of thought says that since the spins are tightly locked with their momenta
(in presence of RSOC), SHE should be resilient to a disorder potential [126] . Also,
there are suggestions of the emergence of a metallic behaviour at a certain critical
disorder strength in the presence of RSOC, which however vanishes (as it should
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be) with the vanishing of the Rashba coupling [118] . Therefore the scenario warrants
a more complete study to settle some of the crucial issues in these regards.
Also the universal charge conductance fluctuation [127] is one of the most striking
quantum transport features in mesoscopic physics, which arises as a consequence of
quantum interference when the inelastic diffusion length exceeds sample dimensions.
It is well known that the conductance fluctuations are of the order of e2 /h and are
universal features of quantum transport in the low-temperature limit. In particular,
they are independent of both the degree of disorder and the sample size at zero
temperature.
Analogously one can study the fluctuations in spin Hall conductance and it is
found that there exist a universal spin Hall conductance fluctuations, which has
a finite value, independent of other system details. However, this fluctuation is a
function of the spin-orbit interaction strength [128–130] . In this chapter, we study the
variation of spin Hall conductance fluctuation as a function of the disorder strength
and the strength of RSOC in order to observe the universality and independent
nature of spin Hall conductance fluctuations.
Motivated by the preceding discussion, we aim to investigate in a four terminal
junction device the spin Hall conductance, the usual charge conductance (referred
to as the longitudinal conductance), the universal spin Hall conductance fluctua
e
tion (the corresponding root mean square value of which being 0.36 8π
), which
is independent of other parameters of the Hamiltonian and is thus attributed as
‘universal’ [128] .
Further, we have critically examined the suggestion of the onset of a metallic
regime at a certain critical disorder strength for a given value of the spin orbit
coupling parameter via investigating the behaviour of the longitudinal conductance
as pointed out by Sheng et. al [118] . Their claim is that there is possibility of a metal
to an insulator transition in 2D, as the spin-orbit coupling vanishes, the critical
disorder strength vanishes too, thereby yielding an absence of a metal insulator
transition in two dimensions in the absence of RSOC, a result that is well known.
While we are thoughtful about the applicability of a one parameter scaling theory [94] in presence of RSOC, however, went ahead assuming it is at least applicable
for a particular value of the spin-orbit coupling parameter. We do not find any convincing evidence in a Rashba coupled disordered four terminal junction or at best
the results do not help in arriving at unambiguous inferences about it. Our inference
on the ‘possible’ absence of an emerging metallic phase is justified as the Rashba
term preserves the time reversal symmetry, an essential ingredient for the current
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‘echo’ associated with the quantum interference effects that give rise to weak localization. An external magnetic field would have radically modified these arguments.

Figure 3.2: Plot of β(g) vs lng for d > 2, d = 2, d < 2. G(L) is the normalized ‘local
conductance’. The approximation β = s ln(g/gc ) is shown for d > 2 as the solid-circled
line; this unphysical behaviour necessary for a conductance jump in d = 2 as shown by
the dashed line. Courtesy of Ref. [94].

For a hypercube in d-dimensions, the linear dimension, L is proportional to the
conductivity, G at zero temperature. The dependence is expressed as,
G(L) = σLd−2

(3.1)

The proportionality constant, σ is the conductance of the sample which has the
dimension of e2 /h and is independent of the spatial dimension of the sample. For an
experimentalist, G is an important quantity to obtain, while theorists are interested
in computing σ. Something interesting happens in two dimensions, where G becomes
numerically equal to σ.
The dimensionless conductance of a hypercube will be of interest in the scaling
theory of localization and a useful quantity in this regard is defined as,
g(L) ≡

G(L)
e2
h

(3.2)

The one-parameter scaling theory of localization says that the dimensionless conductance solely determines the conductivity behaviour of a disordered system. Suppose
we fit nd identical blocks of length L into a hypercube of linear dimension nL, where
each block has the same impurity concentration and the system is considered to be
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in the ballistic regime. The conductance of the hypercube, G(nL) is then related to
the conductance of each block, g(L) by the relation,
g(nL) = f (n, g(L))

(3.3)

f is an appropriate functional. This is the one-parameter scaling assumption, the
conductance of each block solely determines the conductance of the larger block.

In the scaling theory, proposed by Abrahams et al. [94] (popularly referred to as
the ‘gang of four’), the logarithmic derivative of the conductance with respect to the
system size is defined by a single quantity, usually denoted by β, which depends only
on the conductance itself and not individually on energy, system size and disorder.

Weak localization in two-dimensional systems can be best characterized by the
relation [94] ,
d ln g(L)
β=
(3.4)
d ln L
where, g(L) is the charge conductance and L is the length of the conductor. Fig.3.2
shows the β(g) vs ln g(L) plot. For the dimensions, d = 1 and d = 2, β(g) is always
negative implying an insulating behaviour that is all states are localized even at an
infinitesimal value of disorder. In d = 3, there is a critical point, gc , above which the
system is diffusive (leading to a conducting behaviour), and below the critical point,
the system is insulating. For 2D (and lower dimensions), the trajectory never crosses
(or meets) the x-axis and that means that a two-dimensional electronic system is
never metallic even in presence of small disorder. Since in this chapter we are
dealing with the 2D system, the current situation demands a detailed analysis of
the metal-insulator transition in presence of Rashba interaction.

We organize this chapter as follows. The theoretical formalism leading to the
expressions for the spin Hall and longitudinal conductances using Landauer Büttiker
formula are presented in the next section. After that, we include an elaborate discussion on the results obtained for the longitudinal conductance, spin Hall conductance
and fluctuation in the spin Hall conductance that is helpful in depicting the interplay
of disorder strength and RSOC parameter in details.
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Figure 3.3: Cross-shaped device with four semi-infinite metallic leads. The spin-orbit
coupling exists in the central region only, and the effect of the semi-infinite leads is treated
exactly through the self-energy terms.

3.1

3.1.1

Theoretical formulation

System and the Hamiltonian

In order to observe the spin Hall effect, we choose a four-probe measuring set-up as
shown in Fig.3.3. Here the four ideal (disorder free) semi-infinite leads are attached
to the central conducting region which in our case is a square lattice with Rashba
spin-orbit interaction. An unpolarized charge current is allowed to pass through the
longitudinal leads along lead-1 and lead-2 (see Fig.3.3) inducing spin Hall current
in the transverse directions that are along lead-3 and lead-4. The discrete spectrum
of the longitudinal region is assumed to be described within the framework of tightbinding approximation assuming only nearest-neighbor hopping. The Hamiltonian
for the entire system can be represented by a sum of three terms, which are,

H = Hsq + Hleads + Hcoupling

(3.5)

The first term represents the Hamiltonian for the system with a square lattice geometry with Rashba spin orbit interaction and is defined by,
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Hsq =

X

ǫi c†iσ ciσ + t

i,σ

α

X

c†iσ cjσ +

hiji,σ

X h

c†i↑ ci+δx ↓

i

−



c†i↓ ci+δx ↑


i
−i c†i↑ ci+δy ↓ + c†i↓ ci+δy ↑

(3.6)

Here, ǫi is the random on-site potential energy chosen from a uniform rectangular
distribution (−W to W ), c†i and ci correspond to the creation and annihilation
operators respectively, for an electron at the site i of the conductor. Here t = 2m~∗ a2
0
(m∗ : effective mass and a0 : lattice constant) is the hopping integral, α is the Rashba
coupling strength. δx,y are the unit vectors along x, y directions.
The four metallic leads attached to the conductor are considered to be semiinfinite and ideal. Thus the leads are described by a similar non-interacting single
particle Hamiltonian as written below,
4
X

Hleads =

Hi ,

(3.7)

i=1

where,

H i = ǫL

X

c†n cn + tL

n

X

c†m cn

(3.8)

hmni

Similarly the conductor-to-lead coupling is described by the following Hamiltonian,
Hcoupling =

4
X

Hcoupling,i

,

(3.9)

i

(3.10)

i=1

where,
Hcoupling,i = tC

h

c†i cm

+

c†m ci

In the above expression, ǫL and tL denote site energies and nearest-neighbor hopping
between the sites at the leads. The coupling between the conductor and the leads
is defined by the hopping integral tC . In Eq.(3.10), i and m belong to the boundary
sites of the square lattice and leads, respectively. The summation over i accounts
for the four attached leads.
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3.1.2

Formulation of longitudinal and spin Hall conductances

For the four-probe case, where pure spin current is expected to flow through the
transverse leads, due to the flow of charge current through the longitudinal leads,
the longitudinal and spin Hall conductances are defined as [131] ,
GL =
and
GSH =

I2q
V1 − V2

(3.11)

~ I3↑ − I3↓
I3s
~
=
2e V1 − V3
2e V1 − V3

(3.12)

where I2q and I3s are the charge and spin currents flowing through the lead-2 and
lead-3 respectively. Vm is the potential at the m-th lead. I3↑ and I3↓ are the up and
down spin currents flowing in lead-3.
The calculation of charge and spin currents is based on the Landauer-Büttiker
multi-probe formalism [132] . The charge and spin currents flowing through the lead m
with potential Vm , can be written in terms of spin resolved transmission probability
as [81]

e2 X  σσ′
σ′ σ
q
T Vm − Tmn Vn
(3.13)
Im =
h n6=m,σ,σ′ nm
s
Im



 i
e2 X h σ′ σ
−σσ ′
σσ ′
σ ′ −σ
=
Vm + Tmn − Tmn Vn
Tnm − Tnm
h n6=m,σ′

(3.14)

The spin current through lead m can be written in a more compact form, such as,
s
Im
=


e2 X  out
in
Tnm Vm − Tmn
Vn
h n6=m

(3.15)

where, we have defined two useful quantities as follows,

in
↑↑
↑↓
↓↑
↓↓
Tpq
= Tpq
+ Tpq
− Tpq
− Tpq

(3.16)

out
↑↑
↓↑
↑↓
↓↓
Tpq
= Tpq
+ Tpq
− Tpq
− Tpq
e2
h

(3.17)

out
Tnm
Vm in Eq.(3.15) is the total spin current flowing from
n6=m
2 P
in
Tmn
Vn
the m-th lead with potential Vm to all other n leads, while the term eh

Physically the term

P

n6=m

refers to the total spin current flowing into the m-th lead from all other n leads
maintained at potential Vn .
For the sake of completeness, we shall re-run a portion of the formalism that
computes the conductance through the knowledge of the transmission coefficient.
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′

The zero temperature conductance, Gσσ
pq that describes the spin resolved transport properties, is related to the spin resolved transmission coefficient as [1,133] ,
′

Gσσ
pq =

e2 σσ′
T (E)
h pq

(3.18)

The transmission coefficient appearing above can be calculated in terms of the
Green’s function by the relation [100,134] ,
σσ ′
Tpq

= Tr

h

′
Γσp GR Γσq GA

i

(3.19)

Γσp ’s are the coupling matrices that represent the coupling between the central region
and the leads, and they are defined by the relation [2] ,


Γσp = i Σσp − (Σσp )†

(3.20)

Here Σσp is the retarded self-energy associated with the lead p. The self-energy contribution is computed by modeling each terminal as a semi-infinite perfect wire [102] .
The retarded Green’s function, GR is computed as
GR =

E−H −

4
X
p=1

Σp

!−1

(3.21)

where E is the electron energy and H is the Hamiltonian for the central conducting
region. The advanced Green’s function is obtained from the retarded one by the
relation,
GA = G†R
(3.22)
This energy, E appearing in Eq.(3.18) and Eq.(3.21) is the Fermi energy, EF at
T = 0. Thus E depends on the density of the charge carriers in the scattering
region. It may be noted that the biasing energy, E controls the density of the
charge carriers flowing through the conducting region. Thus E plays the same role
of the Fermi energy of the system. Hence throughout the thesis, whenever we refer
to the conductance (G) plots as a function of energy, we imply Fermi energy.
Now, following the spin Hall phenomenology, the net charge currents through
lead-3 and lead-4 is zero that is, I3q = I4q = 0, because of the transverse leads are
voltage probes in our set-up. On the other hand, as the currents in various leads
depend only on voltage differences among them, we can set one of the voltages as
zero without any loss of generality. Here we set V2 = 0. Finally, if we assume
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that the leads are connected to a geometrically symmetric ordered bridge, so, VV31 =
V4
= 12 . Now from Eq.(3.15) and Eq.(3.12) we can write the expression of spin Hall
V1
conductance as,

e
out
out
out
in
in
T13
+ T43
+ T23
− T34
− T31
(3.23)
8π
Similarly, from Eq.(3.11) and Eq.(3.13), the expression of longitudinal conductance
can be written as,


1
1
e2
(3.24)
T21 + T32 + T42
GL =
h
2
2
GSH =

We define the spin Hall conductance fluctuation as,
∆GSH =

q
hG2SH i − hGSH i2

(3.25)

where h...i denotes averaging over an ensemble of samples with different configurations with disorder strength W .

3.2

Results and discussion

We have investigated the interplay of disorder (W ) and ROSC (α) on the experimentally measurable quantities such as longitudinal conductance (GL ), spin Hall
conductance (GSH ) and spin Hall conductance fluctuation (∆GSH ). The results are
likely to be relevant for systems with spin-orbit interactions and since the disorder
is an indispensable ingredient in crystal lattices, a competition between W and α
will reveal whether they help each other or hinder with regard to the conductance
properties of junction devices. An important question in this regard is whether
there is any shift in the localization phenomenon in two dimensions induced by the
RSOC [118] . More concretely, is there a transition to a metallic state at some critical
value of the strength of RSOC?
Before we start computing the physical quantities, we briefly describe the values
of different parameters used in our calculation. Throughout our work, we have
considered lattice constant, a = 1, system size, L = 20, onsite term, ǫ = ǫL = 0,
hopping term, t = tL = tC = 1. All the energies are measured in the unit of t.
Further we choose a unit where c = h = e = 1. The longitudinal conductance, GL
2
is measured in unit of eh . The spin Hall conductance, GSH is measured in unit of
e
. It is of relevance to mention here that we have considered bigger system sizes as
8π
well for our computation of the conductance properties, however, they do not yield
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any new information than those required for our purpose. Hence we have decided to
show all our numerical computation for L = 20. The above inference is supported
by Fig.3.4 which shows the longitudinal conductance and the spin Hall conductance
as a function of the lateral dimension, L of the system.
The random onsite disorder is modeled by a rectangular distribution of the form,
P (ǫi ) =

1
2W

where,

− W ≤ ǫi ≤ W

(3.26)

Here W has the dimension of energy and hence is expressed in terms of the hopping energy, t. All the results obtained below are averaged over 10000 disorder
configurations.
To remind ourselves we have compared all of the above quantities at a fixed
value of energy, namely E = −2t. However, it should be noted that GSH has an
antisymmetric nature as a function of E (Fermi energy) and hence as a result at
E = 0, GSH identically vanishes [135,136] .
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Figure 3.4: The effect of the system length (lateral dimension), L on the conductance
properties is plotted at Fermi energy, E = −2t in presence of Rashba SOC with α = 0.3.
(a) Longitudinal conductance, GL . (b) Spin Hall conductance, GSH . The width of the
system is kept fixed at 10a (a: lattice spacing). The variations in the longitudinal and the
spin Hall conductances are suppressed for L ≥ 20. The plots are shown for the disorder
free case (W = 0) and in presence of disorder (W = 1).

There is another small point that deserves a mention. We have investigated GL ,
GSH and ∆GSH both over a small range of the RSOC, that is with [0 : 1] and
also over a much broader range, namely up to α = 8. Of course, the former is a
subset of the latter, but the behaviour of the physical quantities under consideration
show qualitatively different behaviour in the two regimes and thus warrant separate
discussion.
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3.2.1

Longitudinal conductance

The longitudinal conductance, GL is plotted as a function of the Fermi energy, E
in the absence and also in presence of disorder with disorder strength, W = 1 as
shown in Fig.3.5. The Rashba SOC strength is taken as, α = 0.5. Both the plots
are symmetric as a function of the Fermi energy. In the presence of disorder, GL
decreases significantly.

20

W=0
W=1

α = 0.5

2

GL (e /h)

15
10
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0
-4

-2

0
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4

E

Figure 3.5: The longitudinal conductance, GL ( in units of e2 /h) is plotted as a function
of the Fermi energy E (in units of t) for a fixed RSOC strength, α = 0.5. The disorder free
case is denoted by red colour. The other curve (blue) corresponds to a disorder strength,
W = 1 (in units of t).

In a tight binding model for a two dimensional square lattice, the energy band
width (BW ) is 8 (−4 to 4 in units of t). Here we set range for the disorder strength


that is [0, 4], while for the RSOC strength, α to be in
to be the interval 0, BW
2
[0, BW ] or [0, 8].
The variation of GL as a function of W for different α is shown in Fig.3.6. In
this figure we have considered for α = 0.1, 0.3 and 1.0. As expected, GL falls off
with disorder. However the fall off at lower values of α (e.g. α = 0.1 and 0.3) at
large disorder is more than the corresponding values at large α (e.g. α = 1). The
trend was reverse at lower values of disorder where there is a crossover at W ≈ 1.5.
2
For example, GL = 2.5 (in units of eh ) at W ≈ BW
(= 4) for α = 1 while the
2
corresponding value is almost 1.2 for α = 0.1.
The inference that can be drawn is larger RSOC aides in enhancing the conductance values at larger disorder. However, whether this enhancement has got
anything to do with a transition to a conducting phase is yet to be seen.
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Figure 3.6: The longitudinal conductance, GL ( in units of e2 /h) is plotted as a function
of disorder strength W (in units of t) for different RSOC strengths, α. Here we consider
lower values of α, namely α in the region [0 : 1]. The plots cross at W ≈ 1.5. All data in
this figure and all subsequent figures averaged over 10000 disorder configuration.
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Figure 3.7: (a) GL is plotted as a function of RSOC strength α (in units of t) for different
disorder strengths (W ). Here α is varied between [0 : 1]. GL has weak dependence at
lower values of α. (b) GL is plotted as a function of RSOC strength, α for different
disorder strengths, W . Here we take the range of α as [0 : BW ] (BW : Band width =
8( in units of t)). GL decreases with increasing the strength of RSOC.

The variation of GL as a function of RSOC strength, α for different disorder
strengths are shown in Fig.3.7. In Fig.3.7(a), initially α is varied over a small range,
namely [0 : 1]. We observe that in this regime, GL is not strongly dependent on
α for the values of disorder that we have considered, namely W = 1 and 4. The
disorder free case is included for comparison.
However Fig.3.7(b) shows GL being plotted for a much wider range of α, namely
α = 0 to BW (= 8). In this figure, the longitudinal conductance decreases with
increasing α and at higher values of α, GL becomes vanishingly small. Thus in this
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Figure 3.8: The spin Hall conductance, GSH ( in units of e/8π) is plotted as a function
of the Fermi energy E (in units of t) for a fixed RSOC strength, α = 0.5 in the absence of
disorder denoted by red color. The other curve (blue) is for the case of disorder strength,
W = 1. Clearly, the spin Hall conductance is antisymmetric.

regime, α destroys longitudinal conductance just as the disorder does. Physically,
this means that large values of α denote strongly correlated hopping anisotropies,
where the hopping strengths are all different along ±x and ±y directions (see
Eq.(3.6)). This emulates disorder effects for the charge carriers where they see
a different environment with regard to hopping to neighbouring sites.

3.2.2

Spin Hall conductance

The behaviour of the spin Hall conductance, GSH is plotted as a function of the Fermi
energy as shown in Fig.3.8. Here we fixed the Rashba SOC strength at, α = 0.5.
Both in absence and presence of disorder, GSH is antisymmetric as a function of
the Fermi energy about E = 0, which says that GSH vanishes at E = 0. The
antisymmetric nature of GSH is due to the electron-hole symmetry of the system.
The overall magnitude of GSH decreases in presence of disorder.
We study the spin Hall conductance, GSH as defined by Eq.(3.12) in presence
of disorder, W and spin-orbit coupling, α. Fig.3.9 shows the variation of GSH as a
function of disorder strength, W for different values of α. Overall, GSH decreases
with increasing disorder strength for the same reason as mentioned earlier. For α =
0.1 and 0.3, GSH starts from positive values and subsequently vanishes as we increase
W . While for α = 1.0, GSH starts from a negative value and vanishes at large W .
There is a difference with the corresponding data for the longitudinal conductance,
GL which remains finite at large disorder.
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Figure 3.9: The spin Hall conductance, GSH (in units of e/8π) is plotted as a function
of disorder strength, W for different RSOC strengths, α. GSH decreases as the disorder
strength, W is increased.
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Figure 3.10: Spin Hall conductance, GSH is plotted as a function of RSOC strength α
for W = 0, 1 and 4. (a) α is varying from [0 : 1]. (b) α is varying over a much wider
range, that is between [0 : 8].

Fig.3.10 shows the variation of GSH as a function of α for different values of W .
In Fig.3.10(a), we have plotted GSH for a small range of α, namely between [0 : 1].
As expected, for the pure case (W = 0), GSH has a maximum value (in magnitude).
As disorder is introduced, the spin Hall conductance decreases. In Fig.3.10(b), GSH
is plotted for a wider range of α. It is in tune with the results for longitudinal
conductance that at higher values of α, GSH becomes almost zero. However GSH
seem to be strongly affected by disorder. At W = 4, for all values of α, GSH ≈ 0.

It has been proved that for an infinite system, the spin Hall conductance is
strictly zero in presence of RSOC for any non-vanishing disorder strength [137] . The
vanishing of SHC originates from the stationary nature of the system in presence
of an applied electric field [138] . Here we have considered a central scattering region
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Figure 3.11: (a) ∆GSH (in units of e/8π) is plotted as a function of disorder strength W
for different RSOC strengths, α. ∆GSH shows a non monotonic behaviour with disorder,
W.

which is a square with system size, L = 20 and thus we can say that the non-zero
SHC is an artifact of finite-size effects. However, since experiments on coherent
quantum transport would invoke finite-size systems and hence their corresponding
effects will be present and one would get a non-zero signal for the SHC.

3.2.3

Spin Hall conductance fluctuation

As said earlier, the spin Hall conductance fluctuation attains a finite constant value
which is independent of material properties. It is thus of importance to see how this
otherwise constant value responds to disorder and RSOC.
e
In Fig.3.11(a), ∆GSH (in unit of 8π
) is plotted as a function of W for different
values of α. As we increase α the fluctuation also increases. For each value of α
and at lower values of W , it may be noted that ∆GSH increases linearly, and hence
it reaches a maximum value. Beyond this, ∆GSH decreases with increasing W ,
yielding a non-monotonic behaviour [128] .

Fig.3.12 shows the variation of ∆GSH as a function of α for different values of
the disorder strength. In Fig.3.12(a), for small disorder values, that is, W = 0.5
and 1, ∆GSH tends to saturate at values, namely 0.2 and 0.4 respectively. As we
increase the disorder strength, the fluctuation also increases and the corresponding
plot shows the absence of any saturation upto W = 4. In Fig.3.12(b), we have
shown the variation of ∆GSH for a wider range of α, which shows a non-monotonic
behaviour, beyond α ≈ 1 and ultimately vanishing at large values of α, albeit not
without fluctuation. Further the plots corresponding to lower values of disorder (e.g.
W = 0.5 and 1, as compared to W = 1) show suppressed fluctuations.
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Figure 3.12: (a) ∆GSH is plotted as a function of RSOC strength α for W = 0.5, 1 and
4 for a small range of α, that is between [0 : 1]. (b) ∆GSH is plotted as a function of
RSOC strength α for a much wider range, namely between [0 : 8].

It may be noted that in the fluctuation in spin Hall conductance as a function
of the strength of RSOC or disorder, we did not find any ‘universal’ value. Hence
∆GSH depends on the disorder strength, W and the strength of the RSOC, α.

3.2.4

One parameter scaling theory

It may be noted that the following observations were made in Fig.3.7, that the

longitudinal conductance, GL is seen to increase at larger disorder W ∼ B2 as α
increases. At α = 1, GL is greater than that corresponding to other lower values
of α. This enhancement in conductance whether signals a transition to a metallic
phase as hinted in Ref. [118] is to be assessed. To arrive at a conclusion we perform a
one parameter scaling theory [94] . For that, we study the variation of β as a function
of 1/GL in presence of RSOC and random onsite disorder. The results are shown in
Fig.3.13. In Fig.3.13(a), β is plotted as a function of 1/GL for two different disorder
strengths, namely, W = 1 and 3, where we have assumed a very low value for α,
such as 0.05. To ascertain whether the same scenario persists at a different RSOC
strength, we have considered a somewhat larger value of α(= 1.0) in Fig.3.13(b).
In both Fig.3.13, the maximum of β attain values close to zero, however there is
no crossing of the dashed line (β = 0) in Fig.3.13. β becoming positive would
have indicated a transition to a metallic phase as the conductance directly scaling
with system size is a typical signature for the presence of extends states and hence
metallic behaviour. Hence we disagree on the onset of a metallic regime at a certain
critical disorder strength for a given value of the spin-orbit coupling parameters as
suggested by Sheng et. al. [118] .
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Figure 3.13: β is plotted as a function of 1/GL . (a) α = 0.05 , (b) α = 1.0. In both the
figures, the strengths of disorder, W are 1 and 3. The plots do not cross the dashed line
(β = 0) and always remain negative.

3.3

Conclusion

In summary, in the present work, we have studied the interplay of random onsite
disorder, W and the strength of RSOC, α on the conductance properties of a fourprobe junction device. Both these factors destroy the longitudinal (GL ) and spin
Hall conductances (GSH ) for the parameter regime that we have considered in our
and 0 ≤ α ≤ BW (BW : bandwidth = 8t). For lower
work, namely 0 ≤ W ≤ BW
2
values of α (0 ≤ α ≤ 1), GL shows weak dependence on α and vanishes at large
values of α. Further, GL diminishes as the disorder is increased: larger α registers
a higher conductance at strong disorder (W = 4).
The spin Hall conductance, GSH is more strongly affected by disorder (than GL )
which vanishes at W ≈ 1.5 and again a larger α yields larger conductance at low
disorder. Further GSH shows an antisymmetric behaviour for 0 ≤ α ≤ 1, while it
vanishes at larger α, albeit with some fluctuations. These fluctuations remain even
after the configuration averaging being done over 10000 disorder realizations.
Further, the spin Hall conductance fluctuations, ∆GSH do not have a universal
nature and shows strong dependencies on W and α, all the while remaining lower
e
than its universal value 8π
.
Finally, we do not get any convincing evidence for a RSOC induced transition to
a metallic state and we feel that it is a physically meaningful result as the RSOC does
not break the time reversal symmetry, a crucial condition for the weak localization
to occur, which however could have been a different scenario if an external magnetic
field would have been present.
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Conductance characteristics of a
Y-shaped junction
After prediction and detection of the spin Hall effect [121,122,139,140] (SHE), the spindependent electronic transport has been a central focus of investigation in mesoscopic physics because of its possible applications to spintronics [25,141] . Generation
of dissipationless spin current [37] is one of the features that is believed to be crucial in this respect. In early attempts, generation of spin-polarized currents were
obtained by attaching ferromagnetic metallic contacts to the semiconductors [25,33] .
But, the efficiency of the spin injection from a ferromagnet into a semiconductor is
poor because of the conductivity mismatch [26] between the two. This drawback can
be overcome by producing spin-polarized current intrinsically. Here comes the role of
spin-orbit (SO) interaction. A strong spin-orbit scattering generates spin-polarized
electrons intrinsically [27] .
Geometry of the scattering region plays a crucial role in order to study effects
of spin-polarization in presence of spin-orbit interaction. Four terminal junction
devices have been studied in the last chapter, where unpolarized charge current
is driven through the longitudinal leads attached to a semiconducting region with
SO coupling induces a pure spin current at the transverse voltage probes without
accompanying any charge current [142,143] . In particular, three terminal structures
such as T-shaped [144] , Y-shaped [81,145–147] devices have also been studied in presence
of spin-orbit interaction. In a three terminal structure, one terminal acts as an input
to the device, through which unpolarized charge current is injected into the device.
The other two terminals act as outputs through which the spin-polarized currents
flow out of the device.
Recent studies show that a Y-shaped zigzag graphene nanoribbon junction can
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be used to manipulate and detect spins using the valley-valve effect [79] . A Y-shaped
multi-walled carbon nanotube can also have novel electrical switching behaviour,
where any one of the three branches of the Y-junction can be used for modulating the
electrical current flow through the other two branches [80] . Further, a three terminal
ballistic junction with Y geometry can be used as an extremely compact multi-logic
gate, the functionality of which may be tuned by means of a gate voltage [148] .
Since a three terminal structure is a suitable candidate for studying the SHE, in
this chapter, we have studied the behaviour of a special type of three terminal device
with Y-shaped structure. Since the angular separation between the arms of the Yshaped geometry can be relevant parameter for studying SHE, we have considered
different angles as shown in Fig.4.1. Also because the rotational symmetry is broken
in spin space in presence of the spin-orbit interaction, the spin quantization axes
also play an important role in the context of SHE. Motivated by these, we have
studied the effects of the angular variation and orientation of the spin quantization
axes on the spin Hall conductance of such a Y-shaped junction with tunable SO
interactions.
In general, two types of spin-orbit coupling terms can be present in semiconductor
heterostructures. One of them is the Dresselhaus spin-orbit coupling (DSOC) which
originates from the inversion asymmetry of the zinc blende type of structures [28] .
The other is the Rashba spin-orbit coupling (RSOC) which originates due to the
effective electric field originating from the asymmetry of the potential as has been
highlighted in previous chapter [29] . The Dresselhaus term is found to be dominant
in large bandgap materials and the strength can be controlled easily by tunning
the quantum well width [30] . On the other hand, the Rashba term is dominant in
narrow-gap systems where the strength of the Rashba term can be controlled by
external gate voltages [31,32,149] . The interplay of both types of spin-orbit coupling
on the conductance characteristics of nanostructures has been investigated both
theoretically [118,135,150,151] and experimentally [152,153] .
We organize this chapter as follows. In the following section, we present a prescription of fabricating a Y-shaped device. The theoretical formalism leading to the
expression for the spin Hall conductance using Landauer-Büttiker formula are presented in the next section. Hence we include an elaborate discussion of the results
obtained for the spin Hall conductance in presence of the SO interaction. We have
included an interesting comparison for the conductance properties in presence of
Rashba vis-a-vis Dresselhaus SO interactions. We finally conclude with a highlight
of our main results.
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Figure 4.1: Y-shaped three terminal junction devices with three different angles (θY ).
V1 , V2 and V3 are the applied voltages at the three terminals. The leads are not shown in
the figure.

4.1

Fabrication of Y-shaped devices

We begin our discussion by a prescription of fabricating a Y-shaped junction device
which should be interesting from an experimental perspective.
We choose a three-probe measuring set-up as shown in Fig.4.1 to observe the
spin Hall effect. Here the three ideal semi-infinite leads are attached to the central
conducting region, which in our case is the Y-shaped device having a square lattice
geometry and includes spin-orbit interaction. The leads denoted by 1, 2 and 3
are semi-infinite in nature. The voltages applied to the leads are V1 , V2 and V3
respectively. The width of the scattering region is d, while the arms has width d/2
(see Fig.4.1). In this chapter, we have taken three Y-shaped devices by changing
the angular separation between the two arms of the Y, and call it θY as shown in
Fig.4.1.
Fig.4.2 provides a technique of how one can fix the angle, θY . According to
Fig.4.1, θY is twice the angle as shown in Fig.4.2. For the Y-shape shown in
Fig.4.1(a), we add the lattice sites in the arms of Y as depicted in Fig.4.2(a). First,
we add three sites along x-axis with a spacing ‘a’ and then add another site along
y-axis just above the third site along the x direction. We repeat the same procedure
to build up the rest of the arm of the Y-geometry. Since we need three sites along
x-axis and two sites along y-axis we call it a (3,2) scheme. The calculation of the
angle in now straightforward from the geometry. From Fig.4.2, b is the base of the
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Figure 4.2: Measurement of the angle between the two arms of the Y-shaped device is
shown. b is the base of the triangle and h is the height. a is the lattice constant. According
to Fig.4.1, this angle is half of θY as depicted in the given figure.

triangle and h is the height. In the (3,2) scheme, b = 2a and h = a. Hence, the
angular separation between the arms of the Y will be twice the calculated angle
a
and is, θY = 2 tan−1 2a
= 53.13◦ . Similarly, corresponding to θY = 90◦ , we need
the (2,2) scheme, for which two sites along x-axis and one site along y-axis above
the second site along x are required, as shown in Fig.4.2(b). In the given case,
θY = 2 tan−1 aa = 90◦ . To obtain an angle, θY greater than 90◦ , we adopt (2,3)
= 128.87◦ . We are going to
scheme as shown in Fig.4.2(c). Here, θY = 2 tan−1 2a
a
consider only these three geometries for computing the conductance spectra in this
chapter, however, it is possible to generate a number of other values for the angular
separation, θY by following the prescription given above.

4.2
4.2.1

Theoretical formulation
System and Hamiltonian

The single particle Hamiltonian in presence of both Rashba and Dresselhaus spinorbit interaction in a two-dimensional electron system is given by,
H=

p2
α
β
+ (σx py − σy px ) + (σx px − σy py )
∗
2m
~
~

(4.1)

where p (= px , py ) is the two dimensional momentum operator, m∗ is the effective
mass, σx and σy are the components of the Pauli matrices. α and β respectively
denote the Rashba and Dresselhaus spin-orbit coupling strengths.
We now discretize the Hamiltonian (Eq.(4.1)) via a tight binding approximation with the nearest neighbour hopping on a two-dimensional square lattice. The
resulting Hamiltonian becomes,
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H = ǫ

X

c†iσ ciσ + t

i,σ

+ VR
+ VD

Xh
i

c†iσ cjσ

hiji,σ

X h
i

X

c†i↑ ci+δx ↓

−

c†i↓ ci+δx ↑




i
†
†
− i ci↑ ci+δy ↓ + ci↓ ci+δy ↑


 
i
(−i) c†i↑ ci+δx ↓ + c†i↓ ci+δx ↑ + c†i↑ ci+δy ↓ − c†i↓ ci+δy ↑

(4.2)

Here ǫ is the on-site potential and t = ~2 /2m∗ a2 is the hopping strength, VR =
α/a and VD = β/a are the Rashba and Dresselhaus coupling strengths respectively,
a being the lattice constant. δx/y is the unit vector along x/y direction.
It is assumed that the Rashba and Dresselhaus SO interactions are present only
in the Y-shaped device. The leads are metallic and semi-infinite in nature. The
leads are free from any kind of SO interactions so as to avoid any kind of spin flips
at the boundaries.

4.2.2

Formulation spin Hall conductance

Since the rotational symmetry in spin space is lost in presence of spin-orbit interaction, the quantization axes of the spin play a vital role in measuring spin current.
Hence we choose the spin quantization axis along an arbitrary direction, say û,
denoted by û = sin θ cos φ, sin θ sin φ, cos θ, where θ and φ are the usual spherical
angles.
Now we proceed to evaluate the expression for spin Hall conductance. In order
to get a pure spin current, we treat terminal 2 as a voltage probe (Fig.4.1). As a
result a pure spin current will flow through terminal 2, due to the flow of charge
current between terminals 1 and 3. For the three terminal Y-shaped geometry, the
longitudinal and spin Hall conductances are defined as [131] ,
I3q
GL =
V3 − V1
GSH

~
I2s
=
2e V2 − V1

(4.3)

(4.4)

where I3q and I2s are the charge and spin currents flowing through the lead-3 and
lead-2 respectively. Vm is the potential at the m-th lead.
The calculation of the electric and spin currents is based on the LandauerBüttiker multi-probe formalism [132] . For completeness, we re-iterate the main work63
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ing formulae for our numeric computation of the conductance. The charge and spin
currents flowing through lead m (m = 1, 2, 3) with potential, Vm can be written in
terms of the spin resolved transmission probability as [81] ,

q
Im
=

e2
h

X 

n6=m,σ,σ ′

′

′

σσ
σσ
Tnm
Vm − Tmn
Vn



(4.5)

and,
s
Im
=

=

 i


e2 X h σ′ σ
−σσ ′
σσ ′
σ ′ −σ
Vn
Vm + Tmn
− Tmn
Tnm − Tnm
h n6=m,σ′

e2 X  out
in
Tnm Vm − Tmn
Vn
h n6=m

(4.6)

where, we have defined two useful quantities as in the following,
in
↑↑
↑↓
↓↑
↓↓
Tpq
= Tpq
+ Tpq
− Tpq
− Tpq

out
↑↑
↓↑
↑↓
↓↓
Tpq
= Tpq
+ Tpq
− Tpq
− Tpq
e2
h

(4.7)

out
Tnm
Vm is the total spin current flowing out from the
n6=m
2 P
in
Tmn
Vn is the
m-th lead with potential Vm to all other n leads, while the term eh

Physically, the term

P

n6=m

total spin current flowing into the m-th lead from all other n leads having potential
Vn .

Now following the spin Hall phenomenology in our set-up, since lead-2 is a voltage probe, I2q = 0. Also, as the currents in various leads depend only on voltage
differences among them, we can set one of the voltages to zero without any loss of
generality. Here we set V1 = 0 and V3 = 1. With the help of these conditions, from
Eq.(4.5), one can determine the voltage, V2 as,
V2 =

T23
T12 + T32

(4.8)

Further, the spin current flowing through terminal 2 (from Eq.(4.6)) is,
I2s =



e2  out
out
in
T12 + T32
V2 − T23
h

(4.9)

Finally, from Eq.(4.3) and Eq.(4.4)the expressions for the longitudinal and spin Hall
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conductances become,
GL
GSH



e2
T23 T32
=
(T13 + T23 ) −
h
T12 + T32



e
out
out
in T12 + T32
T12 + T32 − T23
=
4π
T23

(4.10)
(4.11)

Eqs.(4.11) are the working formulae required to obtain the conductance properties for our Y-shaped device.

4.3

Results and discussion

We have investigated the effects of the angle variation of the Y-shaped junction in
presence of Rashba and Dresselhaus SO couplings on the experimentally measurable
quantities, namely the longitudinal conductance (GL ) and spin Hall conductance
(GSH ). We have also studied the effect of the orientation of the quantization axis
of spin on the spin Hall conductance.
We briefly describe the values of different parameters used in our calculation.
Throughout our work, we have considered for the Y-shaped system, d = 20 in units
of the lattice spacing ‘a’ which is taken to be unity (see Fig.4.1), onsite term, ǫ = 0,
hopping term, t = 1. All the energies are measured in the unit of t. Further we
choose a unit where c = h = e = 1. The longitudinal and spin Hall conductances
e
are measured in units of e2 /h and 4π
respectively. For most of our numerical calcu[93]
lations, we have used KWANT .
From the experimental perspective, we now include a brief discussion on the
realistic values of the SO couplings, observed in materials. In GaAs, the effective
mass, m∗ = 0.067m0 and the lattice constant, a = 0.5653 nm. With these values,
the hopping integral becomes t ≃ 1.8 eV (from the discussion following Eq.(4.2)).
Also in InAlAs/InGaAs it is found that the Rashba parameter is, α ∼ 0.67 × 10−11
eV-m [31,152] . Then in our case, VR = α/a ≃ 0.01 eV. Since we are denoting all the
energy units in terms of t, VR /t ≃ 0.006. Which is pretty small. However, recently,
in topological insulators such as Bi2 Se3 , the Rashba coupling parameter is found
out to be ∼ 4 × 10−10 eV-m [154] , polar semiconductor such as BiTeI shows a bulk
Rashba coupling parameter ∼ 3.85 × 10−10 eV-m [155] . With such high values of α,
one gets VR /t ≃ 0.4, which may be considered to order of unity and precisely similar
in magnitude to what has been used in our work. In fact, we have considered the
Rashba and Dresselhaus coupling parameters in the interval [0 : 1]. In fact, there
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are recent proposal to enhance the value of the Rashba coupling in InAs nanowire
by a factor of 2 by using a doubly gate device and a factor by 6 via gating through
a solid electrolyte, polyethylene oxide (PEO). In the electrolyte gating, the Rashba
coupling strength is achieved upto, α ∼ 0.5 − 3 × 10−11 eV m [149] .

Further, in this work, we have taken three different angles for the Y-shaped
device, such as θY values to be less than, equal to and greater than 90◦ . in particular,
we have considered, θY = 53.13◦ , 90◦ and 128.87◦ as elaborated earlier.
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Figure 4.3: (a) GSH is plotted as a function of energy, E for three different values of θY
in presence of RSOC. (a) θY = 53.13◦ , (b) θY = 90◦ and (c) θY = 128.87◦ .

The effect of the angular separation between the arms of the Y-shaped device
on the spin Hall conductance, GSH is shown in Fig.4.3. Here GSH is plotted as a
function of energy, E in presence of RSOC. GSH is antisymmetric as a function of
E, an important feature of the spin Hall conductance [118,134,135] . It can be noticed
that for different values of θY the variation of GSH is different, all the while retaining
the antisymmetric character.
We study the behaviour of the spin Hall conductance as a function of the spin
quantization axes parameter, θ and φ. In Fig.4.4, we show the variation of GSH as
a function of the spin quantization axes in presence of Rashba SO coupling with
strength, VR = 0.5 for three different angles of the Y-shaped device. We set the
Fermi energy to be at E = −2t. The nature of GSH for the three plots in Fig.4.4
are clearly distinct from one another though the RSOC strength is the same. This
is because of the difference in the angle, θY , which introduces different scattering
environment for the electrons.
In Fig.4.4(a), GSH shows a reflection symmetry along the θ = φ and θ = −φ
lines for θY = 53.13◦ . The color map in Fig.4.4(a) can be divided into four regions,
namely I. (θ : 0◦ − 180◦ , φ : 0◦ − 180◦ ), II. (θ : 0◦ − 180◦ , φ : 180◦ − 360◦ ), III.
(θ : 180◦ − 360◦ , φ : 0◦ − 180◦ ) and IV. (θ : 180◦ − 360◦ , φ : 180◦ − 360◦ ). At the
center of the each region, GSH has a periodic behaviour (circular patches) which
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Figure 4.4: Spin Hall conductance, GSH is plotted as a function of the parameters
describing the spin quantization axes, namely θ and φ for a Fermi energy E = −2t in
presence of Rashba spin-orbit coupling with strength, VR = 0.5.

can be seen from the coloured circles. This is reminiscent of the phase space plot
for a simple harmonic oscillator. Here GSH shows bounded trajectories as the spin
quantization axis orientation changes. Further GSH vanishes along the path that
resembles the letter ‘S’ as shown in the figure.
In Fig.4.4(b), GSH shows a different behaviour as a function of θ and φ for
θY = 90◦ . For fixed values of φ, for lower values of θ, GSH starts form negative
values. It gradually increases to zero as θ increases. Finally in the vicinity of
θ = 180◦ , GSH becomes positive emphasizing a spin rotational broken symmetry
state. A different symmetry axis, namely, along the line φ ∼ 180◦ emerges here.
For θY = 128.87◦ , the behaviour of GSH is again different from the previous
two plots as shown in Fig.4.4(c). Here we get few bounded regions and each region
is separated by zero GSH as shown by the dark black line. Along the three lines,
namely θ = 0◦ , θ = 180◦ and θ = 360◦ , the value of GSH is zero. An additional
observation is that the magnitude of the spin Hall conductance is lower than the
previous two cases. It is interesting to note that how the patterns in Fig.4.4 changes
as the separation angles, θY is varied. Intuitively, computing GSH at an arbitrary
angle (θ, φ) may be relevant where spin currents can be obtained for a particular
orientation of the spin quantization axis.
It may also be interesting to look at different segments of the colour maps in
Fig.4.4. For θ = 0◦ and θ = 180◦ , GSH is constant along the φ-direction. It
may be noted that these are actually due to the spin current I2s , corresponding to
the case when the spins are polarized along the positive and negative z-directions.
While analyzing the polar angle dependencies of GSH , in the range 0◦ < θ < 180◦ ,
for the azimuthal angle, φ to be such that it is in the range 0◦ < φ < 180◦ and
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180◦ < φ < 360◦ , we find that the SHC satisfies the following symmetry relations.
GSH (θ = 90◦ , φ = 0◦ ) = −GSH (θ = 90◦ , φ = 180◦ )

GSH (θ = 90◦ , φ = 90◦ ) = −GSH (θ = 90◦ , φ = 270◦ )

(4.12)

GSH (θ = 0◦ , ∀φ) = −GSH (θ = 180◦ , ∀φ)

These features are true for all of the colour maps shown in Fig.4.4. Also, it can
be noted that in Fig.4.4(a), GSH becomes maximum (magnitude wise) in the two
regions, one in the range 0◦ < φ < 180◦ and the other in 180◦ < φ < 360◦ . However,
for other values of the angular separation, θY , the maximum value of GSH occurs
at different values of the angles θ and φ. Clearly, this is an effect which pertains to
the geometry of the Y-shaped device.

Figure 4.5: Spin Hall conductance, GSH is plotted as a function of the spin-orbit interaction strengths, VR and VD for a Fermi energy E = −2t. A distinct (and familiar)
antisymmetric behaviour is noted.

Let us now study the behaviour of spin Hall conductance as a function of Rashba
and Dresselhaus spin-orbit interaction strengths, VR and VD respectively. In this
case, we set the spin quantization axis along z direction, that is, we fixed (θ, φ) at
θ = 90◦ and φ = 0. Fig.4.5 shows the variation of GSH as a function of VR and VD .
It may be noted that along the VR = VD line, GSH is zero, as seen by the black
line and the behaviour of GSH is antisymmetric with respect to the VR = VD line.
This behaviour is expected, because for VR = VD , a unitary transformation of the
type, σx → σy , σy → σx and σz → −σz , the Rashba and the Dresselhaus terms
get interchanged. Since the above transformations are pertaining only to the spin
degree of freedom, GSH will identically vanish corresponding to VR = VD for the spin
to be polarized along the z-axis and this feature arise because of this symmetry, one
can also say that the z-component of the transverse spin current is conserved for
VR = VD .
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For the three different angles, θY , there is an interesting feature if we look at the
order of magnitude of GSH . For θY = 53.13◦ , GSH has the maximum value, while
GSH is minimum for θY = 128.87◦ . This is because of different values of θY , causes
different scattering environment for the electrons flowing through the leads 2 and 3.
In this regard, the positions of the nearest neighbouring sites also play an important
role. Since we are measuring the spin current at terminal 2, for a lower θY , electrons
reach terminal 2 more easily in comparison to larger values of θY . In other words,
the probability of getting scattered towards terminal 2 will be less for larger values
of θY . This explains GSH to be small for θY = 128.87◦ compared to θY = 53.13◦
and θY = 90◦ .
The results discussed above have relevance to the spintronic applications, A
larger angular separation impedes the usage of the Y-shaped system to have potential
usage as a spintronic device.
Motivated by the experiments done on semiconductor quantum wells [156] , where
the realistic values of the ratio, γ (= VR /VD ) was discussed to be in the range
∼ 1.5 − 2.5, we have studied the variation of GSH as a function of VR with VD = 0
and vice versa to understand the effects of solely one type of SO interaction.The
different parameters are taken as, E = −2t, θY = 90◦ and the spin quantization is
aligned along the z-axis (θ = 90◦ , φ = 0) as shown in Fig.4.6(a) . There is a nice
symmetry (differing by a negative sign) among the behaviour of SHC for the Rashba
and Dresselhaus interactions. Also in Fig.4.6(b), we plot GSH as a function of γ for
a fixed VD , that is, VD = 0.5. For VR = VD , that is, γ = 1, GSH = 0 as explained
earlier. GSH is seen to oscillate about its zero value. These oscillations are due
to the finite-size effects, mainly originating from the presence of a finite number of
open channels in the leads and may be due to the spin precession effect [157] . The
latter manifests slow oscillations with large amplitudes.The qualitative behaviour of
GSH as presented in Fig.4.6 remains unchanged for a different θY or for other values
of the Fermi energy.
Now we focus on calculating the longitudinal conductance, GL . If we look at the
final expression for GL (Eq.(4.11)), one can find that GL is independent of the polar
angles (θ, φ), since GL is expressed in terms of the total transmission coefficients.
Hence there is no variation of GL as a function of (θ, φ). However, The variation of
the longitudinal conductance GL as a function VR and VD can be computed and are
shown by the color plots in Fig.4.7. The variations of GL in Fig.4.7 are completely
different from one another, for different values of the angular separation, θY . As we
increase θY , GL decreases. This feature will be explained shortly.
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Figure 4.6: (a) Spin Hall conductance, GSH is plotted as a function of VR (red curve)
and VD (blue curve). (b) GSH is plotted as a function of the ratio, γ (= VR /VD ). For
γ = 0, GSH is zero. The angular separation θY is taken to be 90◦ here.

Figure 4.7: Longitudinal conductance, GL is plotted as a function of the spin-orbit
interaction strengths, VR and VD for a Fermi energy, E = −2t.

Fig.4.8 shows the variation of the longitudinal conductance as a function of the
Fermi energy, E for three different angles of the Y-shaped device. In Fig.4.8(a), for
θY = 90◦ , GL , on an average, except for some fluctuations, shows step-like nature in
absence of the RSOC, thereby demonstrating the discreteness of the energy states
available for conduction. Another important observation is that the magnitude of
GL at E = 0 decreases with increase in the value of θY . This can be explained in the
following way. GL is measured at terminal-3 and the charge current, I3q is flowing
between terminals 3 and 1. Now it is easily understandable that as we increase the
angle between terminal-1 and terminal-3, electrons are likely suffered more scattering
in reaching terminal-3. Accordingly, GL decreases as θY is increased.
Fig.4.8(b) shows the variation of GL as a function of E in presence of RSOC with
VR = 0.5. Here though the step-like nature is lost, but the decreasing trend of GL
persists with increasing θY . An interesting observation from Fig.4.8(b) is that, for
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θY = 90◦ , the longitudinal conductance vanishes at E = 0. This can be explained
from the definition of GL as given in Eq.(4.3) and Eq.(4.5). Since we have assumed
the voltage at terminal-3, that is, V3 = 1 and the voltage at terminal-1, V1 = 0, by
Eq.(4.3) GL is the charge current flowing through terminal-3. It is clear that there
is a vanishing of the charge current, I3q owing to the cancellation of the two given
terms, in Eq.(4.5).
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Figure 4.8: (a) GL is plotted as a function of energy, E for three different angle of the
Y-shaped device when RSOC is absent. GL shows step-like nature. (b) GL is plotted as
a function of E in presence of RSOC with strength VR = 0.5. The step-like nature of GL
is partially lost.

4.4

Conclusion

In summary, in the present chapter, we have studied the effect of the angular separation of a three terminal Y-shaped junction device in presence of Rashba and
Dresselhaus spin-orbit couplings on the spin Hall conductance by Landauer-Büttiker
formalism. A prescription for the fabrication of the Y-shaped structures with different angular separation is presented. In presence of RSOC, the colour maps of
the spin Hall conductance show interesting features as a function of the parameters
denoting the spin quantization axes (θ, φ) for three different angular separations of
the Y-shaped device. Interesting symmetry axes and periodic behaviour of GSH are
noted in the same context. A lower angular separation yields a larger GSH owing
to enhanced spin Hall current. The results reveal that the rotational symmetry in
spin space is lost owing to the SO couplings present therein. A comparison between
RSOC and the SO interaction of the other kind, that is, the Dresselhaus SO interaction is made via studying the behaviour of GSH . GSH is antisymmetric in nature
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with respect to the VR = VD line and for VR = VD , GSH is exactly zero, results
that are expected. The colour plots of GL as a function of VR and VD are different
for different values of θY , and the value of GL is larger for smaller θY . The colour
plots are symmetric along the VR = VD line. The longitudinal conductance is also
symmetric as a function of the Fermi energy about E = 0.
We believe that with the advent of improved fabrication technologies, our studies
of SHE in three terminal Y-shaped junction devices can be experimentally achievable
and should be instrumental in designing newer spintronic devices.
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Non-magnetic Adatoms in Graphene
Nanoribbons
In chapters 3 and 4, we have discussed the longitudinal and spin Hall conductances
for a four terminal and a three terminal (Y-shaped) device respectively. The nonzero spin Hall conductance induced by the (Rashba) spin-orbit coupling emphasizes
their utility as possible spintronic devices. Interesting interplay between spin-orbit
coupling, disorder and other device parameters (such as the angular separation for
a Y-shaped device in chapter 4) are investigated in details. Without a closer look
at the graphene-based devices, the above studies will remain incomplete.
Successful fabrication of graphene [39] has attracted a wide attention in both experimental and theoretical investigations. It has several interesting transport properties [40] , such as unconventional quantum Hall effect [39,41,42] , half-metallicity [43,44]
and high carrier mobility [45,158] . These features make graphene a promising candidate for applications in nanoelectronics and spintronic devices. On a parallel front,
Kane and Mele [50,51] predicted that quantum spin Hall (QSH) state can be observed
in presence of intrinsic spin-orbit coupling (SOC) which can be created by a complex
next nearest hopping that differentiates a left hop from a right one. The proposal of
such symmetry allowing hopping term has triggered an enormous study on topologically nontrivial electronic materials [52–55] . However, as said earlier, the QSH effect in
clean graphene is not observed experimentally owing to its vanishingly small intrinsic
spin-orbit coupling (SOC) strength [56,57] , whereas in strained semiconductors, such
as CdTe/HgTe quantum wells, the QSH effect has been observed [58] . The theoretical
proposal by Bernevig, Hughes and Zhang [159] and subsequent experimental demonstration of a QSH phase [91] in this regard have initiated intense scientific research.
However, we shall skip this discussion in our thesis and focus mainly of graphene.
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It was theoretically proposed that adsorption of heavy adatoms such as Indium
(In ), Thallium (Tl81 ), Gold (Au79 ) etc. can enhance or induce intrinsic SOC or
Rashba SOC in graphene [59–61,160] . While the intrinsic SOC is crucially required for
the predicted QSH effect, Rashba SOC is believed to be detrimental to it. Adatoms
such as In or Tl can open up a significant topologically nontrivial gap, different
theoretical studies have confirmed that the two systems (that is In and Tl decorated
graphene) are indeed stable topological insulators [59,61,62] . On the other hand, Aulike adatoms induce Rashba SOC which dominates over the intrinsic SOC and QSH
effect will likely to lose in the competition. Therefore it will be relevant to study the
transport properties of Au adatom decorated graphene to illustrate the validity of
the above scenario. Moreover, owing to the presence of Rashba SOC induced by Au
adatoms features of the spin polarized conductance may provide additional clues
on the topological phase. It is important to understand the role of the intrinsic
spin-orbit coupling in stabilizing the QSH phase in this regard. The QSH phase
which is usually identified by the presence of a plateau of finite (2e2 /h) value for the
longitudinal conductance in a two terminal system may not yield a robust signature
for the presence of the QSH phase. The reason for this could be the absence of the
conducting edge states that are protected by time reversal symmetry along with an
insulating bulk. Other adatoms with larger intrinsic spin-orbit strengths may ensure
both the plateau and the conducting edge states.
49

The electronic, structural, and magnetic properties of transition metals adsorbed
on graphene sheets [65,161,162] and graphene nanoribbons (GNR) [163–166] have been
studied extensively, which are mostly based on ab-initio density-functional theory
(DFT). However, there are very few studies on the spin dependent transport of
Au decorated adatoms that discuss the spin Hall effect and features like nonlocal
resistance etc [167] . For a recent review, see Ref. [168].
It is helpful to recapitulate that the electronic properties of GNRs depend on the
geometry of the edges and the lateral width of the nanoribbons [48] , and according
to the edge termination type, mainly there are two kinds of GNR, namely armchair graphene nanoribbon (AGNR)and zigzag graphene nanoribbon (ZGNR). The
ZGNRs are always metallic with zero bandgaps, while the AGNRs are metallic when
the lateral width N = 3M −1 (M is an integer), else the AGNRs are semiconducting
in nature [49] with a finite band gap.
Since Rashba SOC is the key factor for the spin polarized transport, in this
chapter our aim will be on the exploration of spin dependent transport properties
of Au decorated adatoms in GNRs and comment on the presence of the QSH phase
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Figure 5.1: Schematic view of a two terminal Au adatom decorated graphene nanoribbon.
(a) ZGNR and (b) AGNR. The black and white circles represent the A and B sublattices
of graphene. The golden circles are the Au adatoms. The green line is for the next nearest
neighbour hopping, which represents the intrinsic SOC, while the black lines surrounding
the Au atoms correspond to nearest neighbour hopping and Rashba SOC. Rest of the
black lines contain only nearest neighbour hopping.

therein. This is particularly important owing to a vanishingly small intrinsic SOC,
a crucial ingredient for the observation of the QSH phase.
We organize this chapter as follows. In the following section, we present for
completeness, the theoretical formalism leading to the expressions for the charge
and spin polarized conductances using the well-known Landauer-Büttiker formula.
After that, we include an elaborate discussion of the results. Here we have tried to
resolve few queries, such as whether the QSH state exists in Au decorated adatoms,
how the spin polarized conductance behave in the above system and so on. We have
also included an interesting comparison for the conductance properties for the case
of AGNR vis-a-vis that of ZGNR.

5.1

Theoretical formulation and model

To begin with, we describe the geometry of the system and make our notations clear.
We consider a graphene sheet adsorbed with Au atoms, which prefer to reside at the
center of the carbon rings [59] where it can interact only with the surrounding sixnearest carbon atoms and can enhance the intrinsic SOC or induce Rashba SOC.
The effective tight-binding Hamiltonian for graphene with such adatoms is given
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by [50,59,62] ,
H = −t
+iλR

X
hiji

X

hiji∈R

c†i



c†i↑

c†i↓

X

c†i cj + iλSO

νij c†i sz cj

hhijii∈R

c†i



X †
s × d̂ij cj − µ
ci ci
z

(5.1)

i∈R



is the creation operator of electrons at site i. The first term
where =
is the nearest neighbour hopping term, with a hopping strength, t = 2.7 eV. The
second term is the local intrinsic spin-orbit coupling term enhanced by the adatoms
residing on the set of hexagons R that are inhabited by the Au adatoms. λSO is the
strength of the intrinsic SOC. The third term is the nearest neighbour Rashba term
which explicitly violates the inversion symmetry, that is z → −z symmetry. The last
term is the on-site potential, µ of the carbon atoms in the hexagons hosting adatoms,
which describe the chemical potential that screens charge from the adatoms.
It may be noted that we have used both α and VR in earlier chapters to denote
the strength of RSOC, however, to keep harmony with the symbols used by various
authors for the parameters of the Kane-Mele model, this and in the subsequent
chapters, we have used λR to denote RSOC.

5.1.1

Two terminal (2T) GNR: formulation of charge and
spin polarized conductances

We define the charge and spin polarized conductances as follows,
Iq
G=
VL − VR

Gsα



Iα
~
=
2e VL − VR

(5.2)

where I q is the charge current flowing from the left lead to the right lead and
I α (α = x, y, z) is the spin current polarized in a particular direction, α and flowing
from left lead to right lead. Vi is the potential at the i-th lead.
Following the Landauer-Büttiker formula [1,133] , the charge and spin currents can
be calculated from the following expression [168,169] ,
Ipα =

e2 X
Tr [σ̂α Γq GR Γp GA ] (Vp − Vq )
h q

(5.3)

where, σ̂α = (σ0 , σx , σy , σz ). σ0 is a 2 × 2 identity matrix and σx , σy , σz are the Pauli
matrices. The σ0 term in Eq.(5.3) gives the usual charge current, while those with
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the Pauli matrices yield the spin currents polarized in different directions that is (x,
y and z).
Further we define the fluctuations in the spin polarized conductance as,
∆Gsα

q
= h(Gsα )2 i − hGsα i2

(5.4)

where h...i denotes averaging being done over an ensemble of samples with different
distributions of adatoms for a particular adatom density nad .
Fig.5.1 shows the geometry used for the calculations of charge and spin polarized conductances. Fig.5.1(a) is the setup corresponds to a ZGNR while Fig.5.1(b)
represents that of an AGNR. The length and the width of these systems can be
determined as shown in the given figure (Fig.5.1). The systems, for example in
Fig.5.1(a), have a width, Ny = 12 and a length, Nx = 21. Thus we can denote the
zigzag setup by Nx Z-Ny A = 21Z-12A. Likewise we may denote the armchair setup
by 12A-21Z (see Fig.5.1(b)).
The black and white circles stand for the A and B sublattices of graphene. The
golden circles are the Au adatoms. The green line is for the next nearest neighbour
hopping, which represents the intrinsic SOC, while the black lines surrounding the
Au adatoms correspond to the nearest neighbour hopping and the Rashba SOC.
Rest of the black lines denote only nearest neighbour hopping. The leads are semiinfinite in nature, attached at both ends and are denoted by red color. The leads
are considered to describes by a pure tight binding graphene lattice and hence are
free of any kind of SOC.

5.1.2

Four terminal (4T) GNR: formulation of longitudinal
and spin Hall conductances

In order to observe the spin Hall conductance, a charge current is allowed to flow
between terminals 1 and 2, and a spin current is observed to flow along the transverse
direction of the rectangular sample, that is, between terminals 3 and 4 as shown in
Fig.5.2.
In case of a four terminal device, the longitudinal and spin Hall conductances
are defined as follows,
I2q
GL =
V1 − V2

GαSH
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I3α
~
=
2e V1 − V2

(5.5)
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3
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2

4
Figure 5.2: Schematic view of a four terminal Au adatom decorated graphene nanoribbon. The black and white circles represent the A and B sublattices of graphene. The
golden circles are the Au adatoms. The green line is for the next nearest neighbour hopping, which represents the intrinsic SOC, while the black lines surrounding the Au atoms
correspond to nearest neighbour hopping and Rashba SOC. Rest of the black lines contain only nearest neighbour hopping. The leads are attached at the four sides, which are
denoted by red color and are semi-infinite in nature. The leads are free of any kind of
SOC.

where I2q is the charge current flowing through terminal 2 and I3α (α = x, y, z) is the
spin current polarized in a particular direction, α and flowing through terminal 3.
Vi is the potential at the i-th lead.
Since leads 3 and 4 are voltage probes, we can consider, I3q = I4q = 0. On
the other hand, as the currents in various leads depend only on voltage differences
among them, we can set one of the voltages to zero without any loss of generality.
Here we set V2 = 0.

5.2

Results and Discussions

We have investigated the effect of the conducting edges of AGNR and ZGNR in
presence of intrinsic and Rashba SOC induced by the adatoms on the experimentally
measurable quantity, namely the two terminal charge conductance (G) and spin
polarized conductance (Gsα , α = x, y, z).
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5.2.1

Two terminal (2T) conductance
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Before embarking on the results, we briefly describe the values of different parameters
used in our calculation. Throughout our work, we take the ZGNR setup as 89Z-48A
and the AGNR setup as 48A-89Z (see Fig.5.1). All the energies are measured in unit
of t. The charge conductance is measured in units of e2 /h and the spin polarized
conductance is measured in units of e/4π. Also the lattice constant, a is taken to
be unity. All the measurable quantities are averaged over 100 independent randomadatom configurations for different adatom concentrations, nad . In this work, we
have considered three different Au adatom concentrations, namely, nad = 0.1, 0.2
and 0.3. For most of our numerical calculations we have used KWANT [93] .
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Figure 5.3: G is plotted as a function of Fermi energy in case of Au adatoms, where
λSO = 0.007, λR = 0.0165 and µ = 0.1 for (a) ZGNR case and (b) AGNR case. The
2e2 /h plateau is missing in the ZGNR setup but is present in the AGNR case. Clean limit
(violet) are included for comparison. The 2e2 /h plateau is present in the clean limit.

The signature for the topological insulator or the QSH phase is that there exists
a 2e2 /h conductance plateau and the system conducts via the edge states only,
while the system in bulk remains insulating in nature. Fig.5.3 shows the variation
of the conductance as a function of the Fermi energy, E with Au adatoms for three
different adatom densities, namely nad = 0.1, 0.2 and 0.3. From the first-principles
calculations [59,167] , we use the following parameters: λSO = 0.007, λR = 0.0165 and
µ = 0.1 (all in units of hopping t). Thus with t = 2.7 eV, λSO = 0.0189 eV and
λR = 0.04455 eV. The dotted black line corresponds to 2e2 /h conductance.
For the ZGNR setup as shown in Fig.5.3(a), around the zero of the Fermi energy,
there is a dip in the conductance spectrum to a value close to zero. On the other
hand, for the AGNR setup (Fig.5.3(b)), a 2e2 /h conductance plateau occurs around
the zero of the Fermi energy.
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Figure 5.4: LDOS plot for (a) ZGNR and (b) AGNR in case of Au adatoms. Adatom
concentration is taken to nad = 0.3. In both the figures, the system is conducting on the
whole.
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This leads to a straightforward question, that in case of AGNR setup, can the
Rashba SOC (which is a dominant contribution here) stabilize the QSH phase. To
answer that question, we plot the space-resolved density of states (LDOS) for the
ZGNR and AGNR setup as shown in Fig.5.4(a) and Fig.5.4(b) respectively, where
the bulk states yield non-vanishing contributions and hence are conducting. As said
earlier, it confirms that Rashba SOC is detrimental for observing the QSH effect,
which is revealed in our results for the case of Au adatoms.
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Figure 5.5: Conductance G is plotted as a function of Fermi energy with λSO = 0.08 for
(a) ZGNR and (b) AGNR. Rest of the parameters are same as in case of Au adatom. A
2e2 /h conductance plateau occurs in both the cases. Clean limit (violet) are included for
comparison.
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Thus the 2e2 /h plateau in the conductance behaviour does not guarantee the
presence of a non-trivial topological state [170] . This is one of the interesting results
of this chapter.
Hence it boils down to the fact that by some means if we are able to enhance the
intrinsic SOC by one order of magnitude compared to the value present in the Au
decorated graphene, there could be a way to restore the QSH effect. In Fig.5.5, we
show the variation of conductance as a function of Fermi energy for the following
parameters: λSO = 0.08, λR = 0.0165 and µ = 0.1, that is all the other parameters
are same as in case of Au adatom, except for the intrinsic SOC. Clearly the 2e2 /h
conductance plateau re-emerges for the ZGNR setup (Fig5.5(a)) as well as in case
of AGNR (Fig5.5(b)).
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Figure 5.6: LDOS plots for (a) ZGNR and (b) AGNR case with λSO = 0.08 and other
parameters same as that of Au adatom for adatom density, nad = 0.3. Edge states are
again conducting with an insulating nature for the bulk states.

The LDOS plots yielding edge states and an insulating bulk also support our
claim as shown in Fig5.6(a) and Fig5.6(b). We also note that there is a certain
threshold value required for the intrinsic SOC to recover the QSH effect. The threshold is independent of the system size, at least for the few system dimensions checked
by us. Specifically, it is observed that when the strength of the intrinsic SOC has the
same order of magnitude as that of the chemical potential, the bulk states become
insulating in nature and the edge states start to conduct.
Having discussed the QSH phase, we wish to focus on the spintronic applications.
Without applying an external magnetic field, spin polarized conductance can be
achieved if a Rashba SOC is present in a system. In pristine graphene, though the
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Figure 5.7: The y-component of the spin polarized conductance, Gsy is plotted as a
function of the Fermi energy for λR = 0.1 for (a) ZGNR and (b) AGNR). Magnitude of
Gsy increases with increasing adatom density. The antisymmetry feature about the zero
of the Fermi energy for both to be noted. Further, ZGNR and the AGNR have opposite
signs for Gsy with respect to each other.

strength of Rashba SOC is very weak, still it can cause non-vanishing spin polarized
conductance. It has been shown that the y-component of spin polarized conductance,
Gsy can be achieved in graphene nanoribbons [171] . Zhang et al. [172,173] shown that the
x and z component of the spin polarized conductances (Gsx , Gsz ) are zero for an ideal
graphene nanoribbon because of the longitudinal mirror symmetry of an infinite
system [171] . Adsorption of Au adatoms onto GNR breaks this longitudinal mirror
symmetry and one can expect a small but non-zero Gsx and Gsz . However owing to
the finite width of the GNR, the longitudinal mirror symmetry about the y-axis is
broken, which is why Gsy survives. Motivated by this, we study the behaviour of
spin polarized conductance in presence of Au adatoms.
We begin our study for the spin polarized conductance by taking a hypothetical
adatom which induces Rashba SOC among the neighbouring carbon atoms surrounding by the adatoms. Specifically, we take the strength of the Rashba SOC,
λR = 0.1 which is one order of magnitude higher than that of Au adatoms. Fig.5.7

shows the variation of the y-component of the spin polarized conductance Gsy as
a function of the Fermi energy for three different adatom concentrations, namely
nad = 0.1, 0.2 and 0.3. Fig.5.7(a) is the result for the ZGNR case and Fig.5.7(b) for
the AGNR.
We find a few interesting features in the variation of Gsy . The spin polarized
conductance is anti-symmetric about E = 0, which is owing to the electron-hole
symmetry [135,171] . Also for E < 0, Gsy is positive (negative) for the ZGNR (AGNR)
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Figure 5.8: (a) Band structure of the ZGNR lead. (b) a closer view of ZGNR band
structure denoted by the dotted ellipse. (c) and (d) are the band structure for the AGNR
case. (b) and (d) show the single channel transmission. Further, the widths of the energy
range over which Gsy is zero is shown by ∆ which is larger in ZGNR (∆ ∼ 0.18) compared
to AGNR (∆ ∼ 0.12).

setup. The AGNR setup is basically the π/2 rotated version of the ZGNR setup
about the z-axis. Under a π/2 rotation about z-axis, the Hamiltonian for the Rashba
SOC changes its sign. Specifically, if we define a Rashba Hamiltonian HR by, HR =
π/2 rotation
σx py − σy px , then HR −−−−−−−→ −HR . This explains the sign difference between
the ZGNR and the AGNR setup. Clearly, the magnitude of the Gsy increases as
we increase the adatom density. The spike-like features originate due to the finite
number of modes available for transmission in the leads.
Another important point to be noted here, that there is a finite region about the
zero energy, where the spin polarized conductance is strictly zero. For the ZGNR
case, the width of the region (in units of t) is ∆ = 0.18 and for the AGNR case,
it is ∆ = 0.12. This can be understood from the band structures of the leads
corresponding to the ZGNR and AGNR setup as shown in Fig.5.8. Fig.5.8(a) is
the band structure for the ZGNR lead and Fig.5.8(b) is a closer view of the region
denoted by the dotted ellipse in Fig.5.8(a). Plots in the right panel are for the
AGNR lead. There are only two bands in the energy spectrum within the interval,
∆. In other words, this interval corresponds to single channel transmission. Spin
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polarization is not possible if there is a single channel transmission [171,174] . Also, this
single channel transmission corresponds to the 2e2 /h plateau as shown in Fig.5.5.
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Figure 5.9: x and z-component of the spin polarization are plotted as a function of the
Fermi energy for (a) and (b) ZGNR case and (c) and (d) AGNR case with λR = 0.1. Only
two different adatom density, namely nad = 0.1, 0.2 are shown for clarity of presentation.
The antisymmetric nature about E = 0 can be noted.
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Figure 5.10: The fluctuations in the spin polarized conductance, Gsα (α = x, y, z) is
plotted as a function of the Fermi energy for nad = 0.1 and λR = 0.1 in case of (a) ZGNR
and (b) AGNR.

As we introduce the random distribution of adatoms in the graphene nanoribbon, we effectively break the longitudinal mirror symmetry in the system. So it is
expected that we should have a non-zero Gsx and Gsz . Fig.5.9 shows the variation
of Gsx and Gsz as a function of the Fermi energy for two different adatom densities,
namely nad = 0.1 and 0.2. Fig.5.9(a) stands for the ZGNR setup while Fig.5.9(b)
denotes the AGNR. Certainly, by destroying the longitudinal mirror symmetry we
are able to generate a non-zero Gsx and Gsz . However, the order of magnitude for the
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x and z-components are two orders of magnitude smaller than the y-component of
the spin polarized conductance.
A notable feature of Fig.5.9 is the fluctuations present in the spin polarized
conductance. These fluctuations are due to the finite size effects originating from
the finite number of conducting modes present in the leads. As coherent transport
involves mesoscale and nanoscale devices, the finite size effects are indispensable and
hence fluctuations persist.
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Figure 5.11: ∆Gsy is plotted as a function of the Fermi energy for (a) ZGNR case and
(c) AGNR case with λR = 0.1 and adatom density, nad = 0.1. Charge conductance, G is
plotted as a function of E in the clean limit for (b) ZGNR case and for (d) AGNR case.
Vertical dotted lines are shown for comparison. The peaks in ∆Gsy are accompanied by
the steps seen in G.

Since we are considering an average over a finite number of random configurations
(we use 100 configurations here) in order to calculate the spin polarized conductance,
it is relevant to study the fluctuations in Gsα (α = x, y, z). Fig.5.10 shows the
fluctuations in the spin polarized conductance, ∆Gsα as a function of the Fermi
energy. Though we did not find any similarity in the behaviour among the three
components of the spin polarization, however, the nature of fluctuations of these
three components are exactly the same. The spikes in these fluctuation spectra can
be understood if we take a look at Fig.5.11, where the variation of ∆Gsy is shown
for the ZGNR case in Fig.5.11(a) and for the AGNR case in Fig.5.11(c). In the
lower panel, we plot the variation of the charge conductance, G for the ZGNR case
in Fig.5.11(b) and for the AGNR case in Fig.5.11(d) in the clean limit, that is,
where the system is free from any kind of spin-orbit interaction. In this limit, G
shows a step-like behaviour as expected. The frequency of the steps occurring in
the conductance spectra depends on the number of modes available to the system
for conduction for a given energy range. For each step-like feature in G, there is a
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peak in ∆Gsy . Thus we can say that, whenever a mode opens at a particular energy,
the fluctuation in ∆Gsy shoots up and thus there is a spike.
Apart from a trivial sign of the values of the spin polarization, the qualitative
behaviour corresponding to the ZGNR and AGNR setups are almost same. Hence,
from now on, for brevity, we shall focus on the ZGNR setup only.

Figure 5.12: (a-c) All the three components of spin polarized conductance and (d-f)
their corresponding fluctuations are plotted as a function of Fermi energy for the ZGNR
case only in case of Au adatom. Gsy is the dominant component. The fluctuations in Gsx,y
are one order larger than the corresponding values themselves.

The variation of the spin polarized conductance and their fluctuations as a function of the Fermi energy are shown in Fig.5.12 for the case of Au adatoms. The
x, y and z-component of the spin polarization are plotted in Fig.5.12(a)-(c) and
their corresponding fluctuations in Fig.5.12(d)-(f). Here, owing to large fluctuations
compared to the charge conductance case, 200 random-adatom configurations are
taken. The magnitudes of Gsx and Gsz are smaller by two orders of magnitude than
Gsy . Also, x and z components of the spin polarizations do not have any regular
feature as a function of the Fermi energy. However, the fact that they have non-zero
values speaks on the prospects of them being used as spintronic devices. It may
be noted that the chemical potential for the Au adatoms is taken as µ = 0.1 (in
units of t), so when the Fermi energy becomes equal or greater than the µ value, the
screening of charges between the Au adatoms and its neighbouring carbon atoms
86

TH-1716_126121007

5.2 Results and Discussions

may no longer valid. The absence of such screening renders a large fluctuation in
the spin Hall conductance. Hence to have a better clarity we have shown the data
corresponding to E ≤ 0. We find that Gsy and ∆Gsy increase as we increase the
adatom density.
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Figure 5.13: (a-c) All the three components of spin polarized conductance and (d-f)
their corresponding fluctuations are plotted as a function of Fermi energy for ZGNR case
only with λSO = 0.08 (hypothetical adatom). Rest of the parameters are same as Au
adatom.

By increasing the strength of intrinsic SOC, the results discussed above can be
improved a little. In this case we set λSO = 0.08. Rest of the parameters are taken
exactly same as that of Au adatom. Fig.5.13 shows the variation of Gsx , Gsy and Gsz
and their corresponding fluctuations as a function of Fermi energy for nad = 0.1, 0.2
and 0.3. The magnitudes of all the three components of spin polarization increase
than the situation that corresponds to Au adatoms (Fig.5.12), along with reduced
oscillatory nature for E ≥ 0.1. Fig.5.13(d-f) show the behaviour of ∆Gsx , ∆Gsy and
∆Gsz . Here they show very similar behaviour as a function of the Fermi energy.
One can ask why the fluctuations have a greater magnitude than their observables.
Since the spin polarized conductance can have both positive as well as negative
values and also since their magnitudes are close to zero, there is a finite possibility
that the averaged values can be close to zero. On the other hand, if we recall the
expression for the fluctuations (see Eq.(5.4)), the term h(Gsα )2 i is always is greater
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than zero and additive in nature. As a result, ∆Gsα assumes large (and oscillatory)
values.
For additional support, we have also plotted the local charge current for the
ZGNR system with Au adatoms and also for the adatoms with enhanced intrinsic
spin-orbit interaction as shown in Fig.5.14. The local current distribution plot for
Au adatom is shown in Fig.5.14(a). Clearly, the current is flowing through the bulk
and hence the system does not have any QSH phase. However, for the enhanced
intrinsic SOC case (Fig.5.14(b)), the local current flows only along the two sides of
the system, revealing that the system again recovers the QSH phase.
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Figure 5.14: (a) Local charge current distribution plot in case of Au adatom. (b) Local
charge current plot for adatoms with enhanced intrinsic SOC. Plot in (b) shows clearly
existence of edge modes and non-conducting bulk states.

5.2.2

Four terminal (4T) conductance

We have also studied a four terminal (4T) Au decorated graphene nanoribbon setup
in order to specifically observe the spin Hall conductance. To begin with the results
the case of a 4T device, we shall remind ourselves Fig.5.2, where an electric current
is allowed to pass between terminals 1 and 2 and the corresponding longitudinal
conductance is measured. Terminals 3 and 4 are the voltage probes and hence
there will be no charge current flowing through them. The spin Hall conductance is
measured between terminals 3 and 4. The longitudinal conductance is measured in
units of e2 /h and the spin Hall conductance is measured in units of e/4π.
In this section, in addition to Au adatoms, we have also considered Tl adatoms.
The inclusion of Tl in the present context is to emphasize on the spin Hall conductance spectrum which is essential for spintronic applications. This point elaborated
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in the following discussion.
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Figure 5.15: The longitudinal conductance, GL is plotted as a function of the Fermi
energy, E for three different adatom concentrations for (a) Au adatom and (b) Tl adatom.
The 2e2 /h plateau is destroyed signalling onset of ordinary insulating phase.

The behaviour of the longitudinal conductance, GL for the 4T case is plotted
as a function of the Fermi energy, E for Au and Tl as shown in Fig.5.15(a) and
Fig.5.15(b) respectively. The behaviour of GL is more or less same both for types of
adatoms, showing that the longitudinal conductance is independent of the intrinsic
or Rashba spin-orbit interactions, which it should be. Around the zero of the Fermi
energy, there is no flat plateau with a 2e2 /h value and hence there is no QSH phase.
The variation of spin Hall conductance (in units of e/4π) as a function of the
Fermi energy is plotted in Fig.5.16(a). The energy range (in units of t) is taken
for [-0.5:0], for the same reason as we discussed in Fig.5.12. Al the three components of the spin Hall conductance have the same order of magnitude and they
increase with increasing the adatom concentration. The corresponding fluctuations
are also plotted in Fig.5.16(b). The fluctuations increase with increasing adatom
concentration.
Tl adatoms only enhance the intrinsic SOC and as a result, they can only generate
the z-component of the spin Hall conductance, GzSH . The variation of GzSH and the
corresponding fluctuations ∆GzSH , are plotted as a function of the Fermi energy as
shown in Fig.5.17(a) and Fig.5.17(b) respectively. The magnitude of GzSH is greater
than the case for Au adatoms, which is because of the disparity in the strength
of the intrinsic SOC. For Au adatoms, λSO = 0.007, whereas for Tl adatoms the
intrinsic SOC (λSO = 0.02) is greater by one order of magnitude. The fluctuations
∆GzSH also increases as usual with increasing the adatom concentration and has the
same order of magnitude as for the case of Au adatoms.
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and GzSH are plotted for Au adatoms as a function of the Fermi energy. (b) Corresponding
fluctuations are plotted as a function of the Fermi energy. All the three components are
of the same order. There is no longitudinal mirror symmetry present in the system.

0.04

λSO = 0.02
µ = 0.1

(a)

∆G SH (e/4π)

-0.3
nad = 0.1
nad = 0.2
nad = 0.3

-0.6
-0.9

-0.4

λSO = 0.02
µ = 0.1

(b)

0.02

z

z
G SH

(e/4π)

0

-0.2

nad = 0.1
nad = 0.2
nad = 0.3

0

0

E

-0.4

-0.2

0

E

Figure 5.17: GzSH is plotted for Tl adatoms as a function of the Fermi energy. (b)
The corresponding fluctuation is plotted as a function of the Fermi energy. Large adatom
density yields higher values of GzSH .

The flow of the local charge and spin currents are shown in Fig.5.18 for Au
adatoms. As shown in Fig.5.18(a), the local charge current is flowing from left end
of the system to the right without having any disturbance and is also flowing through
the bulk. As we have noticed from the longitudinal conductance behaviour, in the
local charge current case there is are edge states carrying current with the presence
of insulating bulk states.
Fig.5.18(b),(c) and (d) are for the local spin currents Jx , Jy and Jz respectively.
Few of the paths are seen to be even circling around certain points, thereby signaling
a vortex-like behaviour. On an average, it is clearly noticeable that the spin currents
are flowing in the transverse directions.
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Figure 5.18: (a) The local charge current J0 , (b) the x-component of the local spin
current, Jx , (c) the y-component of the local spin current, Jy and (d) the z-component of
the local spin current, Jz are shown for the Au adatom case. We set the Fermi energy at
E = −0.1 (in units of t) and the adatom concentration in the present case is nad = 0.1.

The local charge current and the z-component of the local spin current for Tl
adatoms are shown in Fig.5.19(a) and (b) respectively. Here the Fermi energy is
fixed at the same value as that of Au adatom, that is at E = −0.1 (in units of t)
and with adatom concentration, nad = 0.1. The nature of the local charge current is
almost same as that of Au adatoms, showing that the charge current is independent
of any kind of SOC that is present in the system. For the z-component of the local
spin current, few of the paths are also circling around certain points as we have
observed in case of Au adatom.
One point should be mentioned here that all the plots in Fig.5.14, Fig.5.18 and
Fig.5.19 are obtained for a single configuration corresponding to nad = 0.1. Another
configuration or taking an average over several configurations may change the plots,
but the qualitative features will remain unaltered.
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(a)

(b)

Figure 5.19: (a) The local charge current J0 and (b) the z-component of the local spin
current, Jz are shown for the Tl adatom GNR. We set the Fermi energy at E = −0.1 (in
units of t) and the adatom concentration in the present case is nad = 0.1.

5.3

Conclusion

In the present chapter, we have studied the behaviour of the charge and spin polarized conductances in two terminal zigzag and armchair graphene nanoribbons
with Au adsorbates. Au as an adatom is chosen since it induces Rashba SOC in
the ribbon. We made a comparison between the conductance properties of ZGNR
and AGNR, where both types of ribbons are found to shown similar qualitative
behaviour. In case of Au adatom, the systems are no longer in the QSH phase.
However, if we enhance the strength of the intrinsic SOC which may happen for
some type of adatoms, the QSH effect can be restored. Nevertheless, the non-zero
values of the spin polarized conductance ensure their possible applications in spintronics. A four terminal setup is also studied with Au and Tl adatoms. The spin
Hall conductance is greater for the Tl adatoms than that for Au adatoms. However,
the Tl adatoms can generate only the z− component of the spin Hall conductance
(owing to the absence of RSOC), while Au adatoms are able to generate all its three
components.
It may be noted that we have considered an artificial adatom which can induce
an intrinsic SOC at least one order larger than that is possible for Au adatoms.
Thus careful scrutiny of different (heavy) elements of the periodic table that can
induce larger SOC in graphene nanoribbons is needed.
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Chapter 6

Magnetic Adatoms in Graphene
Nanoribbons
The recent fabrication of freestanding graphene nanoribbons (GNRs) [46,47] has generated renewed interest in carbon-based materials with exotic properties. Since the
edges play an important role in determining the electronic properties of GNRs, they
offer a variety of possibilities for tunable electronic properties, such as edge modulation by inorganic atoms, molecules or radicals [175–178] , application of transverse
electric fields [179] , adsorption or doping of atoms or molecules [65,161–166,180,181] etc.
Metal atoms adsorbed onto graphene sheets also represent a new way for the development of new electronic or spintronic devices. The electronic, structural, and magnetic properties of transition metals (TM) on graphene sheets [65,161,162] and graphene
nanoribbons (GNR) [163–166] have been studied extensively, which are mostly based on
ab-initio density-functional theory (DFT). The spin dependent transport in GNRs
in presence of Rashba SOC has been investigated in some cases, such as spin filtering
effect in zigzag GNR [174] , possible spin polarization directions for GNR with Rashba
SOC [171] , effects of spatial symmetry of GNR on spin polarized transport [172] etc.
Since we have extensively studied the properties of adatom decorated GNRs in the
last chapter, a comparison of the corresponding scenario for the magnetic adatoms
is particularly a relevant exercise and forms the focus of this chapter.
Among the metal adatoms, the study of GNRs in presence of transition metals
warrants some special attention since TMs serve as important catalysts for the
synthesis of graphite, CNT, GNR etc. Since TM catalysts (particularly iron (Fe))
is a common impurity in the graphite [63] , graphene layers fabricated from graphite
are likely to have these impurities. Longo et al. [64] have shown that the behaviour of
Fe atom in a GNR is magnetic, in contrast to the behavior found in graphene [65,66] .
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Mao et al. [67] showed that adsorption of Fe on graphene makes graphene metallic
and generates complete spin polarization. Basically the study of TM adsorption
on graphene [68,69] shows possible applications in the realization of graphene-based
electronic and spintronic devices. Motivated by the above studies, it will be highly
desirable to explore the spintronic behaviour of TM adsorption on graphene and
graphene-based structures.
In the present chapter, we explore the charge and spin transport properties of
ZGNR decorated by magnetic adatoms. For this, we consider a case where TM
(particularly Fe) are adsorbed onto ZGNR. The resulting broken structural symmetry gives rise to a Rashba spin-orbit interaction (RSOC) and the hybridization
between the carbon π states and the 3d-shell states of magnetic adatoms generates
a macroscopic exchange field [61] . The first principle calculations report a bulk gap
of almost 5.5 meV in Fe adsorbed GNRs, which should be possible to verify in experiments [61] . Further, in order to avoid any complicacy, such as adatom-adatom
interaction, spin dependent interactions etc., we consider a very small concentration
of magnetic adatoms, so that any interaction other than the RSOC and the exchange
field will not be present in our analysis.
We organize this chapter as follows. In the following section, we present, for
completeness, the theoretical formalism leading to the expressions for the two terminal charge and spin polarized conductances and four terminal longitudinal and
spin Hall conductances using the well-known Landauer-Büttiker formula. Hence we
include an elaborate discussion of the numerical results on the conductance. Here,
we have attended to resolve few queries, how the spin polarized conductance behaves
in the two terminal case, whether there is any similarity between the two terminal
spin polarized conductance and four terminal spin Hall conductance. We have also
included an interesting comparison for the charge conductance properties for the
case of a two and a four terminal ZGNR.

6.1

Theoretical formulation and model

To begin with, we describe the geometry of the system and make our notations clear.
We consider a graphene sheet adsorbed with magnetic atoms, which induces Rashba
SOC and generates an exchange field. The effective tight-binding Hamiltonian for
graphene with such adatoms is given by [61] ,
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H = −t
c†i



c†i↑

c†i↓

X

c†i cj + iλR

hiji

X

hiji∈R



X †
c i σz c i
c†i ~σ × d̂ij cj + λEB
z

(6.1)

i∈R



is the creation operator of electrons at site i. The first term
where =
is the nearest neighbour hopping term, with a hopping strength, t = 2.7 eV. The
second term is the nearest neighbour Rashba term which explicitly violates z → −z
symmetry. This term is induced by the adatoms residing on the set of hexagons R
that are inhabited by the magnetic adatoms. The third term is the exchange bias
that (as shown in Fig.6.1or in Fig.6.2) originates due to the inclusion of magnetic
adatoms.

6.1.1

Two terminal (2T) GNR: formulation of charge and
spin polarized conductances
1

2

3

1
1 1

4

1
2
3
4

Ny

11
12

Nx

Figure 6.1: Schematic view of a two terminal graphene nanoribbon. The black and
white circles represent the A and B sublattices of graphene. The brown circles are the
magnetic adatoms. The green circles are the affected site due to magnetic adatoms. The
black lines surrounding the magnetic atoms correspond to nearest neighbour hopping and
Rashba SOC. Rest of the black lines contain only nearest neighbour hopping. The leads are
attached at both ends, which are denoted by red color and are semi-infinite in nature. The
leads are free of any kind of SOC. Nx and Ny are the length and width of the nanoribbon
respectively. There is no intrinsic spin-orbit coupling.

Fig.6.1 shows the geometry used for the calculations of charge and spin polarized
conductances for a 2T device. The theoretical formulation leading to the expres95
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sions for conductance is same as shown in Chapter 5. Fig.6.1 is the setup that
corresponds to ZGNR. The length and the width of these systems can be determined as shown in the given figure. In Fig.6.1, the width is given by, Ny = 12
and the length is, Nx = 21. Thus we can denote the zigzag setup by Nx Z-Ny A =
17Z-12A. This nomenclature for denoting the dimensions of the nanoribbon will be
followed throughout the chapter.
The black and white circles stand for the A and B sublattices of graphene. The
brown circles are the magnetic adatoms. The green circles are the affected sites due
to magnetic adatoms. The black lines surrounding the adatoms correspond to the
nearest neighbour hopping and the Rashba SOC. Rest of the black lines denote only
nearest neighbour hopping. The leads are semi-infinite in nature, attached at both
ends and are denoted by red color. The leads are considered to describes by a pure
tight binding graphene lattice and hence are free of any kind of SOC.

6.1.2

Four terminal (4T) GNR: formulation of longitudinal
and spin Hall conductances

In order to observe the spin Hall conductance, a charge current is allowed to flow
between terminals 1 and 2, and a spin current is observed along the transverse
direction of the rectangular sample, that is between terminals 3 and 4 as shown in
Fig.6.2. The theoretical formulation for the four terminal longitudinal and spin Hall
conductances are already outlined in Chapter 5.

6.2

Results and Discussion

We have studied the charge and spin conductance properties in ZGNR decorated by
magnetic adatoms and compared the results for two and four terminal devices.
Before embarking on the results, we briefly describe the values of different parameters used in our calculation. We set the hopping term, t = 2.7 eV. Throughout
our work, we take the ZGNR setup as 89Z-48A for the two terminal case, whereas for
the four terminal device it is 85Z-52A. All the energies are measured in the unit of
2
t. The charge conductance is measured in units of e~ and the spin polarized conduce
tance is measured in units of 4π
. Also the lattice constant, a is taken to be unity. All
the measurable quantities are averaged over 50 independent random-adatom configurations for different adatom concentrations, nad . In this work, we have considered
three different adatom concentrations, namely, nad = 0.025, 0.05 and 0.1. Further,
96

TH-1716_126121007

6.2 Results and Discussion

1

2

Figure 6.2: Schematic view of a four terminal graphene nanoribbon. The black and
white circles represent the A and B sublattices of graphene. The brown circles are the
magnetic adatoms. The green circles are the affected sites due to magnetic adatoms.
The black lines surrounding the Au atoms correspond to nearest neighbour hopping and
Rashba SOC. Rest of the black lines contain only nearest neighbour hopping. The leads
are attached at the four sides, which are denoted by red color and are semi-infinite in
nature. The leads are free of any kind of SOC.

we have checked that 50 configurations are adequate in the present context, especially, since the adatom densities considered here are small.

6.2.1

Two terminal

The behaviour of charge conductance, G for two terminal case is studied as a function
of the Fermi energy, E as shown in Fig.6.3 for two different cases, λR = 0 in Fig.6.3(a)
and λR = 0.2 in Fig.6.3(b). The strength of the exchange field is kept fixed at
λEB = 0.18. Corresponding to these parameters, the insulating bulk states are
clearly discernible from the chiral conducting edge states [61] . Thus with t = 2.7 eV,
λR = 0.54 eV and λEB = 0.486 eV.The variation of G as a function of the Fermi
energy is quite similar for two different strengths of the Rashba SOC. G is symmetric
around the zero of the Fermi energy and shows a necklace-type pattern for both the
case. However, the behaviour of G close to zero of the Fermi energy is different for
97

TH-1716_126121007

Chapter 6. Magnetic Adatoms in Graphene Nanoribbons

the two different values of λR . In order to visualize the behaviour of G close to zero
of the Fermi energy, we plot G for a small range of the Fermi energy as shown in the
inset in Fig.6.3. In the absence of Rashba SOC, G always stays finite. On the other
hand, in presence of Rashba SOC, G tends to vanish values in the vicinity of E = 0
as we increase the adatom concentration and it identically vanishing at nad = 0.1.
The 2e2 /h plateau in pristine graphene is believed to be a signature of the quantum
spin Hall insulating phase protected by the time reversal symmetry. In presence of
the exchange bias, the time reversal symmetry is explicitly violated leading to the
disappearance of the plateau and giving rise to features of an ordinary insulator.
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Figure 6.3: The two terminal charge conductance, G is plotted as a function of the
Fermi energy, E (a) in the absence of Rashba SOC and (b) in the presence of Rashba SOC
with strength, λR = 0.2. The strength of the exchange field is fixed in both the cases at
λEB = 0.18. To visualize the behaviour of G near the zero of the Fermi energy, we plot
the variation of G for a small range of the Fermi energy as shown in the insets.

We did not show the fluctuations in the charge conductance in Fig.6.3 in order to
avoid cluttering of data. However, the fluctuations in the charge conductance, ∆G
is plotted as a function of the Fermi energy separately as shown in Fig.6.4 for clarity.
Fig.6.4(a) shows the variation of G in the absence of Rashba SOC and Fig.6.4(b) for
a Rashba strength, λR = 0.2. In both cases, fluctuations increase with increasing of
the adatom concentration. Rashba SOC suppresses the fluctuations in the charge
conductance as seen from Fig.6.4(b). The spike-like behaviour in ∆G is due to the
finite number of open channels in the leads and may be due to the spin precession
effect [182,183] . For clarity, we have taken only two different adatom concentrations,
namely, nad = 0.025 (denoted by blue color) and 0.1 (denoted by green color).
It is expected that in the absence of Rashba SOC, the exchange field generates
only the z-component of the spin polarized conductance, as the exchange field contains only the z-component of the Pauli spin matrix (see Eq.(6.1)). However, the
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Figure 6.4: The fluctuations in the charge conductance, ∆G is plotted as a function
of the Fermi energy, E for (a) λR = 0 and (b) λR = 0.2. Only two different adatom
concentrations are taken, namely, nad = 0.025 and 0.1 for clarity.
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inclusion of the Rashba SOC generates all the three components of the spin polarized
conductance.

-2
-0.4

-0.2

0

E

0.2

0.4

0
-0.4

-0.2

0

E

0.2

0.4

Figure 6.5: (a-c)The two terminal spin polarized conductance, Gsz is plotted as a function
of the Fermi energy in the absence of Rashba SOC for three different adatom concentrations, namely nad =0.025, 0.05 and 0.1. (d-f) Their corresponding fluctuations are plotted
as a function of E.

Fig.6.5(a-c) shows the variation of the z-component of the spin polarized component, Gsz (in units of e/4π) as a function of the Fermi energy, E in the absence
of Rashba SOC for three different adatom concentrations. Gsz is antisymmetric as
a function of the Fermi energy owing to the electron-hole symmetry [135,171] . Even
though we have considered very dilute adatom concentrations, still Gsz acquires quite
a large value in the absence of Rashba SOC. The spike-like nature as discussed before is due to the finite number of open channels in the leads. The fluctuations in
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Gsz , denoted by ∆Gsz is plotted as a function of the Fermi energy, E as shown in
Fig.6.5(d-f). ∆Gsz is symmetric about E = 0. However, in the absence of Rashba
SOC, ∆Gsz is more or less independent of the adatom concentration.
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Figure 6.6: In presence of Rashba SOC, the three components of the spin polarized
conductance (a) Gsx , (b) Gsy and Gsz are plotted as a function of the Fermi energy. (d-f)
Their fluctuations are plotted as a function of E. Now all the three components are finite.

The behaviour of all the three components of spin polarized conductance as a
function of E in presence of Rashba SOC is plotted in Fig.6.6(a-c). The magnitude
of the spin polarized conductance increases with increasing the adatom concentration. The z-component, namely Gsz has a higher magnitude than the other two
components of the spin polarized conductance. However, all of them are antisymmetric about E = 0, as they should be. The magnitude of Gsz in presence of the
Rashba SOC is lower than the values corresponding to those of in the absence of the
Rashba SOC. The spike-like feature is most prominent in the behaviour of Gsz and
is marginally observed in Gsy . Further, as we have already mentioned in Chapter 5,
the fluctuations present in the data for spin polarized conductance are due to the
finite size effects originating from the finite number of conducting modes present in
the leads.
The behaviour of the corresponding fluctuations in the spin polarized conductance is shown in Fig.6.6(d-f). As the adatom concentration is increased, the fluctuations also increase. But the most interesting feature about the fluctuations is
that all the three components, that is ∆Gsi (i = x, y, z) have a unique behaviour as
elaborated in the following. Even if the different components of the spin polarized
conductance have different variations as a function of E and have different orders
of magnitude for a particular strength of the exchange field in presence of Rashba
SOC, yet the orders of magnitude of their fluctuations are almost same. Further, as
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usual, the fluctuations increases with increasing adatom concentration.
The inclusion of magnetic adatoms generates the exchange field and as a result,
the time reversal symmetry is broken. Hence the system will no longer have a
Kramer’s doublet. This phenomena can be justified through the density of states
(DOS) for different species, that is DOS for up and down spins. We denote the
total density of states by DOS, the density of states coming from spin up electron
by UDOS and that from spin down electron by DDOS. We also define the difference
between the UDOS and DDOS by DiffDOS.
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Figure 6.7: The density of states (DOS) for the spin up (UDOS) and spin down (DDOS)
electrons are plotted as a function of the Fermi energy, E (a) for λR = 0 and (d) for
λR = 0.2. The difference between UDOS and DDOS are plotted as a function of E (b) for
λR = 0 and (e) for λR = 0.2. The behaviour of total DOS is plotted as a function of the
Fermi energy (c) for λR = 0 and (e) for λR = 0.2. For clarity of presentation, we consider
only a single adatom concentration, that is, nad = 0.1.

The variation of the DOS as a function of the Fermi energy is plotted in Fig.6.7
for a particular strength of the exchange field, λEB = 0.18. Fig.6.7(a) shows the
behaviour of UDOS and DDOS in the absence of Rashba SOC and Fig.6.7(d) in
presence of Rashba SOC. It is observed that UDOS is antisymmetric with respect
to the DDOS as a function of the Fermi energy. The difference between UDOS and
DDOS, that is, DiffDOS is plotted in Fig.6.7(b) and Fig.6.7(e) in the absence and
presence of Rashba SOC respectively. In both cases UDOS − DDOS is antisymmetric about E = 0. The total DOS, that is the sum of DOS due to spin up and
spin down electrons is plotted in Fig.6.7(c) and Fig.6.7(f). DOS is symmetric about
E = 0.
We can summarize the observations noted from the DOS data, as shown by the
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following set of properties,
UDOS(E) = DDOS(−E)
DiffDOS(E) = −DiffDOS(−E)

(6.2)

DOS(E) = DOS(−E)
In order to have a deeper look, we have also shown the local charge and spin
currents for a fixed Fermi energy. Since the left lead acts as an input to the system,
we are interested in the local charge and spin currents which have originated due to
the left lead.
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Figure 6.8: (a) The local charge current, J0 and (b) the z-component of the local spin
current are shown in the absence of Rashba SOC. Both the figures are obtained for the
adatom concentration nad = 0.1 and we set the Fermi energy at E = −0.09 (in units of
t). Figure (b) shows a presence of some centers around which Jz whirls.

Fig.6.8(a) shows the nature of the local charge current, J0 in the absence of
Rashba SOC for a fixed value (close to zero) of the Fermi energy, namely E = −0.09
(in units of t). Clearly, the local charge current is flowing from the left to the right
lead without any distortion. In case of the spin currents, three components, namely
Jx , Jy , Jz can exist. Since in the absence of Rashba SOC only z-component of the
local spin current is present, we have calculated Jz as shown in Fig.6.8(b). The
number of paths between left and right leads is less compared to the local charge
current. Few of the paths are even circling around certain points signaling a vortexlike behaviour.
Since the inclusion of Rashba SOC generates the two other components of the
spin polarized conductance, namely the x and y components, it will be meaningful
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to study the local spin currents of these components. The existence of all of these
components should be beneficial for spintronic applications of magnetic adatom
decorated GNRs.
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Figure 6.9: (a) The local charge current J0 , (b) the x-component of the local spin current,
Jx , (c) the y-component of the local spin current, Jy and (d) the z-component of the local
spin current, Jz are shown in the presence of Rashba SOC with strength λR = 0.2. The
strength of the exchange field is λEB = 0.18. We set the Fermi energy at E = −0.09 and
the adatom concentration in the present case is nad = 0.1. Vortex like features, similar to
Fig.6.8(b) are noticed in the Jx , Jy and Jz plots.

For this, we set, as before, the strength of the Rashba SOC at λR = 0.2 and fixed
the energy at E = −0.09. The local charge and spin currents are shown in Fig.6.9.
The local charge current, J0 is again flowing between left and right leads as shown in
Fig.6.9(a), which reveals that J0 is almost independent of the Rashba SOC which is
understandable. Fig.6.9(b),(c) and (d) show respectively Jx , Jy and Jz . If we recall
Fig.6.6, where Gsi (i = x, y, z) are plotted as a function of the Fermi energy, the
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x-component of the spin polarized conductance has the lowest magnitude compared
to the other two components. This can be explained from Fig.6.9(b). Here we see
that the number of clear paths between left and right leads are very less compared
to the paths corresponding to Jy and Jz . As a result, Gsx has lesser magnitude than
that of Gsy and Gsz .
One point should be mentioned here that all the plots in Fig.6.8 and Fig.6.9
are obtained for a single configuration corresponding to nad = 0.1. Another configuration or taking an average over several configurations will change the current
distribution between the leads but will have similar implications as checked by us.

6.2.2

Four terminal (4T)

Having emphasized upon the conductance characteristics of a 2T GNR, it is useful
to compare and contrast the conductance properties for 4T devices.
To begin with the results in case of a 4T device, we shall remind ourselves that
the setup for measuring the longitudinal conductance (G) and spin Hall conductance
(GSH ). As shown in Fig.6.2, an electric current is allowed to pass between terminals
1 and 2, and the longitudinal conductance is measured. Terminals 3 and 4 are the
voltage probes, hence there will be no charge current flowing through them. The
spin Hall conductance is measured between terminals 3 and 4.
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Figure 6.10: The four terminal charge conductance, G is plotted as a function of the
Fermi energy, E (a) in the absence of Rashba SOC and (b) in the presence of Rashba SOC
with strength, λR = 0.2. The strength of the exchange field is fixed in both the cases at
λEB = 0.18. To visualize the behaviour of G near the zero of the Fermi energy, we plot
the variation of G for a small range of the Fermi energy as shown in the inset.
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Figure 6.11: The fluctuations in the charge conductance, ∆G is plotted as a function of
the Fermi energy, E for (a) λR = 0 and (b) λR = 0.2. Three different adatom concentrations are taken, namely, nad = 0.025, 0.05 and 0.1.

The behaviour of the charge conductance, G for a 4T device is studied as a
function of the Fermi energy, E as shown in Fig.6.10 for two different cases as
earlier, namely, λR = 0 in Fig.6.10(a) and λR = 0.2 in Fig.6.10(b). The strength of
the exchange field is kept fixed as in case of two terminal case, that is at λEB = 0.18.
G is symmetric around the zero of the Fermi energy and shows a necklace-type
pattern for both the cases. However, the behaviour of G close to zero of the Fermi
energy is different for two different values of λR . We plot G for a small range of
the Fermi energy in the vicinity of E = 0 as shown in the inset in Fig.6.10. In the
absence of Rashba SOC, G always remains non-zero. On the other hand, in presence
of Rashba SOC, G tends to have lower values near E = 0 as we increase the adatom
concentration. One can expect a conventional insulating behaviour in the vicinity of
E = 0 in presence of Rashba SOC if we increase the adatom concentration beyond
nad = 0.1.
There is a crucial difference between the 2T and 4T devices with regard to the
plateau at 2e2 /h in the vicinity of the zero of the Fermi energy implying the existence
or absence of a quantum spin Hall phase. As discussed earlier, there is a fairly flat
plateau for a 2T GNR without magnetic adatoms, which is visibly absent for a 4T
GNR (see Fig.6.10 and the insets) owing to the absence of edges in the sample which
subsequently rules out the presence of edge states. This is another minor difference,
where, in a 2T device, we have observed G to completely vanish at nad = 0.1, while
in the 4T GNR, it is small but finite at nad = 0, however would eventually vanish
for nad > 0.1.
The fluctuations in the charge conductance, ∆G is plotted in Fig.6.11(a) in the
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absence of Rashba SOC and in Fig.6.11(b) in presence of Rashba SOC. In each of
the plots, ∆G falls off as we come close to E = 0, from either side of the band and
again increases near E = 0. The fluctuations increase as we increase the adatom
concentration. By comparison of the two plots, we observe that the inclusion of
Rashba SOC causes larger fluctuations than the corresponding case where Rashba
SOC is absent.
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Figure 6.12: (a-c) The four terminal spin polarized conductance, Gsz is plotted as a
function of the Fermi energy, E in the absence of Rashba SOC for three different adatom
concentrations. (d) Their corresponding fluctuations are plotted as a function of E.
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Figure 6.13: In presence of Rashba SOC, the three components of the spin polarized
conductance (a) Gsx , (b) Gsy and Gsz are plotted as a function of the Fermi energy, E. (d-f)
Their fluctuations are plotted as a function of E.

Same as that of the spin polarized conductance, the spin Hall conductance also
has three components, namely GxSH , GySH and GzSH . Since the x and y-components
of the spin Hall conductance are absent in the absence of Rashba SOC, we have
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shown only the variation of GzSH in units of e/4π as a function of the Fermi energy
in Fig.6.12(a-c)and corresponding fluctuations in Fig.6.12(d).
GzSH is plotted for three different adatom concentrations separately for better
clarity. The behaviour of GzSH is antisymmetric about E = 0 and the magnitude
(irrespective of the sign factor) increases as the adatom density is enhanced. The
maximum values of GzSH are observed on either side of the zero of the Fermi energy
and close to E = 0, the value decreases. The corresponding fluctuations are shown in
a single plot in Fig.6.12(d). As expected, with increasing the adatom concentration,
∆GzSH increases. Another important point to be noted here is that there is a finite
region about the zero energy where GzSH and ∆GzSH are strictly zero irrespective of
the adatom concentration. This vanishing of the conductance and its corresponding
fluctuations are due to the availability of single transmission mode [171,174] .
The effect of the inclusion of Rashba SOC on the three components of the spin
Hall conductance is observed in Fig.6.13(a-c). All of them are antisymmetric about
E = 0. Their magnitudes increase as the adatom concentration is increased. Though
the behaviour of the different components of the spin Hall conductance has different
variations as a function of the Fermi energy, their orders of magnitude are similar.
The fluctuations in the spin Hall conductance are plotted in Fig.6.13(d-f) as a function of the Fermi energy. as observed the case in the absence of Rashba SOC, in
the present case, GxSH , GySH and GzSH have similar variations with E, that is they
increase with increasing adatom concentrations. Further, their orders of magnitude
are also same.
The DOS plots in the absence of Rashba SOC are shown in Fig.6.14(a-c) and in
the presence of Rashba SOC in Fig.6.14(d-f). UDOS (for the up spin) and DDOS
(for the down spin) are antisymmetric to each other as we have observed in case of
a two terminal device. The magnitudes of UDOS and DDOS are higher at larger
values of E as shown in Fig.6.14(a) and Fig.6.14(d), and in both the cases, that is,
in presence and absence of Rashba SOC, their magnitudes seem to be independent
of the strength of Rashba SOC. The difference between UDOS and DDOS, DiffDOS
(= UDOS - DDOS) has an antisymmetric variation as a function of the Fermi energy
and has somewhat larger oscillatory behaviour in presence of RSOC than that in
the absence of RSOC. Also, the total DOS is symmetric about E = 0. Basically, all
the three quantities are in good agreement with Eq.(6.3) both in the absence and
presence of Rashba SOC.
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Figure 6.14: The four terminal density of states (DOS) for the spin up (UDOS) and spin
down (DDOS) electrons are plotted as a function of the Fermi energy (a) for λR = 0 and
(d) for λR = 0.2. The difference between UDOS and DDOS are plotted as a function of E,
(b) for λR = 0, and (e) for λR = 0.2. The behaviour of total DOS is plotted as a function
of the Fermi energy (c) for λR = 0 and (e) for λR = 0.2. For clarity of presentation we
have considered only a single adatom concentration, nad = 0.1.
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Figure 6.15: (a) For the four terminal case, the local charge current, J0 and (b) the
z-component of the local spin current are shown in the absence of Rashba SOC. Both the
figures are obtained for the adatom concentration nad = 0.1 and we set the Fermi energy
at E = −0.09 (in units of t).

Finally, the local charge current and the z-component of the local spin current are
shown in Fig.6.15(a) and Fig.6.15(a) respectively in the absence of Rashba SOC. For
the local charge current, it is observed that, though the transverse leads are voltage
probes, the charge current still flows between lead 1 and lead 3. In another word,
the charges accumulate at the transverse edges of the sample and as a result, less
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charge current flows between terminals 1 and 2. This, in turn, reduces the charge
conductance in case of a 4T device than the 2T case. The z-component of the local
spin current is clearly flowing from terminals 1 to 3 and between terminal 1 to 4.
As a result, the non-zero GzSH occurs due to the presence of the exchange field.
The local charge and spin currents are shown in Fig.6.16 in presence of Rashba
SOC. The local charge current, J0 flows between the left and the right leads (terminals 1 and 2 respectively) as shown in Fig.6.16(a). We observe that J0 is almost
independent of the Rashba SOC. This explains why the charge conductance is independent of the Rashba SOC as shown in Fig.6.10(a) and Fig.6.10(b).
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Figure 6.16: (a) The local charge current J0 , (b) the x-component of the local spin
current, Jx , (c) the y-component of the local spin current, Jy and (d) the z-component
of the local spin current, Jz are shown in the presence of Rashba SOC with strength
λR = 0.2. The strength of the exchange field is λEB = 0.18. We set the Fermi energy at
E = −0.09 and the adatom concentration in the present case is nad = 0.1.

Fig.6.16(b), (c) and (d) show respectively the local currents, namely Jx , Jy and
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Jz . We observe that the magnitude of the z-component of the spin Hall conductance
(see Fig.6.12(a-c)) is one order magnitude lower than any one of the components of
SHC in presence of Rashba SOC, which can be explained as in the following. From
Fig.6.16(b-c), the number of paths between terminal 1 and either of terminals 3 or
4 are more than the absence of Rashba SOC case as shown in Fig.6.15(b). As a
result, the amount of spin current will be less in the absence of Rashba SOC.

6.3

Conclusion

In the present chapter, we have studied the behaviour of the charge and spin transport properties in graphene nanoribbon with magnetic adsorbates both in the case
of a two terminal and a four terminal GNR. Specifically for the two terminal case,
we study the charge and spin polarized conductance and for the four terminal case,
the spin Hall conductance. In all the cases we found that the charge conductance is
symmetric about the zero of the Fermi energy, while the spin polarized conductances
(for two terminal case) and the spin Hall conductance (for four terminal case) are antisymmetric about the zero of the Fermi energy. The fluctuations of the charge and
spin conductances show systematic behaviour, that is they increase with increasing
adatom concentration. We have also studied the DOS behaviour and they are alike
in both the two and the four terminal cases. The local charge current is found to
be independent of the strength of Rashba SOC, while the three components of the
local spin currents are sensitive to Rashba SOC that is generated by the magnetic
adatoms. Further the z-component of the spin polarized conductance for a 2T GNR
is larger by approximately a factor of 5 compared to its 4T counterpart, while the
other two components are nearly same for the 2T and 4T devices. Of course, a
4T device permits observations of a spin Hall conductance, which is absent in the
case of a 2T GNR. Moreover the conductance properties of a 4T setup have lesser
fluctuations.
The increase in the components of the spin polarized conductances in magnetic
decorated GNRs with Rashba SOC signal a larger spin current flowing in the sample
and hence must have greater utility as possible spintronic devices.
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Chapter 7

Six terminal Graphene Nanoribbons:
Interplay of Rashba coupling and
magnetic field
Having done an extensive study of the spin Hall effect in Rashba coupled electronic
devices, we intend to incorporate the effect of an external magnetic field. It is
clear from the discussion of the preceding chapters that the spin-orbit coupling
upholds the time reversal symmetry which is now going to be explicitly broken by
the magnetic field. Besides, an inclusion of the external magnetic field, in addition
to the spin-orbit coupling, provides a platform to explore an interplay between the
two. The former gives rise to the quantum Hall effect and the latter is the origin of
spin Hall effect.
The quantum Hall effect [39] , one of the finest discoveries in condensed matter
physics [5] , occurs typically below 1 K in a two-dimensional electronic system in
presence of a strong perpendicular magnetic field. The Hall resistance is quantized
integer and fractional multiples of h/e2 with a great accuracy, one part per million,
and due to this impressive accuracy, it is designated as a standard of resistance [184] .
The integer quantum Hall effect (IQHE) can be explained without invoking interparticle interactions, while the fractional counterpart, conventionally denoted by
FQHE demands an interacting framework.
On a parallel front, the spin analog of the quantum Hall effect is the spin Hall
effect (SHE), which was observed in p-doped semiconductors by Murakami et al. [37]
and in Rashba spin-orbit coupled (RSOC) two-dimensional electron system (2DES)
by Sinova et al. [38] . Since graphene is under focus for our thesis, we wish to scrutinize
it more closely for graphene. The Rashba spin-orbit interaction couples the spin
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degree of freedom and the orbital motion of the electron in graphene [29] . However,
the strength of the intrinsic Rashba SOC is quite small in pristine graphene (of
the order of µeV). But recent observations showed that the strength of the Rashba
SOC can be enhanced by a few order of magnitude, that is up to 100 meV via Au
intercalation at the graphene-Ni interface [185] . Further, a Rashba splitting about 225
meV in epitaxial graphene layers grown on the surface of Ni [186] and a giant Rashba
SOC from Pb intercalation at the graphene-Ir surface [187] are noted in experiments.
In view of this, the above discussion has implications for the spintronic applications
of a graphene nanoribbon (GNR).
A fundamental principle of quantum mechanics states that time reversal symmetry always preserves the Kramer’s degeneracy of a function, ψ(k, σ) which implies
that it is same as its complex conjugate ψ ∗ (k, σ), k and σ being the wave vector and
electron spin respectively. The Kramer’s degeneracy remains unaffected when the
spin-orbit interaction term is included in the Hamiltonian [50] . But in presence of a
magnetic field, the time reversal symmetry is broken [51] . As a result, the system will
no longer have a Kramer’s doublet. Motivated by such distinct physics prevalent for
spin-orbit coupling and the magnetic field, one can expect an interplay between the
magnetic field and Rashba SOC in a GNR. Thus we have studied the conductance
properties for both spin and charge degrees of freedom in a six terminal GNR in
presence of Rashba SOC and a magnetic field in this chapter. A six terminal device as shown in Fig.7.1 is called a Hall bar and is routinely used in Hall voltage
measurements.
We organize this chapter as follows. In the following section, we present the
theoretical formalism leading to the expressions for the charge and spin Hall conductances using the well-known Landauer-Büttiker formula [1,133] . Hence we include
an elaborate discussion of the results, Where, we have tried to resolve few issues,
such as whether the quantum Hall state (specific to the magnetic field) exists in presence of Rashba SOC or how the spin Hall conductance (specific to Rashba SOC)
behaves in presence of a magnetic field and so on.

7.1

Theoretical formulation and model

The schematic view of six terminal graphene nanoribbon is shown in Fig.7.1 which
we have employed here to observe the integer quantum Hall and spin Hall effects.
The six leads are shown by the red color. The black circles denote the scattering
region. Leads 1-4 are the armchair GNR (AGNR), while leads 5 and 6 are the zigzag
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GNR (ZGNR). The width of the leads can be determined as shown in Fig.7.2. In
Fig.7.1, the periodic nature of lead-1 is armchair (in the y direction) and along the
width of the lead (in the x direction) it has a zigzag shape. On the other hand, the
periodicity of lead-1 is zigzag (in the −x direction) and the width is in armchair
shape (in the y direction). Hence Fig.7.2(a) denotes an AGNR lead with width 11Z
(Z : Zigzag) and Fig.7.2(b) stands for the ZGNR with width 6A (A : Armchair).
The scattering region has a rectangular shape and along the y direction it has an
armchair shape, while along the x direction it has a zigzag shape. Hence we represent
our scattering region as having dimension of Nx Z-Ny A = 25Z-16A.
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6

y
x

3

4

Figure 7.1: Schematic view of a six terminal graphene nanoribbon. The honeycomb
lattice denoted by the black circles is the scattering region. Leads are denoted by the red
circles. The leads are semi-infinite in nature and free of any kind of interactions. Leads
1-4 are the armchair leads and lead 5 and lead 6 are the zigzag.
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Figure 7.2: Schematic diagram showing the widths of AGNR and ZGNR leads. (a)
AGNR lead with a width 9 units and (b) ZGNR lead with a width 6 units.

The geometry in Fig.7.1 is used to compute the Hall and longitudinal conductance in presence of a perpendicular magnetic field. We also include a Rashba SOC
(as it is intrinsic in graphene, albeit small) in order to observe spin Hall effect.
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The tight binding Hamiltonian in presence of magnetic field and Rashba SOC
can be written as,

H=

X

tmn c†m cn

+ iλR

hmni

X

c†m

hmni



s × d̂mn cn
z

(7.1)



where c†m = c†m↑ c†m↓ are the creation operators of electrons at a site m. tmn
represents the hopping strength between the nearest-neighbor sites. The effect of
the magnetic field is incorporated in the hopping term through the Peierl’s phase
factor [188,189] and can be written as,
tmn = −te−ie/~

Rn

m

A·dl

(7.2)

where t is the hopping strength in absence of a magnetic field and for graphene
t = 2.7 eV [40] , and A denotes the vector potential. Since the magnetic field is
directed along z-direction, for the vector potential, A we choose the Landau gauge
by assuming A = (−By, 0, 0) (B: magnetic field). The second term is the nearest
neighbour Rashba [29] term which explicitly violates z → −z symmetry. λR is the
strength of the spin-orbit coupling.
In order to observe IQHE, a current I is allowed to pass between terminals
5 and 6. The Hall resistance, RH is measured between terminals 2 and 4 and the
longitudinal resistance is measured between terminals 1 and 2. These two resistances
are denoted by,
V2 − V4
V1 − V2
RH =
and RL =
(7.3)
I5
I5
Using RH and RL , we can determine the Hall and longitudinal conductances
from the following expressions [190] ,
σxx =

RL2

RH
RL
and, σxy = 2
2
2
+ RH
RL + RH

(7.4)

where σxx is the longitudinal conductance and σxy is the Hall conductance.
In case of SHE, the current is allowed to pass through terminals 1 and 3, and
hence the spin current flowing between terminals 5 and 6 is measured. We define
the spin Hall conductance as,
GSH =

~
I5s
2e V1 − V3
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where I5s is the spin current flowing through terminal 5.
Following the Landauer-Büttiker formula [1,133] , the charge and spin currents can
be calculated from the following expression [168,169] ,
Ipsα =

e2 X
Tr [σ̂α Γq GR Γp GA ] (Vp − Vq )
h q

(7.6)

where, σ̂α = (σ0 , σx , σy , σz ). σ0 is a 2 × 2 identity matrix and σx , σy , σz are the Pauli
matrices. σ0 gives the usual charge current, while the Pauli matrices yield the spin
currents polarized in respective directions. GR(A) is the retarded (advanced) Green’s
function. Γp are the coupling matrices representing the coupling between the central
region and the p-th lead. They are defined by the relation [2] ,


Γp = i Σp − (Σp )†

(7.7)

Here Σp is the retarded self-energy associated with the p-th lead. The self-energy
contribution is computed by modeling each terminal as a semi-infinite perfect wire [102] .

7.2

Results and Discussion

We have investigated the effect of the magnetic field and Rashba SOC in a six terminal graphene nanoribbon on the experimentally measurable conductance properties,
namely the longitudinal conductance (σxx ), the charge Hall conductance (σxy ) and
the spin Hall conductance (GSH ).
Before we get ahead with the discussion of the results, we briefly describe the
values of different parameters used in our calculation. Throughout our work, we set
the width of AGNR leads (leads 1-4 in Fig.7.1) as 49Z and the width of ZGNR leads
(leads 5-6 in Fig.7.1) as 52A. As mentioned earlier, ZGNR leads will have widths
which are of the armchair shape and vice versa. We take the scattering region as
101Z-60Z (see Fig.7.1). We set the hopping term, t = 2.7 eV. All the energies
are measured in the unit of t. The charge Hall and longitudinal conductances are
2
e
. Also
measured in units of eh . The spin Hall conductance is measured in units of 4π
the lattice constant, a is taken to be unity. The strength of the magnetic field, B
is measured in units of 1/a2 . For most of our numerical calculations, we have used
KWANT [93] .
The IQHE in graphene nanoribbon in presence of externally applied magnetic
field is observed in Fig.7.3, where we have plotted the longitudinal and charge Hall
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conductances together in the same plot as a function of the inverse of the strength of
the magnetic field, 1/B for a fixed value of the Fermi energy, namely E = 2. Here we
have considered λR = 0. The red curve stands for the charge Hall conductance (σxy )
and the blue one for the longitudinal conductance (σxx ). σxy increases in discrete
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Figure 7.3: The charge Hall conductance (σxy , denoted by red color) and the longitudinal
conductance (σxx , denoted by blue color) are plotted as a function of the inverse of the
magnetic field strength, (1/B). We fixed the Fermi energy at E = 2t. σxy shows discrete
step-like feature. σxx takes a peak whenever the Hall conductance goes from one step to
the next.

steps as it should for IQHE. The charge Hall conductance is thus quantized in units
of 2ne2 /h (n = 1, 2, 3..), where the 2 factor comes due to the spin degeneracy. The
longitudinal conductance (shown by blue color) acquires a peak whenever σxy goes
from one plateau to the next one. Apart from that, the value of σxx stays close to
zero throughout the 1/B range.
The behaviour of the charge Hall and longitudinal conductances in presence of
Rashba SOC is shown in Fig.7.4. Here we set the Fermi energy again at E = 2 (in
units of t) and take two different strength of RSOC, namely, λR = 0.05 and 0.1.
λR = 0 case is plotted for comparison. Fig.7.4(a) shows the behaviour of charge
Hall conductance as a function of 1/B. Even if the inclusion of RSOC destroys
the perfectly flat plateau of the IQHE, still plateaus with much smaller width are
observed. The width of these plateaus decreases as we increase the strength of
RSOC. On the other hand, as shown in Fig.7.4(b), the peak longitudinal conductance
increases in presence of the Rashba SOC. However, the peaks now broaden and the
fall off of σxx becomes more gradual. Also, we observe fluctuations in the data for
longitudinal conductance at large values of the magnetic field.
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Figure 7.4: (a) σxy and (b) σxx are plotted as a function of 1/B in presence of Rashba
SOC. The IQH effect is destroyed in presence of Rashba SOC. The behaviour of the
longitudinal conductance also deviates from the nature observed in the absence of Rashba
SOC.

The local density of states (LDOS) is plotted in Fig.7.5(a) in the absence and
(b) in presence of a magnetic field with strength B = 0.1 (in units of 1/a2 , a: lattice
constant). We fixed the Rashba SOC strength at λR = 0.1 and the Fermi energy
at E = 2. Throughout the system, the LDOS is almost same in the absence of
the magnetic field. But in presence of the magnetic field, the charges accumulate
at the transverse edges of the sample, as a result, the Hall voltage is generated.
Fig.7.5(b) corroborates such a scenario, where the edges acquire deeper colours
showing enhanced charge densities.
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Figure 7.5: The local density of states (LDOS) is shown for two different cases. (a)
Absence of magnetic field with λR = 0.1 and (b) in presence of magnetic field with
strength B = 0.1 (in units of 1/a2 , a: lattice spacing) and with the same strength of
RSOC. The latter case showing the charge accumulation at the transverse edges.

The magnetic field does not preserve the time reversal symmetry and creates a
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Figure 7.6: The difference between the up and down spin LDOS (DiffLDOS) is shown for
two different cases. (a) The absence of magnetic field with λR = 0.1 and (b) in presence of
magnetic field with strength B = 0.1 and with the same strength of RSOC. The inclusion
of magnetic field shows a non-zero DiffLDOS.

biased environment for one kind of spin as compared to the other, we thus have plotted the difference between the up and down spin LDOS (we call it as DiffLDOS) in
Fig.7.6. As in Fig.7.6(a), when the magnetic field is absent in the system, DiffLDOS
is completely zero (shown as ∼ 10−14 in Fig.7.6(a)), which reflects the presence of
time reversal symmetry. As we include the magnetic field, the time reversal symmetry is violated, and DiffLDOS starts to acquire non-zero values. The maximum
value of the DiffLDOS appears at the transverse edges of the sample.
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Figure 7.7: GSH is plotted as a function of the Fermi energy for two different strengths
of RSOC, namely λR = 0.05 and 0.1. (a) GSH is antisymmetric as a function of the Fermi
energy in the absence of the magnetic field. (b) The strength of the magnetic field is set at
B = 0.1 and (c) B = 0.5. Though the magnetic field destroys the time reversal symmetry,
still the spin Hall conductance can be observed.

In a usual Hall effect experiment, the charges accumulate at the transverse edges
of a rectangular sample when a longitudinal current is passed through the sample
and a magnetic field is applied in the z-direction. On the other hand, in presence of
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finite Rashba SOC, the up and down spins accumulate along the transverse edges
of a rectangular sample when a current is allowed to pass along the longitudinal
direction. As a result, a non-zero spin current is observed. Therefore it will be
interesting and complementary to the preceding discussion, to observe the behaviour
of spin Hall effect in presence of a magnetic field.
In principle, for spintronic applications, the existence of all the three components of the spin Hall conductance is important and they need to be computed (see
Eq.(7.6)), however, to keep our discussion brief and without loosing any qualitative
information, we calculate only the z component of the spin Hall conductance. We
thus denote the z component of the spin Hall conductance as GSH .
Fig.7.7 shows the variation of the spin Hall conductance GSH (in units of e/4π)
as a function of the Fermi energy. We take two different strengths of ROSC, namely,
λR = 0.05 and 0.1. Fig.7.7(a) shows the behaviour of GSH in absence of a magnetic
field. GSH is antisymmetric as a function of the Fermi energy, E, which ensures the
electron-hole symmetry in the system [135] . As we include the magnetic field, though
the time reversal symmetry is broken, the spin Hall effect still can be observed
owing to the presence of the Rashba term as shown in Fig.7.7(b) and Fig.7.7(c). We
have also taken two different values of the magnetic field, namely B = 0.1 and 0.5
respectively. The antisymmetric nature of GSH is completely destroyed owing to the
violation of the time reversal symmetry. Further, the magnitude of the maximum
GSH shows a considerable increase (by a factor of three) in presence of the magnetic
field. Moreover, around E = 0, GSH becomes close to zero. As we increase the
strength of the magnetic field, the range of the Fermi energy increases over which
GSH is almost zero. The fluctuations in GSH are due to the finite-size effects, mainly
originating from the presence of a finite number of open channels in the leads and
may be due to the spin precession effect [157,182] .

7.3

Conclusion

In the present chapter, we have studied the behaviour of charge and spin Hall conductances as well as the longitudinal conductance in presence of a magnetic field and
Rashba SOC in a six terminal graphene nanoribbon. We observe the IQHE in presence of magnetic field where the charge Hall conductance shows discrete step-like
behaviour and the steps are quantized in units of n (2e2 /h) (n being an integer). The
inclusion of Rashba SOC almost destroys the IQH effect, however, smaller plateaus
are still observed. The effect of the breaking of the time reversal symmetry is seen
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in the LDOS plots. Further, in presence of a magnetic field, the behaviour of the
spin Hall conductance is studied. We observe that the antisymmetric nature of GSH
is destroyed owing to the broken time reversal symmetry.
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Conclusion
The study of mesoscopic systems is still a relatively recent topic, has already gained
a wide attraction in condensed matter physics due to its possible future applications
in nanoelectronics and spintronics devices. On the other hand, graphene is one of the
most suitable candidates to study in this field of research, not only because of its various exciting electronic properties but also for the successful realization in the form
of graphene nanoribbon, carbon nanotube, graphene flakes etc., in the mesoscale
regime. Motivated by this, we have studied the quantum transport, specifically the
spin transport in presence of spin-orbit interaction using Landauer-Büttiker formula
and recursive Green’s function technique. We have developed a code to calculate
the two terminal charge conductance including disorder. However, in most parts of
the thesis, we have used Kwant.
As a startup problem, a four terminal cross-shaped device, modeled on a tightbinding square lattice, is taken. Here we have studied the interplay between the
Rashba spin-orbit interaction and onsite disorder on the longitudinal conductance,
spin Hall conductance, and the spin Hall conductance fluctuations. We have shown
that there is no universal nature of the spin Hall conductance fluctuation in presence
of both disorder and Rashba SOC. Moreover, using the celebrated one parameter
scaling theory, we did not found any onset of a metallic behaviour contrary to
the findings of some of the existing literature. One interesting point of our result
is that the longitudinal conductance decreases with increasing the Rashba SOC
strength, that is the spin-orbit term behaves like a disorder, whereas, the spin Hall
conductance increases with increasing the Rashba SOC strength.
In the subsequent discussion, we have shown that the spin polarization axis also
plays an important role in quantum transport in presence of spin-orbit interactions,
since the SOC destroy the rotational symmetry in spin space. Here we took a novel
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three terminal Y-shaped device. The angular separation between the two arms of the
Y geometry plays a crucial role in measuring the charge and spin Hall conductances.
The next two consecutive chapters are dedicated to adatom decorated graphene
nanoribbons. The first one is based on non-magnetic adatoms, where we have shown
that for the two terminal case, by increasing the Au adatoms, one can generate all
the three components of the spin polarized conductance. Here, we also show that
by increasing the intrinsic spin-orbit interaction strength, the QSH phase can be
restored, which was destroyed for the case of Au adatom decorated nanoribbons.
We have also done a corresponding study for a four terminal device in presence of
Au and Tl adatoms, where the quantum spin Hall effect can be observed.
The theoretical model for the Au-like adatoms was based on Kane-Mele model,
while for the case of magnetic adatoms, the scenario is different. Magnetic adatoms,
such as Fe, generates an exchange field due to the hybridization between carbon
π-states and Fe atoms 3d-state. Here we also were able to generate all the three
components of the spin polarized conductance but with a greater magnitude than
the non-magnetic case, since Fe adatoms induce a larger Rashba interaction. Thus
we have been able to address both the fundamental physics originating due to the
presence of the quantum spin Hall phase which is protected by the time reversal
invariance and the technological aspects of spintronic applications of adatom decorated graphene nanoribbons.
In the last chapter, we have included a study on charge and spin transport in
presence of an external magnetic field in addition to Rashba SOC for a six terminal graphene nanoribbon and revisited the integer quantum Hall effect. Since the
Rashba SOC is present in the system, spin Hall effect is also observed. However,
due to the presence of magnetic field, the system looses its time reversal symmetry.
A consequence of this fact is studied on the spin Hall effect, which in a way destroy
the antisymmetric nature of the spin Hall conductance. To summarize, the effects of
spin-orbit interaction on the (integer) quantum Hall effect and magnetic field on the
spin Hall physics are studied, RSOC destroys the Hall plateaus, and the magnetic
field disrupts a familiar antisymmetric feature of the spin Hall conductance.
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I. Žutić, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323 (2004).
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[164] H. Sevinçli, M. Topsakal, E. Durgun, and S. Ciraci, Phys. Rev. B 77, 195434 (2008).
[165] V. A. Rigo, T. B. Martins, A. J. R. da Silva, A. Fazzio, and R. H. Miwa, Phys. Rev.
B 79, 075435 (2009).
[166] W. H. Brito and R. H. Miwa, Phys. Rev. B 82, 045417 (2010).
[167] D. Van Tuan, J. M. Marmolejo-Tejada, X. Waintal, B. K. Nikolić, S. O. Valenzuela,
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