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Abstract

The present work consists of numerical studies on flow instabilities in natural circula-

tion boiling systems. An exhaustive review of literature has been carried out. Boiling

systems have been modelled using two different approaches: lumped parameter mod-

elling and RELAP5/MOD3.4 code. Thermal-hydraulic as well as coupled neutronic-

thermohydraulic instabilities have been studied in single and double channel systems.

Nonlinear oscillations, bifurcations and chaotic oscillations have also been investigated.

The latest generations boiling water reactors (BWRs) are designed with natural circu-

lation as the operation mode under both normal and abnormal conditions. Use of natural

circulation is very common in fossil-fuel boilers also. Natural circulation boiling systems

are subjected to flow instabilities due to parametric fluctuations, inlet conditions etc.,

which may result in mechanical vibrations of components and system control problems

and reduction in the critical heat flux. Analysis of these instabilities in natural circulation

boiling loops is very important for the safety of nuclear reactors and other boiling sys-

tems. Linear stability theory is widely used to study the onset of instabilities and system

behavior under small perturbations around a steady state. However, instabilities due to

nonlinear effects become significant as the perturbations grow. A system stable for small

perturbations may become unstable for large perturbations, if there is a repeller (e.g., an

unstable limit cycle) in the state space. Perturbations in an unstable system may not grow

indefinitely, and the system may approach an attractor (e.g., a stable limit cycle) in the

state space. The limit cycle oscillations may amplify and undergo period doubling, and

eventually lead to aperiodic or chaotic oscillations through a cascade of period-doubling

bifurcations. In order to predict the frequency and amplitude of these oscillations, and

their influence on the reactor stability, nonlinear dynamic analysis is required.

Safety concerns of nuclear reactors have attracted the attention of researchers on flow

instabilities in natural circulation boiling loops. During the past three decades, a large

number of experimental and numerical investigations have been conducted to study and

understand the conditions for inception of flow instabilities, parametric effects on insta-

bilities, and the system behaviour under such conditions. To review the state of the art,

an exhaustive survey of literature has been carried out by reviewing over 100 contribu-

tions. Work done on instabilities due to channel thermal-hydraulics as well as neutron-

ics thermal-hydraulics coupling has been discussed. Different methods of analysis used

by researchers and results obtained by them have been reviewed. Various mathematical

v
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models and numerical techniques adopted for developing computer codes have also been

discussed. The findings reported in the investigations made in the past three decades have

been summarized to present the state of the art of the understanding of flow instabilities

in natural circulation boiling systems.

A single channel natural circulation boiling system is modelled using a lumped pa-

rameter mathematical model and RELAP5/MOD3.4 code. The thermal-hydraulic model

in the present study has been obtained by non-dimensionalizing and integrating one-

dimensional equations of mass, momentum and energy balances for the coolant, using the

homogeneous equilibrium model for two-phase flow. The power dynamics in the lumped

parameter model is represented by point neutron kinetics. Comparison studies are carried

out using lumped parameter mathematical model and RELAP. Complete linear stability

analysis is carried out with the lumped model. The effect of various geometrical pa-

rameters and feedback parameters on the stability of the system is studied in detail and

discussed. Different, but seemingly contradictory findings reported in literature about the

effects of void reactivity coefficient and fuel time constant on the stability of the system

are resolved. The different findings reported by different authors may be either due to

the different geometrical and neutronic parameters or due to the different approaches to

mathematical modeling. To investigate this, three different system configurations have

been analysed using the same mathematical model. The effect of fuel time constant and

void reactivity coefficient on the stability of the system in Type-I and Type-II regions has

been studied for the three system configurations. Stability maps have been plotted in a

non-dimensional parameter plane and compared with the findings reported in literature. It

is confirmed that the differences in the results reported in literature is due to the influence

of system parameters and cannot be attributed to model uncertainties.

Nonlinear dynamics and bifurcations have been studied numerically, for one of the

geometrical configurations, for boiling channels with and without riser. The possibility

of existence of stable and unstable limit cycles, period doublings, and chaotic oscillations

has been investigated. Stable as well as unstable limit cycles have been located by the

autonomous shooting technique. The effect of VR on the nonlinear dynamics has been

studied in the Type-I as well as Type-II regions. Further, the effects of void reactivity co-

efficient and fuel time constant on the occurrence of chaotic oscillations in Type-II region

are investigated. The methods of limit cycle shooting, Fourier power spectra, Poincaré

sections, and Lyapunov exponents have been used in this study.

vi
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Such single channel analysis is simple and appropriate for studying in-phase oscilla-

tions in a system of parallel channels with uniform power profile. However, single channel

models are inadequate for simulating out-of-phase oscillations. Moreover, the power pro-

file across the channels is not uniform and constant. Power fluctuations in some of the

channels can trigger thermal-hydraulic oscillations in other channels due to closed loop

boundary conditions. In order to study the transients due to channel-to-channel interac-

tions and on-power refueling, a double channel system is modelled with a lumped param-

eter mathematical model (LPM) and with REALP5/MOD3.4. The lumped model of the

single channel system is modified and extended to a double channel system. Stability and

nonlinear dynamic analysis is carried out using the lumped parameter model. The oscilla-

tions modes of the two equal powered geometrically identical parallel channels are inves-

tigated in Type-I and Type-II regions. The effects of gravitational and frictional pressure

drops and geometrical parameters on the oscillation modes are investigated. Channel-to-

channel interaction and on-power refueling studies are carried out using RELAP model.

During the refuelling process, there will not be power input to that channel. The flow area

increases and single-phase liquid flows through this channel. During such conditions,

complex channel-to-channel interactions exist, which may destabilize the system.

In boiling water reactors, there is coupling between the neutronics and thermal- hy-

draulics. The spatial distribution of neutrons in the reactor core and its interaction with

thermal-hydraulics influences the types of instabilities observed in the reactor. In order

to study the effects of such coupling, the double channel thermal-hydraulic model is cou-

pled with a multi-point reactor kinetics model. The effects of various parameters (such

as neutron interaction coefficient, fuel time constant and void reactivity coefficient and

geometric parameters) on the stability of system and modes of oscillations at different

operating conditions are investigated. Nonlinear dynamic analysis is carried out and the

effect of the parameters on the types of bifurcation and chaotic oscillations is studied.

The chaotic oscillations are confirmed by evaluating Lyapunov exponents, power spectral

density and Poincaré sections.

In the study of single channel system, it was found that the effects of void reactivity

coefficient and fuel time constant on system stability are influenced by the geometrical pa-

rameters and are different for different systems. Supercritical as well as subcritical Hopf

bifurcations were observed in both Type I and Type II regions, for different ranges of void

reactivity coefficient. Chaotic oscillations were observed under strong reactivity feed-
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back in the Type-II region for boiling channels with and without riser. In the analysis of

thermal-hydraulic instabilities in a double channel system, it was found that the two chan-

nels oscillate out-of-phase in Type-I region due to dominant gravitational pressure drop

at low powers. In Type-II region, the channels oscillate in both in-phase and out-of-phase

modes depending on the dominance of two-phase frictional pressure drop and the down-

comer inertia. It was also observed that geometrical parameters influence the mode of

oscillations in Type-II region, but not in Type-I region. In channel-to-channel interaction

studies with RELAP, it was found that at low powers, disturbance in one channel does

not have significant effect on the other channel. At higher powers, disturbances in one

channel significantly affect the stability of other channels. During on-power refueling, a

near-stagnation condition or low-velocity reverse flow can occur, the possibility of reverse

flow being higher at lower pressures. In the study of coupled neutronic-thermohydraulic

instabilities in a double channel system, it was found that the neutron interaction coeffi-

cient has a destabilizing effect in Type-II region and stabilizing effect in Type-I region.

An increase in the absolute value of void reactivity coefficient increases the gain of neu-

tronic feedback due to which in-phase oscillations occur. Fuel time constant has a strong

influence on the modes of oscillations. Increase in fuel time constant increases delay and

suppress the neutronic feedback. Consequently, the channels oscillate in out-of-phase

mode. The delay effect of fuel time constant is strong at high powers and low absolute val-

ues of void reactivity coefficient. Strong neutron interaction between the channels causes

in-phase oscillations. Increase in riser length and downcomer inertia causes out-of-phase

oscillations. Subcritical and supercritical Hopf bifurcations are observed at different op-

erating conditions. Strong neutron interaction between channels suppresses the chaotic

oscillations.
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Chapter 1

Introduction

1.1 Motivation

The concept of nuclear power generation had started in 1950. Today according to IAEA

statistics (www.iaea.org), there are 439 nuclear power plants in operation with a total net

installed capacity of 371.855 GW(e). The nuclear reactors can be classified on the basis

of generation which characterizes the evolution of nuclear power technology. Generation

I reactors are basically proto-type reactors and are of the same type. In early 1970s dif-

ferent designs of commercial nuclear power reactors are developed which are categorized

as generation-II reactors. The generation II reactors include PWR, BWR, CANDU etc.

Generation III reactor are advanced versions of generation II reactors with standardized

designs, improved fuel technology, and passive safety systems. The design of nuclear

reactors based on forced circulation mode is complex due to the requirement of recircu-

lation pumps and the related piping systems and hence, economically expensive. Further,

events such as pump trips and loss of coolant accidents (LOCA) subject these reactors

with stringent safety regulations. Hence, the demand for more economical and reliable

reactors with simple designs lead to the development of generation III+ reactors (which

are extensions of generation III) with advanced passive safety features.

Natural circulation cooling is a key issue in the design of generation III + boiling water

reactors (BWRs) for its simplicity, inherent safety, and maintenance reduction features.

In natural circulation BWR, the coolant flow is driven by the density difference betweenTH-0556_02610302
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the two-phase mixture (in the core and the riser sections) and the single-phase coolant (in

the downcomer). This passive feature ensures coolant circulation as long as heat is gen-

erated in the core. The elimination of recirculation pumps and related piping equipment

prevents the accidents such as pump trips. The economic simplified boiling water reactor

(ESBWR) is a generation III+ reactor designed by GE, based on natural circulation. In

India, advanced heavy water reactor (AHWR) which is a pressure tube type natural circu-

lation boiling water reactor based on Thorium fuel cycle is being designed as a part of its

third stage of nuclear power program (www.barc.ernet.in).

Natural circulation boiling water reactors (NCBWRs) are less stable compared to

forced circulation. The presence of riser (used to enhance circulation flow) induces new

region of instability (Type-I) at low powers, during start-up. The current research (exper-

imental and numerical) in natural circulation boiling water reactors is focused on better

design and operational methodologies in order to minimize the thermal-hydraulic insta-

bilities during start-up and full power operating conditions.

Numerical investigations based on mathematical models (both distributed as well as

lumped parameter approaches) are used extensively to investigate various transients that

may occur in NCBWRs. Lumped parameter approach is widely used to study the dynamic

response of the system under different operating conditions. The present work is one

such numerical investigation, in which NCBWRs are modeled using lumped parameter

approach as well as with a commercial software RELAP5/MOD3.4 (which is based on a

one-dimensional two fluid model). The theory of nonlinear dynamics is used to investigate

the parametric effects on the nonlinear behavior of NCBWR.

1.2 Objectives

• To develop a better insight into the parametric effects on the stability characteristics

and nonlinear dynamic behavior of the natural circulation boiling water reactors

under different operating conditions.

• To resolve the contradictory findings reported in literature about the stabilizing and

destabilizing effects of void reactivity coefficient and fuel time constant on the sys-

tem.TH-0556_02610302
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• To investigate the influence of geometrical configuration on: the effects of feed-

back and delay parameters on system stability, bifurcation characteristics, period

doubling scenario, and chaotic oscillations.

• To investigate the parametric effects on the bifurcation scenario and chaos in Type-I

and Type-II regions. Further, to study the possibilities of subharmonic and aperiodic

behaviour by calculating the Poincaré sections, Fourier power spectra, and, where

necessary, Lyapunov exponents.

• To investigate the stability characteristics and nonlinear oscillations in a double

channel system using lumped parameter model.

• To investigate the effect of channel-to-channel interaction in a double channel sys-

tem, and the transients occurring in the system during on-power refueling using a

commercial software RELAP5/MOD3.4.

• To study the effect of parameters such as void reactivity coefficient, fuel time con-

stant, neutron interaction coefficient, and geometrical configuration on the modes

of oscillations in a double channel nuclear-coupled natural circulation system.

1.3 Outline of the thesis

The thesis is organized in the following manner.

A detailed review of the research carried out on instabilities in natural circulation boil-

ing systems is discussed in Chapter 2. The findings reported in the past three decades have

been summarized to present the state of the art of the understanding of flow instabilities

in natural circulation boiling systems. The derivation of the lumped parameter mathemat-

ical model of the natural circulation system is presented in Chapter 3. A brief discussion

about the code structure, numerical schemes, and different hydrodynamic components of

RELAP5/MOD3.4 is also presented. Chapter 3 further discusses the comparison studies

carried out for a pressure tube type NCBWR using the lumped parameter and RELAP5

models.

Stability analysis and nonlinear dynamics of a single channel natural circulation boil-

ing water reactor using a lumped parameter model is presented in Chapter 4. ParametricTH-0556_02610302
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effects on stability, bifurcation characteristics, period doubling scenario, and chaotic os-

cillations are investigated. Chapter 5 discusses channel thermal-hydraulic instabilities in

a simple double channel system using a lumped parameter and RELAP5 models. Para-

metric effects on the modes of thermal-hydraulic oscillations are investigated using the

lumped parameter model. The channel-to-channel interaction and on-power refueling in

the double channel system and a pressure tube type NCBWR are investigated using RE-

LAP5 model and compared.

Chapter 6 discusses coupled neutronic-thermohydraulic instabilities in a double chan-

nel system. The effects of parameters such as void reactivity coefficient, fuel time con-

stant, neutron interaction coefficient, riser length, and downcomer inertia on the stability,

modes of oscillations, bifurcation characteristics, and chaotic oscillations are discussed.

The summary of the work done and the conclusions reached, together with a few obser-

vations on the possible extension of the present work, are presented in Chapter 7.

TH-0556_02610302



Chapter 2

Review of Literature

Safety concerns of nuclear reactors have attracted the attention of researchers on flow

instabilities in natural circulation boiling loops. This chapter presents the state of the art

in this area by reviewing a number of contributions. A large number of experimental and

numerical investigations have been conducted to study and understand the conditions for

inception of flow instabilities, parametric effects on instabilities, and the system behaviour

under such conditions. Work done on instabilities due to channel thermal hydraulics as

well as neutronics thermal hydraulics coupling has been reviewed. Different methods of

analysis used by researchers and results obtained by them have been discussed. Various

mathematical models and numerical techniques adopted for developing computer codes

have also been discussed. The findings reported in the investigations made in the past

three decades have been summarized to present the state of the art of the understanding

of flow instabilities in natural circulation boiling systems.

2.1 Introduction

Steam generation systems are subjected to flow instabilities due to parametric fluctuations,

inlet conditions etc., which may result in mechanical vibrations of components and sys-

tem control problems. Analysis of these instabilities in natural circulation boiling loops

is very important for the safety of nuclear reactors and other boiling systems. Instabili-

ties in boiling channel systems occur due to external and internal disturbances. ExternalTH-0556_02610302
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disturbances (perturbation transients) include fluctuations in mass flow rates (due to re-

circulation pump trip), sudden increase in steam flow (increase in demand), fluctuations

in inlet enthalpy, fluctuations in heat supply rate etc. Internal disturbances include flow

pattern transition due to heat transfer to the fluid. These instabilities generally prevail

during startup/shutdown transients, triggering large parametric fluctuations that may lead

to accidents. Thus, the study of dynamic behavior of the system is essential to develop

efficient control systems for safe operation.

Flow in boiling channels is driven by external source (forced circulation) or by buoy-

ancy force due to density difference of two phases (natural circulation). Earlier, all boiling

water reactors (BWRs) were operated with forced circulation only. However, natural cir-

culation is an important mode of operation for removing shutdown decay heat during

accidents in such reactors. The latest generations BWRs are designed with natural circu-

lation as the operation mode under both normal and abnormal conditions. The economic

simplified boiling water reactor (ESBWR) designed by GE (Hinds and Maslak, 2006) and

the advanced heavy water reactor (AHWR) being developed in India (Sinha and Kakod-

kar, 2006) are natural circulation BWRs. The heat removal from the core of NCBWR

takes place by natural circulation during start-up, power rising and accidental conditions

in addition to the rated full power operating condition. Use of natural circulation is very

common in fossil-fuel boilers also.

In this chapter, a detailed review of the research carried out on instabilities in natu-

ral circulation boiling systems, in the past three decades is presented. Section 2.2 dis-

cusses classification of instabilities and explains various types of instabilities. Various

approaches to mathematical modeling of natural circulation boiling systems and different

numerical codes are discussed in Section 2.3. Section 2.4 reviews the investigations on

nonlinear dynamics of natural circulation boiling systems. Experimental investigations

are discussed in Section 2.5. The paper ends with concluding remarks in Section 2.6.

2.2 Flow Instabilities

A boiling channel with subcooled inlet conditions, and heated along its length, will have

two basic flow regions, one is the single phase region, which extends from channel inletTH-0556_02610302
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to boiling boundary (the point at which boiling starts), and the second is two-phase flow

region in which the vapor and liquid coexist. The two-phase mixture plays an important

role in heat transfer process and pressure drop in boiling channels. A close coupling

exists between hydrodynamic and heat transfer processes in two-phase flow systems. The

addition and removal of heat from a two-phase flow causes variations in the amount and

distribution of each phase and the flow pattern or topology of the flow. These changes, in

turn, induce variations in local heat transfer processes. Because of the continuous change

of all the thermal and hydraulic properties of the flow, the situation at any axial point in the

channel can never be fully developed either thermally or hydrodynamically. As the flow

is not in equilibrium, the flow properties fluctuate highly both upstream and downstream

of the point considered (Collier, 1994). The parameters such as void fraction distribution,

flow pattern and its transition, temperature distribution and heat transfer coefficient along

the boiling channel play an important role in the system stability. The knowledge of their

behavior under different operating conditions is important for design and safe operation

of boiling systems, particularly nuclear reactors.

Natural circulation : Flow under natural circulation is inherently less stable and expe-

riences flow instabilities compared to the forced circulation mode, due to relatively small

hydraulic driving head. In natural circulation loop, the heating process in the heater sec-

tion is the driving force for the flow. The heat supplied will generate buoyancy and the

flow will be created in the loop such that, in steady state, the buoyancy is balanced by the

pressure drop due to friction and two-phase acceleration. If the heating power is increased

further, the flow rate will also increase. On further increasing the heating power, the flow

speed may be so large that sufficient time is not available for the fluid to be heated, and

subcooled fluid enters the riser section and the buoyancy force reduces. The flow gets

decelerated and even reversed. Therefore, a self-sustained oscillation is created which

may be chaotic if the inlet subcooling is sufficiently large at a given heating power. These

thermal-hydraulic oscillations in the two-phase natural circulation loop are quite similar

to Lorentzian water wheel (Wu et al., 1996).

Flow instabilities are of different types depending on the system configuration and

operating conditions. One of the earlier works on flow oscillations was by Jain et al.

(1966), whose experimental investigation provided detailed information on the onset of

oscillatory behavior and the effect of riser and test section dimensions. On the basis of
TH-0556_02610302
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primary features such as oscillation periods, amplitudes, and relationships between pres-

sure drop and flow rate, flow instabilities have been classified into several types, which

were first proposed by Boure et al. (1973). BWRs are generally susceptible to three types

of instabilities, as classified by March-Leuba and Rey (1993).

1. Control system instability: This is due to the malfunction of reactor hardware.

Suitable control mechanisms are provided to deal with this type of instability.

2. Thermal-hydraulic instabilities : caused by self-oscillation of two-phase flow

heated channel due to density wave effects. These instabilities are primarily classified as

static and dynamic. These instabilities are discussed in Sections 2.2.1 and 2.2.2. Some

static and dynamic type instabilities occur particularly during start up conditions. These

instabilities are discussed in Section 2.2.4.

3. Coupled neutronic thermal-hydraulic instabilities: Also called reactivity insta-

bilities, are due to the void and power feedback effects on neutron kinetics and thermal

hydraulics respectively. In channel thermal-hydraulic instability, only flow feedback due

to density effects is present, whereas in coupled neutronic reactivity instability, there is a

power feedback (fuel transfer function) in addition to the flow feedback. Instabilities due

to coupled neutronics are discussed in Section 2.2.3.

Figure 2.1 briefly presents the summary of the classification of instabilities discussed

by Boure et al. (1973) and March-Leuba and Rey (1993).

2.2.1 Static Instabilities

Static instability is characterized by sudden large amplitude excursion of flow, to a new

stable operating condition. The mechanism and the threshold conditions are predicted

using steady state characteristics of the system. Pressure drop characteristics of a flow

channel, nucleation properties, and flow regime transitions play important roles on char-

acterization of static instabilities. Critical heat flux (CHF), which limits the heat transfer

capability of boiling systems, is influenced by the static instabilities. Ledinegg instability,

flow pattern transition instability, geysering, chugging and vapor burst etc. are categorized

as static instabilities (Boure et al., 1973)TH-0556_02610302
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Figure 2.1: Flow instabilities tree

Ledinegg instability: It is characterized by a sudden change in the flow rate to a lower

value or a flow reversal. This happens when the slope of channel demand pressure drop

vs. flow rate curve (internal characteristic of channel) becomes algebraically smaller than

the loop supply pressure drop vs. flow rate curve (external characteristics of channel).

Physically, this behavior exists when the pressure drop decreases with increasing flow.

Criterion or condition for Ledinegg instability (static instability) to occur is expressed by

the inequality (Boure et al., 1973).

(
∂∆P
∂G

)int ≤ (
∂∆P
∂G

)ext (2.1)

Where P is the steady-state pressure drop along the flow channel, and G is mass velocity.

Rao et al. (1995) concluded from their analysis that Ledinegg instability does not occur

due to neutronic feedback and that it is pure channel thermo-hydraulic instability. Ac-

cording to Fukuda and Kobori (1979), hydrodynamic instabilities of two-phase flow are

classified into at least eight types, three of which can be roughly classified into Ledinegg

instability. Ledinegg instability can be avoided by making the slope of external character-

istics steeper than that of the internal by providing inlet throttle valve (Boure et al., 1973)TH-0556_02610302
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or by increasing the system pressure.

The onset of Ledinegg instability may sometimes cause wall dryout, but often lies very

close to the dryout point because the onset may be followed by limit cycle fluctuations in

the flow. Kim et al. (1999) investigated the effect of flow oscillations on critical heat flux

(CHF) for low flow and low pressure conditions and suggested CHF correction factors

based on experimental data for forced and natural circulation flows. They observed that

the flow circulation mode (natural or forced) does not affect the CHF as long as the flow

is stable. However, the CHF reduces in the presence of flow oscillations, regardless of

the circulation mode, the reduction being larger in case of natural circulation compared to

forced circulation.

Flow pattern transition instability : This is mainly caused by the different pressure

drop characteristics of various flow patterns. The mechanism can be explained as follows:

when a system is operating close to the transition point between slug and annular flow,

a small disturbance or reduction in flow rate increases the void fraction, which changes

the flow pattern to annular flow. Annular flow has less pressure drop as compared to the

slug flow. This will cause the flow to increase and hence the void fraction to reduce. As a

result, the flow pattern changes again to slug flow (Boure et al., 1973).

Very little work has been done on flow pattern transition instability. Flow pattern

instability and Ledinegg instability have similar characteristics and the former is of greater

concern because it triggers CHF due to drastic flow changes from high to low value.

Ledinegg instability occurs at lower power compared to the flow pattern instability at any

subcooling Nayak et al. (1998).The two-phase flow pattern change significantly affects

the flow rate of a natural circulation loop Jeng and Pan (1999).

2.2.2 Dynamic Instabilities

Dynamic instability is caused by the dynamic interaction between the flow rate, pressure

drop, void fraction etc. The mechanism involves the propagation of disturbances by pres-

sure and void or density waves. The stability boundary of this type is predicted based on

the dynamic behavior or transient (time-dependant) characteristics of the system. Density

wave oscillations (DWO), parallel channel instability, pressure drop oscillations (PDO)TH-0556_02610302
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etc. fall under this class (Boure et al., 1973). Natural circulation boiling systems are

highly susceptible to DWOs and much research was focused on this type of instability.

Density wave oscillations (DWO): These oscillations are due to multiple regenera-

tive feedbacks between the flow rate,vapor generation rate, and pressure drop (Boure et al.,

1973). Under certain conditions, the feedback can become 180o out-of phase with the per-

turbation and result in self-sustained oscillations. Fukuda and Kobori (1979) conducted

experiments both on forced and natural circulation conditions in two parallel channels to

study DWOs. They classified DWOs into two types: Type I and Type II.

1. Type I instability : This type of instability occurs at very low steam quality con-

dition (At low power and high inlet subcooling) and is of specific importance in natural

circulation BWRs. At low pressure and low flow quality, the hydrostatic head (as imposed

by the core and riser void fraction) is very sensitive to flow-rate fluctuations. These are

low frequency type oscillations dominated by gravity effects in unheated riser section.

2. Type II instability: These instabilities occurring at relatively high power, low

coolant flow conditions (At high power and low inlet subcooling), are due to the in-

teraction between the two-phase flow pressure loss, mass flux and void formation and

propagation in the core. These are high frequency oscillations dominated by two-phase

frictional pressure drop. This phenomenon is important both in forced and natural circu-

lation reactors (van der Hagen et al., 2000).

The fact that different pressure drop terms are dominant in each type suggests the

existence of other types, i.e., it can be implied that there can be other types of instabilities

in which different pressure drop terms may be dominant at low and high steam quality

conditions. There are at least 8 types of instabilities, according to Fukuda and Kobori

(1979).

Parallel channel instabilities: Most two-phase heat exchangers consists of multiple

parallel boiling channels where the channel-to-channel interactions significantly influence

the density wave (DWO) instability phenomenon. Studies related to multiple parallel

channels mostly involved forced flow boiling systems. However conclusions from these

studies reveal that, in-phase and out-of-phase oscillations can be the normal oscillation

modes for an identical double channel system. Guido et al. (1991) studied analytically,

the density wave oscillations in parallel boiling channels. They observed that for identi-TH-0556_02610302
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cal channels the normal modes of oscillation are the in-phase and the out-of-phase ones.

They also reported complex oscillation modes for non-identical channels. Clausse et al.

(1989) studied analytically, the systems with parallel boiling channels coupled with an ex-

ternal loop using the theory of parameter perturbation to investigate the instability modes

which can occur in such systems. They observed in-phase and out-of-phase oscillations

in identical channels at different conditions. They further observed that, in the channels

which are different, complex oscillation modes can be seen. These channel-to-channel

interactions can drive the system more unstable with increased number of channels.

Clausse and Lahey (1991) developed a thermal-hydraulic lumped parameter model

based on Galerkin nodal approximation method. Lee and Pan (1999) extended this non-

linear model to study the dynamics and stabilities of multiple parallel boiling channel sys-

tems. These studies involve forced flow systems. Lee and Pan (2005b) further extended

their previous study to natural circulation systems. They observed that identical and equal

power channels oscillate out-of-phase in Type-I region, where gravitational pressure drop

dominates, and in-phase in Type-II region, where frictional pressure drop dominates. At

high pressure conditions the dynamics could be different.

Pressure drop oscillations (PDO): These oscillations are categorized as compound

dynamic instability and occur as secondary phenomenon triggered by static instability.

PDO occurs in a system having compressible volume upstream or within the heated sec-

tion and also when the system operates in the negative slope region of the pressure drop

vs. flow rate curve (Boure et al., 1973). PDO exhibits a long oscillatory period and is

always accompanied by high oscillation amplitude and jumps in wall-temperature. Guo

et al. (2001) investigated experimentally the characteristics of PDO. They observed that

PDO occurs only when there is compressible volume in the loop. They suggested that

adding a throttling device upstream of the evaporator and maintaining uniform heat flux

in the evaporator are some of the measures that can suppress PDO.

2.2.3 Coupled Neutronic Instabilities

Coupled neutronic thermal hydraulic instabilities (or reactivity instabilities) are generated

due to reactivity effects of void generated in core. Caorso and Lasalle plant events in 1984

and 1988 respectively renewed the interests of many researchers in this type of instabilityTH-0556_02610302
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in BWRs (March-Leuba and Rey, 1993).

Neutron thermal hydraulic coupling : In boiling water reactors, water serves as

coolant and moderator. The moderator thermalizes the neutrons to increase the probability

of neutron participation in chain reaction. Void generation in core reduces the moderator

quantity (reduction in moderator-to-fuel ratio) and hence its moderating capacity. The

effective multiplication factorkeff , which is a function of moderator-to-fuel ratio, also

reduces. This, in a water-moderated system, results in a change in reactivity, and hence a

change in reactor power. Thus, there is a direct coupling between neutronics and thermal

hydraulics, which is termed as void reactivity feedback.

Feedback mechanism: In natural circulation systems, mass flow rate is not an inde-

pendent variable and depends on the power, operating pressure, and geometry. Thus, a

small perturbation in power or any other parameter perturbs the inlet mass flow rate (van

Bragt and van der Hagen, 1998a). A typical feedback mechanism of a natural circulation

BWR is shown in Figure 2.2. The three feedback effects are

1. Thermal hydraulic feedback through void generation in core. This effects the

reactivity term in neutron kinetics through void reactivity feedback term.

2. Fuel dynamics and heat transfer feedback through Doppler reactivity. This loop acts

as a filter of power perturbations and introduce time delays between power production and

coolant flow heating.

3. Power feedback on the core thermal hydraulics. This effects the rate of void gener-

ation and mass flow rate (in natural circulation system).

Types of reactivity instabilities: These instabilities are of two types, namely, core

wide and out-of-phase.

1. Core wide reactivity instabilities: In this mode, the whole core behaves as one

and the oscillations are in-phase. The neutronic feedback is large and the flow feedback

is less because of the damping effect of friction in the recirculation loop of the system

(March-Leuba and Blakeman, 1991).

2. Out-of-phase reactivity instabilities: In this mode one half of the core behaves out-

of-phase from other half and average power remains constant (March-Leuba and Rey,
TH-0556_02610302
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1993). The gain of inlet flow feedback is large compared to neutronic feedback.

Different neutron kinetics models are proposed in literature to study the regional in-

stabilities (out-of-phase) in BWRs. March-Leuba and Blakeman (1991) examined the

stability of subcritical neutronic modes which could result in out-of-phase power oscilla-

tions and employed the subcritical reactivity (subcriticality) of the spatial harmonic mode

as another indication of the stability. They showed the stability boundaries with the sub-

criticality as a parameter. Munoz-Cobo et al. (1996) studied the global and regional in-

stabilities using modal kinetic equations (discussed in Section 2.3.1) based onλ-modes.

They showed that global oscillations only appear when the first harmonic mode does not

have enough thermal-hydraulic feedback to overcome the eigenvalue separation. Fur-

ther, they showed that self-sustained regional oscillations could arise due to the different

thermal-hydraulic properties of the reactor planar halves, if the modal reactivities have

appropriate feedback gains.

Kengo et al. (1997) developed a neutronic model for linear multi-channel analysis of

out-of-phase (regional) instability in a BWR core. Turso et al. (1997) developed a low

order model of BWR using modal point kinetics equations and investigated the out-of-

phase oscillations of Lasalle BWR. Nayak et al. (2000) used coupled multi-point kinetics

model. They considered each subcore as subcritical and a constant interaction coefficient,

based on the multiplication factor of each subcore, was used. This model is useful in

the analysis of an NCBWR with multiple channels or subcores with different flux dis-

tributions. Nayak et al. (2000) also compared the stability maps plotted using coupled

multi-point kinetics model and the modal point kinetics model (which uses a single value

of subcriticality to all subcores irrespective of their flux distribution). They observed that

both the models gave the same threshold power for stability. Lee and Pan (2005a) used

multi-point reactor kinetics model to investigate the regional instability and non-linear

dynamics of a system of multiple nuclear-coupled boiling channels.

The influence of nuclear feedback (void reactivity coefficient) and the delay (fuel time

constant) on the stability of the system were investigated by many researchers.It could be

inferred from the observations of van Bragt and van der Hagen (1998b), Nayak et al.

(2000), Lee and Pan (2005c) that in systems with low frequency oscillations (Lower than

0.1 Hz), an increase in the values of void reactivity coefficient(in absolute sence) and fuel

time constant has stabilizing and destabilizing effects respectively. On the other hand inTH-0556_02610302
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Figure 2.2: Feedback loop of natural circulation BWR

systems with high frequency oscillations (of the order of 1 Hz), an increase in the values

of void reactivity coefficient (in absolute sence) and fuel time constant has destabilizing

and stabilizing effects respectively. The effect of void reactivity coefficient and fuel time

constant on the stability characteristics is significantly influenced by geometrical param-

eters, as discussed in Section 4.3.2.

Effect of fuel dynamics: Fuel dynamics introduces some time delay in the transfer

of nuclear heat in the core and has a great influence on DWOs due to nuclear coupling.

This delay is characterized by fuel time constantτ . This time constant is of the order

of the oscillation period of DWOs. This time delay makes a negative void reactivity

system less stable or a positive void reactivity system more stable to DWOs. For a very

small fuel-time-constant, however, a negative void reactivity coefficient would stabilize

the system, which is explained by the fact that an increase in void fraction would cause

a decrease in power that would suppress further increase in void fraction. This suggests

that the time delay of the nuclear heat is the most important factor in the mechanism of

the nuclear-thermal coupled instability (Rao et al., 1995).

2.2.4 Startup Transients

Natural circulation systems may undergo thermal-hydraulic instabilities, under low-power

and low-pressure conditions, which occur during startup. At low pressures, a natural cir-TH-0556_02610302
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Figure 2.3: Stability map for 5 MW reactor at 1.5 MPa Operating point of the reactor
shown by * :(Jiang et al., 1995)

culation loop typically has three operation ranges: (A) single-phase stable region, (B)

two-phase unstable region and (C) two-phase stable region as shown in Figure 2.3. The

void reactivity feedback and void fraction fluctuations in the reactor core would create

power oscillations during start-up. Three kinds of thermal-hydraulic instabilities may oc-

cur during start up in natural circulation BWRs, which are: (1) geysering induced by

condensation, (2) natural circulation instability induced by hydrostatic head fluctuation

in steam separators, and (3) density wave instabilities. It has been found that geysering

occurs with flashing, which is of high amplitude and low frequency type (Aritomi et al.,

1992). Well-defined start-up procedures like pressurization using external source are de-

vised to avoid start-up instabilities. Manera (2003) proposed efficient start-up procedures

to avoid these instabilities.

Geysering: This phenomenon occurs at low powers and low circulation flow rates. It

occurs due to bubble formation, growth and its subsequent collapse during start-up. It has

been observed in a variety of closed end, vertical columns of liquid, which are heated at

the base. The mechanism can be explained as follows (Paniagua et al., 1999). In vertical

channels during start-up, with high inlet subcooling, voids are generated and a large slug

of bubbles forms, which grows into large bubble due to decrease in hydrostatic pressure

head as it moves towards exit. The vapor then mixes with the liquid in the subcooled riser

and is condensed there. The condensed liquid re-enters the channel and restores non-

boiling conditions. This process repeats periodically and causes flow oscillations. In case

of parallel channels, if the condensation rate is higher than the circulation rate, then flowTH-0556_02610302
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reversal can occur (Jiang et al., 1995). During start-up conditions, inlet subcooling is the

main parameter, which causes geysering. High inlet subcooling results in subcooled riser

section and triggers geysering. If inlet subcooling is low enough, saturated conditions may

prevail in the riser, thereby suppressing the condensation induced geysering (Paniagua

et al., 1999).

The phenomenon of geysering in single channel was experimentally investigated by

Jiang et al. (1995). They observed that the basic mechanism of geysering in the single

channel is similar to that of multiple channel case, but has no constant period and ampli-

tude. Geysering occurs at certain inlet subcooling region. The mass flow rate oscillates

with high peak values, like pulses without a regular period. Very loud explosion-like

sounds occur as vapor condenses in the inlet of the riser. The condensation of the sub-

cooled vapor results in a strong flow disturbance, which acts as a pressure wave, and

propagates in the system at the velocity of sound. The energy of the pressure wave is re-

leased when it passes through the valves and other components in the system. This results

in strong mechanical vibrations in the system (Jiang et al., 1995).

Aritomi et al. (1992) studied experimentally the instabilities during startup in natu-

ral circulation BWRs in twin parallel channels. They studied experimentally, the effect

of parameters such as inlet subcooling and inlet throttling on geysering. During start-up

conditions, inlet subcooling is the main parameter, which causes geysering. High inlet

subcooling results in subcooled riser section and triggers geysering. At high inlet sub-

cooling, geysering occurs at very low velocities (Aritomi et al., 1993). If inlet subcooling

is low enough, saturated conditions may prevail in the riser, thereby suppressing the con-

densation induced geysering. Flow reversal rate influences greatly, the occurrence of gey-

sering, but it is independent of inlet subcooling in both natural and forced circulation. It

is observed that geysering is more pronounced in boiling channels with longer risers. The

rate of flow reversals also increase as riser length increases. Inlet throttling aggravates the

geysering as the natural circulation rate is reduced.

In their subsequent work, Aritomi et al. (1993) studied the phenomenon of geysering

in parallel channels in both natural and forced circulation under different conditions of

heat input, inlet subcooling and adiabatic riser lengths. They observed that an increase in

heat fliux suppresses geysering and stabilizes flow in case of forced circulation. However

in natural circulation, another inphase instabilitity appears which superimposes geyseringTH-0556_02610302
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(this will be discussed in following paragraphs). This is true for both single and multiple

channel cases in natural circulation. The basic mechanism of occurrence of geysering is

same for both single and parallel channels. Some of the differences are: a) in parallel

channels, geysering is induced at higher velocities than in a single channel. b) geysering

in single channel has no constant period and amplitude, However, geysering in parallel

channels was observed to be periodic. Boiling channels with longer riser are more pro-

nounced to geysering. The rate of flow reversal also increase as riser length increases. The

basic mechanism of occurrence of geysering is same for both single and parallel channels.

Some of the differences are: a) in parallel channels, geysering is induced at higher veloc-

ities than in a single channel. b) geysering in single channel has no constant period and

amplitude, However, geysering in parallel channels was observed to be periodic (Aritomi

et al., 1993).

When geysering occurs, the thermal neutron flux in the core may greatly fluctuate

due to the channel becoming filled with water and vapor alternatively. In multi-channel

case, geysering occurs randomly in the channels and does not occur simultaneously in

all the channels. When out-of-phase geysering occurs in neighboring fuel assemblies, the

neutron fluctuation due to geysering is not significant, but when in-phase geysering occurs

in neighboring channels, the fluctuation of neutron flux will be very high. The effect

of system pressure on geysering under both natural and forced circulation was studied

by Chiang et al. (1994). It is observed that, as system pressure increases, geysering is

suppressed. This is because, as system pressure increases, the saturation temperature

rises, which suppresses the formation of large bubbles and thus leads to less oscillatory

flow behavior (Chaiko and Blythe, 1993, Paniagua et al., 1999).

Natural circulation instability : As the heat input is increased, geysering is sup-

pressed and another instability called ‘natural circulation instability’ is induced due to

hydrostatic head fluctuation (PDO), which varies natural circulation force. As heat flux

is further increased, density wave instabilities appear. Aritomi et al. (1992) also observed

that, under certain conditions, the three kinds of instabilities appear in one cycle of flow

oscillation, but they did not describe the specific condition at which this occurs. Density

wave instability is superimposed onto natural circulation instability, and geysering sud-

denly occurs, when the natural circulation rate increases, and the condition in the outlet

plenum comes to subcooled because of heat balance. This indicates that geysering does
TH-0556_02610302
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not occur under a low velocity condition only.

Chiang et al. (1993) studied experimentally the features of in phase natural circulation

oscillations, the description of which cannot be found in Boure et al. (1973) classifica-

tion. The period of natural circulation oscillations is much longer than that of density

wave instabilities, and reduces with an increase in heat flux and with a decrease in inlet

subcooling. They studied the behavior of natural circulation oscillations experimentally

using a two-channel test facility. They observed that the oscillation of the total circulation

rate was synchronous with flow oscillations in both the heated channels but was shifted

by about 180◦ against the PDOs between the outlet plenum and separator. As soon as the

vaporization rate increases, the natural circulation oscillations will be suppressed. The

period of natural circulation oscillations reduces as system pressure increases (Chiang

et al., 1994).

Flashing: Flashing was first reported by Wissler et al. in 1956 (Manera, 2003). When

hot liquid flows from a higher to a lower pressure region, the saturation temperature de-

creases considerably, due to which a part of the liquid is converted into steam. This

phenomenon is termed as flashing. At startup conditions, both system pressure and heat-

ing power are low, which implies large differences in saturation temperature between the

inlet and the outlet of the adiabatic section. At low powers, the coolant, which is heated

up in the heated section of the natural circulation loop, may not reach saturation condi-

tions in the core itself. However, due to the strong variation of saturation temperature

along the system, flashing can occur in the adiabatic section, leading to an enhancement

of the natural circulation flow rate. In dynamic conditions, this phenomenon can cause

self-sustained oscillations. These flow oscillations make the operation of the reactor dur-

ing startup rather difficult and could cause strong mechanical vibrations of the reactor’s

internal components (Manera et al., 2001).The flashing instability occurs at lower inlet

subcooling which means flashing instability occurs after geysering.

Flashing can be categorized as a type of density wave instability due to similarities

such as the phase difference of temperatures of boiling region and the non-boiling region,

and the oscillation period, which has been observed to be near the time required for fluid

to pass through the chimney (Inada et al., 2000). van der Hagen et al. (2000) reported

that the phenomenon of flashing influences Type I instability. It was observed from their

experiments that flashing drives the flow start-up conditions. Hence, they advised to in-TH-0556_02610302
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corporate flashing (to include flashing numberNflash) in the physical model to study Type

I instability. The effects of various parameters on the stability of boiling channels are

briefly listed in Table 2.1.

2.3 Mathematical Modeling

A model is a mathematical representation of the real process in a system. There are

different modeling approaches. A lumped parameter approach is generally used to study

the dynamic behaviour of the system using a low-order model comprising a system of

ODEs. Distributed parameter models consist of PDEs with respect to time and space, and

are used when the spatial variation of the variables has to be studied. These two models

are developed from physical principles. There is another empirical approach based on

input-output data in which a black box model of reasonable complexity is developed using

system identification technique, which can describe the system well in specific operating

conditions. These models are valid for specified operating conditions only. March-Leuba

et al. (1986a) applied this technique and developed a simple model to study the nonlinear

dynamics of boiling water reactors. In this section, various modeling concepts used in the

context of boiling channels are discussed.

A mathematical model of boiling channel includes power dynamics and thermal-

hydraulics. Power dynamics consists of the kinetics of nuclear chain reaction and heat

generation in the fuel rods. Thermal-hydraulics comprises mass, energy, and momentum

balances for the coolant.

2.3.1 Power Dynamics

The simplest way to model this part is to assume constant and axially uniform heat flux. In

fossil-fuel boiler applications, this approximation is reasonable, although the combustion

and heat transfer processes may have some influence on boiler dynamics. This approxi-

mation has also been used to study the dynamics of BWRs, where power oscillations due

to void feedback effects are present. However, the assumption of constant heat flux ig-

nores the coupling between neutronics and thermal-hydraulics, which can be incorporatedTH-0556_02610302
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Table 2.1: Effects of Parametric variation on flow instabilities
Parameter increase Effect on stability Reason Remarks and Refer-

ences
System pressure Stability in-

creases
Density difference decrease thus reduc-
ing the effect of gravitational pressure
drop.

Guanghui et al. (2002)

Mass flow rate Stability in-
creases

Critical power at which oscillations are
generated increases. Avoids bubble ag-
glutination.

Guanghui et al. (2002)

Inlet subcooling Destabilizes the
flow at small
subcoolings

Due to significant response delay in void
formation with increment in transit time.

At very low subcool-
ing, system exhibits
high stability

Stabilizes at
medium and high
subcoolings

Reduces void fraction and increases non-
boiling length and its transit time.

(Boure et al., 1973,
Nair et al., 1996, Rao
et al., 1995)

Inlet resistance Stability in-
creases

Single phase friction increases which is in
phase with change in inlet flow and thus
provides damping effect on the increasing
flow.

Guanghui et al.
(2001), Prasad et al.
(1995)

Exit resistance Stability reduces Increases two-phase friction, which is out
of phase with change of inlet flow.

Boure et al. (1973),
Prasad et al. (1995)

Riser Length Stability reduces Increases two phase gravitational pres-
sure drop. Destabilizes the system in
Type-I region and stabilizes in Type II re-
gion.

van Bragt and van der
Hagen (1998b), Chang
and Lahey Jr (1997)

Negative void re-
activity coefficient

Destabilizes Type
II instabilities

Increase in gain of void feedback loop. Rao et al. (1995)

Stabilizes Type I
instabilities

Phase lags in channel and fuel are rel-
atively small due to low resonance fre-
quency

van Bragt and van der
Hagen (1998b)

Fuel time constant Stabilizes Type II
instabilities

Filtering of high frequency oscillations in
void reactivity feedback loop.

Rao et al. (1995)

Destabilizes Type
I instabilities

Break frequency of fuel transfer function
will shift towards lower frequency and in-
creases phase shift.

van Bragt and van der
Hagen (1998b)

Froude number
(with void reactiv-
ity feedback)

Stability in-
creases

Froude number appears in the denomina-
tor of the gravitational term. Smaller the
Froude number higher the gravitational
effect.

Without feedback,
Froude number has
no effect on stability
boundary (Rao et al.,
1995)
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in the model by including neutron kinetics equations.

The time dependent behaviour of neutron population in a reactor can be modeled

by neutron transport theory. This method allows a precise representation of neutron in-

teractions with a minimum of assumptions. The mathematical representation of kinetic

equations is complex due to explicit dependency on neutron energy, direction of motion,

and position (i.e., three space coordinates) in addition to time. Nevertheless, such 3D

formulations are used in some numerical codes, which will be discussed in Section 3.4.

It would be conceptually and computationally easier to handle the equations if they

were dependent only on time. Under certain conditions, the energy, direction and position

variables can be averaged out from the time dependent kinetic equations, resulting in a

set of ODEs with respect to time. Point neutron kinetic equations (two ODEs, if one

group of delayed neutron precursors is modeled) represent the neutron kinetics in the

simplest form (Lewins, 1977).Because of their simplicity, point kinetics equations have

been widely used to study instabilities in BWRs. Many numerical codes also use point

neutron kinetics.

Out-of-phase (regional) oscillations cannot be modeled by point kinetics equations,

but use of 3D neutron kinetics is computationally very expensive. March-Leuba and

Blakeman (1991) developed a lumped parameter model to study the out-of-phase oscil-

lations by considering the spatial harmonic modes of the neutron kinetic equations. The

general solution of a linear partial differential equation can be expanded in terms of their

inherent spatial modes as

Φ(t, r, θ, z) =
∞∑

m=0

nm(t)φm(r, θ, z) (2.2)

Whereφm is the spatial mode andnm is the neutron density ofmth mode.

Using this method March-Leuba and Blakeman (1991) proposed a modal kinetic equa-

tion (in ODE form) using the time dependent part of the solution ofnm (neutron density

of mth mode). The number of modal kinetics equations depend on the number of har-

monic modes considered. If only fundamental mode is considered then we get the point

neutron kinetics equations. Munoz-Cobo et al. (2000) used modal kinetic equations for

fundamental and first subcritical modes with two groups of delayed neutron precursors to
TH-0556_02610302
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study the out-of-phase DWOs in parallel channels.

2.3.2 Thermal Hydraulics

The fluid behaviour in the channel can be described using the basic conservation equa-

tions of mass energy and momentum in differential form. The boiling channel constitutes

single-phase region (extends from core or channel inlet to the point where the boiling

starts) and two-phase region (from boiling boundary to core or channel exit). In single

phase region, the application of conservation equations is straightforward. The behaviour

of fluid in two-phase region is rather complicated, as mentioned in Section 2.2, and needs

special treatment. In two-phase region, the void fraction, steam quality, pressure, enthalpy

of steam and liquid phases and the velocities of the two phases are main quantities to be

considered while developing state equations.

3D two-fluid modeling is the most general form of representing two-phase flow. In

this formulation (Kleinstreuer, 2003), the balance equations of mass, momentum, and en-

ergy are applied to the two phases separately, resulting in a system of 10 PDEs (in 3D

space and time), which are supplemented by additional equations such as constitutive re-

lations, equations of state, and the law of heat conduction. These equations are applicable

only within each phase. Moreover in two-phase flow there will be exchange of mass, mo-

mentum and energy between the phases, which can be considered using five interfacial

jump equations. In addition to these, the knowledge of boundary and initial conditions is

needed to solve these equations. However, it is very difficult to provide the initial con-

ditions because that would require knowledge of location of each phase interface, which

is difficult because of complex interface geometry. Averaging techniques are applied to

modify these equations into more convenient form for solving (Kleinstreuer, 2003).

The modeling of two-phase flow can be simplified by considering 1D formulation

supported with correlations developed from experimental investigations. Much research

has been done, experimentally and numerically, on two-phase flow and efficient models

were proposed to model accurately the flow behaviour in the two-phase region. The 1D

models widely used in the literature are separated flow model (two fluid model), drift flux

model, and homogeneous equilibrium mixture (HEM) model (Wallis, 1969).TH-0556_02610302
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In the 1D two-fluid model, the two phases are modeled separately, resulting in six bal-

ance equations for mass, momentum and energy fields, supplemented by correlations for

two-phase frictional multiplier, void fraction, and heat transfer coefficient. For simplic-

ity the two phases are assumed to be in thermal equilibrium.i.e. vapor generation starts

only when the liquid bulk temperature reaches the saturation value and beyond that all

the heat added to the system goes to generate vapor. However, in reality, there exists a

thermal boundary layer near the heated surface, which causes vapor generation even if

the liquid bulk temperature is below saturation. This increases the two-phase mixture re-

gion, but reduces the rate of vapor generation locally because a part of the heat added is

utilized to increase the bulk temperature of the liquid. Saha and Zuber (1978) developed

a non-equilibrium model analytically incorporating the above non-equilibrium aspects of

the two-phase flow to study its effects on system stability. Comparing with the previous

experimental work (Saha et al., 1976), they osbserved that model with non-equilibrium

theory predicts more accurately than the equilibrium theory. Numerical Codes like RA-

MONA, TRAC etc are equipped with thermal non-equilibrium effects.

Zuber and Findlay in 1965 proposed Drift flux model in which a combined momentum

balance is written for the two-phase mixture, and the slip between the phases is accounted

for by additional relations. The number of equations can be reduced to five, four or three

(Manera, 2003). In this model the void fraction is a function of total and vapor superficial

velocities, phase distribution parameter and drift velocity. These parameters are obtained

by the correlations derived from experimental data at various operating conditions.Thus

correct prediction of void transport in the system depends on the accuracy of these cor-

relations. Coddington and Macian (2002) conducted a detailed study on the accuracy of

a range of widely used void fraction correlations based on the Zuber-Findlay drift flux

model. They observed that out of the 25 different correlations published between 1965

1995, 13 correlations produced acceptable results over the whole range of data. Many

of the correlations are satisfactory with in the conditions similar to those from which

they were derived. Proper selection depends on the operating pressure and system con-

figuration. The simplest model is the HEM model, which assumes thermal equilibrium

and no-slip between the phases, and treats the two-phase mixture as a pseudo-fluid with

pseudo-properties. Drift flux model inherits the simplicity of HEM model and accuracy

of two-fluid model.

TH-0556_02610302
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Choice of mathematical model depends on the type of instability to be studied. For

example, flashing takes place due to decrease in saturation temperature, resulting from

decrease in pressure. Therefore, the dependence of thermodynamic properties on the local

pressure is the key factor in modeling flashing instabilities. Dykhuizen et al. (1986) used

1D two-fluid model with slip between phases and thermal non equilibrium conditions.

Inada et al. (2000) developed a drift flux model assuming thermal equilibrium conditions

in the riser section and van Bragt et al. (2002) developed a 1D HEM model to simulate

flashing. Jeng and Pan (1999) used drift flux model, taking flow pattern change and

subcooled boiling into consideration to investigate the steady state characteristics of a

two-phase natural circulation loop. The liquid density in the single-phase region was

considered as a function of temperature, based on Boussinesq approximation, to include

the buoyant effect.

2.3.3 Numerical Codes

Numerous thermal-hydraulics and neutronics codes have been developed to deal with the

stability issues. These codes range from system analysis codes that can simulate plant

behaviour, to simple models like single channel HEM model to study basic physical phe-

nomena. The numerical codes can be classified into two groups as follows. Frequency

domain codes: These codes are developed by linearization and Laplace transformation of

the governing equations, which are based on two-phase mass, momentum and energy bal-

ances. These codes are primarily used for linear stability analysis of boiling systems, and

are better in predicting stability inception and margins. LAPUR5, FABLE, ODYSY, and

MATSTAB are some of the frequency domain codes. Time domain codes: These codes

are developed based on the PDE formulations. These are capable of predicting the behav-

ior of nonlinearities by numerical integration of the nonlinear form of modeling equations

over time. RAMONA-3B, RELAP5, RETRAN-3D, and TRAC are some of the time do-

main codes (Hanggi, 2001). The numerical codes can be further classified as thermal

hydraulic system codes (THSC), neutron kinetics codes (NKC), severe accident analysis

codes (SAA) etc based on the field of application. Some of these codes with brief descrip-

tion are listed in Tables 2.2 and 2.3. The list is by no means exhaustive but can serve

as an information of the type of codes available today. THSC codes have built-in neu-

tron kinetics modules or coupled with NKC codes.These codes are developed using theTH-0556_02610302
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Table 2.2: List of time domain codes
Code Thermal hydraulics Neutronic/ Features

RAMONA-4B Four equation 1D drift flux model with thermal
non-equilibrium between the two-phases Liquid
can be subcooled, saturated or superheated but va-
por is considered to be saturated and uses explicit
numerical scheme Rohatgi et al. (1997).

Uses 3D neutron kinetics. Consid-
eres local pressure dependencies.
Can simulate start up transients
compared to its earlier version RA-
MONA Paniagua et al. (1999)

RETRAN-3D 5 equation model with slip between phases 1D neutron kinetics
RELAP5 6 equation two-fluid model. Uses semi implicit

finite difference technique. Provides an option to
select implicit finite difference technique.

Point neutron kinetics.Offers spe-
cial process models.Widest interna-
tional acceptance RELAP (1995).

TRACG 6 equation two-fluid model and uses explicit nu-
merical schemes.Its earlier version TRAC has
built in numerical damping to achieve stable solu-
tions. This renders the simulation of instabilities
non-conservative.

3D neutron kinetics

TRAC-PFI 6 equation two-fluid model and has 3D thermal
hydraulics capability. Modified version TRAC-
PFI/MOD2 has the capability of 1D,2D and 3D
analysis of thermal-hydraulics.

3D Neutron kinetics

ATHLET Five-equation drift flux model and accounts for
thermal and mechanical non-equilibrium. Uses
fully implicit numerical scheme.

Can be coupled with NKC. Devel-
oped for analysis of anticipated and
abnormal plant transients, small
and intermediate leaks, and large
breaks in LWRs.

CATHARE-2 6 equation two-fluid model. All kinds of two-
phase flow patterns can be treated. Zero, 1D,2D
modules are available

3D Neutron kinetics

POLCA-T 5 equation drift flux model with thermal non-
equilibrium between phases. Used to analyse sce-
narios such as control rod failures, boron shut-
down etc.

3D Neutron kinetics

COBRA-IIIC/MIT2 3 equation homogeneous model. It is used for
DNBR (departure from nucleate boiling ratio)
analysis in LWR sub-channels

Coupled with 3D neutronic code
SIMULA

FLOCAL 1D four equation drift flux model consisting of
momentum, energy and mass balance equations
for mixture along with additional mass balance for
vapur phase.

Pure Thermal-hydraulic code pri-
marily developed to simulate insta-
bilities in natural circulation sys-
tem. Code was validated with ex-
perimental results of CIRCUS test
facility (Manera et al., 2005)
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Table 2.3: List of 3D Neutron kinetic and Severe accident codes
3D Neutron kinetics codes

Code Description Features
DYN3D 3D neutronic kinetics based on nodal expansion method for

solving the two-group neutron diffusion equation.
Burn upcalculation. Option of ex-
ternal coupling with thermal hy-
draulic code ATHLET

NEM 3D neutronic kinetics with multi group nodes. option for modeling 3D cartesian,
cylindrical and hexagonal geome-
tries. coupled with TRAC-PFI ther-
mal hydraulic code

PARCS 3D neutronic kinetics. Code applicable to both PWR and
BWR cores loaded with rectangular or hexagonal fuel assem-
blies

Can be coupled with TRAC-M and
RELAP5

NESTLE A multi dimensional neutronics code. Can solve 2 or 4 group
neutron diffusion equations in cartesian or hexagonal geome-
tries.

Several different core symmetry op-
tions are available including quar-
ter, half and full core options for
Cartesian geometry and 1/6, 1/3 and
full core options for hexagonal ge-
ometry.

SIMULA 3-D neutron kinetics with one, two or six groups.solves the
neutron diffusion equations in one or two groups, on 3-D
coarse-mesh nodes (quarter or full fuel assemblies) using a
linear-discontinuous finite-difference scheme.

Coupled with thermal hydraulic
code COBRA-IIIC/MIT2

Severe accident codes
VICTORIA Developed to analyse fission product behaviour within the re-

actor coolant system (RCS) during severe accident situation
(Bixer et al., 1992).

It can predict in detail, the release of
radionuclides and radioactive mate-
rials from fuel and transport in the
RCS during core degradation

SCDAP Models the core behaviour during a severe accident. It works
in combination with RELAP5/MOD3 to describe the overall
RCS thermal hydraulic response, core damage progression,
and fission product re1ease and transport during severe acci-
dents up to the point of reactor vessel or the system failure
(Allison et al., 1992).

It uses the detailed fission prod-
uct code VICTORIA to describe the
fission product release and trans-
port during severe accidents. The
code includes many generic com-
ponent models from which the gen-
eral systems can be simulated (SC-
DAP/RELAP5, 1997).

MELCOR A fully integrated code that models all phases of the progres-
sion of severe accidents in LWRs (Madni, 1992). Can model
wide range of phenomena and their interactions

Models have been coded with op-
tional adjustable parameters to fa-
cilitate uncertainty analysis and
sensitivity studies (Summers et al.,
1992).
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formulations of two-phase mass, momentum, and energy balances by a system of PDEs.

Different models as discussed in section 2.3.2 are used in these codes. The advanced

versions of these codes are modified to accurately predict various thermal hydraulic tran-

sients. For example to correctly predict the possible start-up instabilities like geysering

and flashing, the pressure dependency of the vapor generation and its collapse along the

channel should be considered to predict the phenomena accurately. This is achieved by

estimating the thermophysical properties at the local pressure. Paniagua et al. (1999) de-

veloped a new code TWOPHASE based on non-homogeneous, non-equilibrium drift flux

formulation with momentum integral method and equipped with an option of basing all

local thermophysical properties either on system average pressure or on local pressure.

It was observed that, when the code uses local pressure distribution for evaluating the

local properties, the percentage of over prediction and under prediction of frequency and

amplitude reduces considerably.

The neutron kinetics codes (NKC) are developed using detailed 3D neutron diffusion

equations with multi precursor groups.DYN3D, NEM, NESTLE, PARCS, QUABOX etc.

are some of the neutronic codes with 3D neutron kinetic equations. These codes are

coupled with thermal-hydraulic system codes to study the reactor dynamics. The severe

accident codes (SAA) are developed to model the reactor transients during severe acci-

dents. Accidents occur due to various chemical and physical processes during reactor

operation. These include core uncovering (loss of coolant), fuel heat up, cladding oxi-

dation, fuel degradation (loss of rod geometry), core-concrete attack and ensuing aerosol

generation, in-vessel and ex-vessel hydrogen production, transport, and combustion, fis-

sion product release (aerosol and vapor) its transport and deposition etc. Core material

melting and relocation is another phenomenon which results in heating up of reactor ves-

sel lower head. This results in thermal and mechanical loading and failure of the vessel

lower head and transfer of core materials to the reactor vessel cavity. A broad spectrum

of these phenomena in both boiling and pressurized water reactors can be simulated using

severe accident codes like MELCOR, MAAP, RELAP/SCDAPSIM/MOD3.1 etc (Kme-

tyk, 1994, Leonard et al., 1996, Allison et al., 1992, Summers et al., 1992).

The earlier codes were developed with a detailed modeling of thermal hydraulics,

limiting the neutron kinetics to 1D or point kinetics because the coupling of 3D neutron

kinetics with thermal-hydraulics would have been computationally very expensive. How-
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ever coupling of full 3-D NKC with the THSC codes allows the best estimate simulations

of interactions between reactor core behaviour and plant dynamics and it is a powerful

tool to analyze the severe accident scenarios during which there exists strong coupling

between the core neutronics and the primary circuit thermal-hydraulics. With the present

fast computing facilities, the coupling technique has become much easier.This method of

coupling THSC and NKC is usually achieved as either internal coupling or external cou-

pling. In internal coupling, each neutron kinetic node is coupled with thermal hydraulic

cell in the system code (OECD, 2004). This method allows detailed and direct calcula-

tions. However, it requires major modifications in the neutronic and thermal hydraulic

codes. In external coupling, the neutron kinetics code is combined with a separate core

thermal-hydraulic model (OECD, 2004). It is then coupled to the full thermal-hydraulic

system code by passing boundary conditions at the top and bottom of the core. This

method requires little or no modifications in both the codes, but suffers with numerical

instabilities and slow convergence. Parallel processing allows the codes to be run sepa-

rately, on different processors, and exchange data during the calculation. (OECD, 2004)

This approach uses parallel virtual machine (PVM) environment. PVM is a powerful tool

for coupling of large codes and performs calculations on multiple processors with signifi-

cant reduction in computational time. However, PVM environment requires development

of an interface routine to interact with the parallel codes (OECD, 2004). Bousbia-Salah

and D’Auria (2007) discussed the salient features and limitations of coupled code tech-

nique.

2.4 Nonlinear Dynamics

Linear and nonlinear stability methods are used to predict the stability of boiling chan-

nel. Linear stability theory is widely used to study the onset of instabilities and system

behavior under small perturbations around a steady state. Linear stability analysis can be

done in time domain or frequency domain. However, instabilities due to nonlinear effects

become significant as the perturbations grow. During abnormal operating conditions like

reactor trip, loss of coolant accident etc., the perturbations in the system variables are

so large that the effects of nonlinearities amplify and the system may suddenly jump to

new region (e.g., a limit cycle) in the phase space, far away from the original equilibriumTH-0556_02610302
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state. The limit cycle oscillations may amplify and undergo period doubling, and eventu-

ally lead to aperiodic or chaotic states through a cascade of period-doubling bifurcations.

Linear theory cannot predict the amplitude and frequency of these nonlinear oscillations.

Therefore, in order to predict the frequency and amplitude of these perturbations, and

their influence on the reactor stability, nonlinear dynamic analysis is required (Chang and

Lahey Jr, 1997, Chaiko and Blythe, 1993).

The theory of nonlinear dynamics (bifurcation and chaos) is used successfully by

many researchers to study the system behavior under wide operating conditions and for

large parametric fluctuations. Some of the references are Achard et al. (1985), March-

Leuba et al. (1986a), March-Leuba et al. (1986b), Tsuji et al. (1993), Clausse and Lahey

(1991). Nonlinear study is carried out with low dimensional models in ODEs that are de-

rived by integrating the governing PDEs along the boiling loop. Once the stability margin

is established, the bifurcation analysis is applied across the stability margin and deep into

the unstable region. Bifurcation characteristics can be studied by transient simulations

for operating conditions deep in the unstable region. However this method is laborious

and special nonlinear techniques like shooting method, center manifold reduction method

etc. are applied to study the bifurcation characteristics. DERPAR (Kubicek and Marek,

1983), BIFOR2 (Hassard, 1981), BIFDD (van Bragt et al., 1999), codes can be used for

applying center manifold reduction method. DERPAR code searches the real and Hopf

bifurcation points directly. BIFOR2 code reduces the higher dimension system to the

two-dimensional system on the center manifold and subsequently transforms the reduced

dimension model to Poincaré normal form.

Dynamic (Hopf) bifurcation is an important type of bifurcation in BWR system sta-

bility. Hopf bifurcation occurs when a pair of complex conjugate eigenvalues of the Ja-

cobian matrix (the real part of all other eigenvalues being negative) of the dynamical

system crosses the imaginary axis with a non zero speed as the control parameter is var-

ied slowly. When system experiences Hopf bifurcation, a family of periodic solutions

exist in the neighborhood of stability boundary. The case when the periodic solution lies

on the stable side of the stability boundary is called a subcritical Hopf bifurcation, and

the case when the periodic solution lies on the unstable side is called a supercritical Hopf

bifurcation. On stability point of view, subcritical Hopf bifurcation is more dangerous.

When operating in the stable region for the subcritical case, sufficiently large perturba-
TH-0556_02610302



2.4 Nonlinear Dynamics 31

tions diverge the system from steady state proving it to be an unsafe operating condition.

Karve et al. (1997) observed the existence of unstable limit cycle near the stable fixed

point.

March-Leuba et al. (1986a) developed a reduced order nonlinear model of BWR and

investigated the evolution of stable limit cycles, series of period doubling which even-

tually led to chaotic oscillations, deep in the unstable region. (Munoz-Cobo and Verdu,

1991) used this model to study the limit cycle oscillations in BWR by applying Hopf bi-

furcation theory and center manifold reduction method. van Bragt et al. (1999) studied in

detail, the bifurcation characteristics of a NCBWR using BIFDD code. Recently Rizwan-

Uddin (2006) used the nonlinear model (March-Leuba et al., 1986a) and conducted semi-

analytical bifurcation analysis using BIFDD code. Tsuji et al. (1993) analyzed the in-

phase power oscillations (core-wide reactivity instability) of BWR using center manifold

reduction method and Poincaré normal form. Padki et al. (1992) investigated PDOs and

Ledinegg instability from the viewpoint of bifurcation theory. They observed that the

PDO limit cycles occur after a supercritical Hopf bifurcation and Ledinegg instability

occurs after a saddle-node bifurcation as heat input is increased.

Chaotic behavior of boiling systems has been observed numerically as well as experi-

mentally. Chang and Lahey Jr (1997) observed in their numerical investigation that, under

constant heat flux conditions, a boiling channel with riser can experience chaotic oscilla-

tions at some operating conditions. In contrast, a boiling channel without riser exhibits

stable behavior at the same operating condition. Wu et al. (1996) experimentally ob-

served chaotic oscillations in a low pressure two-phase natural circulation loop under low

power and high inlet subcooling. Schuster et al. (2000) studied the nonlinear effects of

flow instabilities in natural circulation loop DANTON (test facility). They studied the ef-

fect of nonlinearities in natural circulation by using various methods like auto-correlation

function, fast Fourier transformation and estimation of a temporal Lyapunov-exponent.

Bifurcation characteristics of NCBWR are significantly influenced by parameters like

void reactivity feedback, Froude number, subcooling number, axial power profile and

void distribution parameter. The system experiences both subcritical and supercritical

bifurcations at certain ranges of parameter values (van Bragt et al., 1999, van Bragt et al.,

2000). The nodalization scheme adopted also influence the bifurcation characteristics.

van Bragt et al. (1999) observed that in Type-I region the nature of Hopf bifurcationTH-0556_02610302
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change from subcritical to supercritical as the number of riser nodes are increased.

2.5 Experimental Investigations

Experimental investigations give clear insight of the physical phenomenon occurring,

serves as a benchmark for validation of numerical codes. The experimental data is used

to develop correlations which can be used as constitutive equations in numerical codes.

However most of the experimental data is proprietary and not available in open litera-

ture. Reduced scale integral system test facilities are developed world wide to simulate

and study the natural circulation phenomena. Some of the sophisticated test facilities and

their features are listed in Table 2.4.

Scaling criteria: Experimental test facilities are designed by suitable thermal hydraulic

scaling. The general objective of a scaling analysis is to obtain the physical dimensions

and operating conditions of a reduced scale test facility capable of simulating the impor-

tant flow and heat transfer behavior of the system under investigation. A general scaling

methodology involves 1. Identification of thermal hydraulic processes to be modelled. 2.

establishing the similarity criteria between the test facility and the full-scale prototype. 3.

Evaluation of test facility specifications based on the similarity criteria. 4. Quantification

of the biases due to scaling distortions.

Similarity analysis: This analysis is carried out through appropriate non-dimensionalization

of the balance and constitutive equations of two-phase natural circulation flow. However

due to the complexity of formulations and the two-phase flow correlations, this process

is difficult compared to single phase Ishii and Kataoka (1984) used drift flux model to

develop similarity parameters for two-phase natural circulation. Basic non-dimensional

numbers that govern the dynamics of natural circulation boiling loops are: Froude num-

ber, Reynolds number, subcooling number, phase-change number, drift number, density

number, friction number etc. (Nair et al., 1996). The time lag effect in the heated liquid

region due to the subcooling of liquid entering the heated duct is taken care of by the sub-

cooling number. Phase-change number scales the change of phase due to the heat transfer

to the system and decides the time lag in the heated mixture region. Drift number accounts

for the diffusion effects due to the relative motion of fluids and characterizes flow pattern.TH-0556_02610302
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Table 2.4: Experimental test facilities

Test facility Configuration Features
DESIRE (IRI,
Delft University
Netherlands)

A scaled facility for Dodeward NCBWR.Use
Freon as working fluid Possibility to adjust lo-
cal friction at core inlet and riser exit. Variable
riser length.

Radially asymmetric power distribu-
tion which can be used to compare the
3D thermal -hydraulic and CFD codes.
Have artificial neutronic feedback

CIRCUS (IRI,
Delft University
Netherlands)

A full height scaled model of Dodeward re-
actor. 4 electrically heated fuel channels
and 4 bypass channels and one common
riser.Flexibility in use of number of risers and
facility to adjust inlet friction and subcooling.

Designed to study the thermal-
hydraulic stability of a natural circula-
tion BWR at low pressure conditions
typical for startup.

PANDA (Switzer-
land)

A large scale thermal- hydraulic test facility
with 6 cylindrical pressure vessels. The in-
stalled power is 1.5 MW generated by a bundle
of heater rods.

Designed for 10 bar pressure and 200◦

C.

CLOTAIRE (CEA,
France)

Developed to study two-phase flow phenom-
ena in the secondary side of PWR steam gen-
erators.Can simulate steam-water at a pressure
of 75 bar with the use of Freon-114.

With slight modifications the test facil-
ity can be used to BWR studies.

PUMA (Purdue
University, USA)

Design consists of 4 parallel channels in core
with bypass channels Detailed instrument sys-
tem. Electrical heating mechanism

Designed to simulate the transient re-
sponse following various LOCA sce-
narios and to simulate transients where
the pressure id below 1.03 MPa

SIRIUS-N A reduced scale test facility which resembles a
typical NCBWR. The loop consists of 2 chan-
nels, 2 chimneys, an upper plenum, a down-
comer, asublooler and a pre heater.

Can simulate accurately the re-
gional and core wide instabilities of
BWRs.Equpped with void feedback
reactivity simulation facility Furuya
et al. (2005a).

CAPCN (Ar-
gentina)

Test facility with full height relative to
CAREM reactor and a volume scale of 1:280.
The operating pressure is 12 MPa and maxi-
mum power of 300 kW.

Simulate the dynamic phenomena of
CAREM reactor coolant system near
normal operating conditions.

ITL (BARC, India) Full height test facility with a volume scaling
of 1:452. It has a design pressure of 100 bar
and temperature 315◦ C.

Designed in BARC India to simulate
natural circulation phenomena in Ad-
vanced Heavy Water Reactor (AHWR).

PLC (BARC, In-
dia)

A parallel channel (4 channels) test facility de-
veloped by BARC. PLC has a design pressure
of 20 bar and temperature 220◦ C and can op-
erate at 200 kW.

Can simulate steady state behavior of
AHWR with channels at same or differ-
ent powers. Artificial neutronic feed-
back simulation.

NCTF (IIT Bom-
bay, India)

A 1/4th length scale test facility resembling
AHWR. It consists of two loops with four ris-
ers and two steam drums representing the four
loops of AHWR (Iyer and Kadengal, 2003).

Designed and fabricated in IIT Bombay
to study the dynamics of AHWR. Stud-
ies on single and multiple channels, and
integrated system studies can be carried
out.
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Density number scales the system pressure (Nair et al., 1996). These scaling parameters

are used to develop the similarity criteria between the model and the prototype.

Numerous experimental investigations on natural circulation boiling systems are re-

ported in literature. Jain et al. (1966), Saha et al. (1976), Dijkman (1971), Qui et al.

(2003), Jiang et al. (1995), Kyung and Lee (1994), Lorenzini et al. (1991), Unal (1981),

Unal (1980), France et al. (1986), Unal (1985), Guanghui et al. (2002) are some of the

experimental works on self sustained density wave oscillations. These investigations were

carried out on different scaled test facilities with different configurations and at different

operating conditions. The effect of various geometrical parameters on the density wave

instabilities were investigated. They developed some correlations to predict the inception

of DWOs. However these correlations are applicable only to those configurations and

operating conditions which are similar to conditions from which they were derived.

van der Hagen et al. (1997) conducted experiments on Dodeward natural circulation

boiling water reactor and generated experimental database covering the entire operational

range, i.e., low-power low-pressure (startup condition), high-power high-pressure (normal

condition) and low-power high-pressure (shutdown condition). The current and future

generation BWRs have natural circulation as the normal operation mode. More compre-

hensive experimental investigation is needed to visualize natural circulation instability

phenomena under wide operating conditions. A Freon-based scaled version (GENESIS

test facility) of the economical simplified boiling water reactor (ESBWR) is designed and

constructed based on the derived scaling rules (Marcel et al., 2008). The knowledge thus

gained can be used in design of future BWRs. de Kruijf et al. (2003, 2004), Aguirre et al.

(2005), Furuya et al. (2005b), and Marcel et al. (2008) are some of the recent experimental

works being carried out in this direction.

2.6 Summary

A large number of numerical and experimental investigations on two-phase flow insta-

bilities in natural circulation boiling channels have been reported in literature. Many nu-

merical codes, in time domain as well as frequency domain, have been developed, using

various mathematical modeling techniques. Both lumped parameter as well as distributedTH-0556_02610302
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parameter (usually 1D) models have been used. The power dynamics has been modeled

using either constant heat flux assumption or neutron kinetics (point kinetics is the most

common, but 1D and even 3D kinetics are also used in some numerical codes). Different

models of two-phase flow have been employed for modeling thermal-hydraulics. HEM

model (three-equation model) is widely used in numerical studies due to its simplicity,

but more comprehensive models, ranging from 4 to 6 equations, are used to achieve better

accuracy. Drift flux model is used to account for the slip between phases while exploit-

ing the simplicity of models with 3 or 4 equations. Dependence of properties on local

pressure is commonly ignored, but has to be considered for simulating instabilities like

flashing and geysering. Numerical studies of two-phase flow instabilities use techniques

of linear stability theory as well as nonlinear dynamics and bifurcation theory.

Extensive research has taken place on linear analysis of instabilities in natural circula-

tion boiling systems, but there is further scope for nonlinear analysis of instabilities using

techniques of nonlinear dynamics and bifurcation theory. In particular, start-up transients

need to be investigated using nonlinear dynamics methods. The knowledge gained form

nonlinear analysis can be used for designing better control systems and safety measures.

Different types of instabilities have been studied separately, experimentally and numeri-

cally, which makes it desirable to develop a unified stability map covering the entire pa-

rameter space and all types of instabilities. Many numerical codes have been developed

to simulate neutronics and thermal-hydraulics, but development of user-friendly software

with graphic user interface remains to be done. This will facilitate extensive numerical

simulations of instabilities and thus help in improving reactor safety.
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Chapter 3

Modeling of Natural Circulation Boiling

Systems

3.1 Introduction

The study of dynamic behavior of natural circulation boiling water reactors (NCBWR)

involves several interrelated steps. These include the selection of an adequate set of state

variables characterizing the neutronic and thermal-hydraulic processes, the formulation

of time-dependent equations that interrelate the different variables, and the solution of

analytical and numerical techniques. Different mathematical modeling techniques are

available in literature as discussed in Section 2.3.

The theory of nonlinear dynamics and chaos is based on the analysis of system of

ordinary differential equations (lumped parameter model). The basic governing equa-

tions, which are in PDE (partial differential equations) form, can be transformed into an

equivalent nonlinear system of ordinary differential equations (ODEs) by nodalization

and spatial integration.

In this chapter, we describe the mathematical modeling of the natural circulation boil-

ing systems using two different approaches (Lumped parameter modeling and RELAP5

/MOD3.4). The lumped parameter model (LPM) is derived from the basic governing

equations of mass momentum and energy. The model is derived with different state vari-

ables and compared. The boiling systems are also modeled using a commercial softwareTH-0556_02610302
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RELAP5/MOD3.4. Parametric studies are carried out using both the models (LPM and

RELAP5) and the results are compared.

3.2 Lumped parameter model

The lumped parameter mathematical model can be divided into three parts: Power dy-

namics which describes the dynamics of heat generation in fuel rod; Heater wall dy-

namics which models the heat transfer from the fuel rod surface to the coolant; Thermal

hydraulics which models the fluid (single phase or two-phase) flow in the boiling system.

3.2.1 Power dynamics

In nuclear reactors, the heat is generated due to chain reactions. Neutron transport theory

(Henry, 1975) is generally used to treat the time dependent behavior of neutron population

in the reactor. This theory allows a precise representation of neutron interactions with a

minimum of assumptions. The resulting equations are however, mathematically complex

due to their explicit dependence on neutron energy, direction of motion, and position, in

addition to time. The kinetic equations would be conceptually easier to handle if they

were dependent only on time. Under certain conditions, it is possible and widely useful

to suitably integrate or average out energy, direction and position variables from the time-

dependent transport theory equations, resulting in a set of ordinary differential equations

with respect to time, in which the delayed neutrons (which are known to effect the reactor

dynamics significantly both quantitatively and qualitatively) can be retained if desired

(Pandey, 1996).

It is recognized that the delayed neutron emitters have widely different decay constant

and are better represented by six group of delayed neutron precursors. It is convenient

and satisfactory (and most widely used in lumped parameter models) to treat the delayed

neutron precursors using one precursor group model. This simplifies the equations by

representing all the delayed neutrons as though they had a single mean life time or decay

constant. Further simplification is possible by the effective life time model orΛ′ approxi-

mation, and the prompt jump approximation. These approximations reduce the dimensionTH-0556_02610302
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of the system and have been frequently employed both in linear as well as nonlinear stud-

ies of reactor dynamics. Pandey (1996) studied both qualitatively and quantitatively the

effect of these approximations on the bifurcation characteristics and critical bifurcation

parameter.

The resultant point reactor kinetics equations are coupled with suitably reduced-order

thermal-hydraulic model of the reactor core, with appropriate reactivity feedback mech-

anism, to yield a lumped parameter model. Point reactor kinetics model with one group

of delayed neutrons is widely used in linear and nonlinear analysis of nuclear coupled

thermal-hydraulic analysis of natural circulation boiling water reactors. During out-of-

phase instability, neutron diffusion from channel to channel may be an important factor

due to change in void fraction among the channels which the point kinetics model does

not take into account. For this purpose, spatial neutron kinetics models such as multi-

point reactor kinetics (Lee and Pan, 2005c) and multi-modal kinetics (Munoz-Cobo et al.,

1996) etc., are used. In the following sections, the point kinetics model and multi-point

reactor kinetics model are discussed briefly.

Point neutron kinetics

The point neutron kinetics equations with one group of delay neutrons can be written in

terms of linear power as

dq′(t)
dt

=
ρ(t)− β

Λ
q′(t) + λc(t) (3.1)

dc(t)
dt

=
β

Λ
q′(t)− λc(t) (3.2)

where,q′(t) and c(t) are neutron density and delayed neutron precursors defined in terms

of linear power units (W/m). The reactor kinetics is coupled with the fuel rod dynamics

and thermal-hydraulics through the reactivity feedback due to fuel temperature and void

fraction, respectively. The reactivityρ(t) in Eq. 3.1 is defined as

ρ(t) = γa(αcav(t)− αcav,0) + γd(Tf (t)− Tf ,0) (3.3)

where,γa is void reactivity coefficient andγd is Doppler reactivity coefficient. These

equations are non-dimensionalised using the following translation and scaling of the stateTH-0556_02610302
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variables and time.

q′∗ =
q′ − q′0

q′0
; c∗ =

c− c0

c0
; t∗ =

tG0

LρL
(3.4)

hence, the point kinetic equations in non-dimensional form are given as

dq′∗(t∗)
dt∗

= tref

[
(ρ(t∗)− β)

Λ
q′∗(t∗) +

β

Λ
c∗(t) +

β

Λ

]
(3.5)

dc∗(t∗)
dt∗

= λtref
[
q′∗(t∗)− c∗(t∗)

]
(3.6)

Here the reference time is given astref = Lρl
G0

. The reactivityρ(t∗) is now defined in

non-dimensional form as

ρ(t∗) = γ′a(j1,c(t
∗)− j1,c,0) + γ′d(T

∗
f (t∗)− T∗f ,0) (3.7)

where,γ′a = γa
(1−Nρ) , γ′d = γd

(Tf ,0−Tsat)
and ’j1’ is an auxiliary function defined in

Section 3.2.3.

Multi-point reactor kinetics

This model considers the neutron interactions among subcores with equal or unequal

power generation rates. The dynamic equations of neutron density and delayed neutrons

(in terms of linear power units) in thejth subcore can be expressed as

dq′j(t)
dt

=
ρj(t) + Hjj − β − 1

Λ
q′j(t) + λcj(t) +

M∑

m6=j

Hjm

Λ
q′m(t) (3.8)

dcj(t)

dt
=

β

Λ
q′j(t)− λcj(t) (3.9)

where, j=1,2,...,M. The third term in the RHS of Eq. 3.8 accounts for the neutrons gen-

erated in themth subcore migrating to thejth subcore. The interaction coefficientHjm,

accounts for the fraction of neutrons generated in themth subcore that migrate to thejthTH-0556_02610302
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subcore. Uehiro et al. (1996) proposed that

Hjm =
exp(−εjm)∑M
k=1 exp(εjk)

(3.10)

where,εjm is the neutron interaction coefficient which is expressed asεjm =
|r j−rm|

Ln
. The

term |r j − rm| is the distance between thejth and mth subcores andLn is the neutron

migration length. The definition given by Eq. 3.10 however, cannot satisfy the steady

state condition of Eq. 3.8 at timet = 0 when each subcore has a different steady state

heat generation rate (Lee and Pan, 2005a). Hence, Lee and Pan (2005a) proposed that

Hjm =
q′j0exp(−εjm)

∑M
k=1 q′k0exp(εjk)

(3.11)

Equation 3.11 satisfies the steady state condition of equations 3.8 and 3.9 when the sub-

cores have equal or unequal heat generation rates. Under steady state conditions from the

equations 3.8 and 3.9, the termHjj is given as

Hjj = 1−
M∑

m6=j

Hjm
q′m0

q′j0
(3.12)

using the transformations defined in Eq. 3.4, the multi-point equations can be written in

non-dimensional form as

dq′∗j (t∗)
dt∗

= tref

[
ρj(t∗) + Hjj − β − 1

Λ
q′∗j (t∗) +

β

λ
c∗j (t

∗) +
ρj(t∗) + Hjj − 1

Λ

]

+tref




M∑

m6=j

q′m0Hjm

q′j0Λ
q′∗m(t∗) +

M∑

m6=j

q′m0Hjm

q′j0Λ


 (3.13)

dc∗j (t
∗)

dt∗
= λtref

[
q′∗j (t∗)− c∗j (t

∗)
]

(3.14)

the reactivityρ(t∗) is given by Eq. 3.7.

TH-0556_02610302
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3.2.2 Heater wall dynamics

The heat transfer from the fuel rod to the coolant is defined by heater wall dynamics. The

internal thermal resistance of the fuel rod is assumed to be negligible compared to the

external resistance to heat transfer between the heater and coolant. Hence, the temperature

distribution in the fuel rod is neglected and the fuel rod is considered as a lump having

uniform temperature. The effects of heat conduction through the fuel rod cladding, gap

conductance, and heat diffusion through the fuel pellet have been neglected for simplicity.

A more detailed model of heater wall dynamics would consider these effects (Lin et al.,

1998). Applying energy balance to fuel rod surface and coolant,

ρf VCf
dTf

dt
= q′Lf − q′′πDf Lf (3.15)

HereV is volume of fuel rod. Under steady state conditions

q′0 = q′′0πDf (3.16)

substituting Eq. 3.16 in Eq. 3.15 and applying Newton’s law of cooling,q′′ = Hf (Tf −
Tsat), the dynamic equation of fuel temperature is given by

dTf

dt
=

1
τf

[
q′

πDf Hf
− (Tf − Tsat)

]
(3.17)

where,τf =
ρf Df Cpf

4Hf
is defined as the fuel time constant. The heat transferred to the coolant

is given by

q′c = πDf Hf (Tf − Tsat) (3.18)

using the scales defined in Eq. 3.4 and definingT∗f =
Tf−Tsat

Tf 0−Tsat
, the above Eq. 3.17 can be

written in non-dimensional form forjth channel as

dT∗f ,j
dt∗

= NS
[
q′∗j − T∗f ,j + 1

]
(3.19)

where,NS =
tref
τf

is the ratio of reference time to the fuel time constant. Here the reference

time is given astref = Lρl
G0

.TH-0556_02610302
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3.2.3 Thermal hydraulics

The lumped parameter thermal-hydraulic model developed by van Bragt and van der Ha-

gen (1998a) is used in the present study. The model has been modified and extended

to a multi-channel system. van Bragt and van der Hagen (1998a) developed the lumped

parameter thermal-hydraulic model in dimensional form, from the basic one-dimensional

unsteady state equations of mass, momentum and energy. The model was then nondi-

mensionalised using suitable scales. However, in the present study, the one-dimensional

unsteady governing equations of mass, momentum and energy are first nondimension-

alised using appropriate scaling parameters. The nondimensionalised equations are then

integrated along the boiling system to derive a generalized lumped parameter thermal-

hydraulic model for a multi-channel system. The resulting equations are the same as

those given by van Bragt and van der Hagen (1998a). The assumptions made in deriving

the thermal-hydraulic model are listed below:

• One-dimensional HEM model for two-phase flow.

• Thermo-physical properties are evaluated at the system pressure.

• Incompressibility of the phases (a reasonable assumption under normal operating

conditions)

• Viscous dissipation, change in kinetic energy, potential energy, and flow work are

neglected.

• Linear axial variation of enthalpy in single and two-phase regions.

Hence, the one-dimensional governing equations of mass, momentum, and energy bal-

ances are given as

∂ρ

∂t
+

∂G
∂z

= 0 (3.20)

where,G = ρu is the mass flux density (kg/m2.s)

−∂P
∂z

= −∂ρu
∂t

− ∂ρu2

∂z
− f

2D
ρu2− ρg (3.21)

∂ρh
∂t

+
∂Gh
∂z

=
q′

A
(3.22)TH-0556_02610302
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where,q′ is the linear heat transfer rate(W/m). In boiling water reactor, the heat gen-

erated due to nuclear chain reaction is transferred from fuel rod surface to the coolant in

boiling channel. Hence, when neutron kinetics and heater wall dynamics are considered

in the mathematical model, thenq′ in the energy Eq. 3.22 is the linear rate of heat trans-

fer to the coolant from the fuel rod i.e.,q′ = q′c. When constant heat flux to the boiling

channel is assumed, the neutron kinetics and heater wall dynamics are not considered. In

this case,q′ in the energy Eq. 3.22 is the heat generation rate andq′ = q′g.

The above governing equations are non-dimensionalized using the following scales.

ρ∗ =
ρ(t)
ρl

, G∗ =
G(t)
G0

, h∗ =
h− hci

hl − hci
, t∗ =

tG0

ρlL
, P∗ =

ρlP

G2
0

(3.23)

hence, the governing equations in non-dimensional form can be written as

∂ρ∗

∂t∗
+

∂G∗

∂z∗
= 0 (3.24)

−∂P∗

∂z∗
= −∂G∗

∂t∗
− 1

ρ∗

[
∂G∗2

∂z∗

]
− Λ

(G∗)2

ρ∗
− ρ∗

NFr
(3.25)

∂(ρ∗h∗)
∂t∗

+
∂(G∗h∗)

∂z∗
=

NZuT∗f
Nsub

(3.26)

The energy equation for constant heat flux conditions is given as

∂(ρ∗h∗)
∂t∗

+
∂(G∗h∗)

∂z∗
=

NZu

Nsub
(3.27)

These non-dimensional governing equations are integrated along each component of a

natural circulation boiling system. The derivation of the lumped parameter thermal-

hydraulic model of a multi-channel natural circulation boiling system is discussed below.

It is assumed that all the channels have the same inlet subcooling. The basic components

of natural circulation boiling system are the core, the riser, steam drum, feedwater mixer,

and downcomer.

Core

Core consists of parallel boiling channels with fuel rods embedded in them. The heat

generated in the fuel rods is taken away by the coolant flowing in the channels and a two-TH-0556_02610302
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phase mixture is formed. Hence, core can be divided into two regions: The single phase

region, which extends from core inlet to the point where boiling starts; and the two-phase

region, which extends from boiling boundary to the exit of core.

In the single phase region, the mass flux density is constant (from continuity Eq. 3.24).

Hence, integrating the energy Eq. 3.26 from the core inlet to the boiling boundary, the

equation for the dynamic behavior of boiling boundary in thejth channel of the core is

dz∗bb,j(t
∗)

dt∗
= 2

[
G∗ci,j(t

∗)−
z∗bb,j(t

∗)T∗f ,j(t
∗)NZu,j

Nsub

]
(3.28)

where, it is assumed that all the channels have the same inlet subcooling. In the two-phase

region, the mixture density is given by

ρm = ρgα + ρl(1− α) (3.29)

further this Eq. 3.29 can be written in non-dimensional form as

ρ∗m = 1 + (1− Nρ)α (3.30)

where,Nρ =
ρg
ρl

is the density number. Hence, the continuity Eq. 3.24 can be written as

∂j1(z∗, t∗)
∂t∗

=
∂G∗

∂z∗
(3.31)

wherej1 is an auxiliary function defined asj1(z∗, t∗) = (1− Nρ)α(z∗, t∗). In the core,

the average core void fraction can be defined asαcav =
∫ ce

ci α(z∗, t∗) dz∗ and hence, the

auxiliary function for the corej1cav can be defined on the basis of core average void

fraction asj1cav = (1− Nρ)αcav. Now integrating the modified continuity Eq. 3.31 from

the core inlet to the core exit, the dynamic equation of the average core void fraction in

the jth channel is derived as

dj1cav,j(t∗)
dt∗

= (G∗ce,j −G∗ci,j) (3.32)

where,j1cav,j(t∗) =
∫ 1

0 j1c,j(z∗, t∗), dz∗.

The relation between inlet and outlet mass flux densities is obtained by integrating the
TH-0556_02610302
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energy Eq. 3.26 in the two-phase region, as follows

G∗ci,j(t
∗) = G∗ce,j(t

∗) + [1 + j2cav,j(t
∗)]− NZu,jT

∗
f ,j(t

∗)[1− z∗bb,j(t
∗)] (3.33)

where,j2cav,j(t∗) = X∗ce,j(t
∗)[NZu,j − Nsub].

Riser

The two-phase mixture from the core enters the riser where there is no heat supply. The

riser is divided intoNR nodes of equal length. Integrating the continuity Eq. 3.31 over a

riser node gives the dynamic behavior of the void fraction as

dj1Rav,n,j(t∗)
dt∗

=
[
G∗R,n,j(t

∗)−G∗R,n−1,j(t
∗)

] NR

L∗R
(3.34)

where,j1Rav,n,j(t∗) = (1−Nρ)αRav,n,j . Equating the RHS of energy Eq. 3.26 to zero (since

there is no heat supply in the riser) and integrating over a riser node, the nodal mass flux

density is given by

G∗R,n−1(t
∗)[1 + j2Rav,n−1(t

∗)] = G∗R,n(t
∗)[1 + j2Rav,n(t

∗)] (3.35)

where,j2Rav,n,j(t∗) = X∗Rn,j(t
∗)[NZu,j − Nsub].

Void fraction in two-phase region

The void fraction in the two-phase region can be expressed in terms of mass quality as

α(z, t) =
ρlX(z, t)

ρg + (ρl − ρg)X(z, t)
(3.36)

assuming that the mass quality varies linearly (Astrom and Bell, 2000) along the length

of the two-phase region in the core, the mass quality can be expressed in terms of exit

quality as

X(z, t) = Xce(t)ξ (3.37)TH-0556_02610302
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where, ξ is the normalised length coordinate along the core in the two-phase region.

Hence, Eq. 3.36 can be written in terms of the exit quality as

α(ξ, t) =
ρlXce(t)ξ

ρg + (ρl − ρg)Xce(t)ξ
(3.38)

this Eq. 3.38 can be further written in non-dimensional form as

j1(ξ, t∗) =
ξ

1
(NZu−Nsub)X∗ce(t∗) + ξ

(3.39)

this Eq. 3.39 is obtained by using the relation(NZu−Nsub)X∗ce(t
∗) =

ρl−ρg
ρg

Xce(t). Hence,

Integrating Eq. 3.39 in the two-phase region along core, the relation between the void

fraction and mass quality in thejth channel is given as

j1c,j(t
∗) =

[
1− ln(1 + j2c,j(t∗))

j2c,j(t∗)

]
(3.40)

In terms of core average void fraction, the above relation can be re-written as

j1cav,j(t
∗) =

[
1− z∗bb,j(t

∗)
]
[

1− ln
(
1 + j2cav,j(t∗)

)

j2cav,j(t∗)

]
(3.41)

similarly, the relation between average void fraction and quality in a riser node can be

derived as

j1Rav,n,j(t
∗) =

[
1− 1

(j2Rav,n,j − j2Rav,n−1,j)
ln

{
1 +

j2Rav,n,j − j2Rav,n−1,j

1 + j2Rav,n−1,j

}]
(3.42)

Steam drum

The two-phase mixture from riser enters the steam drum where the steam is separated

and the saturated water from the steam drum mixes with feedwater and flows into the

downcomer. The time scale of drum dynamics is very less compared to the time scale

of neutronics and thermal-hydraulics, and hence can be assumed steady. Further, it is

assumed that the amount of feedwater is equal to the amount of steam separated in the

steam drum, which means that the steam drum is under steady state condition. Hence,

applying steady mass and energy balances to the steam drum and feedwater system, anTH-0556_02610302
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expression for feedwater inlet subcooling is given as

Nsub =

(
hl − hfi

hg− hfi

)
NZu (3.43)

Hence, in natural circulation systems, the subcooling number depends on the Zuber num-

ber and the feedwater inlet enthalpy. A detailed derivation of steam drum statics is given

in Appendix A.

Momentum dynamics

In multi-channel systems, there are a number of closed loops each consisting of the core,

the riser and a common downcomer. Since all the loops are closed, the LHS in the mo-

mentum Eq. 3.25 becomes zero and the RHS expresses various contributions (inertial,

frictional, gravitational, acceleration and minor losses) to the pressure drop in different

sections of each closed loop. These pressure drop terms are derived by integrating the re-

spective terms of the one-dimensional momentum Eq. 3.25 along the components of each

channel and the common downcomer of a multi-channel boiling system. The derivations

of these pressure drop terms are discussed in Appendix B.

In multi-channel system, the momentum dynamics is described by the summation of

the dynamic pressure drop through each closed loop which is equal to zero.

(∑
∆P

)
C,j

+
(∑

∆P
)

R,j
+

(∑
∆P

)
D

= 0 (3.44)

where,(
∑

∆P) = ∆Pi + ∆Pa + ∆Pg + ∆Pf + ∆Pm and the expression of each term is

listed in Appendix B. The coupling between each closed loop is given by the relation

G∗DiA
∗
D = G∗ci,1 +

M∑

j=2

G∗ci,j

(
AC,j

AC,1

)
(3.45)

further, if the channels are identical, then the total pressure drop across any two channels

is equal. Hence, for any two channels (say j and m),

(∑
∆P

)
C,j

+
(∑

∆P
)

R,j
=

(∑
∆P

)
C,m

+
(∑

∆P
)

R,m
(3.46)TH-0556_02610302
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The ordinary differential equations (ODEs) 3.28, 3.32, 3.34, 3.44 along with the nonlin-

ear algebraic equations 3.33, 3.41, 3.42 3.35 constitute the lumped parameter thermal-

hydraulic model of a natural circulation multi-channel system. The state variables of this

model (referred as LPM1 in the present work) arez∗bb,j , j1c,j , j∗1R,n,j , G∗ci,j . The number of

these state variables depends on the number of channels and number of riser nodes. For a

single channel system with two riser nodes, the number of state variables in the thermal-

hydraulic lumped parameter model (LPM1) are five. In LPM1, the algebraic equations

defined by 3.41, 3.42 are to be solved in every iteration. This increases the computational

time in multi-channel studies. Further, the algebraic Eq. 3.42 suffers singularity at steady

state condition due to the logarithmic term. Hence, a truncated Taylor series expansion is

needed. A much better option in order to avert the above said problem is to use the core

exit qualityX∗ce,j and the nodal quality in the riserX∗R,n,j as state variables instead of using

j1c,j andj1R,n,j in the two-phase region. This can be done as follows.

Differentiating the algebraic Eq. 3.41 with respect to non-dimensional time and rear-

rangement of the terms, the dynamics of the core exit quality in the two-phase region is

given as

dX∗ce,j

dt∗
=

[
dj1c,j
dt∗ +

(
j2c,j−ln(1+j2c,j)

j2c,j

)
dz∗bb,j
dt∗

] (
1 + j2c,j

)
j22c,j

(
1− z∗bb,j

)
(NZu,j − Nsub)

[(
1 + j2c,j

)
ln

(
1 + j2c,j

)− j2c,j
] (3.47)

similarly differentiating the algebraic Eq. 3.42 with respect to non-dimensional time, the

dynamics of vapor mass quality in a riser node is given by

dX∗R,n,j

dt∗
=

An,j

(
dXR,n−1,j∗

dt∗
)
− Bn,j

(
dj1R,n,j

dt∗
)

1 +
[
1 + (NZu,j − Nsub) X∗R,n,j

] (
j1R,n,j − 1

) (3.48)

where,An,j =
(
j1R,n,j − 1

) [
1 + (NZu,j − Nsub) X∗R,n,j

]
+

[
1 +

(NZu,j−Nsub)(X
∗
R,n,j−XR,n−1,j)[

1+(NZu,j−Nsub)X∗R,n,j

]
]

andBn,j =
[(

X∗R,n,j − X∗R,n−1,j

)(
1 + (NZu,j − Nsub) X∗R,n,j

)]
.

This change in the state variables of the two-phase region eliminates the necessity to

solve the algebraic equations and hence, the lumped parameter thermal-hydraulic model

(referred as LPM2 in the present work) consists of only ODEs given by equations 3.28,

3.47, 3.48, 3.44. The LPM2 is simple and computationally faster compared to the LPM1TH-0556_02610302



50 3.3 RELAP5/MOD3.4 model

and the application of nonlinear dynamics becomes easy with the LPM2. However, the

LPM1 and LPM2 are mathematically equivalent and expected to give identical results. In

the present work both the models are used.

3.3 RELAP5/MOD3.4 model

Numerical codes are used for the transient analysis studies, severe accident prediction

studies and as probabilistic risk assessment (PRA) tools. The classifications and the fea-

tures of these codes are discussed in detail in Section 2.3.3. These codes are used by regu-

lating agencies to support rulemaking, licensing audit calculations, evaluation of accident

mitigation strategies, evaluation of operator guidelines, and experiment planning analy-

sis. RELAP5 is a light water reactor (LWR) transient analysis code (Shieh et al., 1994),

developed at the Idaho National Engineering Laboratory (INEL). Its specific applications

included simulations of transients in LWR systems such as loss of coolant, anticipated

transients without SCRAM, and operational transients such as loss of feedwater, loss of

off-site power, station blackout, and turbine trip. It can also be used for simulation of a

wide variety of hydraulic and thermal transients in both nuclear and non-nuclear systems

involving mixtures of steam, water, non-condensable, and solute.

In RELAP5 the reactor dynamics is represented by point neutron kinetics and hy-

drodynamic model is a one-dimensional, transient, average two-fluid model for flow of

a two-phase steam-water mixture that can contain non-condensable components in the

steam phase and/or a soluble component in the water phase. The one dimensional aver-

age two-fluid model is obtained by reducing the multidimensional two-fluid equations by

uaing a spatial averaging operator. Separate sets of conservation equations are used for

each phase, resulting in six basic field equations of mass momentum, and energy balances

(Shieh et al., 1994). The two-fluid model is briefly described here. The assumptions made

in developing the one dimensional averaged two-fluid model are given below.

• It is assumed that the mean flow is aligned with the z coordinate direction. The

velocity components and all the terms associated with other coordinate directions

are neglected. This assumption reduces the number of auxiliary parameters of the

momentum and energy equations.TH-0556_02610302
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• The turbulent parameters, Reynolds stresses, and the Reynolds heat flux are ne-

glected. This is because the one-dimensional model retains only the component

associated with axial diffusion whose effects are small compared to the axial mean

flow convective flux of momentum and energy. However, the radial or transverse

turbulent diffusion effects are included within the wall heat transfer and wall fric-

tion correlations.

• The phasic pressures are equal and it is assumed that the interfacial pressures are

also equal to the phasic pressures.

• The interfacial momentum and energy storage, phasic viscous stresses and internal

phasic heat transfer are neglected.

• The viscous and form drag which are major components of the interphase drag and

are modeled using a Dracy-type friction factor formulation.

The one dimensional phasic mass balance for thekth phase is given as

∂αkρk

∂t
+

(
L
V

)
∂Aαkρkvk

∂z
= Γ (3.49)

where, L is the corresponding averaging scale andvk is the scalar value of the velocity

in the z- direction. Thus, the formulation is applicable to flow in a channel in which the

cross section varies in the streamwise direction. The one dimensional average momentum

equation of the two phases is given as below.

∂αkρkvk

∂t
+

(
L
V

)
∂AαkρkV2

k

∂z
+ ∂k

(
∂P
∂z

)
−

(
L
V

)
∂Aαkτzzk

∂z
− αkρkgz

= ΓkV
Γ
k +

(
Mtv

σk + Mtv
wk

)
.nz + Mnρ

σk.nz (3.50)

Here,nz represents the unit vector in z-direction,Mtv
σk andMtv

wk are the phasic interface

drag parameters and fluid friction at the wall respectively,Mnρ
σk is the virtual mass effect,

and VT
k is the interfacial velocity associated with mass transfer. The one dimensionalTH-0556_02610302
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average energy equation of the two phases is given as below.

∂αkρkUk

∂t
+

(
L
V

)
∂AαkρkU2

k

∂z
= −Pk

[
∂αk

∂t

]
+

(
L
V

)
∂AαkVk

∂z
+

Γk (Uk + P/ρk)σ + qσkAσ + qwkAwk + αkQk + αkµkΦ
2
k (3.51)

where, suffixσ designates an interfacial value,µΦ2 is the viscous dissipation term, and

qσkAσ andqwkAwk are the averaged interfacial heat flux and heat flux at the wall, respec-

tively. The viscous dissipation term in Eq. 3.51 should be interprited as all sources of

dissipation resulting from viscous effects, including that from wall friction and interfacial

friction, even though no viscous shear stresses appear directly (Shieh et al., 1994).

Closure of the field equations is provided through the use of constitutive relations and

correlations for such processes as inter-phase friction, inter-phase heat transfer, wall fric-

tion, and wall heat transfer. These constitutive relations include models for defining flow

regimes and flow-regime-related models for inter-phase drag and shear, the coefficient of

virtual mass, wall friction, wall heat transfer, inter-phase heat and mass transfer, and di-

rect (sensible) heat transfer. The RELAP5 hydrodynamic model contains several options

for invoking simpler hydrodynamic models. These include homogeneous flow, thermal

equilibrium, and frictionless flow models. These options can be used independently or

in combination primarily to compare the code results with calculations from the older

codes or different mathematical models like lumped parameter models based on the ho-

mogeneous equilibrium model. Semi-implicit and the nearly implicit schemes are used in

RELAP5.

The basic two-fluid differential equations possess complex characteristic roots that

give the system a partially elliptic character and thus constitute an ill-posed initial bound-

ary value problem. In RELAP5, the numerical problem is rendered well-posed by the

introduction of artificial viscosity terms in the difference equation formulation that damp

the high frequency spatial components of the solution. The system model is solved numer-

ically using a semi-implicit finite-difference technique. This scheme uses a direct sparse

matrix solution technique for time step advancement and has a material Courant time step

stability limit. However, there is an option for solving the system model using a nearly-

implicit finite-difference technique, which allows violation of the material Courant limit.TH-0556_02610302
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This option is suitable for steady-state calculations and for slowly varying, quasi-steady

transient calculations (RELAP, 2001a).

The programming design of the hydrodynamic calculation is primarily organized on

volumes and junctions. The hydrodynamic components such as pipe, pump etc. which

are modeled for specific application, are organized collections of these volumes and junc-

tions. However, some components like pump, valves etc. need additional processing. A

single volume component is simply one volume and all the components are modeled as

combination of single volumes. A time-dependent volume is basically a single volume

having its length, elevation change, and volume, set to zero during input processing. It is

used whenever the entry and exit of fluid in a system is to be simulated. A single-junction

component is simply one system junction. It is used to connect other components such

as two pipes. Time dependent junctions can be used whenever the phasic velocities or

phasic mass flow rates are known as a function of time or other time-advanced quantity.

Time-dependent junctions can connect any system volumes, or a system volume and a

time-dependent volume. A pipe component is a series of volumes and interior junctions,

the number of junctions being one less than the number of volumes (RELAP, 2001b).

A separator component is a black box model consisting of a special volume with junc-

tion flows. The inflowing steam-water mixture is separated by defining the quality of the

outflow streams using empirical functions.

Numerous validation studies are reported in the literature. Vanttola et al. (2005) val-

idated neutron kinetics/thermal-hydraulics codes (including RELAP5) with experimental

data of different VVER type nuclear power plants. They found that general behavior of

the transients calculated by codes match quite well with the experimental data. Kaliatka

and Uspuras (2000) developed a RELAP5/MOD3 model of the main circulation circuit

(MCC) of RBMK-1500 graphite moderated BWR. They carried out benchmark analysis

of three different events which occurred at Ignalina nuclear power plant. The RELAP5

results compared well with plant data. Also in their subsequent analysis Kaliatka and

Uspuras (2002) studied loss-of-coolant accident conditions in RBMK-1500 reactor using

RELAP5 code. Based on the results, a management strategy was developed and im-

plemented so that the plant is adequately protected from such accidents. Urbonas et al.

(2003) validated RELAP5 with the experimental data of Electrogorsk E-108 test facil-

ity. Different phenomena such as, oscillatory flow pattern and CHF were studied using
TH-0556_02610302



54 3.4 Comparison studies

Inlet header

Drum
Steam

Steam outlet

D
ow

nc
om

er

Feed water
mixer

Feed water
inlet

Core
top

Tail pipe

Inlet feeders

Core

Figure 3.1: Schematic view of a pressure tube type NCBWR

RELAP5 models and E-108 test facility. They also compared specific RBMK tests (oscil-

latory behaviour, critical discharge, and CHF) with the RELAP5 models. They observed

that RELAP5 results are compared well with experimental data.

In the present work single and double channel systems are modeled using RELAP5.

Parametric studies are carried out with RELAP5 and lumped parameter model (LPM1 and

LPM2) and the results are compared. The modeling and comparison of double channel

system is discussed in Section 5.3.2.

3.4 Comparison studies

In this section, a pressure tube type natural circulation boiling water reactor (NCBWR) is

modeled separately using lumped parameter model and RELAP5. A schematic view of

the NCBWR is shown in Figure 3.1. The geometrical configuration is shown in Table 3.1.

The primary heat transport loop consists of core, tail pipe (riser), steam drum, downcomer,

inlet header and inlet feedwater pipes. Inlet feeder, core, core top and tail pipe consists

of 113 channels through which the coolant flows. Subcooled liquid from the inlet header

flows into the core through the inlet feeder pipes. In the core, heat is generated by nuclearTH-0556_02610302
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chain reaction. The coolant absorbs the heat and vapor is generated. The resultant two-

phase mixture flows into the adiabatic riser section where there is no heat supply. The

riser is divided into core top, horizontal and vertical tail pipes. The buoyancy effect due

to the density difference between the riser and downcomer sections provides the necessary

driving force. The two-phase mixture from riser enters into steam drum where the steam

is separated and the saturated liquid flows into feedwater mixer. Subcooled feedwater

mixes with saturated water in the mixer and the resultant subcooled water flows into the

downcomer.

Assumptions:

1. A constant and axially uniform heat flux in the core.

2. All the channels are averaged into a single equivalent channel assuming that all the

channels get the same power. The flow area of a single channel is equivalent to the

flow area of 113 channels. The hydraulic diameter is calculated as four times the

cross sectional area divided by wetted perimeter which is independent of number of

channels modeled. The mass flow rate used is the total mass flow rate through 113

channels and gives the correct mass flow when divided by the cross sectional area.

This makes the model a single channel type.

3. No carry under i.e., only single phase liquid flows into the downcomer.

4. The amount of subcooled feedwater is equal to the amount of outlet saturated steam

flow from the steam drum. Thus the feedwater mixer is assumed to be steady.

5. Steam drum is very large compared to other components. It is assumed that the

drum level is maintained constant. Hence, the steam drum dynamics is assumed to

be steady.

3.4.1 Modeling of single channel NCBWR

The thermal-hydraulics of the primary heat transport loop of pressure tube type NCBWR

(Figure 3.1) is modeled using the lumped parameter model and RELAP5 software as

discussed in Sections 3.2.3 and 3.3, respectively.TH-0556_02610302
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Table 3.1: Geometrical configuration of pressure tube type NCBWR

Component Length (m) Volume flow area (one channel)
(m2)

Inlet feeder 10.62 vertical length and 7.11 hori-
zontal

0.0074

Core bottom 4.9 0.002732
Active core 3.5 0.0048
Core top 3.9 0.0033
Horizontal tail pipe 1 3.5 0.00326
Horizontal tail pipe 2 19.8 0.0117
Vertical tail pipe 25.7 0.0117
Downcomer 26.8 0.262 (For 113 channels)
Inlet header 0.55 5.7 (For 113 channels)

Lumped parameter model

The core is divided into two regions: single phase region which extends from the core

inlet to the point where boiling starts; and the two-phase region which extends form the

boiling boundary to the core exit. The dynamics of the boiling boundary is described by

the Eq. 3.28. Since the model is for a single channel, the suffix ‘j’ in Eq. 3.28 is equal to

one.

The two-phase region is considered as one node and the dynamics of average core

void fraction is described by Eq. 3.32. The relation between the core inlet-exit mass flux

densities and that between the core average void fraction and exit quality are given by

expressions 3.33 and 3.40, respectively. The riser section comprises coretop, horizontal

and vertical tail pipes. The core top can be devided intonct nodes of equal length and

the void dynamics in each node can be described by Eq. 3.34. The horizontal tailpipe is

divided into two sections HP1 and HP2 based on flow area. Each section is divided into

‘n’ nodes (i.e.nHP1 andnHP2) of equal length and the void dynamics in each horizontal

section of horizontal tail pipe can be defined by Eq. 3.34. Similarly, the vertical tail pipe

can be divided intonVt nodes and the void dynamics in each node can again be defined by

Eq. 3.34. In steam drum, the saturated steam is separated and the saturated water flows

into the feedwater mixer. A detailed derivation of steam drum statics is given in Appendix

A.

Momentum dynamics is similar to that discussd in Section 3.2.3. The momentum

dynamics is described by the sumation of the dynamic pressure drop through each closed

loop which is equal to zero. In single channel system there is only one closed loop andTH-0556_02610302
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the suffix ‘j’ in Eq. 3.44 is equal to one.

(∑
∆P

)
C

+
(∑

∆P
)

R
+

(∑
∆P

)
D

= 0 (3.52)

where,(
∑

∆P) = ∆Pi + ∆Pa + ∆Pg + ∆Pf + ∆Pm. The expressions of each term

along the core, riser sections (core top horizontal and vertical tail pipes) and downcomer

are discussed in Appendix B.

RELAP5/MOD3.4 model

The primary heat transfer loop (PHT) of the pressure tube type NCBWR is modelled us-

ing RELAP5/MOD3.4 code. A detailed nodalization scheme for the PHT loop is shown

in Figure 3.2. The components of the PHT loop are shown in Figure 3.1. The inlet

feeders (IF), core bottom (CB), active core (AC), core top (CT), tail pipes (TP) are mod-

elled in RELAP5 using pipe component (P1). The pipe component P1 is divided into 35

volumes. The first two volumes model the feedwater inlet pipe, the third volume mod-

els core bottom followed by 15 volumes for active core, one volume for core top, two

volume for horizontal tail pipe followed by fourteen volumes for vertical tail pipe. TheTH-0556_02610302
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steam drum (pipe component P2) is divided into ten volumes. The saturated water from

the steam drum and the feedwater are mixed in single volume. The downcomer (Pipe

component P3) is divided into ten volumes and the inlet header is modeled using single

volume component. All the components are connected using single junction components.

The boundary conditions i.e. steam outlet from steam drum and the feedwater inlet are

defined using time dependent volumes. Control cards are used to adjust the amount of

feedwater supply based on the amount of steam flow at the steam drum outlet. The heat

supply to the active core is modeled using a heat structure component divided into fifteen

volumes (equivalent to fifteen volumes of active core) and the constant power option (no

neutronics) is used.

3.4.2 Studies with lumped parameter model

In this section, the effect of nodalization of riser section on the accuracy and complexity

is studied and an optimum nodalization is selected. Further, marginal stability boundaries

are plotted onNZu−Nsubparameter plane using LPM1 and LPM2. It is to be noted that in

these studies, it is assumed that the saturated liquid from the drum is completely cooled

and liquid of desired subcooling flows into the downcomer. This assumption decouples

the Nsub and NZu (i.e., Eq. A.7, is not used) and facilitates their use as independent

parameters.

In the two-phase region, the mass quality varies along the length of the core. This

makes it necessary to divide the riser section into nodes and integrate. van Bragt et al.

(1999) studied the effect of nodalization on the marginal stability boundary. They com-

pared the marginal stability boundary obtained by exact integration and observed that the

MSB of nodalization approaches the exact MSB as the number of nodes are increased.

However, this also increases the computation cost. Figure 3.3 shows the stability bound-

aries plotted using three different riser nodes for a pressure tube type NCBWR (Figure

3.1). In Type-I region the stability boundaries predicted by the three riser nodes matched

well, but in Type-II region, there are minor differences. In the present study the riser of

pressure tube type NCBWR is divided into 2 nodes. Marginal stability boundaries are

plotted with models LPM1 and LPM2 as shown in Figure 3.4. The stability margins pre-

dicted by the two models perfectly matched. This is as expected because the two modelsTH-0556_02610302
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are mathematically equivalent. The computations using LPM2 are much faster compared

to LPM1 due to the elimination of nonlinear algebraic equations.

3.4.3 Studies with RELAP5/MOD3.4 model

Nodal sensitivity test

RELAP5 uses a one-dimensional, transient, two-fluid model for the flow of a two-phase

steam-water mixture. In the two-fluid non-equilibrium model, each phase is defined by

separate mass, momentum and energy balance equations resulting in six basic field equa-

tions. The system of differential equations along with the linear equations of state and ad-

ditional constitutive relations are solved simultaneously by a forward elimination scheme

and subsequent direct solution for the pressure field. The numerical solution method for

the hydrodynamic model uses a finite difference scheme having fixed, but staggered, spa-

tial nodes. The predictions are generally sensitive to nodalization and the uncertainty in

the results has to be kept within tolerable limits by an appropriate choice of nodalization.TH-0556_02610302
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In this section the effect of nodalization on the predictions is studied.

Parametric studies are carried out at 7.41 MPa with six different nodalization schemes

(denoted S1, S2, S3, S4, S5), having different nodalizations of the active core and riser

(vertical tail pipe).

Figures 3.5 and 3.6(a) show the mass flow rate, void fraction and exit quality calcu-

lated at different powers for six different nodalization schemes (denoted S1, S2, S3, S4,

S5 ) at 7.41 MPa pressure. At low powers, all the schemes predict very close values of the

mass flow rate (Figure 3.5(a)). However, the difference in the predictions widens as the

power increases. The effects of nodalization schemes on the mass flow rate, void fraction

and the core exit quality are shown in Figures 3.5(a), 3.5(b) and 3.6(a), respectively. It

is seen that all the nodalization schemes predict similar trends for the mass flow rate as a

function of power. It can be further observed that the nodalization scheme affects quality

at higher powers, but the void fraction is not much affected.

Comparing nodalization schemes S1, S3 and S4, it is found that the refinement of

core nodes reduces nodal sensitivity. Similarly, comparison of schemes S2, S3 and S5TH-0556_02610302
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Figure 3.5: Nodal sensitivity test of RELAP5 model

shows that the refinement of riser nodes also reduces nodal sensitivity. However, there

is considerable increase in CPU time for finer nodalization schemes. The trends in the

steady state values obtained by all the schemes considered are similar. Based on these

comparisons, it is decided to divide the core into 15 volumes and the riser into 14 volumes.

Thus, we select Scheme S3 (with 15 core volumes, 1 volume for core top, 2 volumes for

horizontal tail pipes, and 14 riser volumes). The predictions of the selected scheme (S3)

may differ from finer schemes (S4 and S5) by upto 5 percent. This may be considered to

be acceptable for verifying parametric trends predicted by the lumped parameter model

and studying the nature of transients during on-power refueling in NCBWR.

Comparison of LPM1 and RELAP5

RELAP5 transient simulations are carried out at various operating conditions at 7.41 MPa

pressure. Parametric studies are conducted using RELAP5 and steady state lumped pa-

rameter model and the results are compared. The core inlet mass flow rate at various

channel powers simulated by LPM1 and RELAP5 is shown in Figure 3.6(b). It can be

observed that the lumped parameter model overpredicts the mass flow rate, but the trends

are similar to those observed in RELAP5 simulations. As the power is increased, the mass

flow rate increases first and then decreases at higher powers. This can be explained as fol-TH-0556_02610302
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Figure 3.6: Nodal sensitivity test and comparison between RELAP5 and LPM1

lows: as power is increased, the core exit quality and void fraction will increase (Figures

3.7(a) and 3.7(b)). This will have two effects. (1) Decrease in the gravitational pressure

drop due to reduction in density because of increase in void fraction, which will tend to

increase the mass flow rate. (2) Increase in two-phase frictional pressure drop due to in-

crease in the void fraction, which tends to reduce the mass flow rate. Thus, as the power is

increased, the net variation in mass flow rate depends on which of the two effects is dom-

inant. At low powers, gravitational pressure drop is significant (due to generation of very

low void fraction) compared to frictional pressure drop. The contribution of frictional

pressure drop is small due to the low flow velocity. As the power is increased, the total

pressure drop decreases due to reduction in the gravitational pressure drop. This results

in an increase in mass flow rate. However, at higher powers, two-phase frictional pressure

drop has a significant contribution. Consequently, the total pressure drop increases with

the increase in power. Hence, the mass flow rate decreases.

The core exit quality predictions using lumped parameter model are in very good

agreement with RELAP5 predictions at low powers, but deviate at high powers as shown

in Figure 3.7(a). The void fraction predictions by RELAP5 and LPM are shown in Figure

3.7(b). It can be observed from Figures 3.7(a) and 3.7(b) that, the exit quality and core

void fraction are under predicted by LPM1 when compared to RELAP5 simulations how-

ever, the trends are similar. Comparison studies are also carried out at5.21 MPa pressureTH-0556_02610302
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as shown in Figures 3.8(a),3.8(b) and 3.8(c). It is observed that the LPM model over pre-

dicts, the mass flow rate and under predicts the void fraction and exit quality as compared

to RELAP5 predictions; however, the trends obtained by LPM fairy match with those

obtained by RELAP5. The differences can be due to the various simplifying assumptions

made in the LPM.

The lumped parameter model (system of nonlinear ordinary differential equations)

was linearised about its steady-state point and the eigenvalues of the Jacobian matrix are

evaluated. The stability is determined by the nature of the eigenvalues of the Jacobian

matrix. A marginal stability boundary is plotted on a channel power-feedwater inlet tem-

perature plane at pressure 7.41 MPa. Similarly, RELAP5 transient simulations are carried

out at various powers and feedwater inlet temperatures. The stability of the system is in-

ferred from the nature of time evolutions of different variables like void fraction, quality

and mass flow rate, and a marginal stability boundary is plotted accordingly. The marginal

stability boundaries computed by LPM and RELAP5 are shown in Figure 3.8(d). It can

be observed that, the stability boundaries developed by using LPM and RELAP5 fairly

match. Despite many simplifying assumptions, the lumped parameter model is conserva-

tive.TH-0556_02610302
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3.5 Summary

The mathematical modeling of a natural circulation boiling system using two different

approaches (lumped parameter modeling and RELAP5/MOD3.4) has been presented in

this chapter. Starting from basic governing equations of mass, momentum, and energy

balances, a lumped parameter model based on different state variables (named as LPM1

and LPM2) is derived. A pressure tube type NCBWR is modeled using LPM1 and LPM2.

Stability analysis of the NCBWR was carried out with both models (LPM1 and LPM2)

and compared. The stability boundaries predicted by both the models perfectly matched

as expected. However, the LPM2 is much faster than the LPM1. The elimination of

quadratic equations in the LPM2 model makes it computationally faster than the LPM1.

Furthermore, the NCBWR is modeled using RELAP5/MOD3.4 which is based on the

two-fluid model. A detailed nodalization study was carried out and a suitable nodalization

scheme was selected. Though the trends predicted by all the schemes are similar, the

nodalization scheme has a significant effect on the parametric predictions and stability

boundaries. Stability analysis and parametric studies are carried out using LPM1 and

RELAP5 and the results are compared. The parametric trends and stability boundaries

predicted by LPM1 and RELAP5 models matched well. The differences in the parametric

predictions can be attributed to various simplifying assumptions used in LPM.

TH-0556_02610302
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Chapter 4

Stability and Nonlinear Analysis of

Single Channel Systems

4.1 Introduction

Any real system depends on physical parameters, which can vary over certain specific sets

and affect the dynamics of the systems both qualitatively and quantitatively. A complete

understanding of the effects of physical parameters on the dynamics of the real system

is very important for safety, economics and operational efficiency. Parameter dependent

mathematical models (both lumped and distributed parameter models) of the physical

systems can be derived from basic physical laws. These models, in turn, can be used to

study the dynamics of the system extensively and economically using different mathemat-

ical techniques. The lumped parameter model of natural circulation boiling water reactor

(NCBWR) formulated in Section 3.2 is one such parameter dependent system.

Linear and nonlinear dynamics theories are widely used in literature to study the sta-

bility of boiling water reactors under different operating conditions. In the linear analysis

using equations linearized around an operating point, the studies are necessarily confined

to small transients. This study gives quantitative information about the stability of the

system under different operating conditions and can be treated as predecessor to the non-

linear analysis. In mathematical models of NCBWRs, nonlinearities arise due to strong

interactions between the neutronics and thermal-hydraulics. Under abnormal operatingTH-0556_02610302
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conditions, the nonlinearities amplify and there can be a large departure from the in-

tended steady state and the system may exhibit a response that has no counter part in the

linear world. Furthermore, the parameter set that characterizes the NCBWR under such

conditions will itself be significantly different, transforming the latter into a new dynam-

ical system. Thus, a linearized study around an operating point alone is not likely to give

an adequate insight into the full range of possible behaviors. It would, therefore, appear

that a detailed nonlinear dynamic study of the NCBWR under different operating con-

ditions, should benefit the understanding of the general intrinsic BWR dynamics. This

would further help in developing better and safer reactor designs.The theory of nonlinear

dynamics has been used by several researchers to investigate the bifurcation character-

istics of the system across the marginal stability boundary (MSB). A detailed review of

these investigations is given in Section 2.4.

In the present chapter, stability analysis and nonlinear dynamics of a single channel

natural circulation boiling water reactor is studied in detail using a lumped parameter

model (LPM1). The stability analysis is carried out to study: the effect of geometrical

and feedback parameters on the stability of the system, the influence of system parame-

ters on the stabilizing and destabilizing effects of feedback parameters such as fuel time

constant (FTC) and void reactivity feedback (VR). For this purpose, three different system

configurations (Table 4.1) have been analyzed using the same mathematical model.

The BWR loop considered in this study is a simplified form of the systems studied

by van Bragt and van der Hagen (1998a), Nayak et al. (2000), and Lee and Pan (2005c).

The dimensions of major components, e.g., core, riser and downcomer, inlet and exit loss

coefficients, and neutronic parameters have been taken from these references. A common

simplified geometry has been modeled and minor details have been omitted. For example,

the horizontal tail pipe and the inlet header considered by Nayak et al. (2000) and the

upper and lower downcomer, upper and lower plenum, etc. considered by Lee and Pan

(2005c) are not included in this study. The neutronic parameters for system 2 have been

taken from Sinha and Kakodkar (2006). Nonlinear dynamics and bifurcations have been

studied numerically, for one of the geometrical configurations, for boiling channels with

and without riser. The possibility of existence of stable and unstable limit cycles, period

doublings, and chaotic oscillations have been investigated. An unstable limit cycle has

been located by the autonomous shooting technique. The effect of parameters VR and
TH-0556_02610302
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Table 4.1: Input data used in the study

Quantity System 1 System 2 System 3
Length of channel (m) 4.0 3.5 3.81
Total area of flow (m2) 0.3925 3.264 5.681
Non-dimensional riser lengthL∗R 1.71 7.714 0.787
Non-dimensional downcomer lengthL∗d 2.71 8.714 1.787
Non-dimensional riser areaA∗R 2.25 1.620 1.833
Non-dimensional downcomer areaA∗d 2.88 0.3212 2.1123
Core inlet loss coefficientKci 3.46 20.0 20.0
Core exit loss coefficientKce 2.19 5.0 0.68
Riser exit loss coefficientKRe 1.0 5.0 1.0
Downcomer inlet loss coefficientKdi 1.0 15.0 1.0
β 0.0061 0.003 0.0065
Λ 0.00005 0.00022 0.00001
λ 0.084 0.084 0.0781
Void reactivity coefficient (VR) - 0.005 to -

0.5
- 0.005 to -
0.3

- 0.05 to -
0.3

Doppler reactivity coefficient - 0.00002 - 0.00002 0.0
Fuel time constant (seconds) 2.0 to 16.0 2.0 to 16.0 2.0 to 10.0

fuel time constant on the nonlinear dynamics have been studied in the Type-I and Type-II

regions. Furthermore, the effect of parameters such as VR, fuel time constant, core inlet

and exit loss coefficients on the chaotic oscillations are investigated.

4.2 Mathematical Modeling

A schematic view of the simple boiling system is shown in Figure 4.1. The system com-

prises the basic components: the core, the riser and the downcomer. The boiling system

is modeled using the lumped parameter model discussed in Section 3.2. Point reactor ki-

netics (equations 3.5, 3.6 and 3.7) with one group of delayed neutrons is used to represent

power dynamics, a lumped parameter energy balance is used for the for the fuel rod (Eq.

3.19), and a lumped parameter thermal-hydraulics model, which is further explained here

briefly.

The core comprises a number of parallel channels which are subjected to different

powers. In the present analysis the flow area of all the channels in core is averaged into

a single channel. This single channel approximation is optimum and computationally

simple while investigating the core wide (in-phase) oscillations. The lumped parameter

thermal-hydraulic model discussed in Section 3.2 can be directly used by omitting the

suffix j, which represents the number of channels. The LPM1 dynamic equations areTH-0556_02610302
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Figure 4.1: Schematic view of NCBWR

listed below.

The core is divided into two regions (single and two-phase regions). The single phase

region is modeled as a single node and the dynamics of the boiling boundary (Eq. 3.28)

is given as

dz∗bb(t
∗)

dt∗
= 2

[
G∗ci(t

∗)−
z∗bb(t

∗)T∗f (t∗)NZu

Nsub

]
(4.1)

The two-phase region is modeled as a single node and the average core void dynamics

(Eq. 3.32) is described by the equation

dj1cav(t∗)
dt∗

= (G∗ce−G∗ci) (4.2)

The adiabatic riser is divided intoNR nodes and the riser void dynamics (Eq. 3.34) is

described by the equation

dj1Rav,n(t∗)
dt∗

=
[
G∗R,n(t

∗)−G∗R,n−1(t
∗)

] NR

L∗R
(4.3)TH-0556_02610302
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Further, the relation between the core inlet and exit mass flux densities is given by Eq.

3.33 and the relations between the quality and void fraction in the core and the riser are

given by equations 3.41 and 3.42, respectively. The flow in the downcomer is considered

to be single phase and friction is neglected. It is further assumed that the subcooling

number is independent of the Zuber number. The momentum dynamics is discussed in

Section 3.2.3 and Appendix B.

4.3 Stability analysis

In this section stability analysis is carried out to investigate the parametric effects on the

stability of the NCBWR. The parameters considered in the present study include geomet-

rical and feedback parameters (such as fuel time constant and void reactivity feedback).

Three different system configurations are used in this study. Geometrical configuration

1 (system1) was used in the study of parametric effects on stability discussed in Section

4.3.1. In order to resolve the contradictory results reported in literature about the effects

of parameters such as void reactivity coefficient and fuel time constant on the stability

of the system, stability studies are carried out using geometrical configurations 2 and

3 (Table 4.1) and compared. In order to investigate stability characteristics, the system

of nonlinear differential equations governing the dynamics of the system was linearized

about its steady-state point and the eigenvalues of the Jacobian matrix were evaluated. It

was observed that, as the stability boundary is crossed in the parameter plane, a pair of

complex conjugate eigenvalues crosses the imaginary axis in the complex plane. Stability

maps were drawn in the Zuber number - subcooling number plane.

4.3.1 Parametric effects on stability

Effect of riser length

In NCBWRs riser enhances the natural circulation by increasing the gravity head in down-

comer. The longer is the riser, the more is the driving head. The effect of riser length on

the stability of the system is shown in Figure 4.2(a). It can be observed that the increase

in riser length destabilizes the system in Type-I region and stabilizes in Type-II region. InTH-0556_02610302
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Figure 4.2: Effect of riser and core dimensions on stability

Type-I region, increase in riser length may have both stabilizing and destabilizing effects

(van Bragt and van der Hagen, 1998b). The stabilizing effect is due to the enhanced circu-

lation flow rate, which increases single-phase friction, and the destabilizing effect is due

to increase in gravitational pressure drop and decrease in exit quality. In the present study

the gravitational pressure drop is dominant and hence, increase in riser length has a desta-

bilizing effect on Type-I region. In Type-II region, increase in riser length reduces the

void fraction in the core (due to increase in circulation flow rate) and two-phase frictional

pressure drop. Hence, increase in riser length stabilizes the system in Type-II region.

Effect of core length

The effect of the core length on the stability of the system is shown in Figure 4.2(b).

Increase in the core length has a stabilizing effect in Type-I region and a destabilizing

effect in Type-II region. An increase in core length increases the gravitational and two-

phase frictional pressure drops.TH-0556_02610302
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Figure 4.3: Effect of inlet and exit resistances on the stability of the system

Effect of inlet resistance

Increase in inlet resistance stabilizes the system both in Type-I and Type-II regions as

shown in Figure 4.3(a). This is because, an increase in inlet resistance increases single-

phase friction which is in-phase with the change of inlet flow. This increases the total

pressure drop and reduces the inlet flow. Thus increase in inlet resistance provides damp-

ing effect on the increasing inlet flow and stabilizes the system (Boure et al., 1973).

Effect of exit resistance

Increase in exit resistance has a destabilizing effect in both Type-I and Type-II regions

as shown in Figure 4.3(b)). Increase in exit resistance increases the two-phase friction

(which is out-of-phase with the change of inlet flow) and decreases circulation flow. This

results in increase in void generation and exit pressure drop, which further reduces the

circulation flow (Boure et al., 1973). Hence, exit resistance has a destabilizing effect

on the stability of the system. However, in some cases increase in exit resistance has a

stabilizing effect in Type-I region as observed by Lee and Pan (2005b). The stabilizing

effect is due to reduction in gravitational pressure drop. For the geometrical configuration

considered in the present study, the destabilizing effect was dominant in Type-I region.TH-0556_02610302
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Figure 4.4: Effect of downcomer inertia and Doppler feedback coefficient on the stability
of the system

Effect of downcomer diameter

The effect of downcomer diameter is shown in Figure 4.4(a). An increase in diameter

decreases the inertia in downcomer. It can be observed that, decrease in downcomer

diameter stabilizes the system in Type-I and Type-II regions. The stabilizing effect is due

to the suppression of inlet flow fluctuations.

Effect of Doppler feedback coefficient

The effect of Doppler feedback coefficient is shown in Figure 4.4(b). Increase in abso-

lute value of Doppler feedback coefficient destabilizes the system in Type-I region and

stabilizes the system in Type-II region.

4.3.2 Resolution of contradictory results

Numerous experimental and numerical investigations have been conducted on the effect

of geometrical parameters and feedback parameters like fuel time constant and void re-

activity coefficient (VR) on the dynamics of Type-I and Type-II instabilities. DifferentTH-0556_02610302
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findings were reported in literature regarding the effect of VR and fuel time constant on

the stability of the system in Type-I and Type-II regions. van Bragt and van der Hagen

(1998b) found that, an increase in the absolute value of VR has stabilizing and destabi-

lizing effects in Type-I and Type-II regions, respectively. However, it has a stabilizing

effect in both the regions according to Nayak et al. (2000), and a destabilizing effect in

both the regions according to Lee and Pan (2005c). An increase in the fuel time constant

has a stabilizing effect in Type- II region and a destabilizing effect in Type-I region ac-

cording to van Bragt and van der Hagen (1998b), but, according to Nayak et al. (2000),

it has a destabilizing effect in both the regions. These researchers worked on different

designs of NCBWRs using different modeling approaches. Nayak et al. (2000) linearized

the governing equations and integrated over various segments of the loop. The model

used by Lee and Pan (2005c) is an extension of the mathematical model developed by

Clausse and Lahey (1990) to natural circulation boiling systems. The governing equa-

tions are non-dimensionalized and discretized by dividing the channel into a number of

spatial nodes with equal enthalpy change (but with moving boundaries), and then integrat-

ing over each node assuming a linear nodal enthalpy profile. van Bragt and van der Hagen

(1998b) divided the heater section into single phase and two-phase regions and the local

enthalpy is assumed to change simultaneously at all axial positions. They divided the

adiabatic riser into nodes of equal length and assumed linear variation of quality within

a node. Therefore, the different findings reported by different authors may be either due

to the different geometrical and neutronic parameters or due to the different approaches

to mathematical modeling. In order to investigate this phenomenon, three different sys-

tem configurations have been used in the present work: system 1, system 2 and system 3

(Table 4.1). The results obtained for systems 1, 2 and 3 were compared with the stability

characteristics reported by van Bragt and van der Hagen (1998a), Nayak et al. (2000), and

Lee and Pan (2005c), respectively.

Effect of void reactivity coefficient

Figure 4.5 shows stability maps for system 1 with different values of VR. It is seen that

increase in the absolute value of VR stabilizes the system in Type-I region but destabilizes

the system in Type-II region. This agrees with the findings of van Bragt and van der

Hagen (1998b). The effect of VR on stability for system 2 is shown in Figure 4.6. ItTH-0556_02610302
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Figure 4.5: Effect of void reactivity coefficient on stability for system 1

shows that increasing the absolute value of the VR stabilizes both the Type-I and Type-

II instabilities. This compares well with Nayak et al. (2000). However for system 3,

an increase in absolute value of VR destabilizes both the Type-I and Type-II regions as

shown in Figure 4.7, which is in agreement with the observations of Lee and Pan (2005c).

The difference in the effect of the void coefficient on stability for systems 1, 2 and 3 is

due to the influence of various geometric parameters, as will be discussed in subsequent

Sections.

Effect of fuel time constant

The effect of fuel time constant is shown in Figures 4.8 to 4.10 for systems 1, 2 and 3.

From Figure 4.8 it can be seen that, for system 1, as the fuel time constant is increased,

the system is stabilized in Type-II region but destabilized in Type-I region. This agrees

with the results of van Bragt and van der Hagen (1998b). For system 2, as the fuel time

constant is increased, the system is destabilized in both Type-I as well as Type-II regions

(Figure 4.9), which is in agreement with the findings of Nayak et al. (2000). However,TH-0556_02610302
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Figure 4.6: Effect of void reactivity coefficient on stability for system 2
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Figure 4.8: Effect of fuel time constant on stability for system 1
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on increasing the fuel time constant, a stabilizing effect on Type-I and Type-II regions is

observed in Figure 4.10 for system 3. This result could not be compared with literature

because Lee and Pan (2005c) have not reported the effect of fuel time constant on stability.

Thus, the effect of the fuel time constant on stability is different for systems 1, 2 and

3. This is due to the combined influence of various geometric parameters, as will be

discussed in subsequent sections.

Influence of geometric parameters

As described in the above sections, the void reactivity coefficient as well as the fuel time

constant have different effects on stability for systems 1, 2 and 3. These results agree

with the findings reported in literature (van Bragt and van der Hagen, 1998b, Nayak et al.,

2000, Lee and Pan, 2005c). Since the present study has been conducted by using the

same mathematical model with the three system configurations, it is confirmed that the

difference in the results cannot be attributed to model uncertainties. Systems 1, 2 and

3 have different geometric and neutronic parameters (Table 4.1). In order to investigateTH-0556_02610302
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the influence of neutronic parameters, the effect of void reactivity coefficient and fuel

time constant was investigated for system 1 with the neutronic parameters of system 2.

The results are shown in Figures 4.11(a) and 4.11(b), which are similar in the trend as

Figures 4.5 and 4.8, respectively. This confirms that the neutronic parametersβ, λ and

Λ do not influence the nature of the effects of void reactivity coefficient and fuel time

constant on the system stability. Thus, it follows that the difference in the results for

systems 1, 2 and 3 is due to the influence of various geometric parameters. In order to

determine whether this is due to the riser length, stability characteristics were studied for

the riser length of system 2 and all other parameters of system 1. The results were similar

to those for system 1, indicating that the difference arises due to a combined influence of

various geometric parameters. These parameters determine the frequencies of oscillations

in Type-I and Type-II regions. For example, an increase in the riser length or the inlet loss

coefficient reduces the frequency of oscillations. In the present study, the frequency of

oscillation at the point of onset of instability was calculated from the imaginary part of

the eigenvalue pair crossing the imaginary axis. It was observed that the frequencies

for system 2 are lower than those for system 1, while the frequencies for system 3 are

higher (Table 4.2). According to March-Leuba and Rey (1993), increase in the fuel time

constant has both stabilizing and destabilizing effects occurring simultaneously on the

system. The stabilizing effect is due to the inherent filtering of the oscillation amplitude

at higher frequencies and the destabilizing effect is due to the phase delay to the feedback.

Thus, increase in the fuel time constant can stabilize or destabilize the system, depending

on which of these two effects is dominant. March-Leuba and Rey (1993) have stated

that the gain effect is generally dominant over the phase effect, hence increase in the fuel

time constant has a stabilizing effect on the system. However, Nayak et al. (2000) have

found that for the low frequency thermohydraulic oscillations observed in AHWR, the

phase effect is more significant, hence an increase in the fuel time constant destabilizes

the system. In a similar manner, increase in VR can have a destabilizing effect at high

frequencies, due to increase in gain. It has a stabilizing effect at low frequencies due to the

reduced phase lag (Nayak et al., 2000). This, along with Table 2, explains the difference

in the effects of fuel time constant and VR on stability for systems 1, 2 and 3.

TH-0556_02610302
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Table 4.2: Frequencies of oscillations for the three geometrical configurations

Type of instability Range of frequencies of oscillations (Hz)
system 1 System 2 System 3

Type-I 0.1 to 0.2 0.02 to 0.1 0.4 to 0.7
Type-II 0.7 to 1.2 0.3 to 0.4 0.6 to 0.9

4.4 Nonlinear dynamics

It was observed that, as the stability boundary is crossed in the parameter plane, a pair

of complex conjugate eigenvalues crosses the imaginary axis with non-zero speed in the

complex plane. Therefore, according to the Hopf bifurcation theorem (Hassard, 1981),

there is a possibility of existence of stable limit cycles in the unstable region or unstable

limit cycles in the stable region. The regions of Type-I and Type-II instabilities were

investigated for the existence of limit cycles, period doublings and chaotic oscillations.

Boiling channels without as well as with riser were studied using system 1 withNZu =

6.0. Bifurcations inNZu–Nsub plane were studied by varyingNsub. The void reactivity

coefficient was varied from -0.005 to -0.5 in order to study its effect on the bifurcation

sequence. This analysis was done for system 1 and the fuel time constant was fixed at 2.0

s.

The transient simulations were done using a modified Bulirsch-Stoer algorithm ap-

plicable for stiff system of ODEs (Press et al., 1993). The stable and unstable periodic

solutions were located using the limit cycle shooting technique (Parker and Chua, 1989).

This technique, based on the Newton-Raphson method and the orthogonality condition,

locates a point on a periodic orbit of an autonomous system and determines its period.

Fourier power spectra were computed using an FFT algorithm (Parker and Chua, 1989)

with the sampling interval carefully chosen to avoid the aliasing problem. A power spec-

trum containing sharp peaks at discrete frequencies indicates periodic oscillations while a

continuous power spectrum indicates a chaotic or a quasiperiodic orbit. Poincaré sections

(Parker and Chua, 1989) were computed by locating crossings of the trajectory with a

hyperplane in the state-space. Poincaré section of a periodic orbit consists of finite num-

ber of points, while that of a chaotic or a quasiperiodic orbit contains infinite number of

points. Aperiodicity (chaoticity) observed in different models of the NCBWR, for cer-

tain parameter range, results from the exponential divergence of initially close points on

the limit set (asymptotic orbit). The rate of this divergence is characterized by LyapunovTH-0556_02610302
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exponents. A system with one or more positive Lyapunov exponents is chaotic. In the

present work, the Lyapunov exponents were computed using the algorithm proposed by

Wolf et al. (1985), which uses Gram-Schimidt orthonormalization. The numerical tech-

niques used in the present analysis are briefly discussed in Appendix C.

4.4.1 Boiling channel without riser

Initially, the region of Type-II instabilities in the boiling channel without riser with con-

stant heat flux (usingNZu = 6.0 – 20.0) was explored. Stable limit cycles with varying

amplitudes and periods were observed, but no period doublings or chaotic oscillations

were found. Next, the system with neutronics-thermohydraulics coupling was explored

for void reactivity coefficient values between−0.005 to−0.4. Supercritical Hopf bi-

furcation and series of period doublings were observed asNsub was increased. For the

values of VR =−0.25 to−0.4, the system was found to become chaotic after a series of

period-doublings asNsub was increased.

A period doubling scenario observed in Type-II instability region at VR =−0.3 and

fuel time constant = 2.0 s, forNZu = 6.0 andNsubbeing the control parameter is discussed

as follows. ForNsub ≤ 0.45 (approximately), a simple limit cycle was found as can be

seen in Figure 4.12. Figure 4.12(a) shows the time evolution of one of the state variables

and Figure 4.12(b) shows a projection of its phase portrait. The closed loop confirms

the presence of stable limit cycle. On further variation of bifurcation parameterNsub, a

period doubling was found atNsub = 0.450 as shown in Figure 4.13, and another period

doubling was found atNsub = 0.453 (Figure 4.14) . This was followed by a series of

period doublings (Figure 4.15) and eventually led to chaos atNsub = 0.475 as shown in

Figure 4.16 . The phase portrait Figure 4.16(b) appears to be chaotic. However, the final

confirmation of the chaotic nature can be made by plotting the Poincaré section and by

computing Lyapunov exponents atNsub = 0.475.

The scattered nature of Poincaré section as shown in Figure 4.17(a) indicates chaotic

behavior. Lyapunov exponents are computed using the method of Wolf et al. (1985). The

Lyapunov exponents atNsub = 0.475 were found to be 1.792, 0.000,−0.5699,−19.1223,

−195.7815,−1359.2359. The calculations were done for non-dimensional time from 0

to 1000 and the iterations were found to converge within +0.0005. The convergence ofTH-0556_02610302
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Figure 4.12: Stable limit cycle atNzu = 6.0 andNsub = 0.305 for VR =−0.3 and fuel
time constant = 2.0 s
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Figure 4.13: Period doubling atNzu = 6.0 andNsub = 0.450 for VR =−0.3 and fuel time
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Figure 4.14: Second Period doubling atNzu = 6.0 andNsub = 0.453 for VR =−0.3 and
fuel time constant = 2.0 s
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Figure 4.15: Third Period doubling atNzu = 6.0 andNsub = 0.459 for VR =−0.3 and fuel
time constant = 2.0 s
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Figure 4.16: Chaos atNzu = 6.0 andNsub = 0.475 for VR =−0.3 and fuel time constant
= 2.0 s
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(a) Poincaŕe section plotted atNsub = 0.475
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Figure 4.17: Confirmation of chaos atNzu = 6.0 andNsub = 0.475 for VR =−0.3 and fuel
time constant = 2.0 s
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Figure 4.18: Period doubling scenario of boiling channel without riser at different VR
values

three largest Lyapunov exponents is shown in Figure 4.17(b), which, for clarity, has been

drawn for non-dimensional time from 0 to 500 only. The existence of a positive Lyapunov

exponent confirms the chaotic behavior.

Bifurcation diagrams plotted on period vs control parameter (i.e., the subcooling num-

ber) give qualitative information of the parametric effects on the period doubling scenario.

Figure 4.18 shows the period doubling scenario at two different values of VR.Nsub was

varied slowly and the period was calculated by limit cycle shooting and cross checked by

transient simulations. Thus the exact point of the period doubling on the parameter plane

was located (Parker and Chua, 1989).

The region between vertical lines A and B (Figure 4.18) denotes a cascade of period

doublings, the line B represents the onset of chaos, and the region between lines B and

C is that in which the system was found to be chaotic. The chaotic nature of the system

between points B and C was observed by plotting Poincaré sections and computing Lya-

punov exponents. The chaotic oscillations shown in Figures 4.16 and 4.17 correspond to a

point on line B (for VR =−0.3) in Figure 4.18. It can be further observed that an increaseTH-0556_02610302
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Figure 4.19: Confirmation of chaos atNzu = 6.0 andNsub = 0.545 for VR =−0.25 and
fuel time constant = 2.0 s

in absolute value of VR enhances the occurrence of chaotic oscillations. i.e. the chaotic

oscillations occur at lower values ofNsub as the absolute value of VR is increased. The

Poincaŕe section and the three largest Lyapunov exponents computed at aNsub = 0.545

on line B (in Figure 4.18 for VR =−0.25) are shown in Figures 4.19(a) and 4.19(b), re-

spectively. The Lyapunov exponents evaluated atNsub = 0.545 and VR =−0.25 were

found to be 1.472, 0.000,−0.607,−16.416,−196.801,−1355.823. The calculations

were done for non-dimensional time from zero to 1000 and the iterations were found to

converge within +0.005.

4.4.2 Boiling channel with riser

Boiling channel with riser experiences two types of instabilities, Type-I (at low power

and high inlet subcooling) and Type-II (at high power and low inlet subcooling). van

Bragt et al. (1999) studied extensively the effect of VR on the bifurcation characteristics

in Type-I and Type-II regions using the Hopf bifurcation code BifDD. They observed

both sub- and supercritical Hopf bifurcations in Type-I region for different ranges of VR.

van der Hagen (1987) had suggested that the dynamics of Type-I instabilities could be

studied by using large fuel time constants. Numerical simulations using the limit cycleTH-0556_02610302
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Figure 4.20: Time evolution of a stable limit cycle at parameter values of pointNZu = 4.0
andNsub = 3.50 for VR =−0.1 and fuel time constant = 8.0 s

shooting technique were done in both Type-I and Type-II regions to study the effects of

VR and fuel time constant.

TYPE-I REGION

In Type-I region the Zuber number was fixed atNZu = 4.0 and the subcooling numberNsub

was varied slowly across MSB from stable to unstable region. Simulations were carried

out by varying the fuel time constant from 2.0 s to 16 s and VR from−0.002 to−0.3. The

system was found to undergo both sub- and supercritical Hopf bifurcations. For fuel time

constant = 8.0s and VR =−0.1, the system experiences supercritical Hopf bifurcation at

Nsub= 3.417. Figure 4.20 shows the time evolution of a stable limit cycle in the unstable

region (atNZu = 4.0 andNsub = 3.50). On further increase in theNsub value, the system

diverged and no period doubling sequence was observed. An unstable limit cycle was

detected in the stable region (atNZu = 4.0 andNsub= 3.524) for fuel time constant = 2.0 s

and VR =−0.015. Unlike stable limit cycles, it is not possible to obtain the phase-portraitsTH-0556_02610302
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Figure 4.21: Unstable periodic orbit atNzu = 4.0 andNsub = 3.524 for VR =−0.015 and
fuel time constant = 2.0 s

of unstable limit cycles by numerical integration, unless the initial point is exactly on the

limit cycle. Therefore, a point on the unstable limit cycle was located, and its period

estimated, by the autonomous shooting method (Parker and Chua, 1989). Then its phase-

portrait (Figure 4.21(a)) was obtained by numerical integration for one period, starting

from the point found by shooting. Trajectories emanating from two initial conditions are

shown in Figure 4.21(b). The trajectory emerging from point A diverges out, whereas the

trajectory from point B converges to the fixed point C. This shows that the system can

be unstable for large disturbances even though it is stable for small perturbations about

its steady-state. It was observed that for values of fuel time constant lower than 4.0s, the

system experiences a subcritical Hopf bifurcation for all the values of VR explored. On

the other hand, for values of fuel time constant above 4.0s, the bifurcation was subcritical

at values of VR greater (algebraically) than−0.09 and supercritical at values of VR less

(algebraically) than−0.10. Thus, the fuel time constant has a significant influence on

Type-I instability.TH-0556_02610302



4.4 Nonlinear dynamics 91

Subcooling number

N
o

n
d
im

e
n
s
io

n
a
lt

im
e

p
e

rio
d

0.478 0.48 0.482 0.484 0.486

1.52

1.525

1.53

1.535

1.54

1.545

1.55

1.555

1.56

Subcooling number

N
o

n
d
im

e
n
s
io

n
a
lt

im
e

p
e

rio
d

0.45 0.5 0.55 0.6 0.65
0

0.5

1

1.5

2

2.5

3

3.5

4 Void reactivity coefficient = - 0.3
Void reactivity coefficient = - 0.25
Void reactivity coefficient = - 0.2

A
B
C

Short Vertical lines

Inset

Boiling channel with riser

(a) Period doubling scenario of boiling channel with
riser for VR =−0.2 to−0.3

Subcooling number

N
o

n
d
im

e
n
s
io

n
a
lt

im
e

p
e

rio
d

0.25 0.3 0.35 0.4
0

0.5

1

1.5

2

2.5

3

3.5

4 Void reactivity coefficient = - 0.5
Void reactivity coefficient = - 0.4

A
B
C

Short Vertical lines

Boiling channel with riser

(b) Period doubling scenario of boiling channel with
riser for VR =−0.4 and−0.5

Figure 4.22: Effect of VR on period doubling scenario in boiling channel with riser

TYPE-II REGION

In Type-II region, the effects of various parameters like VR, fuel time constant, core inlet

and exit loss coefficients, on the period doubling scenario and chaotic oscillations are

investigated. The transient simulations are carried out forNZu = 6.0 andNsub is the

control parameter, which is varied slowly across MSB from stable to unstable region. The

range of VR explored was from−0.005 to−0.5 and fuel time constant was varied from

2.0 to 10.0 seconds.

Effect of void reactivity coefficient (VR)

The system experienced supercritical Hopf bifurcation (the presence of stable limit cycle)

for values of VR ranging between−0.005 to−0.18. Stable limit cycles and a period dou-

bling were observed from transient simulations, but chaotic oscillations were not seen. For

values of VR greater than−0.18 (in the absolute sense), the system experienced chaotic

oscillations. Figures 4.22(a) and 4.22(b) show the period doubling scenario atNZu = 6.0

and VR range−0.1 to−0.5. The bifurcation parameterNsub was varied slowly and the

exact point of period doubling on the parameter plane was located using the method of

limit cycle shooting. The region between vertical lines A and B denotes a cascade ofTH-0556_02610302
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Figure 4.23: Simple limit cycle atNsub = 0.162 for VR =−0.5 and fuel time constant =
2.0 s

period doublings, the line B represents the onset of chaos, and the region between lines

B and C is that in which the system was found to be chaotic. From Figure 4.22 it can

be observed that, as the absolute value of VR is increased, the chaotic oscillations are

enhanced (i.e., the chaotic oscillations occur early).

The sequence of period doublings and chaotic nature of the system between points

B and C of Figure 4.22 at different values of VR was observed by transient simulations

and by plotting Fourier power spectra. The chaotic oscillations are further confirmed by

computing Lyapunov exponents. The period doubling route to chaos for one of the values

of VR (VR =−0.5 in Figure 4.22(b)) is presented here.

Fixing NZu at 6.0 andNsub being the control parameter, asNsub is varied in the un-

stable region, a simple limit cycle was observed up toNsub ≤ 0.30 (approximately). A

simple limit cycle observed atNsub = 0.162 is shown in Figure 4.23. The power spec-

trum of this limit cycle has sharp peaks at the fundamental frequency and its harmonics

as shown in Figure 4.23(b). The sub-harmonics are absent as can be seen in the inset of

Figure 4.23(b). As the control parameter is varied further a period doubling was found at

Nsub = 0.30 (Figure 4.24) and another period doubling was found atNsub = 0.32 (Figure

4.25). The first period doubling has one sub-harmonic peak and the second period dou-

bling has three such sub-harmonic peaks as can be seen from the insets of Figures 4.24TH-0556_02610302
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Figure 4.24: First period doubling atNsub = 0.30 for VR =−0.5 and fuel time constant
= 2.0 s
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Figure 4.25: Second period doubling atNsub = 0.32 for VR =−0.5 and fuel time constant
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Nondimensional mass flux density
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Figure 4.26: Chaotic oscillation atNsub = 0.33 for VR =−0.5 and fuel time constant =
2.0 s

and 4.25 respectively. On further increase inNsub, a series of period doublings occurred

eventually leading to chaos atNsub = 0.330. The continuous spectrum which can be

seen from the inset of Figure 4.26(b) indicates chaotic oscillations. The chaotic behav-

ior is further confirmed by computing Lyapunov exponents which were estimated to be

1.480165, 0.002259,−0.329870,−5.182020,−13.261220,−28.186296,−141.424419,

and−1707.863442. The presence of positive exponent confirms chaotic behavior. Fig-

ure 4.27 shows the largest three Lyapunov exponents computed using Wolf et al. (1985)

algorithm and the iterations were found to converge within +0.0003.

Effect of fuel time constant

Fuel time constant characterizes the delay in heat transfer from fuel rod surface to the

coolant. Higher the fuel time constant, higher is the delay in heat transferred to the

coolant. The effect of fuel time constant on period doubling scenario and chaotic oscilla-

tions is shown in Figure 4.28(a). In this study the fuel time constant is varied from 2.0s to

4.0s and all other parameters are kept constant (i.e.,kci = 3.46, kce = 2.19, VR =−0.2)

similar to that in Figure 4.22(a). It can be observed that, as fuel time constant is increased,

the occurrence of period doubling is considerably delayed. For the fuel time constant =

4.0 s, the first period doubling occurred at higherNsubcompared to the fuel time constantTH-0556_02610302
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= 2.0 s. Consequently, series of period doublings occurred betweenNsub = 0.96 and 1.02

indicated by small vertical lines A and C. However, chaotic oscillations did not occur. It

can be further observed that the oscillation time period is higher for fuel time constant =

4.0 s. Hence, increase in fuel time constant increases the time period of the oscillations (in

other words, the frequency of oscillations decreases as the fuel time constant increases).

Effect of core inlet loss coefficient (kci)

As discussed in Section 4.3.1, increase inkci has a stabilizing effect on the system. The

effect ofkci on the period doubling scenario and chaos is shown in Figure 4.28(b). In this

study,kci was increased from 3.46 to 10.0, keeping the other parameters constant (i.e.,

fuel time constant = 2.0 s, VR =−0.2, kce = 2.19). Askci is increased from 3.46 to 10.0,

the first period doubling was delayed and occurred atNsub = 0.89. Further a series of

period doublings occurred betweenNsub = 0.89 and 0.92 indicated by short vertical lines

A and C. In this case also, chaotic oscillations did not occur. Further, it can be observed

that, the time period of oscillations was increased (decrease in frequency of oscillations).

Effect of core exit loss coefficient (kce)

Increase inkce has a destabilizing effect on the system as discussed in Section 4.3.1.

Further, the effect ofkce on the period doubling scenario and chaos is shown in Figure

4.29. In this study, the core exit loss coefficientkce was increased from 2.19 to 10.0,

keeping the other parameters constant (i.e., fuel time constant = 2.0 s, VR =−0.2,kci =

3.46). Askce is increased from 2.19 to 10.0, the first period doubling was advanced and

occurred atNsub = 0.48 followed by cascade of period doublings betweenNsub = 0.50

to 0.54. It is interesting to note that, though the period doubling scenario was advanced

(or aggravated), chaotic oscillations were not observed. It can be further observed that,

increase in core exit loss coefficientkce reduces the time period of the oscillations (i.e.,

increase in the frequency of oscillations).

From the above studies it can be concluded that the parameters (such as fuel time

constant and core inlet loss coefficient) which has a stabilizing effect on the system delays

the occurrence of period doubling and chaos. On the other hand the parameters (such asTH-0556_02610302
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Figure 4.29: Effect of core exit loss coefficientkce on period doubling scenario and chaos

VR, core exit loss coefficient) which has a destabilizing effect on the system aggravates

the occurrence of period doubling and chaos.

4.5 Summary

This chapter contains two numerical studies, one on stability analysis and the other on

nonlinear dynamics of NCBWR. The purpose of the stability analysis was to study the

effect of geometrical parameters and feedback parameters on the stability of the system

and further to resolve different, seemingly contradictory parametric trends reported earlier

in literature. The difference in the way the VR and the fuel time constant effect the

system stability can be either due to the influence of various geometric and neutronic

parameters or due to the difference in the modeling approaches. Since the present study

has been conducted by using the same mathematical model with three different system

configurations, and the results agree with the findings reported in literature, it is confirmed

that the difference observed is not attributable to model uncertainties. It was also observedTH-0556_02610302
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that the neutronic parameters do not influence the nature of the effects of VR and fuel time

constant on the system stability.

From the stability analysis, it follows that the effects of VR and fuel time constant

are influenced by the geometrical parameters and are different for different systems. In

systems with low frequency oscillations, an increase in absolute value of void reactivity

coefficient stabilizes the system and an increase in fuel time constant destabilizes the

system. On the other hand, for systems with high frequency oscillations, an increase in

the absolute value of VR destabilizes and an increase in fuel time constant stabilizes the

system.

Nonlinear analysis has been carried out for the boiling channels with and with out

riser. Both constant heat flux and coupled neutronic cases are considered. One of the sys-

tem configurations (system 1) has been used in the nonlinear studies. For constant heat

flux case, transient simulations are carried out across the MSB in the Type-I and Type-II

regions. It is observed the system experienced supercritical Hopf bifurcation across the

MSB in Type-I and Type-II regions. Stable limit cycles are located but there is no pe-

riod doubling scenario. Further, nonlinear analysis for coupled-neutronics case has been

done to study the effect of parameters like VR, fuel time constant, core inlet and exit loss

coefficients on the bifurcations and chaotic behavior of the system in Type-I and Type-II

regions. Poincaré sections, Fourier power spectra and Lyapunov exponents were com-

puted to confirm the chaotic behavior. It was observed that in the Type-I region, for fuel

time constant values lower than 4.0s, the system experiences a subcritical Hopf bifurca-

tion for all the values of VR explored. This leads to an unstable limit cycle, which was

located by the shooting method. Therefore, the system is unstable for large disturbances,

although being stable for small perturbations about its steady state. For values of fuel time

constant above 4.0s, the bifurcation was subcritical at values of VR greater (algebraically)

than−0.09 and supercritical at values of VR less (algebraically) than−0.10. However,

period doubling scenario and chaos was not observed in Type-I region.

The boiling channels with and without riser experience chaotic oscillations under

strong reactivity feedback in the Type-II region. Boiling channel with riser experiences

chaotic oscillations at lower values of VR (in absolute sense) compared to boiling channel

without riser. Further, the effect of VR, fuel time constant and geometric parameters like

core inlet and exit resistances on the chaotic oscillations in Type-II region are investigated.TH-0556_02610302
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It is observed that, an increase in VR (absolute value) and core exit loss coefficient aggra-

vates the chaotic oscillations. On the other hand, an increase in parameters such as fuel

time constant and core inlet loss coefficient delayed the occurrence of period doubling and

chaos. In other words, the parameters which have a stabilizing effect on the system de-

lays the occurrence of period doubling and chaotic oscillations, and the parameters which

destabilize the system aggravates the chaotic oscillations. It was further observed that in

Type-II region, increase in parameters such as VR (absolute value), and core exit loss co-

efficientkce increases the frequency of oscillations, on the other hand, an increase in fuel

time constant and core inlet loss coefficientkci decreases the frequency of oscillations.

TH-0556_02610302
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Chapter 5

Thermal-Hydraulic Instabilities in

Double Channel Systems

5.1 Introduction

Single channel analysis is simple and appropriate for studying the in-phase oscillations

in a system of parallel channels with uniform power profile. However, in real reactors

there are hundreds of channels having different flow conditions. The power profile across

the channels is not uniform and constant, and the channels may have different modes

of oscillations. Single channel models are inadequate for simulating the out-of-phase

oscillations. Power fluctuations in some of the channels can trigger thermal-hydraulic

oscillations in other channels due to common boundary conditions. Some of the new

generation nuclear reactors are equipped with on-power refueling facility for efficient

fuel management. In this process, when the reactor runs at full power, the spent fuel

from a channel is removed and the new fuel is loaded. During refueling, there will not

be power input to that channel. The flow area increases and single-phase liquid flows

through this channel. During such conditions, in natural circulation systems, complex

channel-to-channel interactions exist, which may destabilize the system. In order to study

the transients due to channel-to-channel interactions and on-power refueling, a system of

parallel channels needs to be modeled.

In this chapter, thermal-hydraulic instabilities in a double channel system and a pres-TH-0556_02610302
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sure tube type NCBWR are investigated. Initially, a simple double channel natural cir-

culation system is modeled separately using RELAP5/MOD3.4 and a lumped parame-

ter model (LPM). Based on the studies carried out by LPM and RELAP5, the present

work is divided into two parts. A detailed study of instabilities and nonlinear oscilla-

tions are carried out using LPM. Channel-to-channel interaction studies are carried out

using RELAP5. Further, a pressure tube type NCBWR is modeled using RELAP5 and

on-power refueling studies are carried out in the similar way as done for the simple dou-

ble channel system and the findings are compared. The chapter is organized as follows:

Section 5.2 discusses the modeling of double channel boiling systems using LPM and

RELAP5. Nodal sensitivity test of double channel RELAP5 model and comparison of

LPM and RELAP5 are presented in Section 5.3. Section 5.4 discusses stability analysis

and nonlinear oscillations using lumped parameter model. Channel-to-channel interac-

tion and on-power refueling studies are presented in Section 5.5. Section 5.6 discusses

the channel-to-channel interaction and on-power refueling studies for a pressure tube type

NCBWR. Conclusions are presented in Section 5.7.

5.2 Modeling of double channel system

In order to investigate the channel-to-channel interaction and on-power refueling on the

dynamics of the system, a simple double channel boiling loop is modeled using a lumped

parameter model and RELAP5/MOD3.4. The schematic view of the simple double chan-

nel system is shown in Figure 5.1. It is a simplified version of a pressure tube type

NCBWR (discussed in Section 3.4) in which only 2 channels are considered for model-

ing. The horizontal sections of the riser are eliminated and the riser length is reduced

to 5.0 m. Further, the dimensions of the downcomer and inlet header are reduced ac-

cordingly. The geometrical configuration is briefly given in Section 5.2.2. The stability

analysis and the nonlinear oscillations in the double channel system are investigated using

a lumped parameter model (LPM2). The lumped parameter model (LPM2) for a multi-

channel system is derived in Chapter 3. It is further briefly presented in Section 5.2.1.

The RELAP5 model and a detailed nodalization scheme of the double channel system are

presented in the Section 5.2.2.TH-0556_02610302
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5.2.1 Lumped parameter model

A detailed derivation of LPM2 is given in Section 3.2. In the present study, it is assumed

that the two channels are subjected to a constant and uniform heat flux (i.e., no neutronics

case). The modeling of LPM in the present analysis directly starts from the thermal-

hydraulic equations (omitting neutronics and heater wall dynamics). The single phase

region in the core is modeled as a single node and the dynamics of the boiling boundary

in jth channel is given as

dz∗bb,j(t
∗)

dt∗
= 2

[
G∗ci,j(t

∗)−
z∗bb,j(t

∗)NZu,j

Nsub

]
(5.1)

where,j = 1,2. The two-phase region is modeled as a single node and the average core

void dynamics (Eq. 3.32) is given as

dj1cav,j(t∗)
dt∗

= (G∗ce,j −G∗ci,j) (5.2)

where,j1cav,j(t∗) = (1−Nρ)αcav,j . Similarly, the riser void dynamics is given by Eq. 3.34,

as below

dj1Rav,n,j(t∗)
dt∗

=
[
G∗R,n,j(t

∗)−G∗R,n−1,j(t
∗)

] NR

L∗R
(5.3)

where,j1Rav,n,j(t∗) = (1− Nρ)αRav,n,j .

The relation between the core inlet and outlet mass flux densities in each channel is

obtained by integrating the energy Eq.3.27 in the two-phase region, as follows

G∗ci,j(t
∗) = G∗ce,j(t

∗) + [1 + j2cav,j(t
∗)]− NZu,j [1− z∗bb,j(t

∗)] (5.4)

where,j2cav,j(t∗) = X∗ce,j(t
∗)[NZu,j −Nsub]. Similarly, the relation between the nodal mass

flux densities over a riser node (Eq. 3.35) is expressed as

G∗R,n−1(t
∗)[1 + j2Rav,n−1(t

∗)] = G∗R,n(t
∗)[1 + j2Rav,n(t

∗)] (5.5)

where,j2Rav,n,j(t∗) = X∗Rn,j(t
∗)[NZu,j − Nsub]. The relation between the average void frac-TH-0556_02610302
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tion (in the core) and the core exit quality is given by Eq. 3.41 as

j1cav,j(t
∗) =

[
1− z∗bb,j(t

∗)
]
[

1− ln
(
1 + j2cav,j(t∗)

)

j2cav,j(t∗)

]
(5.6)

Similarly, in the riser, the relation between the average void fraction (over a riser node)

and the nodal steam quality is given by Eq. 3.42 as

j1Rav,n,j(t
∗) =

[
1− 1

(j2Rav,n,j − j2Rav,n−1,j)
ln

{
1 +

j2Rav,n,j − j2Rav,n−1,j

1 + j2Rav,n−1,j

}]
(5.7)

Now, differentiating the algebraic Eq. 5.6 with respect to non-dimensional time and re-

arrangement of the terms, the dynamics of the core exit quality in the two-phase region

(3.47) is given as

dX∗ce,j

dt∗
=

[
dj1c,j
dt∗ +

(
j2c,j−ln(1+j2c,j)

j2c,j

)
dz∗bb,j
dt∗

] (
1 + j2c,j

)
j22c,j

(
1− z∗bb,j

)
(NZu,j − Nsub)

[(
1 + j2c,j

)
ln

(
1 + j2c,j

)− j2c,j
] (5.8)

Similarly, differentiating the algebraic Eq. 5.7 with respect to non-dimensional time, the

dynamics of vapor mass quality in a riser node is given by

dX∗R,n,j

dt∗
=

An,j

(
dXR,n−1,j∗

dt∗

)
− Bn,j

(
dj1R,n,j

dt∗

)

1 +
[
1 + (NZu,j − Nsub) X∗R,n,j

] (
j1R,n,j − 1

) (5.9)

where,An,j =
(
j1R,n,j − 1

) [
1 + (NZu,j − Nsub) X∗R,n,j

]
+

[
1 +

(NZu,j−Nsub)(X
∗
R,n,j−XR,n−1,j)[

1+(NZu,j−Nsub)X∗R,n,j

]
]

andBn,j =
[(

X∗R,n,j − X∗R,n−1,j

)(
1 + (NZu,j − Nsub) X∗R,n,j

)]
.

In the double-channel system, there are two closed loops each consisting of the core,

the riser and a common downcomer (Figure 5.1). Since both the loops are closed, the inte-

gral of the LHS in the momentum Eq. 3.25 becomes zero and the RHS expresses various

contributions (inertial, frictional, gravitational,acceleration and minor losses) to the pres-

sure drop in different sections of each closed loop. These pressure drop terms are derived

by integrating the respective terms of the one-dimensional momentum Eq. 3.25 along the

components of each channel and the common downcomer of the double-channel boiling

system. Detailed derivations of these pressure drop terms are discussed in Appendix B.

The flow in the downcomer is considered to be in single phase and frictional effects areTH-0556_02610302
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neglected. In a natural circulation double channel system, two boundary conditions must

be satisfied (as discussed in Section 3.2.3). That is the summation of the dynamic pressure

drop through each closed loop is equal to zero (Eq. 3.44). Imposing this boundary condi-

tion in a double channel system yields two algebraic equations (any one of the equations

can be used). Hence, for one of the closed loops (say channel one, riser and downcomer)

of the double channel system, the Eq. 3.44 can be written as

(∑
∆P

)
C,1

+
(∑

∆P
)

R,1
+

(∑
∆P

)
D

= 0 (5.10)

where,(
∑

∆P) = ∆Pi + ∆Pa + ∆Pg + ∆Pf + ∆Pm. The expression for each term is

derived in Appendix B. The coupling between the two closed loops is given by Eq. 3.45,

which, for a double-channel system, reduces to

G∗DiA
∗
D = G∗ci,1 + G∗ci,2

(
AC,2

AC,1

)
(5.11)

furthermore, since the two channels are geometrically identical and share the common

lower and upper plena, the pressure drop across each channel must be the same. Hence,

for the two channels,

(∑
∆P

)
C,1

+
(∑

∆P
)

R,1
=

(∑
∆P

)
C,2

+
(∑

∆P
)

R,2
(5.12)

Substituting the expressions for pressure drop terms (inertial, frictional, gravitational

acceleration and minor losses) in the above equations (Eq. 5.10 and Eq. 5.12) and after

lengthy algebraic calculations, the dynamic equations of inlet mass flux densities in both

the channels are derived as follow.

E11
dG∗ci,1

dt∗
+ E12

dG∗ci,2

dt∗
= F1 (5.13)

and

E21
dG∗ci,1

dt∗
− E22

dG∗ci,2

dt∗
= F2 (5.14)

Further simplifying the equations (Eq. 5.13 and Eq. 5.14), the dynamic equations in terms

TH-0556_02610302
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of inlet mass flux densities of each channel are given as

dG∗ci,1

dt∗
=

[(
F1

E12
+

F2

E22

)
/

(
E11

E12
+

E21

E22

)]
(5.15)

and

dG∗ci,2

dt∗
=

[(
F1

E11
− F2

E21

)
/

(
E12

E11
+

E22

E21

)]
(5.16)

where,

E11 =

[
z∗bb,1 +

{
(1− z∗bb,1)

1 + X∗ce,1(NZu,1− Nsub)

}
+

NR∑

n=1

{
L∗R

A∗RNR(j3,R,n,1)

}
+

L∗D
A∗D

]
(5.17)

E12 =
L∗D
A∗D

(5.18)

E2j =

[
z∗bb,1 +

{
(1− z∗bb,1)

1 + X∗ce,1(NZu,1− Nsub)

}
+

NR∑

n=1

{
L∗R

A∗RNR(j3,R,n,1)

}]
(5.19)

Further, the terms F1 and F2 are given as

F1 = (w51− w41)− DP1 (5.20)

F2 = (w42− w41) + (w51− w52) + (DPc1− DPc2) (5.21)

where,

w4,j =

[
(G∗ce,j −G∗ci,j)−

(1− Z∗bb,j)NZu,j

1 + j2cav,j

]
dZ∗bb,j

dt∗

−
[

(G∗ci,j + NZu,j(1− Z∗bb,j))((1− Z∗bb,j)(NZu,j − Nsub))

(1 + j2cav, j)2

]
dX∗R,n,j

dt∗
(5.22)

TH-0556_02610302
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w5,j =

n=NR∑

n=1

[
NZu,j(dZ∗bb,j/dt∗)

A∗R(1 + X∗R,n,j(NZu,j − Nsub))

]

+

n=NR∑

n=1

[
G∗ci,j + NZu,j(1− Z∗bb,j)

A∗R(1 + X∗R,n,j(NZu,j − Nsub))2

{
1 + (NZu,j − Nsub)

dX∗R,n,j

dt∗

}]
(5.23)

for j = 1,2. Further,DP1 in the expression forF1 is the pressure drop (frictional, gravi-

tational, acceleration and minor losses) in closed loop comprising one channel (core and

riser) and downcomer. It is given as

DP1 =
(∑

∆P
)

C,1
+

(∑
∆P

)
R,1

+
(∑

∆P
)

D
= 0 (5.24)

This expression is similar to the expression described in Eq. 5.10 but does not include

inertial term. That is, here
∑

∆P is defined as
∑

∆P = ∆Pa + ∆Pg + ∆Pf + ∆Pm.

The termDPc,j in the expression forF2 (Eq. 5.21) is the pressure drop injth channel

comprising core and riser and its is given asDPc,j = ∆Pa,j + ∆Pg,j + ∆Pf ,j + ∆Pm,j .

In natural circulation, the Zuber number and subcooling number are coupled. Assum-

ing steady drum dynamics, with no carry-under in downcomer and applying steady state

mass and energy balances, an expression (Eq. 3.43) for the feedwater inlet subcooling is

given as

Nsub =

(
hl − hfi

hg− hfi

)
NZu1 (5.25)

In comparison studies (Section 5.3), the feedwater system is considered using Eq.

5.25. The stability map is plotted on feed water inlet temperature - reactor power param-

eter plane. In stability analysis (Section 5.4), a constant core inlet subcooling is assumed.

5.2.2 RELAP5 model

The primary heat transport loop (PHT) of boiling system consists of core, riser, steam

drum, downcomer etc. Sub-cooled water enters the core and the two-phase mixture entersTH-0556_02610302
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Figure 5.2: Nodalization scheme of double channel RELAP5 model

the steam drum through riser. The steam is separated in the steam drum and the saturated

liquid mixes with sub-cooled feedwater and enters the downcomer. The heat supply is

assumed to be constant and uniform along the active core. The nodalization scheme of

the double channel system is shown in Figure 5.2. The inlet feeder pipes, core bottom,

active core and the riser are modeled using the pipe components (cards 120 and 121)

represented by P1 and P2. Based on a detailed nodal sensitivity test (discussed in Section

5.3.1), the pipe components P1 and P2 are divided into 17 volumes. The first two volumes

represent inlet feeders (0.0074m2 flow area, 10.0 m vertical and 7.0 m horizontal length)

and third volume represent core bottom (0.0027 m2 flow area and 4.9m vertical length).

Volumes 4 to 13 represent active core (0.00483m2 flow area and 3.5 m length) and the

volumes 14 to 17 model the riser (0.01170m2 flow area and 5.0 m length).

Junctions 600 and 609 connect the pipe components 120 and 121 respectively to the

outlet header (single volume component 134). The steam drum of the boiling systemTH-0556_02610302
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is modeled using a steam separator (component 130). A steam separator has one inlet

and two outlets (one each for steam and saturated water). The steam from the separator

passes to a sink modeled by a time dependent volume (component 200). The saturated

liquid flows to the single volume 131 where it mixes with feedwater and through junction

604, the single phase liquid passes into downcomer (0.0120 m2 flow area) modeled using

pipe component 132. The feedwater inlet is modeled using a time dependent volume

201. The inlet header (0.25 m2 flow area and 0.1m length) is modeled as a single volume

(component 133). The inlet feeders (first two volumes of pipe components 120 and 121)

are connected to the inlet header by junctions 606 and 607, respectively. The two single

channels modeled by pipe components 120 and 121 have the same volume flow area and

length. The heat supply to the active core is modeled using heat structures. The heat

structure is divided into volumes equivalent to the volumes of active core and constant

power option (no neutronics) is used.

5.3 Nodal sensitivity and model comparison

5.3.1 Nodal sensitivity test

As discussed in Section 3.3, RELAP5 uses a one-dimensional, transient, two-fluid model

for the flow of a two-phase steam-water mixture. In the two-fluid non-equilibrium model,

each phase is defined by separate mass, momentum and energy balance equations result-

ing in six basic field equations. The system of differential equations along with the linear

equations of state and additional constitutive relations, are solved simultaneously by a for-

ward elimination scheme and subsequent direct solution for the pressure field. The numer-

ical solution method for the hydrodynamic model uses a finite difference scheme having

fixed, but staggered, spatial nodes. The predictions are generally sensitive to nodalization

and the uncertainty in the results has to be kept within tolerable limits by an appropri-

ate choice of nodalization. In this section the effect of nodalization on the predictions is

studied. Parametric studies are carried out at 7 MPa and 4 MPa pressures. Five different

nodalization schemes (denoted A, B, C, D and E in Figures 5.3 – 5.5) having different

nodalizations of the active core and riser sections have been considered. Figures 5.3 –

5.4(b) show the mass flow rate, void fraction and exit quality calculated at different pow-TH-0556_02610302
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Figure 5.3: Parametric study with different nodalization schemes at 7 MPa

ers for four different nodalization schemes (A, B, C and D) at 7 MPa pressure. At low

powers, all the schemes predict very close values of the mass flow rate, the difference

being in the third and fourth decimals (Figure 5.3). However, the difference in the predic-

tions widens as the power increases. The effect of nodalization schemes on void fraction

and core exit quality is shown in Figures 5.4(a) and 5.4(b), respectively.

It can be observed that the nodalization scheme affects quality at higher powers, but

the void fraction is not much affected. However, there is considerable increase in CPU

time for finer nodalization schemes. It is also observed that as the number of nodes in-

creases, the marginal stability boundary or the occurrence of oscillatory behavior shifts

towards the high power region. Thus, within the stable region, the steady state values

obtained by all the four schemes considered match with each other, albeit there are dif-

ferences in the marginal stability boundary. It is observed that the predictions of scheme

C are close to those of scheme D (which has finer nodalization in the core). Further para-

metric studies are carried out at pressure 4 MPa with three nodalization schemes (A, C

and E). It can be observed from Figure 5.5 that the results of Scheme C are very close to

those of scheme E (which has finer nodalization in the riser section). Based on this study,TH-0556_02610302
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Figure 5.5: Mass flow rate calculated for different powers using different nodalization
schemes at 4 MPa

scheme C (10 core volumes and 4 riser volumes) is selected for analysis in the present

work.

5.3.2 Comparison of LPM and RELAP5 models

RELAP5 transient simulations are carried out at various operating conditions and pres-

sures. Initially, parametric studies are conducted at 7 MPa pressure using RELAP5 and

steady state lumped parameter model and the results are compared. The core inlet mass

flow rate at various channel powers simulated by LPM and RELAP5 is shown in Fig-

ure 5.6(a). It can be observed that the lumped parameter model predicts trends similar

to those observed in RELAP5 simulations. The LPM underpredicts the mass flow rate at

lower powers and overpredicted at powers higher than 400 kW. As the power is increased,

the mass flow rate increases first and then decreases at higher powers as discussed in 3.4.

The core exit quality predictions using lumped parameter model are in very good

agreement with RELAP5 predictions at low powers, but deviate at high powers as shownTH-0556_02610302
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Figure 5.7: Variation of void fraction with channel power at 7 MPa

in Figure 5.6(b). The void fraction predictions by RELAP5 and LPM are shown in Fig-

ure 5.7. It can be observed that the core void fraction is overpredicted by LPM when

compared with RELAP5 simulations, albeit the trends are similar. It is observed that the

LPM overpredicts the void fraction and exit quality as compared to RELAP5 predictions,

although the trends obtained with LPM are similar to those simulated with RELAP5. The

differences can be due to the various simplifying assumptions made in LPM.

The lumped parameter model is linearised about its steady-state point and the eigen-

values of the Jacobian matrix are evaluated. The stability is determined by the nature

of the eigenvalues of the Jacobian matrix. A marginal stability boundary is plotted on a

channel power-feedwater inlet temperature (i.e. water temperature in volume 201) plane

at pressure 7 MPa. Similarly, RELAP5 transient simulations are carried out at various

powers and feedwater inlet temperatures. The stability of the system is inferred from the

nature of time evolutions of different variables such as void fraction, quality and mass

flow rate and a marginal stability boundary is plotted accordingly. The marginal stability

boundaries computed by LPM and RELAP5 are shown in Figure 5.8. It can be observed

that the stability boundaries developed by using LPM and RELAP5 have similar trendsTH-0556_02610302
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Figure 5.8: Comparison of marginal stability boundary at 7.0 MPa

and the lumped parameter model is conservative.

5.4 Stability analysis with LPM

The lumped parameter model (system of nonlinear ordinary differential equations) is lin-

earized about its steady-state point and the eigenvalues of the Jacobian matrix are eval-

uated. In this analysis, the feedwater modeling is not considered instead a constant core

inlet subcooling is considered. The stability is determined by the nature of the eigenvalues

of the Jacobian matrix. A marginal stability boundary is plotted on aNZu – Nsub plane

as shown in Figure 5.9. Complex eigenvalue crossing is observed across the marginal

stability boundary (MSB), which confirms Hopf bifurcation and the presence of periodic

orbits in the neighborhood of the MSB. Transient simulations are carried out in the un-

stable regions (both Type I-and Type-II regions) and stable periodic orbits (limit cycles)

are located. A small perturbation from the steady state causes the system to exhibit sus-

tained periodic oscillations. This confirms that the system undergoes supercritical HopfTH-0556_02610302
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Figure 5.9: Marginal stability boundary plotted using lumped parameter model

bifurcation.

A double channel system consisting of two identical and equal-heating channels with

constant heat flux condition has two modes of oscillation: in-phase and out-of-phase, de-

pending on the feedback effect of recirculation loop dynamics. The dominance of grav-

itational and frictional pressure drops and the inertial effects in downcomer influence

the in-phase and out-of-phase modes of oscillations at different operating conditions. The

downcomer inertia characterized by(L∗D/A∗D) depends on the geometrical parameters such

as riser length, length and area of core, length and area of downcomer. The influence of

the above quantities on the in-phase and out-of-phase oscillations in equal powered dou-

ble channels is investigated with the help of transient simulations in Type-I and Type-II

regions. In Type-I region (low power and low to medium subcooling), the gravitational

pressure drop in the unheated riser section plays a dominant role. The fractional contribu-

tion of pressure drops atNsub= 1.565 in Type-I region andNsub= 0.630 in Type-II region

are shown in Figures 5.10 and 5.11. It can be observed that the gravitational pressure drop

contributes about 90 percent in Type-I region (Figure 5.10), whereas frictional pressure

drop has significant contribution of nearly 50 percent in Type-II region (Figure 5.11). TheTH-0556_02610302
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Figure 5.12: Comparison of channel pressure drops in Type-I and Type-II regions

oscillations in channel pressure drops in Type-I and Type-II regions are shown in Figure

5.12. The amplitude and frequency of the channel pressure drop in Type-I region are small

compared to those in Type-II region. Thus, the channel pressure drop in Type-I region is

nearly constant (with very small oscillations) and unaffected by flow fluctuations. Hence,

when there is increase in mass flux density in one channel, then the velocity in the other

channel reduces such that the net pressure drop remains constant. Consequently, in Type-

I region, the two channels (identical and equal-heating) oscillate out-of-phase with each

other. Figure 5.13(a) shows the out-of-phase oscillations in Type-I region atNZu = 2.0

andNsub = 1.565 (point P1 of Figures 5.9 and 5.10).

In Type-II region, the frictional pressure drop is significant (Figure 5.11). An increase

in inlet mass flux density in one channel significantly increases the pressure drop. Accord-

ingly, the inlet mass flux density in the other channel also increases. This causes in-phase

oscillations. Figure 5.13(b) shows in-phase oscillations atNZu = 10.0 andNsub = 0.630

in Type-II region (point P2 of Figures 5.9, 5.11 and 5.14). The effect of downcomer iner-

tia on in-phase and out-of phase oscillations is shown in Figure 5.14. Downcomer inertia

influences the mode of oscillation in Type-II region. It can be seen from Figure 5.14 thatTH-0556_02610302
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as the downcomer inertia is increased (by increasing(L∗D/A∗D)), the two channels oscillate

out-of-phase in Type-II region. This happens because oscillations in the downcomer flow

rate are suppressed when the downcomer inertia is high.

The term(L∗D/A∗D) can be increased either by increasing the riser length and the flow

areas of channels in the core, or by decreasing the length of the core and cross sec-

tional area of the downcomer. Thus, the geometrical configuration of the boiling sys-

tem influences the mode of oscillation in Type-II region. The out-of-phase oscillation at

NZu = 10.0 andNsub = 0.682 in Type-II region (point P3 of Figures 5.11 and 5.14) is

shown in Figure 5.15.TH-0556_02610302
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Figure 5.15: Out-of-phase oscillations in Type-II region at point P3.

5.5 Channel-to-channel interaction and on-power refuel-

ing

In multi-channel systems, interaction between the channels exists due to closed loop

boundary conditions. Fluctuations (generally power) in one channel disturb the other

channels. The channel-to-channel interaction in a double channel system is studied using

RELAP. Here, the two channels are referred to as C1 and C2. Initially, the two channels

are given the same power. Once the system stabilizes, the power in channel C2 is in-

creased by 20 percent and transient simulations are continued for a sufficiently long time.

The interaction between the channels is investigated at different operating conditions.

The effect of power fluctuations in C2 at low and high powers (100 and 500 kW per

channel) is shown in Figures. 5.16(a) and 5.16(b), respectively. Figure 5.16(a) shows the

effect of 20 percent power increase in C2 on mass flow rate and core exit void fraction

for feedwater temperature 403.15 K, pressure 7 MPa and power 100 kW per channel. It

can be seen that, as power is increased in C2 by 20 percent, the mass flow rate and voidTH-0556_02610302
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fraction in C2 are increased. However, there is no significant effect on the mass flow

rate and void fraction in C1. This is because, at low powers, the gravitational pressure

drop is dominant and the contribution of frictional pressure drop is not significant (Figure

5.10). The total channel pressure drop in C2 is unaffected by small power fluctuations

at low powers, hence the flow rate in C1 is undisturbed. However, at higher power (500

kW), the dynamics is different. Figure 5.16(b) shows the effect of 20 percent increase in

power on mass flow rate and core exit void fraction in C2 at 500 kW. It can be observed

that as power is increased in C2, the mass flow rate in C2 decreases but the void fraction

increases. The mass flow rate in C1 also decreases after initial disturbance, but the void

fraction in C1 is unaffected. The reason for decrease in mass flow rate at higher powers is

discussed in Section 3.2. At high powers, when there is increase in power in C2, the void

fraction in C2 increases (Figure 5.16(b)(2)). This results in increase in frictional pressure

drop, which is dominant at high powers. Thus, the total pressure drop in C2 increases,

resulting in decrease in mass flow rate. To enforce the constant pressure drop boundary

condition across the two identical channels, the increase in pressure drop is compensated

by reduction in mass flow rate in channel 1.

On-power refueling is a process in which fuel rod in one of the channels is removed

and a new fuel rod is inserted. During this process, there is no heat supplied in the channel

and the flow area in the said channel increases. In the present study, the effect of refueling

on the dynamics of the system at different powers and pressures is investigated in a double

channel system. It may be noted that, in a real reactor, there will be hundreds of channels

and refueling in one of the channels may not have a significant effect on the other chan-

nels, except a few neighboring channels. However, in the present study, a double channel

system is considered in order to know the maximum possible effect of refueling. The sys-

tem behavior during refueling is studied at operating pressures 7 and 4 MPa for different

powers. The feedwater inlet temperature is kept constant at 403.15 K. Initially, RELAP5

code is run with the same power for the two channels C1 and C2. Once the steady state is

reached, the fuel rod is removed from channel C2 and the simulation is continued. This is

implemented in the restart file by setting the power in channel C2 to zero and modifying

the flow area and the hydraulic diameter in the corresponding hydrodynamic component.

Thus, the power reduction (to zero) and the area increase in channel C2 are assumed to

occur at the timet = 0+ in the simulation. This is a conservative analysis because the

transients during the refueling process will be less severe due to the gradual removal ofTH-0556_02610302
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the fuel rod from the channel.

There are three possibilities when fuel rod is removed from a channel: forward flow

of cold water, reverse flow of hot water, or stagnation. Forward flow will occur in channel

C2 (even after removal of fuel rod) if the external pressure drop imposed on the channel

is greater than the hydrostatic pressure drop in the channel (which can never happen due

to the frictional pressure drop in the downcomer). Flow reversal will occur in channel

C2 when the external pressure drop imposed on the channel is less than the hydrostatic

pressure drop in the channel. Stagnation will occur in C2 if the external pressure drop

imposed on the channel is less than the hydrostatic pressure drop for cold water (at the

bottom of the channel) but greater than the hydrostatic pressure drop for hot water (at

the top of the channel). It is important to study stagnation from the safety point of view,

because it may lead to cold pressurization in the channel due to heat loss to the moderator.

Figure 5.17(a) shows the effect of refueling at low and high powers (100 kW and 700

kW, respectively). The pressure is maintained at 7 MPa. Figure 5.17(a) shows the effect

of refueling at high power (700 kW). The inlet mass flow rates in channels C1 and C2

are shown in Figure 5.17(a) (1). When fuel rod is removed in channel C2, more liquid is

drawn into the channel from the inlet header due to increase in flow area and consequent

reduction in frictional resistance. Thus, there is a sudden rise in the mass flow rate at the

inlet to channel C2 (Figure 5.17(a)(1)). Subsequently, as the channel C2 is filled with

water from inlet header, the flow rate gradually decreases and eventually reaches a near-

stagnation condition. On the other hand, there is a sudden reduction in the mass flow rate

at the outlet of C2 (Figure 5.17(a)(2)). This is because the upward flow has decreased

due to increase in the flow area in the active core. It can also be observed from Figure

5.17(a)(1) that the mass flow rate in channel C1 fluctuates significantly. Figure 5.17(a)(3)

shows the effect of refueling at low power (100 kW). It can be observed that the behavior

of refueled channel C2 is similar to that observed at higher power (Figure 5.17(a)(1));

however, there is no significant disturbance in channel C1. Hence, at higher powers,

the disturbances in C1 are more compared to the disturbances observed at low powers.

Refueling studies are also carried out at pressure 4 MPa to study the effect of pressure.

Figures 5.17(b) (1) and 5.17(b) (2) show the mass flow rate at the inlets to channels C1

and C2 at powers 500 and 50 kW per channel. It can be observed that there is steady

reverse flow in channel C2 with a very low mass flux (an order of magnitude lower than
TH-0556_02610302
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(a) Effect of on-power refueling in channels C1 and C2 at 7 MPa pressure on the mass
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Figure 5.17: Effect of on-power refueling in channels C1 and C2 at 7 and 4 MPa pressuresTH-0556_02610302
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that in C1). Figure 5.17(b)(3) compares the flow in channel C2 at powers 500 and 50

kW per channel. It can be observed that the flow reversal is less at higher power due to

higher driving force. In the cases studied (7 MPa and 4 MPa), the external pressure drop

is found to be very close to the hydrostatic pressure drop (the difference being of the order

of 0.1 kPa). Therefore, a near-stagnation condition or low-velocity reverse flow can be

expected, which is confirmed by the numerical simulations discussed above.

5.6 Channel-to-channel interaction and on-power refuel-

ing in NCBWR

A detailed description of the primary heat transport loop (PHT) of a pressure tube type

NCBWR is given in Section 3.4.1 where the NCBWR was modeled as a single channel

(volume flow area equivalent to that of 113 channels) system . However, in the present

study to facilitate the analysis of on-power refueling, the pressure tube type NCBWR is

modeled as a three channel system comprising two hot channels (HC1 and HC2) and one

average channel (AC) with volume flow area equivalent to the volume flow area of 111

channels. The geometrical configuration and the division of pipe components into number

of nodes are same as presented in Section 3.4.1. The nodalization of the NCBWR is shown

in Figure 5.18. The channels and risers are modeled as pipes represented by components

120, 121 and 122. The pipe components 121 and 122 model two single hot channels (HC1

and HC2, respectively) having same volume flow area and length. However, the volume

flow area of average channel modeled by pipe component 120 is equivalent to 111 coolant

flow channels.

The system behavior during refueling is studied at operating pressures 7 and 5 MPa

for different powers. The feedwater inlet temperature is kept constant at 403.15 K. In this

study the hot channel HC2 is considered for refueling. The trends observed are similar to

those observed in the refueling studies of double channel system. The mass flow rate at

junction 608 (inlet to hot channel HC2 in Figure 5.18) is shown in Figure 5.19 at three

different powers. It is observed that at all powers when the fuel rod is removed in the

channel HC2, there is a sudden rise in the flow rate due to the inflow of hot and cold

liquids from the steam drum and the inlet header, respectively. Once the channel filled,TH-0556_02610302
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Figure 5.19: Mass flow rate at junction 608 (inlet of refueled channel HC2).
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Figure 5.20: Steam drum level at different power during refueling.

the flow stagnated. The reduction in the drum level during refueling at three different

powers is shown in Figure 5.20 which is an evidence for the down flow of hot water due to

gravity. The reduction in drum level is very little because of the large volume of the steam

drum. Comparing Figures 5.19 and 5.17(a), the behavior of the refueled channels HC2

of NCBWR and C2 of double channel system are observed to be similar and stagnation

occurred in both the systems. The effect of refueling on the other channels AC and HC1

is shown in Figure 5.21. It can be observed that during refueling, the disturbance in mass

flow rate observed in the channels AC and HC1 was of the order of 0.5 to 1.0 percent of

the mass flow rate in the respective channels. It is also observed that at higher powers, the

disturbances are more compared to the disturbances observed at low powers. However,

in the case of double channel system it can be observed that the disturbance in mass flow

rate in the channel C1 is nearly of the order of the mass flow rate in the channel Figure

(5.17(a)). Hence, during refueling of channel HC2, the other channels AC and HC1 of

the pressure tube type NCBWR are not much disturbed as compared to the disturbance

observed in channel C1 (Figure 5.17(a)) for the double channel system. This can be

explained as below.TH-0556_02610302
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Figure 5.21: Effect of refueling in channels AC and HC1
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Figure 5.22: Mass flow rate at junction 608 for channel HC2 at 5 MPa.

In double channel system, the two channels are identical and share the same lower and

upper plenum. Each channel has a significant contribution in the total pressure drop across

the channels. Hence, a disturbance in one of the channels significantly affects the total

pressure drop across the system, due to which, the mass flow rate in other channel also

varies to compensate for the change in the total pressure drop across the system. However,

in pressure tube type NCBWR, 113 channels are present. During refueling, the effect of

pressure drop variation in the channel HC2 on the total pressure drop across the system

was not significant. Hence, the other channels HC1 and AC are not much disturbed.

In order to study the effect of refueling at lower pressures, studies are carried out at 5

MPa. Figure 5.22 shows the mass flow rate at junction 608 (inlet of hot channel HC2) for

two powers (150 MW and 230 MW) corresponding to refueled channel HC2. It can be

observed that there is reverse flow in junction 608 at both the powers (150 and 230 MW).

The reverse flow at 230 MW is less compared to that at 150 MW similar to that observed

in the case of double channel system at pressure 4 MPa (Figure 5.17(b)). Hence, when

refueling is done at low pressures, reverse flow can be observed in the boiling systems.TH-0556_02610302
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5.7 Summary

In this chapter, thermal-hydraulic instabilities in a double channel system and a pressure

tube type NCBWR are investigated. Initially, a simple double channel natural circulation

boiling system is modeled separately using lumped parameter mathematical model and

RELAP5/MOD3.4. Nodal sensitivity test is carried out at two pressures using different

nodalization schemes for core and riser. At low powers, all the schemes predict very close

values of the mass flow rate, the difference being in the third and fourth decimals. How-

ever, the difference in the predictions widens as the power increases. It can be observed

that the nodalization scheme affects quality at higher powers, but the void fraction is not

much affected. As the number of nodes increases, the marginal stability boundary or the

occurrence of oscillatory behavior shifts towards the high power region. Within the sta-

ble region, the steady state values obtained by all the four schemes considered match with

each other. Parametric studies are conducted at 7 MPa pressure using RELAP5 and steady

state lumped parameter model and the results are compared. The lumped parameter model

predicts trends similar to those observed in RELAP5 simulations.

Stability and nonlinear dynamic analysis for the double channel system was carried

out using lumped parameter model. The oscillation modes of the two equal powered geo-

metrically identical parallel channels are investigated in Type-I and Type-II regions. The

effects of gravitational and frictional pressure drops, and geometrical parameters on the

oscillation modes are investigated. The two channels oscillate out-of-phase in Type-I re-

gion due to dominant gravitational pressure drop at low powers. In Type-II region, the

channels oscillate in both in-phase and out-of-phase modes depending on the dominance

of two-phase frictional pressure drop and the downcomer inertia. The downcomer in-

ertia can be varied by varying the dimensions of the boiling system. Thus, geometrical

parameters influence the mode of oscillations in Type-II region, but not in Type-I region.

Channel-to-channel interaction and on-power refueling studies are carried out for a

double channel system using RELAP model. It is observed that at low powers, distur-

bance in one channel does not have significant effect on the other channel. At higher

powers, disturbances in one channel significantly affect the dynamics of other channels.

During on-power refueling, a near-stagnation condition or a low-velocity reverse flow

can occur; the possibility of reverse flow being higher at lower pressures and lower pow-TH-0556_02610302
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ers. Further, the effects of power fluctuations and on-power refueling in a simple double

channel natural circulation system have been investigated. The refueling study was then

extended to a pressure tube type NCBWR. The trends observed are similar to those ob-

served in the case of double channel system. Reverse flow was observed at low pressures.

This study can be useful in the design and safety analysis of reactors.
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Chapter 6

Coupled-Neutronic Instabilities in

Double Channel Systems

6.1 Introduction

In NCBWRs, a strong coupling exists between the thermal-hydraulic and neutronics

which increases the number of feedback loops in addition to the recirculation loop feed-

back. This coupling strongly influences the modes of oscillations in multi channel sys-

tems. These instabilities are called reactivity instabilities which are of two types: The

core-wide oscillation mode during which the whole core behaves as one and the oscilla-

tions are in-phase across the core; The out-of-phase or regional oscillation mode, during

which one half of the core oscillates out-of-phase from the other half (March-Leuba and

Rey, 1993) . Different feedback loops that exist in a nuclear coupled double channel

natural circulation system are shown in Figure 6.1.

The thermal-hydraulic equations in a particular channel are essentially the same for

both the modes of oscillations but the boundary conditions (i.e., inlet flow and pressure

drop) are different. For in-phase mode the boundary conditions are determined by the

recirculation loop dynamics, whereas for out-of-phase mode, the boundary conditions

are fixed and they determine the necessary inlet flow to maintain a constant pressure

drop across the core (March-Leuba and Rey, 1993). According to March-Leuba and Rey

(1993), the in-phase oscillations are favored when the gain of neutronic feedback is largeTH-0556_02610302
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Figure 6.1: Schematic view of feedback loops in nuclear coupled double channel system

compared to the gain of thermal-hydraulic feedback. On the other hand, out-of-phase

oscillations are favored when the gain of thermal-hydraulic feedback is large compared to

the gain of neutronic feedback.

The neutron diffusion from one subcore to other subcore due to variation of void

has a significant influence on the out-of-phase modes of oscillations and stability of the

system. The core-wide reactivity instabilities can be investigated using single channel

lumped parameter thermal-hydraulic model, coupled with a point neutron kinetics which

considers the whole core as a single lump or point. However, in order to investigate

the out-of-phase reactivity instabilities in NCBWR, a double channel thermal hydraulic

lumped parameter model, coupled with a neutron kinetic model which includes the effect

of spatial variation of neutrons is needed.

In this chapter, the parametric effects on stability of the system, frequency, and the

oscillation modes (reactivity instabilities) are investigated. Further, nonlinear analysis is

carried out to investigate the parametric effects on the bifurcation characteristics, transi-

tion from one mode to the other mode and chaotic oscillations. For this purpose, a double

channel natural circulation boiling system is modeled using a lumped parameter thermal-

hydraulic model (LPM2) with heater wall dynamics. The reactor kinetics is represented

by multi-point neutron kinetics. A detailed derivation of LPM2 and the multi-point reac-TH-0556_02610302
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tor kinetics is discussed in Section 3.2.1. In the present study, these models are applied to

a double channel system. The final state equations are briefly discussed in Section 6.2.

6.2 Modeling of double channel system

The schematic view of the simple double channel system is shown in Figure 5.1. As dis-

cussed in Section 5.2 the double channel system (in which only 2 channels of the core

are considered for modeling), is a simplified version of the pressure tube type NCBWR

(discussed in Section 3.4.1). In the present analysis the whole core comprising 113 chan-

nels is modeled as a double channel system (each channel representing half of the reactor

core). The geometrical configuration of the double channel system in the present study

is given in Section 5.2.2. The length of the downcomer is adjusted according to the riser

length. Further, the area of the downcomer and the inlet header are given in Table 3.1.

The power dynamics is represented by multi-point reactor kinetics. The dynamic

equations for the neutron density and delayed neutron precursors in thejth subcore are

given by equations 3.13 and 3.14 as given below

dq′∗j (t∗)
dt∗

= tref

[
ρj(t∗) + Hjj − β − 1

Λ
q′∗j (t∗) +

β

λ
c∗j (t

∗) +
ρj(t∗) + Hjj − 1

Λ

]

+tref




M∑

m6=j

q′m0Hjm

q′j0Λ
q′∗m(t∗) +

M∑

m6=j

q′m0Hjm

q′j0Λ


 (6.1)

dc∗j (t
∗)

dt∗
= λtref [q

′∗
j (t∗)− c∗j (t

∗)] (6.2)

where, the suffix j = 1,2 and M=2. This results in a set of four equations in a double

channel system. The reactivityρ(t∗) is given by Eq. 3.7. The coefficientHjm, accounts

for the fraction of neutrons generated in themth subcore that migrate to thejth subcore

which can be expressed as

Hjm =
q′j0exp(−εjm)

∑M
k=1 q′k0exp(εjk)

(6.3)TH-0556_02610302
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where,εjm is the neutron interaction coefficient which is expressed asεjm =
|r j−rm|

Ln
. The

term |r j − rm| is the distance between thejth and mth subcores andLn is the neutron

migration length. In the present study only one neutron interaction coefficient is used

i.e., ε12 = ε21. Therefore, the termεjm is referred asε for simplicity. Under steady state

conditions, from the equations 3.8 and 3.9, the termHjj is given as

Hjj = 1−
M∑

m6=j

Hjm
q′m0

q′j0
(6.4)

The heater wall dynamics forjth subcore is given by Eq. 3.19 as

dT∗f ,j
dt∗

= NS[q
′∗
j − T∗f ,j + 1] (6.5)

where,NS =
tref
τf

is the ratio of reference time to the fuel time constant. Here the reference

time is given astref = Lρl
G0

where,G0 is the steady state inlet mass flux density of channel

1 of the double channel system. The thermal-hydraulics is represented by the lumped

parameter model (LPM2) derived in Section 3.2.3.

6.3 Stability analysis

The lumped parameter model (system of nonlinear ordinary differential equations) is lin-

earized about its steady-state point and the eigenvalues of the Jacobian matrix are eval-

uated. The stability is determined by the nature of the eigenvalues of the Jacobian ma-

trix. Marginal stability boundaries (MSB) are plotted on aNZu− Nsub plane for different

parametric values. Complex eigenvalue crossings are observed across the MSB, which

confirms Hopf bifurcation and the presence of periodic orbits in the neighborhood of the

MSB. The oscillation frequency of the periodic orbits near the MSB is estimated from the

imaginary part of the eigenvalues of the Jacobian matrix. The effects of different param-

eters such as void reactivity coefficient (VR), fuel time constant and neutron interaction

coefficientε, on the stability and frequency of oscillations of the system are investigated.

The void reactivity coefficient was varied from−0.005 to−0.5 and the fuel time constant

was varied from 2.0s to 18.0s. The neutron interaction coefficientε is the ratio of the

distance between the subcores and the neutron migration length, and it depends on theTH-0556_02610302
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core design and reactor physics. In the present studyε is varied from 1.0 to 15.0. It is to

be noted that, while studying the effect of one parameter, all the other parameters are kept

constant. In stability analysis the base values of the parameters are set as VR =−0.1, fuel

time constant = 5.0s andε = 5.0. The downcomer inertia which is characterized by the

parameter(L∗D/A∗D) is taken as(L∗D/A∗D) = 1.54, and the number of channels is equal to

113.

The effect of void reactivity coefficient on the stability of the system in Type-I and

Type-II regions is shown in Figure 6.2(a). Increase in the absolute value of void reactivity

coefficient has a stabilizing effect in Type-I region and destabilizing effect in Type-II

region. From Figure 6.2(b) it can be observed that the frequency of oscillations increases

in both Type-I and Type-II regions as the absolute value of the void reactivity coefficient

increases. On the other hand, the fuel time constant has a stabilizing effect in Type-

II region and destabilizing effect in Type-I region as shown in Figure 6.3(a). It can be

observed that the effect of VR and fuel time constant on the Type-I and Type-II regions in

the present study match with the stability studies carried out using single channel model

with geometrical configuration 1 in Section 4.3.2. Furthermore, the effect of fuel time

constant on the frequency of oscillations is shown in Figure 6.3(b). At low powers, the

frequency of oscillations increases with fuel time constant and at higher powers (Type-

II region) the frequency decreases with increase in fuel time constant. It can also be

observed that the frequency of oscillations increases with increase in Zuber number.

The effect of neutron interaction coefficientε on the stability and frequency of oscilla-

tions is shown in Figure 6.4. Increase inε characterizes reduction in neutron interactions

between channels. It can be observed from Figure 6.4(a) that increase inε has a destabiliz-

ing effect on Type-II region and stabilizing effect on Type-I region. Lower the interaction

coefficient, higher is the neutron interaction between the channels and increase in the sta-

bility of the system. Thus, it can be inferred that at high powers, compact cores will be

more stable compared to larger cores, while opposite will be the case at low powers. The

effect ofε on the frequency of oscillations is shown in Figure 6.4(b). The frequency of

oscillations increases slightly with the increase in the neutron interaction coefficient.
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Figure 6.2: Effect of void reactivity coefficient on stability and frequency of oscillations
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6.4 Parametric effects on modes of oscillations

The regional and core-wide oscillations are influenced by the geometrical and feedback

parameters. In this section, the effects of various parameters on the in-phase and out-

of-phase modes are studied. Transient simulations are carried out in Type-II region at

different parametric values. Figure 6.5(a) shows the effect of Zuber number on the modes

of oscillations in Type-II region, plotted on VR - fuel time constant parameter plane. It

can be observed that, increase in Zuber number favors out-of-phase oscillations. The in-

phase oscillations are favored by increase in absolute value of void reactivity coefficient.

This is because the gain of neutronic feedback increases with increase in absolute value

of void reactivity coefficient. It can also be observed that the out-of-phase oscillations are

favored by increase in fuel time constant. Fuel time constant characterizes delay in the

heat transfer. The more the fuel time constant, the higher is the delay in heat transfer from

fuel rod to the coolant.

Figure 6.5(b) shows the effect of void reactivity coefficient at different Zuber num-

bers. In-phase oscillations prevail at low powers under strong reactivity feedback. At

low Zuber numbers, the mass flow rate is very less and cannot dominate the frictional

effects in downcomer. This reduces the gain of thermal-hydraulic feedback and in-phase

oscillations are favored. However, at high Zuber numbers, the delay effects are dominantTH-0556_02610302
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and suppress the gain of neutronic feedback and favors out-of-phase oscillations. It can

be observed that at high Zuber numbers, the out-of-phase oscillations occur at relatively

lower values of fuel time constant compared to lower Zuber numbers. The effect ofε

is shown in Figure 6.6(a) at different powers. It can be observed that higher values ofε

favor out-of-phase oscillations. In large cores, the distance between the subcores is large

and the neutron interaction between the subcores reduces. The gain of neutronic feedback

is large under strong neutronic interactions between channels (i.e., at lower values ofε).

Thus, in-phase oscillations are favored with lower values ofε. Figure 6.6(b) further shows

the effects ofε on oscillation modes at two different values of void reactivity coefficient.

The boundaries appear to be flat at higher values ofε. Thus, in large cores the neutron

interaction between the subcores (or interaction coefficientε) has negligible effect on the

modes of oscillations. However, in compact cores, the distance between the subcores is

short and hence, theε has a significant effect on the modes of oscillations (6.6(b)).

The effect of riser length in Type-II region (NZu = 12.0) for different values of VR

is shown in Figure 6.7(a). In Type-II region, two-phase frictional pressure drop plays a

dominant role. Increase in riser length increases gravitational pressure drop and favors

out-of-phase oscillations. Figure 6.7(b) shows the effect of downcomer inertia on the os-

cillation modes. The downcomer inertia is characterized by(L∗D/A∗D). The effects of geo-

metrical parameters such as area and length of core, area and length of downcomer, on the

oscillation modes can be interpreted by the study of effect of(L∗D/A∗D). In Figure 6.7(b),

the value of(L∗D/A∗D) is increased by reducing the area of downcomer. An increase in

downcomer inertia suppresses the flow rate fluctuations in the downcomer. Hence, when

the flow rate in one channel increases, then the flow rate in the other channel reduces,

such that the total flow rate in the downcomer is unaffected. Therefore, increase in the

downcomer inertia favors out-of-phase oscillations as shown in Figure 6.7(b). This result

is in agreement with the observations made by (van Bragt, 1998). It can also be inferred

that, increase in the flow area and the length of core favors the out-of-phase oscillations.

The effect of(L∗D/A∗D) at different powers and VR =−0.1 is shown in Figure 6.8. It

can be observed that increase in the downcomer inertia favors out-of-phase oscillations at

all values of Zuber number. In Section 5.4 the effect of downcomer inertia on the modes

of oscillations in a double channel system is studied with constant heat flux condition (no

neutronics). In the absence of neutronic feedback and delay effects (no heater wall dy-
TH-0556_02610302
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namics), it was observed that in Type-I region (low Zuber numbers) the channels oscillate

in out-of-phase mode and in Type-II region (high Zuber numbers) the channels oscillate

in-phase (Figure 5.13). It was also observed that an increase in downcomer inertia fa-

vors out-of-phase oscillations in Type-II region, but has no effect in Type-I region (Figure

5.14). Though an increase in the downcomer inertia favors out-of-phase oscillations in

the absence of neutronics, its effect is not seen in Type-I region because the out-of-phase

oscillations in Type-I region occur due to the dominant gravitational pressure drop as

discussed in Section 5.4.

However, when the neutronic feedback and delay effects are considered as in the

present study (Figure 6.8), the effect of downcomer inertia at low Zuber numbers (Type-I

region) can be studied. This is because the neutronic feedback favors in-phase oscilla-

tions which can be observed in Figure 6.8. However, when the downcomer inertia is

increased and (or) the delay in heat transfer is increased (increase in fuel time constant),

the out-of-phase oscillations are favored at all Zuber numbers.TH-0556_02610302
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Figure 6.10: Transient simulations at point C1 and C2 of Figure 6.9

6.5 Nonlinear dynamics and bifurcation studies

As discussed in Section 6.3, when the stability boundary is crossed in the parameter plane,

a pair of complex conjugate eigenvalues crosses the imaginary axis in the complex plane.

Therefore, according to the Hopf bifurcation theorem, there is a possibility of existence of

stable limit cycles (supercritical Hopf bifurcation) in the unstable region or unstable limit

cycles (subcritical Hopf bifurcation) in the stable region. Transient simulations are carried

out at different parameter values and the presence of periodic orbits, period doubling

sequence, and chaotic oscillations (strange attractors) are investigated for both the in-

phase and out-of-phase oscillation modes. The periods of stable and unstable periodic

orbits are calculated using the limit cycle shooting technique (Parker and Chua, 1989)

and cross checked with direct transient simulations. The presence of chaotic orbits is

confirmed by plotting Poincaré sections, and by evaluating Lyapunov exponents.

Figure 6.9 shows the bifurcation characteristics at point P1 (Figure 6.5(b)) during

transition from the in-phase to the out-of-phase mode. Transient simulations are carried

out at NZu = 10.0 and VR =−0.2 in Type-II region for different values of fuel time

constant. The study is carried out with riser length (LR = 10.0 m) and downcomer inertia

(L∗D/A∗D) = 1.54. The fuel time constant is varied form 2 to 15s. It is observed that the

system undergoes supercritical Hopf bifurcation across the MSB (solid line in Figure 6.9)TH-0556_02610302
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for all values of fuel time constant. In the unstable region, for the values of fuel time

constant lower than about 5s, the channels experience sustained in-phase oscillations, and

for values higher than 5s, the channels oscillate out-of-phase. The transition from in-phase

to out-of-phase oscillations takes place around fuel time constant equal to 5s where the

subcooling number plays an important role in changing the mode of oscillations. It can be

observed that at fuel time constant equal to 5s in-phase oscillations occurred initially at

point C1 and on further increase in subcooling number, out-of-phase oscillations occurred

at C2. Transient simulations are carried out at the two points C1 and C2. At point C1,

the channels oscillate in-phase (Figure 6.10(a)) and it can be observed that it is a simple

limit cycle. However, at point C2 (Figure 6.10(b)), it can be observed that the channels

oscillate out-of-phase and have experienced period multiplication.
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Figure 6.11: Bifurcation characteristics at riser lengthLR = 5.0 m .

The effect of riser length on bifurcation characteristics is shown in Figure 6.11. The

riser length is reduced to 5.0 m and the other operating conditions are the same as those

in Figure 6.9. It is observed that the system experiences supercritical Hopf bifurcation at

fuel time constant values below 5 seconds, approximately. A stable limit cycle at point

C3 (Fuel time constant = 4.0s,Nsub = 0.44) is shown in Figure 6.12(a). The channelsTH-0556_02610302
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Figure 6.12: Transient simulations at points C3 and C4 of Figure 6.11
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Figure 6.14: Largest Lyapunov exponent atNsub = 0.533 for riser length = 5 m.

are observed to oscillate in-phase. As the subcooling number is slowly increased the

period has quadrupled at point C4 (Nsub = 0.5205). The phase portrait of the quadrupling

is shown in Figure 6.12(b). On further increase inNsub a series of period doublings

occurred and eventually the system became chaotic atNsub = 0.533. A Poincaŕe section

of the chaotic attractor is shown in Figure 6.13(a). The scattered nature of the points

indicates chaotic behavior. Power spectral density and the largest Lyapunov exponent,

are shown in Figures 6.13(b) and 6.14, respectively. The continuous power spectrum

indicates the chaotic nature of oscillations. This is confirmed by the observation that one

of the Lyapunov exponents is positive.

Further transient simulations are carried out by varying the fuel time constant between

5s and 20s to test the presence of periodic orbits near the MSB. It is observed that for fuel

time constant values above 5s, the system experiences subcritical Hopf bifurcation (i.e.,

presence of unstable limit cycles in the stable region) and out-of-phase with each other.

Transient simulations indicating the presence of unstable limit cycles at points C5 (fuel

time constant = 12.0s,Nsub = 0.67, NZu = 10.0) and C6 (fuel time constant = 14.0s,

Nsub = 0.67, NZu = 10.0) are shown in Figure 6.15(1) and 6.15(2), respectively. UnlikeTH-0556_02610302
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(1): Unstable limit cycle at point C5

(2): Unstable limit cycle at point C6
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Figure 6.15: Determination of unstable limit cycles at C5, C6 of Figure 6.11.

stable limit cycles, it is not possible to obtain the phase-portraits of unstable limit cycles

by numerical integration, unless the initial point is exactly on the limit cycle. Therefore,

trajectories emanating from two initial conditions are shown in Figure 6.15. The trajec-

tory emerging from one initial condition diverges out (solid line in Figure 6.15), whereas

the trajectory from other initial condition (dashed line in Figure 6.15) converges to the

fixed point, which is locally stable. This shows that the system can be unstable for large

disturbances even though it is stable for small perturbations about its steady-state.

The effect of riser length on chaotic oscillations is shown in Figure 6.16(a). The

period doubling sequence with respect to the variation ofNsub is plotted for two different

riser lengths (5m and 10 m) atNZu = 10.0 at VR =−0.2 and fuel time constant equal to

4.0s. The bifurcation parameterNsub was increased slowly and the exact point of period

doubling on the parameter plane was located using the method of limit cycle shooting and

confirmed with transient simulations. The region between vertical lines A and B denotes

a cascade of period doublings, the line B represents the onset of chaos, and the region

between lines B and C is that in which the system was found to be chaotic. At riser length

LR = 10 m the difference between the occurrences of period doublings was very small,TH-0556_02610302
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making it difficult to distinguish the exact points of period doublings in Figure 6.16(a).

Hence, the region of higher periods is simply marked by vertical lines A and B. Lyapunov

exponents are evaluated at line B (Nsub= 0.5615) for riser lengthLR = 10.0 m. It is found

that one of the Lyapunov exponents is zero and all the other exponents are negative, which

means that the system is not chaotic. Thus, at riser length = 10m, the chaotic oscillations

did not occur for the geometrical configuration considered in the present study. It can

be observed that due to increase in riser length, the occurrence of Hopf bifurcation and

the period doublings are delayed. Hence, it can be expected that if chaotic oscillations

occur for some geometrical configurations, they will be delayed when the riser length is

increased. The effect of neutron interaction coefficient on chaotic oscillations is shown in

Figure 6.16(b). Period doubling studies are carried out for three different values ofε (i.e.

ε = 6.0, 8.0, 10.0). It can be observed that the chaotic oscillations are delayed at lower

values ofε. At ε = 6.0 the period doubling and chaos did not occur. Thus, strong neutron

interaction among channels delays chaotic oscillations.

6.6 Summary

In the present chapter, a natural circulation double channel boiling system is modeled

using the lumped parameter approach. The reactor kinetics is represented by multi-point

neutron kinetics which includes the spatial variation of neutrons. The thermal-hydraulics

is represented by LPM2. Stability analysis is carried out and parametric effects on modes

of oscillations have been investigated. Furthermore, the parametric effects on bifurcation

characteristics and chaos are investigated.

Increase in the absolute value of void reactivity coefficient has a stabilizing effect in

Type-I region and destabilizing effect on Type-II region, and increases the frequency of

oscillations in both Type-I and Type-II regions. The fuel time constant has a stabilizing

effect on Type-II region and destabilizing effect on Type-I region. The frequency of os-

cillations increases with fuel time constant at low powers, and at higher powers (Type-II

region) the frequency decreases with increase in fuel time constant. Increase inε has

a destabilizing effect on Type-II region and stabilizing effect on Type-I region. Lower

the interaction coefficient, higher is the neutron interaction between the channels and in-

crease in the stability of the system. Thus, it can be inferred that at high powers, compactTH-0556_02610302
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cores will be more stable compared to larger cores, while opposite will be the case at low

powers.

Increase in Zuber number favors out-of-phase oscillations. The in-phase oscillations

are favored by increase in the absolute value of void reactivity coefficient. This is because

the gain of neutronic feedback increases with increase in absolute value of void reactivity

coefficient. The delay in heat transfer from fuel rod to the coolant reduces the gain of

neutronic feedback and favors out-of-phase oscillations. The delay effects are dominant

at high powers. The out-of-phase oscillations occur at relatively lower values of fuel time

constant at high Zuber numbers compared to lower Zuber numbers. In large cores, the

distance between the subcores is large and the neutron interaction between the subcores

reduces and favors out-of-phase oscillations. However, the gain of neutronic feedback

is large under strong neutronic interactions between channels (i.e. at lower values ofε).

Thus, in-phase oscillations are favored with lower values ofε. Furthermore, in large sub-

cores or if the distance between the subcores is large, the neutron interaction between the

subcores (or interaction coefficientε) has negligible effect on the modes of oscillations.

However, in compact cores, the distance between the subcores is very less and hence,ε

has a significant effect on the modes of oscillations. Increase in riser length favors out-

of-phase oscillations. The effects of geometrical parameters such as area and length of

core, area and length of downcomer, on the oscillation modes can be interpreted by the

study of effect of(L∗D/A∗D). An increase in the downcomer inertia suppresses the flow rate

fluctuations in the downcomer and favors out-of-phase oscillations. It can also be inferred

that, increase in the flow area and the length of core favors out-of-phase oscillations.

At riser length = 10 m, and VR =−0.2, the system was observed to undergo super-

critical Hopf bifurcation at all values of fuel time constant. In the unstable region, as the

fuel time constant is varied from 2s to 15s, there is a transition from in-phase to out-of-

phase oscillation mode around fuel time constant equal to 5s. During this transition, it

is observed that the subcooling number plays an important role in changing the mode of

oscillations. At riser length = 5 m, supercritical Hopf bifurcation was observed for fuel

time constant below 5s and the channels oscillate in-phase to each other. On the other

hand, subcritical Hopf bifurcation was observed for fuel time constant values higher than

5s and the channels were observed to oscillate out-of-phase. The chaotic oscillations can

be delayed by increasing the riser length. The chaotic oscillations are delayed at lower
TH-0556_02610302
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values ofε. Thus, compact cores are more susceptible to chaotic oscillations compared to

large cores.
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Chapter 7

Summary and Conclusions

The present work consists of numerical studies on flow instabilities in natural circulation

boiling systems. Thermal-hydraulic as well as coupled neutronic-thermohydraulic insta-

bilities have been studied in single and double channel systems. Nonlinear oscillations,

bifurcations and chaotic oscillations have also been investigated. Parametric effects on

the stability, oscillation modes, bifurcation characteristics, and chaos in natural circula-

tion boiling water reactors have been investigated.

7.1 Summary

Some of the salient features of the present work are summarized below

• A detailed review of the research carried out on instabilities in natural circulation

boiling systems, is conducted. Work done on instabilities due to channel thermal

hydraulics as well as neutronics thermal-hydraulics coupling has been reviewed.

Different methods of analysis used by researchers and results obtained by them have

been discussed. Various mathematical models and numerical techniques adopted

for developing computer codes have also been discussed. The findings reported in

the past three decades have been summarized to present the state of the art of the

understanding of flow instabilities in natural circulation boiling systems.

• A lumped parameter mathematical model of a simple NCBWR is derived. TheTH-0556_02610302
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power dynamics is represented by point neutron kinetics and multi-point kinet-

ics. The heater wall dynamics is represented by a lumped parameter model. A

non-dimensionalized lumped parameter thermal-hydraulic model based on homo-

geneous equilibrium mixture method is derived from the basic governing equations

of mass momentum and energy. The one-dimensional PDEs are integrated along

the boiling system and a generalized lumped parameter thermal-hydraulic model

for a multi-channel system is developed. The model is derived with different state

variables and compared.

• A pressure tube type natural circulation boiling water reactor is modeled using LPM

as well as RELAP5/MOD3.4 which is based on a two-fluid model. Nodal sensitivity

test of the RELAP5 model is carried out and a suitable nodalization scheme is

selected. Stability analysis and parametric studies are carried out for the pressure

tube type NCBWR using LPM1 and RELAP5 and the results are compared.

• Stability analysis and nonlinear dynamics of a single channel natural circulation

boiling water reactor is done using lumped parameter model (LPM1). Parametric

effects on the stability of a natural circulation boiling water reactor are studied. The

influence of system parameters on the stabilizing and destabilizing effects of pa-

rameters like void reactivity feedback (VR) and fuel time constant are investigated.

Stability maps are plotted onNZu – Nsub parameter plane.

• Different, seemingly contradictory parametric trends reported earlier in literature

about the effects of parameters such as void reactivity coefficient and fuel time

constant on the stability of the system are resolved. For this purpose, three differ-

ent system configurations have been analyzed using the same mathematical model.

The influence of neutronic parameters, such asβ, λ andΛ on the stabilizing or

destabilizing effects of void reactivity coefficient and fuel time constant is also in-

vestigated. Further, in order to investigate the influence of neutronic parameters,

the effect of void reactivity coefficient and fuel time constant was investigated for

system 1 with the neutronic parameters of system 2.

• Nonlinear analysis has been carried out for the boiling channels with and with out

riser. Both constant heat flux and coupled neutronic cases are considered. For

constant heat flux case, transient simulations are carried out across the MSB in the

Type-I and Type-II regions. Nonlinear analysis for coupled-neutronics case hasTH-0556_02610302
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been done using one of the system configurations (system 1) to study the effects of

parameters in Type-I and Type-II regions. The nature of Hopf bifurcation in both

the regions has also been investigated. Further, nonlinear analysis has been carried

out to study the effect of parameters such as VR, fuel time constant, core inlet and

exit loss coefficients on the bifurcations and chaotic behavior of the system in Type-

II region. Poincaŕe sections, Fourier power spectra and Lyapunov exponents were

computed to confirm the chaotic behavior.

• The transient simulations were done using a modified Bulirsch-Stoer algorithm ap-

plicable for stiff systems of ODEs. This algorithm based on Richardson extrapola-

tion technique is one of the best ways to obtain high-accuracy solutions to ODEs.

The stable and unstable periodic solutions were located using the limit cycle shoot-

ing technique. This technique, based on the Newton-Raphson method and the or-

thogonality condition (Mees criterion), locates a point on a periodic orbit of an

autonomous system and determines its period. Fourier power spectra were com-

puted using an FFT algorithm with the sampling interval carefully chosen to avoid

the aliasing problem. Poincaré sections (Parker and Chua, 1989) were computed by

locating crossings of the trajectory with a hyperplane in the state-space.

• Channel thermal-hydraulic instabilities in a double channel system are investigated

using LPM2 and RELAP5 models. A detailed study of instabilities and nonlinear

oscillations are carried out using LPM. Parametric effects on the modes of oscilla-

tions are investigated. Channel-to-channel interaction and on-power refueling stud-

ies are carried out using RELAP5. Further, the channel-to-channel interaction and

on-power refueling studies are extended to a pressure tube type natural circulation

boiling water reactors.

• Coupled neutronic and thermal-hydraulic instabilities in a double channel system

are investigated using LPM2. The core comprising a number of channels is modeled

as a double channel system (each channel representing half of the reactor core). The

power dynamics is represented by multi point reactor kinetics which accounts for

the neutron diffusion between the sub-cores.

• Parametric effects on stability, modes of oscillations, and bifurcation characteristics

are investigated for double channel system. Further, the effects of parameters suchTH-0556_02610302
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as neutron interaction coefficient and riser length on the chaotic oscillations are

investigated.

7.2 Conclusions

As summarized in the preceding section, a detailed investigation of parametric effects on

the stability, and nonlinear oscillation in natural circulation systems has been presented in

this work. Based on these results the following conclusions can be drawn.

• Extensive research has taken place on linear analysis of instabilities in natural cir-

culation boiling systems. Different types of instabilities have been studied sepa-

rately, experimentally and numerically, which makes it desirable to develop a uni-

fied stability map covering the entire parameter space and all types of instabilities.

Many numerical codes have been developed to simulate neutronics and thermal-

hydraulics, but development of user-friendly software with graphic user interface

remains to be done. This will facilitate extensive numerical simulations of instabil-

ities and thus help in improving reactor safety.

• The stability boundaries predicted by the lumped parameter models LPM1 and

LPM2 perfectly matched as expected because both the models are mathematically

equivalent. However, LPM2 is much faster than the LPM1. The elimination of

quadratic equations in the LPM2 model makes it computationally faster than the

LPM1.

• From the nodal sensitivity test of the pressure tube type NCBWR (Section 3.4), it

is observed that the nodalization scheme has a significant effect on the parametric

predictions and stability boundaries though the trends predicted by all the schemes

are similar. Optimum selection of a nodalization scheme should be made on the

basis of accuracy requirements and computational time. The parametric trends and

stability boundaries predicted by LPM and RELAP5 models matched well. The

differences in the parametric predictions can be attributed to various simplifying

assumptions used in LPM.

• The difference in the way the VR and the fuel time constant effect the system stabil-

ity can be either due to the influence of various geometric and neutronic parametersTH-0556_02610302
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or due to the difference in the modeling approaches. Since the present study has

been conducted by using the same mathematical model with three different system

configurations, and the results agree with the findings reported in literature, it is

confirmed that the difference observed is not attributable to model uncertainties. It

was also observed that the neutronic parameters such asβ, λ, andΛ do not influence

the nature of the effects of VR and fuel time constant on the system stability.

• For constant heat flux case, it is observed the system experienced supercritical Hopf

bifurcation across the MSB in Type-I and Type-II regions. Stable limit cycles are

located but there is no period doubling scenario. For coupled-neutronics case, in

Type-I region fuel time constant has a strong influence on the bifurcation charac-

teristics of the system. For fuel time constant values lower than 4.0s, the system

experiences a subcritical Hopf bifurcation for all the values of VR explored. On the

other hand for values of fuel time constant above 4.0s, the bifurcation was subcriti-

cal at values of VR greater (algebraically) than−0.09 and supercritical at values of

VR less (algebraically) than−0.10. However, period doubling scenario and chaos

was not observed in Type-I region.

• In Type-II region, the boiling channels with and without riser experience chaotic

oscillations under strong reactivity feedback. Boiling channel with riser experi-

ences chaotic oscillations at lower values of VR (in absolute sense) compared to

boiling channel without riser. It is observed that, an increase in VR (absolute value)

and core exit loss coefficient aggravates the chaotic oscillations. On he other hand,

an increase in parameters such as fuel time constant and core inlet loss coefficient

delayed the occurrence of period doubling and chaos. in other words, the parame-

ters which have a stabilizing effect on the system delays the occurrence of period

doubling and chaotic oscillations, and the parameters which destabilize the system

aggravates the chaotic oscillations.

• In double channel (identical) system with equal power, the two channels oscillate

out-of-phase in Type-I region due to dominant gravitational pressure drop at low

powers. In Type-II region, the channels oscillate in both in-phase and out-of-phase

modes depending on the dominance of two-phase frictional pressure drop and the

downcomer inertia. Increase in the downcomer inertia favors out-of-phase oscil-

lations. The downcomer inertia can be varied by varying the dimensions of theTH-0556_02610302
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boiling system. Thus, geometrical parameters influence the mode of oscillations in

Type-II region, but not in Type-I region.

• Channel-to-channel interaction and on-power refueling studies are carried out for

a double channel system using RELAP model. It is observed that at low powers,

disturbance in one channel does not have significant effect on the other channel.

At higher powers, disturbances in one channel significantly affect the dynamics of

other channels. During on-power refueling, a near-stagnation condition or a low-

velocity reverse flow can occur; the possibility of reverse flow being higher at lower

pressures and lower powers.

• In the pressure tube type NCBWR, during refueling of one hot channel (HC1), the

disturbance in mass flow rate observed in the average channel (AC) and other hot

channel (HC2) was of the order of 0.5 to 1.0 percent of the mass flow rate in the

respective channels. However, in the case of the double channel system it can be

observed that during refueling in one channel (C2), the disturbance in mass flow

rate in the other channel (C1) is nearly of the order of the mass flow rate in the

channel.

• Increase in absolute value of void reactivity coefficient has a stabilizing effect in

Type-I region and destabilizing effect on Type-II region, and increases the fre-

quency of oscillations in both Type-I and Type-II regions. The fuel time constant

has a stabilizing effect on Type-II region and destabilizing effect on Type-I region.

The frequency of oscillations increases with fuel time constant at low powers, and

at higher powers (Type-II region) the frequency decreases with increase in fuel time

constant. Increase inε has a destabilizing.

• Increase in Zuber number favors out-of-phase oscillations. The in-phase oscilla-

tions are favored by increase in absolute value of void reactivity coefficient. This is

because the gain of neutronic feedback increases with increase in absolute value of

void reactivity coefficient. The delay in heat transfer from fuel rod to the coolant

reduces the gain of neutronic feedback and favors out-of-phase oscillations. The

delay effects are dominant at high powers. The out-of-phase oscillations occur at

relatively lower values of fuel time constant at high Zuber numbers compared to

lower Zuber numbers.TH-0556_02610302
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• In large cores, the distance between the subcores is large and the neutron interac-

tion between the subcores reduces and favors out-of-phase oscillations. However,

the gain of neutronic feedback is large under strong neutronic interactions between

channels (i.e. at lower values ofε). Thus, in-phase oscillations are favored with

lower values ofε. Furthermore, in large subcores or if the distance between the

subcores is large, the neutron interaction between the subcores (or interaction coef-

ficient ε) has negligible effect on the modes of oscillations. However, in compact

cores, the distance between the subcores is very less and hence,ε has a significant

effect on the modes of oscillations.

• The effects of geometrical parameters such as area and length of core, area and

length of downcomer, on the oscillation modes can be interpreted by the study of

effect of (L∗D/A∗D). An increase in downcomer inertia suppresses the flow rate fluc-

tuations in downcomer and favors out-of-phase oscillations. It can also be inferred

that, increase in flow area and length of core favors out-of-phase oscillations.

• At riser length = 10 m, and VR =−0.2, the system was observed to undergo super-

critical Hopf bifurcation at all values of fuel time constant. In the unstable region,

as the fuel time constant is varied from 2s to 15s, there is a transition from in-phase

to out-of-phase oscillation mode around fuel time constant equal to 5s. During

this transition, it is observed that, the subcooling number plays an important role

in changing the mode of oscillations. At riser length = 5 m, supercritical Hopf bi-

furcation was observed for fuel time constant below 5s and the channels oscillate

in-phase to each other. On the other hand, subcritical Hopf bifurcation was observed

for fuel time constant values higher than 5s and the channels were observed to os-

cillate out-of-phase. The chaotic oscillations can be delayed by increasing the riser

length. The chaotic oscillations are delayed at lower values ofε. Thus, compact

cores are more susceptible to chaotic oscillations compared to large cores.

7.3 Observations

A few observations and suggestions which may be useful in future extensions of the

present work are given below.TH-0556_02610302



164 7.3 Observations

• This thesis presents a detailed analysis of instabilities and nonlinear oscillations

in natural circulation boiling systems. The knowledge generated by this study is

likely to be useful for the design and operation of natural circulation boiling water

reactors. Based on these studies, a suitable combination of geometrical, feedback,

and neutronic parameters can be selected.

• It is suggested that, design optimization studies be carried out to develop better re-

actors and to choose the best operating conditions, from the point of view of perfor-

mance, economy and safety. One such work has been carried out by Durga Prasad

et al. (2008).

• Many numerical codes have been developed to simulate neutronics and thermal-

hydraulics, but development of user-friendly software with graphic user interface

remains to be done. This will facilitate extensive numerical simulations of instabil-

ities and thus help in improving reactor safety.

• Nonlinear analysis of start-up transients: In the present study a high pressure lumped

parameter model is used. The fluid properties are evaluated at constant system pres-

sure. This restricts the use of this model to high pressure conditions and operational

transients. In order to investigate the nonlinear dynamics of start-up-transients, a

lumped parameter model in which fluid properties are evaluated at local pressure is

to be used.

• Nonlinear dynamic analysis of the natural circulation boiling water system using

three equation drift flux model: The drift flux model can be developed by incorpo-

rating minor changes in the lumped parameter model (which is based on homoge-

neous equilibrium mixture model) used in the present study. This analysis can give

an insight into the modeling uncertainties in the predictions of the period doublings

and chaotic oscillations.

• Effect of instabilities and chaotic oscillations on CHF: In the present the paramet-

ric effects on stability period doubling scenario and chaotic oscillations have been

studied. In boiling systems, sustained flow oscillations can reduce the critical heat

flux drastically. Experimental studies can be conducted to investigate the effect of

instabilities and chaotic oscillations on critical heat flux
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Steam drum statics

In steam drum, the saturated steam is separated and the saturated water mixes with feed-

water and flows into downcomer. The steam drum dynamics is very slow compared to

channel thermal-hydraulics because of its large volume. Hence, a steady mass balance

is applied to the steam drum. Under steady state, the amount of subcooled feedwater is

equal to the amount of saturated steam flow at steam drum outlet.

Applying steady mass and energy balances to steam drum, we get

mfi −mD + mRe(1− XRe) = 0 (A.1)

mfihfi −mshg−mDhD + mRehRe = 0 (A.2)

where,

mfi: Mass flow rate (kg/s) of makeup feedwater.

mD: Mass flow rate of subcooled water flowing into downcomer .

mRe: Mass flow rate (kg/s) of two-phase mixture at riser exit.

ms: Mass flow rate (kg/s) of saturated steam.

hfi: Specific enthalpy (kJ/kg.s) of inlet feedwater .

hD: Specific enthalpy (kJ/kg.s) of subcooled water in the downcomer. This is equal to the

enthalpy of water at core inlet (i.e.hD = hci).

TH-0556_02610302
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The enthalpy at riser exit can be expressed as

hRe = (1− XRe)hl + XRehg (A.3)

In natural circulation systems, it can be observed from equations A.1 and A.2 that,

the core inlet subcooling depends on the power generated in the core. For instance, when

power (or the Zuber number) increases, the core exit quality increases, and the circulation

flow reduces (i.e. flow of saturated liquid into the feedwater mixer reduces due to increase

in outlet steam flow). This affects the core inlet subcooling which is clear from the steady-

state energy balance Eq. A.2. At low powers, the exit quality deminishes and the mass

flow rate of saturated steam at the drum outlet reduces, which in turn results in reduction

of feedwater flow. A simple relation between the feedwater inlet enthalpy and the core

inlet enthalpy can be derived as below.

Under steady state conditions, as there is no mass accumulation, the mass flow rate

into the downcomer is equal to the mass flow of two-phase mixture at the riser exit (i.e.

mD = mRe). Hence, from equation A.1 we have,

mfi = mDXRe (A.4)

also, under steady state condition, the amount of feedwater supplied is equal to the

amount of steam produced. Hence,

ms = mfi (A.5)

substituting equations A.3, A.4 and A.5 in Eq. A.2 and simplifying, the relation be-

tween the feedwater inlet enthalpy and the enthalpy at the core inlet is given as

(hl − hci) = XRe(hl − hfi) (A.6)

This Eq. A.6 can be expressed in non-dimensional form as

Nsub = NZu

(
hl − hfi

hg− hfi

)
(A.7)
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Hence, in natural circulation systems, the subcooling number depends on the Zuber num-

ber and the feedwater inlet enthalpy.
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Appendix B

Derivation of momentum balance

Non-dimensional 1-D momentum equation is given as

−∂P∗

∂z∗
= −∂G∗

∂t∗
− 1

ρ∗
[
∂G∗2

∂z∗
]− Λ

(G∗)2

ρ∗
− ρ∗

NFr
(B.1)

Each term in the momentum equation is integrated along each component of the boiling

system to obtain the dynamic momentum balance in ODE form. The integration process

is discussed here in detail.

INERTIAL PRESSURE DROP

Core

From momentum equation the inertial pressure drop term can be written as

−∂P∗

∂z∗
=

∂G∗

∂t∗
(B.2)

Integrating the Eq. B.2 from core inlet to outlet

−
∫ 1

0

∂P∗

∂z∗
dz∗ =

∫ z∗bb

0

∂G∗

∂t∗
dz∗ +

∫ 1

z∗bb

∂G∗

∂t∗
dz∗ (B.3)TH-0556_02610302
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Applying Leibnitz’s rule to the Eq. B.3, the inertial pressure drop injth channel can be

written as

(∆Pi)c,j =

[
d

dt∗

∫ z∗bb,j

0
G∗ci,j dz∗bb,j −G∗ci,j

dz∗bb,j

dt∗

]
+

[
d

dt∗

∫ 1

z∗bb,j

G∗ce,j dz∗bb,j −G∗ci,j

dz∗bb,j

dt∗

]

(B.4)

Simplifying and rearranging, the inertial pressure drop in core is given as

(∆Pi)C,j = z∗bb,j

dG∗ci,j

dt∗
+

(
1− z∗bb,j

) dG∗ce,j

dt∗
+

(
G∗ci,j −G∗ce,j

) dz∗bb,j

dt∗
(B.5)

Substituting the relation betweenG∗ce,j andG∗ci,j given by the Eq. 3.33 and after simplifi-

cations, the inertial pressure drop in core can be expressed in terms of core inlet mass flux

densityG∗ci,j as

(∆Pi)C,j =

[
z∗bb,j +

(1− z∗bb,j)

1 + X∗ce,j(NZu,j − Nsub)

]
dG∗ci,j

dt∗
+ W2,j (B.6)

Where,

W2,j =

[
(G∗ce,j −G∗ci,j)

dz∗bb,j

dt∗
− (1− zbb,j)W1,j

]
(B.7)

W1,j =
NZu,j

1 + X∗ce,j(NZu,j − Nsub)

[
(1− z∗bb,j)

dT∗f ,j
dt∗

− T∗f ,j
dzbb,j

dt∗

]

+




[
G∗ci,j +

{
NZu,j(1− Z∗bb)T

∗
f ,j

}]
(NZu,j − Nsub)

[
1 + X∗ce,j(NZu,j − Nsub))

]2




dX∗ce,j

dt∗
(B.8)

Under constant heat flux assumption,W1,j reduces to

W1,j =

[
−NZu,j

1 + X∗ce,j(NZu,j − Nsub)

]
dzbb,j

dt∗
+




[
G∗ci,j +

{
NZu,j(1− Z∗bb)

}]
(NZu,j − Nsub)

[
1 + X∗ce,j(NZu,j − Nsub))

]2




dX∗ce,j

dt∗

(B.9)
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Riser

Riser is divided intoNR nodes of equal length. Integrating Eq. B.2 over a riser node,

−
∫ Rn

Rn−1

∂P∗

∂z∗
dz∗ =

∫ Rn

Rn−1

∂G∗

∂t∗
dz∗ =

d
dt∗

∫ Rn

Rn−1

G∗ dz∗ (B.10)

If L∗R is the length of each node, then
∫ Rn

Rn−1
G∗ dz∗ = G∗Rav and hence the inertial pressure

drop in riser forjth, channel can be expressed as

(∆Pi)R,j =
dG∗Rav,j

dt∗
(B.11)

Where the average mass flux density in a riser withNR nodes is given as

G∗Rav,j =
L∗R
NR




NR∑

NR=1

G∗R,n,j


 (B.12)

Further the mass flux density at the core and riser junction is defined asG∗R,0,j = G∗ce,j/A∗R.

Hence, using the relation betweenG∗ce,j andG∗ci,j (given by Eq. 3.33) and the relation

between mass flux densities along a riser node (given by Eq. 3.35), the nodal mass flux

density in riser can be expressed in terms of core inlet mass flux densityG∗ci,jas

G∗R,n,j =
G∗ci,j + NZu,jT∗f ,j(1− z∗bb,j)

A∗R(j3,R,n,j)
(B.13)

Differentiation Eq. B.13 with respect to time and using equations B.11 and B.12 , the

inertial pressure drop in riser can be expressed as

(∆Pi)R,j =

NR∑

n=1

[
L∗R

A∗R(j3,R,n,j)NR

]
dG∗ci,j

dt∗
+ Cn,j (B.14)

Where,Cn,j is defined as

Cn,j =

NR∑

n=1

L∗R
NR

[
NZu,j

A∗R(j3,R,n,j)

{
(1− z∗bb,j)

dT∗f ,j
dt∗

− T∗f ,j
dz∗bb,j

dt∗

}]

−
NR∑

n=1

L∗R
NR

[{
(G∗ci,j + NZu,jT∗f ,j(1− z∗bb,j))

A∗R(j3,R,n,j)2

}
dj3,R,n,j

dt∗

]
(B.15)TH-0556_02610302
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and the time derivative forj3,R,n,j is given as

dj3,R,n,j

dt∗
= (NZu,j − Nsub)

dX∗R,n,j

dt∗
(B.16)

where, the time derivative forX∗R,n is given by Eq. 3.48. For constant heat flux condition,

the expression forCn reduces to

Cn,j =

NR∑

n=1

L∗R
NR

[
NZu,j

A∗R(j3,R,n,j)

{
−

dz∗bb,j

dt∗

}]
−

NR∑

n=1

L∗R
NR

[{
(G∗ci,j + NZu,j(1− z∗bb,j))

A∗R(j3,R,n,j)2

}
dj3,R,n,j

dt∗

]

(B.17)

Downcomer

A constant area downcomer is considered and it is assumed that there is no carry under,

hence, only single phase subcooled liquid flows.Integrating the Eq. B.2 along the length

of downcomer, the inertial pressure drop in downcomer can be derived as

(∆Pi)D,j = L∗D
dG∗Di

dt∗
(B.18)

Where,G∗Di is mass flux density at downcomer inlet. In a multichannel system (say M

channels) ,G∗Di can be expressed as

G∗DiA
∗
D = G∗ci,1 +

M∑

j=2

G∗ci,j

(
AC,j

AC,1

)
(B.19)

Hence, the total inertial pressure drop is given as

(∆Pi)j = (∆Pi)C,j + (∆Pi)R,j + (∆Pi)D,j (B.20)

Substituting equations B.6, B.14 and B.18 in Eq. B.20, the inertial pressure drop in terms

of core inlet mass flux densityGci,j for a single channel system (put suffixj = 1) is derived

as

(∆Pi,1) =

[
z∗bb,1 +

{
(1− z∗bb,1)

1 + X∗ce,1(NZu,1− Nsub)

}
+

NR∑

n=1

{
L∗R

A∗RNR(j3,R,n,1)

}
+

L∗D
A∗D

]
dG∗ci,1

dt∗
+W2,1+Cn,1

(B.21)TH-0556_02610302
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Where, the termsW2,1 andCn,1 are given by equations B.7 and B.17 respectively.

ACCELERATION PRESSURE DROP

From momentum equation the acceleration pressure drop term can be written as

−∂P∗

∂z∗
=

1
ρ∗

∂G∗2

∂z∗
(B.22)

Core

Core is divided into single and two-phase regions. In single phase regionρ∗ = 1 and in

two-phase regionρ∗ = 1
(1+j2c,j)

. Integrating the Eq. B.22from core inlet to outlet gives,

(∆Pa)C,j =
[
G∗2ce,j(1 + j2c,j)−G∗2ci,j

]
(B.23)

Riser

In riser, the mixture densityρ∗ is defined asρ∗ = 1
1+j2R,n,j

where, j2R,n,j = (NZu,j −
Nsub)X∗R,n,j . Hence, integrating the Eq. B.22 from riser inlet to outlet gives,

(∆Pa)R,j =
[
G∗2Re,j(1 + j2Re,j)−G∗2Ri,j(1 + j2Ri,j)

]
(B.24)

Downcomer

As stated above, a constant area downcomer is considered in the present study. Hence,

the acceleration pressure drop in downcomer is zero.

(∆Pa)D = 0 (B.25)TH-0556_02610302
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GRAVITATIONAL PRESSURE DROP

From momentum equation the gravitational pressure drop term can be written as

−∂P∗

∂z∗
=

ρ∗

NFr
(B.26)

Core

The mixture density can be defined in terms ofαcav asρ = ρgαcav + (1− αcav)ρl . This

can be written in non-dimensional form asρ∗ =
[
1− j1c,j

]
. Integrating Eq. B.26 from

core inlet to outlet gives,

(∆Pg)C,j =

[
(1− j1c,j)

NFr

]
(B.27)

Riser

Similarly, the mixture density can be defined in riser asρ∗ =
[
1− j1R,n,j

]
. Integrating the

Eq. B.26 from riser inlet to exit gives,

(∆Pg)R,j =

NR∑

n=1

[
L∗R(1− j1R,n,j)

NRNFr

]
(B.28)

Downcomer

In downcomer,ρ∗ = 1. Hence, integrating the Eq. B.26 from downcomer inlet to outlet,

the gravitational pressure drop in downcomer is given as,

(∆Pg)D = −
[

L∗D
NFr

]
= −

[
1 + L∗R

NFr

]
(B.29)

Here, negative sign in Eq. B.29 indicates that the flow is in downward direction.TH-0556_02610302
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FRICTIONAL PRESSURE DROP

From momentum equation the gravitational pressure drop term can be written as

−∂P∗

∂z∗
= Λ

(G∗)2

ρ∗
(B.30)

Core

Integrating Eq. B.30 from core inlet to outlet

−
∫ 1

0

∂P∗

∂z∗
dz∗ =

∫ z∗bb

0
Λ

(G∗)2

ρ∗
dz∗ +

∫ 1

z∗bb

Λ
(G∗)2

ρ∗
dz∗ (B.31)

which gives,

(∆Pf )C,j = ΛC

[{
z∗bb,jG

∗2
ci,j

}
+

{
G∗2ce,j(1− z∗bb,j)

(
1 +

1
2

j2c,j

)}]
(B.32)

Riser

Integrating the Eq. B.30 along riser which is divided intoNR nodes gives,

(∆Pf )R,j =

NR∑

n=1

ΛR

NR

[
G∗2R,n,j(1 + j∗2R,n,j)

]
(B.33)

Single phase region

In components with single phase flow like downcomer, inlet header, inlet feeder pipes

etc the densityρ∗ = 1 and integrating Eq. B.30 along these sections gives the frictional

pressure drop in single phase sections as

(∆Pf ) = ΛG∗2 (B.34)

Hence, in downcomer, the frictional pressure drop is given as

(∆Pf )D = ΛG∗2Di (B.35)TH-0556_02610302
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Where,G∗Di is given by Eq. B.19

MINOR LOSSES

Entry and exit losses

The entry and exit losses in single phase region are evaluated using the equation

(∆Pm) =
kG∗2

2
(B.36)

In two-phase region the entry and exit losses can be expressed as

(∆Pm) =
kG∗2(1 + j2)

2
(B.37)

Where,k is loss coefficient,G is mass flux density at the entry or exit of the component

and j2 is given asj2 = (NZu,j − Nsub)X∗. HereX∗ is quality at the entry or exit of the

component.

Hence, the dynamic momentum balance of the closed loop is given by the Eq. B.38

as

(∑
∆P

)
C,j

+
(∑

∆P
)

R,j
+

(∑
∆P

)
D

= 0 (B.38)

Where, in each closed loop the term(
∑

∆P) is defined as

(∑
∆P

)
= ∆Pi + ∆Pa + ∆Pg + ∆Pf + ∆Pm (B.39)

Substituting the respective pressure drop terms discussed above in Eq. B.38, the dynamic

momentum equation in terms of core inlet mass flux density is obtained.

TH-0556_02610302
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Numerical methods

A dynamical system is one whose state evolves with time t. The evolution is governed by

a set of rules that specifies the state of the system for either discrete or continuous values

of time t. A continuous-time evolution is usually described by system of differential

equations. The nonlinear lumped parameter model derived in Section 3.2 is a continuous

time autonomous system which can be written as

.
Y = F(Y, M) (C.1)

where, Y is the state vector, F is the vector field and M is the vector of control parameters.

C.1 Calculation of fixed points

A fixed point is a point in state space where the vector field F of the Eq. C.1 vanishes i.e.,

F(Y, M) = 0 (C.2)

At such a point, the integral curve of the vector field F corresponds to the point itself.

Fixed points are also called as constant or stationary solutions. The fixed points at dif-

ferent values of parameter M can be evaluated by solving Eq. C.2, which is a system of

nonlinear algebraic equations, either analytically or numerically. In the present work, the

Eq. C.2 for the lumped parameter model discussed in Chapter 3 is complex and difficultTH-0556_02610302
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to solve analytically. Therefore, it is solved numerically.

Different numerical methods to solve nonlinear algebraic equations are discussed by

Press et al. (1993). The successful convergence of the scheme depends critically on having

a good first guess for the solution (which may or may not be available). Hence, it is

desirable to use a globally convergent method which guarantees some progress towards

the solution at each iteration (Press et al., 1993). In the present work, globally convergent

Newton-Raphson method discussed by Press et al. (1993) is used to solve Eq. C.2. This

algorithm first brackets the root and then refines it by a combination of the Newton-

Raphson and the bisection methods. This keeps the root within the brackets while taking

advantage of the rapid local convergence of the Newton’s method. This also ensures an

early exit if the root remains unbracketed within the given ranges of the parameter.

C.2 Linear stability analysis

Linear analysis is used to determine the stability of a system at different operating con-

ditions. Stability boundaries can be plotted in the parameter space, in which the stable

and unstable operating regions can be determined. Linear stability analysis involves three

steps, described as follow.

C.2.1 Linearization and evaluation of Jacobian matrix

ConsiderY0 be the solution of C.1 forM = M0. To determine the stability of this equilib-

rium solution, we superimpose on it a small disturbance ‘y’ and obtain

Y(t) = Y0 + y(t) (C.3)

Substituting Eq. C.3 in Eq. C.1 yields

.
y = F(Y0 + y, M0) (C.4)

Hence, the fixed pointY = Y0 of Eq.C.1 has been transformed into the fixed pointy = 0

of Eq. C.4. Expanding Eq. C.4 in a Taylor series aboutY0 and retaining only linear termsTH-0556_02610302
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in the disturbance leads to

.
y = F(Y0, M0) + DYF(Y0, M0)y + O(||y||2) (C.5)

or

.
y≈ DYF(Y0, M0)y≡ Ay (C.6)

where, ‘A’ is the Jacobian matrix which is the matrix of the first partial derivatives of the

vector field ‘F’. For a n-dimensional system, it is of the form

A =




∂F1
∂Y1

∂F1
∂Y2

− − ∂F1
∂Yn

∂F2
∂Y1

∂F2
∂Y2

− − ∂F2
∂Yn

− − − − −
− − − − −

∂Fn
∂Y1

∂Fn
∂Y2

− − ∂Fn
∂Yn




In simple systems, the evaluation of analytical Jacobian is simple and straightforward.

However, in complex nonlinear systems, evaluation of analytical Jacobian matrix is dif-

ficult and error prone. In such situations, it is advisable to evaluate the Jacobian matrix

numerically. In the present study, the first partial derivative of the vector field ‘F’ with

respect to the state vector ‘Y’ is evaluated numerically using central difference scheme

F′(Y) =
F(Y + h)− F(Y− h)

2h
(C.7)

The optimal choice of ‘h’, is given as

h≈ ε
1
3
FSµ (C.8)

where,Sµ is the characteristic (curvature) scale of the function ‘F’ over which it changes,

andεF is the fractional accuracy with which the function ‘F’ can be evaluated (Press et al.,

1993).

TH-0556_02610302
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C.2.2 Evaluation of eigenvalues and determination of stability

Evaluation of eigenvalues of a matrix numerically, is a fairly complicated business. It is

generally advisable to use the canned routines available in public domain. The eigenval-

ues of the Jacobian matrix for a given set of parameter values are calculated using the QR

algorithm. The Jacobian matrices associated with the dynamical systems studied in the

present work are, in general, nonsymmetric. Since a nonsymmetric matrix may not be

balanced, it is first replaced by a balanced matrix with identical eigenvalues (Press et al.,

1993). This reduces the sensitivity of the eigenvalues to rounding errors during numerical

computations. The matrix is then reduced to a simpler Hessenberg form and the eigen-

values are calculated by using the standard QR algorithm aplicable to real Hessenberg

matrices (Press et al., 1993).

Once the eigenvalues are evaluated, the stability of the system is determined by the

nature of the eigenvalues. The system is said to be stable, if the real parts of all the

eigenvalues are negative, and unstable if all or some of the eigenvalues have positive real

parts.

C.2.3 Location of bifurcation points

The Jacobian matrix ‘A’ in Eq. C.6 and the associated eigenvalues are function of the

control parameter vector ‘M’. If one or more control parameters are slowly varied, a

fixed point becomes nonhyperbolic (one or more eigenvalues have zero real part) at a

certain location in the parameter space. then, if the stability of the system before and

after this location is qualitatively different, this location is called bifurcation point, and

the accompanying qualitative change is called bifurcation.

Several techniques have been discussed for the location of bifurcation point. In gen-

eral the algorithms are iterative in nature and make use of the numerical techniques such

as Newton-Raphson method, and bisection method to find the critical value of the pa-

rameter for which the Jacobian matrix has a pair of eigenvalues with zero real part. In

the present work, an iterative algorithm with bisection method is used. The several steps

involved in the iterative algorithm are listed below.TH-0556_02610302
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1. Select two initial valuesM1, M2 of the control parameter M in the parameter space. Set

an error criterion(E = 10−5to10−10) depending on the complexity of the system and the

machine precision.

2. Compute the eigenvalues of the Jacobian matric at each value of control parameter.

3. Check the real parts of the eigenvalues computed at each value of control parameter

• If the real parts of all the eigenvalues computed at each of the control parameters

are negative. Give flag integer I = 1 and go to Step 4

• If the real parts of all (or some) of the eigenvalues computed at each of the control

parameters are positive. Set flag integer I = 2 and go to Step 4

• If the real parts of all the eigenvalues computed at one parameter value are negative

but the real parts of all (or some) of the eigenvalues computed at other parameter

value are positive. Set flag integer I = 3 and go to Step 5

4. If the flag integers from step 3 are I = 1 or 2

• The initial parameter valuesM1andM2 do not bracket the critical parameterMcric.

• Modify the initial guess valuesM1andM2. A proper guess of these initial values can

be made from the marginal stability boundary plots in the parameter space. In the

present work the initial guess of the parameter valuesM1andM2 is made from the

stability plots onNZu−Nsubparameter space whereNsubwas the control parameter.

• Go to Step 2 and repeat.

5. If the flag integer is from step 3 is I = 3.

• We reach this step only when the guess valuesM1 andM2 bracket the critical value

Mcric. Hence, the critical valueMcric lies somewhere betweenM1andM2.

• Now computeM0 = (M1 + M2)/2. Go to Step 6

6. Repeat the Steps 2 and 3 with parameter valuesM1 andM0. Then from Step 3TH-0556_02610302
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• If flag integers are I = 1 or 2. Then setM1 = M0

• Else if, the flag integer I = 3. Then setM2 = M0

• Go to Step 7

7. Compute the eigenvalues atM0 and find the eigenvalue whose real part has the least

absolute value (sayIV0).

• If IV0 ≤ E. Then it is the critical value. SetMcric = M0. Go to Step 8

• If, IV0 ≥ E. The algorithm has not yet converged. Go to Step 5 and repeat.

8. Print the critical parameter valueMcric and the corresponding eigenvalues.

In bisection method, we choose a mid pointM0 in the intervalM1 andM2. Depending

on the nature of the real parts of the eigenvalues computed at the two initial values,M1

or M2 are set equal toM0 such that the new interval contains the critical valueMcric. In

either case the interval containing the critical value is reduced by a factor of 2. The same

procedure is repeated for the new interval. If the procedure is repeatedn times, then the

interval containing the critical value is reduced to the size

M2−M1

2n =
∆M
2n (C.9)

Hence, aftern, the critical value must lie within +(∆M/2n) of the estimate. This means

that the error bound atnth iteration isEn = |∆M/2n| and similarlyEn+1 = |∆M/2n+1| =
En/2. That is, the error decreases linearly with each step ba a factor of 0.5. The bisection

method is, therefore, linearly convergent. Since the convergence is slow to achieve a high

degree of accuracy, a large number of iterations may be needed.

C.3 Nonlinear analysis

Linear stability analysis is widely used to study the parametric efefcts on the stability of

the system. However, the information given by linear analysis is valid for small distur-

bances only. When larger disturbances occur, the nonlinearities amplify and eventuallyTH-0556_02610302
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lead to limit cycle oscillations and chaos. The time period of the oscillations and chaotic

behavior can be studied using nonlinear techniques.

C.3.1 Location of periodic orbits

Once the critical value of the parameterMcric is located where the real part of one (or

more) of the eigenvalues are zero, the nature of the eigenvalues with zero real part will

determine the type of bifurcation. If one or more eigenvalues are purely real and zero,

then the bifurcation is said to static bifurcation. On the other hand, if a pair of complex

conjugate eigenvalues with zero real part are present, then the bifurcation is called Hopf

bifurcation which is also called dynamic bifurcation. In the present work, complex cross-

ings are observed cross the marginal stability boundary confirming the occurrence of Hopf

bifurcation. Hence, stable and unstable periodic orbits may exist in the neighborhood of

the marginal stability boundary. The Hopf bifurcation is supercritical, if stable limit cycles

exist in unstable region, and subcritical if unstable limit cycles exit in the stable region.

The numerical techniques to locate these periodic orbits are discussed below.

Time integration (brute-force method)

One simple way to locate the periodic orbits in the unstable region is simulation of tra-

jectories by numerical integration of the dynamical system defined by Eq. C.1. This

method is also called as brute-force approach. A large number of algorithms are available

in literature to approximate the behavior of a continuous-time systems. A proper choice

of the method and a careful application play a crucial role in the computational accuracy

and efficiency. Among the available methods, the major practical choices are the single

step methods, the multi-step predictor-corrector methods, and the Bulirsch-Stoer extrap-

olation methods. the computational efficiency of multi-step methods is high compared

to that of single step methods for many smooth problems (Pandey, 1996). The Bulirsch-

Stoer methods use the powerful idea of extrapolating to zero step size and are perhaps the

best known methods to obtain high accuracy solutions with minimal computational effort.

the choice of a suitable method depends on the stiffness of the system to be integrated.

The lumped parameter model used in the present work is stiff due to an order ofTH-0556_02610302
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magnitude difference between the prompt and delayed neutron life times, and the different

time scales involved in the various feedback processes. The Bulirsch-Stoer method is used

for transient simulations in the present work. Algorithm based on this method is given in

the book by Press et al. (1993).

As said earlier, time integration method is simple and can be used to locate stable pe-

riodic orbits (supercritical Hopf bifurcation), period doubling scenario, and chaos. How-

ever, this method cannot predict the time period of the limit cycles, exact point of period

doubling. Furthermore, this method miserably fails to locate unstable periodic orbits in

the stable region.

Shooting method

To overcome the above shortcomings of the brute-force method, direct approaches in fre-

quency and time domain have been proposed in literature. In time domain formulation,

finite-difference schemes, shooting technique, and Poincaré map methods are commonly

used (ref Nefey and balachandran). In the present study, we limit our discussion to shoot-

ing method applicable to autonomous systems. Consider that if one-parameter family of

mappingsφt : <n 7→ <n represents the flow associated with the n-dimensional dynamical

system (Eq. C.1), then a point Y on the periodic orbit and its period T are yielded by the

zeros of

H(Y, T) ≡ φT(Y)− Y. (C.10)

The above Eq. C.10 is a system ofn equations for(n + 1) unknowns, and an additional

constraint must be used. Parker and Chua (1989) discuss an orthogonality constraint

based on Mees criterion. This restricts the state correction term∆Y to be orthogonal to

the trajectory at Y. This amounts to restricting∆Y to a hyperplane which changes position

and orientation from iteration to iteration. Due to the constraint, the iterative procedure

deviates from standard Newton-Raphson method, but inherits its convergence properties.

In addition, the procedure requires the evaluation of the fundamental matrixΦ togetherTH-0556_02610302
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with the trajectory.


 Ẏ

Φ̇


 =


 F(Y)

DYF(Y)Φ


 (C.11)

The matrixΦ is needed to evaluate the Jacobian matrix associated with Eq. C.10. The

matrix-valued equation governing the evaluation ofΦ is sometimes referred to as the

variational equation and is integrated with the initial conditionΦ(0) = I , where I is the

unit matrix. The detailed formulations of the iterative procedures based on the above

considerations are discussed by Parker and Chua (1989). The system described by Eq.

C.11 comprises of(n2 + n) equations.

C.3.2 Analysis of nonlinear oscillations

Fourier power spectra

The understanding gained about a dynamical system using the time -domain techniques

presented earlier is significantly enhanced by extending the investigation to the frequency

domain. It often yields surprisingly valuable information.

The time evolution of a dynamical system is represented by the time variation ofY(τ)

of the state vector, or when sampled at regular intervals, by the time series of its dynamical

variables. If we represent the time series of a particular dynamical variable by C.12

Y(k); k = 0, 1, ...., N− 1, (C.12)

Then the discrete Fourier transform of the N pointsY(k) is given by

Ŷ(l) =
N−1∑

k=0

Y(k)e
2πjkl

N , (C.13)

Where,j =
√−1. For a real time series, we need to consider only L = 0,1,...,N

2 . The

transformation (Eq. C.13) can be carried out efficiently by using a fast Fourier transform

(FFT) algorithm (Press et al., 1993). For this purpose, the number of points N in the time

series (Eq. C.12) must be a power of 2TH-0556_02610302
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The periodogram estimate of the power spectral density (PSD) at(N
2 + 1) frequencies

fl then is defined as

PSD(0) ≡ PSD(f0) = |X̂(0)|2

PSD(fl) = 2|X̂(l)|2, l = 1, 2, ...., (
N
2
− 1)

PSD(fc) ≡ PSD(fN
2
) = |X̂(N

2 )|2 (C.14)

wherefl = l
N∆τ , l = 0, 1, ...., N

2

∆τ = sampling interval for the time series (Eq. C.12), and

fc = 1
2∆τ , the Nyquist frequency.

A suitable normalizing factor can be included in Eq. C.13 or C.14. With values as

above, the discrete form of Parseval’s equation is written as

N
N−1∑

k=0

|Y(k)|2 =

N
2∑

t=0

PSD(fl). (C.15)

The above Eq.C.15 is useful in checking the overall accuracy of the transformation as

well as in detecting any error due to misinterpretation of the output array from an FFT

algorithm. This possibility arises as the input real array is replaced by the an output array

containing components of a complex transform with some re-arrangement which can be

implementation dependent.

While data filtering on smoothing of the spectral estimates is generally not required in

numerical simulation studies of dynamical systems governed by ODEs, careful attention

must be paid to aliasing the frequency resolution. All the spectral power that lies outside

the Nyquist frequency range is aliased (falsely translated or folded back) into that range by

discrete sampling. Thus the sampling interval∆τ must be such that the higher frequency

harmonics beyondfc = 1
2∆τ are negligible. Iff∗ denotes a characteristic fundamental

frequency associated with the time series, then∆τ is selected such that

fc
f∗

= L (C.16)

is a large number, say between 8 to 64. Once the spectrum has been calculated, one checksTH-0556_02610302
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whether or notPSD(fc) → 0, or is at least several orders of magnitude smaller than the

dominant components of the spectrum. If not a larger value of L is required. For a good

resolution in frequency, the frequency interval∆f between two consecutive points of the

power spectrum must be small in comparison withf∗, i.e.,

f∗
∆f

= S (C.17)

should be large. If S is 16, for example, the higher frequency harmonics in the spectrum

will be separated by 16 points each. If subharmonics off∗ are present in the time series,

and it is sought to resolve them accurately, S must be increased suitably.

Once f∗ is given and L and S are selected as above, the sampling interval and the

number of points N in the time series are determined by

∆τ =
1

2Lf∗
, N = 2LS (C.18)

L and S should chosen such that N is a power of 2 as mentioned earlier. An estimate of

f∗, the basic frequency associated with the time series, is based on a characteristic time

scale, for example, the time spent between two consecutive points on a Poincaré section.

In the periodic case, the latter becomes the time period of the orbit.

Poincaré sections

The phase space diagrams of a dynamical system of order n can be simplified by intro-

ducing an (n-1)-dimensional surface of sections in the phase space. Hence, instead of

studying a complete trajectory, one monitors only the points of its intersection with this

surface. This reduces the study of continuous time dynamical systems (flows) to the study

of reduced-order discrete-time systems (maps). A set of points of intersection of the tra-

jectory with a hypersurface, as the trajectory crosses the surface from one side to the other,

is referred to as the Poincaré section. Mapping an intersection point onto the subsequent

intersection point is referred to as Poincaré map. By the use of Poincaré sections or maps,

the quantity of the data to be analyzed or manipulated is greatly reduced, since almost

all the points on the trajectory can be ignored except the points of intersection with the

surface of sections.TH-0556_02610302
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The crossings of a trajectory from one side to the other of a hypersurfaceΣ(Y) = 0 are

located by calculating the value ofΣ at each point of the trajectory until two consequitive

pointsY1 andY2 lie on different sides of the surface, i.e., untilΣ(Y1) andΣ(Y2) are of

opposite signs. For one-sided Poincaré sections, the sign ofΣ(Y1) must remain fixed. For

taking sections with a (hyper) plane, we define it by a (unit) vector, ˆn, normal to the lane

and a pointYΣ on the plane:

Σ(Y) = 〈n̂, Y− YΣ〉 = 0, (C.19)

where〈−,−〉 denotes the inner product. If the components of ˆn andYΣ other than those

which are in the direction ofYi are taken zero, we have a hyperplane defined by

Yi = a, (C.20)

where a is a constant which may be taken zero if the state variableXi takes both positive

and negative values. Such hyperplanes are the simplest to define and can also establish

the fractional time for which the value of a state variable, e.g., temperature of fuel rod,

is above the steady state value during an oscillation. Use of such hyperplanes requires

minimum of calculation for locating a crossing as well as for obtaining the points of

intersection, and these have been generally used in this work.

It should, however, be noted that the algorithms for locating the points of intersec-

tion are more accurate if the hyperplane is orthogonal to the trajectory (Parker and Chua,

1989). For hyperplanes defined by Eq. C.20 this will generally not be true.The condition

of orthogonality can be satisfied by taking in Eq. C.19,YΣ a point on the trajectory and ˆn

in the direction of the vector field at that point. Even when the trajectory is known only

approximately, this results in near orthogonal crossings. As the trajectory is more accu-

rately calculated, bothYΣ andn̂ can be approximately updated. In the limit cycle shooting

and the calculation of characteristic multipliers, we have used a hyperplane normal to the

trajectory at the point where the magnitude of the vector field is maximum. This yields

best accuracy, although the simpler option of using hyperplanes defined by Eq. C.20 is

normally adequate.

Once the crossing is located, the simplest option for solving forΣ(Y) = 0 is by inter-

polation (Parker and Chua, 1989). The point of intersection can be located by BisectionTH-0556_02610302
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method as discussed earlier.

Lyapunov exponents

Aperiodicity (chaoticity) observed in different models of the BWR, with certain param-

eter range results from the exponential divergence of initial close points on the limit set

(asymptotic orbit). The rate of this divergence is characterized by Lyapunov exponents.

These are numerically computable - albeit expensive in terms of CPU time and give a

precise quantitative definition of sensitive dependency on initial condition. The Lyapunov

exponents are computed by numerically integrating the variational equations C.11. Start-

ing from the initial condition(Y0, I) integration of Eq. C.11 yields the state transition

matrix Φ(t). Let mi(t) denote the eigenvalues ofΦ(t) then the Lyapunov exponentsσi of

the trajectory atY0 are given by (Parker and Chua, 1989):

σi := lim
t→∞

1
t

ln |mi(t)|, i = 1, ..., n (C.21)

In practice the above limit is computed by taking t large but finite, say, a few thousand

times the characteristic time scale of the system. Integration of the variational equation

for such large times can lead to numerical problems asΦ(t) may be unbounded att →
∞. Furthermore, for large t, all columns ofΦ(t) tend to line up with the eigenvector

corresponding to the largest|σi | (Parker and Chua, 1989). This implies that for large t,

the matrixΦ(t) becomes ill-conditioned, making a direct approach based on Eq. C.21

unworkable.

In the present work, the algorithm developed by Wolf et al. (1985) is used which

overcomes both the problems mentioned above by the repeated use of the Gram-Schmidt

orthonormalization procedure at fixed intervals of time. This algorithm can simultane-

ously find all the Lyapunov exponents of any asymptotically stable limit sets.
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