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Abstract

The inflationary paradigm, a period of exponential expansion of the universe prior to
the radiation dominated phase, proposed in the 1980s to solve the so-called homogeneity,
flatness and monopole problems of the big-bang theory is now an indispensable part of any
study about the origin and evolution of our universe. Although a lot of progress has been
made in the direction to have a model independent description of inflation from effective
theory perspective, it is still largely a model dependent phenomena. A phase of exponential
expansion can be easily achieved by a simple scalar field. An inflationary model is, as
a result, usually synonymous with a scalar field potential V (φ). The list of inflationary
models is practically inexhaustible. However, thanks to the remarkable advancements
in observational cosmology, which provides several constraints on the model building. A
large number of well-known inflationary models are found to be tightly constrained or
disfavoured by the data. For instance, the simple power-law chaotic models V (φ) ∝ φn

are now ruled out. This motivates us to consider some non-standard modifications to
inflationary models. Another important aspect in the study of inflationary physics is the
phase of reheating when the inflaton decays to other particles. Though lack of experimental
observations make this phase largely unconstrained, there exists large number of attempts
to constrain the reheating phase from data. In this thesis we have extended the existing
analysis of reheating constraints considering more realistic scenario. Finally we also connect
the reheating constraint analysis with the dark matter phenomenology in light of cosmic
microwave background. In what follows, we will list a brief outline of the various issues
mentioned above.

• Inflation with plateau potential: In this chapter, we analyze a class of phenomenolog-
ical inflationary models with non-polynomial potential, and compare the model predictions
with the currently favoured Starobinsky and its generalised α-attractor models in (ns, r)
plane constrained by PLANCK. Importantly for a wide range of parameter space, our
model fits extremely well with the observation. We have performed a model independent
analysis of reheating in terms of effective equation of state. In particular we consider two
stages of reheating dynamics with generalised inflaton equation of state in the initial and
relativistic equation of state in the later phase. We show how our generalised reheating
analysis constrains the inflation models under consideration. We have also discussed the
origin of the plateau potential from supergravity and a general scalar-tensor theory.

• CMB constraints on reheating and dark matter phenomenology: In this chap-
ter, we have tried to understand the phenomenology of dark matter in light of very well
understood properties of cosmic microwave background (CMB) anisotropy. To connect
these two, inflation and the reheating phase play the important role. Following previous
analysis, we first established one-to-one correspondence between the CMB power spectrum
and the reheating temperature assuming the perturbative reheating scenario. Further by
incorporating a possible dark matter candidate through the radiation annihilation process
during reheating and the current value of dark matter abundance, we constrain the dark
matter parameter space through the inflationary power spectrum for different inflationary
models.

• Preheating and thermalization after plateau inflation: We have studied the
preheating phase for a class of plateau inflationary model considering the four-legs interac-
tion term (1/2)g2φ2χ2 between the inflaton (φ) and reheating field (χ). We specifically
focus on the effects of a parameter φ∗ that controls inflationary dynamics and the shape
of the inflaton potential. For φ∗ < Mp, the departure of the inflaton potential from
the usual power-law behavior φn significantly modifies the microscopic behaviour of the
preheating dynamics. We analyze and compare the efficiency of production, thermalization
and the final equation of state of the system for different models under consideration
with n = 2, 4, 6 for two different values of φ∗. Most importantly as we increase n, or
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decrease φ∗, the preheating occurs very efficiently with the final equation of state to be
that of the radiation, w = 1/3. Specially for n = 2, the final equation of state turned
out to be w ' 0.2. However, a complete decay of inflaton could not be achieved with the
four-legs interaction for any model under consideration. Therefore, in order to complete
the reheating process, we perform the perturbative analysis for the second stage of the
reheating phase. Taking the end product of the preheating phase as an initial condition
we have solved the homogeneous Boltzmann equations for both the fields supplemented
by the constraints coming from the subsequent entropy conservation. In so doing, we can
calculate the reheating temperature which is otherwise ill-defined right after the end of
preheating. The temperature can be uniquely fixed for a given inflaton decay constant
and the CMB temperature. We also compare our results with the conventional reheating
constraint analysis and discuss the limit of inflaton decay constant from the field theory
perspective.

• Galilean Modified Inflation As we have mentioned, a large number of the well known
canonical large field inflation models turned out to be strongly disfavored from recent
Planck data. Axion inflation is one of such models which is becoming marginalized with
the increasing precession of CMB data. In this chapter, we have shown that with a simple
Galileon type modification to the marginally favored axion model (which we call the G-
axion), we can turn them into one of the most favored models with its detectable prediction
of r and ns within its PLANCK 1σ range for a wide range of parameters. Interestingly it
is this modification which plays the important role in turning the inflationary predictions
to be independent of the explicit value of axion decay constant f . However, dynamics
after the inflation turned out to have a non-trivial dependence on f . For each G-axion
model there exists a critical value of fc such that for f > fc we have the oscillating phase
after inflation and for f < fc we have non-oscillatory phase. Therefore, we obtained a
range of sub-Planckian value of model parameters which give rise to consistent inflation.
However for sub-Planckian axion decay constant the inflaton field configuration appeared
to be singular after the end of inflation. To reheat the universe we, therefore, employ
the instant preheating mechanism at the instant of first zero crossing of the inflaton. To
our surprise, the instant preheating mechanism turned out to be inefficient as opposed
to usual non-oscillatory quintessence model. For another class of G-axion model with
super-Planckian axion decay constant, we performed in detail the reheating constraints
analysis considering the latest PLANCK result.

TH-2019_136121001



xiii

Publications and Preprints
This thesis is based on the following works:

1. Modified natural inflation: A small single field model with a large tensor to scalar ratio,
Debaprasad Maity and Pankaj Saha, Phys. Rev. D 91, 023504 (2015), arXiv:1407.7692
[hep-th].

2. Connecting CMB anisotropy and cold dark matter phenomenology via reheating, De-
baprasad Maity and Pankaj Saha, Phys. Rev. D 98, 103525 (2018) arXiv:1801.03059
[hep-ph].

3. Studying G-axion Inflation model in light of PLANCK, Debaprasad Maity and Pankaj Saha,
JCAP 07 (2018) 065, arXiv:1801.08080 [hep-ph].

4. CMB constraints on dark matter phenomenology via reheating in Minimal plateau inflation,
Debaprasad Maity and Pankaj Saha, arXiv:1804.10115 [hep-ph].
Accepted for Publication in Phys. Dark Univ.

5. (P)reheating after minimal Plateau Inflation and constraints from CMB,
Debaprasad Maity and Pankaj Saha,
arXiv:1811.11173 [astro-ph.CO], (Under Review).

6. Minimal plateau inflationary cosmologies and constraints from reheating, Debaprasad Maity
and Pankaj Saha, 2019 Class. Quantum Grav. 36 045010, arXiv:1902.01895 [gr-qc].,

TH-2019_136121001

https://arxiv.org/abs/1407.7692
https://arxiv.org/abs/1407.7692
https://arxiv.org/abs/1801.03059
https://arxiv.org/abs/1801.03059
https://arxiv.org/abs/1801.08080
https://arxiv.org/abs/1804.10115
https://arxiv.org/abs/1811.11173|
https://arxiv.org/abs/1902.01895


TH-2019_136121001



xv

Work Presented in Conferences

(a) Oral presentation on ‘Modified natural inflation: a small single field model with large
tensor to scalar ratio’ in, ‘XXI DAE-BRNS High Energy Physics Symposium 2014’, at
Indian Institute of Technology Guwahati, December 8th-12th, 2014

(b) Oral presentation on ‘Modified natural inflation: a small single field model with large
tensor to scalar ratio’ in, ‘Saha Theory Workshop: Cosmology at the Interface’, at Theory
Division, Saha Institute of Nuclear Physics, January 28th-30th, 2015

(c) Oral presentation on ‘Inflation in the Early Universe’ in, ‘100 Years of General Relativity:
Where do we Stand?’, at Indian Institute of Technology Guwahati, February 12, 2016

(d) Poster presentation on ‘Minimal Inflationary Cosmologies and the production of Dark
matter’ in, ‘Research Conclave’17’, at Indian Institute of Technology Guwahati, March
16th-19th, 2017

(e) Poster presentation on ‘CMB Constrain on reheating and dark matter parameter space’
during the, ‘Summer School on Cosmology 2018’, at the Abdus Salam International
Centre for Theoretical Physics(ICTP), in Trieste, from 18th-29th June, 2018

Confereces and Schools attended

(a) ‘XXI SERC Preparatory School in THEP’ at Indian Institute of Science Education and
Research (IISER)- Bhopal, Bhopal during June 29th - July 25th, 2015.

(b) ‘XXX Main School in THEP’ at Birla Institute of Technology & Science (BITS) - Pilani,
Pilani during November 16th- December 5th, 2015.

(c) GIAN Course on ‘Origin and Evolution of Perturbations During Inflation and Reheating’
held at Indian Institute of Technology Madras during November 25th-30th, 2016

(d) GIAN Course on ‘Introduction to Cosmological Perturbation Theory’ held at Jamia
Millia Islamia, New Delhi during December 16th-23th, 2016

(e) GIAN Course on ‘Electroweak Symmetry breaking, Flavour Physics and BSM’ held at
Indian Institute of Technology Guwahati, March 18th-22th, 2017

(f) ICTP Summer School on Cosmology 2018, held at The Abdus Salam International Center
for Theoretical Physics, Trieste, Italy during June 18th-29th, 2018

TH-2019_136121001



TH-2019_136121001



Contents

Symbols and Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxiii

I Overview of Standard Cosmology 1

1 Introduction 3
1.1 Cosmology and Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 A brief review of standard cosmology . . . . . . . . . . . . . . . . . . . . 3
1.1.2 Basics of Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2 Inflation: A period of exponential expansion . . . . . . . . . . . . . . . . . . . . 10
1.2.1 More on conditions for inflation: Slow roll parameters . . . . . . . . . . 11
1.2.2 Scalar field as the source of inflation . . . . . . . . . . . . . . . . . . . . 11
1.2.3 The slow-roll conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3 Cosmological Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.1 Metric perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.2 Matter Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.3 Gauge invariant variable and power spectrum: scalar mode . . . . . . . 16
1.3.4 Tensor Mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.3.5 Observations and constraints . . . . . . . . . . . . . . . . . . . . . . . . 20

1.4 Inflationary Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.4.1 Large field models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.4.2 Small field models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.4.3 Hybrid Inflation Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.5 Reheating after inflation: perturbative . . . . . . . . . . . . . . . . . . . . . . . 26
1.5.1 Non-Perturbative Reheating or Pre-heating . . . . . . . . . . . . . . . . 28

1.6 Motivation of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

II Non-standard scalar field models of inflation 37

2 Inflation with plateau potential 39
2.1 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.1.1 Background Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.1.2 Computation of (ns, r, dn

k
s) . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.1.3 End of inflation and general equation of state . . . . . . . . . . . . . . . 45
2.2 Towards derivation of Vmin from non-minimal scalar-tensor theory . . . . . . . 46
2.3 Supergravity realization of our model potential . . . . . . . . . . . . . . . . . . 47

xvii

TH-2019_136121001



xviii CONTENTS

2.3.1 The power-law plateau potential form Supergravity . . . . . . . . . . . . 48
2.4 Model independent constraints from reheating predictions . . . . . . . . . . . . 51
2.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3 CMB constraints on reheating and dark matter phenomenology 57
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.2 Inflationary observables and their connection with CMB . . . . . . . . . . . . . 59
3.3 Dark Matter during reheating . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.1 Basic equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.4 Constraints from CMB: dark matter phenomenology . . . . . . . . . . . . . . . 64

3.4.1 Connecting CMB and reheating via inflation . . . . . . . . . . . . . . . 64
3.4.2 Methodology: CMB to dark matter via reheating . . . . . . . . . . . . . 67
3.4.3 Chaotic inflation: General results . . . . . . . . . . . . . . . . . . . . . . 69
3.4.4 Natural inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.4.5 Alpha attractor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.4.6 Minimal Plateau model . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.5 Summary and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4 Preheating and thermalization after plateau inflation 89
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.2 A Brief Introduction to the Minimal Inflation Model . . . . . . . . . . . . . . . 91
4.3 Preheating: Parametric resonance . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.3.1 The Model and equations . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.3.2 Parametric resonance: Instability chart . . . . . . . . . . . . . . . . . . 94

4.4 Preheating: Lattice Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.4.1 The back-reaction and the emergence of non-linearity: Generalities . . . 96
4.4.2 Equation of state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
4.4.3 Occupation Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.4.4 Perturbative reheating and constraints from CMB . . . . . . . . . . . . 109

4.5 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5 Galilean Modified Inflation 117
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.2 The most General Single-Field Inflation . . . . . . . . . . . . . . . . . . . . . . 118

5.2.1 Potential-driven G-inflation . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.2.2 Perturbations in Generalized G-inflation . . . . . . . . . . . . . . . . . . 121

5.3 Potential driven G-inflation with a shift symmetric potential . . . . . . . . . . . 123
5.3.1 G-axion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
5.3.2 Cosmological quantities: (ns, r, dn

k
s) . . . . . . . . . . . . . . . . . . . . 126

5.3.3 Number of e-folds and modified Lyth bound . . . . . . . . . . . . . . . . 127
5.4 Simple choices of M(φ) and determination of cosmological parameters . . . . . 128
5.5 Evolution of the scalar field: sub-Planckian (f, s) . . . . . . . . . . . . . . . . . 129
5.6 Non-oscillating axion: Instant preheating . . . . . . . . . . . . . . . . . . . . . . 133

5.6.1 Conventional Shift Symmetry Breaking Coupling . . . . . . . . . . . . . 134
5.6.2 Shift Symmetric Coupling . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

TH-2019_136121001



CONTENTS xix

6 Conclusions 139
6.1 Summary of chapters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
6.2 Future perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

Appendices 143

Background dependent unitarity for plateau potentials 145

Boltzmann equations for out-of-equilibrium processes 147

Bibliography 149

TH-2019_136121001



TH-2019_136121001



CONTENTS xxi

Abbreviation List

BAO . . . . . . . . . . . Baryon Acoustic Oscillations

BBN . . . . . . . . . . . Big Bang Nucleosynthesis

BK14 . . . . . . . . . . BICEP2/Keck data through the end of the 2014

CDM . . . . . . . . . . Cold Dark Matter

CMB . . . . . . . . . . Cosmic Microwave Background

DBI . . . . . . . . . . . . Dirac-Born-Infeld

dof . . . . . . . . . . . . . Degrees of Freedom

FIMP . . . . . . . . . . Feebly Interacting Massive Particles

FLRW . . . . . . . . . Friedman-Leîmatre-Robertson-Walker

GUT . . . . . . . . . . . Grand Unification Theories

IR . . . . . . . . . . . . . . InfraRed

KGB . . . . . . . . . . . Kinetic Gravity Braiding

LSS . . . . . . . . . . . . Last Scattering Surface

PNGB . . . . . . . . . Pseudo Nambu Goldstone Boson

SUGRA . . . . . . . Supergravity

UV . . . . . . . . . . . . . UltraViolet

VEV . . . . . . . . . . . Vacuum Expectation Value

WIMP . . . . . . . . . Weakly Interacting Massive Particles

WKB . . . . . . . . . . Wentzel-Kramers-Brillouin

WMAP . . . . . . . . Wilkinson Microwave Anisotropy Probe

TH-2019_136121001



TH-2019_136121001



SYMBOLS AND CONVENTIONS xxiii

Symbols and Conventions

Symbols

Some of the frequently used symbols are listed below. Other symbols will be be defined at
their places of occurring.

t cosmic time

η conformal time

x Position three-vector

a, a(t) Scale-factor of universe expansion

H = ȧ(t)
a(t) Hubble expansion rate

N, ∆N e-folding number

c Speed of light in vacuum

G Newton’s constant

mpl = 1√
G

Planck constant

Mp = 1√
8πG

reduced Planck constant

H0 = 100hkm/sec/Mpc Current Value of H with h = 0.70± 0.0012

T0 = 2.725K = 2.35× 10−13GeV Present CMB temperature

ΩRh
2 = 2.35× 10−5 Present radiation abundance

Z+ Set of positive integers.

Conventions

• We will use the natural units G = ~ = c = kB = 1 unless other wise stated

• In this unit mpl = 1.22× 1019GeV, Mp = 2.43× 1018GeV.

• Minkowski metric is given by ηµν = diag[1,−1,−1,−1]

• Summation over repeated indices will be assumed unless otherwise stated.

• The Ricci tensor, defined in terms of the Christoffel symbolΓλµν is

Rµν ≡ ∂λΓλµν − ∂νΓλµλ + ΓλλρΓ
ρ
µν − ΓρµλΓλνρ

• And the Ricci scalar is
R = gµνRµν
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Overview of Standard Cosmology
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Introduction 1

..everything can be created from nothing, And “everything might include
a lot more than what we can see. In the context of inflationary
cosmology, it is fair to say that the universe is the ultimate free lunch."

Alan Guth in ‘THE INFLATIONARY COSMOLOGY’

1.1 Cosmology and Inflation

Cosmology is one of the oldest human endevour towards its quest to comprehend the universe,
however, it is also one of the youngest branch of physics to be deemed as ‘physical science’ ![1–
4].The discovery of the expanding universe and the observation of cosmic microwave radiation
at temperature ∼ 3K established the fact that our universe has originated from a hot and
dense soup of matter at its very early stage called big-bang. The phenomenal success of
big-bang theory in explaining the formation of primordial nucleus and consequently the correct
abundance of light elements such as Hydrogen, Helium, Lithium etc supplanted other existing
models such as the steady-state model, and established itself as the standard model of cosmology.
In spite of the big-bang’s phenomenal success it has its own limitations which are related to
the so-called ‘initial conditions’. Soon after the formulation of the theory, it has been found
that the big bang theory needs preciously curated initial conditions. There is no explanation
for such fine-tuned pre big-bang universe within the theory itself, and it is realised that to
have an answer we need a paradigm shift. It was found that a phase of exponential expansion,
known as the inflation[5–9], prior to the standard big bang can naturally provide answers to
many of those puzzles. Before embarking on our journey to explore the idea behind those
initial condition problems, and how inflation cured them, we will look at the brief history of
our universe to better appreciate the issues of big bang and why inflationary phase is thought
to the most natural of remedies.

1.1.1 A brief review of standard cosmology

Cosmology is a branch of physics which deals with the evolution of our universe at large
scales( ∼ 100Kpc ' 3×1021m). Even though what we see around us is a highly inhomogeneous

3
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1. Introduction

and anisotropic distribution of matter, a large number of cosmological observations over the
years prove that our universe is spatially homogeneous and isotropic at large scales. Assuming
these two observationally inferred principles of homogeneity and isotropy of space to be
fundamental, theoretical cosmology begins it journey. Even though the study of cosmology is
very old, the real progress in theoretical cosmology started with the discovery of general theory
relativity by Albert Einstein. To make our journey short and to get to our main focus of the
thesis, we will follow the path Einstein told us a century ago. Cosmology is essentially the
study of evolution of spacetime geometry over large scales where the dynamics is controlled
by the given matter energy distribution with appropriate initial conditions. Given the two
aforementioned cosmological principles and Einstein’s idea of geometric evolution, our universe
can be accurately described by the Friedmann-Leîmatre-Robertson-Walker (FLRW) metric
which is expressed as

ds2 = dt2 − a2(t)γijdx
idxj

= a2(η)

[
dη2 − dr2

1− κr2
− r2(dθ2 + sin2 θdφ2)

]
, (1.1)

where, the three spatial co-ordinates xi are conventionally known as comoving co-ordinates. t
is the cosmic time measured by a comoving observer and η is known as the conformal time
defined as dη = dt/a(t) with a(t) being the scale factor. The spatial metric is written as
γij . The curvature parameter κ = (1, 0,−1) corresponds to closed, flat, and open universe
respectively. Throughout this thesis, we will consider spatially flat κ = 0 universe which is
again an observational fact. The expansion of the universe is expressed by defining a quantity
known as the Hubble parameter:

H(t) =
1

RH
≡ ȧ(t)

a(t)
, (1.2)

where, the dot represents the derivative with respect to the cosmic time. We have also defined
a quantity known as the Hubble radius, RH which measures the size of a region of space being
causally connected by any physical processes. As we have already mentioned, the dynamics of
standard big-bang evolution of our universe is described in the framework of Einstein’s theory
of general relativity supplemented with the observational facts such as principle of spatial
homogeneity and isotropy. Based on these principles one also expresses the distribution of
matter in our universe by a perfect fluid with stress-energy tensor of the form

T00 = ρ(t); Ti0 = 0; Tij = −P (t)γij(t, ~x). (1.3)

In a more familiar form with mixed tensor indices, it can be expressed as

Tµν = gµλTλν =




ρ 0 0 0

0 −P 0 0

0 0 −P 0

0 0 0 −P




. (1.4)
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1.1. Cosmology and Inflation

Where ρ is the energy density and P is the thermodynamic pressure of the fluid in the rest-frame
of the fluid. Due to homogeneity and isotropy, all these quantities, at the background level
will naturally be function of time only.

The evolution equations of the spacetime geometry and the energy momentum distribution
will be followed form the famous Einstein equation

Gµν = Rµν −
1

2
Rgµν = 8πGTµν , (1.5)

where (gµν , Rµν , R) are well known general spacetime metric and the associated Ricci curvature
tensor, and R = gµνR

µν is the Ricci scalar of the given metric. Therefore, using the above
Einstein’s equation the dynamical equations for the cosmological scale factor a(t), and the
total matter density ρ(t) of our universe are found to be

3M2
pH

2 = ρ (1.6)

6M2
p(H2 + Ḣ) = −

(
ρ+

P

3

)
, (1.7)

where, Mp = 1/
√

8πG is the reduced Planck constant. Apart from this we have energy-
momentum conservation,

∇µTµν = 0. (1.8)

From the above equation the evolution of the energy density can be written as the well known
continuity equation

ρ̇+ 3
ȧ

a
(ρ+ P ) = 0. (1.9)

Depending upon the type of matter component filling the universe, we can obtain the time
evolution of the scale factor a(t). For instance, if we consider the dominant energy component
to be radiation(relativistic particles) with the characteristic equation of state w = p/ρ = 1/3,
one obtains ρrad ∝ a−4, and consequently a(t) ∝ t1/2. If we consider the dominant energy
component to be non-relativistic matter with the characteristic equation of state w = 0, one
obtains ρmat ∝ a−3, and consequently a(t) ∝ t2/3. One can in principle consider any arbitrary
dominant energy component in the universe with its associated equation of state, which solves
the above set of Eq. (1.7) and gives the evolution of the scale factor.Therefore, one of the
important open problems in Einstein’s description of our universe is the origin of matter fields.
So far, only way out to proceed further is to understand the nature of different form of the energy
components from cosmological experiments. A Large volume of cosmological and astrophysical
observations indicate that the total energy density of our present universe today comprises
of completely unknown dark energy accounting for nearly 75% of total energy while rest are
matter component. Even more surprising observation is that the matter energy density further
comprises of two main components where the ordinary visible matter shares only 4% of the total
matter and remaining 21% is occupied by an another unknown entity known as dark matter.
There are also negligible contributions coming from neutrinos, electromagnetic radiation and
gravity waves to the total energy density. Therefore, right at this point we can pause for a
moment and little thought may completely overwhelm us for being completely ignorant of
what constitutes our universe even after the centuries of endeavor towards understanding the
cosmos. This fact not only left us a large void in our “knowns” but also gave us no clue of how
to observe them. Until the discovery of some new breakthrough, we follow the conventional
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1. Introduction

approach to understand the unseen by the seen ones. A portion of our thesis will, therefore, be
guided by the following important question: Can the observed distribution of visible matter
and/or radiation known as cosmic microwave background (CMB) shed light on the properties
of dark matter/energy? In this thesis, apart from inflationary model building we will focus on
the possible connection between the observed CMB and unobserved dark matter.

The radiation component (CMB) that we see today is almost negligible compared to the
other observed energy components of our universe. The contributions from radiation component
however were significantly dominant in the past as the energy density of the radiation field
evolves according to ρrad ∝ a−4 while that of the matter fields evolves as ρmat ∝ a−3 as
mentioned earlier. The ratio of number density of matter to radiation per comoving volume is
however constant and is given by[10, 11]

ηBBN =
nB
nγ

= (6.0± 0.4)× 10−10. (1.10)

ηCMB =
nB
nγ

= (6.05± 0.07)× 10−10. (1.11)

This ratio provides us the number of baryons per photon in our universe, which helps us to set
an important initial condition for the standard big-bang theory.

Before we move on for setting up the stage of our thesis, let us briefly mention the chronological
evolution of our universe as depicted in Fig.(1.1). However important point the reader should
remember that, this chronological events were tabulated considering the present cosmological
observations as well as our current theoretical understanding. Hence some facts specifically in
the early time, may turn out to be incorrect if we have further observations or more theoretical
understanding.

Let us read the timeline from the bottom. As mentioned earlier, the universe we see today
is influenced by unknown dark energy. However most important breakthough that has set the
very idea of big-bang cosmology into its firm footing is the observation of cosmic microwave
background and its minute spatial fluctuations in temperature in one part of 105. The present
CMB temperature is estimated to be 2.726K. “Today” is attributed to the present time which
is 13.6 billion years after the universe started from the big-bang, when universe is very hot.
Observation of the current accelerated expansion of the universe parametrized by Hubble
constant estimates the current age of the universe. The current estimated value of the Hubble
constant is H0 = 67.3±1.2 km/s/Mpc [11]. As emphasized, the present universe is dark energy
dominated which apparently starts to dominate in the recent past. When the universe becomes
around 1∼13.7 million years old, the large scale structures are assumed to be formed which
comprise of galaxies with full of stars, clusters of galaxies, super-clusters and so on. Those
structures have been further proved to be originated from the gravitational instability due
to spatial inhomogeneity of matter-energy distribution (imprinted on the CMB temperature
anisotropies) in the early universe before the structure formation. We will see later how a
period of accelerated expansion similar to present day dark energy dominated universe can
naturally produce such a small inhomogeneity in the early universe. The age t ∼ 60, 000 years
marks an important era of matter-radiation equality. The universe was radiation dominated
prior to this time and after this era universe enters into the matter dominated phase. Going
further backward in time, when the age of the universe is at around t = 380, 000 years, it is the
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1.1. Cosmology and Inflation

10−43s, 1019GeV Planck scale - quantum gravity?

∼ 10−25,−40s, 1010−18GeV Inflation and reheating.

TIMELINE 1: Brief history of universe

Beginning of Hot Big Bang era...

∼ 10−25,−38s, 1010−16GeV Baryogenesis

10−10s, 100GeV Electroweak symmetry Breaking

10−4s, 1013K, 100MeV Quarks condense into hadrons

10s, 1011K, 1MeV Neutrino decoupling

Era of Observational Cosmology begins...

102s, 1010K, 0.1MeV Neucleosynthesis(n+ ν ↔ p+ e−)

105yrs, 104−5K Matter domination( radiation-matter equality)

3× 105yrs, 103−4K, 1eV Photon decoupling (p+ e↔ H), CMB formed

109yrs Structure formation.

5× 109yrs Dark energy domination begins.

13.6× 109yrs, 2.7K Today.

1

Figure 1.1: Timeline

era of CMB. The CMB photons decouple from the baryon fluid as the mean photon energy of
photon drops below the ionisation energy of hydrogen because of cosmological expansion. All
the free electrons and protons recombine to form hydrogen. Before that Helium, which accounts
for 25% of the total baryonic matter, is also recombined. Tiny inhomogeneities remaining
after the recombination induces the small anisotropies in temperature of the photons which
decouple at the Last Scattering Surface(LSS). These anisotropies will remain until the present
day of CMB photons. At t = 1 ∼ 200 seconds from big-bang, the nucleus are formed as the
temperature drops below 1MeV. Protons and neutrons which were free streaming upto this
point fuses to form Helium-4(mostly) as well as other lighter elements. Around 75% of the
protons will remain free. The abundance of light elements resulting from synthesis of nuclear
bound states are known as the Big Bang Nucleosythesis(BBN) show excellent agreement with
observation and is one of the prime reasons why big bang theory supplanted its alternatives.
When the age of our universe is of the order of one second corresponding to the temperature
of the order 0.5 MeV, the electrons becomes almost massless. Therefore, the electron-positron
pairs began to annihilate leaving only a tiny excess of matter which is of the order of one
per billion photons. If we go further backward in time neutrino decouples from the cosmic

7

TH-2019_136121001



1. Introduction

soup as their interaction fall out of equilibrium at around t ∼ 0.2 second at a temperature
∼ 1MeV . Quarks and gluons which were previously free at higher temperature, begin to get
confined forming baryons and mesons at t ∼ 10−5 second at a temperature of 100MeV . At
10−10s we have electroweak symmetry breaking. The W and Z bosons acquire mass while
photons remain massless. The present universe seems to be made entirely of the baryons.
While the symmetries of the standard models predicts almost equal number of matter and
antimatter in our universe. However, the process of generating this asymmetry in the number
of baryonic matter is supposed to have occured at 1MeV < T < 1016GeV via a process
known as baryogenesis. A phase of exponential expansion known as inflation must precede
all these phases. The inflationary phase explains the remarkable uniformity of the CMB and
the flatness of the universe which we will describe in detail. In addition it also provides us
with a mechanism of generating the primordial density fluctuations which eventually give
rise to the large scale structure formation. The inflationary phase accompanies a phase of
reheating when all the matter and radiation in some form is produced. Thus quantum processes
during inflation and the accompanying phase of reheating is responsible for all the matter,
radiation as well as large scale structure around us. In INFLATIONARY UNIVERSE, Alan
Guth writes “...in the inflationary theory the universe evolves from essentially nothing at all,
which is why I frequently refer to it as the ultimate free lunch”. We do not have precise
understanding of the state of the universe prior to the inflation. It has been generally agreed
that a description of quantum gravity is necessary in this regime. In fact a complete theory of
quantum gravity is also necessary for understanding the source of inflaton. Thus we may say
that the inflationary period is actually the phase up-to which we have theoretical understanding
backed by observational data about the origin of our universe. This phase standing between
the borderline of knowns and unknowns is still in an active developmental stage.

After having a glimpse of the history of our universe, we will now introduce the idea of
inflation in next couple of sections.

1.1.2 Basics of Inflation

Before developing the theory of inflation, in this section we will describe why at all a period
of exponential expansion must be followed by the standard big bang model. The big bang
cosmological model was very successful in describing the observable universe. A simple model
of the expanding universe described based on the principle of homogeneous and isotropic
FLRW spacetime propelled by mostly dark matter and dark energy so called (ΛCDM) is able
to explain the current observed universe to a significant precession. However, the very idea
of inflation originated from the fact that the big-band model has some inherent limitations.
All of those limitations can be unified into one which is popularly known as initial condition
problem. In the subsequent section we will briefly describe those problems.

1.1.2.1 Homogeneity Problem

As we have already mentioned it is the cosmological observations which dictates us to consider
our universe to be in the homogeneous and isotropic state. The observed temperature fluctu-
ations in the cosmic microwave background (CMB) (δT/T0 ∼ 10−5) put a solid foundation
on those very assumptions. The prior assumptions of homogeneous and isotropic state in
understanding the cosmological dynamics greatly simplifies the computational and analytical
complexity of the actual problem. However this very principle turned out to be the origin
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1.1. Cosmology and Inflation

Figure 1.2: Fluctuations in the Cosmic Microwave Background (CMB) [Image courtesy: ESA website]

.

of all the limitations of the standard big-bang model. The CMB photons having the same
average temperature T0 ' 2.73K across a large region on a spatial time slice of our universe
poses the first question: why our universe is homogeneous over such a large scale? Or in other
words why the photons which are freely streaming to us from all possible directions from the
last scattering surface have the same temperature? Such a large degree of homogeneity can
only be achieved if the whole region of scattering surface was causally connected. Therefore,
the question of homogeneity can be translated into the question that how could such a vast
region of space becomes homogeneous in spite of no causal connection inferred from the simple
Hubble observation. This is known as the homogeneity problem or in other words horizon
problem of hot big bang cosmology.

1.1.2.2 Flatness Problem

In addition to the above one, we encounter another problems related to the critical energy
density of our universe. If we consider the spatial curvature to be non-zero, the Friedman
equation describing the dynamics of our universe with the curvature term κ becomes,

H2 =
8πG

3
ρ− κ

a2
(1.12)

From the above equation one of the important dimensionless cosmological parameters defined
as Ω = ρ/(3H2/8πG) called density parameter becomes,

Ω− 1 =
κ

a2H2
. (1.13)

The standards evolution of the scale factor and the associated energy density can be used to
get the evolution of Ω− 1 for different epoch of our universe dominated by

Matter: a ∝ t2/3, H ∝ t−1 =⇒ 1

aH
∝ t1/3 =⇒ |1− Ω| ∝ t2/3

Radiation: a ∝ t1/2, H ∝ t−1 =⇒ 1

aH
∝ t1/2 =⇒ |1− Ω| ∝ t.

Further from the present observational estimate one gets |Ω(t0)− 1| < 10−2. If we go backward
in time following at the time of BBN, we will have |Ω(tBBN )− 1| ≤ 10−17. To maintain this
value from the present to BBN, one needs do the extreme fine tuning of the value of spatial
curvature κ situated in the right hand side of the Eq. (1.13). However best solution will be
to assume κ = 0, which means that the energy density of our universe is equal to the critical
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1. Introduction

energy density. The question then naturally arises is, how can one obtain such a unique critical
state of the spatially flat universe at the very early stage. This is the well known flatness
problem of standard big-bang.

In such a situation a new paradigm has emerged which is known as inflation in the field of
early universe cosmology. In our following sections this will our main topic of discussions.

1.2 Inflation: A period of exponential expansion

We will now examine how inflation can solve the aforementioned problems of hot big-bang
cosmology. We will also see how this new paradigm unexpectedly enter into a new realm of
understanding the very fabrication our universe through large scale structure. The homogeneity
problem as discussed has to do with the fact that the Hubble horizon always increases in
the standard big-bang cosmology. This essentially suggests that as we go backward in time,
more and more regions of space become causally disconnected. In other words two observers
causally connected at the present epoch must have been causally disconnected in the distant
past. Therefore, homogeneity at the time as early as the last scattering should be very difficult
to maintain. As mentioned the observational fact of large scale homogeneity questions the very
foundation of the ‘bing-bang’. The simplest but elegant resolution of this problem has been
proposed by introducing inflation in the early universe. This is the phase when the Hubble
horizon is shrinking in time,

d

dt
(aH)−1 < 0. (1.14)

Hence, two points in the last scattering surface which were in causally disconnected regions
can be in causal contact before the inflation. To further understand the above statement of
horizon dynamics during inflation, the Eq. (1.14), can be expanded into

d

dt
(aH)−1 =

d

dt
(ȧ)−1 = − ä

(ȧ)2
< 0. (1.15)

It is evident that a shrinking Hubble horizon also implies a period of accelerated expansion.
Inflationary paradigm, assumed to be the perfect master stroke in the theory of cosmology,
essentially solves all the aforementioned problems of hot big-bang. Moment one assumes a phase
of accelerated expansion, it automatically leads to a spacetime with flat special geometry κ = 0.
Therefore, solution of flatness problem is a natural consequence of inflationary universe. None
the less let us use the above definition of horizon dynamics to inquire about the property of the
source of energy-momentum which may result in an accelerated expansion of the spacetime.
For that we first write Eq. (1.14) as

d

dt
(aH)−1 = − ȧH + aḢ

(aH)2
= −1

a
(1− ε) < 0 (1.16)

where, ε ≡ − Ḣ
H2 . For the above condition to be valid we must satisfy ε < 1. Using one of the

Friedmann Eq. (1.7)

Ḣ +H2 = − 1

6M2
p

(ρ+ 3P ) = −H
2

2

(
1 +

3P

ρ

)
, (1.17)
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and considering smallness of the parameter ε we get an important condition on the equation of
state,w ≡ P/ρ,

3

2

(
1 +

P

ρ

)
< 1 =⇒ w < −1

3
(1.18)

This important restriction on the equation of state suggests that to have inflation, one needs
unconventional matter content which contributes negative pressure with positive energy density
ρ.

1.2.1 More on conditions for inflation: Slow roll parameters

Before we move on to discuss the explicit construction of matter field for inflation, let us
elaborate more into the conditions for the inflation to understand the physical nature of the
required matter field. As it is an accelerated expansion of spacetime, a natural measure of
inflation can be defined by the well known quantity called ‘e-folding number’(N) between two
instants as

dN ≡ ln

(
af
ai

)
= d ln a = H dt . (1.19)

Here, i and f are initial and final value of the scale factor respectively. Thus the condition for
inflation in terms of e-folding number translates into,

ε ≡ − Ḣ

H2
= −d lnH

dN
< 1, (1.20)

implying the change in the Hubble constant which must be very small with respect to change in
N . The scale of homogeneity as is observed in the CMB or large scale structures, is quantified
by the aforementioned inflationary parameter N . The present size of the observed homogeneous
universe can be well explained by this e-folding number to be ∆N = 50 ∼ 60. Since the
whole problem is dynamical in nature, and N is essentially playing the role of time, one needs
to keep the parameter ε small for longer period of time, which is parametrized by another
quantity defined as

η ≡ d ln ε

dN
=

ε̇

Hε
(1.21)

Therefore, smallness of both the parameters |η|, |ε| < 1 will ensure the inflation for sufficient
period of time such that one obtains N = 50 ∼ 60. In the inflationary context those small
parameters are called slow roll parameters. In next section we will consider a specific scalar
field model of inflation and study in detail the important roles played by those parameters in
defining important cosmological observables.

1.2.2 Scalar field as the source of inflation

By now it is understood that inflation is a period of exponential expansion which is in
mathematical term known as quasi-de Sitter phase. Over the years large number of models
have been constructed to realize this phase. However the simplest and the most successful
inflationary model is the one where dynamics is driven by a real scalar field. The simplest
action for the inflation in terms of scalar field called inflaton is written as

Sφ =

∫
d4x
√−g

[
M2

pR+
1

2
gµν∂µφ∂νφ− V (φ)

]
, (1.22)
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1. Introduction

where we have defined the reduced Planck mass Mp = 1/
√

8πG in natural unit. V (φ) is the
potential energy. At this point let us mention that the significant part our thesis will be
devoted to the construction of generalized scalar field model which can successfully explain
the cosmological observation. Therefore, in this section our discussions will be mainly focused
on the basic methodology of how to obtain inflation from the inflaton. None the less the
stress-energy tensor associated with the inflaton comes out to be

Tµν = ∂µφ∂νφ− gµν
(

1

2
gσρ∂σφ∂ρφ− V (φ)

)
. (1.23)

Because of background homogeneity considering the homogeneous inflaton namely, φ ≡ φ(t),
the expressions for the energy and pressure density of for inflaton turned out to be

ρφ =
1

2
φ̇2 + V (φ) (1.24)

Pφ =
1

2
φ̇2 − V (φ) (1.25)

With this expression of energy density and pressure, we readily obtain the equation of state
parameter for the inflaton as,

wφ =
Pφ
ρφ

=
1
2 φ̇

2 − V (φ)
1
2 φ̇

2 + V (φ)
(1.26)

The dynamics of the background inflationary phase is described by the following set of
homogeneous equations for the inflaton and the scale factor derived from the action Eq. (1.22),

φ̈+ 3Hφ̇+ V ′(φ) = 0, (1.27)

H2 =
8πG

3
ρφ =

1

3M2
p

[
1

2
φ̇2 + V (φ)

]
. (1.28)

Where, the second is known as Friedmann equation. The above equation resembles the equation
of a damped harmonic oscillator where the term 3Hφ̇ plays the role of a friction term. This
very damping term will play the essential role in identifying the ‘slow-roll’ parameters defined
before in order to obtain the sufficient number of e-folding.

1.2.3 The slow-roll conditions

The slow roll parameters that have been previously discussed can now be expressed in terms of
inflaton as follows,

2HḢ =
1

3M2
p

[
φ̇φ̈+ V ′(φ)φ̇

]
. (1.29)

Using dynamical equation for the inflaton and the scale factor and Eq. (1.29), we get,

Ḣ = −1

2

φ̇

M2
p

. (1.30)

Hence, the slow roll parameters (ε, η) turned into the following form,

ε = − Ḣ

H2
=

1
2 φ̇

2

M2
pH

2
(1.31)

η =
ε̇

Hε
= 2

φ̈

Hφ̇
− 2

Ḣ

H2
= 2(ε− δ). (1.32)
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Therefore, slow roll conditions for inflation essentially means that the kinetic energy of inflaton
should be negligible compared to the total energy during inflation. In other words, the
inflationary period is dominated by the potential energy of the inflaton, and as a result
acceleration of the field must be small for sufficient time. This second condition is defined by a
dimensionless quantity which is the acceleration per Hubble time.

δ ≡ − φ̈

Hφ̇
(1.33)

The physical significance for these slow-roll conditions will be more apparent when we will
write them in terms of the scalar field potential. If we use above slow-roll conditions into
Eq.(1.28), the dynamical equations for the inflation become

H2 ≈ V

3M2
p

; 3Hφ̇ ≈ −V ′. (1.34)

Using these, the potential form of slow-roll conditions turned out to be

εV =
M2

p

2

(
V ′

V

)2

; ηV = M2
p

(
V ′′

V

)
(1.35)

For any canonical scalar field inflationary model, these equations can be taken as a starting
point for further study. During the inflation these slow-roll parameters are smaller that unity,
|εV |, |ηV | < 1. Now we are in a position to express the e-folding number Eq. (1.19), between
any two arbitrary instants during inflation in terms of inflaton as

∆N =

∫ φf

φi

1√
2εV

| dφ |
Mp

, (1.36)

where, φi, and φf are initial and final inflaton field values. So far all we have computed are
at the background label, and choosing a particular form of the potential one can obtain the
inflation. However, it would have been uninteresting if this is the end of the story. Inflation is
not just a phase but a paradigm, which not only describes homogeneous and isotropic universe
but also creates the tiny fluctuation we mentioned. It also brings various branches of physics
namely particle phenomenology, non-equilibrium field theory to name a few, into a single fold.
In this thesis we will touch upon all those aspects in some detail. In the subsequent section let
us begin with the origin of the tiny fluctuation mentioned in terms of perturbation theory.

1.3 Cosmological Perturbations

The tiny fluctuations originating form the quantum effects during inflation is assumed to be the
seed for the large scale structure of our observable universe. Until now we have considered the
inflaton field as the homogeneous one φ(t) in the homogeneous FLRW background. However,
the quantum fluctuations will lead to inhomogeneities. Assuming these inhomogeneities to be
small such that the perturbation theory is applicable, we write the inflaton field as

φ(x, t) = φ(t) + δφ(x, t). (1.37)
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Due to these small fluctuation of field value, the inflation will end at different time in different
region of space. Therefore, different regions will inflate differently resulting in a small inhomo-
geneous distribution of energy density δρ(x). This small density fluctuation has been proved
to be the origin of the observed temperature fluctuations in the CMB.

δφ(x, t)→ δρ(x, t)→ ∆T (x) (1.38)

In the following sub-sections we will review[12–17], the dynamics of these perturbation in
the inflationary background. The observed inhomogeneities in the CMB are very small
∆T/T ∼ O(10−5). This implies that the universe at the time of CMB decoupling was nearly
homogeneous, and the inhomogeneities are small enough to be treated with linear order
perturbation theory. The evolution of those perturbations are studied by expanding the
Einstein equations to the first order

δGµν = 8πGδTµν (1.39)

As the above equation suggests, we can treat the perturbation of metric and matter field
separately. In order to understand the basics of perturbation theory, will discuss the essential
points as follows.

1.3.1 Metric perturbation

Since matter and energy is the ultimate source of curvature in the spacetime geometry. Any
fluctuations in the matter field such as the field given in Eq. (1.37) will induce fluctuations
in the metric. Thus it is necessary to calculate the action for those small fluctuations on
the homogeneous background of Eq. (1.7). In this section we will first discuss about the
general form of the perturbation and their important properties. General form of the metric
perturbation is parametrized as

ds2 = (1 + 2Φ) dt2 − 2a(t)Bi dt dxi − a2(δij + hij) dxi dxj (1.40)

The 10 degrees of freedom(d.o.f) of the perturbation δgµν(x) is decomposed into scalar, vector
and tensor components according to their behavior under local spatial rotation group.

δgµν ≡
(
δg00, δg0i, δgij

)
(1.41)

Which could be more explicitly written as

• 4 scalar d.o.f → δg00 ≡ Φ and three other(B,Ψ, E) which will be cleared below.

• 4 divergence-less vector d.o.f → (B̂i, Êi). One of which is arising as follows,

δg0i ≡ Bj = ∂jB︸︷︷︸
scalar

+ B̂j︸︷︷︸
vector

where ∂jB̂j = 0.

• 2 trace-less and divergence-less tensor d.o.f → δgij ≡ hij

hij = 2Ψδij + 2∂i∂jE +
(
∂iÊj + ∂jÊi

)
+ 2ĥij

where ∂iÊi = 0, ∂iĥij = 0, ĥii = 0.
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1.3. Cosmological Perturbations

The usefulness of such a decomposition is that, at linear level, we can study the evolution of
those three class of perturbations independently of each other with the linearized Einstein
equation. The scalar-vector-tensor(SVT) decomposition is most easily described in Fourier
space. In all our future discussions the Fourier decomposition of a fluctuations will be defined
as

Xk =

∫
d3xX(t,x)eik·x where, X ≡ (δφ, δgµν , · · · ) (1.42)

It turned out that the vector perturbation has only a decaying mode under usual conditions of
linear perturbation theory[12, 18]. This is also expected form the general coordinate invariance,
as in the gravity sector, one only has two propagating degrees of freedom. Therefore, we
will ignore vector mode through out our discussions. For our latter purpose let us express
the transformation properties of fluctuation modes under the coordinate transformation
(t→ t+ α, xi → xi + β,j) as

Φ→ Φ− α̇,

B → B +
β̇

a
+

1

a
α,

Ψ→ Ψ +Hα,

E → E +
β

a2
,

ĥij → ĥij .

(1.43)

From the transformations, one can understand the fact that all the perturbation variables are
not physical, or we call them gauge dependent. For example ĥij is clearly a gauge invariant
perturbation. Never the less, these transformation properties will help us identifying the
physical or gauge invariant perturbation variable which we finally identify as the curvature
perturbation observed in CMB. Before we could define those physical perturbation let us
discuss about the perturbation of energy momentum tensor specifically for inflaton.

1.3.2 Matter Perturbations

In the cosmological context the general form of the perfect energy momentum tensor takes the
following form,

Tµν = T̄µν + δTµν (1.44)

At the background level, the energy momentum tensor takes the following homogeneous
form T̄µν = −p̄ḡµν + (ρ̄ + p̄)ūµūν , with the co-moving 4-velocity ūµ = (1, 0). To write the
perturbations of the stress energy tensor we first note the perturbations of the density and
pressure as

δρ(t,x) ≡ ρ(t,x)− ρ̄(t) (1.45)
δp(t,x) ≡ p(t,x)− p̄(t) (1.46)

While the perturbed 4-velocity with respect to the metric (1.40) is given as

uµ ≡ (1− Φ, vi), uµ ≡ (1 + Φ,− 1

a2
vi − 1

a
Bi), (1.47)
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1. Introduction

while, deriving this use has been mode on the normalization condition uµuµ = 1. With these
definitions,the perturbed components of the total stress-energy tensor is given as

T 0
0 = (ρ̄+ δρ) (1.48)

T 0
i = (ρ̄+ p̄)vi (1.49)

T ij = −δij(p̄+ δp) + Σi
j (1.50)

(1.51)

where Σi
j is the anisotropic stress which is a gauge-invariant quantity, while the density, pressure

and momentum density are gauge dependent. In the similar manner under general coordinate
transformations (gauge transformations) (t→ t+ α, xi → xi + β,j), above they transform as

δρ→ δρ− ˙̄ρα (1.52)
δp→ δp− ˙̄pα (1.53)
δqi → δqi + (ρ̄+ p̄)α,i (1.54)

where, δqi ≡ (ρ̄+ p̄)vi is momentum density. Now we have both the ingredients to track down
the evolution of the perturbations via Eq. (1.39), namely the metric perturbations described in
Section 1.3.1 and the perturbed matter in Section 1.3.2.

1.3.3 Gauge invariant variable and power spectrum: scalar mode

So far we have discussed about various perturbation variables and their transformation
properties. In this section we consider a particular gauge invariant quantity [18], called
comoving curvature perturbation (R), which is defined as

R = Ψ− H

ρ̄+ p̄
δq (1.55)

where δq is the scalar part of the 3-momentum density

T 0
i = δqi = ∂iδq + δ̂qi.

One can clear see thatR is invariant under general coordinate transformation. If we consider the
homogeneous inflaton field, the momentum density turned out to be T 0

i = − ˙̄φ∂iδφ. Therefore,
the co-moving curvature perturbation takes the following form,

R = Ψ +
H
˙̄φ
δφ (1.56)

In order further proceed, it is very convenient to consider a particular gauge as

δφ = 0, gij = a2
[
(1− 2R)δij + hij

]
, ∂ihij = hii = 0. (1.57)

The utility of this choice is that as the inflaton field is unperturbed in this gauge, and since
originally R behaves as a gauge invariant variable, all the other scalar perturbation (Φ, B)
can be expressed in term of R(t,x) (for details see [15]). Most importantly Ψ then measures
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1.3. Cosmological Perturbations

purely the three-curvature of the spatial section as R(3) = (1/3)∇2Ψ. Now in the gauge (1.57),
the quadratic action for the comoving curvature perturbation R turned out to be

S(2) =
1

2

∫
d4xa3 φ̇

2

H2

[
Ṙ2 − 1

a2
(∂iR)2

]
. (1.58)

Using the following Mukhanov variable

v = zR with z2 = 2a2
1
2 φ̇

2

H2
= 2a2ε, (1.59)

where ε is the usual slow-roll parameter, the equation of motion for each individual mode takes
the following form

v′′k +
(
k2 − z′′

z

)
vk = 0. (1.60)

Where "prime" is taken with respect to the conformal time. The functions z in the above
equation depends on the background dynamics which makes the full general equation difficult
to solve analytically. It is usually solved numerically. However, for inflationary background the
above equation may be analysed in various limits to have an intuitive understanding of the
solution.

In order compute the various correlation function for this fluctuation, one needs to quantize
this with appropriate boundary condition. The steps are analogous to the usual free field
quantization. We promote the mode functions vk to quantum operator:

vk → v̂k = vk(η)âk + v∗−k(η)â†−k, (1.61)

where the creation and annihilation operators â†−k and âk respectively satisfy the usual canonical
commutation relation. [

âk, â
†
−k

]
= (2π)3δ(k− k′), (1.62)

provided that the modes functions are normalized as follows

〈
vk, v

′
k

〉
≡ i

~
(v∗kv

′
k − v∗kvk). (1.63)

The condition above provides us the appropriate boundary condition for the solution of
Eq. (1.60). The ground state or the vacuum is defined as

âk |0〉 = 0, (1.64)

To explore the analytic solution, and understand the form of the spectrum, we consider the de
Sitter limit H = const.( ε→ 0) when

z′′

z
=
a′′

a
=

2

η2
, =⇒ z ∼ 1

η
(1.65)

and the equation for the mode function in (1.60) reduces to

v′′k +
(
k2 − 2

η2

)
vk = 0. (1.66)
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This has the exact solution as

vk = α
e−ikη√

2k

(
1− i

kη

)
+ β

eikη√
2k

(
1 +

i

kη

)
(1.67)

The free parameters α and β characterizing the non-uniqueness of the mode functions can be
fixed uniquely by the condition Eq. (1.63) together with the subhorizon limit |kη| � 1. These
set α = 1, β = 0, leading to the unique Bunch-Davies vacuum with the mode function,

vk =
e−ikη√

2k

(
1− i

kη

)
=⇒ vk ∝

1

η
, (1.68)

where the last approximate solution is in the super-horizon limit. At this stage an important
result one obtains for super-horizon modes |kη| → 0, Rk = z−1vk → constant. Therefore,
co-moving curvature perturbation freezes out once they become super-horizon modes during
inflation. This fact will essentially gives rise to the physical observables related to various
correlations of Rk. One such observable is the power spectrum which is the two point
correlation function in momentum space. For simplicity considering de Sitter limit, the two
point correlation function of the curvature perturbation Rk = (Hvk)/(φ̇a) at the horizon
crossing a(tk)H(tk) = k will take the following well known form,

〈Rk(t)Rk′(t)〉 = (2π)3δ(k + k′)
H2
k

(2k3)

H2
k

φ̇2
k

(1.69)

= (2π)3δ(k + k′)PR(k). (1.70)

While the dimensionless power spectrum ∆R(k) is defined as

PR(k) =
2π2

k3
∆2
R, (1.71)

yielding,

∆2
R(k) =

H2
k

(2π)2

H2
k

φ̇2
k

. (1.72)

We have calculated the power spectrum taking de Sitter limit. Now if we consider all the
quantities to be slowly varying, then scale dependence of the power spectrum is quantified by
well known spectral index ns as

ns − 1 =
d ln ∆2

R
d ln k

= −2ε− η (1.73)

' −6εV + 2ηV .

Through out our thesis, we will be using the second relation for the spectral index. In a similar
manner one also define the running of scalar spectral index, which can be expressed as

dnks ≡
dns

d ln k
= −2ξV + 16εV ηV − 24ε2V , (1.74)

where, ξV = M4
p

(
V ′minV

′′′
min/V

2
)
is the second order inflationary slow roll parameter. We

will describe how we will use this fact to relate the CMB temperature with the primordial
perturbation in Section 1.3.5. In the following section let us briefly discuss about the tensor
mode.
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1.3.4 Tensor Mode

The discussion of tensor perturbation will be analogous to that of the scalar perturbations.
The metric for the tensor perturbation in conformal coordinate is given by

ds2 = a(η)
[
− dη2 + (1 + ĥij)dx

idxj
]
. (1.75)

We have already described before ĥij is the gauge invariant transverse and traceless tensor
perturbation. Therefore, it has only two independent component. The two independent degrees
of freedom of the tensor perturbation are generally expressed as

ĥij ≡




h+ h× 0

h× h+ 0

0 0 0



. (1.76)

Following the same methodology, the second order action for the tensor perturbation turns out
to be

St(2) =
M2

p

8

∫
dη dx3 a2

[
(ĥ′ij)

2 − (∂lĥij)
]
. (1.77)

This action is same for that of a massless scalar field(apart from a normalization factor of
Mp/2 in FLRW spacetime. We now expand the perturbation into Fourier modes as

ĥij =

∫
d3k

(2π)3

∑

s=+,×
εsij(k)hsk(η)eik·x, (1.78)

where, transverse and traceless conditions ∂iĥij = 0, and ĥii = 0, turn into εii = kiεij = 0, with
the polarization sum εsij(k)εs

′
ij(k) = 2δss′. Using all these ingredients the action for the tensor

perturbation modes turns out to be

St(2) =
∑

s

∫
dηdk

a2M2
p

4

[
hsk
′hsk
′ − k2hskh

s
k

]
(1.79)

Defining canonically normalized variable vsk = (a/2)Mph
s
k, we gets

St(2) =
∑

s

1

2

∫
dηd3k

[
(vsk
′)2 −

(
k2 − a′′

a

)
(vsk)2

]
(1.80)

Following same de Sitter limit, the dimensionless tensor power spectrum turns becomes,

∆2
t =

2

π2

H2
k

M2
p

(1.81)

Analogously the tensor spectral index is

nt ≡
d ln ∆2

t

d ln k
= −2ε ' −2εV (1.82)

Tensor fluctuations when normalized with respect to that of the scalar fluctuations is known as
scalar to tensor ratio r which is the quantity that is often quoted in cosmological observation.
Therefore, one can express r as follows,

r ≡ ∆2
t (k)

∆2
R(k)

= 16ε ' 16εV (1.83)

19

TH-2019_136121001



1. Introduction

∆N

k−1

Inflation

Nk Nend

Reheating

Horizon exit(k=aH) Horizon re-entry

C
o
m
o
v
in
g
sc
a
le
s

N0

(1/aH) transfer

function

∆T
projection

Cl

C
M
B

re
co
m
b
in
a
ti
o
n

sub-horizonsub-horizon
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Figure 1.3: The curvature perturbations R generated during inflation do not evolve once they exit the horizon.
The comoving horizon (aH)−1 shrinks during inflation and grows in subsequent standard FLRW evolution. Hence the
largest comoving scales k−1 that exit during inflation re-enter the horizon only recently. As Ṙ = 0 on super-horizon
scales, the correlation function

〈
|Rk|2

〉
at horizon exit is related to CMB observables at late times.

1.3.5 Observations and constraints

So far we have talked about the theoretical framework in which we can understand the dynamics
of various matter fields and their fluctuations along with gravity. However, as emphasized
already, goal is to understand the cosmological observations which can be fit with the predictions
of the theory described above. In this section we will mainly emphasize on how can we connect
the inflationary paradigm with the observed fluctuations in the CMB through some very
specific observables. The properties of those fluctuations are determined by their evolution
through the hot, dense plasma of tightly coupled baryons-photons fluid. However, as we have
seen that those fluctuations were actually produced during the era of primordial inflation and
most importantly various modes of those fluctuations exit the Hubble horizon when k = aH.
On the other hand after the end of inflation the co-moving Hubble radius 1/aH increases with
time, which suggests that the out going fluctuating modes during inflation will re-enter the
horizon at the present time. This is clearly depicted in Fig. 1.3. Therefore, after re-entering
the horizon those curvature perturbation modes will evolve into density perturbations on
the matter components at all scales, which finally will be imprinted upon the CMB. These
perturbations oscillate due to combined effects of gravity and thermodynamic pressure once
they re-enter the horizon. This coherent oscillations are encoded in the CMB as various peaks
in the temperature correlation functions. The presence of those peaks and troughs at different
scales due to the difference in their horizon-exit/re-enter presents a remarkable evidence for
the inflationary paradigm.

The temperature power spectrum that can be computed from the CMB fluctuations has
been proved to be directly related to the primordial inflationary curvature power spectrum
described before. The connection between these two power spectrum can be connected through
appropriate transfer function which is related to the background evolution. The primordial
power spectrum for the scalar curvature, ∆R, and the tensor modes, ∆t, are parametrized
by two important cosmological parameters related to the amplitudes of the their respective
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1.3. Cosmological Perturbations

Figure 1.4: Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002Mpc1 from Planck alone and in
combination with BK14 or BK14 plus BAO data, compared to the theoretical predictions of selected inflationary models.
Figure is taken from Ref.[19]

fluctuations and spectral index as

∆2
R ≡ AR

(
k

k∗

)ns−1

, ∆2
t ≡ At

(
k

k∗

)nt
; (1.84)

Where k∗ is reference scale of PLANCK which is called the pivot scale. Now from the CMB
temperature fluctuation data, the amplitude of the curvature fluctuation is measured at the
pivot scale of k = 0.05 Mpc−1 form Planck 2018[19] as

AR = (2.196± 0.060)× 10−9. (1.85)

The value of the primordial spectral tilt and running are given as

ns = 0.9649± 0.0042 at ; dnks = 0.0045± 0.0067 68% CL. (1.86)

While from CMB anisotropy tensor spectrum is bounded from above, which is given through
the tensor to scalar ration as,

∆2
t

∆2
R

= r0.002 =< 0.10 95% CL.

for k∗ = 0.002 Mpc−1. However, if one considers various other experimental observation such
as from BICEP2/Keck Array BK14 date, value of r is further tightened to

r0.002 < 0.064

In the Fig. 1.4 the latest constraints in the (ns vs r) plane is given along with some well known
inflationary models from PLANCK paper. Details of the plots can be found in [19]. After
discussing the phase of inflation and its observational signatures, let us introduce some special
class of inflationary models and their viability in the context of PLANCK.
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Figure 1.5: An Illustration of large field inflation potential.

1.4 Inflationary Models

So far we have seen the conditions for the successful inflation considering the generic scalar field
model, and the associated observables. What we learned essentially is the form of the inflaton
potential which plays the most important role. In this section we briefly summarize some well
known form of the inflationary potentials which will appear in our thesis discussion in various
forms. However, an encyclopedic list of inflationary scenario can be found in [20]. We will list
here three large classes of models which include many prominent inflationary models in the
literature. We categorize those models into three main classes, (a) Large field inflation, (b)
Small field inflation (c) Hybrid inflation.

1.4.1 Large field models

For these type of models, as illustrated in Fig. 1.5, the inflation occurs for large field values,
typically super-Planckian. The simplest power-law potentials [21] are the examples of large
field inflation model.

Taking

V (φ) =
1

n
λ m4−nφn

with λ = 1 when n 6= 4. The slow-roll conditions can be found to be

εV =
n2

2

(
Mp

φ

)2

, ηV = n(n− 1)

(
Mp

φ

)2

, ξV = 0. (1.87)

The efolding number is

∆N ' 1

2n

(
φk
Mp

)2

(1.88)

As the name suggests, the typical inflationary initial condition are distributed randomly because
of inherent quantum nature of the inflaton. Considering the observed scale of homogeneity, it
can found that corresponding inflationary e-folding number N will be be within 50 ∼ 60. For
which one needs the super-Planckian initial field value φk > Mp. This is one of the reasons the
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Figure 1.6: An Illustration of small field inflation potential.

chaotic model is said to be in the class of large field inflation. None the less the expression for
the power spectrum reads,

PR(k) = λn
n−4

2
2
n−2

2

3π2

( m
Mp

)4−n
N

n+2
2 . (1.89)

Therefore, for N = 55, and considering the value of AR given in Eq. (1.85) the value of the
model parameter m = 1.6× 1013GeV for n = 2 and λ = 8× 10−13 for n = 4. Once we have
fixed the value of the model parameter, the spectral index and the scalar-to-tensor ratio can
be predicted as

ns = 1−
(n+ 2

2

) 1

N
, r =

4n

N
, (1.90)

which implies,

ns = 0.964, r = 0.15 for n = 2 (1.91)
ns = 0.945, r = 0.30 for n = 4 (1.92)

From the value of r, therefore, we can conclude that simple chaotic model is strongly disfavored
by PLANCK.

1.4.2 Small field models

In these class of models, inflation occurs near the origin of the field space rendering φ�Mp.
This is the reason we call it small field inflation. A particularly simple model potential is given
as

V (φ) =
λ

4
(φ2 − v2)2 (1.93)

These type of potential, illustrated in Fig. 1.6 may arise in the model of spontaneous symmetry
breaking phenomena such as in Higgs mechanism. It is obvious that at the origin inflaton is
unstable. Therefore, inflation is just evolution of the field near the maximum towards the
global minimum. The slow-roll parameters in this case read as

εV =
8M2

pφ
2

(φ2 − v2)2
, ηV =

4M2
p(3φ2 − v2)

(φ2 − v2)2
, (1.94)
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The parameter ε(φ) is small for both φ � v as well as φ → 0. The latter limit corresponds
to small field inflation. We find the field value at the end of inflation from the condition
εV (φe) = 1 as

φ2
e = v2 + 4M2

p −
√

(v2 + 2)8M2
p ≈ (x2 − 2

√
2x)M2

p , (1.95)

where we have set x ≡Mp/v and the last approximate is valid when x & 1. The number of
e-folding N from the beginning of inflation at φk to the end of inflation φe is expressed as

N =

∫ φe

φk

H

φ̇
dφ =

x2

4
ln
φe
φk
− 1

8M2
p

(φ2
e − φ2

k) '
x2

4

(
ln
φe
φk
− 1

2

)
. (1.96)

The amplitude of curvature perturbation takes the following from,

PR =
λ(φ2

k − v2)4

768π2M2
pφ

2
k

' λx8

768π2

(Mp

φk

)2
' λx8

768π2(x−
√

2)2
exp
(8N

x2
+ 1
)
, (1.97)

where the second and third approximation is made for small field φk � v and φe ∼ (x−
√

2)Mp

respectively. The spectral index and the scalar-to-tensor ratio become

ns = 1−
8(3φ2

k + v2)M2
p

(φ2
k − v62)

' 1− 8

x2

r =
144M2

pφ
2
k

(φ2
k − v2)2

' 8

x2

( φk
Mp

)2

setting the pivot scale at N = 55 and taking x = 15, we find ns = 0.964, r ∼ 0.04 and
amplitude of power spectrum set the value of self-coupling λ ' 7 × 10−14. The small field
models predicting small values of scalar-to-tensor ratio are thus favored by data.

1.4.3 Hybrid Inflation Models

Our previous two models were single field inflation models. For the case of hybrid inflation
[22–25] there are more than one scalar fields. The inflation in hybrid models starts at large
values of the inflaton field and moves towards the minimum until it reaches a bifurcation point,
where it becomes unstable and the inflation ends as depicted in Fig. 1.7.

A particular form of hybrid potential is given by[22]

V (φ, χ) =
λ

4

(
χ2 − M2

λ

)2

+
1

2
g2φ2χ2 +

1

2
m2φ2. (1.98)

The effective mass of the waterfall field χ can be expressed as

m2
χ = −M2 + g2φ2, (1.99)

For large values of the inflaton field φ > φc ≡M/g, the field χ is stabilized around its minimum
χ = 0, as is clear from the figure. This phase of evolution can be effectively described by single
field φ with mass m, which is identified as inflaton. However, when the value of the inflaton
reaches φ = φc, the φ field develops tachyonic instability which is responsible for ending the
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Figure 1.7: Hybrid inflation model

inflation. As in this case inflation is driven by vacuum energy, to make analytic estimates can
done based on inflation potential as

V (φ) = V0 +
1

2
m2φ2, (1.100)

where, V0 = M4/(4λ). The slow-roll parameters in this case is given by

εV =
1

18

(m
H

)4( φ

Mp

)2
, ηV =

m3

3h2
. (1.101)

In this case the energy scale of inflation can not be set from the amplitude of power spectrum
alone. The spectral index and scalar-to-tensor ratio is given as

ns − 1 ' 2ηV =
2m2

3H2
> 1; r = (ns − 1)2

( φ

Mp

)2
. (1.102)

This prediction of spectral index is inconsistent with the current data. However, if the second
term in Eq. (1.100) dominates over the vacuum energy, the prediction becomes closer to that
of a large-field models.

With all these necessary ingredients for inflation and their predictions, let us illustrate
through the Fig. 1.8, another important aspect of this paradigm. This will be our main focus
in the subsequent sections. It is clear from the figure that the inflation itself is not the end of
the story. Even though we successfully inflate the universe to create large number of causally
disconnected regions which were other wise causally connected before the inflation, the question
remains: How can one connect the inflationary phase with the standard big-bang phase?. This
is where the story starts to become even more non-trivial. The inflation inflates the space and
it becomes completely empty except the homogeneous distribution of inflaton energy. The
natural mechanism would be to end the inflation and transfer the inflaton energy to the matter
energy we see today. Therefore, in order to set the perfect initial condition for the standard
big-bang, on needs to first end the inflation which has already been defined before at φend
with εV (φend) = 1. After this the only successful scenario which is known to connect between
the two phases are called reheating depicted in the Fig. 1.8. A significant part of our thesis
is devoted to understand this particular reheating phase and its observable effects for some
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Figure 1.8: Illustration of a slow-roll inflation and reheating

special classes of inflationary models. The usual picture is that after the end of inflation, the
inflaton oscillates around the minimum of the potential as shown in the figure. Depending
upon the couplings to other fields, inflaton decays into daughter fields, thereby, setting the
stage for a radiation dominated universe, which is the beginning of the big-bang. In next
section, we will discuss the reheating at some lengths.

1.5 Reheating after inflation: perturbative

As we already described, essential idea will be to understand the mechanism through which
the inflaton field transfers its energy into our visible matter field. The real problem of this
energy transfer is non-trivial. Therefore, simple model of reheating needs to be constructed to
understand this. The original idea of particle production after inflation was studied with the
following phenomenological equation of motion for the inflaton φ[26–29]

φ̈+ 3Hφ̇+ V ′(φ) = −Γφφ̇ (1.103)

where the phenomenological decay term accounts for the decay of inflaton field into daughter
fields. After the complete decay of inlaton, the daughter field will thermalize and the reheating
will be completed. The coupling with the daughter fields will be such that they should not spoil
the flatness condition during inflation namely Γφ � H. After the end of inflation, however, this
term comes into play as an effective dissipative term for inflaton. In terms of inflaton energy
density density ρφ, the Eq. (1.103) will be transformed into one of the Boltzmann equations as

ρ̇φ + 3H(ρφ + Pφ) = −Γφ(ρφ + Pφ). (1.104)

Using the definition of equation of state defined in Eq. (1.26), we may write the above equation
as

ρ̇φ + 3H(1 + wφ)ρφ = −Γφ(1 + wφ)ρφ (1.105)

In our discussion, we will consider the simplest situation where the daughter fields behaves like
radiation. Hence the second Boltzmann equation will be,

ρ̇R + 4HρR = Γφ(1 + wφ)ρφ. (1.106)
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Figure 1.9: The evolution of inflaton energy density and radiation energy density.

ρR is the radiation energy density. Finally, the Hubble expansion is given byH2 = (ρφ + ρR)/3M2
p .

Assuming the radiation component to be thermal, we can always assign the associated temper-
ature T through the following standard relation,

ρR =

(
π2

30

)
g∗T

4. (1.107)

Where g∗ represents the effective number of relativistic degrees of freedom at the end of
reheating. Now for qualitative understanding, assuming Γφ is constant, and the inflation
equation of state wφ = 0, the time evolution of equation for inflaton energy density reduces to

ρφ(t) = ρe

(
a

ae

)−3

eΓφ(t−te), (1.108)

where ρe(= V (φe)) is the inflaton energy density at the end of inflation which is also the onset
of reheating phase. During this matter dominated phase the scale factor grows as a(t) ∝ t2/3
and H(t) = 2/3t. Using these relations, the evolution of the radiation component has been
found to be

ρR(t) ' 3

5
ρe

(
t

τφ

)[
1−

(
te
t

) 5
3
]
, (1.109)

where τφ ≡ Γ−1
φ is the inflaton decay time. We have taken ρR = 0 as the initial condition

for radiation. The evolution of the inflaton and the radiation energy density are shown
schematically in the Fig. 1.9. Starting from zero, the radiation component quickly gets to
a maximum value and then decreases due to the expansion of the universe. The definition
of the temperature given in Eq. (1.107), then implies the existence of the maximum possible
temperature during reheating epoch as

TMAX ∼ g
− 1

4
∗ V (φe)

1
8 (MpΓφ)

1
4 (1.110)

It is also evident from the figure that the inflaton decay will be complete at the instant
t = 1/Γφ, when H ∼ Γφ, a = are. Hence, one can define an important parameters called
reheating temperature Tre at this instant as

H = Γφ ' ρ
1
2
R '

(
π

90
1
2

)
Tre2

Mp
, (1.111)
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from the well known expression for the reheating temperature is

Tre =

(
90

g∗π2

) 1
4√

ΓφMp. (1.112)

Similarly another important reheating parameter called reheating e-folding number Nre, which
measures the duration of reheating, is expressed as

Nre = log

(
are
ae

)
(1.113)

This is the temperature and the reheating e-folding number with which the radiation dominated
phase of the hot big-bang starts to evolve. We can put a bound on the possible values of Tre as

10TeV . Tre . V (φe)
1
4 , (1.114)

where, lower bound is coming from the constraint on BBN. Till now we do not have any direct
cosmological observables which can directly constrain this phase. Therefore, we have to rely on
the indirect measurements. Understanding this phase by indirect means such as CMB, dark
matter is one of main goals of the thesis.

All we have discussed so far will be incomplete if we do not talk about the interpretation
of the inflaton decay constant Γφ. In order to qualitatively understand the origin of this term
we can take help of perturbative quantum field theory. Assuming the following interaction
term of inflaton with another scalar χ and a fermion field ψ

Lint ⊃ −σφχ2 − hφψ̄ψ, (1.115)

one can obtain the leading order decay constant to be [30]

Γφ→χχ =
σ2

8πmφ
; Γφ→ψ̄ψ =

h2mφ

8π
. (1.116)

Therefore, effectively we can identify those decay constant and consider in the Boltzmann equa-
tion described above depending upon the type of reheating fields. However, this identification
can not be derived from the first principle. Let us not discuss about this any further. Instead let
us point out that this elementary treatment of perturbative reheating has several shortcomings.
At the end of inflation, most of the inflaton energy is stored in k = 0 mode. Hence the
oscillating homogeneous inflaton can be thought of as a condensation of large number of zero
momentum inflaton particles. This makes the perturbative treatment of decaying inflaton
rather inappropriate. Therefore, one surely needs to take into account the non-perturbative
effects. This turned out to be true for a wide range of coupling parameters among the inflaton
and the daughter particles. Parametric resonance is an important phenomena in this regime.
However, the perturbative treatment will be responsible for the completion of reheating phase
after the non-perturbative effects ceases to exist. The elementary reheating treatment will be
useful when connecting the reheating phase with the CMB anisotropy described in Chapter 3.

1.5.1 Non-Perturbative Reheating or Pre-heating

In their seminal work, Kofman, Linde and Starobinsky[31, 32](see also[33]), first introduced
and worked out the idea of non-perturbative production of particles after inflation based on
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the idea of parametric resonance in classical mechanics[34]. Though the full non-linear theory
of preheating is still not well understood but a significant advancement in this field has been
made and it is one of the most active field of research in inflationary cosmology[35–37]. Let us
introduce the basic idea of parametric resonance considering simplest chaotic inflation model
with inflaton coupled to another scalar field.

1.5.1.1 Parametric resonance after inflation

In order to understand the basic mechanism, we consider the interaction term between the
inflaton (φ) and another scalar field χ. ∗ The interacting Lagrangian for χ filed is

Lχ =
1

2
∂µχ∂

µχ− 1

2
m2
χχ

2 − 1

2
g2φ2χ2. (1.117)

Where, mχ is the mass of the χ particle. The matter field χ satisfies the following equation,

χ̈+ 3Hχ̇− 1

a2
∇2χ+ (m2

χ + g2φ2)θ = 0. (1.118)

Decomposing the scalar field into its Fourier components,

χ(t, x) =

∫
d3k

(2π)2/3
[ak χk(t)e

ik·x + h.c.], (1.119)

the mode equation for χk(t) then takes the following from

χ̈k + 3Hχ̇k +

(
k2

a2
+m2

χ + g2φ2

)
χk = 0. (1.120)

with this mode function one can define the particle number density with momentum k as [32]

nk =
ωk
2

( |χ̇k|2
ω2
k

+ |χk|2
)
− 1

2
(1.121)

Where, ω2
k = k2 + a2m2

χ. The analytic theory of parametric resonance has been studied
extensively in the literature for simple potentials viz the power-law chaotic potentials[31, 38].
Before we go into detail, let us first analyze the parametric resonance phenomena with the
help of stability-instability diagram from the well known method of Floquet analysis[39, 40].

1.5.1.2 Preheating: Analytic Treatment

To study the parametric resonance phenomena we define Xk(t) ≡ a3/2(t)χk(t) to re-scale
Eq. (4.5) as

Ẍk + ω2
kXk = 0, (1.122)

where, time dependent frequency parameter is,

ω2
k ≡

k2

a2
+ g2φ2(t) + ∆, ∆ ≡ −3

4
(3H2 + 2H). (1.123)

∗for preheating with fermions see,P. B. Greene and L. Kofman Phys. Lett B 448, 6 1999. [arXiv:hep-
ph/9807339], P. B. Greene and L. Kofman Phys. Rev. D 62, 123516 2000. [arXiv:hep-ph/0003018]. we will
here only consider the bosonic case
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Figure 1.10: instability bands of Mathieu/Hill type equations. For parameters (q, κ) value within a instability
band, the equation will show exponential growth.

To understand the analytic behavior let us set ∆ = 0, which can also be justified by the fact
that during reheating evolution of scalar factor is negligible within the few oscillation time. To
study the resonance phenomenon in the context of Floquet theory[39, 40], therefore, we further
switch off the expansion. Then Eq.(4.14) can be identified as Hill’s differential equation,

Ẍk +
(
κ+ qϕ2(t)

)
Xk = 0, (1.124)

with a = 1. The new parameters are given as κ = k2/a2 and q = (g2Φ2) which are assumed
to be time-independent. While the homogeneous oscillatory background solution has been
written as φ(t) = Φϕ(t). In reality, the amplitude is also decaying with time i.e., Φ ≡ Φ(t).
We will introduce the time dependence quantitatively later. The solution of Eq. (4.15) is of
the form Xk ∝ exp(µkt). Depending upon the values of the parameters (κ, q), this solution
will be exponentially growing when R(µκ,q) > 0, which is identified as the particle production.
This is the reason we call it parametric resonance. The contours of R(µκ,q) = 0 in the (κ, q)
space, known as the instability bands, Fig. 1.10, helps us understanding the parameter regions
as well as the resonance structure during preheating.

1.5.1.3 Narrow Resonance

From the stability/instability chart given in the Fig. 1.10, it can be seen that for small values
of the resonance parameter q � 1, the resonance occurs for a very narrow range of k which
renders its name the narrow resonance. The phenomenon of narrow resonance can qualitatively
understood in terms of Bose enhancement mechanism [41], which is essentially a quantum
statistical mechanical effect. Considering the interaction Lint ⊃ (1/2)g2φ2χ2 mentioned above,
the φ field can decay into two χ field in the oscillating inflaton background with an effective
coupling parameter g2φ(t). It is well known that the Bose condensate effect will enhance the χ
production if the states in the phase space of χ are already occupied. Therefore, the effective
decay rate of the φ particle Γφ can be expressed in terms of χ-decay constant Γχ as

Γφ ' Γχ(1 + 2nk). (1.125)
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k0 ∼ m
2

∆k =


g2Φ2

m




Figure 1.11: Momentum range for
narrow-resonance

k∗√
π

Figure 1.12: Momentum bound for
broad-resonance

Where we can clearly see the presence of χ-particle number density. Now our task is to find nk
for the given number density nχ.† The φ-particle at its rest frame decays into two χ particles
of energy m/2. The effective squared mass of χ particle depends on the value of the inflaton
field and is given by m2

χ + g2φ2. Assuming m2
χ + g2φ2 � m2, the corresponding 3-momentum

of the produced χ particle is

k =

[(m
2

)2
−m2

χ − 2g2φ2

] 1
2

(1.126)

Assuming mχ being negligible, all the created particles will be withing a thin momentum shell
of width

∆k ' m
(

2g2Φ2

m2

)
� m, (1.127)

centred around k0 ' 1
2m as illustrated in Fig. 1.11. Hence,

nk=m/2 '
nχ

(4πk2
0∆k)/(2π)3

' π2nχ
mg2Φ2

=
π2

g2

nχ
nφ
. (1.128)

Thus the Bose condensation effect will be essential when nk � 1 or,

nχ >
g2

π2
nφ (1.129)

Around the end of inflation, taking Φ ∼Mp, the occupation number therefore exceeds unity
as soon as the inflaton converts a fraction g2 of its energy into χ. The above derivation is
valid in the limit when g2Φ2 � m2/8. For instance, in chaotic inflation we have m ∼ 10−6Mp

and Φ ∼ 1 at the end of inflation, then the maximum fraction of inflaton energy that can be
transferred to the decay product is g2 ∼ m2 ∼ 10−12 in the regime where nk < 1. It is evident
that the perturbative treatment of reheating which is applicable when nk � 1, fails very soon
after reheating sets off. The effective decay width given in Eq. (1.125) will be given by

Γφ '
g2Φ

8πm

(
1 +

π2

g2

nχ
nφ

)
. (1.130)

†We have used n to denote occupation number and n for number density.
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Considering this effective decay constant we can solve for the Boltzmann equation for χ-particle
density.

1

a3

d(a3nχ)

ddN
=
g4Φ2

2m2

(
1 +

π2

g2

nχ
nφ

)
nφ, (1.131)

where N ≡ mt/2π accounts for the number of inflaton oscillations. Neglecting the expansion
of the universe as well as decrease of infaton amplitude die to particle production for simplicity,
in the regime nχ � 1, the above differential equation approximately yields

nχ ∝ exp
(
πg2Φ2

4m2
N

)
∝ exp(2πµN), (1.132)

where, µ ≡ πΦ2/(2m)2 is the instability parameter defined before. The narrow resonance will
be commencing when gΦ� m while the width of the first resonance band can be estimated to
find as ∆l ∼ m(g2Φ2/m2).
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Figure 1.13: χk
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Figure 1.14: ln(nk)

It is thus evident that for smaller coupling constant the perturbative treatment is needed to be
supplemented with the Bose effect to describe the reheating phenomenon. So far we have not
included the effects of expansion of the universe, the back-reaction of the created particles and
their re-scatterings. The expansion will shift the momenta of the produced particles out of the
layer of resonance( shown as the shaded region in Fig. 1.11. This result in smaller occupation
number that might be needed for Bose condensation. If the rate of supply of newly produced
particles in the resonance layer is fewer that their rate of escape, we get nk < 1 and in that
case the perturbative treatment can be used. Another important effect which goes against
the efficiency of narrow resonance is the decrease of the inflaton amplitude with time. As the
width of resonance layer is proportional to Φ2(or, Φ in case of three-legs interaction), the width
will get narrower with time. Thus the particle will eventually escape the resonance regime
more easily and will fail to get resonate. The effect of re-scattering also decrease the resonance
by eliminating the particles from the resonance layer. Hence all these effects will work in
suppressing the efficiency of the narrow resonance. The narrow resonance is thus very sensitive
to a number of different complicated phenomena which presently can only be tracked with
full numerical simulation. The analytic treatment above indicates that the in real situation
the inflaton decay with some intermediate pace between the perturbative reheating and the
narrow resonance.

In Fig. 1.13 and Fig. 1.14 we have shown the result of a numerical simulation for the narrow
resonance regime. The first figure shows the growth of the mode χk while the second figure
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shows the growth of the occupation number of the mode. It can be seen that the number of
particles grows exponentially, and the logarithmic growth of nk is almost a straight line with
constant slope. The value of the resonance parameter µ described in Eq. (1.132) can be found
by dividing the slope of ln(nk) by 4π. In the next segment of resonance phenomenon, we will
consider the effect of having larger coupling constants.

1.5.1.4 Broad Resonance

In this section we briefly discuss about broad parametric resonance. From the stability diagram
it is evident that for q � 1, the resonance will occur for very broad momentum range. The
perturbative method is not applicable for this case as particles will be produced from the
homogeneous condensate. One particularly notices the time dependent effective mass for χ
Eq. (4.15). For solving such type of equation with time dependent parameters WKB method
is very useful provided, ωk ≡ (k2/a2 + g2φ2(t))1/2 varies slowly with time compared to a mode
under consideration, which is known as adiabatic regime. Using the quasi-classical (WKB)
approximation, the solution is written as,

χk ∝
1√
ωk
exp

(
±i
∫
ωkdt

)
. (1.133)

If there is no violation of adiabaticity, the number of particles, nχ ∼ εχ/ω remains adiabatically
invariant. However, if the effective mass changes rapidly the WKB method breaks down and
we are in the non-adiabatic regime. Hence, particle number will no longer be conserved. The
measure of adiabaticity is naturally defined by

Ra ≡
ω̇k
ω2
k

(1.134)

The solution in the regime |Ra| � 1 grows exponentially which is interpreted as particle
production. For interaction given in Eq. (1.115), and for long wave-lenghts k/aH � 1, the
ratio Ra reduces to

Ra =
φ̇

gφ2
∼ m

gφ
, (1.135)

It is evident from the above relation that the ratio Ra diverges as φ→ 0. Therefore, whenever
the background oscillating field (inflaton) crosses zero, the adiabatic condition breaks down,
and explosive particle production will occur. For a finite value of k, the adiabatic condition is
violated if

Ra =
g2φφ̇

(k2 + g2φ2)
3
2

∼ g2mφ2

(k2 + g2φ2)
3
2

> 1. (1.136)

In the above equation we use φ̇ ' mφ where, m is related to the inflaton mass with which it is
oscillating. From the above relation we have,

k2 . (g2mφ2)
2
3 − g2φ2 ≡ f(φ). (1.137)

Considering a small time interval ∆t � m−1 in the vicinity of t0 where φ(t0) = 0, we may
rewrite Eq. (4.44)

∆t/∆t∗

(k2∆t2∗ + (∆t/∆t∗)2)
3
2

≥ 1, (1.138)
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Figure 1.15: Growth of mode χk in the broad
resonance.
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Figure 1.16: The stochastic change of ln(nk)
in the broad resonance.

where,

∆t∗ ' (gφm)−
1
2 =

1

m

(
gφ

m

)− 1
2

. (1.139)

Thus the adiabatic condition is violated only within a very short interval of ∆t ∼ ∆t∗ around
the zero crossing. Using the uncertainty principle we find the maximum value of the mode
up-to which the resonance occurs as(see Fig. 1.12)

k < k∗ ' ∆t−1
∗ ' m

(
gφ

m

) 1
2

. (1.140)

In case of expanding universe the above condition modifies to

k

a(t)
< k∗(gmφ(t))

1
2 (1.141)

We see that the expansion, contrary to the narrow resonance case, make the broad resonance
more efficient, as more k-modes are red-shifted towards the instability bands with time.

In Fig. 1.15 we have shown the a typical result of numerical calculation for the chaotic
inflation in an expanding universe. While Fig. 1.16 shows the growth of number for χ quanta.
It is evident that nk increases with time, however may be occasionally decrease. This is a
feature of stochastic resonance typical in an expanding universe.

1.5.1.5 Backreaction and termination of preheating

Until now we have neglected the effects of back-reaction of the created particles on preheating
dynamics. However the backreaction effect is very important in preheating which eventually
terminates the preheating. The full effect of back-reaction presently can only be incorporated
with numerical simulation. A full study of preheating is done with the help of numerical
simulations[42–48]. Below we will estimate the back-reaction and time of termination of
preheating. However a full analysis has to be done with the help of above mentioned numerical
codes. In our thesis, we have done the detail analysis of this phenomena for a class of inflationary
models.

Writing the quantum expectation value of χ as

〈
χ2
〉

=
1

2π2a3

∫
k2dk|Xk(t)|2, (1.142)
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where, Xk(t) = a3/2χk(t)
The back-reaction effect on the inflaton mass can be estimated as

∆m2 = g2
〈
χ2
〉
, (1.143)

Now inserting the mode expansion of Xk, we obtain

∆m2(t) ≈ gnχ(t)

φ(t)
. (1.144)

The above expression diverges when φ = 0. However as the equation of motion is well behaved
we can make an estimate of the back-reaction by replacing φ by its amplitude Φ. Hence, the
backreaction becomes important when

∆m2 > m2

=⇒ nχ(tbr) >
m2Φ(tbr)

g
. (1.145)

This will be the time t > tbr when broad resonance is destroyed and preheating is terminated
and we enter in a regime of turbulence.

In our discussion of parametric resonance we have seen that the main idea behind such
an explosive particle production was the violation of adabatic condition. One of necessary
condition for such a change is the oscillatory inflation background. However in some inflationary
models such a oscillatory solution is not possible for this we need to resort to alternative
mechanism of particle production. One such mechanism is the so-called instant preheating
when, with appropriate couplings, a single oscillation may be sufficient to extract most of
the energy from inflaton. In the next section we will briefly describe the instant preheating
mechanism.

1.5.1.6 Instant preheating

Finally we will discuss a variation of preheating phenomenon proposed by Felder and Linde[49]
devised especially for the inflationary models when the inflaton does not oscillate after the end
of inflation. As we have seen that the basic idea of resonance phenomenon is the changing
effective mass. Let consider an interaction Lagrangian of the form

Lint ⊂ −
1

2
gφ2χ2 + hχψ̄ψ (1.146)

where the scalar χ is coupled to infaton and the field χ may decay into a pair of fermions ψ. As
we have seen that for a large resonance parameter q � 1, the violation of adabatic condition
occurs for short period around time when inflaton crosses zero. An explosive production of
χ quanta will result in this time interval. Now due to the coupling of χ to a fermion, the
produced particles will instantly decay via an single-body decay process with a decay rate

Γχ→ψ̄ψ '
h2g|φ|

8π
(1.147)

Thus first there will be a massive resonant production of χ particles due to violation of adiabatic
condition, as in the broad resonance case, when φ ' 0(during which Γχ→ψ̄ψ ∼ 0). After that
the inflaton rolls up to its maximum value resulting in a maximum effective mass for χ. This
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heavy χ then will decay into pair of fermions. The produced fermion mass could be half of
that of the effective χ mass. As an estimate, consider the chaotic inflation model where in the
first couple of oscillations |φ| ∼ 0.5Mp and hence it is possible to have fermions pair of mass
upto ∼ g|φ| ' gMp/2 ∼ 1018GeV for g ∼ 1.

For the production of massive fermions in instant preheating we need the explosive pro-
duction of χ and often just one instant of such production is sufficient. This mechanism thus
suitable for inflationary models when the inflation do not oscillate after inflation as in the case
of quintessential inflation[50, 51]. We have used the instant preheating after inflation driven by
higher derivative kinetic terms in Chapter 5 when the usual oscillatory solution does not exist.

1.6 Motivation of the thesis

Throughout this chapter we have discussed some of the outstanding problems of big bang
cosmology and how inflation can solve them. We have discussed how the CMB observables are
generated during inflation and how those observables act as a probe for inflationary models.
We have also seen how the post-inflationary phase, known as the reheating, is responsible for
setting the stage for standard hot big bang evolution. However, we have also noticed various
issues with the inflationary model building as well as the reheating phase. The inflation which
is a model independent mechanism is usually described in terms of a scalar field potential.
The most prominent inflationary models are now disfavored from observation. Hence finding
a suitable inflationary model that will not only reproduce the observed data but will do so
within sub-Planckian values of its parameters is of prime importance from the inflationary
model building perspective. We will discuss it in Chapter 2. The reheating phase which has
no direct observable is still not very well constrained. We will take on this issue in Chapter 3
and also check how to relate the dark matter parameter space with CMB data assuming that
the dark matter is produced during reheating. We will also inquire about the preheating phase
taking a specific inflationary model in Chapter 4. Finally, we will study the effects of higher
derivative kinetic terms on inflationary dynamics and reheating in Chapter 5.
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Inflation with plateau potential 2

“There is an often made statement that if the government
drops lots of money from a helicopter, this may cause
inflation. Of course, there is always a possibility that
the money will be lost on its way. In our case, if we
consider a theory with a plateau potential, and the scalar
field φ drops in an expanding universe down from the state
with the Planck energy density, then it is very difficult
for it to end up in a narrow minimum of the potential and
miss an infinite plateau. And if it falls to the plateau,
then, just as in the situation with a positive cosmological
constant background, it is difficult to avoid inflation.”

Andrei Linde in[52]

In this chapter we will start our discussion with a class of supergravity inspired inflationary
mode. As we already seen that the inflation [5–9] is a model independent mechanism proposed
to solve some of the outstanding problems in standard Big-Bang cosmology. We have also
seen that the most simple way one can have a phase of exponential expansion in the early
universe is by considering a scalar field. The scalar field potential has to be very flat so that
we have sufficient amount of inflation. The inflation model is thus specified by a suitable
scalar field potential. Over the years a large number of models have been introduced to realize
this mechanism [20], as well as to reproduce the cosmological observations [11, 19, 53, 54].
Out of these large number of models, a particularly interesting class of models that has
recently gained a significant interest is known as the α attractor [55–58]. One of the interesting
properties of this class of model is that it unifies a large number of existing inflationary models
within a single framework. In this chapter, we will introduce a new class inflationary scenario
generalizing the model proposed in [59]. The goal here is to study the inflationary dynamics
for a plateau potential which is flat at large field value and near the minimum it behaves like
simple chaotic power law potentials. We will provide a derivation of our potential starting
from simple power-law scalar field potentials in general scalar-tensor theory. We also discuss
a supergravity realization of our model in a specific limit and compare the results with the
well know Starobinsky model in (ns, r) plane[19]. The main motivation of our study could be
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stated as follows: The general power law canonical potentials of the form V (φ) ∼ |φ|n has
already been disfavored from data due to their large predictions of tensor to scalar ratio. In
addition, because of super-Planckian initial value of the scalar field, the effective field theory
description of those inflationary models may not be robust. One of our goals in this work is to
circumvent the above mentioned problems in the framework of canonical scalar field theory. To
this end, we generalize the power law form of the potential to non-polynomial form such that
it can match well with the observation while the inflaton field assumes sub-Plankian initial
conditions. After the end of inflation, the production of radiation and other particles occur
during the phase of reheating which sets in the stage for standard radiation domination. To
the best of our knowledge a detailed analysis of this phase for arbitrary power law inflaton
potential is still missing. Therefore, in this chapter we have generalized the existing reheating
constraint analysis [60, 61] by considering the general equation of state, w = (n− 2)/(n+ 2),
of inflaton for power law form V (φ) ∼ φn near the minimum of our potential. However detail
study of the perturbative and non-perturbative issues of reheating phase for the model will be
reported in subsequent chapters.
The plan of the chapter is as follows: we will introduce the model in Section 2.1, and study
the model predictions for important cosmological parameters such as scalar spectral index
(ns), the tensor to scalar ratio (r), and the spectral running (dnks) in light of the experimental
observations. From those cosmological observations, we constrain the parameters of our model.
In Section 2.3, we constructed the supergravity realization of our model and compared the
predictions with respect to the PLANCK result. After the end of inflation, the inflaton,
in general, starts to have coherent oscillation around the minimum of the potential. We
have shown how the energy density scales for different models during the coherent oscillation
and found the effective equation of state of the oscillating inflaton for use in our subsequent
studies. In Section 2.4, we have done the model independent analysis for possible range of
reheating temperature (Tre), and e-folding number (Nre) during reheating phase considering the
background expansion and the evolution of entropy density. Subsequently, we have considered
the evolution of scales and entropy density to constrain further the parameter space of our
model. Finally, we concluded in Section 2.5.

2.1 The Model

Our starting point in this section is the phenomenological non-polynomial plateau potential

Vmin(φ) = λ
m4−nφn

1 +
(
φ
φ∗

)n (2.1)

This potential behaves as has simple power-law potentials around its minimum. A construc-
tion of this model from general non-minimal scalar-tensor theory has been presented in the
Section 2.2. In Section 2.3, we will also describe a possible realization of this type of plateau
potential in the supergravity framework specifically in the sub-Planckian limit of φ∗. In the
above form of the potentials, we have introduced two free parameters (n,m or λ). Where,
n ∈ 2Z+ while the parameter λ is defined for n = 4, which has been studied as minimal Higgs
inflation in [59]. For n 6= 4, we set λ = 1. For large value of φ∗ the potential is plateau like
and the associated inflationary scale is Λ = λm4−nφn∗ . One can further generalize the model
by considering the potential to be dependent only upon the modulus of the inflaton field. In
that case all the integer values of n can be included. For the sake of simplicity we will stick to
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only even values of n. Another simple generalization of our model can be done by defining
V (φ)q as a new potential. Where, q ∈ Z+ would a new parameter.

2.1.1 Background Equations

In this section we will study in detail the background dynamics using the above form of the
potentials. We will start with the following action,

S =

∫
d4x
√−g

[
M2
p

2
R+

1

2
∂µφ∂

µφ− Vmin(φ)

]
(2.2)

Where Mp = 1√
8πG

is the reduced Planck mass. Assuming the usual Friedmann-Lemaître-
Robertson-Walker(FLRW) background ansatz for the space-time

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2), (2.3)

the system of equations governing the dynamics of the inflaton and the scale factor are

3M2
pH

2 =
1

2
φ̇2 + Vmin(φ) (2.4)

2M2
p Ḣ = −φ̇2 (2.5)

φ̈+ 3Hφ̇+ V ′min(φ) = 0. (2.6)

Where, the usual definition of Hubble constant is H = ȧ/a. As we have seen, our potential is
asymptotically flat for large field value compared to φ∗. Thus the flatness condition for the
potential is automatically met. The slow-roll parameters for the model is

ε ≡
M2
p

2

(
V ′min
Vmin

)2

=
n2M2

pφ
2n
∗

2φ2 (φn∗ + φn)2

η ≡M2
p

(
V ′′min
Vmin

)
=

nM2
pφ

n
∗ ((n− 1)φn∗ − (n+ 1)φn)

φ2 (φn∗ + φn)2 (2.7)

The end of inflation, as we have seen, is usually set by the condition ε = 1. Let us also define a
higher order slow-roll parameter related to the third derivative of the potential for spectral
running. The expression for the higher order slow-roll parameter is as follows:

ξ ≡ M4
p

(
V ′minV

′′′
min

V 2

)
(2.8)

=
n2M4

pφ
2n
∗
((
n2 − 3n+ 2

)
φ2n
∗ − 4

(
n2 − 1

)
φn∗φ

n +
(
n2 + 3n+ 2

)
φ2n
)

φ4 (φn∗ + φn)4

In addition to provide the successful inflation, all the aforementioned slow-roll parameters play
very important role in controlling the dynamics of cosmological perturbation during inflation.
The e-folding number (N) is found to be

N = ln

(
aend
ain

)
=

aend∫

ain

d lna =

tend∫

tin

Hdt '
φend∫

φin

1√
2ε

|dφ|
Mp

. (2.9)
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2. Inflation with plateau potential

As we have mentioned the inflation ends when ε = 1, and one can use Eq.(5.69) to find the
value of the inflaton at the beginning of the inflation. By solving the aforementioned condition,
we can express the e-folding number N into the following form,

N =
φ2
∗

nM2
p

[
1

(n+ 2)
(φ̃(n+2) − φ̃(n+2)

end ) +
1

2
(φ̃2 − φ̃2

end)

]
' φ2

∗
nM2

p

1

(n+ 2)
φ̃(n+2) (2.10)

Where we have defined, φ̃ = φ/φ∗. In the above expressions for N , we have ignored the
contribution coming from φend, and also the squared term. We have numerically checked the
validity of those expressions for a wide range of value of φ∗ ≤ O(Mp). From cosmological
observations one needs N ' 50− 60, such that the scales of our interest in CMB were in causal
contact before the inflation. By using the above mentioned boundary conditions for the inflaton
we have solved for the homogeneous part of inflaton φ(t) and the scale factor a(t). Next we
study the perturbation around inflationary background and derive the relevant cosmological
parameters associated the various correlation functions of fluctuation for this model.

2.1.2 Computation of (ns, r, dnks)

As we have already discussed in Chapter 1, all the relevant inflationary observables are identified
with various correlation functions of those primordial fluctuations calculated in the framework
of quantum field theory.

We have curvature and tensor perturbation. The two and higher point correlation functions
of those fluctuation are parametrized by power spectrum. The scalar curvature power spectrum
is given by

∆2
s =

1

8π2

1

ε

H2

M2
p

∣∣∣∣
k=aH

=
1

12π2

V 3
min

M6
p (V ′min)2

. (2.11)

Once, we know the power spectrum, cosmological quantity of our interests are the spectral tilt
and its running. During inflation a particular inflaton field value corresponds to a particular
momentum mode exiting the horizon. Hence by using the following relation to the leading
order in slow-roll parameters, d

d lnk = φ̇
H

d
dφ , one obtains the following inflationary observables,

ns − 1 ≡ d ln ∆2
s

d ln k
= −6ε+ 2η (2.12)

dnks ≡
dns

d ln k
= −2ξ + 16εη − 24ε2. (2.13)

Similarly we can compute the tensor power spectrum ∆2
t for the gauge invariant tenor pertur-

bation hij . To quantify this, standard practice is to define tensor-to-scalar ratio

r =
∆2
t

∆2
s

= 16ε. (2.14)

Once we have all the expression for cosmological quantities in terms of slow roll parameters,
by using Eqs.(2.7,2.10), and considering φ∗ ≤ O(1) in unit of Mp, we express (ns, r, dn

k
s) in

terms of n,N and φ∗, as

1− ns =
2(n+ 1)

(n+ 2)

1

N
; dnks = −(2 + 3n+ n2)

(n+ 2)2

1

N2
(2.15)

r = 8n2

(
φ∗
Mp

) 2n
(n+2) 1

[n(n+ 2)]
2(n+1)
(n+2) N

2(n+1)
(n+2)
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Figure 2.1: The ns-r plot of the model on the marginalized joint 68% and 95% CL regions at k = 0.002Mpc−1

from Planck alone and in combination with BK14 or BK14 plus BAO data[19].

The numerical results for inflationary predictions of this model is shown in Fig. 2.1 on the
latest Planck data[19] data.

It is evident that the above analytic expressions for the inflationary observables derived in
Eq.(2.15) are valid for subplanckian values of the scale φ∗. For large values of this scale, the
potentials reduce to the simple power-law form V (φ) ∝ φn and the observables are given by
well-known results

1− ns =
(2 + n)

2N
, r =

4n

N
, dnks = − 2

N2
, . (2.16)

At this point let us point out an important difference between our models and the α-attractor
models. For large N , with α� N , the spectral data for the α-attarctor models are[62]

1− ns =
2

N
, r =

12α

N2
. (2.17)

This is in sharp contrast with that of our models given in Eq.(2.15). Therefore, as emphasized
before, our model will not fall in the class of α-attractor models. An important feature of the
α-attractor models is that the cosmological parameters do not depend upon the details of the
potentials specifically on the power of the potential. We will do the detailed comparison on
this in section 2.3.

So far all we have discussed is directly related to the cosmological observation made by
PLANCK. Another important quantity from theoretical point of view is the Lyth bound [63]
∆φ. This quantity measures the difference of field values which is traversed by the inflaton
field during inflation. Inflation is a semi-classical phenomena. It is believed that natural cut
off scale for any theory minimally or non-minimally coupled with gravity is Planck scale Mp.
Therefore, value of field excursion can naturally be a good measure to tell us the validity of a
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2. Inflation with plateau potential

φ∗
Mp

n ns r dnks ∆φ

0.01 2 0.969 4× 10−5 -0.00066 0.39

4 0.966 2× 10−6 -0.00066 0.12

6 0.965 3× 10−7 -0.00069 0.06

1.00 2 0.969 4× 10−3 -0.0006 3.53

4 0.966 9.6× 10−4 -0.0007 2.13

6 0.964 3.5× 10−4 -0.0007 1.47

Table 2.1: The spectral quantities for different values of n for 50 efolding. The two values of φ∗ are chosen to illustrate
that we can have both small field and large field inflation depending on the value of φ∗. For large values of φ∗, the
model reproduce the results of chaotic φn models

model under study within parlance of the effective field theory. Hence the calculated expression
for the field excursion in terms of N and φ∗ is:

∆φ &MpN

√
r

8
= Mp

(
n

n+ 2

)
1

[n(n+ 2)](
n+1
n+2)

N
1

(n+2) (2.18)

All the quantities we have discussed so far is independent of m or λ. (At this point let us again
remind the reader that for n 6= 4, λ is a dimensionless quartic coupling parameter. While for
n 6= 4, m is dimensionful parameter, and we set λ = 1). However, comparing the inflationary
power spectrum with the PLANCK normalization we will determine the value of m or λ and
then calculate all the other quantities of our interest. The expression for the power spectrum
of the curvature perturbation is

∆2
s =

λ

12π2n2

(
m

Mp

)4−n( φ∗
Mp

) n2

n+2

[n(n+ 2)N ]
2(n+1)
(n+2) = 2.4× 10−9. (2.19)

Here we considered the PLANCK normalization: ∆2
s at the pivot scale k/a0 = 0.05Mpc−1,

and corresponding estimated scalar spectral index is ns = 0.9682± 0.0062.
After having all our necessary expressions for all the cosmological quantities, we have plotted

our main results in (ns, r) space and compared with the experimental values ns = 0.968±0.006
and upper limit on r < 0.11 in Fig. 2.1. In Table 2.1, we have given some sample values of all
the cosmologically relevant quantities for different values of the model parameters. As we have
mentioned already, we found infinitely many model potentials with a universal shape. Most
interesting case would probably be for n = 4. In a recent paper [59], it has been identified as a
minimal Higgs inflation. Of course this identification is not straight forward. However for small
field value, we can certainly Taylor expand the potential, and identify the coupling λ as Higgs
quartic coupling which can be set to its electroweak value. Renormalization group analysis
needs to be performed from inflation scale to the electroweak scale to make this identification
precise. Nonetheless like for the usual Higgs inflation scenario, question needs to be asked
regarding the unitarity scale of the model under consideration and compare with the φ∗. For
completeness, in the appendix-6.2 we provide a short discussion on this issue.
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n w = n−2
n+2 p = 3(1 + w) p from fitting

2 0 3 3.12

4 1
3 4 3.99

6 1
2 4.5 4.56

8 3
5 4.8 4.83

Table 2.2: The variation of inflation energy density with scale factor for different potentials

2.1.3 End of inflation and general equation of state

In this section we will be interested in the dynamics of the inflaton field after the inflation.
During this phase the inflaton field oscillates coherently around the minimum of the potential.
At the beginning the oscillation dynamics will naturally be dependent upon the inflation
scale φ∗ because of the large amplitude. This is the stage during which non-perturbative
particle production will be effective. Therefore, resonant particle production will take place
and conversion of energy from the inflaton to matter particles will be highly efficient. This
phenomena is usually known as preheating of the universe. In this section we will discuss
about the late time behavior of the inflaton, specifically focusing on the dynamics of the energy
density of the inflaton field. After the many oscillations, when the amplitude of the inflaton
decreases much below the φ∗, the dynamics will be controlled by usual power law potential.
As we have emphasized the coherent oscillation is very important in standard treatment of
reheating. For any models of inflation this is thought to be an important criteria to have
successful reheating. In this section, we will first discuss the evolution of inflaton and its energy
density in full generality for all classes of potentials. As mentioned before, at late time the
potential can be approximated as

lim
φ
φ∗
<1
Vmin(φ) = λm4−nφn. (2.20)

In cosmology for any dynamical field such as inflaton, one usually defines the equation of
state parameter w. For the oscillating inflaton, when the time scale of oscillation about the
minimum of a potential is small enough compared to the background expansion time scale, by
using virial theorem effective equation of state for a potential of the form V (φ) ∝ φn can be
expressed as[41, 64]

w ≡ Pφ
ρφ
' 〈φV

′(φ)〉 − 〈2V 〉
〈φV ′(φ)〉+ 〈2V 〉 =

n− 2

n+ 2
. (2.21)

Therefore, in an expanding background, the evolution of energy density ρφ of the inflaton
averaged over many oscillation will follow,

ρ̇φ + 3H(1 + w)ρφ = 0. (2.22)

At late time we relate the energy density(ρφ) of the universe (assuming that the universe is
dominated by a single component) and the scale factor (a) as

ρφ ∝ a−3(1+w) = a−p. (2.23)

In Table 2.2, we compare the numerical values of the exponent of energy density p = 3(1 + w)
of the inflaton for our models potentials with that of the theoretical values corresponding to
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2. Inflation with plateau potential

the φn potentials. It can seen that the model potential around the minimum is given by their
power-law behavior. It is therefore clear that the usual study of the preheating and reheating
phase is applicable for this model. We will discuss the CMB constrain on the reheating phase
in this chapter while the preheating and perturbatve reheating for the model will be studied in
the subsequent chapters. In the next section we describe a possible realization of our model
potential from general scalar-tensor theory and in the following section we will also provide a
realization of our model in N = 1 supergravity.

2.2 Towards derivation of Vmin from non-minimal scalar-tensor
theory

In this section starting from non-minimal scalar-tensor theory, we will try to construct our
model potentials which were a priori ad hoc in nature. As is well known, inflationary models
based on power law potential V (φ) ∼ φn are simple but have been ruled out in general because
of their large prediction of tensor to scalar ratio. Moreover, the models with large plateaus
(Starobinsky or α-attractors) are found to be most favored form the PLANCK observation.
While most of these plateau models can be cast into exponential potential, plateau potentials
with power-law form have also been discussed in super gravity[65, 66] and non-minimal coupling
to gravity[67, 68]. In this section we will try to construct our model based on this non-minimally
coupled scalar-tensor theory. We will see, how simple power-law potentials in the Jordan
frame can give rise to the plateau potentials of desired form in the Einstein frame. However,
this transformed models coincide with our minimal models only in a limiting regime (weak
conformal coupling). At this point let us point out that equivalence between the Einstein
frame and Jordon frame is an important question to ask. This issue has been discussed [69–73],
from theoretical as well as cosmological point of views.

Nevertheless, our motivation in this section is to construct our desired form of the potentials
which we have shown to be in different class of models rather tan α attractor model. We start
with the following non-minimally coupled scalar-tensor theory,

SJ =

∫
d4x
√−g

[
Ω(ϕ)

2
M2
pR−

ω(ϕ)

2
gµν∂µϕ∂νϕ− V (ϕ)

]
, (2.24)

where, Ω(ϕ), ω(ϕ) are arbitrary function of a scalar field ϕ. We will chose a specific form of
those function for our later purpose. To get the action in the Einstein frame, one performs the
following conformal transformation as,

g̃µν = Ω(ϕ)gµν , (2.25)

The action in the Einstein frame can be written as[74]

SE =

∫
d4x
√
−g̃
[
M2
p

2
R̃− 1

2
F 2(ϕ)g̃µν∂µϕ∂νϕ− Ṽ (ϕ)

]
(2.26)

Where, we have assumed that ω(ϕ) = Ω(ϕ) and F and the new potential can be found to
be,

F 2(ϕ) =
3M2

p

2

Ω′2(ϕ)

Ω2(ϕ)
+ 1 ; Ṽ (ϕ) =

V (ϕ)

Ω2(ϕ)
(2.27)
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Now, we choose the following non-minimal coupling function [62, 75], for Ω2(ϕ),

Ω2(ϕ) = 1 + ξ(
ϕ

Mp
)n. (2.28)

Therefore, applying (2.28), we find F and Ṽ as,

F 2(ϕ) =
3n2ξ2

(
ϕ
Mp

)2(n−1)

8
[
1 + ξ

(
ϕ
Mp

)n]2 + 1 ; Ṽ (ϕ) =
V (ϕ)

1 + ξ
(

ϕ
Mp

)n (2.29)

We use the following field redefinition

dφ

dϕ
= F (ϕ) (2.30)

to transform the non-minimal into the action of a minimally coupled scalar field with canonical
kinetic term,

SE =

∫
d4x
√
−g̃
[
M2
p

2
R̃− g̃µν∂µφ∂νφ− Ṽ (φ)

]
(2.31)

At this point we can integrate Eq.(2.30), to find the new field in terms of the old field, and
construct the modified potential as a function of new field. It is clear from the above set
of transformations that for entire range of parameter ξ, it is very difficult to reproduce our
model. However, in the regime of weak coupling ξ << 1, F ∼ 1, hence we can approximately
write, using Eq.(2.30); ϕ ∼ φ0φ (φ0 is some integration constant). Considering Jordan frame
potential as power-law: V (ϕ) ≈ ϕn, one gets plateau potential as

Ṽ (φ) =
λ m4−nφn

1 +
(
φ
φ∗

)n (2.32)

where, we identify φ∗ as Mp/ξ
1
n . Therefore, in the weak coupling regime, ξ � 1 or φ∗ > 1, the

non-minimal scalar tensor theory can give rise to a large class of minimal cosmologies such as
ours which do not belong the α-attractor model.

2.3 Supergravity realization of our model potential

For any inflationary model, it is important to understand its ultraviolet origin if any. One usual
procedure is to embed the model under consideration in the well known supergravity framework.
Therefore, a large amount of works have been devoted to construct the supergravity inflation.
In order to achieve our goal we will generalize the construction given in [66] for n = 2. Let us
first briefly review the scalar field inflation from supergravity[76–78]. For supergravity model of
inflation, the usual approach is to consider the Kähler potential K(Φi,Φ

∗
ī
), the superpotential

W (Φi) in terms of scalar superfields {Φi} with the associated Lagrangian in the Einstein frame

L = Kij̄(∂
µΦi)(∂µΦ∗j̄ )− V. (2.33)

However for our present purpose, we also need to consider gauge kinetic function f(Φi), which
couples with the gauge field kinetic term. Considering all those terms in the supergravity
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T

Figure 2.2: Total supergravity potential VT has been plotted. All the field are plotted in unit of Planck unit with
φ∗ = M = Mp. The black curve corresponds to a possible inflationary trajectory around the minimum direction of |S|
which is the scalar field potential Vsugra.

Lagrangian, one obtains F -term and the D-term potential for the inflaton and other associated
moduli fields from superpotential and gauge kinetic function respectively,

V = VF + VD, (2.34)

VF = eK/M
2
p

[
Kij̄(DiW )(Dj̄W̄ )− 3

|W |2
M2
p

]
, (2.35)

VD =
g2

2
R(f)−1(iKiXi)

2, (2.36)

where Kij̄(= K−1
ij̄

) is the inverse matrix of the Kähler metric Kij̄ , DiW = Wi +KiW/M
2
p is

the Kähler covariant derivative, and Xi is the Killing vector of the Kähler manifold, and g
is the gauge coupling constant. For a linearly tranforming fields under the U(1) symmetry
we have Xi = iqiΦi with qi being the U(1) charge of Φi. The D-term potential in this case
reduces to

VD =
1

2R(f)

(∑

i

qiKiΦi + ξi

)2

(2.37)

where ξi is the as Fayel-Iliopoulos (FI) term which is non-zero only when the gauge symmetry
is Abelian.

2.3.1 The power-law plateau potential form Supergravity

Let us consider a general superpotential with two chiral superfields S and {Φi}

W (S,Φi) =
φ3−n
∗ Sn

n
F (Φi) (2.38)

Where, φ∗ mass scale and F is a dimensionless holomorphic function of the superfields Φi. We
will take the canonical Kähler potential to be given by

K = |S|2 +
∑

i

|Φi|2. (2.39)
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Figure 2.3: Comparison of the shape of the two potentials for three different values the scale φ∗. It can be seen
that for sub-Planckian values of φ∗ the two potentials are identical.

With the above ingredient we can straightforwardly compute the F -term potential which is
computed as,

VF = φ
2(3−n)
∗ eK/M

2
p

{
|F |2|S|2(n−1)

(
1 +

|S|2
nM2

p

)
+
|S|2n
n2

∣∣∣∣
∂F

∂Φi
+

Φ∗iF

M2
p

∣∣∣∣
2

− 3
|W |2
M2
p

}
(2.40)

Let us now take the specific form of the super potential with n = 2 and two additional
superfields,

W (S,Φ1,Φ2) =
φ∗S

2

2
F (Φ1,Φ2) (2.41)

with, F (Φ1,Φ2) =F1(Φ1)− F2(Φ2)

As a first simplification we will assume that the functional form of the holomorphic functions
F1 and F2 are same, i.e., F1 ≡ F2. The D-term potential for a suitable gauge coupling function
and charge we will take from the reference [66, 79], and the expression is given as

VD =
1

2

(
|S|2 −

√
2M2

)2
(2.42)

where M is the scale of a grand unified theory(GUT)
A point is to be noted about the D-term potential is that we may generate such a term in the
case of an anomalous U(1) symmetry[80, 81]. These type of symmetries usually appears in the
realm of string theories[82–84]. The anomaly cancellation requires the Green-Schwarz (GS)
mechanism[85] which now set the value of the Fayet-Illiopoulos term as

ξGS =
Tr[QA]

192π
g2M2 (2.43)

where QA is the charge of the fields under the anomalous U(1) group and the trace is taken over
fields. Now let us assign the charges of the fields following the discussion in[81]. The charge
of the fields Φ1 and Φ2 (whose modulus will be identified as the inflaton) must vanish. The
charges of S, taken to be −1, can be non-zero as long as it is opposite of Tr[QA].(This will make
it necessary to consider the existence of another field charged under the anomalous U(1) with
zero VEV.) With the above considerations, the total potential for inflaton φ and the moduli S
will be VT = VD + VF . Given the simple form of the superpotential, the minimization along Φi

leads to the Φ1 = Φ2. Now assuming a suitable R-symmetry we will take |Φ1| = |Φ2| = φ (φ
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Figure 2.4: The variation of the shape of the two potentials with scale φ∗. The width of the potential vary slowly
with φ∗ for the plateau potential compared to the minimal potential.

being a canonically normalised, real scalar field), the total scalar potential for sub-Planckian
value of |S| simplifies to

VT = e
φ

M2
p φ2
∗|S|4

∣∣F ′(φ)
∣∣2 +

1

2

(
|S|2 −

√
2M2

)2
(2.44)

In Fig. 2.2, we have given simple illustration of our supergravity potential in (|S|, φ) space and
the inflationary trajectory. In order to obtain an effective potential in term of inflaton φ, we
minimize VT along the S direction and plug it back into the total potential which takes the
following simple form

VT (φ) = M4


 e

(
φ
Mp

)2

φ2
∗ |F ′(φ)|2

1 + e

(
φ
Mp

)2

φ2
∗ |F ′(φ)|2


 (2.45)

It is now easy to check that for F (ϕ) ∝ (φ/φ∗)
p ({p ∈ Z | p > 1} ) we get a potential of the

form

Vsugra(φ) =
m4−nφn

exp(− φ2

2M2
p

) +
(
φ
φ∗

)n (2.46)

Where n = 2(p − 1) and the scale m is defined by combining the scale M with φ∗ as
m = (M4φ−n∗ )1/(4−n). In the limit φ∗ < Mp, this potential reduces to the minimal plateau
model given as,

Vmin(φ) =
m4−nφn

1 +
(
φ
φ∗

)n (2.47)

In our subsequent discussions, we will try to compare both aforementioned potentials as a
separate entity. In Fig. 2.3, we plotted them for illustrations corresponding to different values
of the parameters. It is apparent that the supergravity potential Vsugra and our minimal
plateau potential Vmin are identical for the sub-Planckian values of the scale φ∗. Therefore,
for our subsequent analysis, we will mostly concentrate in the sub-Planckian region of φ∗. At
this point we also would like to point out that we can arrive at the same form of our minimal
potential if we start from the non-minimal scalar filed theory as discussed in the appendix.
However, point to be noted that in such case φ∗ needs to be super-Planckian.
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Nevertheless in Fig. 2.4 we illustrate the change of the shape of the two potentials with the
scale φ∗. The Vsugra is extremely flat even for large vales of the scale φ∗, while the minimal
potential reduces to the simple power law potentials for large values of the scale. This fact
significantly controls the prediction of inflationary observables for both the models. In Fig. 2.5,
we have plotted the dependence of the ns and r on the scale φ∗. We clearly notice that the two
models predictions are identical as we go towards sub-Planckian value of φ∗. In the Fig.(2.6), we
have plotted predictions of our different models in ns-r plane. For explicit comparison, we have
also plotted the predictions of the α attractor T model(V = Λ4[1− exp(−

√
2/3α φ/Mp)]n) for

different n with increasing values of the parameter α with (n = 2, α = 1) being the Starobinsky
model. Interestingly, the super-gravity model turned out to be well within the 2σ region of ns
at all scales. Even at large field value of the inflaton the prediction of r is always small. On
the other hand as discussed before, our minimal potential mimics the usual chaotic inflation
at large field value. Another interesting point that is worth mentioning is the absence of
attarctor behavior in terms of cosmological predictions for the minimal plateau models. As
can be seen from the Fig.(2.6), for our supergravity potential and the α-attractor potential the
value of (ns, r) going towards their respective unique attractor value with increasing φ∗ and α
respectively irrespective of any other parameter values. For α-attractor this unique value is
that of Starobinsky model with (ns = 0.9667, r = 3× 10−3), and for our supergravity potential
the unique attractor value turned out to be (ns = 0.9667, r = 1×10−5). It would be interesting
to find that specific theory for this particular prediction. For the α-attractor models, these
attractor behavior is due to the pole in the kinetic term[62]. As we have considered only the
canonical kinetic term in our Lagrangian, the attractor behavior is absent for our minimal
plateau models(see also sec-2.2 for the region when this approximation is valid). However, the
emergence of attractor behavior for the original supergravity potential given in (2.45) is indeed
an interesting phenomena. The detailed theoretical implications of this supergravity potential
will be important which we leave for future study. On the other hand as discussed above, our
minimal potential mimics the usual chaotic inflation model at large field value.

After discussing the origin of the model potentials we will now turn to post-inflationary phases.
In the following sections, we will consider the equation of state parameters for our models
and study their role in the subsequent cosmological evolution. We will first discuss about the
constraints on reheating phenomena by taking a model independent approach. We will not
consider the explicit dynamics during reheating phase here.

2.4 Model independent constraints from reheating predictions

After inflation, reheating is the most important phase where all the visible matter and energy
will be produced due to inflaton decay. In this section, we will try to constrain our model
parameters without any specific mechanism of reheating. The background evolution of the
cosmological scales from inflation to the present day and the conservation of entropy density
provide us important constraints on reheating as well as our model parameters. Reheating
is supposed to be the integral part of the inflationary paradigm. However, due to lack of
direct observables in this phase, it is very difficult to constrain the phase. Thermalization
process erases all the information about the initial conditions which is the most important
part of this phase. To understand this phase an indirect attempt has been made in the recent
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Figure 2.5: variation of the spectral index (ns) and scalar-to-tensor ratio with the scale φ∗ for the two potentials.
The solid lines corresponds to the minimal model while the dotted lines are for the SUGRA model. For smaller values
of φ∗ the two model predictions are identical.
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Figure 2.6: The ns-r plot for 60 e-folding number of the two models plotted on the Planck data[19]. The solid
lines corresponds to the minimal model while the dotted lines are for the SUGRA model. The dots are the theoretical
prediction from Eq.(2.15) for φ∗ = 0.1Mp. The orange dot corresponds to the Starobinsky model prediction for the
same e-folding number.

past [60, 61, 86, 87] through the evolution of cosmological scales and the entropy density
by parameterizing it by reheating temperature (Tre), equation of state (wre), and efolding
number (Nre). In this section we follow the reference [88] by taking into account the two
stage reheating phase generalizing the formalism of [86]. Our main goal is to understand the
possible constraint on our minimal plateau inflationary models. As we have seen from previous
analysis, all the cosmological quantities during inflation can be expressed in terms of two main
parameters (m or λ, φ∗) for a particular model. Because of two stage reheating process, the
suitable reheating parameters are as follows, (Nre = N1

re +N2
re, Tre, w

1
re, w

2
re). Where, N1

re, N
2
re

are efolding number during the first and second stage of the reheating phase with the equation
of state w1

re, w
2
re respectively. At the initial stage the oscillating inflaton will be the dominant

component, and at the end radiation must be the dominant component. Therefore, instead
of taking the equation of state as free parameters, we will be considering only the following
particular case

w1
re =

n− 2

n+ 2
; w2

re =
1

3
. (2.48)
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Figure 2.7: Variation of (Nre(solid), Nk(dotted), Tre) as a function of ns have been plotted for φ∗ = 0.01Mp. This
is the plot for our model potential. (Blue, red, magenta, brown, green) curves correspond to n = (2, 4, 6, 8, 30). Each
curve corresponds to a specific set of equation of state parameters (w1

re, w
2
re) = ((n− 2)/(n+ 2), 1/3) during reheating.

We also consider N1
re = N2

re. The light blue shaded region corresponds to the 1σ bounds on ns from Planck. The
brown shaded region corresponds to the 1σ bounds of a further CMB experiment with sensitivity ±10−3 [89–91], using
the same central ns value as Planck. Temperatures below the horizontal red line is ruled out by BBN. The deep green
shaded region is below the electroweak scale, assumed 100 GeV for reference.

We also assumed the change of reheating phase from the first to the second stage as instanta-
neous. A particular scale k going out of the horizon during inflation will re-enter the horizon
during usual cosmological evolution. This fact will provide us an important relation among
different phases of expansion parameterized by e-folding number as follows

ln

(
k

a0H0

)
= ln

(
akHk

a0H0

)
= −Nk −

2∑

i=1

N i
re − ln

(
areHk

a0H0

)
, (2.49)

In the above expressions, we have used k = a0H0 = akHk. Where, (are, a0) are the cosmological
scale factor at the end of the reheating phase and at the present time respectively. (Nk, Hk)
are the efolding number and the Hubble parameter respectively for a particular scale k which
exits the horizon during inflation. Therefore, the following relations will be used in the final
numerical calculation,

Hk =

√
V (φk)

3M2
p

=





(
λφn∗
3M2

p

) 1
2 m

4−n
2 φ̃

n
2
k

(1+φ̃nk)
1
2

(
λφn∗
3M2

p

) 1
2 m

4−n
2 φ̃

n
2
k

(1+φ̃2
k)

n
4
,

(2.50)

Nk =
1

Mp

∫ φk

φend

1√
2ε
dφ '





φ2
∗

nM2
p

[
1

(n+2) φ̃
(n+2)
k + 1

2 φ̃
2
k

]

φ2
∗

nM2
p

[
1
4 φ̃

4
k + 1

2 φ̃
2
k

] (2.51)

φk and φend are the inflaton field values corresponding to a particular scale k crossing the
inflationary horizon, and at the end of inflation respectively. In the above expressions, we
have ignored the contribution coming from the inflaton field value φend. It is important to
note that, in principle we can write the field value at a particular scale k in terms of ns, r, by
inverting those relations. Because of non-linear form, we will numerically solve those. The
above unknown efolding numbers during reheating will certainly be dependent upon the energy
densities (ρend, ρre), at the end of inflaton (beginning of reheating phase) and at the end of
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Figure 2.8: Variations of (Nre(solid), Nk(dotted), Tre) as a function of ns have been plotted for for three different
values of φ∗. (Blue, magenta, purple) curves are for φ∗ = (0.01, 0.1, 10)Mp respectively. The left two figures are for
n = 2, and tight two figures are for n = 6.

the reheating phase( beginning of the standard radiation dominated phase);

ln

(
ρend
ρre

)
= 3(1 + w1

re)N
1
re + 3(1 + w2

re)N
2
re = 3

2∑

i=1

(1 + wire)N
i
re. (2.52)

Above two Eqs.(2.49,2.52), can be easily generalized for multi-stage inflation with different
equation of state parameters. As has been mentioned, after the end of reheating standard
evolution of our universe is precisely known in terms of energy density and the equilibrium
temperature of the relativistic degrees of freedom such as photon and the neutrinos. Therefore,
the equilibrium temperature after the end of reheating phase, Tre, is related to temperature
(T0, Tν0) of the CMB photon and neutrino background at the present day respectively, as
follows

greT
3
re =

(
a0

are

)3(
2T 3

0 + 6
7

8
T 3
ν0

)
. (2.53)

The basic underlying assumption of the above equation is the conservation of reheating entropy
during the evolution from the radiation dominated phase to the current phase. gre is the
number of relativistic degrees of freedom after the end of reheating phase. We also use the
following relation between the two temperatures, Tν0 = (4/11)1/3T0. For further calculation,
we define a quantity, γ = N2

re/N
1
re. If we identify the scale of cosmological importance k as

the pivot scale of PLANCK, so that k/a0 = 0.05Mpc−1, and the corresponding estimated
scalar spectral index ns = 0.9682± 0.0062, we arrive at the following equation for the e-folding
number during reheating period and the reheating temperature,

Nre =
4(1 + γ)

(1− 3wre1) + γ(1− 3wre2)


61.6− ln


V

1
4
end

Hk


−Nk


 (2.54)

Tre =

[(
43

11gre

) 1
3 a0T0

k
Hke

−Nk

] 3[(1+wre1)+γ(1+wre2)]
(3wre1−1)+γ(3wre2−1) [

32.5Vend
π2gre

] 1+γ
(1−3wre1)+γ(1−3wre2)

.(2.55)
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n ns Tre(GeV) Nre Nk

2
0.9723

0.9702

1× 1015

1× 103

0.4

32

54

50

6
0.9670

0.9679

1× 1014

2× 103

00

23

53

55

8
0.9659

0.9673

7× 1013

1× 103

0.6

23

53

55

30
0.9625

0.9653

6× 1013

1× 103

00

21

52

56

Table 2.3: Some sample values of (ns, Tre, Nre, Nk) are give for two different models for n = (2, 6, 8, 30). As we have
mentioned, for n = 4, (Tre, Nre) become indeterministic. All these prediction are for φ∗ = 0.01Mp.

In the above derivation, we have used gre = 100. Before discussing any further, let us
provide the general descriptions of the figures we have drawn in this section. As has been
mentioned before, we have considered specific values of equation of state parameter (w1

re, w
2
re) =

((n−2)/(n+2), 1/3) in compatible with our model discussed in the previous section. Important
to mention regarding a special point in the aforementioned state space is (1/3, 1/3) which is
realized for n = 4. Analytically one can check that at this special point both (Tre, Nre) become
indeterminate as seen in Eq.(2.55). This fact corresponds to all the vertical solid red lines in
(ns vs Tre) and (ns vs Nre) plots. We have considered γ = 1 as our arbitrary choice. Each
curve corresponds to different values of n. On the same plot of (ns vs Nre), we also plotted
(ns vs Nk) corresponding to the dotted curves for different models. At this stage, we would
like to remind the reader again that for a wide range of φ∗, all the models predict very small
value of tensor to scalar ratio r. Therefore, we will be discussing all the constraints without
explicitly mentioning r. Given the overall description of all the plots, we now set to discuss
the prediction and constraints for two different models. In Table 2.3, we provide the values for
reheating temperature and the e-folding number. We provided only the limiting values of Tre
which are still allowed from the cosmological observation.

From the figure we see that for a very small change in ns, the variation of reheating temperature
is very high. Therefore, reheating temperature provides tight constraints on the possible values
of e-folding number Nre during reheating phase. Except for n = 4, if we restrict the value
of Tre & 103 GeV, the e-folding number turned out to be Nre . 35 during reheating. As an
example, for n = 2, we find spectral index lies within 0.9723 . ns . 0.9702. Within this range
of spectral index, the reheating temperature has to be within 1×1015 & Tre & 1×103 in unit of
GeV. This restriction in turn fixed the possible range of e-folding number within a very narrow
range 50 < N < 54 for n = 2. For other value of n, the ranges are provided in the Table 2.3.
What we can infer from our analysis in this section is that reheating constraint does not allow
n to be vary large specifically for our model. With increasing value of the equation of state,
e-folding number during reheating Nre, decreases for a fixed value of reheating temperature.
This essentially means that as one increases the value of inflationary equation of state w,
faster will be the thermalization process, therefore, earlier will be the radiation dominated
phase. To complete the discussion, in the Fig. 2.8, we have also plotted the dependence of
reheating parameters for different values of φ∗. We have plotted for n = 2, 6. For all the other
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2. Inflation with plateau potential

models qualitative behaviors of those plots will be same, except n = 4. Qualitative behavior of
(Nre, Tre, Nk) remain same for different φ∗

2.5 Summary and Conclusion

Before we conclude, let us summarize the main results of this chapter. We studied in detail a
specific class of supergravity inspired inflationary models. Most importantly to best fit the
experimental data all the important scales (φ∗,m) which control the inflationary as well as
reheating dynamics turned out to be sub-Planckian. Therefore, our model prediction can be
trusted from the effective field theory point of view. As a result, we also have sub-Planckian field
excursion during inflation, which is thought to be important in order to avoid any unwanted
quantum gravity effects. However, depending upon the choice of scale φ∗ we can realize both
large field as well as small field inflation. Even for large field cases the scalar-to-tensor ratio
(r) turned out to be significantly smaller compared to the usual chaotic models. This fact can
be attributed to the extreme flatness of the potential. Another important point we would like
to mention is that this model belongs to a different class as compared to recently proposed
α-attractor models.

At this point let us point out that a detailed statistical analysis on inflationary models is
done in [20] to select the best fit models out of a large number of models. Similar analysis is
beyond the scope of the present work. However, an important conclusion of their work is that
there exist a common feature among all the best fit models. They found that all these best
fit model potentials have a large plateau region, i.e., V ′(φ) → 0 as φ → ∞. Thus it can be
inferred that our power-law plateau model as well as the full supergravity model will also be
among the best fit models of inflation.

Near the minimum inflaton potential behaves like a power law V ∝ φn. Therefore, after
the end of inflation coherently oscillating inflaton can be well approximated as an effective
fluid with the equation of state parameter, w = (n− 2)/(n+ 2) at least at the initial stage of
reheating. With the usual power law potential, one finds it very difficult to fit the cosmological
observation for even n ≥ 2. Because of this detailed studies have not been done for general
power law potential specifically in the context of reheating. However, as we have seen in this
chapter, with the non-polynomial generalization we can easily have power law form specifically
at the minimum of the potential. This fact leads us to generalize the work of reheating
constraint analysis proposed in [61, 86] for general effective inflaton equation of state w. Main
outcome of this analysis can be seen in the Table 2.3.

After studying the PLANCK constraints it would be very much important to study in
detail the reheating dynamics. Reheating is the stage during which all the matter fields are
produced. Usual strategy would be to consider the effective coupling among the inflaton and
various other matter fields we see today. Considering perturbative reheating phenomena we
discuss important issue related to dark matter in the next chapter and we will deal with the
non-perturbative effects in Chapter 4.
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CMB constraints on reheating and dark matter
phenomenology 3

“The most important thing accomplished by the ultimate
discovery of the 3◦K radiation background (Penzias and
Wilson, 1965) was to force all of us to take seriously the
idea that there was an early universe”

Steven Weinberg, in The First Three Minutes: A Modern View of the
Origin of the Universe

3.1 Introduction

In the previous chapter we constructed a specific class of plateau inflationary model. We
have seen that our model fit very well with the current CMB observation. In this chapter we
will be specifically focusing on the aftermath. It has been observed that associated with the
inflation, the generic inflation energy scale assumes the value ≥ 1010GeV. On the other hand,
successful big bang nucleosynthesis(BBN) predicting the current light elements abundance
requires our universe to be radiation dominated with the minimum temperature to be TBBN ∼ 1
MeV[10, 92–94]. Therefore, the evolution of our universe from the inflation to BBN needs
highly nontrivial dynamics that not only produces all the matter particles we see today but
also connects these widely separated energy scales though complex nonlinear process and
thermalization.

The signature of the inflationary evolution can be extracted from the cosmic microwave
background(CMB) measurements[11, 19, 53, 54]. On the other hand, the BBN is very successful
in explaining the light element abundance in the present universe. However, until now the
period between the aforementioned two cosmological eras is poorly understood. The reasons
behind this lack of understanding are our observational limitations to directly probe this phase
and most importantly the dynamics during this phase, are expected to be highly nonlinear
in nature as just noted above. This phase, which has been dubbed as the reheating era
[26, 27, 29, 95], is, in general, parameterized by the reheating temperature Tre which is defined
at the instant when the inflaton decay rate to radiation becomes equal to the expansion rate
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of the universe. After the reheating period is over, the reheating temperature can be directly
connected to the current CMB temperature through background expansion. Therefore, it is
possible to constrain the inflationary models and the subsequent reheating phase with CMB
anisotropy[61, 96, 97]. This idea of the reheating constraint on inflation dynamics has recently
been studied extensively for various inflationary models[87, 98–103].

One of the important assumptions of the aforementioned reheating constraint analysis is that
during the reheating phase, the inflaton decays only into the radiation component. Therefore,
it has an inherent limitation to extend the analysis beyond radiation. In this paper, our main
goal is to extend and generalize the existing analysis of reheating constraints considering the
effect of dark matter production during the reheating phase. In the current epoch, apart
from the cosmological constant, dark matter and CMB are the two main components of our
universe. From the current observational point of view CMB is the most powerful probe
to understand the evolution of the universe. Through CMB, we not only understand the
background expansion of our universe but also understand various physical processes acting
during the formation of a large-scale structure that we see today. Dark matter is believed
to play one of the important roles in the aforementioned processes of structure formation.
However, because of the perceived very weak interaction with the visible matter field, the
direct detection of dark matter has been found to be difficult. From the background evolution,
we know that our universe to be 23% dark matter dominant out of the total energy budget of
the universe. This fact motivates us to understand the following question: does the CMB have
any role to play in understanding the dark matter phenomenology?

To answer this question, we think it is the reheating phase that has the potential to shed
some light on the possible connection between the CMB and the current dark matter abundance.
With this in mind and following our previous work [104], we assume decaying dynamics of the
inflaton to be perturbative during reheating and dark matter is produced through annihilation
of the radiation component. Inflation decaying into various fields and their observable effects
has already been extensively studied before [105–111]. However, as already emphasized, our
main goal is to connect the dark matter phenomenology and CMB anisotropy via inflation and
reheating. Therefore our analysis will be an important generalization of the previous work [61].

Since inflaton is decaying through a perturbative process, the assumption of a complete
conversion of inflation into radiation at the instant of reheating will not hold which has been
extensively considered before. This assumption is applicable if the reheating is instantaneous.
But in general, this is not the case. Therefore, we will see that there will be a significant
correction in the reheating temperature as only a fraction of total inflaton energy is converted
into radiation at the time [106] when Γφ = H. For simplicity, we will assume that the dark
matter is produced only through annihilation channel from the radiation component. We
believe our study can also help us gain more insight into the production mechanism of dark
matter intimately tied with the inflationary and reheating dynamics. We leave explicit model
construction for our future studies.

To this end let us point out an important observation we made through our analysis.
The production of dark matter particle in an expanding universe such as ours generally can
be of two types. Depending upon the initial energy density and the rate of background
expansion, if the annihilation cross section to dark matter is large, the produced particle will
reach thermal equilibrium before freeze-out to current abundance [112–121], which is the well
known “freeze-out" mechanism. On the other hand, if the annihilation cross section is small
enough, the comoving dark matter particle density becomes constant much before it can reach
thermal equilibrium with the background radiation. This production mechanism is known as
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the “freeze-in” mechanism. In the particle physics context, the existing model of this type is
known as feebly interacting dark matter [122–125]. Interestingly, if we consider the reheating
process to be perturbative, our analysis shows that for dark matter mass much larger than
the reheating temperature, the current dark matter abundance can be produced only via
the freeze-in mechanism. The reason is the unique boundary conditions set by the inflation.
However, for dark matter mass smaller than the reheating temperature, both mechanisms
will work. For the present purpose, we have explicitly considered the freeze-in mechanism. A
detailed analysis of different mechanisms will be studied elsewhere.

The remainder of this chapter is organized as follows. In the first two sections, we essentially
review the well-known results to set the stage for our current analysis. In Section 3.2, we will
discuss the inflationary observables and its connection with CMB. In Section 3.3, we describe
the set of Boltzmann equations that describes the dynamics of the reheating phase. As has been
mentioned in the Introduction, we will calculate the reheating temperature and corresponding
e-folding number considering the explicit decay of inflaton. For this, we solve the system of
Boltzmann equations numerically and identify the individual components during reheating
with their current abundance. With this identification, we are able to shed light on the dark
matter through CMB anisotropy. We study different inflationary models and their constraints
on the dark matter phenomenology in Section 3.4. Finally, we conclude in Section 3.5

3.2 Inflationary observables and their connection with CMB

One of the important observable in CMB is the correlation of temperature fluctuations which
is directly related to the inflationary observable is the scalar spectral index ns. The equations
governing the dynamics of the inflaton φ with a potential V (φ) is

φ̈+ (3H + Γφ)φ̇+ V ′(φ) = 0, (3.1)

H2 =

(
ȧ

a

)2

=
1

3M2
p

ρt, (3.2)

where, we consider the following FLRW spacetime background ds2 = dt2−a(t)2(dx2+dy2+dz2).
H is the Hubble expansion rate and Mp(= 1/

√
8πG) is the reduced Planck mass. The decay

term Γφφ̇ in the above equation is assumed to be negligible during inflation, however, it will
become important during the reheating period. Therefore, during inflation total energy density
of the universe will be dominated by the inflaton energy ρt = ρφ. As is well known that almost
homogeneous temperature T0 ' 2.7K of the CMB can be shown to be intimately tied with the
slow-roll nature of inflaton dynamics, and it is parameterized in terms of potential V (φ) as
follows,

ε =
1

2
M2

p

[
V ′(φ)

V (φ)

]2

η = M2
p

[
V ′′(φ)

V (φ)

]
. (3.3)

Once we define the background inflationary dynamics, the main quantities of interest are the
amplitude of the inflaton fluctuation As, the spectral index, ns, and the tensor-to-scalar ratio
r, which in terms of the slow-roll parameters are

ns = 1− 6εk + 2η; r = 16ε. (3.4)

The CMB normalization and the temperature correlation are in one-to-one correspondence
with As and ns respectively. Therefore, those observables are directly used to constrain the
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inflationary models. Tensor to scalar ratio r, which is related to the inflationary energy scale
has its signature in the polarization B mode of CMB, which has not yet been observed. All
those quantities are defined for a particular cosmological scale k which is the pivot scale of
CMB, k/a0 = 0.05Mpc−1. The latest bound on the scalar spectral index is [19] given as
ns = 0.9659± 0.0082 for ΛCDM + r model from Planck data alone or ns = 0.9670± 0.0074
from Planck and BK14 and BAO data. In our subsequent analysis, we will assign all the
inflationary parameters at the aforementioned CMB scale at the time of its horizon crossing
during inflation.

Further, important inflationary quantities that will be considered are the Hubble parameter
Hk and e-folding number Nk for a particular scale k (CMB pivot scale) at its horizon crossing.
Those quantities will be described in the appropriate places, but before that in the next section,
we will review the Boltzmann equation for three different energy components namely inflaton,
radiation, and dark matter.

3.3 Dark Matter during reheating

3.3.1 Basic equations

As has been emphasized in our previous discussions, the information of CMB has the potential
to shed light on the dark matter sector through the reheating phase. Production of dark matter
like particles considering different models and its phenomenology has already been worked
out in detail in the literature considering the decaying inflaton during reheating[105, 107–
109, 123, 126–133]. Also, how a nonzero Higgs VEV during inflation can impact the standard
reheating history of the universe has been discussed in[134–136]. However the direct connection
of the aforementioned analysis with the CMB has never been carefully looked into. Therefore,
combining the analysis mentioned in the previous section with the existing reheating analysis,
in the subsequent sections, we will uncover a surprising connection between the CMB and dark
matter phenomenology. Our study opens up a new avenue toward understanding the detail
properties of the dark matter though CMB observations.

It is well known that after the end of inflation the universe becomes extremely homogeneous.
Therefore, to set in the subsequent evolution, the inflaton field has to go through the reheating
phase when it decays into other fields and radiation. Depending upon the coupling with the
inflaton field, the reheating field can have either perturbative or nonperturbative production.
For our current analysis, we will consider the purely perturbative reheating process. Therefore,
we essentially follow the existing analysis by considering the evolution of Boltzmann equations
for three different energy components consisting of the inflation energy density ρφ, the radiation
energy density ρφ and the dark matter particle number density nX [106, 137].

dρφ
dt

=− 3H(1 + wφ)ρφ − Γφ(1 + wφ)ρφ (3.5)

dρR
dt

=− 4HρR + Γφρφ + 〈σv〉2〈EX〉
[
n2
X − (nX,eq)

2
]

(3.6)

dnX
dt

=− 3HnX − 〈σv〉
[
n2
X − (nX,eq)

2
]
, (3.7)

and the background expansion is given by

H2 =
8π

3m2
pl

(ρφ + ρR + ρX) . (3.8)
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where, 〈EX〉 = ρX/nX '
√
M2
X + (3T )2 is the average energy density of a single component

dark matter X particle and neqX is the equilibrium number density of the matter particle of
mass MX at the equilibrium background temperature T . Γφ is the inflaton decay constant.
As has been mentioned, the dark matter particles create and annihilate into radiation with
a thermal-averaged cross section 〈σv〉. wφ is the average equation of state for an oscillating
scalar field (inflaton)[41],

wφ =
pφ
ρφ
' 〈φV

′(φ)− 2V (φ)〉
〈φV ′(φ) + 2V (φ)〉 (3.9)

For an inflaton potential V (φ) ∝ φn, it is found to be wφ = (n − 2)/(n + 2). At this point
let us state an important difference of our work and that of [61, 103]. In those works, the
equation of state parameters for the reheating period is expressed as that of an effective single
fluid( comprising inflaton and its decay products) equation of state. This is taken to be
constant during the entire reheating period. In the present work, as we are explicitly solving
the Boltzmann equations for different components of the universe during reheating, we need not
consider the single field equation of the state parameter rather the quantity that is important
here is the equation of state parameter for the homogeneous component of inflaton during
oscillation. At this stage let us emphasize the fact that, nonperturbative decay could have a
potential impact on our conclusion which we leave for our future studies.

Our goal of this chapter is to look into a wide range of dark matter mass, MX which can
be greater as well as less than the reheating temperature. We also assume the dark matter to
follow the fermionic distribution having the internal degree of freedom g. Therefore, in thermal
equilibrium the number density at temperature T can be expressed as,

nX,eq =
g

2π2

∫ ∞

mX

√
E2 −M2

X

eE/T + 1
EdE ' gT 3

2π2

(
MX

T

)2

K2

(
MX

T

)
, (3.10)

where, K2 is the modified Bessel function of second kind [106]. Now, in order to solve the
equations numerically, it is convenient to work in terms of the following dimensionless quantities,

Φ =
ρφa

3(1+wφ)

m
(1−3wφ)
φ

; R = ρRa
4; X = nXa

3. (3.11)

The Boltzmann equations[106, 138] in the re-scaled variables with the time variable A = a/aI
reduces to,

dΦ

dA
= −c1(1 + wφ)

A1/2Φ

H
;

dR

dA
= c1(1 + wφ)

A3(1−2wφ)/2

H
Φ + c2

A−3/22 〈EX〉 〈σv〉mpl

H
(
X2 −X2

eq

)
; (3.12)

dX

dA
= −c2

A−5/22 〈EX〉 〈σv〉mpl

H
(
X2 −X2

eq

)
;

where, H =
(
Φ/A3wφ +R/A+X 〈EX〉 /mφ

)1/2 is the Hubble expansion rate and the constants
c1 and c2 are given by

c1 =

√
π2g∗
30

(
TΓ

mφ

)2

, c2 =

√
3

8π
(3.13)
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Here, mpl(=
√

8πMp) is the Planck mass. The initial conditions for solving the above set of
Boltzmann equations are,

Φ(1) =
3

8π

m2
plH

2
I

m4
φ

; R(1) = X(1) = 0, (3.14)

where, the initial Hubble expansion rate is expressed as H2
I = (8π/3mpl

2)ρend
φ . The set of

Boltzmann equations can be solved for a given inflaton decay constant Γφ which, for notational
convenience, has been parameterized as,

Γφ =

√
4π3g∗

45

T 2
Γ

mpl
, (3.15)

Notice that TΓ here is just a parameter related to the decay rate of inflation. Usually,
TΓ is identified as the reheating temperature by assuming an instantaneous conversion of
inflaton energy into radiation at the instant of reheating [i.e., when H(t) = Γφ]. We will
define the temperature during reheating period in terms of radiation energy density as T ≡
Trad =

[
30/π2g∗(T )

]1/4
ρ

1/4
R . Hence, as we have mentioned in the Introduction, the reheating

temperature Tre is measured from the radiation temperature Trad at the instant of maximum
transfer of inflation energy into radiation when H(t) = Γφ. Another, important bit of
information we must keep in mind while connecting reheating with CMB is the existence
of maximum radiation temperature during the reheating era[105, 106, 139]. The maximum
temperature depends upon the reheating temperature as well as the initial condition of reheating.
Depending upon the initial value of Hubble rate, the maximum temperature can be many order
of magnitude higher than the reheating temperature. Hence, for any physically acceptable
model, this temperature must be less than the inflationary energy scale at the end of inflation.
The significance of this maximum temperature is that when producing a particle of mass
greater than the reheating temperature, the abundance will not be exponentially suppressed
by the reheating temperature[105]. In the next section we will derive a analytic expression for
this quantity.

3.3.1.1 The early time solution and the maximum temperature for general
ωφ = (n− 2)/(n+ 2)

Before we resort to the numerical solution to find the connection among the CMB anisotropy
and the dark matter abundance, let us compute an analytic expression for the maximum
possible temperature during reheating phase for general equation of state of the inflaton
field. In the early phase of the reheating stage (H � Γφ), considering the initial condition
R(AI) ' X(AI) ' 0 Eq.(3.12) can be solved as

dR

dA
' c1(1 + wφ)Φ

1
2
I A

3
2

(1−wφ) =⇒ R ' 2c1

(
1 + wφ
5− 3wφ

)[
A

5−3wφ
2 −A

5−3wφ
2

I

]
. (3.16)

Therefore, by using the above solution and using the definition of temperature in terms of the
radiation density, one arrive at the following expression

T =

[
60c1

g∗π2

1 + wφ
5− 3wφ

] 1
4

mφ

(
ΦI

A
3(1+wφ)
I

) 1
8
[(

A

AI

)− 3
2

(1+wφ)

−
(
A

AI

)−4
] 1

4

(3.17)
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By using the Eq.(3.14), the maximum temperature can be found as

Tmax =

[
60c1

g∗π2

1 + wφ
5− 3wφ

] 1
4

m
1
2
φ

(
3

8π

m2
plH

2
I

A
3(1+wφ)
I

) 1
8

×


(

8

3(1 + wφ)

)− 3(1+wφ)

5−3wφ −
(

8

3(1 + wφ)

)− 8
5−3wφ


 (3.18)

For wφ = 0, the expression for maximum temperature reduces to

Tmax ≡
(

3

8

)2/5(40

π2

)1/8 g
1/8
∗ (Tre)

g
1/4
∗ (Tmax)

M1/4
p H

1/4
I T 1/2

re . (3.19)

In the following numerical analysis for the dark matter abundance, we will find maximum
temperature plays an important role in constraining the dark matter parameter space. The
essential idea behind this temperature is that as the reheating temperature is measured at a
later stage of reheating, the radiation production commences at the very early stage. As one
can clearly see the non-trivial dependence of the temperature on the inflaton equation of state
parameter (ωφ) and the inflaton decay constant Γφ. Depending upon the initial value of the
Hubble rate which has a direct connection with the CMB anisotropy, the maximum temperature
can be many orders higher than the reheating temperature[105, 106, 139]. Therefore, this
maximum temperature will play as an intermediate scale between the inflationary energy scale
and the reheating temperature. Subsequently we show how this will effect the dark matter
production mechanism during depending upon the dark matter mass.

3.3.1.2 Dark matter relic abundance and its (Tre, Tmax) dependence

As we have emphasized already, we will describe how the present dark matter abundance is
controlled by the CMB anisotropy through the inflationary model and its subsequent reheating
phase. The present dark matter abundance parameterized by the normalized density parameter
ΩX can be expressed in terms of present day radiation abundance ΩR (ΩRh

2 = 4.3× 10−5), as
follows

ΩXh
2 = 〈EX〉

X(TF)

R(TF)

TF

Tnow

AF

mφ
ΩRh

2 (3.20)

where, TF is the temperature at very late time when dark matter and radiation comoving energy
densities became constant. The current CMB temperature is given by Tnow = 2.35× 10−13GeV.
For our subsequent discussions, it is important to know the behavior of the dark matter
abundance in terms of reheating parameters (Tre,MX , 〈σv〉). The analytic expressions for
the dark matter abundance for different dark matter mass MX can be calculated following
the references [106](see also[107, 108] for an alternative derivation). As we have considered
a generic equation of state parameter for the inflaton, we are interested in the generalized
expression for dark matter abundance for arbitrary wφ. The dependence of relic abundance on
reheating temperature, the dark matter mass, and annihilation cross section can be expressed
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as

ΩXh
2 ∝ 〈σ|v|〉M4

XExp

[
−E(wφ)MX

Tmax

]
for MX & Tmax (3.21)

ΩXh
2 ∝ 〈σv〉 T

7+3wφ
1+wφ
re

M

9−7wφ
2(1+wφ)

X

for Tmax > MX > Tre. (3.22)

One can particularly notice the non-trivial dependence of wφ for two different dark matter
mass range with respect to the Tmax as derived before. The proportionality factors for the
above expressions and E(wφ) has a complicated dependence on wφ, which are important for
our subsequent discussions. Furthermore, if we consider the dark matter mass to be less than
the reheating temperature, the freeze-in happens after the reheating is over. For that case the
relic abundance can be expressed as [140]

ΩXh
2 ∝ 〈σv〉MX Tre when MX < Tre, (3.23)

For all the above three expressions for the dark matter abundance, we have considered the
freeze-in mechanism. This essentially means that dark matter will never reach the equilibrium
with the thermal bath. In the literature, these dark matter is known as feebly interacting dark
matter(FIMP)[122–125]. In the next section, we will briefly outline the steps to connect CMB,
reheating and dark matter abundance.

3.4 Constraints from CMB: dark matter phenomenology

In this section, we explicitly show how the CMB anisotropy can shed light on the dark matter
sector considering the present value of its abundance. As emphasized before we will not consider
any specific model of dark matter. The main ingredient of our analysis will be a specific model
of inflation and its perturbative decay to radiation and then radiation to dark matter during the
reheating phase. Considering a specific model of dark matter would be interesting to analyze.
However, an important point one should remember when constructing a particle physics model
is that all our analyses are at an energy of the order of inflation scale. Therefore, proper high
energy modification should be taken into account for any particle physics model of dark matter.
Anyway, for the present purpose, we will consider the simplest case as described before. In
the subsequent subsections, we will first illustrate the general procedure to compute the dark
matter abundance in terms of the CMB parameters for a chaotic inflation and then will apply
the mechanism to study other observationally viable models and discuss the constraints.

3.4.1 Connecting CMB and reheating via inflation

In this section, we will discuss, in detail, the deep connection between the reheating phase
and the CMB[61]. During inflation, the perturbation modes that became comparable to the
horizon are the ones which we observe today. The PLANCK set the pivot scale k = 0.05Mpc−1

for determining the spectral index ns. In Fig. 3.1 we depicted how various scales and phased
are correlated in the inflationary-big-bang scenario. For this we considered a specific value
of the inflaton equation of state. The comoving Hubble scales akHk = k at (A) and (D) in
Fig. 3.1 are connected through the reheating period through the following equation
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Figure 3.1: The comoving scales connect the inflationary phase with the CMB. The solution of Boltzmann equations
for inflaton decay will connect the end of inflation denoted by the point B and beginning of radiation domination
denoted by the point C, and the consistent solution exists only for a specific inflaton decay constant Γre. All other
decay constants (Γ1,Γ2) shown as red lines will not give the correct CMB temperature. Given a particular inflation
model, the Boltzmann equations are solved considering three unknown parameters (Γφ, 〈σv〉,MX). However, imposing
two other constraints Eq.(3.33) for our physical universe, we uniquely fix the value of (Γφ = Γre, 〈σv〉) and consequently
the reheating parameters (Nre, Tre) for a given dark matter mass MX . One of the aforementioned constraint equations
essentially sets the correct initial condition for the radiation domination at (C) which evolves to the currently observed
CMB through standard big-bang evolution. In the conventional approach the expansion of the universe during the
reheating phase is parameterized by a time-independent effective equation of state wre. Therefore, decay of inflaton
cannot be directly constrained. Here, however, we have considered the dynamical situation.

ln

(
akHk

a0H0

)
=−Nk −Nre − ln

(
areHk

a0H0

)
. (3.24)

As we will discuss about general inflaton equation of state, in the Fig. 3.2 we plotted the
evolution of scales and phases considering different values of the effective equation state weff
which will be relate to wφ non-trivially. However, from our perturbative analysis we show
that behavior in terms of weff depicted in the Fig. 3.2 will qualitatively be same as that in
terms of wφ. In order to proceed further specifically from the radiation dominated era to the
present time, one important assumption we need to make is that there is no extra entropy
production in primordial plasma after reheating. More specifically the entropy is conserved.
This assumption is necessary if we want to compute the reheating temperature from CMB
otherwise we will only be able to give a bound on the reheating temperature through CMB.
With this assumption that the reheating entropy is preserved in the CMB and the neutrino
background one can arrive at the following relation,

a(t)3s = const =⇒ greT
3
re =

(
a0

are

)3(
2T 3

0 + 6× 7

8
T 3
ν0

)
. (3.25)

where, s is the entropy density. T0 = 2.725K is the present CMB temperature, and Tν0 =
(4/11)1/3T0 the neutrino temperature and gre is the effective number of light species. H0 is the
present value of the Hubble parameter. Therefore, combining the above two equations, one
arrives at the following important equation

Tre =

(
43

11gre

) 1
3
(
a0T0

k

)
Hke

−Nke−Nre . (3.26)
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Figure 3.2: Evolution of the comoving Hubble horizon starting from inflation (left side black lines), reheating
(intermediate lines), radiation domination up to the present time(the shorter period of matter domination and the
current dark energy domination is not shown as they don’t affect the qualitative conclusion). During the reheating
phase when the effective equation of state weff = 1/3, the evolution is indistinguishable from radiation dominated
phase as shown in solid brown line. This fact makes reheating parameters (Nre, Tre) indeterministic as observed in [61].
The evolution with weff < 1/3 is shown in blue intermediate lines while that of weff > 1/3 is shown in red intermediate
lines. Increase in ns implies going from solid black line to dotted black line adding extra e-folding number ∆Nk for
horizon crossing of a particular CMB mode k. It is clear from the figure for weff < 1/3, increasing ns will result in
decreasing reheating e-folding number Nre, and thereby increasing reheating temperature Tre. While for wφ > 1/3 it
will just be the opposite. Hence, one can clearly expect an upper bound on ns for a particular inflation model with
wφ < 1/3 where the intermediate line closes indicating an instantaneous reheating with maximum possible reheating
temperature. On the other hand for models with wφ > 1/3, one expects a lower bound on ns. The bound on the other
end of ns for both the cases will be from the condition of minimum reheating temperature for a successful BBN.

This equation thus establishes the connection between the CMB anisotropy with the reheating
temperature once we know the e-folding number during reheating Nre.

Now, we can have two ways to determine Nre: (i), solve the scale factor and the evolution
equation for the total energy density during reheating by using an effective equation of state
parameter(weff) [61] of the fluid comprising inflaton and radiation during reheating, or, (ii)
explicitly solve the Boltzmann equation for decaying inflaton during reheating. The first
method has been widely studied in the literature. For the convenience of the reader, let us note
the expression of Nre in terms of inflationary observable and reheating parameters following
the references [61, 103],

Nre =
4

3weff − 1


Nk + ln

(
k

a0T0

)
+

1

4
ln

(
40

π2g∗

)
+

1

3
ln

(
11g∗
43

)
− 1

2
ln


π

2M2
p rAs

2V
1
2

end




 .

(3.27)
where Nk, r, As, etc. are known for a specific inflationary models in terms of the spectral index
ns. wre is assumed to be an effective time-independent equation of state of during reheating.
The main disadvantage of this method is that it does not shed light on the microphysics
of the reheating phase and its effect on the subsequent evaluation. We propose the second
method [104] with added advantages that we have largely exploited in this paper. We have
also stated the limitations of our approach and possible extensions. For both the cases the
initial conditions will be at point “B” in Fig. 3.1 which is set by slow roll inflation constrained
by the CMB observation. This connection is clearly depicted in Fig. 3.1. From the figure, it is
clear that a particular inflationary model with a scalar spectral index ns sets unique initial
conditions for the Boltzmann equations for decaying inflaton and its decay products during
reheating. And in this phase, one of the important parameters is the inflaton decay constant
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Γφ that controls the dynamics with a strong constraint that the dominant energy component
will be the inflaton and the radiation. This requirement fixes a specific value of Γφ = Γre for
which Boltzmann equations predict a particular reheating e-folding number Nre and reheating
temperature Tre which finally evolves to the current value of the CMB temperature T0 = 2.7K.
Hence, the first part of our calculation is to figure out Γre, Finally solving the Boltzmann
equations has added advantages as opposed to the conventional effective equation of state
method. As mentioned earlier, because of considering the explicit decay of inflaton, apart from
radiation we can easily consider an addition component such as dark matter in our analysis.
Because of the constraint of dark matter abundance in the present universe, we can establish a
direct connection between the CMB anisotropy and the dark matter phenomenology. Therefore,
this approach will lead us to establish a direct connection between the CMB and the dark
matter through the inflation and reheating.

3.4.2 Methodology: CMB to dark matter via reheating

Let us now summarize again the connection between the CMB and dark matter phenomenology
via reheating. CMB power spectrum provides the initial conditions for reheating phase through
inflationary observables. While the CMB temperature is intimately connected to the reheating
temperature, the reheating phase links the end of inflation and the beginning of the radiation
phase parametrized by the reheating temperature. All the particles including dark matter in
the universe were created during the phase of reheating through inflaton decay. Therefore, we
can clearly understand the deep connection between the CMB and dark matter we see today
via the reheating phase. In this section, we will discuss the methodology toward establishing
this connection between the CMB anisotropy and the dark matter phenomenology we just
mentioned. For any general canonical inflation model, we first identify the inflation model
dependent input parameters such as (Nk, Hk, Vend(φk)) for a particular CMB scale k (CMB
pivot scale) at its horizon crossing. As has been pointed out before, given a canonical inflaton
potential V (φ), the inflationary e-folding number Nk and Hubble constant Hk can be expressed
as

Hk =
πMp

√
rAs√

2
; Nk = ln

(
aend

ak

)
=

∫ φend

φk

H

φ̇
dφ =

∫ φend

φk

1√
2εV

|dφ|
Mp

. (3.28)

In order to define above quantities, we use the following slow-roll approximated equations

3Hφ̇ = −V ′(φ) ; H2
k =

V (φk)

3M2
p

. (3.29)

where the field value φend is computed form the condition of the end of inflation,

ε(φend) =
1

2M2
p

(
V ′(φend)

V (φend)

)2

= 1, (3.30)

while the field φk at the horizon crossing in terms of the scalar spectral index nks can be found
by inverting the following equation:

nks = 1− 6ε(φk) + 2η(φk). (3.31)

Once we identify all the required parameters from the inflation, the subsequent reheating phase
will be described by the appropriate Boltzmann equations(3.5-3.7) and also the background
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dynamics for the scale factor a. As emphasized earlier we will consider all the decay process to
be perturbative. During the reheating phase, one of the important parameters is the reheating
e-folding number Nre. It connects the scale factor between the end of inflation aend and the
end of reheating are with following definition Nre = ln(are/aend). In order to establish the
relation between the reheating temperature Tre, the inflationary index ns, and dark matter
parameters (MX , σ) we simultaneously solve the set of Boltzmann equations in the re-scaled
variables given in Eq.(3.12)for numerical stability. For solving the those equation while keeping
the inflation deay term Γφ and the dark matter annihilation cross section as a free parameter,
we have used a Built-in Function called PametricNDSolve in Mathematica R©. The code can be
made available if requested. We have also verified the results of the codes in other numerical
languages. The initial conditions for three components of energy density are given as,

Φ(1) =
3

8π

m2
plHI(n

k
s)

2

m4
φ

; R(1) = X(1) = 0. (3.32)

While solving Boltzmann equations we simultaneously satisfy the following two constraint
equations

ΩXh
2 = 0.12 ; Tre =

(
43

11gre

) 1
3
(
a0T0

k

)
Hke

−Nke−Nre , (3.33)

which are related to current dark matter abundance, and evolution of Tre to current CMB
temperature T0 = 2.7K. Therefore, we essentially solve the Boltzmann Eq.(3.12) starting from
the end of inflation till the dark matter freezes out considering constraints Eq.(3.33). Following
the relations given in Eqs.(3.21,3.22,3.23), the aforementioned connection are expressed as
follows,

ΩXh
2 ∝ 〈σ|v|〉M4

XExp

[
−E(wφ)MX

Tmax

]
for MX & Tmax

ΩXh
2 ∝ 〈σv〉 T

7+3wφ
1+wφ
re

M

9−7wφ
2(1+wφ)

X

∝ 〈σv〉

M

9−7wφ
2(1+wφ)

X

[(
a0T0

k

)
Hke

−Nke−Nre
] 7+3wφ

1+wφ
for Tmax > MX > Tre

ΩXh
2 ∝ 〈σv〉MX Tre ∝ 〈σv〉MX

(
a0T0

k

)
Hke

−Nke−Nre for MX < Tre. (3.34)

Depending upon the mass of the dark matter we can clearly see the behavior of the dark matter
parameter space intimately connected to the CMB scale and the associated temperature. Once
the dark matter freezes out to the current value of dark matter abundance, one of the dark
matter parameters, for instance, the cross-section 〈σv〉 can be fixed for a given set of values
of (Γφ,MX). By using further condition on the end of reheating with the e-folding number
Nre = ln(are/aend),

H(are)
2 =

ȧre
are

=
8π

3m2
Pl

[ρφ(Γφ,MX) + ρR(Γφ,MX) + ρX(Γφ,MX)] = Γ2
φ, (3.35)

we fix the value of Γφ in terms of scalar spectral index ns and the dark matter mass MX . In
the above expression all the energy densities are written as function of (Γφ,MX) at the end of
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reheating. Upon getting the solution for all the energy components we express the reheating
temperature as

Tre ≡ T endrad =
[
30/π2g∗(T )

]1/4
ρR(Γφ, ns,MX)1/4. (3.36)

where, radiation energy density is computed at the end of reheating

ρR(Γφ, ns,MX) =
R m4

φ

A4

∣∣∣
H=Γφ

(3.37)

This is the temperature of the radiation component at the end of reheating. In our numerical
analysis, we will feed this definition of reheating temperature into Eq.(3.33). Hence for a
given dark matter mass, the reheating temperature will be fixed by the spectral index ns. As
mentioned earlier the connection between the reheating temperature and the inflation scalar
spectral index was first pointed out in [61]. After solving all the above equations we are left
with one free parameter that is the mass of the dark matter MX .

With this strategy in hand, we will numerically solve the Boltzmann equations starting
from the end of inflation and show how for a specific dark matter mass MX one can constrain
the dark matter annihilation cross-section through the CMB anisotropy. For this, we will
consider some specific inflationary models. As we have mentioned, we will use the CMB pivot
scale of PLANCK, k/a0 = 0.05Mpc−1. All the quantities of our interest such as (Tre, Nre, 〈σv〉)
will be studied at the aforementioned scale with respect to the inflationary power spectrum
ns = 0.9659± 0.0082 for ΛCDM+r model from Planck data.

At this point we must mention that the production of dark matter prior to the nucleosyn-
thesis era may have important consequences on the subhorizon perturbations of the radiation
and the dark matter[141] and may also affect the annihilation rate of the dark matter[142]. A
detailed study of these effects is done by following the evolution equations for perturbations of
the above three components and the appropriate transfer function. These studies are beyond
the scope of the present work and will be interesting study in the future.

3.4.3 Chaotic inflation: General results

To elucidate our method and discuss the general results, in this section we would discuss
the chaotic inflationary model in detail. For all the other models we will see the qualitative
behavior will be the same. The chaotic type models are represented by the power-law potentials
of the form

V (φ) =
1

2
m4−nφn. (3.38)

where m is the mass scale associated with the inflation. The initial conditions for Boltzmann
equations are provided by the inflation energy density at the beginning of the reheating, which
in turn will depend on the inflationary power spectrum ns. To establish such a connection,
and its effect on the subsequent evolution we compute the field value at the end of inflation
φend = Mp

n√
2
using the condition for the end of slow roll inflation ε(φ) = 1. Therefore, using

this we get the initial condition for the reheating phase as defined in Eq.(3.14)

Φ(1) =
3

8π

m2
plH

2
I

m4
φ

' 4Vend

3m4
φ

=
2

3

m4−n

m4
φ

(
nMp√

2

)n
; R(1) = X(1) = 0. (3.39)
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Other important quantities that are directly connected with the CMB anisotropy through the
relations Eq. (3.24) are

Hk =
πMp

√
rkAs√
2

=
πMp

√
8n
n+2(1− nks)As√

2
; Nk = ln

(
aend

ak

)
=

[
n+ 2

2(1− nks)
− n

4

]
, (3.40)

where, the scalar spectral index nks and consequently the tensor to scalar ratio rk, for a
particular CMB scale k are expressed in terms of the inflaton field as

nks = 1−
2n(1− n)M2

p

φ2
k

−
3n2M2

p

φ2
k

; rk =
8n

n+ 2
(1− nks). (3.41)

φk is the inflaton field value for a particular scale k. And finally, using Eqs.(3.28, 3.29, 3.40
and 3.41)the parameter m in terms of the spectral index is found to be

m = Mp(3π2rAs)
1

4−n

[
1− ns
n(n+ 2)

] n
2(4−n)

. (3.42)

Another important quantity before solving the Boltzmann equations is to know the equation
of state parameter, which for the power-law potential is given in Eq.(4.36). For, n = 2, the
homogeneous inflaton field will behave as pressureless dust with equation of state wφ = 0.

Now, in order to establish the relation between the reheating temperature Tre and the
inflationary index ns, we follow the methodology explained before. The numerical procedure
would be to first solve the set of Boltzmann Eqs.(3.12) considering inflaton decay constant, Γφ
and annihilation cross-section 〈σv〉 as free parameters. The initial condition for the inflaton
energy density is fixed by the spectral index as discussed earlier. Once the solution for
the radiation energy density during reheating is known, we simultaneously solve Eq.(3.35)
and Eq.(3.26) relating the reheating temperature with the current CMB temperature in a
self-consistent manner.

For any other model, we will follow the same procedure discussed above. As we have
already mentioned and elaborated in the introduction, in the usual reheating constraint analysis
[61], the connection between the inflationary parameters (nks , Nk), the reheating parameters
(Tre, Nre) and the CMB temperature T0 are established based on two important assumptions.
First one is the effective single fluid description of the reheating phase with a time independent
equation of state. The second assumption is that the inflaton energy is completely transferred
into radiation at an instant H = Γφ. We have already stressed earlier that all those two
assumptions are obviously not correct. In addition, we also have considered additional dark
matter field into the picture. Therefore, we compare our result with the usual formalism and
the difference will be displayed in various plot. Including the dark matter component in the
reheating constraint analysis and generalizing the formalism given in [104], we will solve the
system of Boltzmann equation in (3.12) taking inflaton decay rate Γφ as a free parameter. For
this, the initial condition is set by CMB power spectrum via inflation as given in Eq.(3.39).
From our analysis, we will see that one of the free parameters Γφ will be fixed by ns through
reheating temperature Eq.(3.26). At this point, there are several important questions we will
ask such as a) Does the dark matter mass has any effect on the reheating temperature? As we
have already stated in the introduction, b) Does the CMB play any role in understanding the
properties of dark matter and its production mechanisms?
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Figure 3.3: Variation of (a) reheating e-folding number Nre and (b)the reheating temperature Tre and the maximum
radiation temperature Tmax with respect to ns have been plotted. For comparison, dashed lines are shown from the
Ref.[61] where the complete conversion from inflaton to radiation has been assumed. We clearly see the order of
magnitude difference in the temperature at the moment we include the explicit decay of inflaton in the reheating
analysis [104]. These two plots are independent of dark matter masses for a set of given initial conditions.
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Figure 3.4: We have two different dark matter production mechanisms as described in the text: (a) Freeze-in
and (b) Freeze-out as discussed. Choosing the same dark matter mass and reheating temperature, we can realize these
two production mechanisms depending upon its annihilation cross section 〈σv〉. The figures here show the evolution
of different components(in some suitable units) the inflaton(red dot dashed), the radiation(brown dashed line) and the
temperature(thick blue dashed line) with the normalized scale factor( alternatively, the e-folding number after the end
of inflation). Black dashed lines show the evolution of equilibrium dark matter distribution while the black solid line is
for the dark matter. In this work we will exclusively assume the dark matter production via freeze-in mechanism when
connecting the current relic abundance with CMB.

Throughout the subsequent discussions, we will try to answer the aforementioned questions.
Even though the dark matter will play important role after reheating we have not found
any significant effect of it’s mass or the annihilation cross-section on (Tre, Nre) provided the
produced dark matter relic abundance is within the current dark matter relic abundance.
In Fig. 3.3, we have plotted (Nre, Tre) with respect to ns. An important observation is the
existence of a maximum reheating temperature where two radiation temperature Tmax and
Tre meet at around (nmax

s ' 0.9656, Tmax
re ' 1015GeV). This is the point where the reheating
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Figure 3.5: For fixed dark matter mass, we have plotted the contour of ΩXh
2 = 0.12 in the ns-〈σv〉 plane. The

reheating temperature which is fixed once we know the spectral index is also plotted on the upper axis. The shaded region
below the contour line is the parameter space allowed by current dark matter abundance. Here, we have considered the
dark matter masses (a)109GeV and (b)103GeV for the chaotic m2φ2 model.

process is almost instantaneous. If we consider 1σ range of ns from PLANCK, one also gets
minimum reheating temperature Tmin

re ' 6 × 107 GeV for ns ' 0.962. At this point let us
emphasize the difference between the result of our analysis(solid line) and the usual reheating
constraint analysis(dashed line) following the reference [61]. It clearly shows one order of
magnitude difference in reheating temperature. The source of this difference is coming from
the incomplete decay of inflaton to radiation field. Finally, we numerically fitting the data,
and the relation between the reheating temperature Tre and spectral index ns is found as,

log (Tre) ' Qp
[
A+B(ns − 0.962) + C(ns − 0.962)2

]
. (3.43)

where, the dimensionless constants A = 8, B = 1.8 × 103 and C = 5.5 × 104, turned out
to be almost model independent. The reason may have its origin in the same mechanism
that is responsible for the inflaton decay into the radiation. Model dependence in the above
expression for reheating temperature comes only through the parameter Qp. To complete the
discussion, let us mention here that for a chaotic and α−attractor model with α = 1, the value
of Qp turned out to be unity. Also, our numerical fitting shows that for different α values,
Qp ∼ log10(α)/α1/2 and for natural inflation Qp ∝ 1/fb. Let us now turn to question-b, which
is the main purpose of this work. In the previous section, we have established one-to-one
correspondence between ns and Tre. This fact provides us a way to figure out the direct
connection between the CMB anisotropy and the dark matter via reheating. Before we discuss
the constraints, we emphasize again the fact that dark matter production mechanism can
be either freeze-in or freeze-out depending upon the couplings as has been discussed in the
introduction. However, we will consider the dark matter production via freeze-in mechanism
in this work. However, let emphasize the fact that for MX � Tre, freeze-in is the only
mechanism that satisfies correct dark matter abundance namely ΩXh

2 ≤ 0.12. This is also
clearly seen for a specific case shown in the Fig. 3.4. For MX < Tre, we have only considered
the dark matter production via the freeze-in mechanism. We will study other mechanisms in
more detail in our future work. Given a specific mechanism, we constrain the dark matter
parameter space depending upon a specific inflationary model. In the Fig. 3.5, we have plotted
annihilation cross-section (〈σv〉, ns) for different dark matter masses considering specific chaotic
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model n = 2. The important point one infers from those plots is that the CMB temperature
correlation can directly constrain the dark matter parameter space (MX , 〈σv〉) through the
inflationary power spectrum ns. For a given value of ns, one can precisely predict the value
of annihilation cross-section once the dark matter mass is fixed. As an example given a dark
matter massMX = 2×103 GeV, CMB anisotropy restricts the annihilation cross-section within
10−35GeV−2 > 〈σv〉 > 10−41GeV−2 for 2σ-region of ns.

Depending upon the value of dark matter mass our main results of the current paper are the
following important relations: i) If MX > Tre, the dark matter freezes in before the reheating
and the relic abundance for a fixed dark matter mass behaves as ΩXh

2 ∝ 〈σv〉T 7
re [105, 106].

Therefore, we established an important relation between the annihilation cross-section 〈σv〉 and
the scalar spectral index ns considering the current value of the dark matter relic abundance as

〈σv〉
∣∣∣
MX>Tre

∝ 10−7A−7B(ns−0.962)−7C(ns−0.962)2
. (3.44)

ii) In a similar manner, forMX < Tre, the dark matter freezes in during the radiation dominated
phase following the relation ΩXh

2 ∝ 〈σv〉Tre[140]. In this case also we will have following
important relation in different dark matter mass regime,

〈σv〉
∣∣∣
MX<Tre

∝ 10−A−B(ns−0.962)−C(ns−0.962)2
. (3.45)

So far, all our important findings were based on the chaotic inflation. In the subsequent
sections we will consider various other prominent inflationary models.

3.4.4 Natural inflation

The natural inflation model[143, 144] proposed in the early 1990s is one of the best theoretically
motivated models of inflation. The prediction of this model is marginally consistent with the
recent observations.∗ The inflationary potential in this case is given by

V (φ) = Λ4

[
1− cos

(
φ

f

)]
. (3.46)

where Λ is the height of the potential setting the inflationary energy scale, and f is the width of
the potential known as the axion decay constant in particle physics. To be consistent with the
CMB data this model needs a super-Planckian value of axion decay constant. We have taken
f = 10Mp and f = 50Mp for illustration. During reheating, the potential may be approximated
as a power-law potential by expanding it around the minimum as long as φ < f

V (φ) ' 1

2

Λ4

f2
φ2 (3.47)

From, this expression of potential it is easy to identify the inflaton mass by tree-level expression

mφ =
Λ2

f
(3.48)

while the inflation equation of state from Eq.(4.36), is found to be wφ = 0. The CMB
∗It has been shown in[145] that by considering the neutrino properties in calculating ns, this model may

comply well with observation.
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Figure 3.6: Variation of (a) Nre and (b) (Tre, Tmax) with respect in ns have been plotted for for axion decay
constant f = (10, 50) Mp. The duration of reheating increases with f as a result the reheating temperature decreases
with increasing f

normalization defined as As fixes the value of Λ ' 1016 GeV. Therefore, by tuning the value of
the axion decay constant f we can fit model with respect to the observation. For the usual
quadratic axion potential near its minimum, we consider effective equation state w = 0 during
reheating. From Fig. 3.6 the behavior of the (Nre, Trad) in terms of ns can be summarized as
follows: with decreasing f , the model becomes increasingly disfavored as it is going out of
the 1σ range of ns = 0.9682 ± 0.0062. This conclusion is anyway true just from the (ns, r)
curve for the axion inflation. It is also interesting to notice that for a particular ns, with
decreasing f , the reheating temperature increases in accord with the decreasing reheating
e-folding number Nre. Within the 1σ range our numerical computation shows that f = 6Mp is
disfavored as it predicts the maximum value of nmax

s ' 0.957 which outside the 1σ range of
ns from PLANCK. However for f = (10, 50Mp), we found nmax

s ' (0.9644, 0.9655) at which
Nre = (1.72, 1.3). For both the cases, the lowest ns ' 0.962 corresponds to the minimum
reheating temperature Tmin

re ' (4.9× 109, 7.6× 107) in GeV units. Now we are in a position
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Figure 3.7: The same plot as in Fig. 3.5 for the natural inflation model. Axion decay constant for Fig.(a) is
f = 10Mp and for (b) f = 50Mp.

to figure out the effect of the axion inflation model in the dark matter phenomenology. In
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Figure 3.8: The same contour plot as in Fig. 3.5 in the MX -〈σv〉 space for the natural inflation model. Axion
decay constant for Fig.(a) is for to f = 10Mp and for (b) f = 50Mp.

Fig. 3.7, and Fig. 3.8, we have displayed the allowed regions of parameter space for a single
component dark matter based on the constraints from CMB observation. The allowed region
in (ns Vs 〈σv〉) space from the current dark matter relic abundance is shown in Fig. 3.7
for two sample values of dark matter mass MX = (2 × 103, 2 × 109) GeV. For f = 10Mp,
the reheating temperatures for all the spectral indexes are higher than both the masses and
they freeze-in in the radiation dominated era. However, for f = 50Mp and the dark matter
mass 109 GeV, we will have two distinct behaviors given in Eqs.(3.44-3.45), which are also
reflected in the change of slopes of the contour plots Fig. 3.7 for ΩXh

2 = 0.12. The analytic
expression for the relic abundance in the different regions can be found in [106, 108]. In
Fig. 3.8 we present the allowed region in parameter space of (MX V s 〈σv〉) for a fixed value
of ns corresponding to two different reheating temperatures Tre ' (5 × 1011, 5 × 109) GeV
for two different vales f = (10, 50) Mp. From the physical point of view as expected for a
particular value of ns = 0.963, there exists a minimum value of the annihilation cross-section
〈σv〉 ' (5× 10−47, 5× 10−43) for f = (10, 50) Mp and MX = (5× 1011, 5× 109) GeV which
are of same order as the reheating temperature. From the physical point of view, this fact
can be understood as follows: for dark matter mass MX > Tre, the freeze-in temperature
Tfreeze > Tre, during which the radiation density is very small as most of the energy is in
the form of oscillating inflaton field. Therefore, in order to achieve the current dark matter
abundance ΩXh

2 ' 0.12 one needs to increase the annihilation cross-section as we increase
the value of dark matter mass. However, for MX < Tre, the freeze-in temperature is obviously
Tfreeze < Tre, which is in the radiation dominated phase, and most importantly the radiation
temperature Trad becomes inversely proportional to the cosmological scale factor. Therefore,
dark matter abundance crucially depends upon the freeze-in time or freeze-in temperature.
With the decreasing MX the freeze-in happens at a late time or, in other words, at a lower
value of the freeze-in temperature. This late time freeze-in will naturally reduce the dark
matter abundance. Hence below the reheating temperature, with decreasing MX , one needs to
increase cross-section 〈σv〉 in order to produce correct dark matter abundance.

3.4.5 Alpha attractor

In this section will consider a class of models called α-attractor model[55–57, 75, 146, 147] which
has recently been proposed to unify different inflationary models parametrized by parameter
α. The uniqueness of this class of models is its conformal property which leads to a universal
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Figure 3.9: Variations of (a) Nre and (b) (Tre, Tmax) with respect to ns have been plotted for α-attractor model.
We have considered three sample values of α = (1, 10, 100).
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Figure 3.10: The shaded region shows the region in the parameter space allowed by current dark matter abundance
for two dark matter masses in the α-attractor E model. (a) Corresponds to α = 1, while (b) is for α = 10.
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Figure 3.11: Considering a sample value of ns or equivalently Tre as given, we plotted (〈σv〉vsMX) for α-attractor
E-model, for α = (1, 10, 100). Solid red line corresponds the unitarity limit 〈σv〉 ∝ 1/MX.

prediction for the inflationary observables (ns, r) in favor of Planck observation [53]. After the
conformal transformation of a large class of originally noncanonical inflaton field Lagrangian,
one generically gets canonically normalized inflaton field with an exponential potential of the
following form
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V (φ) = Λ4

[
1− e−

√
2

3α
φ
Mp

]2n

(3.49)

In the literature, this model is known as E model. The quantities that we will need for solving
the Boltzmann equation is the inflaton equation of state parameter and the inflaton mass,
which we will get by expanding the potential around the minimum when

√
2

3αφend < Mp which
is equivalent to choosing α > 0.5n2.

V (φ) ' Λ4

(
2

3α

)n( φ

Mp

)n
(3.50)

Now, it is easy to identify the inflaton mass with the tree-level expression as

mφ =
2Λ2

√
3αMp

(3.51)

and the equation of state parameter, as noted before, is given by wφ = 0.
As has been discussed for natural inflation, in this case also we found Λ ' 1016 GeV. The

new parameter α determines the shape of the canonically normalized inflaton potential near
the minimum. The qualitative behavior of all the plots will be the same as for the other models
we have discussed so far. However, the reheating temperature in this class of models can be
very small depending on the value of the α parameter. For the purpose of our current study,
we have taken n = 1 and α = (1, 10, 100) for illustration. It is important to note that α = 1
encodes two important well studied inflationary models, namely Starobinsky[6] and Higgs[148]
inflation. Nonetheless, some important facts can be observed from the Fig. 3.9 as follows: we
clearly see that as one increases the value of α, the reheating temperature decreases for a fixed
value of ns. For example at ns = 0.962 which is the lowest of 1σ range from PLANCK, we
found Tmin

re ' (108, 103, 102) GeV for α = (1, 10, 100) respectively. The qualitative behavior
on the constraints on the dark matter parameter space appeared to be the same as that of
the chaotic and natural inflation cases discussed in the previous sections. Specifically, let us
emphasize again one of the important results of our analysis shown in Eq.(3.44) Eq.(3.45),
which will be satisfied for the α-attractor model as well. However, from fig.Fig. 3.10,Fig. 3.11,
we point out that with increasing α, the annihilation cross-section increases for a fixed value of
the dark matter mass. This fact could be an interesting point to further understand from the
theoretical point of view. From our naive numerical solution of Boltzmann equations one finds
that for higher value of α, the annihilation cross could be arbitrarily large depending upon
the value of ns or equivalently the reheating temperature Tre. However, this should not hold
true as the unitarity limit on 〈σv〉max = 8π/M2

X restrict the allowed region of ns. Therefore,
one gets a lower limit on the value of ns which is coming from the dark matter sector. For
example, from Fig. 3.10 if one considers α = 10,MX = 2× 109 GeV, the lowest possible value
is ns = 0.9634 set by the unitarity limit(red line). On the other hand, the highest value of
the nmax

s ' 0.968 does not depend upon the dark matter parameters as has already been
pointed out. This important constraint on the ns coming from dark matter sector could be
very important to understand and needs further study.

3.4.6 Minimal Plateau model

In this section we will study the predictions for minimal plateau model introduced in Chapter 2.
The simplest chaotic inflationary models V (φ) ∝ φn are now ruled out from observational data.
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Figure 3.12: Evolution of (a) Reheating e-folding number Nre during reheating and (b) the reheating temperature
Tre(solid lines) and the maximum temperature Tmax(dotted lines) with respect to ns for n = 2 for three different values
of φ∗. If one extrapolates the solid and dotted lines, one will have maximum reheating temperature Tmax

re ' 1015 GeV.
All the plots are independent of dark matter masses for a set of given initial condition.
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Figure 3.13: (〈σv〉 vs ns) were plotted for three values of φ∗ and n = 2. The blue line with green shaded region
corresponds to dark matter abundance ΩXh

2 ≤ 0.12. We consider three possible values of φ∗. For all the cases we have
chosen a dark matter mass MX = 200TeV . Red horizontal line corresponds unitarity bound described in the main text.

However, as we have seen that the plateau type inflationary models when the potential during
reheating can be well represented by the above from of chaotic power-law potentials. This help
us to study the effects of effects of general equation of state parameters for different models
related by the equation wφ = (n − 2)/(n + 2) on the reheating phase. Below we will study
the reheating and dark matter production with the mechanism developed in this chapter for
general equation of state parameter.

3.4.6.1 Results and constraints: Model n=2

This is similar to the usual quadratic chaotic model. However, as we have seen before the new
parameter φ∗ controls the behavior of cosmological parameters in a significant way. From the
Fig.(3.12.a-b) we see the behavior of Nre and (Tre, Tmax) in terms of ns. It is evident that the
allowed region of ns shifts towards lower values as we increase φ∗, which in fact resembles the
usual chaotic inflation. For φ∗ < Mp we have small field inflation and the values of (ns, r) are
in agreement with the observation.

For these small field models, therefore, within the 1σ range of ns, very small reheating
temperature can be achieved. For example at the central value of ns = 0.968, reheating
temperature turned out to be 104 ∼ 105 GeV for φ∗ = (1, 0.1)Mp, whereas for φ∗ = 10Mp,
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Figure 3.14: (〈σv〉 vs MX) were plotted for three values of φ∗ and n = 2. Depending upon the available ranges
of temperature within the 1σ range of nS , we have considered three possible values of ns. Minimum of the blue curve
corresponds to the equalityMX = Tre. It is obvious that at this point the required value of the cross-section is minimum
for a given abundance ΩXh

2 = 0.12.

Table 3.1: Model parameters and associated constrains on dark matter parameters for n = 2, MX = 200GeV

φ∗ = 0.1Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.966 44 5.8 unitarity

0.968 33 2.4× 104 3× 10−30

0.970 20 3× 108 5× 10−38

0.972 6 1.5× 1013 1× 10−42

φ∗ = 1Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.966 42.5 30.1 unitarity

0.968 31 1.4× 105 6× 10−34

0.970 18 2× 109 2× 10−40

0.9722 2 3.8× 1014 3× 10−44

φ∗ = 10Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.962 36 3.3× 103 3× 10−24

0.964 26 7.4× 106 2× 10−36

0.966 14 4× 1010 4× 10−40

0.968 1.5 6× 1014 3× 10−44

reheating temperature is very high ∼ 1014 GeV. These fact can be seen from sample values given
in the Table 3.1 and also from the fig.(3.12.a-b). The lower limit of the value of ns is set from
BBN constraints[10, 92–94], which is Tre ∼ 0.1GeV. On the other hand, we can see from the all
the plots as well as from the data tables, there exists a maximum temperature(corresponding
to the instantaneous reheating) irrespective of the value of the scale φ∗.

In addition to the one to one correspondence between ns and Tre, we simultaneously get
constraints on the dark matter parameter space as shown in Fig. 3.13, and Fig. 3.14. We
have chosen a sample dark matter mass MX = 200TeV . It is clear that once ns is fixed, for a
given (φ∗,MX), the scattering cross-section is also fixed. Therefore, within the 1σ range of
ns, the dark matter cross-section 〈σv〉 is bounded given the value of dark matter abundance
ΩXh

2 = 0.12. More importantly depending upon the values of (MX , ns) the freeze-in will
occur in three different regimes as we have already described in detail and also can be observed
in the change of slopes of blue curves as a function of ns as shown in Figs.(3.13-3.14). From
our analysis, we see that for a fixed dark matter mass, annihilation cross-section increases with
decreasing ns. However, as the cross section can not be arbitrarily large, the unitarity limit on
〈σv〉max = 8π/M2

X restricts the allowed region of ns at its lowest value. From Figs.(3.13.a-b)
when, φ∗ = 0.1Mp, 1Mp the production of dark matter particle of mass 200TeV for lower ns
regime is forbidden due to the unitarity bound(shown as red line). The lowest possible value
of ns turns out to be around 0.9664 and the highest value nmax

s ' 0.968 for φ∗ = 10Mp. For
φ∗ = (0.1, 1)Mp, it turned out that nmax

s ' 0.972 as has already been noted before, depend
upon the maximum attainable temperature for the model. This important constraint on the
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Figure 3.15: Evolution of (a) Reheating e-folding number Nre during reheating and (b) the reheating temperature
Tre(solid lines) and the maximum temperature Tmax(dotted lines) with respect to ns for n = 4 for three different values
of φ∗. We have will same Tmax

re ' 1015 GeV.

value of ns coming from dark matter sector could be very important to understand and needs
further study. Figs.(3.14.d-f) illustrates the conventional behavior of annihilation cross-section
in terms of dark matter mass. However, an important point we would like to make again is
that depending upon the value of inflationary power spectrum ns or CMB anisotropy, we can
shed light on the possible production mechanism given the value of dark matter mass.

3.4.6.2 Results and constraints: Model n=4

This is a very special case out of all the models. One of the main reasons is that for n = 4, the
inflaton behaves like radiation during reheating with the equation of state parameter ωφ = 1/3.
It is known that during reheating if we consider the effective equation of state to be radiation
like, then distinguishing the reheating period and the radiation dominated period becomes
very difficult as can be seen from the schematic diagram Fig. 3.2. This very fact makes the
reheating parameters (Nre, Tre) indeterministic which has been observed in [61]. However,
in our analysis, we managed to resolve this fact by considering the explicit decay of inflaton
into the analysis. Therefore, even though the inflaton equation of state is radiation like, the
effective single fluid equation of state during reheating will not be exactly radiation like rather
it has complicated time dependence, expressed as

weff =

〈
3pφ + ρrad

3(ρφ + ρrad + ρX)

〉
. (3.52)

However, in deriving the above equation of state we assumed the perturbative decay of inflation.
Keeping this fact in mind, our result for n = 4 is given in the Fig. 3.15. It clearly shows
the stiffness of the curve which can be attributed to the fact that effective equation of state
varies very close to 1/3. There exist some flat regions as we lower the value of ns, which we
think should be our numerical artifact. Therefore, if we discard that flat region, n = 4 model
predicts a precise value of scalar spectral index ns, however, Nre, Tre become very sensitive
to slight variation of it. As we can see from the Fig. 3.15, the scalar spectral index assumes
ns ' (0.9575, 0.966, 0.967) values for φ∗ = (10, 1, 0.1)Mp. Therefore, an important conclusion
we can arrive from our analysis that super-Planckian values of φ∗ > 1Mp are disfavored as
long as ns measurement is concerned.
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Figure 3.16: Evolution of (a) Reheating e-folding number Nre during reheating and (b) the reheating temperature
Tre(solid lines) and the maximum temperature Tmax(dotted lines) with respect to ns for n = 6 for three different values
of φ∗. One clearly see the change of slop in compared to n < 4 models. However, we observed maximum reheating
temperature to the same Tmax

re ' 1015 GeV.
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Figure 3.17: (〈σv〉 vs ns) were plotted for three values of φ∗ and n = 6. For all the cases we have chosen a dark
matter mass MX = 2× 1011GeV .
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Figure 3.18: (〈σv〉 vs MX) were plotted for three values of φ∗ and n = 6. General descriptions of the plots are
same as before.

3.4.6.3 Results and constraints: Model n=6

As we know all the usual power law inflationary models are large field and consequently
predicts large r value. However, because of new scale φ∗, we were able to make our model
perfectly compatible with the observation for even stiffer model such as n = 6 and n = 8. In
this sub-section we summarized all our analysis in the Figs.(3.16,3.17,3.18) and the following
Table 3.2 for n = 6.
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Table 3.2: Model parameters and associated constraints on dark matter parameters for n = 6, MX = 1011GeV

φ∗ = 0.1Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.9678 3 4× 1013 3× 10−49

0.968 5 2× 1012 7× 10−48

0.969 20 2× 105 9× 10−34

0.9698 32 0.2 6× 10−22

φ∗ = 1Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.9682 2 1× 1014 9× 10−50

0.969 14 3× 108 1× 10−36

0.970 29 10.58 unitarity

0.972 32 0.3 unitairty

φ∗ = 10Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.9632 2 1.9× 1014 6× 10−50

0.964 11 6× 109 4× 10−41

0.965 23 8.8× 103 unitarity

0.9656 30 2 unitarity

ϕ*=0.1Mp

ϕ*=1Mp

ϕ*=10Mp

0.964 0.965 0.966 0.967 0.968 0.969 0.970

0

5

10

15

20

25

30

ns

N
r
e

(a)

ϕ*=0.1Mp

ϕ*=1Mp

ϕ*=10Mp

0.964 0.965 0.966 0.967 0.968 0.969 0.970

10

1000

10
5

10
7

10
9

10
11

10
13

ns

T
(i

n
G

e
V
)

(b)

Figure 3.19: Evolution of (a) Reheating e-folding number Nre during reheating and (b) the reheating temperature
Tre(solid lines) and the maximum temperature Tmax(dotted lines) with respect to ns for n = 8 with the same behavior
as n = 6..

Important difference with n < 4 models turned out to be the slope of (ns vs Tre) and
(ns vs Nre) curve. This has also been explained in the schematic diagram Fig. 3.2. This is coming
from the stiff equation of state of the oscillating inflaton wφ = (n− 2)/(n+ 2) = 1/2 > 1/3.
The duration of reheating period (Nre) increases with increasing ns. Therefore, unlike n < 4
models, corresponding to the maximum reheating temperature we have minimum possible
values of ns.

3.4.6.4 Results and constraints: Model n=8

For n = 8, the qualitative behavior of all the plots will be same as n = 6. Therefore we
summarize all our results in the Table 3.3 and the respective plots. Important to see that
very small reheating temperature can be reached in this model. At the central value of
ns = 0.968 ± 0.006, we see reheating temperature could be 104 ∼ 105 GeV given in the
Table 3.3. The lowest value of ns can be set from the minimum possible reheating temperature
coming from BBN constraints[10, 92–94], which is Tre ∼ 0.1GeV .

3.5 Summary and outlook

Through our present work the first and foremost point we wanted to bring to the reader’s notice
is that it is an important generalization of the work proposed in [61] by considering explicit
decay of inflaton into radiation and dark matter into the reheating constraint analysis. At
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Table 3.3: Model parameters and associated constraints on dark matter parameters for n = 8, MX = 1011GeV

φ∗ = 0.1Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.9668 2 3× 1013 4× 10−49

0.968 13 1× 108 7× 10−35

0.969 22 2× 103 unitairty

0.9698 30 0.2 unitarity

φ∗ = 1Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.9672 1 3× 1014 4× 10−50

0.968 8 6× 1010 2× 10−45

0.9692 19 1× 105 unitarity

0.9702 29 0.72 unitarity

φ∗ = 10Mp

ns Nre Tre(GeV) 〈σv〉GeV2

0.9638 1 4× 1014 3× 10−50

0.964 2 1× 1014 1× 10−49

0.965 10 1× 1010 3× 10−43

0.9674 29 1 unitarity
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Figure 3.20: (〈σv〉 vs ns) were plotted for n = 8. Descriptions are same as previous plots. For all the plots we
have chosen dark matter mass MX = 2× 1011GeV .
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Figure 3.21: (〈σv〉 vs MX) were plotted for n = 8.

this point let us also remind the reader that in all the PLANCK analysis [53] on constraining
the inflationary models, an effective time independent equation of state weff during reheating
is assumed. One of the important messages we try to convey through the present analysis
is that those assumptions have limited applicability. After the inflation, every inflationary
model has its own characteristic oscillatory period that contributes to the equation of state
during reheating. Therefore, considering weff as a free parameter loses some of the fundamental
characteristic properties of the inflaton potential itself. Furthermore if reheating occurs for a
longer period of time, the time dependent weff should also be very important to get a precise
constraint on any inflationary model. This is where our analysis not only can play an important
role in better understanding the inflationary models but also opens up the possibility of
understanding the microphysics of reheating process through CMB physics. To further clarify
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Table 3.4: Summary of two methods for reheating constraints

Standard approach[61, 97] Our approach

Assumptions
- During the reheating period time-
independent effective equation of state
wre is assumed to be a free parameter
that parametrizes the expansion of the
universe. No microphysics of inflaton decay
is considered.

- Instantaneous conversion of inflaton energy
into radiation.

- Reheating phase is described by perturba-
tive inflaton decay into various other fields.
Hence Γφ is free parameter.

- The inflaton equation state is that of the ho-
mogeneous inflaton condensate. Hence, to-
tal effective equation of state weff is time-
dependent Fig. 3.22.

Components of the
Universe

- Assumes two component universe compris-
ing inflaton and radiation

- In principle we can accommodate any num-
ber of energy components, such as dark mat-
ter and dark radiation and do the analysis.

Methodology
- Find out the inflationary quantities
Nk, r, Vend, etc. in terms of ns, As for a
specific inflation model.

- Calculate Nre in terms of wre using (3.27).
- Finally one obtains the relation among
Tre, ns and wre using (3.26)

- The inflaton decay constant is indirectly de-
fined through the reheating temperature.

- Find out the inflationary quantities
Nk, r, Vend, etc. in terms of ns, As for a
specific inflation model.

- Solve the Boltzmann equation considering
(Γφ, 〈σv〉,MX) as a free parameters.

- The “right” (Γφ, 〈σv〉) are uniquely deter-
mined by the condition (3.33) for given
(MX , ns), which are combination of entropy
conservation and background evolution, and
dark matter abundance. Inflation fixes the
value of ns. Therefore, we only have dark
matter mass as a free parameter MX .

Relations with CMB
and primordial density
fluctuation

- With the conventional transfer function con-
nect the primordial spectral tilt with the
CMB anisotropy.

- In our present analysis we assumed the con-
ventional relation.

- However our analysis connects dark matter
phenomenology with the inflationary observ-
ables through reheating. Hence dark mat-
ter observation can constrain the inflation-
ary dynamics.

- Therefore, to connect the primordial spec-
tral tilt with the CMB anisotropy appro-
priate transfer function needs to be derived
which explicitly includes the dynamics of re-
heating.

in Table 3.4 we summarize and compare our analysis with that of the existing analysis. As we
can clearly see, the CMB power spectrum constrains the value of inflation-radiation coupling
parametrized by Γφ through reheating temperature Tre, which we found to be expressed in
terms of spectral index ns as,

log (Tre) ∝
[
A+B(ns − 0.962) + C(ns − 0.962)2

]
. (3.53)

The usual relation Tre ∝
√

Γφ will not be exactly correct any more once we consider
inflaton decaying into various matter fields. Further, in all the previous theoretical as well as in
PLANCK analysis, complete decay of inflaton is assumed at the beginning of the radiation era.
This also can not be true because of perturbative part of the reheating. Another interesting
point is that irrespective of the model under consideration, our analysis indicates the existence
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Figure 3.22: Variation of effective equation of state weff = 〈(3pφ + ρR)/3(ρφ + ρR + ρX)〉
during reheating phase. Vertical red dotted line corresponds to the end of reheating.

of a universal value of the maximum reheating temperature Tmax
re ' 1015 GeV and maximum

of value of inflationary e-folding number Nmax ' 56 [104].
In this work, our main goal was to understand the connection between the CMB anisotropy

and the properties of dark matter. Till now the only known quantity related to the dark
matter is the dark matter density parametrized by the density parameter ΩXh

2 ' 0.12, which
can be extracted from the CMB power spectrum. However in this paper for the first time
to our knowledge, we managed to establish the fact that CMB anisotropy not only provides
the background value but also can shed light on the microscopic detail of dark matter. In
this regard thanks to the Ref. [61], a beautiful connection between the CMB power spectrum
and the reheating temperature via the inflation has been established. Here we have extended
their formalism by including the effect of explicit decay of inflaton into the reheating study
[104]. The main assumption of our analysis was the perturbative decay of inflation. In any
inflationary model, the inflaton energy is supposed to be the only source of energy of the
current universe. Therefore, in addition to the standard radiation field, we have included
the production of a stable dark matter particle species during the reheating period. As has
been mentioned in the Introduction, detailed analysis on this has been done in the literature
[105, 107–109, 123, 126–133] without any constraint from the CMB. However, let us emphasize
again that we reanalyzed the dark matter production considering the important constraints
coming from observed CMB anisotropy.

Other important conclusions of our analysis are that for a particular inflation model, the
inflationary scalar spectral index that is directly connected with the CMB power spectrum can
uniquely fix the dark matter parameter space (MX , 〈σv〉), through the following important
relations for different dark matter mass ranges:

〈σv〉
∣∣∣
MX>Tre

∝ 10−7A−7B(ns−0.962)−7C(ns−0.962)2
.

〈σv〉
∣∣∣
MX<Tre

∝ 10−A−B(ns−0.962)−C(ns−0.962)2
. (3.54)

As is clear from the above expressions for the dark matter annihilation cross-section, which
turned out to be very sensitive to the inflationary scalar spectral index because of the power-law
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form, it is very important to pinpoint the value of ns in the future CMB experiments. It is
clear from the expression that for a given dark matter mass and the inflationary model, the
dark matter scattering cross-section will be within the bound coming from the 2σ error bar on
ns = 0.9670± 0.0074 from Planck and BK14 and BAO data. For marginally relevant axion
inflation models, we found for axion decay constant f = 10Mp and the dark matter mass,
MX = 103GeV, the dark matter cross-section should be with 10−39 > 〈σv〉 > 10−41GeV−2

which is very narrow within the 2σ-error of ns mentioned before. If we consider one of the
observationally favorable models of α attractor with α = 10, we get a large range of annihilation
cross-section 10−29 > 〈σv〉 > 10−42 GeV−2 possible for dark matter mass MX = 103 GeV.
More detail of this bound on the allowed range of 〈σ〉 for different mass ranges has already
been discussed in the main text considering various models of inflation.

Explicit model building in the dark matter sector during the reheating period could be
an important research direction. In addition to the connection we have been discussing, we
also found that to satisfy the bound on the current dark matter abundance, freeze-in is the
only mechanism through which dark matter with MX � Tre can be produced. Our numerical
analysis also showed that dark matter production during reheating does not significantly affect
the determination of reheating temperature.

In the present analysis, we have only considered the homogeneous evolution. It would be
of utmost importance to analyze the evolution of perturbations of radiation and dark matter
components and study their spectral properties which can give further constraints on our
parameters. Most importantly in our analysis inflation and the subsequent reheating control
the dynamics of all the energy components such as radiation and dark matter of our universe.
Reheating is effective in the subhorizon scale. Therefore any small-scale observables related to
CMB and matter distribution could play an important role in constraining inflationary models
though our analysis. One of the important such set of observables could be the well-known
small-scale µ-type and y-type spectral distortions of CMB. The standard ΛCDM cosmology
already predicts those spectral distortions through standard photon-charge particle interaction
[149, 150] at different redshift values. However, at present those distortion parameters are
tightly constrained by COBE and FIRAS experiments, |µ| < 9× 105 and y < 1.5× 105 [151].
However, future projected sensitivity of those quantities in new experiments like PIXIE [152]
and PRISM [90] are within 10−8 − 10−9. Therefore, it would be important to understand
various physical processes that can give rise to any deviation from a blackbody spectrum. In
our present analysis, we consider the scenario where the energy is being extracted out of the
radiation to dark matter and depending upon the dark matter mass and the inflationary scalar
spectral index, the freezing out of dark matter happens in a large range of cosmological red
shift values. Therefore, this energy extraction process can leave its footprint in the CMB
spectral distortion parameters [150, 153–155], which can further constrain the inflationary
models. We leave these important topics for our future studies.

An important assumption in our analysis that needs further investigation is the assumption
of the perturbative decay of inflaton during reheating. The perturbative decay of inflaton
[27, 95] has been parametrized by an effective phenomenological friction term with inflaton
decay constant Γφ. However, from the action principle, this is very difficult to generate.
Therefore, as has been mentioned before, one should construct an explicit dark matter model.
Most importantly it has long been argued that the nonperturbative decay of inflaton will be very
important and efficient at the initial stage of the reheating phase. In the literature this phase
is known as preheating [31, 32, 35, 37]. However, once the amplitude of the oscillating inflaton
is small after preheating, the perturbative decay will automatically come into play. Hence, it
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would be more appropriate to understand the non-perturbative dynamics and how it sets the
initial conditions for the perturbative reheating where our analysis will be important. This
subject is beyond the scope of our present work and will be addressed in a future publication.
Nonetheless, as long as the coupling parameters are such that perturbative decay is the only
way to reheat the universe, all our conclusions will be qualitatively correct.

To the end let us elaborate one more issue which we have already mentioned in the last point
of the Table 3.4. The issue is related to the relation between the CMB anisotropy and primordial
anisotropy originated from the quantum fluctuation of the inflaton field. The evolution of
the primary power spectrum of the CMB is generally determined through transfer function.
This transfer function, which is intimately related to the Sachs-Wolfe effect [156] entails a
simple geometrical scaling relation. Furthermore, there exists an inherent connection between
this aforementioned scaling relation and the wellknown geometrical parameter degeneracy
in determining the CMB spectra ([157], and references therein). The parameter degeneracy
states that the same anisotropy spectrum can be produced even if cosmological constant and
spatial curvature is varied keeping the size of the last scattering surface constant. In the usual
analysis of this transfer function, the initial condition for the perturbation is set at the BBN.
However, the initial spectral density distribution at the BBN for various matter components
should originate from the primordial spectrum through the evolution during the intermediate
reheating phase. In our present analysis we solved the homogeneous Boltzmann equations
for all the important energy components of our universe starting from the end of inflation,
and we tried to understand the constraints on inflation supplemented by not only CMB but
also the dark matter abundance. By this we can establish a direct connection among the
inflationary dynamics, CMB anisotropy and dark matter phenomenology via the reheating
phase. Therefore, to have a complete correspondence between the CMB and the primordial
anisotropy, we need to have an additional transfer function that can connect the anisotropy
at the end of inflation and the end of reheating. In order to find out that additional transfer
function one needs to solve inhomogeneous Boltzmann equations for various components during
the reheating phase. Importantly for those equations to be solved, inflationary dynamics
provides us precise initial conditions at the end of inflation. In this additional phase a new
parameter degeneracy may appear or if we include the dynamical generation of cosmological
constant from the inflaton during reheating, it may lift some amount of degeneracy in the
transfer function. All these important questions will constitute a very interesting future study.
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Preheating and thermalization after plateau inflation 4

“...we could conceive the beginning of the universe in the
form of a unique atom, the atomic weight of which is the
total mass of the universe. This highly unstable atom
would divide in smaller and smaller atoms by a kind of
super-radioactive process.”

Georges Leîmatre In ‘The Beginning of the World from the Point of
View of Quantum Theory’, Nature (1931)

4.1 Introduction

From the discussions of the last two chapters, we have seen that the plateau type inflationary
models are favored in terms of cosmological observation. In Chapter 2 we have introduced
and studied a class of supergravity inspired inflationary model which we call minimal plateau
inflation. Depending upon the choice of the controlling parameter φ∗ we have seen that those
model fit very well with the cosmological observations. We have also studied the reheating
constraints on those models supplemented with the CMB anisotropy and the present dark
matter abundance considering the perturbative decay of inflaton in Chapter 3. The study
of perturbative reheating with a phenomenological inflaton decay constant Γφ is simple and
convenient to understand several important aspects of the reheating phase. However, this
treatment relies on several assumptions on the nature of the reheating processes: (i) The first
assumption is the absence of non-perturbative phenomena such as parametric resonance during
reheating phase. Although the parametric resonance can be ignored depending upon the chose
of coupling parameter among the inflaton and the reheating field, in the large occupation
number limit it may not hold true in general. Therefore, it will be more appropriate to
consider the perturbative reheating as a final stage of the whole reheating process with the
initial conditions set by the non-perturbative stage. In this chapter this is exactly what we
will be studying. (ii) The second assumption is that we have also ignored the phenomena of
inflaton fragmentation and the growth of inhomogeneities in the inflaton sector. For potential
of form V (φ) ∼ φn near the minimum, using the virial theorem, the average equation of state

89

TH-2019_136121001



4. Preheating and thermalization after plateau inflation

are found to be wφ = (n − 2)/(n + 2). It is needless to say that in any realistic reheating
scenario the above assumptions have limited applicability. As mentioned we will study the full
non-perturbative reheating phenomena which naturally leads to inflaton fragmentation and
inhomogeneity in distribution of energy. However, while studying the perturbative reheating, we
will still consider the evolution of homogeneous energy density. Full inhomogeneous evolution
we left for our future studies. The effects of parametric resonance is well studied in classical
mechanics[34]. The importance of resonant particle production at the initial stage of reheating
has been recognized and studied extensively for the first time in the seminal works of Kofman,
Linde, and Starobinsky[31, 32]. The structure of resonance in the class of conformally invariant
theories such as (λ/4)φ4 + (g2/2)φ2χ2 has been developed in [38]. It has been understood that
the analytic study of preheating does not capture the full non-linear dynamics of this phase. A
full non-linear study of non-perturbative field theory is needed for. However, if the occupation
number of the different species is much larger than one we may study the system by ignoring
their quantum nature[158–161] and solving the appropriate classical wave equations. This fact
serves as the basis for studying the preheating phase in 3 + 1 dimensional lattice. With the
advent of different lattice codes[42, 44, 46, 47], lattice simulation study of preheating becomes
quite frequent in the literature (see refs.([36, 37, 162]) and references therein). Another import
aspect of preheating is the study of self resonance after inflation. In this case the inflaton
quanta may became unstable due to small spatial perturbations even without the couplings
to other fields. The self-resonance is found to be inefficient for the case of chaotic models[38],
however they can be efficient for multifield inflation[163, 164] or in the case of plateau type
potentials[165, 166].

In this work we have studied the preheating and subsequent thermalization after minimal
plateau inflation introduced in our earlier work[167]. These class of models are parameterized
by the power n of the inflaton field φ and most importantly a scale φ∗ that controls the energy
scale of inflation, similar to the α parameter for α-attractor models. The study of self-resonance
phenomena with α-attractor type potentials has been performed in [165, 166]. However, in any
realistic model of preheating the inflaton coupled with other matter fields must be incorporated.
The study of preheating for the archetypal plateau inflation model viz the Starobinsky-Higgs
inflation has been done in[168, 169]. However, the study of preheating when other matter
fields are coupled has not been done in the literature for general plateau type of potentials
with a controlling parameter such as φ∗. Therefore, in this paper we will consider the class of
minimal plateau inflation models mentioned before. We will study, in detail, how the particle
production and the subsequent thermalization process depend on the scale φ∗ and the power of
the potential n. The end of preheating can be identified around the scale factor where average
value of all the energy components tend to become stationary. Interestingly for n > 2, all the
models lead to effective equation of state equal to that of the radiation w = 1/3.

It is well known that the inflaton decay is not complete with a four-legs interaction[170].
It has been found here that this situation prevails even if we change the parameter φ∗ for all
the models considered. Therefore, as a logical next step we study the perturbative reheating
process considering a phenomenological inflaton decay term into the Boltzmann equations
for the inflaton and the radiation component. The phase of perturbative reheating enables
us to connect the reheating phase with the current CMB date in terms of the primordial
spectral index of the inflaton fluctuation. For a particular inflation model, the preheating
dynamics turned out to be insensitive to the inflationary e-folding number which is a function
of scalar spectral index. As a consequence in determining the reheating temperature the effect
of preheating appears only though its e-folding number. Finally we have commented on the
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range of value of the coupling parameter that will set the value of the above perturbative
inflaton decay term. Although, this work concerns with the above plateau potentials, the
general conclusions in this work will be applicable to any other class of plateau potential having
a controlling scale similar to φ∗ or α.

We have structured this chapter as follows. After briefly describing the minimal plateau
inflationary models in Section 4.2, we have described the requisite equations and introduced
various quantities of interest in Section 4.3. In Section 4.3.2 we have studied the analytic
behavior of parametric resonance with the help of instability chart associated with the Math-
ieu/Hill type differential equations. Section 4.4 describes the results of the lattice simulation.
The perturbative reheating and CMB constrains on reheating phase has been described in
Section 4.4.4. Finally we conclude in Section 4.5.

We will consider ~ = c = 1 unless otherwise stated. We have denoted mp(= 1/
√
G)

as the Planck constant and Mp(= 1/
√

8πG) as the reduced Planck constant. We will take
the usual Friedmann-Leîmatre-Roberson-Walker (FLRW) metric as our background metric
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2) for deriving our equations. With a(t) is the scale factor
and t representing the cosmic time.

4.2 A Brief Introduction to the Minimal Inflation Model

In this section we will briefly describe the minimal plateau inflationary model and its charac-
teristics introduced in[167]. We have already explained in our previous work, considering a
simple power-law potential φn, we can obtain our general class of non-polynomial form of the
potential given as

V (φ) =
1

n

λ m4−nφn

1 +
(
φ
φ∗

)n (4.1)

either by using a conformal transformation in a certain class of non-minimal scalar-tensor theory,
or from a supergravity construction. The scale φ∗ can be identified with the non-minimal
coupling in scalar-tensor theory, and inflationary energy scale in the supergravity potential.
We take λ = 1 for n 6= 4 and the values of λ or, m is fixed from WMAP normalization. The
inflationary predictions of this model has been studied extensively in the original work, here
we present the ns and r plot in fig.(5.1) on the latest Planck data[19]. After introducing the
scalar potential, next we will introduce the parametric resonance after the end of inflation.

4.3 Preheating: Parametric resonance

4.3.1 The Model and equations

In this subsection we will first describe the main equations and methodology for our subsequent
discussions. The exponential growth of a dynamical field coupled with an oscillating classical
background for certain ranges of parameters is known as the parametric resonance[34]. In
their seminal work, Kofman, Linde and Starobinsky[31, 32](see also[33]), introduced and work
out the idea of non-perturbative resonance production of particles after inflation based on the
idea of parametric resonance. The fields under consideration could be the fluctuations of the
inflaton or any other daughter field or both, which will experience the homogeneous oscillating
background inflaton for the present case. The daughter fields coupled with the inflaton could
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Figure 4.1: The ns and r plot of the model on the marginalized joint 68% and 95% CL regions for ns and r at
k = 0.002Mpc1 from Planck alone and in combination with BK14 or BK14 plus BAO data. Dotted line corresponds to
φ∗ = 10Mp and the solid line is for φ∗ = 0.1Mp

be any other scalar fields or usual standard model particles(usually bosons ∗). The energy
density of the universe just after the inflation is in the form of the homogeneous inflaton
field. This energy starts decaying into fluctuations of the inflaton and other fields at the
onset of preheating. The initial stage of preheating is marked by exponential growth of decay
product due to resonance effects. The analysis of this initial stage could be treated analytically.
However, the expeditious draining of energy due to exponential particle production affects
the dynamics of the inflaton field. This back-reaction of the produced particle leads to a
fragmentation of the homogeneous inflaton and eventually shuts down the particle production.
The rich dynamical nature of the combined inflaton and the produced fields call for a numerical
simulation of the system on a lattice. The decay of inflaton by studying the classical field
equation can be faithfully done as long as the occupation number of the fields are much larger
that unity[158]. In the alter part of this work we will do the simulation with the heavy-duty
LATTICEEASY[42] and its parallelized version CLUSTEREASY[43]. The inflaton potential for the
model is given in (4.1). Throughout this work we will work exclusively with the four-legged

∗the presence of bosons are important for parametric resonance, for preheating with fermions see,P. B.
Greene and L. Kofman Phys. Lett B 448, 6 1999. [arXiv:hep-ph/9807339], P. B. Greene and L. Kofman Phys.
Rev. D 62, 123516 2000. [arXiv:hep-ph/0003018]. we will here only consider the bosonic case
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interaction given as

Lint = −1

2
g2φ2χ2 (4.2)

It has been noted that this four-legged interaction term will be dominant over the three-
legged interaction viz g2σφχ2 for the initial stages of preheating when the amplitude of the
homogeneous inflaton oscillation is large[170]. This interaction does not lead to any tree level
decay of the inflaton and particle production will solely due to non-perturbatives processes.
The four-legged interaction is usually not able to complete the decay of inflaton for general
chaotic inflationary scenario[170]. Therefore, after the preheating three-legged interaction will
be dominating in the perturbative decay process and may complete the reheating dynamics.
In this work we will exclusively consider the aforementioned interaction for the preheating
stage. At the end we will discuss about the perturbative reheating and connection with CMB.
Nevertheless, the full potential for our lattice simulation is

V (φ, χ) =
1

n

λ m4−n φn[
1 +

(
φ
φ∗

)n] +
1

2
g2φ2χ2. (4.3)

With this potential LATTICEEASY will solve the following classical scalar field equations

φ̈+ 3Hφ̇− 1

a2
∇2φ+

∂

∂φ
V (φ, χ) = 0, (4.4)

χ̈+ 3Hχ̇− 1

a2
∇2χ+

∂

∂χ
V (φ, χ) = 0. (4.5)

While the Hubble parameter H is calculated self-consistently from the Friedmann equations.
The redundancy of the Friedmann equations is used in LATTICEEASY to monitor the energy
conservation. In all of our results we have kept the energy conservation at the O(10−4 − 10−2)
level. Denoting the preheating fields as by a generic symbol f(t, ~x) and its Fourier transform
as fk(t), the (comoving) occupation number of the particles are with this generic symbol f are
given by[42, 171]

nk(t) ≡
1

ωk
|ḟk|2 +

ωk
2
|fk|2, with, ωk ≡

√
k2 +m2

eff , and, m2
eff ≡

∂2V

∂f2
(4.6)

The evolution of various energy components such as kinetic, gradient and interaction part con-
tain important information about the thermalization process and the growth of inhomogeneities.
We will study in detail the evolution of those individual components defined below

ρ ≡ Et = (EKφ + EKχ + EGφ + EGχ + EPφ + EIφ↔χ) (4.7)

Where,

EKφ =
1

2
φ̇2; EKχ =

1

2
χ̇2; (4.8)

EGφ =
1

2a2
(∇φ)2, EGχ =

1

2a2
(∇φ)2; (4.9)

EPφ = V (φ), EIφ↔χ =
1

2
g2φ2χ2. (4.10)

Where, the subscript (K,G,P, I) stand for kinetic, gradient, potential and interaction com-
ponent of the total energy respectively. However, for evolution of the scale factor it is the
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Figure 4.2: Instability regions for the models

total energy density ρ that plays the important role. The energy total energy density may be
expressed as

ρ ≈ 1

(2π)3a4

∫
d3kωknk, (4.11)

and the total (comoving) number density of the f field is expressed as

nf (t) ≡ 1

2π2

∫
d3k nk(t). (4.12)

Before describing the numerical results, we will analyze the resonance structure analytically by
studying the stability-instability diagram of the above equation with the well known method
of Floquet theory[39, 40].

4.3.2 Parametric resonance: Instability chart

The instability of a mode is intimately tied with the violation of adiabatic condition that
controls the particle production measured in terms of its growth over time. However this
growth of a mode depends upon the coupling parameter and the value of the momentum. The
exponential growth of a mode function depending upon the parameter values is termed as
parametric resonance. Ignoring the gradient term during the initial linear regime, we can study
this parametric resonance with the help of Mathieu/Hill equation. To this end, we first do the
following re-scaling Xk(t) ≡ a3/2(t)χk(t) to the χ field Eq.(4.5) as

Ẍk + ω2
kXk = 0, (4.13)

where

ω2
k ≡

k2

a2
+ g2φ2(t) + ∆, ∆ ≡ −3

4
(3H2 + 2H). (4.14)

During preheating, we will set ∆ = 0. To study the resonance phenomenon in the context of
Floquet theory, we will first ignore the expansion of the universe. In that case eq.(4.14) can be
identified as a form of Hill’s differential equation[40]

X ′′k +
(
κ+ qϕ2(t)

)
Xk = 0, (4.15)

with a = 1 for no expansion, the coefficients κ and q given by κ = k2/a2 and q = (g2Φ2)/B2

are time-independent. The time will be measured in unit of B with B = φ
n/2−1
0

√
λm4−n( φ0
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being the initial inflaton amplitude) set the natural time scale of the systems. Writing the
homogeneous oscillatory background solution as φ(t) = Φϕ(t). Φ is the amplitude of oscillation.
In reality, the amplitude is also decaying with time i.e., Φ ≡ Φ(t). However, without expansion,
for the present discussion we can take it to be constant. We will introduce the time dependence
quantitatively later. The solution of the eq.(4.15) is of the form Xk ∝ exp(µkt). Where µk
is known as the Floquet exponent in the field of differential equations that set the nature of
the solution. If R(µκ,q) > 0 for certain values of the parameters (κ, q), the solution shows
exponential growth which is identified as the particle production. The contours of R(µκ,q) = 0
in the (κ, q) plane, known as the instability bands, help us to understand qualitatively the
region of parameter space as well as the strength of the resonance during preheating. In
figs.(4.2), we present the stability-instability chart for three different values of n = (2, 4, 6) for
φ∗ = 10Mp. The shaded regions are the instability regions while the color-code value shows the
strength of resonance. The effect of decreasing φ∗ for a particular n(not shown in the figure) is
to shift the instability regions towards higher values of q. This is expected as decreasing φ∗
will result in reducing the initial amplitude of inflaton field. Hence, we will naturally need a
higher value of the coupling constant g to get the resonance. Also for a particular q(or, g),
decreasing φ∗ will lead to resonance only for the higher momentum modes. We will describe
other important effects of the scale on preheating and thermalization as we go along. Till now,
we have ignored the effect of expansion on the resonance phenomena. A striking difference
between the parametric resonance in an expanding universe with the normal resonance is
that the parameters (κ, q) in an expanding universe are not constants. They depend on time
via the scale factor and the time-dependent amplitude Φ(t) of the inflaton oscillation. As a
result of the expanding universe all the momentum modes will be red-shifted while the back
reaction of produced particles will eventually shut-down the resonance. Nonetheless, we may
incorporate the effect of expansion in the instability analysis by noting including the fact that
the amplitude of the inflaton oscillation will decay as Φ ∝ a−6/(n+2). Hence, a particular mode
residing in an instability band in an expanding universe will not have indefinite growth rather
it will travel through different instability and stability regions(when the solution is oscillatory
indicating an absence of particle production) with time. The white flow-lines with the arrow
direction shows the trajectory of a mode through different bands. We will close this section
with an estimate of the maximum allowed momenta range that can be produced during broad
parametric resonance. This maximum value has important consequence on setting up the
lattice parameters as we will discuss later. To this end, we first note that due to large effective
mass(most of the time interval during inflaton oscillation we have mχ

eff ∼ gφ ' gΦ� mφ), the
preheating field mode χk will oscillate much faster than the inflaton. This implies that the
oscillation frequency ωk mostly changes adiabatically. As a result the occupation number nk
with variables frequency ωk can be treated as an adiabatic invariant.

nk ∼
1

2
ω2
k

∣∣χ2
k

∣∣
ωk
' constant. (4.16)

=⇒ |χk| ∼ ω−1/2
k (4.17)

The violation of adiabatic condition signals particle production i.e.,

ω̇ & ω2 =⇒ Particle production (4.18)

Now, we will approximate φ̇ ∼ Bφ0. Where B sets, as mentioned before, the natural time scale
of inflaton oscillation. With ω2 = k2 + g2φ2 and ω̇ ' g2φ0Bφ, the adiabatic condition in (4.18)
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provides the range of excited momenta k as

0 ≤ k2 . (g2φ0Bφ)2/3 − g2φ2 (4.19)

Momentum will be maximum when

φ ≡ φ̃ ' 1

2

(
Bφ0

g

)1/2

(4.20)

This estimate the range of typical momenta k of the particles that are produced in the broad
resonance regime as

0 ≤ 2k . kmax ≡ (gBφ0)1/2 (4.21)

Where kmax gives the maximum momentum scale that can be reached during preheating. The
above estimation of kmax for particular cases can be found in [32, 162] for n = 2 and in [38, 162]
for n = 4. With these results, we will describe the results of our lattice simulations in the next
Section.

4.4 Preheating: Lattice Simulation

In this section we will describe the results of our lattice simulation for three particular class
of models from the potential given in 4.1. The details of specific model and its parameters
as well as variaous lattice specification will be mentions in their respective places. However,
before diving into details of the specific models we will first mention some general features of
the study which is almost universal across all the class of models.

4.4.1 The back-reaction and the emergence of non-linearity: Generalities

The preheating phase, in general, is episodic with at least three distinct phases. The first phase
of preheating is marked by the linear growth of produced field(s) via parametric resonance. The
comoving amplitude of the inflaton field remains almost constant throughout this phase while
most of the energy of the system is contained in the inflaton field oscillating mostly in the form
of kinetic and potential energies. While all other energies are sub-dominant. The characteristic
scale marking the end of this phase will be denoted, following the terminology used in[162],
by the instant zbr where ‘br’ stands for back-reaction. In practice, we will measure zbr as an
instant when the comoving inflaton amplitude drops to 95% of its initial value. The second
phase is the non-linear regime when the back-reaction of the produced field quanta became
appreciable on the dynamics of the inflaton field. As a result, the comoving amplitude of the
field starts decreasing appreciably. Inflaton kinetic and potential energies start to decrease
resulting in the increase of other energy components. The gradient energy of the inflaton field
which represents the growth of the inhomogeneities will also start to increase. This phase
ends when the inflaton decay stops. We will denote the end of this phase as zdec. Where ‘dec’
represents the instant when the inflaton decay ends[162] and it enters into a stationary regime.

Other interesting aspect of preheating is observed by observing the virialization of the
system. The inflaton with a potential V (φ) ∝ φn and the produced field satisfy the following
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Figure 4.3: Evolution of volume averaged comoving inflation amplitude ϕ = (a/ai)
3/2(φ/φ0) for the model potential

n = 2 for φ∗ = 10Mp and 0.1Mp. The red dashed line shows the instant of back-reaction initiation while the brown
dotted line is for the instant of decoupling.

virialization relation.

1

2

〈
φ̇2
〉

=
1

2

〈(∇φ
a

)2
〉

+
n

2
〈V (φ)〉+

1

2

〈
g2φ2χ2

〉
(4.22)

1

2

〈
χ̇2
〉

=
1

2

〈(∇χ
a

)2
〉

+
1

2

〈
g2φ2χ2

〉
(4.23)

Where the average is over space and time. We will discuss the virialization of each system
separately below. Through out our study we will compare models under consideration for
mainly two different value of φ∗: one super-Planckian value when the models predictions are
similar to their respective power-law chaotic models and one sub-Planckian value when the
effects of the scale φ∗ are important.

4.4.1.1 n = 2

Since we will be considering different inflationary models where different kind of parameteriza-
tion will be needed for the our lattice simulation. We will describe those in detail for each
models. For n = 2 model, using the default re-scaling scheme of LATTICEEASY, we define the
following quantities that will be used for simulation

ϕ ≡ φ

φ0
a

3
2 , X ≡ χ

φ0
a

3
2 , z ≡ mt, ~z ≡ m~x. (4.24)

where xµ ≡ (t, ~x) is the cosmic time and comoving coordinate. The field equations described
in Eqs.(4.4) and (4.5) now reduces to

ϕ′′ − 1

a2
∇2ϕ−

[
3

4

(a′
a

)2
− 3

2

a′′

a

]
ϕ+

Q
a3
ϕX2 +

∂

∂ϕ
V (ϕ) = 0 (4.25)

X ′′ − 1

a2
∇2X −

[
3

4

(a′
a

)2
− 3

2

a′′

a

]
X +

Q
a3
ϕ2X = 0. (4.26)
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Figure 4.4: The variation of energy components normalized by the initial energy with time and the e-folding
number is shown. The plot in the right is oscillation average.

Where prime(′) denotes derivative with respect to z and Q is the resonance parameter defined
as

Q ≡ g2

m2
φ2

0

We chose the two values of φ∗ = (10Mp, 0.1Mp). To felicitate comparison with previous works,
in all our lattice simulation we have set mp = 1. PLANCK normalization set the values of
the scale m as (m10,m0.1) = (1.38× 10−6, 9.38× 10−6) in unit of mp. We have started our
simulation when ϕ′(z0) = 0 with the initial field values at (0.191mp, 0.0157mp). The coupling
parameter for both values of φ∗ is taken to be g2 = 2.2×10−5.We have used a 2563 lattice with
a comoving edge size L = (10/m10, 70/m0.1) respectively for the two values of φ∗. The grid
spacing corresponding to the above set of parameters are dx ∼ (0.04/m10, 0.3/m0.1). Different
choices of L are made so that the grid spacing which set the limit to capture the momenta
ranges in the simulation is nearly the same in both the cases. The time step for those two cases
are dt = (0.001/m10, 0.001/m0.1). The maximum (comoving) momenta that can be possibly
excited during the broad parametric resonance in this case will be (4.21)

k2
max ∼ Q1/2m2. (4.27)

Now for a N3 lattice with lattice spacing L, the minimum and the maximum (discrete) momenta
that can be captured in a lattice simulation are (2π)/L and (

√
3Nπ)/L respectively. Thus in

order to capture the correct UV physics, we must ensure that the minimum momenta range
above must be well below the value of kmax. Also, to capture the IR physics for sufficient
long time we must also ensure that the maximum momenta is large enough(which call for
simulation with large lattice points). We can readily verify that these lattice parameters are
adequate to capture both the IR and UV physics for a sufficient time of simulation. The
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Table 4.1: Fractions of energy components at z = zbr for n = 2

φ∗(Mp)
EKφ
ET

EPφ
ET

EKχ
ET

EIφ↔χ
ET

ETφ
ET

ETχ
ET

10 48.0% 44.0% 3.0% 2.0% 95.0% 5.0%

0.1 48.0% 46.3% 2.7% 2.1% 95.0% 5.0%

Table 4.2: Fractions of energy components at z = zdec for n = 2

φ∗(Mp)
EKφ
ET

EPφ
ET

EGφ
ET

EKχ
ET

EGχ
ET

EIφ↔χ
ET

ETφ
ET

ETχ
ET

10 24.5% 5.5% 14.6% 27.6% 23.4% 4.1% 47.0% 53.0%

0.1 29.4% 15.4% 11.0% 22.2% 19.1% 3.1% 57.2% 42.7%

evolution of the comomving inflaton field for two values of φ∗ has been shown in fig(4.3). The
back-reaction of the χ field starts to play role within ∆Nbr ∼ (2.7, 1) for φ∗ = (10Mp, 0.1Mp).
It is evident that the duration of parametric resonance phase decreases with decreasing φ∗. In
fig(4.4), the left two panel describes the evolution of every individual energy components of
the inflaton and the reheating field with respect to z. Where as in the right panels it is their
oscillation average. In order to have a quantitative understanding, the fractions of different
energy components have been tabulated. From tab.(4.1), we can clearly see that during the
initial phase when particle production is mainly due to parametric resonance, irrespective
of φ∗ value, only 5% of the total energy component is getting transferred into the reheating
field. However most efficient transfer of energy occurs after the onset of back-reaction until the
stationary phase is achieved with complete thermalization at around ∆Ndec ∼ (3.5, 1.5) for the
two values of φ∗. After the end of this back-reaction dominated phase at z = zdec, all individual
energy component freezes out to a constant value given in the table(4.2). At this point let
us bring to our reader’s notice an important characteristic feature in the non-linear regime of
thermalization is that during this phase the inhomogeneities start to grow rapidly for both the
field and then reach a stationary phase. It would be interesting to understand the fact that as
we decrease φ∗ the growth of inhomogeneities are less. Therefore, for smaller value of φ∗ or in
other words for small scale inflation, local inhomogeneity during reheating will be suppressed
and it can have interesting effect after the end of reheating. We will see in our subsequent
discussions that this behavior of inhomogeneous evolution depending upon φ∗ will be similar
for other models such as n = 4, 6. Analytic understanding of this phenomena could interesting.
As has been mentioned before, irrespective of the value of φ∗, only nearly 50% of the inflation
energy density has been transferred to the reheating χ field before non-perturbative production
being completely stopped. Therefore, in order to complete the decay we need to perform
perturbative decay separately to obtain the reheating temperature, that we will discuss in the
end. For this process three leg interaction φχ2 may be dominant. In our future publication we
will consider both four and three leg interactions to examine decay process and thermalization.
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In any case for n = 2, we should emphasize that our numerical simulation does not give the
condition of equal energy distribution among the inflaton and daughter particle in the stationary
phase. As mentioned earlier the equation of state of both the field does not become that of the
radiation as opposed to other models n = 4, 6 that will be discussed in the subsequent sections.

4.4.1.2 n = 4

For n = 4 model we define the following dimensionless quantities that will be used for simulation

ϕ ≡ φ

φ0
a−1, X ≡ χ

φ0
a−1, z ≡ φ0

√
λ t, ~z ≡ φ0

√
λ ~x, (4.28)

where xµ ≡ (t, ~x) is the cosmic time and comoving coordinate. The field equations described
in Eqs.(4.4) and (4.5) reduces to

ϕ′′ −∇2ϕ− a′′

a
ϕ+QϕX2 +

∂

∂ϕ
V (ϕ) = 0 (4.29)

X ′′ −∇2X − a′′

a
X +Qϕ2X = 0. (4.30)

The resonance parameter is defined as

Q ≡ g2

λ

For this case too, we chose two values of φ∗ = (10Mp, 0.1Mp). From PLANCK normalization
the value of the dimensionless parameter λ turned out to be (4.2× 10−13, 4.7× 10−8). At the
end of inflation the field values assumes (0.342mp, 0.0177mp). The coupling parameter for
both the run is chosen to be g2 = 2.3× 10−5. We have used a 2563 lattice with a comomving
edge size L = (10/B10, 180/B0.1). The grid spacing in these case are dx ∼ (0.04/B10, 0.7/B0.1).
The time step we chose in these cases are dt = (0.0001/m10, 0.001/m0.1). Using (4.21), the
maximum (comoving) momenta that could be excited here is found to be

k2
max ∼ Q1/2φ2

0λ, (4.31)

Following the discussion of the n = 2 case, we can verify that these parameters will capture
the necessary momentum ranges for a sufficient time. As we mentioned and also clearly seen
from various plots, the qualitative behavior of decaying inflaton for this case is similar to
that of n = 2 model. From the figs.4.5 we see with the decreasing φ∗, the decay of inflaton
become efficient. After the initial linear regime, for this case the back-reaction sets in at
around ∆Nbr = (3.2, 0.9) e-folding number while the subsequent stationary phase is achieved
at ∆Ndec = (4.7, 2.2). The qualitative behavior of this model will be the same as n = 2 case.
However, from the table(4.4) it is important to see that in the stationary phase the total energy
becomes equally distributed between the inflaton and the daughter field.

4.4.1.3 n = 6

For this model the re-scaled variables are defined as

ϕ ≡ φ

φ0
a

3
4 , X ≡ χ

φ0
a

3
4 , z ≡ φ2

0

m
t, ~z ≡ φ2

0

m
~x. (4.32)
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Figure 4.5: The variation of energy components with time and the efolding number is shown.

Table 4.3: Fractions of energy components at z = zbr for model n = 4

φ∗(Mp)
EKφ
ET

EPφ
ET

EKχ
ET

EIφ↔χ
ET

ETφ
ET

ETχ
ET

10 62.6% 29.2% 4.5% 3.9% 93.8% 6.2%

0.1 63.7% 30.4% 3.0% 2.8% 95.0% 5%

Table 4.4: Fractions of energy components at z = zdec for model n = 4

φ∗(Mp)
EKφ
ET

EPφ
ET

EGφ
ET

EKχ
ET

EGχ
ET

EIφ↔χ
ET

ETφ
ET

ETχ
ET

10 26.9% − 19.3% 27.0% 19.3% 7.6% 50.0% 50.0%

0.1 26.3% 0.2% 21.0% 26.3% 21.0% 5.2% 50.0% 50.0%

The field equations described in Eqs.(4.4) and (4.5) for n = 6 reduces to

ϕ′′ − a∇2ϕ−
[

3

4

a′′

a
− 3

16

(a′
a

)2
]
ϕ+Qa 3

2ϕX2 +
∂

∂ϕ
V (ϕ) = 0 (4.33)

X ′′ − a∇2X −
[

3

4

a′′

a
− 3

16

(a′
a

)2
]
ϕ+Qa 3

2ϕ2X = 0. (4.34)

Where the resonance parameter turned out as

Q ≡ g2m2

φ2
0

As opposed to the other two models n = 2, 4, for the this case we have to chose φ∗ =
(1Mp, 0.5Mp) to make the lattice input parameters g2m2 = (200, 9) within the reach of
simulation with a practical time step(with our current computational resource). It has been
found that the model with n = 6 takes the longer time for simulation which further increases
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Figure 4.6: Evolution of various energy components for n = 6 model.

with increasing value of the coupling parameter g2. With our present computational resource
as well as for optimum run time, we are able to simulate for the values of the input parameter
g2m2 < 1000. The value of the scalem fromWMAP normalization becomes (2.7×104, 5.6×103)
in unit of mp that will be our one set of input parameters. After the end of inflation the initial
field values are taken to be (0.226mp, 0.138mp) and the coupling parameter for both φ∗ value
is chosen as g2 = 2.8 × 10−7. In this case too we have used a 2563 lattice with a comoving
edge size L = (250/B1, 250/B0.5). The grid spacing in these case are dx ∼ (0.04/B1, 0.7/B0.5).
The time steps for the two cases are set as dt = (0.0001/B1, 0.0001/B0.5). For this case (4.21)
yields the maximum momenta to be

k2
max ∼ Q1/2 φ

4
0

m2
. (4.35)

Due to increases complexity of the terms in the potential and its derivatives in this case, it has
been found that it take longer simulation time for the same program time compared to the
previous two cases. With the above lattice parameters we can check that the simulation captures
the necessary UV physics. The IR physics is also captured sufficiently within simulation period.
We have run the simulation for program time z = 300 in these cases within which the decay
of inflaton is found to reach the desired stationary limit. However, for long time simulation
we need larger lattice points for sufficient IR resolution. The simulation results show that
the non-linear back-reaction regime starts at around ∆Nbr = (3.5, 3.0) and then finally the
equilibrium condition is achieved at ∆Ndec = (4.5, 3.8) for the two values of φ∗. In this case
too, the energy will be distributed equally to both inflaton and daughter field as opposed to
n = 2 case as seen in table(4.6).

4.4.2 Equation of state

The equation of state is one of the most important parameters to study during preheating.
The equation of state in this context is defined as:

w =
p

ρ
=

1
2 φ̇

2 + 1
2 χ̇

2 − 1
3

(∇φ)2

2a2 − 1
3

(∇χ)2

2a2 − V (φ, χ)

1
2 φ̇

2 + 1
2 χ̇

2 + (∇φ)2

2a2 + (∇χ)2

2a2 + V (φ, χ)
(4.36)

For a homogeneous inflaton condensate oscillating in a potential V (φ) ∝ φn, using the virial
theorem, the equation state is given by[41, 64] w = (n − 2)/(n + 2). The inflaton initially
oscillates with this equation of state till the other components of the total energy such as
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Table 4.5: Fractions of energy components at z = zbr for model n = 6

φ∗(Mp)
EKφ
ET

EPφ
ET

EKχ
ET

EGχ
ET

EIφ↔χ
ET

ETφ
ET

ETχ
ET

1 71.5% 22.8% 2.7% 0.3% 2.7% 95.0% 5.0%

0.5 70.3% 22.7% 3.4% 0.2% 3.4% 95.0% 5.0%

Table 4.6: Fractions of energy components at z = zdec for model n = 6

φ∗(Mp)
EKφ
ET

EGφ
ET

EKχ
ET

EGχ
ET

EIφ↔χ
ET

ETφ
ET

ETχ
ET

1 29.2% 12.4% 29.2% 12.4% 16.8% 50.0% 50.1%

0.5 27.3% 18.2% 27.3% 18.2% 9.0% 50.0% 50.0%

gradient, interaction energy became significant and resulting in fragmentation. Ignoring the
interaction energy, and using the virial relations given in eq.4.23 the definition of w in 4.36
reduces to

w =
1

3
+

(n− 4)

6

1
n+2

4 + 〈(∇φ)2/2a2〉
〈V (φ)〉 + 〈(∇χ)2/2a2〉

〈V (φ)〉 + 3
2
〈VI〉
〈V (φ)〉

(4.37)

Using the values of average energies of different components listed in tables 4.2, 4.4 and 4.6,
we found that w → 0.2 for n = 2 and w → 1/3 for n = 4, and 6 in the stationary phase. The
results of the simulation are plotted in figs. 4.7 to 4.9. We have plotted the instantaneous
equation of state(brown curves) as well as the average value over a period of one inflaton
oscillation(red dashed curves). The green line shows the homogeneous Inflation equation of
state. The features we note from these figures for different models are

(i) For n = 2 models, the equation of state make a transition from w = 0 to w ∼ 0.2− 0.3
within a few e-folding numbers. However, the equation of state never reaches the radiation
like equation of state(w = 1/3). This behavior has also been noted in [170] for the m2φ2

model. Similar behavior is expected here as our model boils down to usual power law
potential near the minimum at φ = 0. We also observed that reducing the scale φ∗ does
not improve the scenario except reducing the duration of preheating phase. We have
found that with longer simulation equation of state starts decreasing after reaching a
maximum w ∼ 0.3 and finally settles to w → 0.1. The reason for this behavior is that
for n = 2 model, which is identical to m2φ2 around the minimum, the massive inflaton
component although may remain under-abundant during preheating eventually rise up to
dominate after the inflation decay ceases. It has also been found[170] that w(t) depends
non-monotonically on the resonance parameter q (or alternatively on the coupling g2) for
higher value of φ∗. However it can be seen that increasing g2 will not help us reaching the
radiation domination as depicted in figure (4.10). However, interesting observation can
be made on the dependence of φ∗. For sub-Planckian value of φ∗ = 0.1Mp the equation
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Figure 4.7: The variation of equation of state with time(or alternatively the e-folding number) for the two values
of the scale φ∗. The solid blue lines are the instantaneous value of the equation of state while the red dotted line is
the averaged value over a period of inflaton oscillation. Time is measured in unit of their respective scale m hence to
facilitate a comparison between different models, the efolding number is shown in the upper panel.
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Figure 4.8: The variation of equation of state with time(or alternatively the e-folding number) for the two values
of the scale φ∗. The solid blue lines are the instantaneous value of the equation of state while the red dotted line is the
averaged value over a period of inflaton oscillation.

of state w changes almost instantaneously from zero to its maximum value before the
system could reach the thermal equilibrium and apparently it also depends monotonically
on the coupling parameter g2. Therefore, lowering the value of φ∗ makes the intermediate
or the turbulent phase more efficient.

(ii) For n = 4 model, the homogeneous condensate itself oscillates with w = 1/3 at the onset
of preheating. The simulation results shows that it retains the radiation like equation
of state throughout the simulation period. Decreasing φ∗ have the same qualitative
behavior, with an important difference compared to n = 2 model is that intermediate or
turbulent regime occurs for longer time. Therefore the evolution of w(t) do not provide
any additional information about the thermalization process in this case.

(iii) In the case of model with n = 6, the homogeneous condensate has equation of state
w = 1/2. Here the equation of state makes a transition from w = 1/2 to w → 1/3 for
both values of φ∗.
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Figure 4.9: The variation of equation of state with time(or alternatively the e-folding number) for the two values
of the scale φ∗. The solid blue lines are the instantaneous value of the equation of state while the red dotted line is the
averaged value over a period of inflaton oscillation.
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Figure 4.10: Variation of equation of state with g2 for model n = 2 for the two values of φ∗. It is evident that
indefinitely increasing g2 will not bring radiation domination for n = 2.

4.4.3 Occupation Numbers

Evolution of occupation number for different modes is an another important parameter that
contains important information about the microscopic mechanism of the preheating as well as
the details of thermalization process. In general the occupation number will be well defined if
the interaction energy is negligible. It is apparent form figs. 4.4 to 4.6 that during the whole
preheating period, the interaction energy is dominated only for a very brief period of time
right after the initial parametric regime where re-scattering effect is important. Therefore, the
occupation number(nφk , n

χ
k ) of the fields are always well defined except for this small interval.

Following[43, 170], we, therefore, can understand the thermalization process across all possible
modes by considering the Rayleigh-Jeans spectrum defined by the product nkωk ' T in the
large occupation number limit which is generally true during preheating. The above Rayleigh-
Jeans spectrum can be easily obtained from the following bosonic distribution function defined
at finite temperature T as

nk =
1

exp
(ωk−µ

T

)
− 1

, (4.38)

in small chemical potential µ limit. This implies that rather than plotting the occupation
number for a particular mode, we will get a better understanding of the thermalization process
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Figure 4.11: The evolution of the combination ωφ,knφ,k as a function of momentum k at different e-folding
numbers for n = 2 for the two values of φ∗
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Figure 4.12: Same plot as Fig.(4.11) for the χ field.

by considering the combination ωknk as a function of comoving wave number k as plotted
below in figs. 4.11 to 4.16 for different values n. We have, as usual, chosen the previous two
values of the controlling scale φ∗. The e-folding instants are chosen to cover all the three
different stages of preheating discussed earlier. From the dynamics of occupation number
over time, we clearly observes that with increasing n, the system thermalize faster. Therefore,
it would be interesting to understand this turbulent phase more closely.

For model with n = 2, during the initial linear regime of parametric resonance, the (infra-
red)IR modes are populated first. After the stationary phase, the IR modes shows a greater
tendency for thermalization. Nevertheless the overall spectra shows that the thermalization has
not been achieved. Decreasing φ∗ do not improve the thermalization as we have seen earlier
from the study of equation of state. For n = 4 the spectra after stationary phase evolve towards
higher comoving momenta. But the spectra do not show thermalized behavior for φ∗ = 10Mp.
Decreasing φ∗ shows a greater tendency for thermalization. For models with n = 6, the spectra
is mostly flat after the initial linear stage indicating the achievement of thermalization.
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Figure 4.13: Same plot as Fig.(4.11) for the n = 4
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Figure 4.14: Same plot as Fig.(4.13) for the χ field

Finally, we have plotted the total number densities n(t) of the two fields defined in eq. (4.12) for
the models in figs. 4.17 to 4.19. Evolution of total number of particles for a particular species
encodes the information about the different mechanisms responsible for changing the particle
number. For example at small coupling when the particle number is small the perturbative
quantum scattering process (φχ→ φχ) conserves the total particle number. This particular
phase can be well described by classical wave scattering known as “weak turbulence” [171].
The weak turbulence is generally refereed to a phenomena of freely propagating energy cascade
when the kinetic description is applicable, and the total particle number remain conserved
which is the static phase in our (n(t) vs z) curve. However, before this static phase, in the
intermediate regime when the particle number is very large during preheating, despite small
coupling, the higher order interactions generically dominates, and the system stays in strong
turbulence regime where total particle number will not be conserved. All these phenomena
has already been widely studied in the context of reheating dynamics [160, 161, 171], whose
late time behavior is characterized by a turbulent and self-similar evolution of distribution
functions towards equilibrium.
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Figure 4.15: Same plot as Fig.(4.11) for the n = 6. In the inset we have zoomed in the higher values of the UV
regime.
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Figure 4.16: Same plot as Fig.(4.15) for the χ field

The particle numbers initially increases exponentially due to parametric resonance which is
followed by a gradual decrease in the turbulent regime and finally settling to an asymptotic
flat regime during the stationary phase. The gradual decrease is due to the fact that during
the turbulent regime the occupation number shifts from low to higher momentum thereby
decreasing the overall number. For our two non-linearly coupled system, when the same is
in the non-linear regime where mode-mode coupling XXφ→

∫
dk′dk′′Xk′Xk′′φk−k′−k′′ in the

momentum space becomes non-negligible, energy flow towards UV modes should also have
compensating opposite flow for k → k′ + k′′ decay channel. [160, 161, 171]. However, as is
obvious from the numerical constraints coming from the finite size 3D lattice box, such a flow
towards IR modes are absent in the lattice simulation due to the finite size of the box. For,
n = 2, the total number for the two fields do not became identical at the end of stationary
phase. For, n = 4 decreasing φ∗ make the two spectra identical. For n = 6 the total number
for the two fields reaches the same value after the stationary phase for both the value of φ∗.
This feature is consistent with our previous conclusion that for n = 2 model, the system is not
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Figure 4.17: Total number density for n = 2 with φ∗ = (10Mp, 0.1Mp) Red, blue and green lines corresponds to
nφt , n

χ
t and (nφt + nχt ) respectively.

fully thermalized at the end of preheating.
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Figure 4.18: Total number density for n = 4 with φ∗ = (10Mp, 0.1Mp)
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Figure 4.19: Total number density for n = 6 with φ∗ = (1Mp, 0.5Mp)

4.4.4 Perturbative reheating and constraints from CMB

The purpose of the reheating phase is to create the right initial conditions for the standard
big-bang. Therefore, after the end of reheating the final dominating energy component should
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be radiation with the characteristic equation of state w = 1/3. As we have seen for models
with n > 2, the preheating is sufficient to obtain the final equation of state of the system to
be radiation like. However, it is important to remember that final state of preheating is a
combination of two radiation like fluids with approximately 50% of it is the inflaton field itself.
Therefore, even though it behaves like a radiation, in order to connect with the CMB, one
needs to consider further decay of inflaton into radiation by perturbative processes. In any case
for n = 2 models we have seen that the final equation of state is not that of radiation. For long
time simulation we have seen that w → 0.1 for n = 2 model. As we have mentioned that we
need further perturbative decay of inflaton to complete the reheating and set the correct initial
conditions for the big-bang. We have already mentioned before that to obtain the radiation
domination, a thee-legs interaction such φχ2 will be important. The full numerical lattice
simulation considering both the interaction term will be considered in our subsequent paper.
At this point we may attempt an alternative approach that will also help us to connect the
reheating phase with present CMB data. We will follow the formalism developed in our recent
papers [138] generalizing the works in [60, 61] for decaying inflaton. For recent studies on CMB
constraints on reheating phase see[87, 98–101, 101–103, 172, 173]. In our following analysis,
we will assume that the decay of total energy density ρt whose initial value will be identified
with the value obtained after the end of preheating is via a phenomenological decay term. The
perturbative reheating due to such a decay term was first considered in the initial treatments
of reheating[26, 27, 29, 95]. For n = 2, we take the value equation of state at the onset of
stationary phase which is wdec ∼ 0.22. Now introducing the phenomenological decay term for
total energy decay we may write

ρ̇t + 3H(1 + wdec)ρφ + Γρt = 0,

ρ̇R + 4HρR − Γρt = 0, (4.39)

where ρR is the additional radiation energy density. In terms of following dimensionless
variables

Φ =
a3(1+wdec)ρt

a
3(1+wdec

I )ρI
; R =

a4ρR
a3
IρI

, (4.40)

the above equations for energy densities transformed into

Φ′(N) +
Γ

H
Φ(N) = 0, (4.41)

R′(N)− Γ

H
e(1−3wdec)NΦ(N) = 0, (4.42)

where “prime” is taken with respect to e-folding “N” which is obtained from the Hubble equation

3M2
pH2 = ρI

[
Φ(N)

e3(1+wdec)N
+
R(N)

e4N

]
(4.43)

This equation could be easily solved for a given inflaton decay term. As mentioned, one of
our main goal is to understand the direct constraints coming from the CMB. For a given
cosmological scale k = akHk which exits the horizon inflation with scale factor ak and re-enters
the horizon with the scale factor a0 at the present time, satisfies the following relation,

Nk +Npre +Npert
re + ln

(
a0

are

)
+ ln

(
k

a0Hk

)
= 0, (4.44)
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where (Nk, Npre, N
pert
re ) are the inflationary, preheating and perturbative reheating e-folding

number respectively. are is the scale factor after the end of perturbative reheating. Assuming
that the entropy is preserved after reheating implies

greT
3
re =

(
a0

are

)3(
2T 3

0 + 6× 7

8
T 3
ν,0

)
, (4.45)

where, T0 = 2.725K is the present CMB temperature, Tν,0 ∼ (4/11)1/3T0 is the present
neutrino temperature and gre is the effective degrees of freedom at reheating. Using the usual
definition of radiation temperature, Tre = (30/greπ

2)1/4ρ
1/4
I

(
Rre/e

4Nre
)1/4 one arrives at the

following relation two equation for reheating temperature Tre and Nre in terms of other known
parameters,

Tre =

(
43

11gs,re

)1/3(a0T0

k

)
Hke

NkeNpreeN
pert
re

Npert
re = ln

(
are

apre

)
. (4.46)

Where, apre is the scale factor after the end of preheating. We will solve equation 4.42 keeping
the effective decay width as free parameter. The value of the effective decay width is chosen
such that Npert

re (Γ), Tre(Γ) satisfies Eqs.4.46. The preheating and consequently the initial
conditions for the perturbative reheating dynamics modeled by eqs.4.39 (fraction of inflaton
energy density) turned out to be largely independent of the inflationary parameters (ns, Nk)
for a particular model. For n = 2 model, this important fact fixes the value of Npre ∼ 1.5 for
φ∗ = 0.1, and Npre ∼ 3.5 for φ∗ = 10. Therefore, subsequent dynamics will fix the value of
Nre = Npre +Npert

re supplemented by the conditions eqs.4.46. Since the reheating temperature
is an exponential function of e-folding number, small change in Nk or ns significantly effects the
value of (Nre, Tre). In fig.4.20, we have shown the dependence of Nre and Tre on the spectral
index ns for the two values of φ∗. The dashed lines are the results from the conventional
reheating constraint analysis in which complete dynamics of reheating phase is parameterized
by an effective equation of state [60](for n = 2). The solid lines is the result from our calculation.
We can clearly see the significant difference in (Tre, Nre) for a particular value of ns. The total
reheating phase is parametrized by the sum of e-folding numbers due to preheating Npre and
the perturbative reheating Npert

re . In our case, the instantaneous reheating is thus not possible
as for Npert

re → 0, Nre → Npre. Most importantly preheating dynamics restricts the value of ns
within a very narrow range of 0.971 < ns < 0.973 for φ∗ = 0.1 Mp. For φ∗ = 10 Mp, the range
approximately is 0.9658 < ns < 0.9678. For both the cases the reheating temperature can
take a wide range of values with a maximum limit to be Tmax

re ' 1013 ∼ 1016 GeV. All these
constraints are based on our naive solution of Boltzmann equation. However, let us remind the
reader that inflaton decay constant Γ should not take arbitrary value. For a given interacting
model it will have a theoretical constraints. Those are shown as shaded region in the (ns, Tre)
plot for the given interaction discussed below. For illustration, if we consider a particular
Yukawa type interaction between the scalar components and a fermion

Lint ⊃ −hφψ̄ψ. (4.47)

We may have a estimate the range of coupling when the perturbative treatment can be trusted.
Although we have considered a specific interaction, the following discussions will same for
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Figure 4.20: Evolution Nre and Tre with ns for n = 2 with two values of φ∗ as before. The shaded region is the
region when the value of h such that the non-perturbative effects will be important. The dashed lines are the predictions
from the conventional approach when the expansion during reheating phase is parameterized by an effective equation
of state parameter weff = (0.195, 0.251) for φ∗ = (10, 0.1)Mp. The lower brown shaded region is below 10MeV that is
excluded from the constrains of big bang nucleosynthesis.

other type of three point interaction with some quantitative differences. In the present case
the decay rate will be given by[30]

Γ =
h2mφ

8π
(4.48)

where mφ is the tree-level mass of φ. However, in order for our discussion to be valid we need
to make sure that the effect of this coupling should be insignificant during the preheating
phase. For this we note that, the effect of resonance will be appreciable when the decay rate is
greater than the Hubble parameter at the beginning of preheating[32, 103]. i.e.,

q2
fmφ > H. (4.49)

Where qf is the resonance parameter in case of fermionic preheating analogous to the resonance
parameter q appeared in eq. (4.15) and for the interaction term in eq. (4.47) is given by[174]

qf =
h2φ2

0

m2
φ

(4.50)

Combining eq. (4.49) and eq. (4.50), we obtain the condition on the coupling h when the
resonance will be effective as

h >

[
V (φ0)

1
2m3

φ

3
1
2 MPφ4

0

] 1
4

(4.51)
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This lower limit on h in turn will give us a lower limit in inflaton decay constant Γ. In fig. 4.20
the red dashed line correspond to the aforementioned limit in terms of reheating temperature.
Therefore, a significant part of our result that is represented by solid blue lines is in the
non-perturbative region, which we may not be trusted. However, one can make progress by
fitting our results (blue lines) with an effective time-independent equation of state defined
during the entire reheating phase following the standard approach in[60, 61], with a simple
evolution equation of total energy density ρ = ρ0a

−(1+3weff ), and the approximate result
(dotted blue lines) turned out to be weff = (0.195, 0.251) for φ∗ = (10Mp 0.1Mp) respectively.
Now the dotted lines can be valid in the non-perturbative regime shown in the fig. 4.20 with
an effective equation of state. To this end we must mention that the origin of the decay term
in eq. (4.39) is phenomenological thus we are free to chose any interaction terms thereby the
bound shown in fig. 4.20 can be significantly modified due to different coupling. In this regard
it is also worth mentioning that a combination of perturbative and non-perturbative decay
may in fact complicate the preheating scenario as considered in [169, 175] which the authors
termed as Combined Preheating. In this work the authors considered the Higgs Inflation. They
show that if the gauge bosons are coupled to fermions, they would quickly dissipate into these
lighter degrees of freedom. The onset of preheating in this case is delayed(see also[136]). The
analytic treatment of this mechanism has been given in [168, 169] for the case of Higgs inflation
within the Standard Model. A full lattice simulation describing the limitations of the analytic
study modeling the Higgs-gauge boson interactions as scalar interactions is presented in[175].
We will not consider those scenarios in this work and will take the inflation decay term is due
to a phenomenological origin.

4.5 Conclusion and Outlook

In this work, we have studied the preheating dynamics for a specific class of plateau type
inflationary potential proposed earlier by us. As we have shown previously, these type of
plateau potentials fit will with the cosmological observations. The plateau potential in the
present context can be thought of as a generalization of the chaotic power law potentials.
Indeed the potential reduces to the form V (φ) ∝ φn around the minimum of the potential.
However, we have a scale φ∗ in our model that controls the height and width of the potential. In
the present work we have explored in detail the effect of this scale on the preheating dynamics
for different inflationary model parameterized by n = (2, 4, 6). Lowering the value of φ∗, the
the system reaches its stationary stage faster. Even though qualitative behavior remains same
for all the model. Some important microscopic detail changes which are worth studying in
future. In order to do a comparative study, we take the same value of g2 for different φ∗. Below
we list some of the important findings of our study,

(a) Given a particular model with fixed (n, g2), decreasing φ∗ makes the energy transfer
efficient by reducing the efolding number.

(b) However at the end of preheating, the total energy is distributed almost equally among
the different fields taking part in the reheating dynamics. This distribution is nearly
independent of the all the model parameters. Microscopic details of the dynamics will be
dependent upon the parameters. For n = 2 this energy distribution is little asymmetric
mainly due massive inflaton component.
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(c) Most importantly for the models n = 4, 6, the final equation of state turns out to be
that of radiation w = 1/3 independent of all the other parameters. Similar observation
has been made in the recent works[165] considering the self resonance of the inflaton
for similar plateau type inflationary models. For our case resonance will occur for both
the fields (φ, χ). We believe this is true for any model with n > 2, and for all those
models the final equation of state will be that of the radiation. For n = 2 model, however,
dynamics is little different. For this model self resonance is inefficient. The parameter m
plays the role of mass of the inflaton. Therefore, at the end of preheating, inflaton behave
like a non-relativistic massive particle with a little asymmetric energy distribution with
the relativistic χ-particle. Therefore, the total equation state never reaches to that of
radiation in the stationary phase.

(d) From the microscopic point of view, we found that the transition from homogeneous
inflaton equation of state w = (n−2)/(n+2) to that of the saturated preheating equation
of state wst depends on (n, φ∗). For n = 2, with the decreasing φ∗ the transition from
w = 0 to its maximum value tend to be instantaneous. Therefore, the system must go
through highly turbulent phase. This transition of equation of state occurs in the phase
when transfer of energy from inflaton to reheating field is efficient. Therefore, all the
interesting non-equilibrium phenomena such as chaos, turbulence, thermalization will
happen in this phase. Thus, homogeneous inflaton equation of state plays very important
role for those non-equilibrium processes during preheating. Detailed study of this phase
will be done in future.

It is apparent that the preheating itself is not the full story of the reheating dynamics. As nearly
half of the total energy density is stored in the form of inflaton, we need further mechanism
to get the complete transfer of inflaton energy to radiation phase, that will set the initial
condition for the standard big-bang. Since we need the complete decay of inflaton, three legs
interaction[170] may be important. The effect of these interaction in the preheating has been
discussed in [176–178]. A three legs interaction will also necessitate incorporating the self-
interaction term such as λχχ4 that makes the potential bounded from below. Depending upon
the value of λχ, most of the energy density may or may not be converted into χ quanta before
the back-reaction effect will became dominant[177] in the preheating dynamics. However,
during the initial stage of preheating the four-legs interaction will be dominant over the
three-legs. If both the interactions are present, we will have several interesting behavior
of the system[177, 178]. We will look into those effects in a separate work. In the present
work, we have considered the usual perturbative decay of inflaton with a phenomenological
decay term. This helped us to connect the reheating phase with CMB. Considering n = 2
model, our naive analysis of Boltzmann equation limits the value of the spectral index within
0.971 < ns < 0.973 for φ∗ = 0.1 Mp, and 0.9658 < ns < 0.9678 for φ∗ = 10 Mp. In the above
estimation, the reheating temperature is considered to be within 10MeV < Tre < 1015GeV.
Finally we discussed qualitatively on the bound on the reheating temperature by looking at the
non-perturbative limit on inflation decay constant Γ which is assumed to be originated from
the Yukawa interaction between the scalar fields and a fermion field. As we have seen that
the upper limit on the Yukawa coupling below which the perturbative analysis can be carried
put a maximum bound on the reheating temperature for the models under consideration.
The maximum reheating temperature has been found to be Tre ∼ 102GeV with nmax

s ∼ 0.966
for φ∗ = 10Mp and Tre = 106GeV with nmax

s = 0.972 for φ∗ = 0.1Mp. For higher values of
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coupling Yukawa coupling h when perturbative analysis can not be trusted, we can obtain the
qualitative result considering the effective equation of state weff that can qualitatively fit our
results.
However important point we should understand that there is no unified description of both the
perturbative and non-perturbative reheating process. In our present analysis we have considered
those as two separate phenomena connected by the initial condition for the Boltzmann equation
after the end of preheating. Therefore, it would be interesting to understand those in a single
framework. Another important issue we have not discussed is related to incomplete decay of
inflaton for n > 2 models where final equation of state becomes 1/3 after preheating. For these
cases simple Boltzmann description of perturbative reheating becomes untenable for (Tre, Nre).
Therefore for such situation how and when the actual radiation domination starts will be an
important question to discuss.

Other import aspects of the non-perturbative phase is the study of production of compact
structures such as oscilons or solitons. It can be seen that the potentials “open-up” when
we move away from the minimum of the potential, these type of potential are found to lead
copious production of oscillons[179, 180]. The self-resonance leads to an oscillon dominated
phase[181] and significant production of gravitational waves[182]. We leave these interesting
aspects for future study.
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Galilean Modified Inflation 5

“Nature seems to take advantage of the simple mathematical
representations of the symmetry laws. When one pauses to
consider the elegance and the beautiful perfection of the
mathematical reasoning involved and contrast it with the
complex and far-reaching physical consequences, a deep
sense of respect for the power of the symmetry laws never
fails to develop.”

Chen Ning Yang

5.1 Introduction

In all our previous chapters we have considered simple class of minimal inflationary models. In
this chapter we will consider a different class of inflationary model with higher derivative term
in the Lagrangian. In the standard inflationary scenario, the action consists of a canonical
kinetic term and a potential which is sufficiently flat to ensure necessary amount of inflation.
However, a non-canonical inflationary model with higher derivative terms in the Lagrangian
has special significance from the theoretical as well as observational point of view. One such
popular model is Dirac-Born-Infeld (DBI) inflation [183–185]. It has been found out that
apart from usual inflationary predictions, these kind of non-canonical models have other
interesting observable predictions such as large non-gaussianity, variable sound speed etc. They
are constructed in such a way that the presence of higher derivative terms does not lead to
any ghost degrees of freedom, which generally arises in higher derivative theory. In 1974,
Gregory W Horndeski [186] first proposed a class of higher derivative single scalar field model
in 4-dimension that yields second-order equations and hence free from ghosts. Long after this
only recently general theory of scalar field revived again in a new disguise called Galilean
[187] model. Subsequently straightforward generalization of this class of theories have been
modified in the presence of gravity [188–190]. The underlying symmetry principle based on
which the theory was constructed is called ‘Galilean’ symmetry where the field transforms as
(∂µφ→ ∂µφ+ bµ). Where, bµ is arbitrary constant shift vector. As our thesis is concentrated
on the inflation, we will discuss about this Galilean theory of scalar field in the context of
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inflation which is popularly know as G-inflation first proposed in [191]. In all those inflationary
models the underlying Galilean symmetry is broken maintaining the two derivative nature of
the equation of motion. However, such symmetry breaking is indeed necessary for the viability
of the model specifically in the context of inflation as it naturally gives rise to graceful exit
from inflationary phase and set the stage for reheating. Here we will not be talking about the
symmetry breaking mechanism, rather, discuss about a specific class of inflationary models
with a Galilean symmetry broken down to discrete shift symmetry.

This chapter is organized as follows. We will start by reviewing, following[191], the Galilean
inflation starting with the action for most general single-field inflation in Section 5.2. In
Section 5.3, we will take up a specific case of potential driven G-inflation where the potential
itself too is shift symmetric. After discussing the details of inflationary predictions in this
model. We conclude in Section 5.7.

5.2 The most General Single-Field Inflation

The study of inflation in Galilean-like higher derivative theory, dubbed as the G-inflation[192,
193] has since became an exiting field of research. The most general action for Galilean scalar
field φ is

S =
5∑

i=2

∫
d4x
√−gLi. (5.1)

The different Lagrangian functions Li are expressed in terms of (φ,X), where the canonical
kinetic term X ≡ −(1/2)∂µ∂

µφ.

L2 = K(φ,X), (5.2)
L3 = −G3(φ,X)�φ, (5.3)

L4 = G4(φ,X)R+G4X(φ,X)
[
(�φ)2 − (∇µ∇νφ)2

]
, (5.4)

L5 = G5(φ,X)Gµν∇µ∇νφ

− 1

6
G5X(φ,X)

[
(�φ)3 − 3(�φ)(∇µ∇νφ)2 + 2(∇µ∇νφ)3

]
, (5.5)

where, �φ ≡ gµν∇µ∇νφ, Gµ,ν is the Einstein tensor, GiX = ∂Gi/∂X, (∇µ∇ν)2 = (∇µ∇ν)(∇µ∇ν)
and (∇µ∇νφ)3 = (∇µ∇νφ)(∇ν∇λφ)(∇λ∇µφ) . This is the most general single scalar field
action whose equation of motion contain up to second derivative. A host of inflationary models
can be derived from this action with specific choices of the functions {K,Gi}. For instance,
the simplest example is by taking K(φ) = X − V (φ), G4 = M2

p /2 and G3 = G5 = 0, one
obtains a canonical scalar field action action for inflation. Before we get to our specific model,
we will first describe the field equations for the above action for homogeneous background and
then describe a specific model of interest and its predictions with respect to the observational
data. We have two sets of equations which are essentially energy and momentum constraints
originating from the general coordinate invariance,

5∑

i=2

Ei = 0,
5∑

i=2

Pi = 0, (5.6)
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where, terms in the energy constraint equations are

E2 = 2XKX −K, (5.7)

E3 = 6Xφ̇HG3X − 2XG3φ, (5.8)

E4 = −6H2G4 + 24H2X(G4X +XG4XX)− 12HXφ̇G4φX − 6Hφ̇G4φ, (5.9)

E5 = 2H3Xφ̇(5G5X + 2XG5XX)− 6H2X(3G5φ + 2XG5φX). (5.10)

The above equations only contains terms up to first order derivatives of metric and field as
they are the constraint equation. The terms in the momentum constraint equations are

P2 = K, (5.11)

P3 = −2X(G3φ + φ̈G3X), (5.12)

P4 = 2(3H2 + 2Ḣ)G4 − 12H2XG4X − 4HẊG4X − 8ḢXG4X − 8HXẊG4XX

+ 2(φ̈+ 2Hφ̇)G4φ + 4XG4φφ + 3X(φ̈− 2Hφ̇)G4φX , (5.13)

P5 = −2X(2H3φ̇+ 2HḢφ̇+ 3H2φ̈)G5X − 4H2X2φ̈G5XX

+ 4HX(Ẋ −HX)G5φX + 2(2 ˙HX + 3H2X)G5φ + 4HXφ̇G5φφ. (5.14)

This definition of the background quantity Ei and Pi are analogous to the definition of energy
density and isotropic pressure in the canonical scalar field case. Finally, the variation with
respect to the scalar field provide the scalar-field equation of motion:

1

a3

d

dt

(
a3J

)
= Pφ, (5.15)

with the following definition of the symbols,

J = φ̇KX + 6HXG3X − 2φ̇G2φ + 6H2φ̇(G4X + 2XG4XX)− 12HXG4φX

+ 2H3X(3G5X + 2XG5XX)− 6H2φ̇(G5φ +XG5φX) (5.16)

and

Pφ = Kφ − 2X(G3φφ + φ̈G3φX) + 6(2H2 + φ̇)G4φ + 6H(Ẋ + 2HX)G4φX

− 6H2XG5φφ + 2H3Xφ̇G5φX . (5.17)

In order to proceed further and discuss about the inflationary solution we will consider a
particular example of G-inflation which is driven by the potential of the scalar field as in the
case of usual canonical case(for kinetically driven G-inflation see [192]). It is interesting to see
that the presence of the higher order terms will modify the inflationary and post inflationary
dynamics. The G-inflation also provides us certain degree of freedom in choosing the functional
form of {K, Gi} which we will take advantage of later in our work. But before moving to
a specific case let us continue our discussion with the general example of a potential driven
G-inflation[194].

5.2.1 Potential-driven G-inflation

In case of kinetically driven G-inflation, the shift symmetry of the original Lagrangian remains
intact. The shift symmetry does not allow any potential term. Therefore, to have subsequent
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reheating dynamics, one needs to introduce new mechanism. Within the Galilean framework
we can consider potential driven slow-roll G-inflation where the potential term manifestly
breaks the shift symmetry of the Galilean model. The resulting equations are still, however,
second order retaining the ghost free condition of G-inflation. As we have already mentioned
the breaking is necessary for graceful exit from the inflationary phase to the reheating phase.
To commence with this case let us expand the functions in terms of X as

K(φ,X) = − V (φ) +K(φ)X + · · · (5.18)
Gi(φ,X) = gi(φ) + hi(φ)X + · · · (5.19)

Considering the case when the inflaton field changes very slowly and neglecting all the terms
containing φ̇(t) in the gravitational field equations as well as assuming the usual slow-roll
conditions |Ḣ| � H2 and |φ̈| � |Hφ̇|, we obtain the gravitational fields equations as

5∑

i=2

Pi ' −
5∑

i=2

Ei ' −V (φ) + 6g4(φ)H2 = 0, (5.20)

Therefore, the slow-roll Hubble-Lemaitre equation for potential driven G-inflation is given by

H2 ' V

6g4
(5.21)

To get the inflationary scalar field equation, we will assume the following additional conditions
during the slow-roll phase

|J̇ | � |JH|, |ġi| � |giH|, |ḣi| � |hiH|, (5.22)

Now using these conditions in Eq. (5.15) with the expansions in Eq. (5.19), the equation of
motion for φ in G-inflation reads as

3HJ ' −Vφ + 12H2g4φ, (5.23)

where,
J ' Kφ̇− g3φφ̇+ 6(Hh3X +H2h4φ̇−H2g5φφ̇+H3h5X) (5.24)

Here taking K = 1 and g4 = M2
p /2 and all other coefficients to be zero, we get the canonical

scalar field driven slow-roll inflation in the Einstein gravity. Different class of inflation models
can obtained form the potential driven G-inflation by suitably choosing the remaining functions
as listed below

K = 1 + κφ2n, running kinetic inflation[195] (5.25)

h3(φ) =
φ

M4
, Higgs G-inflation[193] (5.26)

g4(φ) =
M2
p

2
− ξ

2
φ2, Higgs inflation[148, 196, 197] (5.27)

h4(φ) =
1

2µ2
, new Higgs inflation[198] (5.28)

h5(φ) =
φ

M6
, running Einstein inflation[199] (5.29)

After developing the necessary equations for inflationary dynamics in G-inflation let us
define power spectrum and other observational quantities in generalized G-inflation.
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5.2.2 Perturbations in Generalized G-inflation

The power spectrum for G-inflation can be found with the methods similar to canonical
inflation[191] discussed in the introduction. Decomposing the perturbations into scalar(α, β, and ξ)
and tensor perturbation (hij), the perturbed metric in the unitary gauge φ = φ(t) is

ds2 = −N2 dt2 + γij(dx
i +N i dt)(dxj +N j dt) (5.30)

Where,

N = (1 + α), Ni = ∂iβ, γij = a2(t)e2ξ (5.31)

Note here that the tensor perturbation satisfies the trace-less condition viz. hii = 0 = hij,j .
The above definition of the perturbed metric is chosen such that

√−g does not contain
the perturbation hij up-to second-order, and the scalar parts ξ2 and αξ vanish due to the
background equations.

5.2.2.1 Tensor Perturbations

With the above perturbed metric, the second-order action for the tensor perturbation reads as

S
(2)
T =

1

8

∫
dtd3xa3

[
GT ḣ2

ij −
FT
a2

(∇hij)2

]
. (5.32)

where,

FT = 2
[
G4 −X(φ̈G5X +G5φ)

]
, (5.33)

GT =
1

2

5∑

i=2

∂Pi
∂H

= 2
[
G4 − 2XG4X −X(Hφ̇G5X −G5φ)

]
, (5.34)

we also define the effective speed of sound for the tensor perturbations as

c2
T =

FT
GT

(5.35)

It is evident from Eq. (5.32) that the action for tensor perturbations will be free from ghost
degrees of freedom and gradient instabilities if the following conditions are met

FT > 0, GT > 0. (5.36)

It is also important to notice that in contrast to the canonical inflationary models, the effective
speed of sound is not necessarily unity. Thus the issue of super-luminous propagation of
perturbations may arise in G-inflationary scenarios. The tensor power spectrum and the
associated spectral tilt turn out to be

PT = 8γT
G1/2
T

F3/2
T

H2

4π2

∣∣∣∣
−kyT =1

; nT = 3− 2νT (5.37)
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where the symbols are defined in terms of the functions as,

γT = 22νT−3|Γ(νT )/Γ(3/2)| 2(1− ε− fT /2 + gT /2), (5.38)

fT =
ḞT
FTH

, gT =
ĠT
GTH

, (5.39)

νT =
3− ε+ gT

2− 2ε− fT + gT
ε = −Ḣ

H
(5.40)

This shows that, in contrast to the canonical models, a blue spectrum nT > 0 can be achieved
in G-inflation.

5.2.2.2 Scalar Perturbations

Now we write the action for the scalar perturbations by setting hij = 0, the second-order
action is given by

S
(2)
T =

∫
dtd3xa3

[
− 3GT ξ̇2 +

FT
a2

(∇ξ)2 + Σα2 − 2Θα
∇2

a2
β

+ 2GT ξ̇
∇2

a2
β + 6Θαξ̇ − 2GTα

∇2

a2
ξ
] (5.41)

where,

Σ = XKX + 2X2KXX + 12Hφ̇XG3X

+ 6Hφ̇X2G3XX − 2XG3φ − 2X2G3φ − 6H2G4

+ 6
[
H2(7XG4X + 16X2G4XX + 4X3G4XXX)

]

−Hφ̇(G4φ + 5XG4φX + 2X2G4φXX)

+ 30H3φ̇XG5X + 26H3φ̇X2G5XX

+ 4H3φ̇X3G5XXX − 6H2X(6G5φ + 9XG5φX + 2X2G5φXX), (5.42)

From this action the scalar power spectrum and the spectral tilt turns out to be

PS = 8γS
G1/2
S

F3/2
S

H2

4π2

∣∣∣∣
−kyS=1

; ns − 1 = 3− 2νS (5.43)

with the symbols are defined as

FS =
1

a

d
(
a
ΘG2

T

)

dt
−FT , GS =

Σ

Θ2
+ 3GT , (5.44)

Σ = X

5∑

i=2

∂Ei
∂X

+
1

2

5∑

i=2

∂Ei
∂H

, Θ = −1

6

5∑

i=2

∂Ei
∂H

(5.45)

fS =
ḞS
FSH

, gS =
ĠS
GSH

, (5.46)

The squared speed of sound for scalar perturbations is given by

c2
S =

FS
GS

(5.47)
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Finally the scalar spectral index(ns) and the tensor-to-scalar ratio(r) is given by

r = 16
FS
FT

cS
cT

(5.48)

After introduction the basics of G-inflation and its spectral quantities, we will now consider a
specific model of G-inflation and look into the detail on how the presence of higher derivative
terms helps us to reconcile the model predictions with observational data.

5.3 Potential driven G-inflation with a shift symmetric
potential

We have seen that the G-inflation may reproduce a class of inflationary models depending
upon the functional forms. For instance we may further simplify the Galilean model by setting
g3 = g5 = 0 without loss of generality, as g3φ can be absorbed into a redefinition of K and g5φ

into h4, i.e.,

K − 2g3φ →K,
h4 − g5φ →h4

Setting g4 = M2
p /2 will ensure that we are in the realm of Einstein gravity. Hence let us write

our action of a minimally coupled scalar field, kinetically coupled to gravity due to higher
derivative kinetic terms, as

S =

∫
d4x
√−g

[M2
p

2
R−X −M(φ)X�φ− V (φ)

]
(5.49)

where X = 1
2∂µφ∂

µφ and � = 1√
−g∂µ(

√−g∂µ)

This specific form of higher derivative kinetic term G�φ which contains a scalar-tensor
kinetic coupling, of the form G∂g/∂φ arising due to the presence of Christoffel symbols in the
covariant D’Alembertian operator is dubbed as the kinetic gravity braiding(KGB)[200, 201].
The effect of the kinetic braiding is that the energy-momentum tensor now no longer that
of the perfect-fluid form. The effect of this departion from perfect-fluid form is studied in
the context of dark energy[200, 201], however as we will see that the effect of the KGB term
has important consequences in inflationary as well as post-inflationary dynamics. Now let us
discuss about the potential term. We will chose a shift symmetric potential of the form

V (φ) = Λ4
[
1± cos

(φ
f

)]
(5.50)

In the context of inflationary model building it is known as the Natural Inflation[143, 144],
proposed in the early 90’s as an attempt to solve the so-called “fine-tuning” problem. As we
have seen that inflation needs a flat potential for sufficient amount of inflation. It has been
generally argued that the flatness of potential is subject to radiative corrections unless it is
protected by a symmetry. In case of natural inflation the potential is naturally flat due to
shift symmetries. This model make use of a Nambu-Goldstone bosons[202, 203] arising when a
global symmetry is spontaneously broken. Though it is one of the best theoretically motivated
model of inflation, it turned out to be observationally tightly constrained. Furthermore, it’s
predictions closest to the observations become quantum field theoretically implausible for the
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super-planckian axion decay constant f . Nonetheless, because of its naturalness, many different
modifications have been proposed to make it observationally favored and simultaneously bring
down the value of f to a sub-Planckian value. String inspired N -flation [204], axion monodromy
inflation[205] are the various variant of this natural inflation model where there exist multiple
fields with sub-Planckian values of f . Multiple axionc fields are aligned in such a way that
the effective axion decay constant could be sub-Planckian and make the model cosmologically
viable. Recently proposed Weak-Gravity Conjecture(WGC)[206],as well as some string theory
construction [207] put severe constraints on such models of alignment mechanism[208, 209].
However, considerations of covariant entropy bound seem to relax the bound[210]. Another
way to keep the axion decay constant to have subplanckian value is by introducing a coupling
of the Inflaton kinetic term to the Einstein tensor was introduced in [211, 212]. In this chapter,
we will see that the effect of the derivative Galileon term for the axion not only we can make
inflationary observables compatible with PLANCK, but also we can have sub-Planckian axion
decay constant. We will derive the necessary background equations in the next section.

5.3.1 G-axion

Now will will describe the G-inflation for the action written in Eq. (5.49) with the shift-
symmetric axion potential in Eq. (5.50) which we will call the G-axion. With the usual
FLRW-background ansatz for the spacetime

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2), (5.51)

one gets the following Einstein’s equations by varying the action with respect to the metric

3M2
pH

2 = −3Hφ̇3M(φ)−X + 2X2M ′(φ) + V (φ)

= −X
[
1 +M(φ)Hφ̇(6− α)

]
+ V (φ) (5.52)

M2
p Ḣ = −X

(
1− 3M(φ)Hφ̇+M(φ)φ̈+M ′(φ)φ̇2

)

= −X
[
1−M(φ)Hφ̇(3 + η − α)

]
(5.53)

and by varying scalar field:

1

a3

d

dt

[
a3
(

1− 3HMφ̇− 2M ′X
)
φ̇
]

+ φ̇
d

dt
(M ′X) +

Λ4

f
sin

(
φ

f

)
= 0,

Hφ̇
[
3− η −M(φ)Hφ̇(9− 3ε− 6η + 2ηα)

]
+ (1 + 2β)V ′(φ) = 0 (5.54)

where we have defined:

ε ≡ − Ḣ

H2
; η ≡ − φ̈

Hφ̇
; (5.55)

α ≡ M ′(φ)

M(φ)

φ̇

H
; β ≡ M ′′(φ)X2

V ′(φ)
(5.56)
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5.3. Potential driven G-inflation with a shift symmetric potential

Where, H = ȧ/a is the Hubble constant. During inflation we will assume that these parameters
are small:

ε, |η|, |α|, |β| � 1, (5.57)

It is easy to identify ε and η with as the Hubble slow-roll parameters as appears in the canonical
inflation scenarios. We also have two extra ‘slow-roll’ parameters in Galileon inflation namely,
the parameters α and β.

The above slow roll parameters in terms of the potential function, denoting φ
f as φ̃, are

ε =
1

2A
sin

3
2 (φ̃)√

M̃(φ̃)
(

1− cos
(
φ̃
))2 ; η =

1

2A

√
cos
(
φ̃
)

cot
(
φ̃
)

√
M̃(φ̃)

(
1− cos

(
φ̃
))

α =
2√
A

M̃ ′(φ̃)
√

2ε

4

√
M̃(φ̃)5 sin

(
φ̃
) ; β =

1

36A
M̃(φ̃)2ε√

M̃(φ̃)3 sin
(
φ̃
) . (5.58)

We will call M(φ) = 1
s3
M̃(φ̃) as the KGB function and s is an associated mass scale which

will control the strength of the higher derivative term. We define a parameter A =
(
f3

s3
Λ4

M4
p

)1/2

which will greatly simplify further calculations. In case of potential driven inflation [194], the
KGB function has a significant influence on the inflation dynamics. Here our aim is to identify
the form of the KGB function based on the principle of constant shift symmetry and try to
satisfy the experimental observation. At this point let us also define an additional parameter
corresponding to the higher order slow roll parameter which is related to another measurable
quantity called running of scalar spectral index,

ξ = M4
p

1

2MV ′

(
V ′′′V ′

V 2

)
= − 1

A2

sin
(
φ̃
)

M̃(φ̃)
(

1− cos
(
φ̃
))2 . (5.59)

For our later convenience, we note the following relation between the KGB function and
the slow roll parameter,

M(φ)φ̇3

M2
PH

' −2

3
ε. (5.60)

Which tells us that, though the higher derivative term dominates the dynamics of slow-roll
inflation, the standard part of the Lagrangian remains much larger than the Galileon part
during inflation (ε � 1) and they both became comparable only after the end of inflation
(ε = 1).

The slow-roll equation for the axion turns out to be,

3Hφ̇
(

1− 3M(φ)Hφ̇
)

+
Λ4

f
sin

(
φ

f

)
= 0. (5.61)

From the form of the above equation, we can consider two different ways to inflate our universe.
The condition |M(φ)Hφ̇| � 1 will give the standard axion inflation scenario, while the condition
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5. Galilean Modified Inflation

|M(φ)Hφ̇| � 1, provides alternative scenario where the higher derivative term comes into
play. As emphasized in the introduction, the usual canonical axion inflation scenario is tightly
constrained from the PLANCK observation. We will see for a wide range of parameter space
higher derivative term will play main roll in G-axion-inflation. Solving the slow-roll equation
of motion for φ̇ we get

|φ̇| 'Mp

(
V ′

3M(φ)V

)1/2

. (5.62)

Using Eq.(5.62), the condition for the KGB term to dominate the usual slow-roll term can
be monitored by defining a parameter

τ = M(φ)V ′(φ) =
M(φ)Λ4

f
sin

(
φ

f

)
� 1. (5.63)

5.3.2 Cosmological quantities: (ns, r, dn
k
s)

In this section, we will note down some of the important cosmological quantities which are
being measured in cosmological experiments. Following our previous discussion, the amplitude
of the power spectrum of the curvature perturbation for G-axion is written as

PR =
3
√

6

64π2

H2

M2
p ε
. (5.64)

The spectral tilt and its running can be easily found out using the relation, d
d lnk = φ̇

H
d
dφ
∗

ns − 1 ≡ dlnPR
dlnk

= −6ε+ 3η − α, (5.65)

dns
dlnk

≡ dnks = −3ξ + 24εη − 24ε2 − 3α2 − 8αε+ 4αη + 3η2 + 18β.

The power spectrum and the spectral index of the primordial gravitational wave are:

PT =
8

M2
p

(
H

2π

)2

(5.66)

nT = −2ε. (5.67)

Another important quantity of cosmological importance is the tensor to scalar ratio

r = −32
√

6

9
nT (5.68)

After introducing the background equations and spectral quantities, we will discuss a
relation between the field excursion during inflation and the tensor-to-scalar ratio. This
relation, formally known as the Lyth bound will be modified due the higher derivative term.
This will help us to construct a model with detectable tensor-to-scalar ration with subplanckian
field excursion.

∗In case of KGB inflation,the slow-roll scalar field equation can be used to find φ̇
H

= − M2
p

V (φ)

(
V ′(φ)
M(φ)

)1/2
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5.3. Potential driven G-inflation with a shift symmetric potential

5.3.3 Number of e-folds and modified Lyth bound

The ‘e-folding’ number is given by by the following expression,

N =

∫ t2

t1

Hdt =

∫ t2

t1

H

φ̇
dφ =

1

Mp

∫ φin

φend

τ
1
4√
2ε
dφ. (5.69)

From the cosmological observation, the e-folding number is found to be N ≥ 50. It is
apparent that the amount of inflation must be proportional to the amount of field excursion
during the slow roll inflation. This quantity is known as Lyth bound[63](also see [213, 214]).
Lyth bound is assumed to play an important role in constraining the parameter space of a
model under consideration from the low energy effective field theory point of view. In the
slow roll approximation, one can compute the amount of field excursion by series expansion in
terms of e-folding number calculated from the onset of inflation as follows

φ(δN ) = φin +
∂φ

∂N δN +
1

2

∂2φ

∂N 2
δN 2 + . . . . (5.70)

Therefore, up to second order in slow roll, one can write down the general expression for
the amount of field excursion ∆φ for e-folding number δN as

∆φ = |φ(δN )− φin| = δN
(
∂φ

∂N

)[
1 +

δN
2

(
2ε− η +

α

2

)]
. (5.71)

Therefore, by using Eq.(5.69), we get

∆φ = δN
∣∣∣∣∣

√
2ε

τ(φ) 14

∣∣∣∣∣
[
1 + δN

(
2ε− η +

α

2

)]
. (5.72)

From the above expression for the e-folding number assuming, that the slow-roll parameters
and τ behave monotonously, we can write

N . ∆φ

Mp

∣∣∣∣∣
τ(φ)

1
4√

2ε

∣∣∣∣∣
max

=
∆φ

Mp

∣∣∣∣∣∣
τ

1
4
max√
2εmin

∣∣∣∣∣∣
. (5.73)

In deriving the above expression, we have kept only the leading order term in slow roll.
However, above expression can get significant correction near the end of inflation where slow
roll parameters are not small. We will do the detailed study on this issue and its consequence
on the model for our future publication. Now, Eqs.(5.64-5.68) can be used to relate the field
excursion during inflation with the scalar-to-tensor ratio as,

∆φ & (NMp)

∣∣∣∣∣

√
2εmin

τ
1
4
max

∣∣∣∣∣ =
f√
A
N
Nmax

√
9r

36
√

6
, (5.74)

where,

Tmax = (s3M(φ̃in) sin φ̃in)
1
4 .

As we can see there is an important difference in the above expression for Lyth Bound
with usual slow-roll inflation case via the presence of the term τ(φ) which contains the KGB
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5. Galilean Modified Inflation

term M(φ). This feature will help us to construct a model with detectable tensor-to-scalar
ratio with sub-planckian axion decay constant. Therefore, we are in a position to compare the
Lyth bound between G-axion inflation and the usual canonical slow-roll inflation, which can
be written in a model independent way as ∆φslow−roll ∼ N

√
r
8 . For, r = 0.08 and N = 60,

∆φslow−roll & 6. Now since we have freedom in choosing f , the modified Lyth bound can be
made very small. As an example, for A = 94, if we choose f = 0.5Mp, one gets ∆φKGB & 0.59.
In the subsequent section, we will consider some simple phenomenological form of the KGB
functions keeping the constant shift symmetry of the Lagrangian intact, and construct both
super and sub-Planckain inflation models in compatible with PLANCK.

5.4 Simple choices of M(φ) and determination of cosmological
parameters

As we have emphasized in the beginning, we will be considering some simple functional form
of M(φ) exhibiting shift symmetry of the axion field. As we will see from our analysis, the
CMB observables are not sufficient to constrain the value of the axion decay constant for the
model under consideration. Therefore, the dynamics after the inflation will be important and
we will indeed see the existence of a critical value of axion decay constant fc which separates
super and sub-Planckian scenarios in terms of oscillation dynamics. However, in this section,
we will mainly compute the inflationary observables and compare our result with the current
observational bounds coming from PLANCK for some simple choices of M(φ). We consider
the following forms of M(φ):

I : M(φ) = Constant,

II : M(φ) = sin(φ/f),

III : M(φ) = sin2(φ/f),

IV : M(φ) = cos2(φ/f),

V : M(φ) = 1− sin(φ/f),

The CMB observables with the above choices of function have been presented in Fig. 5.1 and 5.2.
For comparison, we also plotted the standard axion inflation model. From our analysis and also
clear from the (ns, r) plot, we have two different categories of model based on their predictions.
The best fit models are of type (IV, V ). One can clearly see that within 1σ region of ns,
natural inflation model is almost ruled out. On the other hand the our aforementioned best fit
model predicts as low as r ' 0.04 within the same ns region. Other three types (I, II, III)
are marginally fitting with the data. All these models predict very high value of tensor to
scalar ratio r which can be measured in the near future CMB experiments. Particularly, for
M(φ) = constant, which is the best out of this group predicts, r ' 0.07, ns = 0.973 for N = 65
which is within 2σ region of CMB data. Interestingly, as we will discuss in detail, those two
types of models show distinct behavior after the inflation depending on the value of axion
decay constant.
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Figure 5.1: ns vs r plot for five different forms of M(φ) for N = 55 (dotted lines), and N = 65 (solid lines). For
comparison, red curves are plotted for usual axion inflation.
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Figure 5.2: dnks vs ns plotted for five different forms of M(φ) for N = 60 e-folding on the background of Planck
TT,TE,EE+low P data (dnks = −0.003± 0.007)

5.5 Evolution of the scalar field: sub-Planckian (f, s)

Before we go for cosmological dynamics, let us first try to understand the region of stability
of our G-axion system. Even though we do not have more than two time derivative in
the equation of motion, higher derivative term in the Lagrangian generically gives rise to
various pathological behavior for the fluctuation dynamics in a non-trivial background. Due
to those behaviors, such as propagating ghost, gradient instability, superluminal speed of
propagation, the effective field theory under consideration may not have conventional UV
complete description. For completeness and also in order to have qualitative understanding
of the aforementioned pathologies we will apply the well known method of characteristics
[188–190, 215, 216]. In this method the procedure is the following. From the action given in
(5.49), the axion field equation can be written as

Pµν∇µ∇νφ+Qµναβ(∇α∇βφ)(∇µ∇νφ)− 2XM ′′(φ)− V ′(φ)

−2XM(φ)(2X − 4X2M(φ)) = 0 (5.75)
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Figure 5.3: The evolution of (∆(t), c2s) with time for three different values of the axion decay constant for M(φ) =
Sin(φ/f) when A = 92. The value of c2s is always smaller than unity during inflation. While the parameter ∆(t) is
positive for all f < fc ensuring stability.

where, we have

Pµν = gµν − 2M ′(φ)∇µφ∇νφ− 2XM(φ)2(Xgµν − 2∇µφ∇νφ) (5.76)

Qµναβ = M(φ)gµνgαβ − M(φ)

2

(
gαµgβν + gανgβµ

)
(5.77)

Now information regarding the stability and the other aforementioned pathological behaviors of
the background solutions are generically encoded in an effective metric on which the fluctuation
propagates. Considering the liner order fluctuation of the above equation for the axion, one
finds

(Pµν + 2Qµναβ∇α∇βφ)∇µ∇νδφ+ · · · = 0. (5.78)

Where “· · · " corresponds to all the terms which does not contain second derivative on δφ. From
the above equation for the fluctuation the aforementioned effective metric can be identified as
the coefficient of ∇µ∇νδφ, which is

Gµν = (Pµν + 2Qµναβ∇α∇βφ). (5.79)

This metric is calculated in a given background solution for the axion field such as inflationary
background for the present case. Therefore, for any generic time dependent background, the
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effective metric components take the following form,

G00 = −
(

1− 6HM(φ)φ′ + 2φ′2M ′(φ) +
3

2
M(φ)2φ′4

)
(5.80)

Gij =
δij

a2

(
1− 4HM(φ)φ′ − 2M(φ)φ′′ − 1

2
M(φ)2φ′4

)
. (5.81)

For stability of the system, following conditions has to be satisfied, −G00 = ∆(t) > 0 and
the associated effective sound speed,

c2
s =

(
1− 4HM(φ)φ′ − 2M(φ)φ′′ − 1

2M(φ)2φ′4
)

(
1− 6HM(φ)φ′ + 2φ′2M ′(φ) + 3

2M(φ)2φ′4
) ≤ 1 (5.82)

For illustration we have plotted those parameters (∆(t), c2
s) in Fig. 5.3 for a particular cosmo-

logical model with M(φ) = sin(φ/f). We can clearly see that depending upon the axion decay
constant, before the ∆(t) parameter could cross zero, the superluminal velocity arises. If we
further decrease the value of f , the sound speed becomes imaginary. Although for larger values
of the axion decay constant these instabilities could be avoided, we are mainly interested in sub-
planckian values of f . Hence, a further modifications to our model are necessary. Interestingly
a possible resolution to these instabilities due to sound speed has been proposed recently[217]
in the context of effective field theory of cosmological perturbations. Implication of these ideas
could be interesting to explore further. This discussion provides us a hint for the existence of a
critical value of axion decay constant below which standard evolution will not be possible after
the end of inflation. In our subsequent discussion we see how the ∆(t) parameter will effect
the evolution of background dynamics of φ. The detail fluctuation analysis we left for our
future studies. However, it is important to mention that all our models under consideration,
the fluctuation are well behaved during inflation. Hence, inflationary observables will not be
effected by those instability even if the value of f is sub-Planckian.

It must be clear from previous discussions that the value of (f, s) will be constrained from
appropriate slow roll condition. For our G-axion or more generally Galileon inflation models,
the nature of initial slow roll condition is dependent upon the choice of f as it has to satisfy a
non-trivial relation (5.63). In this section we will try to understand, qualitatively, the evolution
of the scalar field depending on the initial conditions as well as our model parameters. The
equation of motion for the scalar field (5.54) combined with Eq.(5.53, in unit of Mp = 1) can
be written as

∆(t)φ̈(t) +
[
3H − 9M(φ)H2φ̇+

1

2
M ′′(φ)φ̇3 − 9

2
M2(φ)H2φ̇4

+
3

2
M(φ)M ′(φ)φ̇5

]
φ̇(t) + V ′(φ) = 0 (5.83)

From the above equation, it is evident that the solution may encounter singular behavior
depending upon the initial condition when the coefficient ∆(t) becomes zero. The initial
conditions in turn depend upon the parameters (f,Λ, s). In our numerical calculation, it has
been found that the scalar field does show singularity or oscillatory behavior depending on the
values of the above mentioned parameters. The variation of ∆(t) and c2

s with time for three
different values of f has been shown in the Fig. 5.3.
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Figure 5.4: The evolution of the scalar field for two values of f when the solution transits from oscillatory to
singular

It has been found that the minimum value of the coefficient tends to zero with decreasing
f . The smallest value of axion decay constant which yields an oscillatory solution is when the
coefficient is about to touch the zero axis. These numerical results have been confirmed in four
different numerical environments. Fig. 5.4 shows an illustration of the scalar field behavior for
M(φ) = Sin(φ/f). We have shown the behavior of the scalar field solution for two adjacent
values of f in unit of Planck when the scalar field solution makes a transition from being
singular to oscillatory. For all different functional form of M(φ), we found similar behavior for
different critical values of f . However, it is interesting to note that models of type (I, II, III),
which are marginally fitting with the PLANCK observation, always complete the inflation
before the field dynamics becomes singular for sub-Planckian decay constant. On the other
hand best fit models of type (IV, V ) do not show such behavior as singularity appears well
before the completion of inflation for sub-Planckian f . This behavior can be inferred also
from the fact that for aforementioned models the slow roll condition is violated well before the
inflation ends for sub-Planckian f . To this end we emphasize the following observation: all
the models under consideration will have coherent oscillation for super-Planckian axion decay
constant. Two of them can explain CMB observation for sub-Planckian f . From our numerical
analysis, we found f can even take super sub-Planckian value � Mp without changing the
properties of the solution. However, from the effective field theory point view, the value of
axion decay constant should be limited to O(1) > f > Λ ' 10−2. None the less, the price
we pay for those sub-Planckian model is that after inflation the inflaton field shows singular
behavior, we call them non-oscillating axion models. Hence, as will be subsequently discussed,
for those models we will employ the instant preheating mechanism to reheat the universe. The
appreance of this type of singularity is related to the pressure singularity in KGB models. It
has been shown in [200] that this pressure singularity implies infinite curvature scalar by a
finite value of Hubble parameter and a divergent sound speed.

An interesting point about the solution is that there exists a minimum value of the field
excursion, ∆φc above which we have the oscillatory solution. This value is independent of the
parameters (f, Λ and, s) for a particular form of M(φ). In the Table 5.1, we have shown the
critical value of f and the minimum field excursion when the oscillatory behavior sets in.

The PLANCK-2015 observation suggests the value of A should be within 40 ∼ 360,
considering different models under consideration. Using the condition for dominating higher
derivative term during inflation Eq.(5.63), aforementioned range of A constrains the value of
axion decay constant to be f � 6Mp ∼ 18Mp.
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Figure 5.5: Evolution of energy density of the inflaton field for two different oscillating G-axion models. The fitting
red line shows the behavior of ρφ ∼ a−3.

Summary of the scalar-field dynamics

M(φ) A ∆φc(= φ1 − φ2) fc/Mp

Constant 76 4.85158 3.24

100 4.86432 3.62

Sin(φ/f) 92 1.27722 0.93

150 1.26267 1.1

Sin2(φ/f) 88 3.30 2.5

95 3.28 2.55

Table 5.1: fc is the minimum value of f for which the oscillatory behavior set off. The values of A are so chosen that
the predicted value of ns is the central value of PLANCK.

It is now clear that for a wide range of axion decay constant our G-axion model fits
extremely well with the CMB observation. For further understanding, it is of prime importance
to go beyond the inflationary dynamics. However, for the singular behavior of the inflaton field
which we have been discussing in the previous sections, we need a detailed analysis considering
the additional reheating field coupled with the inflaton. Thanks to the instant preheating
mechanism [49], instead of considering the full dynamics, for non-oscillatory model we employ
the aforementioned instant preheating mechanism which acts at the instant of the first zero
crossing of the inflaton field [50, 51, 218, 219].

5.6 Non-oscillating axion: Instant preheating

As we have emphasized earlier, the reheating phase after the inflation is a stage when the
energy stored in the inflaton field is transferred into the other field(s) which further produce
all the matter we see today. As we have noted, we get two types of scalar field solution after
inflation. For oscillatory solution, the standard mechanism of reheating works well in our
model[220, 221]. But for the cases when the scalar field does not have coherent oscillation
after the inflation, we need to invoke alternative mechanism to reheat our universe. We see
that instant preheating, originally proposed as an alternative to preheating mechanism for
no-oscillatory inflation models, could be important. This mechanism has been successfully
implemented to reheat the universe in quintessential inflation [50, 51, 218, 219]. In the following
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sections, we study instant preheating for sub-Planckian model for f < fc ' O(1)Mp. As
mentioned before, we consider two types of coupling between the reheating field and the
inflaton and compare their results. We will see how the higher derivative coupling term plays
the important roll in our analysis.

5.6.1 Conventional Shift Symmetry Breaking Coupling

Let us start by considering the interaction Lagrangian as of the original work of Felder-Kofman-
Linde. Where the inflation φ interacts with another scalar field χ which decays to a fermion
field ψ. We write the interaction Lagrangian as

Lint = −1

2
g2φ2χ2 − hψ̄ψχ, (5.84)

where the couplings are supposed to be positive with g, h < 1 in order for the perturbation
treatment to be valid. It is evident that the above Lagrangian does not respect the shift
symmetry of our original Lagrangian. We will consider a special shift symmetric case in the
next subsection. For simplicity, we will consider the χ particles do not have a bare mass, while
its effective mass is provided by the inflation field as

mχ(φ) = g|φ|. (5.85)

The production of the χ initiate as mχ starts changing non-adiabatically after the end of
inflation.

|ṁχ| & m2
χ or, |φ̇| & gφ2 (5.86)

In the Fig. 5.6-a, we see the region where the adiabatic condition is violated for different values
of dimensionless coupling parameter g. Above condition implies that

|φ| . |φprod| =
(
φ̇end
g

) 1
2

(5.87)

Now, to estimate φ̇ analytically, we assume the slow-roll condition to hold till the end of the
inflation. This is where the higher derivative term in our model plays the role. Using Eq.(5.60),
we find that

|φ̇end| '
(

2εendMp

3
√

3M(φ)

) 1
3

(Vend)
1
6 =

(
2Mp

3
√

3M(φ)

) 1
3

(Vend)
1
6 = P (φ)(Vend)

1
6 , (5.88)

where, we have denoted

P (φ) =

(
2Mp

3
√

3M(φ)

) 1
3

It would more intuitive to express the above expression of P (φ) in terms of the derived
parameter, A that we have defined earlier. This reads as

P (φ) = 0.72
1

A 2
3

f

Mp

[
Λ4

M̃(φ̃)

] 1
3

(5.89)
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5.6. Non-oscillating axion: Instant preheating

The production time for χ particles can be estimated as

∆tprod ∼
|φprod|
|φ̇0|

∼ 1√
gP (φ)(Vend)

1
6

(5.90)

where |φ̇0| is the velocity of the field near the minimum of the effective potential. Let us
now make an estimate of the numerical values of the quantities involved. We can use the
relation (5.64) and the observed value of the scalar power spectrum to determine the value
of the inflaton potential at the end of the inflation. Taking a sample value of the KGB scale
s ∼ 10−5Mp, one finds Vend ∼ 6 × 10−6M4

p . In order for the particle production to occurs
within a very short period of time, we must satisfy ∆tprod/s < 1 which provides lower bound
on g as g > 10−6fb. Where fb is the axion decay constant in unit of Mp. Using these values, we
find the value of φ̇end ∼ 10−6M2

p . Hence to get φprod < Mp, we must choose g > 10−6. Using
uncertainty relation one can estimate the momentum kprod ' (∆tprod)

−1 ∼ (gPend)
1/2V

1/12
end of

χ particles which will be be created non-adiabatically, and [32, 49], the occupation number of
χ particles jumps from zero to

nk ' exp(−πk2/k2
prod) (5.91)

during the time interval ∆tprod. The number density can be estimated to be

nχ =
1

2π2

∫ ∞

0
k2nkdk '

k3
prod

8π3
' (gPend)

3
2V

1
4
end

8π3
(5.92)

and the energy density of the χ particles can be found to be

ρχ = mχnχ

(aend
a

)3
=

(gPendV
1
6 )

3
2

8π3
g|φ|

(aend
a

)3
(5.93)

where the (aend/a)3 term corresponds to the dilution of the energy density due to cosmic
expansion.

In numerical calculation, we found that the value of g as small as O(10−3) satisfy the
adiabaticity condition mentioned above. And with this value of coupling constant, we can
readily check that production of the χ particle is indeed instantaneous. Now, if the quanta of
the χ-field were to thermalized into radiation instantly, the radiation energy density would
become

ρr ' ρχ ∼
(gPend)V

1
6 )

3
2

8π3
gφprod ∼

g2P 2(φ)V
1
3
end

8π3
. (5.94)

Now the efficiency of instant preheating can be parametrized by the following ratio,

ρr
ρφ

' 2× 10−3

(
g

A 2
3

)2( f

Mp

)2( 1

M̃end

) 2
3

' 5× 10−6g2.

Where, in the final numerical value we considered order of magnitude values of all the parameters
A ' 100, f ' 0.1Mp, and M̃end ' 1. To this end let us quote the above ratio of energy densities
for the Quintecence inflation model where also one does not have oscillatory phase after the
inflation [50]

ρr
ρφ
' 10−2g2. (5.95)
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Figure 5.6: Figure shows the region where the adiabaticity condition is violated, which is evidently the region
where φ(t) crosses zero (black dashed line), First figure is for the coupling g2φ2χ2, while second one is forM2sin2(φ/f)χ2

This result can be proved to be generically true for conventional canonical inflation model with
the aforementioned interaction Eq.(5.84) term. Therefore, comparing with the usual model, we
conclude that for G-axion inflation model instant preheating will not be efficient enough as it
is suppressed by the same emergent parameter A which played the important role in obtaining
the sub-Planckian axion decay constant f . In addition, we also have dimensionless coupling
constant g which is constrained to be small to avoid strong coupling problem.

So far we have not mentioned anything about the fermionic coupling parameter h. Even
though the particle production at the instant of first zero crossing of inflaton, does not seem
efficient, for completeness let us constraint the possible value of h for the instant preheating
mechanism to work. The decay rate reheating field into radiation is given by Γψψ̄ = h2mχ/8π,
with mχ = g|φ|. Now for instant preheating to work it must be larger than the expansion rate
of the universe at instant of preheating

Γψψ̄ & Hprod =⇒ h2 & 8π
Hprod

gφprod
(5.96)

The order of magnitude of h can be estimated for some sample value of g we can have

h & 0.3 for g ∼ 10−2

h & 0.9 for g ∼ 10−3

As we have concluded from our analysis, instant preheating mechanism turns out to be
inefficient for the conventional shift symmetry breaking coupling considered above. We want
to see if any other type such as shift symmetric coupling can give some enhancement in the
efficiency.

5.6.2 Shift Symmetric Coupling

As we have started with shift symmetric theory, for completeness, we express the main result
for the following shift symmetric coupling

Lint = −1

2
M2 sin2

(
φ

f

)
χ2 − hψ̄ψ.χ (5.97)

Where M dimensionful coupling parameter. In the Fig. 5.6-b, we plotted the region where the
adiabaticity is lost. Follow the same methodology discussed before and under some reasonable
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assumption and approximation, we arrived at the following ratio of produced energy density
over the inflaton energy density,

ρr
ρφ
' 2× 10−3

(
M

MpA2

)(
Λ

Mp

)2( 1

M̃end

)
' 2× 10−7M, (5.98)

Where again for final numerical value, we have chosen A = 100,Λ = 10−2Mp, and M̃end ' 1.
Therefore, we again see the suppression by the factor A.

Our observation in this section is that the instant preheating mechanism seemed to be
inefficient in transferring the energy from inflaton to reheating field for higher derivative driven
G-axion inflation. This negative result can be attributed to the fact that the velocity of the
inflaton field near the end of inflation is suppressed by the parameter A as opposed to the
usual axion inflation scenario. Therefore, the adiabaticity violation turned out to be very weak
near the zero crossing of the inflaton field. Hence, the particle production became inefficient
compared to the usual canonical inflation models.

5.7 Conclusions

In this chapter we have studied the axion inflation model with a specific form of higher
derivative kinetic term within the theory of Galileon cosmology. We call it G-axion. As we
have already discussed, the usual axion inflation is now marginally consitent with PLANCK
result[53, 54] and that too for superplanckian value of axion decay constant. In this chapter,
we have described the modified G-axion with some simple choices of Galileon interaction term
M(φ)X�φ. Our main motivation was to understand more on the sub-Planckian dynamics.
One of the important motivations of studying such a modification, of course, is to explain
the current observational data by PLANCK. However, another reason is to make the model
consistent in the framework of effective field theory. With such a higher derivative modification,
our model turned out to predict inflationary parameter (ns, r) within the range of Planck data
for sub-Planckian values of all its parameters. However, we have found for some specific choices
of functions, M(φ) = {constant, sin(φ/f), sin2(φ/f)}, the sub-planckian axion decay constant
yields singular behavior in the scalar field dynamics specifically after the inflation. We dubbed
them as non-oscillatory G-axion model. The existence of such kind of singular behavior in
cosmological context has been discussed in recent studies[222, 223]. The singularity behavior
emerges from the kinetic function ∆(t) when approaching towards zero. The significance
of the singularity in Kinetic Gravity Braiding theories has been discussed. Exploring this
property for further analysis in the context of dark energy will be interesting, and we left it
for our future studies. The issues of stability and superluminal propagation speed has been
briefly discussed. It has been found that there exits parameter space when such instabilities
will arise. The possible resolution for this issues in the light of [217, 224, 225] could be very
interesting for our future work. Nonetheless, it has been found that these sub-Planckian
models provide successful inflation and right after crossing the zero in the field space it hits the
singularity. Since these models give successful inflation, we employed the instant preheating
mechanism to reheat our universe. However, it turned out that the mechanism under study is
not efficient enough. The amount of energy transferred from inflaton to the reheating field
is suppressed by the same factor A which helped us to make the model consistent with the
PLANCK observation on inflationary observables. We have studied two different types of
coupling namely, shift symmetric and conventional broken shift symmetric, to study preheating.
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For both types of coupling energy transfer turned out the be inefficient. Therefore, we need
further study to understand the sub-Planckian G-axion model. Interestingly, with regards to
the latest observation made by PLANCK, we found out super-Planckain G-axion models for
M(φ) = {cos2(φ), 1− sin(φ)} which are very well fitted as opposed to the conventional axion
inflation. For those two models we have prediction of r ' 0.03 ∼ 0.05 within the 1σ range
of ns which could be detectable in the near future CMB experiments. For super-Planckian
G-axion models, the inflaton oscillates after the end of inflation. We, therefore, have studied
model independent reheating constraint analysis.

A particularly interesting point we would like to mention is the role played by the axion
decay constant f in the dynamics of G-axion inflation. Depending on the value of f , dynamics
could be either usual kinetic term dominated or the galileon term dominated. Therefore,
an interesting regime of f exists when both terms play the role. In terms of the emergent
parameter A, the condition for inflation dominated by KGB term translated into the following
approximate relation: f � A1/2. Although this bound on f has a certain degree of dependence
on the choice of M(φ). If the value of the axion decay constant violates the above bound,
depending on the initial condition, our numerical computation shows that the inflaton dynamics
is dominated by the higher derivative term at the initial stage and subsequently it becomes
canonical kinetic term dominated around the end of inflation. This fact of two phases of
inflation will certainly have interesting consequences on the observable quantities and CMB
spectrum. For instance, in some models of inflation[226–228] a phase of super inflation is
introduced at the initial stage of inflation to explain the power suppression in the large angular
scales of the CMB. This interesting effect can be naturally explained in our model. We will be
very interesting study in future.
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Conclusions 6

“The sciences do not try to explain, they hardly even try
to interpret, they mainly make models. By a model is meant
a mathematical construct which, with the addition of
certain verbal interpretations, describes observed
phenomena. The justification of such a mathematical
construct is solely and precisely that it is expected to
work-that is, correctly to describe phenomena from a
reasonably wide area. Furthermore, it must satisfy certain
aesthetic criteria-that is, in relation to how much it
describes, it must be rather simple.”

John von Neumann in ‘Method in the Physical Sciences’

In this thesis, we have discussed the phase of inflation and reheating in the early universe
driven by single scalar field. We have seen that most of the simple scalar field inflationary
models, for instance the power-law chaotic models, are currently ruled out from the observation.
This motivates us to look into some modifications to the standard scenario which can fit well
with the observation.

We have focused on two main modifications: We have described the effects of non-polynomial
modifications of power-law potentials and the effects of higher derivative kinetic term into
the canonical scalar field Lagrangian. We have also generalized the exiting mechanism of
constraining the inflation model via CMB anisotropy through the reheating phase, and inquired
the effects of production of dark matter species during this phase. Below we summarize the
main findings of the thesis.

6.1 Summary of chapters

• In Chapter 2, we have proposed and analyzed the predictions of a class of plateau type
inflationary models from non-polynomial modifications to the chaotic power-law models.
The plateau type of potentials predicting a smaller value of tensor-to-scalar ratio are now
favored by observations. We have described a possible realization of these type of plateau
potentials from super-gravity considering anomalous U(1) symmetry superpotential. It
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has also been shown that starting from simple power-law potentials in the Jordan frame
in general scalar-tensor theory, we can also arrive at these potentials. The general
characteristics of these potentials is an infinite plateau for large field values while they
reduce to simple power-law potentials V (φ) ∝ φn around φ = 0. In order to achieve this
properties, the scale φ∗ plays important role in not only controlling the shape, but also
setting the inflationary energy scale. The inflaton takes the usual chaotic form after the
inflation. Therefore, we have studied in detail the post-inflationary reheating dynamics
within the standard setup. However, we have seen the φ∗ plays again an important role
during reheating.

• In Chapter 3, we have described the CMB constrains on the reheating phase by incorpo-
rating the explicit inflaton decay. This is an essential generalization of the existing works
in the literature where the expansion during the reheating phase was parameterized by
a time independent effective equation of the state of the system comprising inflaton
and radiation. However, in this chapter we have explicitly solved the homogeneous
Boltzmann equation for the decaying inflaton into radiation and radiation into dark mat-
ter, supplemented by the entropy conservation and the present dark matter abundance.
Through this we were able to indirectly connect the CMB anisotropy and dark matter
phenomenology. Considering the standard as well as the inflationary models discussed in
the Chapter 2, we constrain the dark matter parameter space in terms of CMB power
spectrum.

• In Chapter 4, we studied in detail the non-perturbative effects during (p)reheating after
the minimal plateau inflation with the help of 3 + 1 dimension lattice simulation. We
have addressed the issues of equation of the state parameter during the reheating phase,
the growth of non-linearity and back-reaction of the created particles and finally the
termination of preheating. Our focus on these studies was to observe the effects of the
controlling scale φ∗ on the preheating phase. It has been found that decreasing φ∗ for
any inflationary model specified by the exponent n(as well as m or λ), will result in a
decrease in the e-folding number during the preheating phase. The complete decay of
the inflaton energy is, however, not achieved for any of the models considered with a
four-legged interaction. We, therefore, considered studying the perturbative reheating
dynamics discussed in the previous chapter to complete the reheating phase.

• In Chapter 5, we have considered a different class of inflationary scenario with higher
derivative derivative terms in the Lagrangian with a specific type of symmetry called the
Galilean symmetry. The Galilean inflation that respects this summery are well studied in
the literature in the context of dark energy and inflation. The higher derivative kinetic
terms in the Galilean Lagrangian arise in such a way that the equation of motions are at
most second order thereby the theory is free from any ghost degrees of freedom. The
inflation in the realm of Galilean cosmology is dubbed as G-inflation. The potential we
have chosen to work is the Natural inflationary potential which itself exhibits discrete
shift symmetry. In natural inflation, the inflation is a pseudo Nambu Goldstone boson
known as the axion in particle physics. Despite being one of the most theoretically well
motivated models, the pure axion inflation is now marginally consistent and that too
for the super Planckian values of the axion decay constant. In this chapter, we have
constructed a viable axion inflation model called G-axion with sub-Planckian values of
axion decay constant and field excursion during inflation. We have further extended
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the study of G-axion in light of recent observations. We have seen that although the
Galilean inflation is free from any ghost instabilities at the equation of level, however,
the gradient instabilities and the issue of superluminal propagation speed may arise
at the perturbation level. We addressed those issues in this chapter. It has also been
found that the general oscillatory inflaton solution is absent in the case of G-axion for
certain parameter space thereby rendering the particle production due to parametric
resonance impossible. This motivates us to check the possibility of instant preheating
after G-axion inflation. It has been found that the efficiency of instant preheating is not
efficient enough. Therefore, further study on on the reheating is essential.

6.2 Future perspectives

During the course of this work, several perspectives have been found that need further study.
Some of them are listed below that will be subject to future works.

• The study of CMB constrains using perturbative inflation decay has several areas that
needs further refinements. For instance, explicit model building in the dark matter sector
during the reheating period could be an important research direction. However, before
creating model of dark matter during reheating era the proper high energy modifications
must be incorporated into it.

• In the present analysis, we have only considered the homogeneous evolution. It would be
very importance to analyze the evolution of perturbations of radiation and dark matter
components and study their spectral properties which can give further constraints on
our parameter space.

• The important fact that the full non-linear preheating never completes the reheting
process itself. Therefore, the full analysis with interaction that will initiate tree-level
decay and to understand how and when inflaton decay and radiation domination begins
will be interesting to study.

• We have seen that the G-axion inflation provides an attractive avenue for inflationary
model building due to its interesting symmetry. Even though it is free from ghost, it
suffers from gradient instabilities and superluminal propagation at the perturbation level.
A possible resolution to this instabilities due to sound speed has been recently proposed
in[217] in the context of effective field theory of cosmological perturbations. Application
of these mechanism to the case of G-axion will be interesting to explore further.

• We have also seen a particular interesting role played by the axion decay constant f in
the dynamics of G-axion inflation. Depending on the value of f , dynamics could be either
usual kinetic term dominated or the galileon term dominated. Therefore, an interesting
regime of f exists when both terms will influence the inflationary phase. Two phases
of inflation will have interesting consequences on the observable quantities and CMB
spectrum. For instance, in some models of inflation[226–228] a phase of super inflation is
introduced at the initial stage of inflation to explain the power suppression in the large
angular scales of the CMB. Hence the G-axion inflation can naturally provide such a two
phase inflation leaving distinct signature in the CMB. It will be a interesting project in
the future.
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Background dependent unitarity for
plateau potentials

In this section we briefly discuss about the issue of unitarity for the plateau potentials described
in Chapter 2. As it is obvious that our model is non-renormalizable because of non-linear
interaction potential. In order to be predictive, the cut off scale beyond which our model is
non-unitarity should be higher than the inflationary energy scale V 1/4. For our convenience
we calculated some sample numerical values of the inflation scale given in Table 1 for different
n. From the usual effective field theory point of view, the cut off scale Λc of a model can be
extracted from the perturbative coefficient of the potential expanded around zero. Considering
the model potential and expanding around zero, one gets,

V (φ) = λ
m4−nφn

1 +
(
φ
φ∗

)n = λ
∞∑

r=0

(−1)rφn(1+r)

mn−4φ∗nr
= λ

∑

r′

Or′

Λr
′−4
c

. (1)

Therefore, we can identify Λc = m(n−4/(n(r+1)−4))φ∗(nr)/(n(r+1)−4), the scale above which the
unitarity will be violated. From the aforementioned expression, it is clear that as we increase
the operator dimension, the cut off scale decreases. Therefore, the lowest value of the cut
off scale will be exactly at φ∗ for any value of n in large r limit. From the Table 1, we can
clearly see that all the necessary scales of our model are less than the cut off scale. In addition
what we found is that the inflaton field takes sub-Planckian initial value. Therefore, quantum
gravity effect will be unimportant which is generically not true for usual power law inflation.
The aforementioned conclusion is from the usual effective field theory point of view. However,
the background value of the scalar field may effect the unitarity limit.

φ∗/Mp n m/Mp λ H∗/Mp V 1/4
∗ /Mp

0.01 2 1.2× 10−4 1 6.8× 10−7 1.1× 10−3

4 - 7.3× 10−6 1.6× 10−7 5.2× 10−4

6 8.9 1 6.5× 10−8 3.3× 10−4

8 4.0× 10−1 1 3.6× 10−8 2.5× 10−4

1 2 1.3× 10−5 1 4.6× 10−6 2.8× 10−3

4 - 3.5× 10−11 2.7× 10−6 2.1× 10−3

6 2.8× 105 1 1.7× 10−6 1.7× 10−3

8 6.4× 102 1 1.3× 10−6 1.5× 10−3

Table 1: Inflationary energy scales and the parameter m and λ for two different values of φ∗
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In the following discussion we analyze the aforementioned background dependent unitarity
limit. In standard model of particle physics, it is known that unitarity is dependent upon the
Higgs vacuum expectation value. Therefore, this should also be true during inflation. Following
the argument for the Higgs inflation in [229], one can compute the background dependent cut
off scale Λ(φ0). The cut of scale can be read off from the coefficient of the operator of dimension
higher than four. Therefore, we expand the potential V (φ) in the inflationary background φ0

taking φ = φ0 + δφ. Because of the non-trivial background, we will have all possible operators
generated by the expansion. The dimension five operator turns out to be

δV I = Uc
[
50n(−1 + φ0

n)(1 + φ0
n)3 + 24(1 + φ0

n)4 + 35n2(1 + φ0
n)2(1− 4φ0

n + φ0
2n)

+ n4(1− 26φ0
n + 66φ0

2n − 26φ0
3n + φ0

4n) + 10n3(−1 + 10φ0
n − 10φ0

3n + φ0
4n)
]
δφ5

(2)

where,

Uc =
λm4−nφ ∗n−5 nφ0

n−5

(120(1 + φ0
n)6)

(3)

In the inflationary regime, inflaton usually assuems large field φ0 � 1 measured in unit of φ∗.
In this limit, the approximate expression for the background dependent cut off turns out to be,

Λ(φ0) =
120mn−4φ

(5+n)
0

λφ ∗n−5 n(24 + 50n+ 35n2 + 10n3 + n4)
(4)

In the inflationary background, one can check that above cut off scale is much larger than
φ∗ for all possible values of n. Therefore, the observable predictions are stable against the
quantum correction. However, detail analysis we will defer for our future studies.
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Boltzmann equations for
out-of-equilibrium processes

In Chapter 3, we have discussed the application of Boltzmann equations for the case of particle
production during the reheating phase. In this appendix, We will derive the Boltzmann
equations for out-of-equilibrium processes of particle interaction.

During the earlier times of universe most of the components of the universe were in thermal
equilibrium with each other and their interactions were much more frequent. As the temperature
decreased due to expansion of the universe, the interactions among different species became
less frequent and certain components fall out of thermal and chemical equilibrium. Depending
upon their interaction strength, some species decoupled from the rest of primordial plasma.
These out-of-equilibrium phenomena is studied in the realm of Boltzmann equations.

In this chapter, we will derive the Boltzmann equations[230] governing the rate of change of
number densities for different components of the universe for a simple case. Let us consider the
following interaction where two species 1 and 2 interacts to produce two other species 3 and 4.

1 + 2 −⇀↽− 3 + 4 (5)

Denoting the number densities of the species as ni, the rate of change of co-moving number
density of component 1 is

a3(1+w1) d

dt

(
a3(1+w1)n1

)
=

∫
d3p1

2E1(2π)3

∫
d3p2

2E2(2π)3

∫
d3p3

2E3(2π)3

∫
d3p4

2E4(2π)3
×

(2π)4δ(E1 + E2 + E3 + E4)δ3(p1 + p2 + p3 + p4)×
|M|2{f3f4(1± f1)(1± f2)− f1f2(1± f3)(1± f4)} (6)

Where, for species "i":

wi = equation of state parameter for species ‘i’,

fi = The distribution function for species ‘i’,

fi = The distribution function for species ‘i’,

pi = The momentum for species ‘i’ and,

Ei = The energy for species ‘i’,

The plus sign in the last line of the above equation is for bosons and the minus sign is for
the fermions, thus the term (1± fi) accounts for the Bose enhancements and Pauli blocking
respectively.
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Now in absence of any interaction, the right hand side vanishes merely reflecting the fact
that the co-moving number density of the species 1 is conserved in an expanding universe. The
information about the interaction is encoded into the matrix elementM which can be easily
found out once we know the interaction Lagrangian. The two Dirac delta functions in the
equation signifies the appropriate energy -momentum conversations. The last line indicates
the fact that the production rate of particle 1 increases with the abundance of species 3 and 4.
Finally, the integral has to be evaluated over all possible momenta.

The distribution function is given by

fi =
1

e
(Ei−µi)

T ± 1
(7)

Where µi is the chemical potential, the minus sign in the denominator is for bosons and plus
sign is for fermions. In the regime when T � (Ei − µi), the exponential term is much higher
than unity and the distribution function reduces to

fi ' eµi/T eEi/T (8)

The number density will be given by

ni = gie
µi/T

∫
d3p

(2π)3
e−Ei/T (9)

where gi is the degeneracy of the species ‘i’. The equilibrium number density can be written as

n
(0)
i =

{
gi
T 3

π2 for

gi

(
miT
2π

)
e−mi/T for

(relativistic),
(non-relativistic) (10)

Thus, the out-of-equilibrium expression for number density is expressed as

ni = n
(0)
i eµi/T (11)

with these expressions for number density and distribution, the last term in Eq.(6) can be
written as

e−
(E1+E2)

T

[
n3n4

n
(0)
3 n

(0)
4

− n1n2

n
(0)
1 n

(0)
2

]
(12)

Finally defining the thermally averaged cross-section, 〈σv〉, as

〈σv〉 =
e(E1+E2)/T

n
(0)
1 n

(0)
2

int
d3p1

2E1(2π)3

∫
d3p2

2E2(2π)3

∫
d3p3

2E3(2π)3

∫
d3p4

2E4(2π)3
×

|M|2(2π)4δ(E1 + E2 + E3 + E4)δ3(p1 + p2 − p3 − p4) (13)

The Boltzmann equation for the species 1 subject to the process in (5) is

a3(1+w1) d

dt

(
a3(1+w1)n1

)
= n

(0)
1 n

(0)
2 〈σv〉

[
n3n4

n
(0)
3 n

(0)
4

− n1n2

n
(0)
1 n

(0)
2

]
(14)

This equation has wide applicability in different branches of physics in general and cosmology
in particular, for instance, production of dark matter and radiation via perturbative inflaton
decay during reheating phase can be studied with appropriate set of Boltzmann equations for a
three component universe comprising the inflaton, the radiation and the dark matter particle.
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