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ABSTRACT

Cavity optomechanics aims at understanding the radiation pressure induced inter-
action between photons and mechanical motion in a cavity. The radiation pressure
force, arising due to the momentum carried by light, can displace a movable end

mirror of the cavity. This in turn changes the length of the cavity, resulting in modifi-
cation of the cavity frequency. With the rapid advances in micro and nanofabrication
techniques, this nonlinear interaction has led to the exploration of a wide variety of inter-
esting phenomena both theoretically and experimentally, such as squeezing of the light
field and mechanical motion, entanglement between optical and mechanical modes, bista-
bility, optomechanical normal mode splitting, optomechanically induced transparency,
and so on. However, due to the inevitable coupling of the mechanical resonator to its
surrounding, the quantum behavior gets masked by the thermal motion. Therefore, to
observe quantum effects in mesoscopic mechanical resonators, it is necessary to cool
them down to quantum ground state. In this thesis, we have proposed a scheme to
cool the mechanical resonator to its ground state in the unresolved sideband regime by
considering the interaction of the optical field with the excitons of a quantum well placed
inside the cavity. Also, we have discussed the bistable behavior shown by the optical field
and the mechanical motion in an optomechanical cavity, and the controllability of this
behavior by coupling it to a feedback cavity containing an atomic ensemble. In the last
part of the thesis, we have discussed the phenomena of photon and phonon antibunching
in optomechanical setups induced via destructive quantum inference in two-photon and
two-phonon excitation pathways.
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1
INTRODUCTION

1.1 Cavity optomechanics

The field of cavity optomechanics delves into the interactions between photons

and the mechanical motion in a cavity, arising due to the radiation pressure.

Radiation pressure-induced effects have been studied since as early as the 17th

century. The first cognition was offered by Johannes Kepler in 1619, when he observed

that the tail of a comet always points away from the Sun. He predicted that this might

happen due to the radiation pressure exerted by sunlight [1]. In 1873, J.C. Maxwell

suggested that due to the momentum carried by light, it can exert a pressure on material

objects during reflection, P = 2I/c (I is the intensity of light and c is the velocity of

light in vacuum). The predictions by Maxwell [2] and Bartoli [3] on the strength of the

radiation-pressure force were verified experimentally by Lebedev [4], and also Nichols

and Hull [5] independently in the early 20th century.

Radiation-pressure effects in the context of gravitational wave interferometers was

studied by Braginsky and co-workers in the 1960’s and 70’s [6]. They analyzed the

sensitivity limits imposed by the quantum nature of light and also speculated that the

radiation pressure inside a cavity with finite decay time would give rise to damping

or antidamping of mechanical motion. In the 1990’s the first set of papers discussing

the generation of quantum effects through radiation pressure inside an optical cavity

were published. These papers discussed the idea of the generation of squeezed light

1
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CHAPTER 1. INTRODUCTION

via the optomechanical Kerr-nonlinearity [7], quantum non-demolition measurements

of photon number [8], feedback cooling of mechanical oscillator [9] and generation of

nonclassical states of mechanical systems [10] etc., among others. However, initially the

required optomechanical interaction strengths were not attainable by the state-of-the-art

experiments; with only one exception of an experiment done in 1983 that demonstrated

radiation pressure induced bistability in an optical cavity [11]. The feedback cooling of

a mechanical mirror mode by radiation pressure was first demonstrated in 1999 [12].

Since then, the field of cavity optomechanics has been established as a feasible approach

to realize the quantum regime of mechanical resonators with numerous theoretical

and experimental studies [13, 14]. With the rapid advancement in nano- and microfab-

rication techniques, the availability of high-quality optomechanical devices has been

possible. Hence, the early theories on radiation pressure induced quantum effects have

become an important basis for exploring quantum optics in this whole new field of cavity

optomechanics [15, 16].

The rapid surge of interest into cavity optomechanics is driven by several motivations

(Ref. [15, 16] and the references therein). Firstly, optomechanical interaction is a viable

tool for highly sensitive detection of small forces and displacements. Another interest

is to manipulate mechanical motion in the quantum regime using light and creating

nonclassical states of light and mechanical motion. Optomechanical devices could serve

as coherent light-matter interfaces for applications in quantum information processing.

Another usefulness is the integrability to form hybrid quantum devices by combining

different quantum systems. Current research interest in cavity optomechanics includes

the generation of squeezed light, quantum non-demolition measurements of photon

numbers, ground-state cooling of mechanical motion, entanglement between optical and

mechanical modes, and quantum-state transfer between light and mechanical resonator

etc., among others.

1.1.1 Optomechanical systems

The prototype of an optomechanical system is an optical cavity with a movable end-mirror

as shown in Fig. 1.1. By trapping the photons inside the cavity, the intracavity optical

field can be amplified. When driven by a laser, owing to momentum transfer, the photons

inside the cavity can exert a radiation pressure force on the movable mirror.

As shown in Fig. 1.1, let us consider the movable end-mirror with frequency ωm

2
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1.1. CAVITY OPTOMECHANICS

Figure 1.1: A generic optomechanical cavity with one fixed, partially transmitting mirror
and one movable, totally reflecting mirror.

and mass m, and the cavity mode with frequency ωc. In typical optomechanical setups

only one of the many optical modes is considered, which is the closest to resonance

with the driving laser. Also, the mechanical mirror is designed as a simple harmonic

oscillator with only one of the many normal modes [15]. Considering the length of the

cavity to be l, the cavity round-trip time is t = 2l
c , where c is the velocity of light.

Let us consider that n photons hit the mechanical mirror in the time-duration t. Then

the momentum transfer from these photons to the resonator is ∆P = 2n~ωc
c . Hence,

the radiation pressure force exerted by these photons is given by F = n~ωc
l , which is

proportional to the instantaneous number of photons inside the cavity. Thus, the mirror

can move under the action of this force, while also undergoing Brownian motion because

of its contact with the environment.

The resonance frequency of the cavity mode is given by ωc = mπc
l , where m is the

mode number. The separation of two longitudinal resonances is called the free spectral

range (FSR) of the cavity, given by ∆ωc = πc
l . Considering the optical and the mechanical

modes, the Hamiltonian of the system reads (in the unit of ~ = 1)

H = ωca†a+ωmb†b. (1.1)

Here, a (a†) and b (b†) are the annihilation (creation) operators for the cavity and me-

chanical modes respectively. Since the radiation pressure force displaces the mechanical

3
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CHAPTER 1. INTRODUCTION

resonator from its initial position, the resonance frequency of the cavity mode now

changes depending upon the changing length of the cavity. Considering that the change

in length, x ¿ l, the cavity frequency can be expanded in the following way:

ωc(x) = ωc + x
∂ωc

∂x
+ . . .

Defining, g = xZPF
∂ωc
∂x , where ∂ωc

∂x is the optical frequency shift per displacement, we

obtain the optomechanical Hamiltonian as follows

H = ωca†a+ωmb†b+ ga†a(b+b†). (1.2)

Here, xZPF = √
1/(2mωm) is the zero point fluctuation of the mechanical resonator and

g is the single-photon optomechanical coupling strength. Now considering the coherent

drive into the cavity, the total Hamiltonian in a frame rotating with the laser frequency,

ωl is given by

H = ∆a†a+ωmb†b+ ga†a(b+b†)+Ω(a+a†), (1.3)

where, ∆ = ωc −ωl is the detuning of the cavity mode from the laser frequency and

Ω is the laser drive amplitude. Hence, it is clear from the above deduction that due to

the motion of the mirror the length of the cavity gets modified, which in turn gives rise

to the modification of the cavity frequency. This is how an optomechanical interaction

arises between light and mechanical motion. A more rigorous derivation can be found in

Ref. [17]. This optomechanical interaction lies at the heart of several recent developments

aiming at the observation of quantum mechanical aspects in nanomechanical resonators

[15].

The Hamiltonian derived in Eq. (1.3) is rather general, since it couples two bosonic

modes (the optical and the mechanical mode) via the optomechanical coupling. Therefore,

the same physics has been tested in a variety of experimental setups developed till

now. The optomechanical model with a suspended mirror in a Fabry-Pérot cavity has

been studied by several groups [18–22]. One particular instance of such suspended

mirrors is the ‘laser interferometer gravitational wave observatory’ (LIGO) [23], where

the arm-lengths are on the order of 4 km. Optomechanical interaction has also been

studied in a ‘membrane-in-the-middle’ setup [24–27]. In such a system, there can be

photon tunneling between both sides of the cavity through the membrane, and depending

upon the membrane-displacement, either linear or quadratic coupling in position can

4
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1.1. CAVITY OPTOMECHANICS

Figure 1.2: Different types of experimental optomechanical setups. Reused with permis-
sion from Ref. [15]. ©2014 American Physical Society

5
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CHAPTER 1. INTRODUCTION

be modeled. Whispering gallery mode resonators are another set of analogous systems

[28–34], where the optomechanical coupling depends on the change in radius of the

resonator. Due to radiation pressure, the radius of the resonator changes which gives

rise to a displacement-dependent resonator mode-frequency, ωc(x) = ωc(1− x/r), where

displacement, x ¿ r. In this case, the optomechanical coupling is obtained as g =
xZPFωc/r.

Another noteworthy implementation of optomechanical-type coupling is in super-

conducting microwave LC-circuits, where one of the two parallel plates of the capacitor

is movable. Depending on the displacement of the movable plate, x, the capacitance,

C = ε0A/(d+x), also keeps changing. Here, d is the equilibrium distance of the two plates

and A is the area of the plates. Therefore, the resonance frequency of the circuit, which is

given by, ωc = 1/
p

LC (L is the inductance of the circuit), becomes a function of the plate

displacement. In this case, the optomechanical coupling is obtained as, g = xZPFωc/2d.

This type of microwave setups has been studied by several groups [35–37].

Optomechanical effects have also been studied in optomechanical crystals, which

support co-localized optical and mechanical modes [38, 39]. These types of systems

possess very low mode-volume and high Q-factor. Therefore, the optomechanical coupling

is found to be larger in comparison to other types of optomechanical systems.

Some other experimental setups for studying optomechanics are levitated dielectric

objects inside a cavity [40, 41], and trapped ensemble of cold-atoms in a cavity [42–44]. In

levitated dielectric systems, the cavity frequency depends on the position of the dielectric

object in sinusoidal pattern. In cold-atomic systems, the single-photon optomechanical

coupling can be obtained on the order of the cavity decay rate.

Some instances of experimental optomechanical setups studied by various groups are

shown in Fig. 1.2.

1.1.2 Optomechanical equations of motion

An optomechanical system can be described by the Lindblad master equation approach

or by a formalism called the input-output theory [15]. When one emphasizes only on the

internal modes of the cavity, the system can be described by master equation approach.

However, if one intends to study the output or reflection from the cavity, input-output

theory is used. We briefly describe both the formalism below.

An optomechanical system has to be modeled as an open quantum system as it is

6
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1.1. CAVITY OPTOMECHANICS

always in contact with a thermal bath. The coupling to the environment acts as a channel

for decay of the cavity photons and the phonons on the mechanical resonator. Also, there

would be thermal noise entering to the mechanical resonator as it is in equilibrium with

the heat bath. This is a typical example of fluctuation-dissipation theorem. Following

input-output theory, the dissipative dynamics of the bosonic cavity mode a and the

mechanical mode b are given by [16]

ȧ = − i[a,H]− κ

2
a−p

κain,

ḃ = − i[b,H]− γ

2
b−p

γ bin. (1.4)

In these equations, the first term is motivated from the Heisenberg formalism for coher-

ent dynamics of operators, the second term incorporates the decay of the bosonic mode

and the last term describes the noise entering through the coupling to the environment.

The cavity decay rate is κ and the mechanical damping rate is γ. The correlators for the

input noise are given by

〈ain(t)〉 = 0,

〈bin(t)〉 = 0,

〈a†
in(t)ain(t′)〉 = 0,

〈ain(t)a†
in(t′)〉 = δ(t− t′), (1.5)

〈b†
in(t)bin(t′)〉 = nthδ(t− t′),

〈bin(t)b†
in(t′)〉 = (nth +1)δ(t− t′).

Here, nth =
[
exp

(
ωm
kBT

)
−1

]−1
is the thermal occupancy of the heat bath with kB being

the Boltzmann constant. For the optical mode with frequency on the order of 1014 Hz,

the number of thermal photons at 300 K is ∼ 10−35; whereas for a typical micro- or

nano-mechanical resonator with resonance frequency in the range 1−1000 MHz, the

number of thermal phonons at 300 K is found in the range of 104 −107. Therefore, for

optomechanical systems at the optical frequency, the thermal photon number can be

neglected, but the thermal phonon population has significant effect.

In the Lindblad master equation approach, the dissipative time-evolution of the

modes is given by the evolution of the density matrix

ρ̇ = −i[H,ρ]+κL [a]ρ+γ(nth +1)L [b]ρ+γnthL [b†]ρ, (1.6)

7
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where, L [o]ρ = oρo† − 1
2 o†oρ − 1

2ρo†o is the Liouvillian operator for mode ‘o’. Since

the thermal photon number is negligible, the term κL [a]ρ describes only the decay

of photons from the cavity. However for the mechanical resonator, the term γL [b]ρ

incorporates the damping, whereas the term γnth
(
L [b]ρ+L [b†]ρ

)
incorporates the

thermalization due to the environment.

1.2 Optomechanical effects

The Hamiltonian given by Eq. (1.3) exhibits several interesting phenomena in different

detuning and coupling regimes. In this thesis, we have studied the phenomena of op-

tomechanical bistability, mechanical resonator-cooling and photon/phonon antibunching

in optomechanical systems, which we discuss briefly in the following:

1.2.1 Optomechanical bistability

In order to enhance the radiation pressure induced interaction in an optomechanical

cavity, one needs to reach the strong optomechanical coupling regime where g À κ,γ.

However, it is difficult to achieve strong optomechanical coupling at the single-photon

level in experiments, as the force exerted by a single photon on a mechanical resonator

is typically very weak. Hence, as an alternate to single-photon strong coupling, one

can drive the cavity with a strong laser. Strong coupling using this method has been

demonstrated recently [21]. For a strong drive, the intracavity field is amplified, and

this in turn can trigger different types of nonlinear effects in the cavity depending on

the input laser power and the detuning of the driving laser with respect to the cavity

resonance. In the blue-detuned regime, multistability [45, 46] and instability [18] may

arise, whereas in the red-detuned regime, bistability [11] of the optical field amplitude

and mechanical resonator position occurs.

The name bistability refers to the phenomenon, where for a particular input light

intensity, two stable cavity field intensities as well as mechanical positions are possible.

To understand it, let us consider the optomechanical Hamiltonian given by Eq. (1.3). The

equations of motion are given by the Heisenberg-Langevin equations

ȧ = −
[

i
(
∆+ g

xZPF
x
)
+ κ

2

]
a− iΩ,

ẍ = −ω2
mx− g

mxZPF
|a|2 −γẋ, (1.7)

8
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1.2. OPTOMECHANICAL EFFECTS

Figure 1.3: At the points A, B and C, the restoring force and the radiation pressure force
are equal. Out of these, only A and C are stable, because the rate of growth of restoring
force is faster than that of the radiation pressure force [47].

where x = xZPF(b+b†). From Eq. (1.7), it can be observed that the mechanical resonator

acts as a damped harmonic oscillator with restoring force, mω2
mx, and a radiation

pressure force, g|a|2/xZPF, acting on it. Also, the overall detuning of the cavity changes

proportionally to the displacement of the mechanical resonator. In the steady-state, the

amplitude of the intracavity optical field and the mechanical resonator position are given

by

a = iΩ
−i[∆+ gx/xZPF]−κ/2

x = − g
mxZPFωm

|a|2. (1.8)

By substituting the second equation into the first one in Eq. (1.8), one obtains a cubic

equation in |a|2. Cubic equations can have one real root for some parameter space, or

three real roots simultaneously for other parameter spaces. Therefore in the optome-

chanical cavity, the intracavity optical intensity as well as the mechanical resonator

position can possess three different values for certain input parameters. The physics can

be understood as follows. When the mechanical resonator in an optomechanical cavity

is moved from its equilibrium position, the mechanical restoring force, mω2
mx increases

9
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CHAPTER 1. INTRODUCTION

linearly with displacement, whereas the radiation pressure force, g|a|2/xZPF is maximum

only at the cavity resonance. As a result of the competition between these two forces

(see Fig. 1.3), for sufficiently high input power, one obtains three displacement values at

which these two forces become equal. However, only two of the points are stable. This

is how bistability of the intracavity light intensity and mechanical resonator position

arises.

Earlier, optical bistability in semiconductor microcavities was demonstrated by Gibbs

et al. [48] and Baas et al. [49]. In fact, bistability was one of the early observations

in optomechanical systems. It was demonstrated experimentally by Dorsel et al. [11]

and Gozzini et al. [50]. Recently, the bistable behavior shown by the mean intracavity

photon number has been discussed in a generic optomechanical system [47], two-mode

optomechanical system [51] as well as optomechanical systems with a Bose-Einstein

condensate (BEC) [43], ultracold atoms [52], and a quantum well [53].

1.2.2 Ground-state cooling of a mechanical resonator

In an optomechanical system, the mechanical resonator is always in contact of a thermal

environment. Therefore, due to the coupling to the thermal reservoir, the quantum

behavior of the resonator is masked by the random thermal motion. In order to observe

mechanical quantum effects, one needs to cool the mechanical modes to the quantum

ground-state [36].

The optomechanical cooling of mechanical modes could be understood by using the

linearization approach. For strong input light, the cavity and the mechanical resonator

operators can be expressed as consisting of a classical and a quantum part: a = as +δa,

b = bs+δb. Then the Langevin equations for the classical and quantum fluctuation parts

are given by

ȧs = −
(
i∆′+ κ

2

)
as − iΩ,

ḃs = −
(
iωm + γ

2

)
bs − ig|as|2,

δ̇a = −
(
i∆′+ κ

2

)
δa− igas(δb+δb†)− igδa(δb+δb†)−p

κain,

δ̇b = −
(
iωm + γ

2

)
δb− igas(δa+δa†)− igδa†δa−p

γ bin. (1.9)

Here, ∆′ = ∆+ g(bs +b∗
s ), is the modified cavity detuning. For strong optical driving, the

terms igδa(δb+δb†) and igδa†δa are negligible and can be ignored. Then, the linearized

10
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1.2. OPTOMECHANICAL EFFECTS

Figure 1.4: Process of cavity-optomechanical sideband cooling. The transitions correspond
to the Hamiltonian in Eq. (1.10). Using appropriate detuning one can obtain efficient
cooling. Here,Ωm is our ωm and ωcav is our ωc. Adapted and reused with permission from
[54]. ©2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

Hamiltonian is obtained as

HL = ∆′δa†δa+ωmδb†δb+G(δa+δa†)(δb+δb†), (1.10)

where G = gas is the enhanced optomechanical coupling due to the coherent input field.

The processes described by this linearized Hamiltonian are shown in Fig. 1.4. The basic

idea of optomechanical cooling can be understood as follows: in an optomechanical system,

the scattering of intra-cavity light from the movable end mirror gives rise to Stokes

and anti-Stokes sidebands. If the mechanical mirror absorbs a quantum of energy from

the cavity optical field, the Stokes sideband originates leading to heating of the mirror,

whereas if the cavity field absorbs energy from the mirror, the anti-Stokes process occurs

resulting in cooling of the mirror. In other words, the radiation pressure force exerted by

the cavity field reacts with some delay time due to the finite cavity linewidth. Therefore

the optical field introduces extra damping for the mechanical mode in an optomechanical

cavity.

The effective cooling rate can be calculated as follows. Let us assume that the rate of

occurrence of the anti-Stokes process is A− and that of the Stokes process is A+. Then,

the rates of transition from the phonon state n to the states, n−1 and n+1 are given by

[15]

Γn→n−1 = nA−,

Γn→n+1 = (n+1)A+. (1.11)

11

TH-1801_136121002



CHAPTER 1. INTRODUCTION

Figure 1.5: (a) The process of producing Stokes and anti-Stokes radiation. (b) and (c)
demonstrate the requirement of the resolved-sideband condition.
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The optomechanical damping rate is given by the net downward transition rate,

Γom = A−− A+ (1.12)

We assume that the optomechanical system is kept in a thermal environment with

average phonon occupancy nth. This thermal bath will also give rise to extra transition

probabilities from the state n, which are given by

Ath
+ = nthγ, Ath

− = (nth +1)γ.

Therefore, the net rate of change of average phonon occupancy on the mechanical res-

onator is given by

˙̄n = (n̄+1)(A++ Ath
+ )− n̄(A−+ Ath

− ). (1.13)

At the steady-state, which corresponds to ˙̄n = 0, the average phonon number is given by

n̄ = A++nthγ

γom +γ (1.14)

The transition rates can be obtained from the Fermi’s golden rule as

A± = x2
ZPFSFF (∓ωm) (1.15)

where,

SFF (ω) =
∫ ∞

−∞
dteiωt〈F(t)F(0)〉 (1.16)

is the quantum noise spectrum. To obtain effective cooling of the mechanical mirror, the

cooling rate should exceed the heating rate.

In analogy to the laser cooling of ions in the strong-binding regime [55], conventional

cavity cooling of mechanical oscillators works in the resolved-sideband regime, where

the cavity-mode decay rate is lower than the mechanical oscillator resonance frequency

[36, 39, 56], as explained in Fig. 1.5. However, for typical mechanical oscillators with

frequency in the range of kHz–MHz, fulfilling this condition is a challenging task. To relax

this requirement, few approaches on ground-state cooling in the unresolved sideband

regime have been suggested recently, such as cooling using dissipative coupling [57–59],

coupling with a high-Q auxiliary cavity [60–62], hybrid atom-optomechanical systems

[63–65], and using optomechanically induced transparency [66].
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1.2.3 Photon blockade

Once the mechanical resonator in an optomechanical cavity is prepared in or near to

its ground state, the system can further be used for quantum information processing

related applications. On-demand generation of single photons is a primary requirement

in light-based quantum information processing [67]. In recent years, significant progress

have been made towards the demonstration of single-photon sources in various platforms,

such as single quantum dots integrated with photonic crystal cavities [68], optical fibers

[69] or single atoms coupled with micro-cavity systems [70]. One of the ways of obtaining

single photons is via the mechanism called photon blockade. It is a quantum optical

effect that arises as a result of the quantum anharmonicity ladder in a nonlinear cavity.

In most of the studies, the prototype that has been widely explored is cavity quantum

electrodynamics. The addition of a Kerr-medium or an atom or quantum dot to a cavity

makes it a highly nonlinear system and induces break down of the harmonicity of the

energy levels of the cavity. This leads to the phenomenon of photon blockade, where

only a single photon can occupy the cavity-atom or cavity-quantum dot system at a time

[71, 72]. Presence of one photon prohibits the simultaneous transmission of multiple

photons through the cavity and a stream of one-by-one single photons at the output of

the device from a coherent light input could be achieved.

There have been proposals for achieving single-photon blockade in several systems

such as coupled cavity arrays [73], circuit-QED systems [74], and so on. Recently P. Rabl

discussed the idea of realizing photon blockade in an optomechanical system via the

optomechanical interaction-induced nonlinearity [75]. Subsequently there were several

proposals for photon blockade in optomechanical setups including two-mode optomechan-

ical systems [76], quadratically coupled optomechanical system [77], optomechanical

cavity coupled to a two-level sytem [78] etc.

To understand the origin of the photon blockade effect, we consider the optomechani-

cal Hamiltonian given by Eq. (1.3). Now, using a polaron transform, U = e
g

ωm a†a(b†−b), the

Hamiltonian can be diagonalized in the absence of coherent driving and bath interactions.

In presence of coherent driving, the transformed Hamiltonian is given by

H = ∆a†a+∆ga†a†aa+ωmb†b+Ω(a+a†), (1.17)

where, ∆g = g2/ωm. In absence of the driving field, the energy eigenvalues are given

by, Enm =∆n−∆gn2+ωmm, with eigenstates, |Enm〉 = |n〉⊗ |m〉. From the energy-levels

as shown in Fig. 1.6, it is evident that for a fixed value of m, the energy-levels are not
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Figure 1.6: Energy-level diagram for an optomechanical system. Here, ε is our Ω, and
η= g/ωm. Reused with permission from [75]. ©2011 American Physical Society

equidistant. Therefore, for a resonant coherent driving from n = 0 to n = 1, the next

transition from n = 1 to n = 2 is off-resonant, which gives rise to photon blockade.

The occurrence of photon blockade is characterized by the observation of sub-Poissonian

statistics of the output field [79]. It can be analyzed by means of the zero-time delay

second-order correlation function given by

g(2)(0)= 〈a†(t)a†(t)a(t)a(t)〉
〈a†(t)a(t)〉2 , (1.18)

and the two-time correlation function

g(2)(τ)= 〈a†(t)a†(t+τ)a(t+τ)a(t)〉
〈a†(t)a(t)〉2 . (1.19)

For nonclassical light g(2)(0)< 1 and g(2)(τ)> g(2)(0).

As in other nonlinear systems, single-photon blockade in optomechanical system

is generally possible only in the single-photon strong coupling regime where, g À κ,γ.

However, this type of optomechanical coupling where the influence of one photon is

enough to control the mechanical motion is difficult to achieve. There is only one exception

of optomechanical systems consisting of an ensemble of cold atoms, where this regime

has been reached. In a recent work by Liew and Savona [80], a new mechanism was

invoked to realize photon blockade, based on quantum interference between photon

excitation pathways that is referred to as the unconventional photon blockade. It was
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shown that strong antibunching could be achieved even with a weak Kerr nonlinearity

in a system consisting of two coupled quantum modes. Realization of unconventional

photon blockade has been predicted in a few systems, such as coupled nonlinear photonic

molecules [81], coupled single quantum dot–cavity system [82], coupled cavities with

third-order nonlinearities [83], and coupled optomechanical systems [84].

1.2.4 Phonon blockade

Photons have been considered as the conventional candidate for the role of transfering

and storing quantum information owing to the good integrability to different systems.

However, phonons also offer promising role as quantum information carrier due to the low

damping rate and the integrability to a wide range of quantum systems such as electric,

magnetic and optical systems [85, 86]. In fact, it was noted that the low propagation

speed of phonons may enable new dynamic schemes for processing quantum information,

and due to the short wavelength of phonon, it may be exploited to explore new regimes

of atomic physics that cannot be reached otherwise in photonic systems [87]. Single

phonons are the necessary elements in phononic networks. There are several proposals

for preparing single phonons such as via two-phonon damping [88], via performing

measurements [89] and via heralded measurement of the Stokes photon in optomechanics

[90, 91]. In analogy to photon blockade, one can realize phonon blockade as a signature

of quantum behavior in nanomechanical resonators. By coupling a mechanical resonator

to a qubit or by including a nonlinearity, one can obtain the blockaded state where

upon external driving, the number of excitations in the mechanical resonator never

exceeds one. There are several proposals in this regard [92–95]. However, the intrinsic

nonlinearity in most of the mesoscopic mechanial resonators is very weak [96, 97]. To

circumvent this, the idea originally proposed by Liew and Savona [80] in case of photons

can be borrowed, where the destructive interference between two-phonon excitation

pathways would give rise to phonon blockade. Some of the works in this line has been

reported recently [98, 99].

In addition to these phenomena that we discussed here, there are many other intrigu-

ing properties shown by optomechanical systems. In the opposite process of cooling, the

mechanical resonator motion can be amplified. When the amplification rate exceeds the

mechanical damping rate, dynamical instability of the mechanical motion arises and

finally one can reach the regime of self-sustained oscillations. This has been studied
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in several systems [45, 100–108]. Using the optomechanical interaction one can also

realize the analog of electromagnetically induced transparency seen in atomic systems

[109–113]. One can also generate entanglement between the optical and the mechanical

mode [114–117], squeezing of mechanical modes [118–120] and non-classical mechanical

states [121–123].

1.3 Outline of the thesis

In the following, we present the plan of the thesis briefly by including a description of the

various problems that have been tackled in the form of different chapters of the thesis.

Chapter 2 discusses the bistable behavior shown by the mean intracavity optical field

and the position of the mechanical resonator in an optomechanical cavity, and the effect

of optical feedback from a cavity containing an ultracold two-level atomic ensemble on

the bistable behavior. We show that the optical bistability can be controlled by tuning the

frequency and power of the driving laser and is largely affected by the presence of the

atomic ensemble in the feedback cavity. In essence, our work emphasizes the possibility

of realization of a controllable optical switch that depends on the hybrid interaction and

commands lower threshold power than a single optomechanical cavity.

In chapter 3, we discuss the ground-state cooling of a mechanical oscillator in an

optomechanical cavity in presence of a quantum well, in the unresolved-sideband regime.

Due to the presence of the quantum well, the cavity response gets modified and leads to

asymmetric heating and cooling processes. The cooling rate of the mechanical resonator

can potentially be enhanced by tuning the cavity-field detuning. We show that even when

the cavity is in the unresolved-sideband regime, the effective interaction of the excitons

and mechanical mode can bring the system back to an effective resolved-sideband regime.

The time evolution of the mean phonon number in the mechanical resonator is studied

using the quantum master equation approach. The average phonon occupancy in the

mechanical resonator tends to zero with time.

In chapter 4, we discuss the occurrence of photon blockade in optomechanical systems

via destructive quantum interference between two-photon excitation pathways. First, we

consider an optomechanical system in which two weakly nonlinear optical modes interact

with a mechanical mode via three-mode resonance. We show that through the three-

mode interaction, distinct pathways can be created that leads to two-photon excitation

in the higher frequency optical mode. This may lead to the phenomenon of photon
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antibunching via destructive quantum interference. We derive the optimal conditions for

unconventional photon blockade and numerical analysis also holds these results. We also

discuss the photon blockade effect in an optomechanical cavity containing a degenerate

optical parametric amplifier. We show that for optimal values of the amplifier pump

amplitude and phase, strong photon antibunching can be realized.

Chapter 5 discusses the phenomenon of phonon blockade in a system of two weakly

nonlinear coupled mechanical resonators. We show that via the effect of destructive

quantum interference between the paths leading to two-phonon excitation, phonon

blockade can be realized in the system. We also show that in comparison to a single drive

applied on a single mechanical resonator, driving both the mechanical resonators can

be beneficial in terms of temperature sensitivity of phonon blockade. Also, we discuss

the aspect of detection of phonon blockade via connecting it to an optomechanical cavity

where the radiation pressure force can be exploited to obtain the photon correlation as a

measure of phonon blockade.

Chapter 6 concludes the thesis with a summary of the major findings of the research

works carried out, and a brief outline on the scope for future studies.
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2
OPTOMECHANICAL BISTABILITY

In this chapter, we study the bistable behavior shown by the mean intracavity

optical field in an optomechanical cavity, and the effect of optical feedback from a

cavity containing an ultracold two-level atomic ensemble on the bistable behavior.

It is observed that the optical bistability can be controlled by tuning the frequency and

power of the driving laser and it is largely affected by the presence of the atomic ensemble

in the feedback cavity. In essence, our work emphasizes the possibility for realization

of a controllable optical switch that depends on the hybrid interaction and commands

lower threshold power than a single optomechanical cavity.

Optical bistability inside a cavity with finite decay time, arising due to the dynamic

backaction induced by radiation pressure has been studied in various optomechanical

systems [43, 47, 51–53, 124–127]. In this work, we consider a hybrid optomechanical

system consisting of two cavities, one optomechanical and the other containing an

ultracold two level atomic ensemble, coupled by a single pump laser. Currently hybrid

optomechanical systems [63, 65, 128–133] are highly in focus due to the versatility of

both optical and mechanical components in coupling to different systems such as spins,

cold atoms, superconducting qubits etc. In particular, we study the bistable behavior

shown by the cavity optical field in the optomechanical cavity with and without feedback

An article based on this chapter is published in J. Opt. Soc. Am. B, vol. 33, No. 7, year 2016, pages
1335-1340; title: “Controllable optical bistability in a hybrid optomechanical system”; authors: Bijita Sarma
and Amarendra K. Sarma. Selected contents are reproduced with permission. ©2016 Optical Society of
America.
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Figure 2.1: A hybrid optomechanical cavity setup with an optomechanical cavity A and a
feedback cavity C containing ultracold atomic ensemble, coupled optically.

from the atomic cavity. We discuss the controllability of the bistable behavior of the

mean intracavity optical intensity in the optomechanical cavity depending on the system

parameters provided by the feedback cavity.

2.1 Model and theory

We consider a hybrid optomechanical system consisting of two cavities A and C as shown

schematically in Fig. 2.1. Cavity C, with both the end mirrors fixed contains an ensemble

of ultracold two-level atoms. Cavity A consists of one fixed end mirror and another

movable end mirror with resonance frequency ωm, effective mass m and decay rate γm.

Cavity A is driven by an intense pump laser of frequency ωL , which exerts a radiation

pressure force on the movable end mirror. The output optical field from the cavity A

drives the cavity C, and the output from cavity C is again fed back into cavity A.

The Hamiltonian of the whole system, in a frame rotating with the driving laser

frequency ωL, is given by,

H = ~∆Aa†a+~∆C c†c+ p2

2m
+ 1

2
mω2

mq2 + 1
2
~∆atσ3 +~gat

(
c†σ12 + cσ21

)
−~gOMa†aq+~J

(
c†a+a†c

)
+ i~εA

(
a† −a

)
, (2.1)

where the first and second terms represent the free energy of the cavity modes in
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the two cavities, A and C respectively. ∆A = ωA −ωL and ∆C = ωC −ωL are the cavity

detunings with ωA and ωC being the corresponding cavity resonance frequencies. The

third and fourth terms give the energy of the mechanical oscillator expressed in terms

of the position and momentum operators q and p satisfying the commutation relation

[q, p]= i~. The fifth term is the energy of the two-level atomic ensemble trapped inside

the cavity C where, ∆at =ωat−ωL, is the detuning of the atomic resonance from the laser

drive. σi j ’s are the atomic operators with σi j = |i〉〈 j| and we have denoted σ22 −σ11

as σ3, where σ22 and σ11 are the atomic populations in the excited and ground levels

respectively. The sixth term describes the interaction of the atomic ensemble with

the optical field in the cavity C, gat being the single atom-photon coupling constant.

The seventh term is the optomechanical interaction term, where, gOM = ωA/L, is the

optomechanical coupling between the cavity field and the mechanical oscillator in cavity

A. The eighth term accounts for the coupling between the two cavities where J is the

coupling strength [134–138]. The last term represents the effect of the driving pump

laser with frequency ωL and amplitude εA =
√

2kAPin,A
~ωL

, on the optomechanical cavity

where Pin,A is the input laser power.

To study the effect of feedback into cavity A, we first need to analyze the cavity field

dynamics in cavity C. The time evolution of the system operators are given by nonlinear

Heisenberg-Langevin equations:

dc
dt

= − (kC + i∆C) c− igatσ12 − iJa+
√

2kC cin (t) , (2.2a)

dσ12

dt
= − (

γat + i∆at
)
σ12 + igatcσ3 +

√
2γat cin (t) , (2.2b)

where, γat is the atomic coherence decay rate and cin is the input vacuum noise operator

with zero mean value and nonzero correlation function given by [139]

〈cin (t) c†
in

(
t′
)〉 = δ(

t− t′
)
. (2.3)

Assuming the system operators under mean field approximation and considering 〈σ22〉 =
0 and 〈σ11〉 = N , i.e. atoms populating only the ground state, the steady state operators

are given by

cS = −iJa

kC + i∆C + g2
atN

γat+i∆at

, (2.4a)

σ12,S = −igatcSN
γat + i∆at

(2.4b)
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Now, defining the dimensionless position and momentum operators, Q =
√

mωm
~ q and

P =
√

1
m~ωm

p, satisfying the commutation relation [Q,P]= i, the equations of motion for

the operators for cavity A are given by

dQ
dt

= ωmP, (2.5a)

dP
dt

= ωmχa†a−ωmQ−γmP +ξ, (2.5b)

da
dt

= − i∆a−

kA + J2

kC + i∆C + g2
atN

γat+i∆at

a+εA +
√

2kA ain, (2.5c)

where, χ= ωA
ωmL

√
~

mωm
= g

ωm

√
~

mωm
, is the scaled coupling constant, and ∆=∆A −ωmχQS

is the effective detuning in the optomechanical cavity. ain is the input vacuum noise

operator for cavity A, given by [139]〈
ain (t)a†

in

(
t′
)〉= δ(

t− t′
)
. (2.6)

ξ is the Brownian noise operator associated with the damping of the mechanical oscillator,

with zero mean value and nonzero correlation function given by [140]

〈
ξ(t)ξ(t′)

〉= 1
2π

γm

ωm

∫
ωe−iω(t−t′)

[
1+coth

( ~ω
2kBT

)]
dω. (2.7)

2.2 Bistability of the intracavity field and mirror

position

Bistability is a ubiquitous phenomenon observed in many nonlinear systems. The inher-

ent nonlinearity in the equations of motion of our system indicates observation of such

effects through optomechanical coupling. Considering that the mean values of the system

operators can be factorized, one derives the steady state solutions of the equations (2.5)

as

QS = χ|aS|2, (2.8a)

PS = 0, (2.8b)

aS = εA

kA + J2

kC+i∆C+
g2

atN
γat+i∆at

+ i∆
. (2.8c)
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Figure 2.2: Plot of (a) χQS vs ∆A
ωm

for P = 0.3 µW (blue solid line), 3 µW (red solid line)
and 7µW (green solid line), (b) χQS vs P for optomechanical cavity detuning ∆A =ωm.
Other system parameters used are L = 1mm, m = 10 ng, λ= 794.98 nm, ωm = 10 MHz,
kA = 0.1 ωm, Q = 107.

Simplifying Eq. (2.8)(a)-(c) , we get the following expression for |aS |2, that indicates the

occurrence of bistable behavior

|aS |2
[
k2

new + (
∆new −ωmχ

2 |aS|2
)2

]
= |εA|2 , (2.9)

where, knew = kA + J2(γat A1+∆at A2)
A2

1+A2
2

, and ∆new = ∆A + J2(∆at A1−γat A2)
A2

1+A2
2

, are the modified

optomechanical cavity decay rate and detuning in presence of the atomic cavity; with

A1 = g2
atN + kC γat −∆C∆at and A2 = ∆Cγat + kC∆at . Now, to observe bistability, one
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must have ∂|εA |2
∂|aS |2 = 0, which results in the condition for our system

(
k2

new +∆2
new

)−4∆newωmχ
2 |aS|2 +3ω2

mχ
4 |aS|4 = 0. (2.10)

Equation (2.10) is a quadratic equation in |aS |2 that will have two distinct roots when the

discriminant is positive: ω2
mχ

4(∆2
new−3k2

new)> 0. This expression clearly shows that for

χ= 0, i.e. when there is no optomechanical coupling, bistability disappears. For nonzero

χ, the condition for bistability is given by: ∆2
new −3k2

new > 0, or,

∆2
A −3k2

A+
J4(

A2
1 + A2

2
)2

(
∆atA1 −γatA2

)2 −3
J4(

A2
1 + A2

2
)2

(
γatA1 +∆atA2

)2

−6kA
J2

(A2
1 + A2

2)

(
γatA1 +∆atA2

)+2∆A
J2

(A2
1 + A2

2)

(
∆atA1 −γatA2

)> 0. (2.11)

To analyze the bistability behavior of intracavity optical field in the optomechanical

cavity, first we consider the case for J = 0, i.e. without coupling to the atomic cavity. In

absence of the atomic cavity, the condition in equation (2.11) reduces to ∆2
A −3k2

A > 0.

Fig. 2.2(a) shows the behavior of intracavity optical intensity and mechanical resonator

position in the optomechanical cavity denoted in terms of χQS with respect to normalized

cavity detuning in the optomechanical cavity, ∆A/ωm. The parameters used are: L = 1mm,

m = 10 ng, λ = 794.98 nm, ωm = 10 MHz, kA = 0.1 ωm, Q = 107 [141]. The cavity is

pumped at the red sideband, ∆A =ωm. For driving laser power P = 0.3 µW, the mean

intracavity intensity curve is nearly Lorentzian. With increasing power of the driving

laser, bistable behavior is seen to occur after crossing a critical value of the input laser

power. It is also noted that for higher laser power, bistability occurs at larger cavity

detuning. Fig. 2.2(b) exhibits the hysteresis curve for the mean intracavity intensity

with respect to varying input power, without feedback from the atomic cavity. This curve

clearly indicates the bistable behavior of the intracavity photon intensity. If one starts

scanning from a low driving power and gradually increases the driving laser power, the

intracavity intensity initially follows the lower stable branch. When it reaches the first

bistable point P1, it jumps to the upper stable branch and continues to follow that branch

for further increasing laser power. Now, if one starts decreasing the input laser power,

the intracavity intensity is observed to decrease following the upper stable branch at

first; however when it reaches the second bistable point P2, it will jump down to the

lower stable branch and continue to decrease along that branch for further decrease in

the input laser power.
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Figure 2.3: (a) Plot of χQS vs ∆A/ωm, with driving power P = 20 µW, (b) Plot of χQS vs
P, with cavity detuning ∆A =ωm; for different values of ∆at. Other parameters used are:
J =ωm, gat = 2π kHz, kC = 0.1ωm, N = 108, γat = 2π×2.875 MHz, ∆C =ωm, others same
as in Fig. 2.2.

Next, we proceed to study the bistability behavior of the intracavity optical field in

the optomechanical cavity in presence of the atomic cavity. The effect of the presence of

the atomic ensemble is shown in Fig. 2.3. The parameters considered are: gat = 2π kHz,

kC = 0.1ωm, N = 108, γat = 2π×2.875 MHz,∆C =ωm and J =ωm [62, 137, 142]. Fig. 2.3(a)
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shows the bistable behavior shown by the intracavity optical intensity with respect to

the detuning in the optomechanical cavity for different values of ∆at, and Fig. 2.3(b)

shows the hysteresis curves. From Fig. 2.3(a), it is evident that the bistable behavior is

dependent on the atom-field detuning ∆at. We get different operating frequency range

for bistability for the same input power if we have different atom-field detunings. As

can be seen from Fig. 2.3(a), for higher atom-field detuning, the intracavity optical field

curve is nearly Lorentzian. Therefore for higher values of atom-field detuning bistability

vanishes. It should be noted that the mean intracavity intensity is highly system specific.

In order to satisfy the condition for bistability, the contribution from all the terms in the

LHS of Eq. (2.11) should add up to give a positive number. The bistability behavior also

depends on the atom-cavity coupling gat and the coupling between the two cavities J, as

indicated in Eq. (2.11).

Fig. 2.3(b) shows the hysteresis curve for the intracavity optical field. It shows that,

for increasing value of atom-field detuning, the operating power range for bistability

becomes wider. For the parameters considered in Fig. 2.3(b), it can be trivially shown that

for the system to exhibit bistability, ∆at should be approximately higher than −60γat,

which is the threshold value for ∆atfor the specific parameters. The threshold power for

observing bistability can be calculated to be: Pth = }ωL
2kA

|aS|2th [k2
new+ (∆new−ωmχ

2 |aS|2th)],

where, |aS|2th =
(
2∆new −

√
∆2

new −3k2
new

)
/
(
3ωmχ

2), is the intra-cavity photon number at

the threshold power. For ∆at = 0, the threshold power needed for bistability is almost

equal to that for the single optomechanical cavity; and if the detuning is increased to

more positive value, the threshold value of input power further shows an increase as

seen from Fig. 2.3(b). Significantly, for negative values of ∆at, the threshold input power

for the hybrid system appears to be lower than the generic single cavity case, as shown

in Fig. 2.3(b). The threshold power, Pth also depends on the decay rate of the feedback

cavity kC.

The variation of Pth with respect to kC and ∆at is shown in Fig. 2.4. This shows

that for a range of ∆at and kC, the threshold power is lower than that for the single

cavity optomechanical system, which is calculated to be 31.9 µW for the experimental

parameters considered in this work. Lower value of threshold power is obtained for lower

values of kC as can be seen from Fig. 2.4. The occurrence of bistability at low input power

can be attributed to the additional feedback field from the atomic cavity. Lower decay

rate of the atomic cavity ensures more feedback intensity to the optomechanical cavity.
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Figure 2.4: Variation of threshold power for bistability as a function of ∆at/γat and kC/ωm.

Therefore, by coupling a feedback cavity with optimum parameters to the optomechanical

cavity, one can observe bistability for lower input power. Conclusively, we find that the

system has the following three externally controllable parameters: power of the single

driving laser, cavity-field detuning in the optomechanical cavity and the atom-field

detuning in the atomic cavity. The extra controlling parameters provided by the feedback

from the atomic cavity modify the condition for bistability. This presents us with more

flexibility in switching the intracavity intensity in the optomechanical cavity, between

the two stable branches.

2.3 Summary

In conclusion, we have studied a hybrid system consisting of an optomechanical cavity

and another cavity containing ultracold two level atomic ensemble serving as a feedback

to the first cavity; with a special emphasize on bistability shown by the optical field

in the optomechanical cavity, emerging due to the effect of radiation pressure force. It

turns out that the bistable behavior of the intracavity field in the optomechanical cavity

can be controlled by tuning the power of the single driving laser as well as by changing

the frequency of the driving laser that can control the cavity-field detuning in the

optomechanical cavity and the atom-field detuning in the atomic cavity. This allows more
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flexibility in controlling bistability compared to the single cavity optomechanical system.

In addition, by coupling the atomic cavity with the optomechanical cavity, one can obtain

bistability for much lower threshold power compared to the generic optomechanical

cavity system.
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3
GROUND-STATE COOLING OF A MECHANICAL

RESONATOR IN THE UNRESOLVED-SIDEBAND REGIME

This chapter discusses the ground-state cooling of a mechanical resonator in an

optomechanical cavity induced by a quantum well, in the unresolved-sideband

regime. Due to the presence of the quantum well, the cavity response gets

modified and leads to asymmetric heating and cooling processes. The cooling rate of the

mechanical resonator can potentially be enhanced by tuning the cavity-field detuning. It

is demonstrated that, even when the cavity is in the unresolved-sideband regime, the

effective interaction of the excitons and mechanical mode can bring the system back to

an effective resolved-sideband regime. The time evolution of the mean phonon number

in the mechanical resonator is studied using the quantum master equation. The average

phonon occupancy in the mechanical resonator tends to zero with time.

3.1 Brief overview

In the previous chapter, we studied the bistable behavior shown by the mean intracavity

optical field and mechanical mirror position, which is a classical nonlinear optomechani-

An article based on this chapter is published in Phys. Rev. A, vol. 93, No. 3, year 2016, pages 033845:1-
7; title: “Ground-state cooling of micromechanical oscillators in the unresolved-sideband regime induced by
a quantum well”; authors: Bijita Sarma and Amarendra K. Sarma. Selected contents are reproduced with
permission ©2016 American Physical Society.

29

TH-1801_136121002



CHAPTER 3. GROUND-STATE COOLING OF A MECHANICAL RESONATOR IN THE
UNRESOLVED-SIDEBAND REGIME

cal effect. In this chapter, we analyze the phenomenon of mechanical resonator-cooling

which essentially occurs in the regime of linearized quantum optomechanics [15]. For

observing quantum effects in optomechanical systems, ground state cooling of the me-

chanical oscillator is an essential condition [36, 39, 56, 143]. In an optomechanical

system, the light scattered from the movable end mirror gives rise to Stokes and anti-

Stokes sidebands. During the Stokes process, the mirror absorbs a quantum of energy

from the cavity optical field, leading to heating of the mirror; whereas during the anti-

Stokes process, the cavity field absorbs energy from the mirror resulting in cooling of

the mirror. To obtain an effective cooling of the mechanical mirror, cooling rate should

be higher than the heating rate. Therefore, in analogy to the laser cooling of ions in

the strong binding regime [55], conventional cavity cooling of mechanical oscillators

requires the condition of resolved-sideband regime, where the cavity mode decay rate

is lower than the mechanical oscillator resonance frequency [56, 144, 145]. However,

in practical situations, for typical mechanical oscillators of frequency in the range of

kHz-MHz; fulfilling this condition is a challenging task, that poses serious constraints

experimentally. To relax this requirement, few different approaches have been suggested

such as cooling using dissipative coupling [57–59, 146, 147], coupling with high-Q auxil-

iary cavity [60–62], hybrid atom-optomechanical systems [63–65, 148–151], and using

optomechanically induced transparency [66, 152]. Here, in this chapter, we consider the

cavity cooling of a micromechanical mirror, with a quantum well (QW) having lower

exciton decay rate, placed inside the optomechanical cavity. This type of solid-state sys-

tems has their own advantages over atomic cavity systems. The engineerable emission

frequency, fixed position and potential for integration with cavities and waveguides using

developed semiconductor fabrication techniques [149, 153, 154] make them unique tool

for exploring optomechanics further [15, 30, 155, 156]. The same type of system has

been studied in the context of nonlinear effects like bistability and squeezing of the

output field [53, 157]. It is also predicted in such a system that the interaction between

the exciton and mechanical modes through the cavity field may lead to entanglement

between the two [158].

We explore the aspect of ground state cooling of the mechanical oscillator in the

unresolved-sideband regime. In this regime, by coupling the mechanical oscillator to

a quantum well placed at the anti-node of the cavity field, one can modify the noise

spectrum. This illustrates mode structuring around the sidebands, due to the inhibition of

the heating process, while enhancing the cooling process through quantum interference.
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In order to study the cooling effect in the mechanical oscillator, we use an effective

exciton-phonon interaction model that is analogous to dark mode formation, which has

been studied extensively in optomechanics, in connection to state transfer protocols

[159, 160]. The dark mode in optomechanics is similar to coherent-population trapped

state or the dark state in atomic physics [161]. The similarity to the so-called stimulated

Raman adiabatic passage (STIRAP) is also notable.

3.2 Model and theory

Figure 3.1: An optomechanical cavity containing a Quantum Well (QW) placed at the
antinode of the cavity field.

We consider an optomechanical cavity containing a QW as shown schematically in

Fig. 3.1. The movable end mirror has resonance frequency ωm, effective mass m and

decay rate γm. The cavity is driven by an intense pump laser of frequency ωL, which

exerts a radiation pressure force on the movable end mirror. The Hamiltonian of the

system is given by (in the unit of ~= 1)

H = Hfree +Ho-m +Ho-d +Hdrive (3.1)
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The first term Hfree in Eq. (3.1) describes the free Hamiltonian of the system, given by

Hfree =ωcc†c+ωdd†d+ωmb†b, where, ωc, ωd and ωm are the resonance frequencies of

the cavity optical field, the QW excitons and the mechanical oscillator respectively. Since

we are dealing with quasi-resonant coherent excitation, higher lying exciton states of

the QW are neglected. The optomechanical interaction between the cavity mode and

the mechanical oscillator is described by the second term, Ho-m = gOMc†c
(
b† +b

)
. Here,

gOM is the single-photon optomechanical coupling strength between the cavity field

and the mechanical oscillator. The third term in Eq. (3.1) accounts for the coupling

between the cavity mode and the exciton mode in the QW, given by Ho-d = g
(
c†d+d†c

)
,

with interaction strength, g. The last term represents the pump laser driving, given by,

Hdrive = εp
(
c†e−iωL t + ceiωL t), with pump laser frequency, ωl , and amplitude, εp =

√
κcPin
ωL

;

Pin and κc being the input power and cavity decay rate respectively. In the frame rotating

with the input laser frequency, ωL, one can obtain the Hamiltonian of the system as

H =−∆cc†c−∆dd†d+ωmb†b+ gOMc†c
(
b† +b

)
+ g

(
c†d+d†c

)
+εp

(
c† + c

)
, (3.2)

where, ∆c = ωL −ωc, and ∆d = ωL −ωd, are the detunings of the cavity mode and the

exciton mode respectively. The time evolution of the system operators are given by the

nonlinear Heisenberg-Langevin equations

ċ =
(
i∆c − κc

2

)
c− igOMc

(
b† +b

)
− igd− iεp −p

κc cin(t), (3.3a)

ḋ =
(
i∆d −

κd

2

)
d− igc−p

κd din(t), (3.3b)

ḃ =
(
−iωm − γm

2

)
b− igOMc†c−p

γm bin(t), (3.3c)

where, κc, κd and γm are the decay rates of the optical mode, exciton mode and the

mechanical mode respectively. Here, cin, din and bin are the corresponding input vacuum

noise operators with zero mean value and nonzero correlation functions given by [139]:〈
cin (t) cin

† (
t′
)〉= δ(t− t′),〈

din (t)din
† (

t′
)〉= δ(t− t′),〈

bin (t)bin
† (

t′
)〉= (nth +1)δ(t− t′),〈

b†
in (t)bin

(
t′
)〉= nthδ(t− t′),

where, nth is the environmental thermal phonon number given by, nth = [exp(ωm/kBT) −1]−1,

with, kB being the Boltzmann constant, and T being the environmental temperature.
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Figure 3.2: Level diagram for the linearized Hamiltonian [Eq. (3.6)] and different coupling
routes in displaced frame where |nc,nd,nb〉 denotes the state with nc number of photons,
nd number of excitons and nb number of phonons. The solid, red curve A(B) denote
the cooling process due to energy swapping (counter-rotating-wave interaction). The
dashed, purple curve C(D) denote the heating process due to energy swapping (quantum
back-action). The energy swapping due to exciton-cavity coupling is denoted by solid
curves E and F.

3.3 Cooling of the mechanical resonator

Assuming a strong driving condition, Eqs. (3.3)(a)-(c) can be linearized around the steady

state mean values by expressing the system operators to be comprising of the mean

value OS, and a small fluctuating term δO: O =OS +δO. The Langevin equations for the

fluctuation terms are given by:

δ̇c =
(
i∆′

c −
κc

2

)
δc− iG

(
δb† +δb

)
− igd−p

κc cin(t), (3.5a)

δ̇d =
(
i∆d −

κd

2

)
δd− igδc−p

κd din(t), (3.5b)

δ̇b =
(
−iωm − γm

2

)
δb− iG(δc† +δc)−p

γm bin(t). (3.5c)
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Then the linearized Hamiltonian of the system is given by:

HL =−∆′
cδc†δc−∆dδd†δd+ωmδb†δb+G

(
δc† +δc

)(
δb† +δb

)
+ g

(
δc†δd+δd†δc

)
,

(3.6)

where, G = gOMcS, is the enhanced optomechanical coupling strength due to the driving

optical field, and, ∆′
c =∆c− gOM(bs+b†

s) is the modified cavity detuning. Fig. 3.2 displays

the level diagram of the linearized Hamiltonian and all the coupling routes among states

denoted by |nc,nd,nb〉 in the displaced frame; where nc,nd and nb are the photon, exciton

and phonon numbers respectively. Different kinds of cooling and heating processes may

occur due to the optomechanical interaction [162]. The cooling processes associated with

energy swapping and counter-rotating-wave interaction are illustrated by solid (red)

curves A and B respectively. The heating processes are denoted by the dashed (purple)

curves, corresponding to swap heating (C) and quantum backaction heating (D). The

energy swapping due to the extra exciton-cavity coupling is shown by curves E and F. In

order to achieve efficient mechanical motion cooling, one needs to enhance the cooling

effect while suppressing the heating. Eqs. (3.5) (a)-(c) can be solved in the frequency

domain to obtain the expression for δ̃b (ω) as follows:

δ̃b (ω)=
p
γm b̃in (ω)− i

p
κc A (ω)−p

κd B (ω)
iω− i [ωm +Σ (ω)]− γm

2

, (3.7)

where,

A (ω)=G[χ (ω) c̃in (ω)+χ∗ (−ω) c̃in
† (ω)],

B (ω)=gG[χ (ω)χd (ω) d̃in (ω)−χ∗ (−ω)χ∗d (−ω) d̃in
†
(ω)].

Here, Σ (ω) = −iG2[χ (ω)− χ∗ (−ω)], is the optomechanical self-energy, where χ (ω) =[{
χc (ω)

}−1 + g2χd (ω)
]−1

is the total response function of the optomechanical cavity

with the QW. And χc (ω)= [−i
(
ω+∆′

c
)+ κc

2

]−1, χd (ω)= [−i (ω+∆d)+ κd
2

]−1 and χm (ω)=[−i (ω−ωm)+ γm
2

]−1, are the response functions of the optical mode, the exciton mode and

the mechanical mode respectively. The radiation pressure force, in an optomechanical

system, arising due to the interaction term, Hint, is given by, F =−δHint
δx . Using this, the

radiation pressure force for our system is estimated as, F =−G [δc† +δc]/xZPF, where,

xZPF is the zero-point fluctuation of the mechanical oscillator. The quantum noise spec-

trum is calculated using: SFF (ω)= ∫
dteiωt 〈F(t)F(0)〉 [15]. The spectral density, in our

34

TH-1801_136121002



3.3. COOLING OF THE MECHANICAL RESONATOR

system is calculated to be:

SFF (ω)= G2
∣∣χ (ω)

∣∣2
x2

ZPF

[
κc +κd g2∣∣χd (ω)

∣∣2] . (3.8)
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Figure 3.3: Plot of noise spectrum SFF vs. normalized frequency ω/ωm for ∆′
c = κc

(red solid), ∆′
c = −κc (blue dashed). Other parameters are ∆d = 0.5ωm, γm = 10−5ωm,

κc = 104ωm, κd =ωm, g = 100ωm, G = 50ωm and nth = 104 [163].

The cooling rate of the mechanical resonator is given by, A− = SFF (ωm) x2
ZPF , while

the heating rate is given by, A+ = SFF (−ωm) x2
ZPF . Due to the dynamical back-action

induced by the radiation pressure force, the spring constant (and thereby the effective

oscillation frequency) and the damping rate of the mechanical oscillator get modified. The

extra damping of the mechanical oscillator due to the optomechanical interaction is given

by, γOM = A−− A+ =−2Im[Σ(ωm)] and the mechanical frequency shift is given by, δωm =
Re[Σ(ωm)]. In Fig. 3.3, we have plotted the noise spectrum for different values of modified

cavity-field detuning in the unresolved-sideband regime. In a generic optomechanical

cavity, in the unresolved-sideband regime, the noise spectrum reduces to, SFF (ω) =
G2|χ(ω)|2

x2
ZPF

κc. This gives rise to a Lorentzian curve illustrating equal heating and cooling
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rates of the mechanical resonator. Nevertheless, the noise spectrum for the system

considered here as depicted in Fig. 3.3, shows asymmetric Fano lineshapes that arise as

a result of interference between resonant and nonresonant processes [57]. This indicates

that the presence of the QW modulates the cavity profile to show asymmetry in cooling

and heating processes. For ∆′
c = κc, there is an increase in cooling rate while the heating

rate is reduced, and for ∆′
c =−κc, the opposite happens. Therefore, by tuning the cavity-

field detuning, the cooling rate of the mechanical resonator can potentially be enhanced

while reducing the heating rate. This is possible due to the interaction of the high-Q QW

with the mechanical mode through the cavity field. Intuitively, the asymmetry in cooling

and heating rates can be pictured as an outcome of quantum interference. As can be

observed from Fig. 3.2, due to the presence of the exciton-cavity coupling, g, there are

two different pathways leading to the same cooling or heating process. Therefore, one

can harness the interference to overpower the heating effect while enhancing the cooling

effect.

In the highly unresolved regime, κc À ωm, and for κc À (kd, γm), ∆′
c À ∆d, the

three-mode system can be reduced to a two-mode system by considering the cavity mode

as perturbation. Integrating Eqs. (3.5) (a)-(c), we get the time dependent form of the

operators as follows:

δc (t) = δc (0)exp
(
i∆′

ct− κc

2
t
)
+exp

(
i∆′

ct− κc

2
t
)∫ t

0
[−iGδb† (τ)− iGδb (τ)− igδd(τ)

−p
κc cin(τ)]×exp

(
−i∆′

cτ+
κc

2
τ
)
dτ, (3.9a)

δd (t)= δd (0)exp
(
i∆d t− κd

2
t
)
+exp

(
i∆d t− κd

2
t
)∫ t

0
[−igδc(τ)−p

κd din(τ)]

×exp
(
−i∆dτ+

κd

2
τ
)
dτ, (3.9b)

δb (t)= δb (0)exp
(
−iωmt− γm

2
t
)
+exp

(
−iωmt− γm

2
t
)∫ t

0
[−iGδc† (τ)− iGδc(τ)

−p
γm bin(τ)]exp

(
iωmτ+ γm

2
τ
)
dτ. (3.9c)

Now considering the effect of the cavity mode as perturbation, the expressions for the

time dependent exciton mode and mechanical mode operators are approximated as

δd (t)∼=δd (0)exp
(
i∆d t− κd

2
t
)
+Din(t), (3.10a)

δb (t)∼=δb (0)exp
(
−iωmt− γm

2
t
)
+Bin(t), (3.10b)
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where, the effect of the cavity mode is included in the noise terms Din(t) and Bin(t) .

Substituting Eqs. (3.10)(a) and (b) back into Eq. (3.9)(a), and under the assumptions,∣∣∆′
c
∣∣À∆d,κc À (κd,γm), we obtain:

δc (t)∼=− iG
[
δb (t)+δb† (t)

]
−i∆′

c + κc
2

− igδd (t)
−i∆′

c + κc
2
+δc (0)exp

(
i∆′

ct− κc

2
t
)
+Cin(t). (3.11)

And substituting δc (t) into Eqs. (3.5)(b) and (3.5)(c), we get the equation for the exciton

mode as:

δ̇d =
(
i∆d −

κd

2

)
δd+ ig

[
iG

[
δb (t)+δb† (t)

]
−i∆′

c + κc
2

+ igδd (t)
−i∆′

c + κc
2

]
−p

κd din (t)

− ig[δc (0)exp
(
i∆′

ct− κc

2
t
)
+Cin(t)]. (3.12)

Comparing this with the generic single-cavity optomechanical system, we can derive

the parameters for the effective exciton-mechanical mode interaction as, ∆eff = ∆d −
η2∆′

c, keff = κd +η2κc, Geff = ηG, where η = g/
√
∆

′2
c + (κc

2

)2 , that can be approximated

to η = g/∆′
c for ∆′

c À κc. Analogous to the single cavity optomechanical system, the

steady-state cooling limits are approximated as, nf = nclassical+nquantum [162, 164]. Here,

nclassical = 4G2
eff+k2

eff
4G2

effkeff
γmnth ≈ keff

4|Geff|2γmnth is the classical steady-state cooling limit and

nquantum = k2
eff+8G2

eff
16(ω2

m−4G2
eff)

≈ k2
eff

16ω2
m

is the quantum limit of cooling for effective resolved

sideband (keff ¿ωm) and the effective weak coupling regime (Geff < keff). In Figs. 3.4(a)-

(b) the variations of steady-state cooling limit as functions of normalized cavity detuning

and the thermal phonon number are shown. As seen from Fig. 3.4(a), ground state cooling

is not possible for a generic optomechanical cavity in the unresolved-sideband regime.

Nevertheless, in case of the QW coupled system, ground state cooling can be achieved for

a range of high cavity detuning near 104ωm. For large detuning, dark modes with respect

to the low-Q cavity mode (c) are formed via linear combination of the mechanical mode

(b), and high-Q exciton mode (d). This dark-mode is responsible for an effective cooling

[159, 160]. It is worth to be noted that in case of a single optomechanical cavity without

the QW, cooling occurs in the red detuned regime only. But, with the QW inside the

cavity, the damping is significantly enhanced in the blue-detuned regime as illustrated in

Fig. 3.3. The effective detuning term, ∆eff contains both ∆′
c and ∆d. Hence, it is possible

to tune these blue-detuned terms to get a red-detuned, ∆eff at high value of ∆′
c, that
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Figure 3.4: Plot of steady-state cooling limit as function of (a) ∆′
c/ωm, with κd =ωm and

nth = 104. The red solid line denotes the final phonon number in the mechanical oscillator
for a generic optomechanical cavity, whereas the blue dotted line shows the phonon
number in presence of the QW in the cavity; (b) nth with ∆′

c = 104ωm. Other unspecified
parameters are: γm = 10−5ωm, κc = 104ωm, g = 100ωm, G = 50ωm, ∆d = 0.5ωm.

results in cavity cooling. Fig. 3.4(b) depicts the variation of the steady-state cooling limit

as a function of the bath phonon number for different values of κd. The plots show that,

for ground state cooling of the mechanical resonator, high values of bath phonon number

is tolerable. For example, for κd =ωm, the maximum tolerable bath phonon number is

approximately equal to 37×103. It is also to be noted that more bath phonon number is

tolerable for ground state cooling with lower decay rate of the QW excitons.
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Figure 3.5: Time evolution of the mean phonon number in the mechanical resonator
in presence of the QW, starting from nth = 104. Parameters considered are κc = 104ωm,
κd =ωm, ∆′

c = 104ωm, ∆d = 0.5ωm, γm = 10−5ωm, g = 100ωm and G = 50ωm.

It is important to have an idea about the optimum range of the optomechanical

coupling, G, and the exciton-cavity coupling, g to be used for efficient mechanical mode

cooling. The optimum value of g can be determined analytically by maximizing the

cooling rate, that is found to be, g =
√(

∆′
c+ωm

∆d+ωm

)(κd
2

)2 + (∆′
c +ωm)(∆d +ωm) . For the stabil-

ity of the system, the effective coupling must follow, Geff <ωm/2, as observed from the

quantum limit of cooling. Therefore, the condition for the optomechanical coupling, G,

and the exciton-cavity coupling, g simplifies to, gG <ωm

√
∆

′2
c + (κc

2

)2
/

2. For ∆′
c
∼= κc, the

requirement for the approximate value of the couplings give gG <ωmκc
/

2.

In order to study the time evolution of the mean phonon number in the mechanical

resonator, we use the Lindblad master equation approach. The quantum master equation

of the system reads:

ρ̇ = i
[
ρ,HL

]+ κc

2

(
2δcρδc† −δc†δcρ−ρδc†δc

)
+ κd

2

(
2δdρδd† −δd†δdρ−ρδd†δd

)
+γm

2
(nth +1)

(
2δbρδb† −δb†δbρ−ρδb†δb

)
+ γm

2
nth(2δb†ρδb−δbδb†ρ−ρδbδb†)

(3.13)

We use the covariance approach to find out the time evolution of the mean phonon num-

ber nb (t)= 〈δb†δb〉(t) [162]. For this, we solve a linear system of differential equations

∂t
〈
ôi ô j

〉= Tr
(
ρ̇ ôi ô j

)=∑
m,nµm,n 〈ôm ôn〉, where, ôi, ô j, ôm, ôn are one of the operators:
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δb†, δc†, δd†, δb, δc and δd; and µm,n are the corresponding coefficients. Solving these,

we can find out the mean values of all the time-dependent second-order moments: 〈δb†δb〉,
〈δb†δc〉, 〈δb†δd〉, 〈δc†δc〉, 〈δc†δd〉, 〈δd†δd〉, 〈δb2〉, 〈δbδc〉, 〈δbδd〉, 〈δc2〉, 〈δcδd〉 and

〈δd2〉. In Fig. 3.5, we show the time evolution of the mean phonon number. The environ-

mental phonon number is assumed to be 104. The cavity is considered to be in highly

unresolved sideband regime. Initially the phonon number in the mechanical oscillator is

equal to the environmental phonon number. All other second order moments are consid-

ered to be zer initially. The plot shows that with increasing time, the average phonon

occupancy in the mechanical resonator is cooled down to below one. This indicates ground

state cooling of the resonator mode in the highly unresolved sideband regime.

3.4 Summary

To summarize, we have studied the sideband cooling of a mechanical resonator in an

optomechanical cavity containing a quantum well. It is worthwhile to note that such

semiconductor structures, with well-developed semiconductor fabrication techniques, are

easily integrable with cavities and waveguides making them a unique tool for exploiting

optomechanics. The exciton and mechanical modes are not coupled directly, but their

interaction with the cavity optical field gives rise to an indirect coupling between them.

This specific configuration of the system can lead to cooling of the mechanical oscillator in

the unresolved sideband regime. Due to the presence of the high-Q element in the cavity,

the noise spectrum is modified and leads to asymmetric cooling and heating rates. Even

when the cavity is in the highly unresolved-sideband regime, the effective interaction

between the exciton and mechanical modes can bring the system back to effective

resolved-sideband regime. Hence the requirement of the resolved-sideband condition

for cooling is relaxed significantly. The cooling rate of the mechanical resonator can be

enhanced by tuning the cavity-field detuning. The time evolution of the mean phonon

number in the mechanical resonator is studied using the quantum master equation. It

is found that, with increasing time, the average phonon occupancy in the mechanical

resonator tends towards zero exhibiting dynamic controllability of cavity dissipation. This

might open up the possibility of manipulation of semiconductor integrated mechanical

systems in the quantum mechanical regime.
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PHOTON BLOCKADE

In this chapter we discuss the occurrence of photon blockade in optomechanical

systems via destructive quantum interference between two-photon excitation path-

ways. First, we consider an optomechanical system in which two weakly nonlinear

optical modes interact with a mechanical mode via three-mode coupling. It is shown

that through the three-mode interaction, distinct pathways can be created that leads to

two-photon excitation in the higher frequency optical mode. These pathways may lead

to the phenomenon of photon antibunching via destructive quantum interference. We

derive the optimal conditions for photon blockade, and subsequent numerical analysis

also agree with the analytical results. In the second part of this chapter, we discuss

the photon blockade effect in an optomechanical cavity containing a degenerate optical

parametric amplifier. We show via analytical and numerical calculations, that for optimal

values of the amplifier pump amplitude and phase, strong photon antibunching can be

realized in the cavity.

This chapter is based on two articles: (1) Phys. Rev. A, vol. 96, No. 5, year 2017, pages 053827:1-6; title:
“Quantum-interference-assisted photon blockade in a cavity via parametric interactions”; authors: Bijita
Sarma and Amarendra K. Sarma. Selected contents are reproduced with permission ©2017 American
Physical Society, (2) Phys. Rev. A, vol. 98, No. 1, year 2018, pages 013826:1-7; title: “Unconventional photon
blockade in three-mode optomechanics”; authors: Bijita Sarma and Amarendra K. Sarma. Selected contents
are reproduced with permission ©2018 American Physical Society.
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4.1 Brief overview

Following the early theories on cavity optomechanical cooling of mechanical resonators,

recent progress in optomechanical experiments has enabled the realization of mechanical

resonators near to the ground state [18, 19, 39, 54, 165–170]. This has opened up newer

avenues for quantum applications of optomechanical systems [131, 171, 172]. Recently,

cavity optomechanical systems have been studied for its inherent nonlinear coupling to

achieve photon blockade [75, 173].

Photon blockade arises from the anharmonicity in energy eigenvalues of an optical

mode, which can be introduced via nonlinear interactions. Due to the anharmonicity, res-

onant excitation of one photon prohibits other photons from simultaneous excitation, giv-

ing rise to sub-Poissonian light. The early theories and experiments on photon blockade

dealt with atom-coupled cavities [71, 174], or quantum dot-coupled cavity QED systems

[72], or cavities with Kerr-type nonlinearity [175]. After that, there have been several

studies on photon blockade in optical waveguides [176], coupled cavities [73, 177, 178],

qubit-cavity systems [179], circuit-QED [74, 180, 181], gain cavity [182], four-wave

mixing in weakly nonlinear system [183], and multiphoton blockade in some systems

[184–186]. Numerous possible quantum device designs such as: single-photon transistors

[187], quantum repeaters [188], quantum gates [189], quantum-optical Josephson inter-

ferometer [190], fermionization of photons [191], and crystallization of polaritons [192]

rely on the phenomenon of photon blockade. In fact, generation of single photons plays a

central role in light-based quantum computation and cryptography [67, 193–195].

Photon blockade in an optomechanical system was studied recently, where due to

the photon-phonon nonlinear interaction, realization of antibunched sub-Poissonian

light was predicted [75]. Subsequently, photon blockade [76–78], as well as phonon

blockade [92–94] have been studied in various optomechanical and nanomechanical

systems. However, similar to the cavity-QED systems, realization of optomechanical

photon blockade demands the criterion of strong-coupling, where the single-photon

optomechanical coupling is strong enough to overcome system losses, in order to produce

sufficient anharmonicity in the energy-levels [75]. Reaching this strong-coupling regime

is a long-sought-after goal in cavity optomechanics, however only with a few realizations

like cold-atomic clouds in optomechanical cavity [43, 196], where this requirement has

been met till date.

Recently, another mechanism for photon blockade which does not require the strong-

42

TH-1801_136121002



4.2. PHOTON BLOCKADE IN A THREE-MODE OPTOMECHANICAL CAVITY

coupling condition to hold, is invoked by Liew and Savona in coupled-polaritonic systems

[80]. This method, named as the unconventional photon blockade, is based on quantum

interference, in which strong photon antibunching was predicted with nonlinearity much

smaller than the decay rate of the photonic modes [81]. Afterwards, it has been studied in

other systems including coupled nonlinear photonic molecules [81], coupled cavities with

Kerr-type nonlinearity [83, 197–201], coupled optomechanical cavities [84, 202], coupled

quantum dot-cavity system [82], bimodal cavity [203, 204], weakly nonlinear photonic

molecules [205], Gaussian squeezed states [206], a double quantum well embedded in a

micropillar optical cavity [207],and with second-order nonlinearity [208, 209]. Recently,

unconventional photon blockade has also been realized experimentally in a quantum dot

cavity system [210].

4.2 Photon blockade in a three-mode

optomechanical cavity

Here, we study photon correlations in a nonlinear optomechanical cavity containing

two optical modes and one mechanical mode which are cross-coupled by a three-mode

interaction. We show that even when the Kerr-nonlinearities in the optical modes are

weak, due to the three-mode interaction, distinct two-photon excitation pathways arise

which gives rise to strong photon antibunching via unconventional photon blockade. We

describe the model and derive the optimal conditions for photon blockade.We calculate the

equal-time second-order correlation function as well as the two-time correlation function

for the higher-frequency cavity mode and analyze the photon blockade characteristics.

We also discuss the effects of temperature and pure-dephasing induced decoherences.

4.2.1 Model and theory

We consider a nonlinear optomechanical system as shown in Fig. 4.1(a), that contains

two cavity modes with frequencies, ω1 and ω2, and one mechanical mode with frequency

ωm. The Hamiltonian of the system reads

H0 = ω1a†
1a1 +ω2a†

2a2 +ωmb†b+Ua†
1a†

1a1a1

+Ua†
2a†

2a2a2 + g(a†
1a2 +a†

2a1)(b+b†)

+Ω1(a†
1e−iωl t +a1eiωl t)+Ω2(a†

2e−iωl t +a2eiωl t), (4.1)
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Figure 4.1: (a) Schematic diagram of the optomechanical cavity with two optical modes
and a single mechanical mode, (b) The low energy-levels of the system for a weak drive
and low temperature.
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where a1 (a†
1), a2 (a†

2), and b (b†) are the annihilation (creation) operators for the two

cavity modes with decay rates κ1 and κ2, and the mechanical mode with damping rate γ,

respectively. Here, U is the strength of the Kerr-nonlinearity experienced by both the

optical modes. We assume the difference between the two cavity mode frequencies to

be equal to the mechanical frequency, i.e. ω1 −ω2 = ωm, so that the cavity modes can

be cross-coupled by the optomechanical interaction [211]. The coupling is characterized

by the rate, g, and is also proportional to the mechanical displacement. The last two

terms in Eq. (4.1) describe the driving input fields and its interaction with the two cavity

modes. For simplicity, we will assume that κ1 = κ2 = κ, for the rest of the analysis.

In a rotating frame at the laser frequency, ωl , the Hamiltonian is transformed to

H = ∆a†
1a1 + (∆−ωm)a†

2a2 +ωmb†b+Ua†
1a†

1a1a1

+Ua†
2a†

2a2a2 + g(a†
1a2 +a†

2a1)(b+b†)

+Ω1(a†
1 +a1)+Ω2(a†

2 +a2), (4.2)

where, ∆ = ω1 −ωl , is the detuning of the cavity mode a1 from the laser drive. Now,

we transform the Hamiltonian to a frame defined by the unitary transformation, U =
exp[−iωmt(b†b−a†

2a2)]. Assuming that the coupling rate is much lower in comparison to

the mechanical resonator frequency, i.e. ωm À g, under a rotating-wave approximation,

the transformed Hamiltonian is obtained as:

H = ∆(a†
1a1 +a†

2a2)+Ua†
1a†

1a1a1 +Ua†
2a†

2a2a2

+ g(a†
1a2b+a1a†

2b†)+Ω1(a†
1 +a1). (4.3)

This Hamiltonian indicates a three-mode interaction among the two optical modes and

the mechanical mode, in which one photon from the mode, a1, is annihilated to create

one photon in the mode, a2, and one phonon in the mechanical mode, b. In the reverse

process, one photon from the mode, a2, and one phonon in the mode, b of the mechanical

resonator are annihilated to create one photon in the mode, a1. In the following, we

intend to study the photon antibunching effect in the mode, a1, arising as a result of this

three-wave mixing Hamiltonian.

Photon antibunching would be studied by analyzing the normalized zero-time-delay

second-order correlation function, given by

g(2)
a (0)= 〈a†

1(t)a†
1(t)a1(t)a1(t)〉

〈a†
1(t)a1(t)〉2

. (4.4)
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This quantity characterizes the joint probability of detecting two photons at the same

time, which can be calculated numerically from the Lindblad master equation. The

master equation for the driven-dissipative system is given by

ρ̇ = i[ρ,H]+L1(ρ)+L2(ρ)+Lb(ρ), (4.5)

where, L1(ρ)= κ
2 (2a1ρa†

1−a†
1a1ρ−ρa†

1a1), L2(ρ)= κ
2 (2a2ρa†

2−a†
2a2ρ−ρa†

2a2), and Lb(ρ)=
κ
2 (nth + 1)(2bρb† − b†bρ −ρb†b)+ κ

2 nth(2b†ρb− bb†ρ −ρbb†), are the Liouvillian oper-

ators for the two optical modes and the mechanical mode respectively. Here, nth =
1/[exp(ωm/kBT)−1] denotes the thermal phonon number in the mechanical mode at

the bath temperature, T. The steady-state value of g(2)
a (0) can be found numerically by

solving the master equation and then from the steady state density matrix operator

as, g(2)
a (0) = Tr(ρa†

1a†
1a1a1)/[Tr(ρa†

1a1)]2. For this, we have used the Quantum Optics

Toolbox in MATLAB [212] and QuTiP (Quantum Toolbox in Python) [213, 214].

In addition to the master equation approach, optimal conditions for photon blockade

can be determined in the following manner. When the driving field is very weak in

comparison to the Kerr nonlinearity, and the temperature is also very low, then, only the

lower energy levels of the cavity and the mechanical modes are occupied [78], as shown

in Fig. 4.1(b). Considering the allowed low-energy transitions given by the Hamiltonian

in Eq. (4.3), the truncated state of the system is given by [81]

|ψ〉 = C000|000〉+C100|100〉+C011|011〉
+C200|200〉+C111|111〉+C022|022〉, (4.6)

where, Ca1a2b’s are the amplitudes of the quantum states for which the corresponding

occupation probability is given by |Ca1a2b|2. The values of the coefficients can be deter-

mined by solving the Schrödinger equation, i d|ψ〉
dt = H′|ψ〉, where H′ is the non-Hermitian

Hamiltonian containing the optical decay and mechanical damping terms

H′ = (∆− i
κ

2
)(a†

1a1 +a†
2a2)− i

γ

2
b†b+Ua†

1a†
1a1a1

+Ua†
2a†

2a2a2 + g(a†
1a2b+a1a†

2b†)+Ω1(a†
1 +a1). (4.7)

For a weak drive, a set of equations for the coefficients is obtained from the Schrödinger
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equation

i
∂C100

∂t
=

(
∆− i

κ

2

)
C100 + gC011 +Ω(C000 +

p
2 C200),

i
∂C011

∂t
=

(
∆− i

κ+γ
2

)
C011 + gC100 +ΩC111,

i
∂C200

∂t
= 2

(
∆+U − i

κ

2

)
C200 +

p
2 gC111 +

p
2ΩC100,

i
∂C111

∂t
=

[
2

(
∆− i

κ

2

)
− i

γ

2

]
C111 + g(2C022 +

p
2 C200)

+ΩC011,

i
∂C022

∂t
= 2

(
∆+U − i

κ+γ
2

)
C022 +2gC111. (4.8)

Under the weak driving assumption, one can consider that {C111,C022,C200}¿ {C100,C011}¿
C000. In steady-state, to solve the coupled equations, we follow the iterative method

prescribed by Bamba et. al [81]. The optimal condition for complete photon blockade

corresponds to the case, when the probability of a photon in the state |200〉 equals zero.

Therefore, at steady-state, the equations for C100 and C011 are given by

(
∆− i

κ

2

)
C100 + gC011 +ΩC000 =0,(

∆− i
κ+γ

2

)
C011 + gC100 =0. (4.9)

These two equations give the coefficints C100 and C011 as

C100 =− Ω(∆− i κ+γ2 )

(∆− i κ2 )(∆− i κ+γ2 )− g2
C000,

C011 = Ωg
(∆− i κ2 )(∆− i κ+γ2 )− g2

C000. (4.10)

Now, the equations for the other coefficients are reduced to

gC111 +ΩC100 = 0,[
2

(
∆− i

κ

2

)
− i

γ

2

]
C111 +2gC022 +ΩC011 = 0,

2
(
∆+U − i

κ+γ
2

)
C022 +2gC111 = 0. (4.11)

Now, considering γ¿ κ for typical optomechanical systems, the necessary and suffi-

cient condition for the existence of nontrivial solutions of Eqs. (4.11) gives the optimal
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parameters for complete photon antibunching in the mode a1:

∆opt = ± 1
2

√
2
√

g2(5g2 +2κ2) −4g2 −κ2 ,

Uopt = ∆(4∆2 +2g2 +5κ2)
2(2g2 −κ2)

. (4.12)

These optimal conditions correspond to the situation, where different transition paths

leading to two-photon excitation in the mode a1 interferes destructively, as shown in

Fig. 4.1(b).

4.2.2 Results

In the following, we discuss the numerical results for g(2)
a (0) obtained from solving

Eq. (4.5). In Fig. 4.2(a), we show g(2)
a (0) as a function of ∆/κ with different moderate

values of g. The values of U is considered to be Uopt. For the values of g considered in the

plot, the optimal parameters from Eq. (4.12) are obtained as, for g/κ= 1: ∆opt/κ= 0.27,

Uopt/κ= 0.98; for g/κ= 1.5: ∆opt/κ= 0.47, Uopt/κ= 0.71; for g/κ= 2: ∆opt/κ= 0.66, Uopt/κ=
0.69; for g/κ= 2.5: ∆opt/κ= 0.84, Uopt/κ= 0.74. It can be observed from Fig. 4.2(a) that,

as predicted from the optimal conditions calculated analytically, g(2)
a (0) shows a strong

antibunching effect at the optimal values of ∆/κ.

Fig. 4.2(b), demonstrates the two-time second-order correlation function g(2)
a (τ) which

is calculated as:

g(2)
a (τ)= 〈a†

1(t)a†
1(t+τ)a1(t+τ)a1(t)〉
〈a†

1(t)a1(t)〉2
. (4.13)

This quantity, g(2)
a (τ) is proportional to the joint probability of detecting one photon at

time, (t+ τ), provided another photon was detected at time, t, at that position [215].

The plots show g(2)
a (τ) under the optimal conditions for different values of J. We can

observe that at τ= 0, g(2)
a (0)≈ 0, and for other delay times g(2)

a (τ)> g(2)
a (0). Therefore, it

clearly demonstrates that the emitted photons are antibunched and sub-Poissonian in

nature. From Figs. 4.2(a) and (b), one can observe that for the values of U falling in the

weak coupling regime, i.e. U < κ, photon blockade can be realized owing to the quatum

interference-inducing interaction, as verified by the optimal parameters.

In order to visualize the photon blockade effects more clearly, we show the contour

plots of g(2)
a (0) in Fig. 4.3, as functions of normalized detuning, ∆/κ and normalized

nonlinear strength, U /κ. In Figs. 4.3(a)-(d), the values of g/κ are considered as: g/κ= 1 in
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Figure 4.2: Plot of second-order correlation function, g(2)
a (0) at T = 0 as a function of

normalized detuning ∆/κ for different values of g/κ. The nonlinearity is considered to be
Uopt/κ= 0.98, 0.71, 0.69, and 0.74 for the normalized values of coupling, g/κ= 1, 1.5, 2
and 2.5 respectively. (b) Plot of two-time correlation function, g(2)

a (τ). The values of U is
considered same as in (a). The nonlinear strength is considered as ∆opt/κ= 0.27, 0.47,
0.66, and 0.84 respectively.
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Figure 4.3: Contour plots showing the variation of log10 g(2)
a (0) as functions of ∆/κ and

U /κ, for different values of g/κ considered as: g/κ= 1 in (a), g/κ= 1.5 in (b), g/κ= 2 in (c),
and g/κ= 2.5 in (d).

50

TH-1801_136121002



4.2. PHOTON BLOCKADE IN A THREE-MODE OPTOMECHANICAL CAVITY

0.0 0.5 1.0 1.5 2.0 2.5 3.0

nth

10-2

10-1

100

101

g
(2

)
a

(0
)

g/κ= 1. 0
g/κ= 1. 5
g/κ= 2. 0
g/κ= 2. 5

Figure 4.4: Plot of g(2)
a (0) as a function of thermal phonon number, nth for various values

of g/κ.

(a), g/κ= 1.5 in (b), g/κ= 2 in (c), and g/κ= 2.5 in (d). The plots show that strong photon

antibunching occurs exactly at the values predicted from the analytical calculations, in

Eq. (4.12).

Next, we want to study the influence of environmental phonon population on the

photon blockade characteristics. In Fig. 4.4, we demonstrate g(2)
a (0) as a function of the

bath phonon number, nth. For g/κ= 1, g(2)
a (0) reaches 1 at nth ≈ 0.5, whereas, for g/κ= 1.5,

2 and 2.5, g(2)
a (0) ≤ 1 upto nth ≈ 0.25. Therefore, it is evident that the environmental

thermal phonon population has undesirable effect on the observation of photon blockade.

Till now, in our analysis, we have not considered the effect of pure dephasing induced

decoherences. Pure dephasing may arise from the instability of the laser drive, or coupling

of the cavity modes to other mechanical modes, and due to this there can be perturbing

effect on polarization, linewidth, transmittance, and photon statistics [202]. Therefore in

the following, we analyze the effect of pure-dephasing on the antibunching properties

of the cavity photons. The effects of pure dephasing can be modeled by adding another

Lindblad term of the form Lp(ρ) = γp
2

∑
j=1,2

[2a†
ja jρa†

ja j − (a†
ja j)2ρ−ρ(a†

ja j)2], into the

master equation, where γp is the pure dephasing rate for the cavity modes. Figs. 4.5(a)-
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Figure 4.5: Effect of pure dephasing. The black solid line represents γp/κ= 0, red dashed
line is for γp/κ= 0.001 and the blue dash-dotted line denotes γp/κ= 0.01.

(d) show the second-order correlation function g(2)
a (0) for different pure dephasing rates

with different sets of optimized values. The values of g is considered as: g/κ= 1 in (a),

g/κ= 1.5 in (b), g/κ= 2 in (c), and g/κ= 2.5 in (d). The black solid line represents γp/κ= 0,

red dashed line is for γp/κ = 0.001 and the blue dash-dotted line denotes γp/κ = 0.01.

With increase in the pure dephasing rate, g(2)
a (0) increases near the optimal detuning.

For higher values of pure-dephasing rates eg. γp = 0.01κ, g(2)
a (0) approaches classical

Poissonian statistics.
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DEGENERATE OPTICAL PARAMETRIC AMPLIFIER

4.2.3 Summary

In conclusion, we analyzed the photon statistics in terms of the second-order correlation

function, in a weakly driven optomechanical system, where two optical modes and one

mechanical mode interact via a three-mode mixing. Due to this coupling, additional

two-photon excitation pathways are created in the higher-frequency optical mode, which

can be exploited to obtain the desired photon blockade characteristics in the system via

quantum interference. We derived the optimal parameters required for strong photon

blockade by solving the non-Hermitian Schrödinger equation containing the terms

corresponding to damping and decay present in the system. The numerical calculations

of the second-order correlation function obtained from solving the master equation show

agreement with the analytical calculations. It is observed that even when the Kerr-type

nonlinearity is weak, under the optimal conditions necessary for the fulfillment of the

quantum-interference effect, photon blockade is possible in the system.

4.3 Photon blockade in an optomechanical cavity

with a degenerate optical parametric amplifier

Next, we study the possibility of realizing unconventional photon blockade in an op-

tomechanical cavity that includes a degenerate optical parametric amplifier (OPA).

Introducing the OPA, one can create new paths for photon excitation, that may lead

to destructive quantum interference in the two-photon excitation pathway. We find out

the optimal conditions for achieving this. The validity of the optimal conditions are also

confirmed via numerical calculations. We also analyze the effects of pure dephasing

induced decoherence on the unconventional photon blockade.

4.3.1 Model and theory

We study an optomechanical cavity containing an optical parametric amplifier (OPA),

which can be modeled schematically as shown in Fig. 4.6(a). The Hamiltonian for the

system in a frame rotating at the pump frequency is given by

H =∆a†a+ωmb†b+ ga†a
(
b+b†

)
+ iG(eiθa†2 − e−iθa2)+Ω(a† +a), (4.14)

where a (a†) and b (b†) are the annihilation (creation) operators for optical and me-

chanical modes respectively. Also, ∆ = ωa −ωl is the cavity detuning, where ωa is the
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Figure 4.6: (a) Schematic diagram of the optomechanical system with an OPA medium,
(b) Transition paths of the system for quantum interference.

resonance frequency of the cavity field and ωl is the driving laser frequency, and ωm is

the resonance frequency of the mechanical resonator. The single-photon optomechanical

coupling strength between the cavity field and the mechanical resonator is denoted by g,

G is the OPA coupling term, and Ω is the driving laser amplitude.

First, we will derive the optimal conditions for unconventional photon blockade

analytically. In the weak driving condition (Ω¿ κ) and for low temperature, the photon

number and phonon number Hilbert space can be truncated to low values. Considering a

Fock-state basis, |m,n〉 in Hilbert space, where m and n are the photon and the phonon

numbers respectively, the state of the system can be expressed as [81]:

|ψ〉 = C00|00〉+C01|01〉+C10|10〉+C11|11〉+C20|20〉, (4.15)

where Cmn are the amplitudes of the quantum states and the corresponding occupation

probability is given by |Cmn|2. In terms of the probability coefficients, the second-order

correlation function for the optical mode can be written as:

g(2)(0)= 2|C20|2
(|C10|2 +|C11|2)2 . (4.16)

The coefficients Cmn can be obtained by solving the Schrödinger equation:

i
d|ψ〉
dt

= H′|ψ〉, (4.17)

where H′ is the effective non-Hermitian Hamiltonian that takes into account the dissipa-

tions in the system:

H′ =∆′a†a+ω′
mb†b+ ga†a(b+b†)+ iG(eiθa†2 − e−iθa2)+Ω(a† +a), (4.18)
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with ∆′ =∆− iκ/2 and ω′
m =ωm− iγ/2. Using Eq. (4.15) for the state |ψ〉 and Eq. (4.18) for

the Hamiltonian H′ in the Schrödinger equation, i d|ψ〉
dt = H′|ψ〉, we get a set of equations

for the coefficients:

i
∂C00

∂t
=ΩC10 − i

p
2GC20e−iθ

i
∂C01

∂t
=ω′

mC01 +ΩC11

i
∂C10

∂t
=∆′C10 + gC11 +Ω(C00 +

p
2 C20) (4.19)

i
∂C11

∂t
=(∆′+ω′

m)C11 + gC10 +ΩC01

i
∂C20

∂t
=2∆′C20 +

p
2ΩC10 + i

p
2GeiθC00

The steady-state solution can be found by solving the coupled equations for the coef-

ficients. Under the weak driving condition, the first equation in Eqs. (4.19) is always

approximately satisfied. Therefore, we only consider the last four equations for further

calculations:

ω′
mC01 +ΩC11 =0

∆′C10 + gC11 +Ω(C00 +
p

2 C20)=0 (4.20)

(∆′+ω′
m)C11 + gC10 +ΩC01 =0

2∆′C20 +
p

2ΩC10 + i
p

2GeiθC00 =0

For complete photon blockade, the probability of a photon in state |20〉 should be approx-

imately zero. Therefore, we consider C20 = 0 in Eqs. (4.20) for photon blockade. After

finding out the necessary and sufficient conditions for these equations to have a solution,

more simplifications lead us to the following optimum conditions:

Gopt = Ω2

cosθ(κ2 + g2 A
A2+B2 )+sinθ(−∆+ g2B

A2+B2 )
,

θopt =arctan

−∆+ g2B
A2+B2

κ
2 + g2 A

A2+B2

 , (4.21)

where, A = 1
2

(
κ+γ+ Ω2γ

ω2
m+( γ2 )2

)
, and B =∆+ωm − Ω2ωm

ω2
m+( γ2 )2

.

Interestingly, these conditions depend on the cavity-detuning, the driving laser

amplitude and the cavity linewidth. Since the optimal conditions correspond to the
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Figure 4.7: Numerical and analytical results for the zero-time-delay second order cor-
relation function, g(2)(0) as function of normalized detuning ∆/κ. Other parameters are
considered as: ωm/κ= 10 (resolved sideband limit), Ω/κ= 0.01, γ/κ= 0.01 g/κ= 0.5, and
nth = 0. OPA parameters are: G/κ = 4.89×10−5, θ/π = −0.42 in (a), G/κ = 4.77×10−5,
θ/π= 0.42 in (b), G/κ= 3.30×10−5, θ/π=−0.44 in (c) and G/κ= 3.25×10−5, θ/π= 0.44 in
(d).

parameters of the pump field driving the OPA, these are expected to be controlled by

tuning the OPA pump field.

The statistical properties of the cavity field can be described by the normalized
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zero-time-delay second-order correlation function given by:

g(2)(0)= 〈a†(t)a†(t)a(t)a(t)〉
〈a†(t)a(t)〉2 . (4.22)

For photon blockade, we assume that the cavity is driven by a weak classical field. The

master equation of the density operator ρ for the driven system reads as:

ρ̇ = i[ρ,H]+La(ρ)+Lb(ρ), (4.23)

where La(ρ) = κ
2 (2aρa† − a†aρ − ρa†a) and Lb(ρ) = γ

2 (nth + 1)(2bρb† − b†bρ − ρb†b)+
γ

2 nth(2b†ρb − bb†ρ − ρbb†), are the Liouvillian operators for the optical and the me-

chanical modes respectively. Here, nth is the thermal phonon number given by nth =
1/[eωm/(kBT)−1]. It is worth to be noted that due to the high frequency of optical radiation,

thermal photon number is considered to be zero at low temperature. The steady-state

value of g(2)(0) can be found numerically by solving the master equation and from the

steady state density matrix operator as [212–214]:

g(2)(0)= Tr(ρa†a†aa)
[Tr(ρa†a)]2 . (4.24)

We also derive an analytic expression for the zero-delay time second-order correlation

function and compare it with the numerical solution. In the weak pumping limit, it can

be assumed that the ground state population is unity and population in other levels is

negligible. In that case, we may assume that C00 ≈ 1. Then Eqs. (4.20) transform to:

ω′
mC01 +ΩC11 =0,

∆′C10 + gC11 +Ω(1+
p

2 C20)=0, (4.25)

(∆′+ω′
m)C11 + gC10 +ΩC01 =0,

2∆′C20 +
p

2ΩC10 + i
p

2Geiθ =0.

Solving these equations, the coefficients to be used for the calculation of g(2)(0) are

obtained as:

C10 = Ω(1− iGeiθ/∆′)

−∆′+ Ω2

∆′ + g2

∆′+ω′
m− Ω2

ω′m

C11 =− gC10

∆′+ω′
m − Ω2

ω′
m

(4.26)

C20 =− (iGeiθ+ΩC10)p
2∆′
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Figure 4.8: Time evolution of the second-order correlation function, g(2)(τ). The OPA
parameters are: G1 = 4.89×10−5κ, θ1 = −0.42π, G2 = 4.77×10−5κ, θ2 = 0.42π, G3 =
3.30×10−5κ, θ3 =−0.44π and G4 = 3.25×10−5κ, θ4 = 0.44π.

4.3.2 Results

In the following, we solve the quantum master equation numerically using the analytical

optimum conditions, and compare with the approximate analytical results. For the entire

calculations, we have consideredΩ/κ= 0.01 for the weak driving condition. In Fig. 4.7, we

have discussed the variation of the second-order correlation function at zero-time delay,

g(2)(0) as a function of the normalized detuning ∆/κ, for optimal values of G and θ. The

red dots show the numerical simulation results. In Fig. 4.7(a), the optimized values are,

Gopt = 4.89×10−5κ and θopt =−0.42π that correspond to the optimum values for ∆/κ= 2.

As expected, g(2)(0) shows a strong antibunching effect at an exact value of ∆/κ = 2,

as precisely predicted by the optimal parameters calculated analytically. In Fig. 4.7(b),

optimized values are G/κ= 4.77×10−5, θ/π= 0.42 for ∆/κ=−2. In this case also, g(2)(0)

shows a strong antibunching effect at an exact value of ∆/κ=−2. For Fig. 4.7(c) and (d),

G and θ values are considered to satisfy the optimal parameter calculations for ∆/κ= 3

and−3 respectively.

Figure 4.8 shows the time evolution of the second-order correlation function g(2)(τ),
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Figure 4.9: Numerical results for log10 g(2)(0) as functions of normalized detuning ∆/κ
and OPA coupling G/κ for g/κ= 0.01. In (a) θ/π=−0.42, in (b) θ/π= 0.42, in (c) θ/π=−0.44
and in (d) θ/π= 0.44.

that is calculated as:

g(2)(τ)= 〈a†(t)a†(t+τ)a(t+τ)a(t)〉
〈a†(t)a(t)〉2 . (4.27)

g(2)(τ) is proportional to the joint probability of detecting one photon at time t = τ,

provided another photon was detected at time t = 0, at that position [215]. The plots

show g(2)(τ) for different optimal conditions. We can observe that at τ= 0, g(2)(0)= 0 and

for other delay times g(2)(τ)> g(2)(0). Therefore, it clearly demonstrates that the emitted

photons are antibunched and sub-Poissonian in nature.

To further investigate the antibunching effects, we calculated g(2)(0) as a function of

cavity-light detuning ∆/κ and OPA gain G/κ with optimized values of θ. In Fig. 4.9(a), the
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phase is assumed to be −0.42π, that corresponds to the optimum value for ∆/κ= 2. As

expected, a strong photon blockade occurs near the red detuning with ∆≈ κ, and it occurs

at G/κ≈ 4.85×10−5 as optimized precisely in Eq. (4.21). However for the blue detuned

regime with ∆≈−κ, there is no strong antibunching because the phase of θ =−0.42π is

not an optimized value in this case. In Fig. 4.9(b), θ/π= 0.42 corresponding to ∆/κ=−2.

Here also, a strong antibunching occurs near the blue detuned regime with ∆≈−2κ again

at G/κ≈ 4.85×10−5; whereas there is no photon blockade in the red detuning regime in

this case. Fig. 4.9(c)-(d) depict the behavior for θ/π=−0.44 and 0.44 corresponding to

∆/κ= 3 and −3 respectively.

Figure 4.10: Numerical results for log10 g(2)(0) as a function of normalized detuning ∆/κ
and θ/π for G/κ= 4.85×10−5.

Fig. 4.10 illustrates the variation of g(2)(0) as a function of the cavity-light detuning

∆/κ and the OPA pump phase θ with an optimized coupling strength G/κ= 4.85×10−5. A

red-blue detuning asymmetric feature for g(2)(0) is observed, that is related to the OPA

phase θ. For ∆≈ κ in the red detuning regime, g(2)(0) exhibits a strong sub-Poissonian

quantum statistics at a phase of θ/π≈−0.42. For this θ value, g(2)(0) does not show any

antibunching in the blue detuning regime. Similar features can be observed for the blue
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Figure 4.11: Temperature dependence of g(2)(0) corresponding to different optimal para-
meters: G1 = 4.89×10−5κ, θ1 =−0.42π; G2 = 4.77×10−5κ, θ2 = 0.42π; G3 = 3.30×10−5κ,
θ3 =−0.44π; and G4 = 3.25×10−5κ, θ4 = 0.44π.

detuning case with ∆ ≈ κ with phases at θ/π ≈ 0.42. This proves that the OPA pump

phase has an important role in achieving strong photon antibunching.

In Fig. 4.11, we show the temperature dependence of photon blockade. For all the

optimal values, g(2)(0) is on the order of 0.1 upto a value of nth ≈ 20 showing strong

antibunching characteristics.

Now, we analyze the effect of pure-dephasing on the antibunching properties of the

cavity photons. The effects of pure dephasing can be modeled by solving the master

equation after adding another Lindblad term of the form Lp(ρ)= γp
2 (2a†aρa†a−(a†a)2ρ−

ρ(a†a)2), in the master equation, where γp is the pure dephasing rate for the cavity mode.

Figs. 4.12(a)-(d) show the second-order correlation function g(2)(0) for different pure

dephasing rates with different sets of optimized values: G/κ= 4.85×10−5, θ/π=−0.42

in (a), G/κ = 4.85× 10−5, θ/π = 0.42 in (b), G/κ = 3.28× 10−5, θ/π = −0.44 in (c) and

G/κ= 3.28×10−5, θ/π= 0.44 in (d). It can be shown that g(2)(0) still maintains the red-

blue detuning asymmetry. In Fig. 4.12(a), for a typical pure dephasing rate of 0.01κ,

the value of log10 g(2)(0) at the red detuning with ∆≈ κ is −1. With increase in the pure

dephasing rate, g(2)(0) increases near the red detuning at ∆ ≈ 2κ. Similar feature is

shown in Fig. 4.12(b)-(d) for ∆ ≈ −2κ, 3κ and −3κ respectively. For higher values of
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Figure 4.12: Plot of g(2)(0) for different pure-dephasing rates. The black solid line is
for γp = 0 case, i.e. without any pure-dephasing. The red and blue dashed lines are for
γp = 0.01κ and 0.1κ respectively. OPA parameters are: G/κ = 4.85×10−5, θ/π = −0.42
in (a), G/κ = 4.85× 10−5, θ/π = 0.42 in (b), G/κ = 3.28× 10−5, θ/π = −0.44 in (c) and
G/κ= 3.28×10−5, θ/π= 0.44 in (d).

pure-dephasing rates, g(2)(0) approaches the classical Poissonian statistics similar to a

thermal source.
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4.3.3 Summary

In conclusion, we have proposed a model to realize a strong unconventional photon

blockade by placing an OPA medium inside an optomechanical cavity under weak pump

driving with G ¿ωa. We studied the photon correlations in terms of the second-order

correlation function. Using analytical calculations, we derive the conditions for optimized

photon antibunching in terms of OPA pump phase θ and the OPA gain G. We find

that the optimal parameters depend on the cavity-light detuning. Under the optimal

parameters, the system can be used to generate sub-Poissonian light. A red-blue detuning

asymmetry for pump phase θ has been observed. We find that the analytical expressions

are consistent with the numerical solutions. We hope that the proposed scheme may

provide us with a way to control the photon blockade exactly and it could be used as a

single-photon source on-demand.
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5
PHONON BLOCKADE

In this chapter, we show that phonon blockade could be achieved in a system of

two weakly nonlinear mechanical resonators coupled by a Coulomb interaction.

The optimal blockade arises as a result of the destructive quantum interference

between paths leading to two-phonon excitation. It is observed that, in comparison to a

single drive applied on one mechanical resonator, driving both the resonators could be

beneficial in many aspects; such as, in terms of the temperature sensitivity of phonon

blockade and also with regard to the tunability, by controlling the amplitude and the

phase of the second drive externally. We also show that via a radiation pressure induced

coupling in an optomechanical cavity, phonon correlations can be measured indirectly in

terms of photon correlations of the cavity mode.

5.1 Brief overview

Reaching the quantum regime of micro- and nanomechanical resonators has significance

in weak force detection [216, 217] as well as quantum information processing [86, 218,

219]. Quantum effects can be realized when the mechanical resonator is cooled to its

motional ground state, i.e. when its vibrational energy is higher than or comparable to

the thermal noise. Once the quantum regime of a mechanical resonator is reached, it can

This chapter is based on the article “Tunable phonon blockade in weakly nonlinear coupled mechanical
resonators via Coulomb interaction”; arXiv:1803.10403, authors: Bijita Sarma and Amarendra K. Sarma.
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be further used for quantum information processing related applications. Phonons, which

are the quanta of mechanical vibrations, have lower decay rate in comparison to photons.

Due to this advantage, phonons have been studied for possible applications in phononic

quantum networks [85–87]. In analogy to Coulomb blockade [220] and photon blockade

[175], it was proposed by Liu et al. that the phonons in a nanomechanical resonator

coupled to superconducting charge qubit can exhibit a nonclassical phenomenon called

phonon blockade [92]. In such a system, if the nonlinearity is strong enough to give rise

to an anharmonic energy level, the excitation of one resonating phonon makes the second

phonon off-resonant, so that the number of phonons in the resonator never exceeds

one. Phonon blockade based on this mechanism has been studied in a nanomechanical

resonator coupled to a qubit [94, 221] or a two-level defect [222], and also in quadratically

coupled optomechanical systems [95, 223], which requires a strong anharmonicity of

the eigenstates corresponding to large coupling strength. Another method has been

proposed to obtain phonon blockade in the weak coupling regime via interference of

phonon transition pathways [98, 99, 224], which is analogous to the unconventional

photon blockade effect explored in several systems [80–82, 225].

Conventional phonon blockade has been studied in a mechanical resonator with a

Kerr-type nonlinearity. [93] The realization of phonon blockade in this system demands

strong Kerr-type nonlinearity in order to obtain an anharmonic energy-level. Different

from this, here we show that phonon blockade in a weakly nonlinear mechanical resonator

can be realized by coupling it to another weakly nonlinear mechanical resonator via

Coulomb interaction [226–228]. Although the nonlinearities in the mechanical resonators

are weak, owing to the presence of quantum interference pathways, the system can

exhibit phonon blockade. We first discuss the effect of driving only one of the resonators

and then driving both the resonators. In case of a single drive, we show that under

optimal conditions for the detuning, ∆, and Kerr nonlinearity, U, phonon blockade

could be achieved. However, by driving both the resonators, one can tune the blockade

characteristics by using the optimal values of the drive amplitude and the phase, which

can be controlled more conveniently. Also, this modification gives more robustness

towards the temperature dependence of the second order correlation function. The

detection of phonon blockade by measuring the photon correlations in the presence of an

optomechanical interaction is also discussed.
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Figure 5.1: Schematic representation of the optomechanical system, where, M1 is the
weakly nonlinear movable end-mirror coupled to another weakly nonlinear mechanical
resonator M2 by Coulomb interaction. The electrodes on the resonators carrying charge
q1 and q2 are charged by the bias gate voltages V1 and V2. The equilibrium separation
of the resonators is d. The small deviations of M1 and M2 from their equilibrium
positions due to the optomechanical and Coulomb interactions are denoted by x1 and x2
respectively. The cavity linewidth is κ and the damping rate of the mechanical resonators
is considered to be γ.

5.2 Model and Hamiltonian

We consider an optomechanical cavity where the movable end-mirror denoted by M1,

is weakly nonlinear, and is coupled to another weakly nonlinear mechanical resonator,

M2 via a Coulomb interaction as shown in Fig. 5.1. The cavity mode with annihilation

operator, a, and frequency, ωa, is driven by a coherent drive with frequency, ωl . The total

Hamiltonian of the system is given by

H = Hom +Hm, (5.1)

where, Hom describes the standard linearized optomechanical interaction [222] as given

below, with effective optomechanical coupling, G, and detuning, ∆a, in a frame rotating
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at the drive frequency ωl

Hom =∆aa†a+G(a+a†)(b1 +b†
1). (5.2)

The Hamiltonian for the mechanical resonators is given by

Hm = Hfree +Hnl +Hco +Hdrive, (5.3)

with, Hfree =ωm(b†
1b1 +b†

2b2), Hnl =U(b†
1b†

1b1b1 +b†
2b†

2b2b2), Hco = ke q1q2
|d+x1−x2| ,

and Hdrive =Ω1(b†
1e−iωp t +b1eiωp t)+Ω2(b†

2e−iφe−iωq t +b2eiφeiωq t).

Here, b1 (b†
1) and b2 (b†

2) are the annihilation (creation) operators for the two mechanical

resonator modes with damping rate γ. Hereafter, we will call the mode ‘b1’ as the primary

mode and the mode ‘b2’ as the secondary mode. Here, Hfree is the free Hamiltonian of

the two mechanical resonators, Hnl is the Hamiltonian describing the Kerr nonlinearity,

U, in both the mechanical resonators and Hco represents the Coulomb interaction

Hamiltonian of the two charged mechanical oscillators. The primary and the secondary

mechanical modes are driven by pumps with frequencies ωp and ωq respectively with

the corresponding pump amplitudes Ω1 and Ω2 and an initial phase difference φ; which

is described by the term Hdrive. Hereafter, we will assume that ωq = ωp.

In the Coulomb interaction Hamiltonian, Hco, ke denotes the electrostatic constant, d

is the equilibrium separation of the two charged oscillators in absence of any interaction

between them, and x1 and x2 are the small oscillations of the two mechanical oscillators

from their equilibrium positions. Now, assuming that the deviations are small compared

to the equilibrium separation, i.e. {x1, x2}¿ d, one can expand

Hco = keq1q2

d

[
1−

( x1 − x2

d

)
+

( x1 − x2

d

)2
]

.

Here, the first term is a constant term and the second one is a linear term which can

be absorbed into the definition of the equilibrium positions. The last term consists of

two parts: one part refers to the small frequency shift of the original frequencies and

can be neglected by renormalising the mechanical frequencies, and the other part is the

coupling term between the oscillators. Therefore, we obtain the Coulomb interaction

between the mechanical oscillators as [226–228]

Hco = − 2keq1q2

d3 x1x2.

The charge contained in the electrodes are given by q1 = C1V1, and q2 =−C2V2, where C j

is the capacitance of the bias gate on the resonator M j. Therefore, Hco can be obtained as
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Hco = J(b1+b†
1)(b2+b†

2), where, J = keC1V1C2V2
d3

√
1

m1m2ω
2
m

. In the weak-coupling regime,

considering only the resonant terms, the Coulomb interaction Hamiltonian reduces to

Hco = J(b†
1b2 +b1b†

2).

In the following, we will study the occurrence of phonon blockade in the primary res-

onator by analyzing the phonon statistics by means of the zero-time delay second-order

correlation function given by, g(2)
b (0)= 〈b†

1(t)b†
1(t)b1(t)b1(t)〉/〈b†

1(t)b1(t)〉2.

5.3 Phonon blockade with a single drive

First, we will consider the case when there is no optomechanical interaction. The master

equation describing the evolution of the system is given by:

ρ̇ = i[ρ,H′
m]+γ(nth,1 +1)L[b1]ρ+γnth,1L[b†

1]ρ+γ(nth,2 +1)L[b2]ρ+γnth,2L[b†
2]ρ,

(5.4)

where L[bi]ρ = biρb†
i − 1

2 b†
i biρ− 1

2ρb†
i bi is the Liouvillian operator for the mode bi

and nth,i = 1/[exp(ωm/kBT)−1] denotes the thermal phonon number in that mode at

environmental temperature, T. We will consider nth,1 = nth,2 = nth for the rest of the

chapter. The Hamiltonian describing the mechanical resonators in a rotating frame with

the mechanical drive frequency is given by

H′
m = ∆b†

1b1 +∆b†
2b2 +Ub†

1b†
1b1b1 +Ub†

2b†
2b2b2 + J(b†

1b2 +b1b†
2)+Ω1(b†

1 +b1)

+Ω2(b†
2e−iφ+b2eiφ), (5.5)

where, ∆=ωm −ωp is the detuning from the mechanical pump frequency. We will calcu-

late g(2)
b (0) numerically by solving Eq. (5.4) in the weak-driving limit i.e. for {Ω1,Ω2}¿ γ,

from g(2)
b (0)=Tr(b†

1b†
1b1b1ρss)/[Tr(b†

1b1ρss)]2, where ρss is the steady-state density ma-

trix [212–214]. Before solving the master equation numerically, in order to obtain the

optimal parameters for unconventional phonon blockade, we develop an analytical model

in the following. Firstly, we consider the case when the secondary mechanical resonator

is not driven, i.e. Ω2 = 0. At low temperature, and assuming a weak pumping condition,

the low-energy levels dictated by the Hamiltonian is shown in Fig. 5.2(a). Assuming that

the system is initially prepared in the |00〉 state, we consider the following ansatz for the

state of the system:

|ψ〉 =C00|00〉+C10|10〉+C01|01〉+C20|20〉+C11|11〉+C02|02〉. (5.6)
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Figure 5.2: (a) Different two-phonon excitation paths that can lead to interference-based
phonon blockade for a single pump applied on the primary resonator, and (b) logarithmic
plot of g(2)

b (0) as functions of normalized U and J with optimum values of ∆. The black
dashed line represents the optimum values of U /γ corresponding to the values of J/γ.

The coefficients Ci j ’s can be obtained by solving the Schrödinger equation, i d|ψ〉
dt = Heff|ψ〉,

where, Heff = H′
m − i γ2 b†

1b1 − i γ2 b†
2b2 is the non-Hermitian Hamiltonian that includes the

damping of the mechanical oscillators. Following an iterative method prescribed by

Bamba et al. in connection with photon blockade in coupled photonic molecules [81], in

the limit of weak Ω1, at steady-state, the optimal parameters are obtained as follows:

∆opt = ±1
2

√√
9J4 +8γ2J2 −γ2 −3J2 , Uopt =

∆opt(5γ2 +4∆2
opt)

2(2J2 −γ2)
. (5.7)

The limit for the coupling, J, in this case is that the value of J must be larger than γ/
p

2 .

In Fig. 5.2(b), we show the variation of the zero time-delay second-order correlation

function, g(2)
b (0), by solving the master equation, i.e. Eq. (5.4), in a truncated Fock

space. Here, g(2)
b (0) is plotted as functions of the normalized coupling strength, J/γ and

nonlinearity, U/γ for U ≤ γ, with optimal values of ∆ as derived in Eq. (5.7). The black

dashed curve shows the optimal values of U calculated in Eq. (5.7). It is observed that for

the optimal conditions, phonon blockade can be obtained in the weakly nonlinear regime.

To demonstrate these results more clearly, in Fig. 5.3(a), g(2)
b (0) is depicted as a

function of ∆/γ for different values of J/γ. The value of U is considered to be Uopt. For

J/γ= 0.8, 0.95, and 1.5, the optimal values of ∆/γ found from the analytical calculations

are ≈ 0.11, 0.16, and 0.24 respectively. The corresponding optimal values of U /γ are 0.98,

0.52, and 0.18 respectively. From the plots, it is evident that the numerically calculated
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Figure 5.3: (a) Plot showing the variation of g(2)
b (0) as a function of ∆/γ with U =Uopt for

different values of J. (b) Second-order correlation function with finite time-delay, g(2)
b (τ)

and (c) temperature dependence of g(2)
b (0). Other parameters are: Ω1 = 0.1γ, U =Uopt

and ∆=∆opt.

results show complete agreement with the optimal values of the parameters calculated

from the approximate analytical model. With weak coupling strengths of J/γ= 0.8 and

0.95, g(2)
b (0)≈ 0.1,while for a moderate value of J/γ= 1.5, g(2)

b (0) is on the order of 0.01.

We also demonstrate the second-order correlation function, g(2)
b (τ)= 〈b†

1(t)b†
1(t+τ)b1(t+

τ)b1(t)〉/〈b†
1(t)b1(t)〉2, as a function of the normalized time delay τ/(2π/J) in Fig. 5.3(b).

Considering optimal parameters, when J/γ= 0.8 and 0.95, g(2)
b (0)≈ 0.1 at τ= 0, and for

increasing delay times g(2)
b (τ)> g(2)

b (0). Similarly, for J/γ= 1.5, g(2)
b (0)≈ 0.01 at τ= 0, and

for higher delay times, g(2)
b (τ)> g(2)(0) and finally reaches the value 1. Therefore, the plots

demonstrate that the phonons are antibunched and have sub-Poissonian distribution.

Now, in order to see the influence of environmental phonon population on the phonon
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blockade characteristics, in Fig. 5.3(c), we show the variation of g(2)
b (0) as a function of

the bath phonon number, nth. For J/γ = 0.8, g(2)
b (0) reaches 1 at nth ≈ 0.001, whereas,

for J/γ= 0.95 and 1.5, g(2)
b (0)≤ 1 upto nth = 4.5×10−4 and nth = 1.5×10−4 respectively.

Therefore, it is evident that the environmental thermal population has undesirable effect

on the observation of phonon blockade.

5.4 Phonon blockade with two drives

Figure 5.4: Different paths for two-phonon excitation when an additional pump is applied
on the secondary mechanical resonator.

We now turn to study the phonon correlations by applying an additional drive, Ω2 on the

secondary mechanical resonator. The transition paths leading to two-phonon excitation,

are shown in Fig. 5.4. The optimal conditions for phonon blockade could be determined
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Figure 5.5: (a) Contour plot showing the variation of zero-time-delay second-order corre-
lation function g(2)

b (0) as function of normalized detuning ∆a/κ and U/κ and (b) phonon
number in the primary resonator for ζ+, φ+. (c) Variation of g(2)

b (0) for different values of
J with U = 0.5γ and ∆= 0.5γ. The black solid, red dashed and blue dotted lines corre-
spond to J = 0.5γ, 0.85γ and γ, and the corresponding values of {ζ+,φ+/π} are {2.59,0.20},
{1.60,0.23} and {0.39,0.06} respectively. (d) shows the variation of g(2)

b (0) for Uopt = 0.5γ
and ∆opt =−0.5γ for J = 0.5γ (black solid line), 0.85γ (red dashed line) and γ (blue dotted
line). The respective values of {ζ+,φ+/π} are {1.09,0.88}, {0.82,0.93} and {0.77,0.95}.

by solving the equations for the coefficients obtained from Schrödinger equation:

iĊ10 =
(
∆− i

γ

2

)
C10 + JC01 +Ω1(C00 +

p
2 C20)+Ω2eiφC11, (5.8)

iĊ01 =
(
∆− i

γ

2

)
C01 + JC10 +Ω1C11 +Ω2(e−iφC00 +

p
2 eiφC02), (5.9)

iĊ20 =2
(
∆+U − i

γ

2

)
C20 +

p
2 JC11 +

p
2Ω1C10, (5.10)

iĊ11 =2
(
∆− i

γ

2

)
C11 +

p
2 J(C20 +C02)+Ω1C01 +Ω2e−iφC10, (5.11)

iĊ02 =2
(
∆+U − i

γ

2

)
C02 +

p
2 JC11 +

p
2Ω2e−iφC01. (5.12)

In the limit of weak Ω1 and Ω2, the probability of phonon excitation to higher levels

becomes subsequently lower i.e. C00 À {C10,C01}À {C20,C11,C02}. The optimal condition
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for the complete phonon blockade in the primary resonator corresponds to the case when

the probability of a phonon in state |20〉 equals zero. Under these assumptions, solving

Eqs. (5.8) and (5.9), the values of C10 and C01 at the steady-state are obtained as

C10 =
JΩ2e−iφ−Ω1(∆− i γ2 )(

∆− i γ2
)2 − J2

C00, (5.13)

C01 =
JΩ1 −Ω2e−iφ(∆− i γ2 )(

∆− i γ2
)2 − J2

C00. (5.14)

Now, sustituting Eqs. (5.13) and (5.14) into Eqs. (5.10)-(5.12), we obtain the following

matrix equation 
x11 x12 x13

x21 x22 x23

x31 x32 x33




C11

C00

C02

 = 0, (5.15)

where, the matrix elements are given by

x11 = J, x12 = JΩ1Ω2e−iφ−Ω2
1(∆− i γ2 )

(∆− i γ2 )2 − J2
, x13 = 0,

x21 = 2(∆− i
γ

2
), x22 = J

(
Ω2

1 +Ω2
2e−iφ)−2Ω1Ω2e−iφ(∆− i γ2 )

(∆− i γ2 )2 − J2
, x23 =

p
2 J, (5.16)

x31 = J, x32 = JΩ1Ω2e−iφ−Ω2
2e−2iφ(∆− i γ2 )

(∆− i γ2 )2 − J2
, x33 =

p
2

(
∆+U − i

γ

2

)
.

To obtain nontrivial solutions for C11, C00 and C02, the determinant of the coefficient

matrix must be zero, which gives rise to a quadratic equation in ζe−iφ:

a2ζ
2e−2iφ+a1ζe−iφ+a0 = 0, (5.17)

with ζ = Ω2/Ω1, a2 = 2J2(∆′ +U/2), a1 = −4J∆′(∆′ +U), a0 = 2∆′3 +U(J2 + 2∆′2) and

∆′ =∆− i γ2 . The solutions of the quadratic equation are given by:

ζ±e−iφ± = 1
J2(U +2∆′)

[
2J∆′(U +∆′)±

√
J2U(2U∆′2 +2∆′3 − J2U −2J2∆′)

]
. (5.18)

From Eq. (5.18), it can be seen that for specific values of the parameters, U , J and ∆, the

optimal values of ζ and φ could be obtained, and there are two optimal values of ζ and

φ for a specific set of system parameters. Therefore, by applying the additional pump

we can choose the optimal values of the amplitude and the phase of the second drive for

different coupling strengths and detuning in the system.
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Fig. 5.5(a) depicts g(2)
b (0) as functions of the rescaled detuning ∆/γ and U/γ corre-

sponding to ζ+,φ+ for a weak coupling value of J = 0.5γ. In Fig. 5.5(b), we show the

corresponding average phonon number in the primary resonator. From these plots, it is

observed that for the parameter regime where g(2)
b (0) is found to be on the order of 0.01,

average phonon number on the order of 0.01 could be obtained. We show the variation

of g(2)
b (0) as a function of ∆/γ, for different values of J in Fig. 5.5(c), with Uopt/γ = 0.5

and ∆opt/γ = 0.5, and J/γ = 0.5, 0.85 and 1. It is observed that phonon blockade could

be obtained at ∆= 0.5γ, which is in agreement with ∆opt, as predicted by the analytical

calculations. Fig. 5.5(d) shows the variation of g(2)
b (0), with Uopt = 0.5γ, and ∆opt =−0.5γ,

and it is observed that phonon blockade could be obtained at ∆=−0.5γ.

Similarly, in Figs. 5.6(a) and (b), we show g(2)
b (0) and the average phonon number in

the primary resonator, as functions of the rescaled detuning, ∆/γ and nonlinearity, U/γ

corresponding to ζ−,φ− for J = 0.5γ. Here also, g(2)
b (0) on the order of 0.01 is obtained

with average phonon number ≈ 0.01. In Fig. 5.6(c), we discuss the variation of g(2)
b (0)

with respect to ∆/γ for Uopt = 0.5γ and ∆opt = 0.15γ and different values of J/γ= 0.5, 0.85

and 1. It is observed that phonon blockade can be obtained at ∆opt = 0.15γ. Fig. 5.6(d)

shows the variation of g(2)
b (0) for Uopt = 0.5γ and ∆opt = −0.15γ. In this case, phonon

blockade is obtained at ∆=−0.15γ.

Next, we discuss the variation of the second-order correlation function with finite time-

delay, g(2)
b (τ). In Figs. 5.7(a) and (c), we show g(2)

b (τ) as a function of the normalized time

delay τ/(2π/J) with different values of J for ζ+,φ+ and ζ−,φ− respectively. It shows that

the value of g(2)
b (0) is the lowest at τ= 0 and for increasing delay times g(2)

b (τ)> g(2)
b (0),

which demonstrates that the phonons are antibunched and sub-Poissonian in nature.

In Figs. 5.7(b) and (d), we discuss the effect of environmental phonon number on g(2)
b (0)

for different values of U /γ, with (ζ+,φ+, ∆opt/γ= 0.5, J/γ= 0.5) and (ζ−,φ−, ∆opt/γ= 0.15,

J/γ = 0.5) respectively. As observed in Fig. 5.7(b), for optimum values of ζ+,φ+, the

phonon blockade effect can be sustained upto nth ≈ 0.01 for U = 0.9γ whereas for U = 0.1γ

and 0.5γ, g(2)
b (0)≤ 1 for values of nth upto ≈ 0.001 and 0.006 respectively. On the other

hand, for optimum values of ζ−,φ−, as shown in Fig. 5.7(d), the phonon blockade effect

can be sustained upto nth ≈ 0.02 for U = 0.9γ. For U = 0.1γ and 0.5γ, g(2)
b (0)≤ 1 for nth

upto ≈ 0.001 and 0.01 respectively.
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Figure 5.6: (a) Contour plot showing the variation of zero-time-delay second-order corre-
lation function g(2)

b (0) as function of normalized detuning ∆a/κ and U/κ and (b) phonon
number in the primary resonator for ζ−, φ−. (c) Variation of g(2)

b (0) for different values
of J with U = 0.5γ and ∆ = 0.15γ. The black solid, red dashed and blue dotted lines
correspond to J = 0.5γ, 0.85γ and γ, and the corresponding values of {ζ−,φ−/π} are
{2.25,0.30}, {1.51,0.32} and {1.37,0.33} respectively. (d) shows the variation of g(2)

b (0) for
Uopt = 0.5γ and ∆opt =−0.15γ for J = 0.5γ (black solid line), 0.85γ (red dashed line) and
γ (blue dotted line). The corresponding values of {ζ−,φ−/π} are {2.23,0.38}, {1.52,0.37}
and {1.37,0.36} respectively.

5.5 Measurement of phonon blockade via photon

correlations

Now, we study the phonon statistics in presence of the optomechanical interaction. Here,

we will show that phonon blockade in the primary mechanical resonator can be detected

by studying photon statistics of the optical mode in the cavity. Considering the cavity to

be at the red sideband, the Langevin equation for the cavity mode fluctuation is given by

ȧ =−(iωm + κ

2
)− iGb1 +

p
κain. (5.19)
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Figure 5.7: (a) Second-order correlation function with finite time-delay g(2)
b (τ), and (b)

effect of environmental temperature on g(2)
b (0) for ζ+, φ+. (c) Second-order correlation

function with finite time-delay g(2)
b (τ), and (d) effect of environmental temperature on

g(2)
b (0) for ζ−, φ−. Other parameters are considered to be same as in Figs. 5.6(c) and (d).

Here, ain is the input vacuum noise with the correlation function, 〈a†
in(t)ain(t′)〉 = 0. In

the resolved sideband regime, i.e. κ¿ωm, and also for κÀ {G, J,γ(nth +1)}, the cavity

field follows the mechanical mode adiabatically [98, 222, 229]

a =−i
2G
κ

b1 +noise, (5.20)

Therefore, g(2)
b (0)≈ g(2)

a (0)= 〈a†a†aa〉/〈a†a〉2, so that the phonon correlation can be stud-

ied by evaluating the second-order correlation function for photons. We calculate g(2)
b (0)

and also the zero time-delay second-order correlation function for photon, g(2)
a (0), by

solving the following master equation:

ρ̇tot = i[ρtot,H′]+κL[a]ρtot +γ(nth +1)L[b1]ρtot +γnthL[b†
1]ρtot +γ(nth +1)L[b2]ρtot

+γnthL[b†
2]ρtot, (5.21)
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Figure 5.8: (a) The phonon correlations when the drive is applied only on the primary
resonator i.e. Ω2 = 0, showing g(2)

b (0) in absence of the optomechanical coupling (black
solid line) and in presence of optomechanical coupling (red dashed line). (b) The phonon
and photon correlations calculated for the total Hamiltonian in presence of the optome-
chanical coupling. (c) g(2)

b (0) in absence of the optomechanical coupling (black solid line)
and in presence of optomechanical coupling (red dashed line) for additional driving of
the secondary mode. (d) The phonon and photon correlations with two drives in presence
of the optomechanical coupling. Other parameters are κ= 10γ, G = 0.1κ.

where the total Hamiltonian of the system, in a frame rotating at the mechanical pump

frequency ωp is given by

H′ = ∆a†a+∆b†
1b1 +∆b†

2b2 +Ub†
1b†

1b1b1 +Ub†
2b†

2b2b2 + J(b†
1b2 +b1b†

2)+G(a†b1 +ab†
1)

+Ω1(b†
1 +b1)+Ω2(b†

2e−iφ+b2eiφ). (5.22)

In Fig. 5.8(a), we discuss the phonon correlations for only one drive applied on the

primary resonator. We consider G = 0.1κ, that lies in the weak coupling regime and

κ= 10γ for typical optomechanical systems. The black solid line shows g(2)
b (0) in absence

of the optomechanical coupling and the red dashed line shows the one in presence of the
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optomechanical coupling. It is observed that both the values agree well with each other in

this parameter regime. Therefore, there is not any modification in the phonon blockade

characteristics due to the additional coupling term induced by the optomechanical

interaction in the adiabatic regime. In Fig. 5.8(b), we compare the phonon and photon

correlations calculated by solving the master equation for the total Hamiltonian in

presence of the optomechanical coupling. We observe that both the correlation functions

show evidence of blockade at the same detuning value. Therefore, the photon blockade

characteristics for the cavity mode can serve as an evidence of phonon blockade in the

primary mechanical resonator. Further, in Figs. 5.8(c)-(d), we show g(2)
b (0) for additional

driving of the secondary mode i.e for Ω2 6= 0, which also show similar features as the

single-driving case.

5.6 Summary

In conclusion, we have proposed schemes for the realization of phonon blockade in

a weakly nonlinear mechanical end-mirror in an optomechanical cavity, coupled by

Coulomb interaction to another weakly nonlinear mechanical resonator. Phonon corre-

lations are characterised in terms of the second-order correlation function. Firstly, we

studied the phonon blockade characteristics without considering the optomechanical

interaction. By applying a single drive on the primary mechanical resonator, strong

phonon blockade could be obtained with optimum values of the mechanical drive detun-

ing and Kerr-nonlinearity. However, the phonon blockade effect is very fragile towards

environmental thermal phonon number. Next, we discussed the scenario where both the

mechanical resonators were driven simultaneously. In this case, the optimum values

could be obtained in terms of the amplitude and the phase of the second mechanical

drive, which allows more controllability of phonon blockade. Also, the phonon blockade

effect could be sustained upto higher number of thermal phonons. Finally, we discussed

the blockade characteristics to be observed when the optomechanical interaction was

switched on. It was demonstrated that when the cavity optical field follows the resonator

dynamics adiabatically, for both the single and the double mechanical drives, phonon

blockade could be detected in terms of the photon correlations of the cavity mode.
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CONCLUSION

In this thesis, we have discussed the optomechanical bistability, mechanical res-

onator cooling, and photon and phonon antibunching effects in cavity optomechani-

cal systems. In chapter 2, we studied the bistable behavior shown by the intracavity

optical field and mechanical mirror motion in a hybrid optomechanical system consisting

of a driven optomechanical cavity and another cavity containing an ultracold two-level

atomic ensemble serving as feedback to the optomechanical cavity. We observe that the

bistability of the intracavity field in the optomechanical cavity can be tuned by the power

of the driving laser as well as the frequency of the driving laser which controls both the

cavity-field detuning in the optomechanical cavity and the atom-field detuning in the

atomic cavity. Compared to a generic optomechanical system, this allows more flexibility

in the control of bistability. We also observed that due to the feedback from the atomic

cavity, bistability can occur for much lower threshold power compared to the single-cavity

optomechanical system.

In chapter 3, we discussed the unresolved-sideband cooling of a mechanical resonator

in an optomechanical cavity in the presence of a quantum well with lower decay rate.

Although the excitons in the quantum well and mechanical mode are not coupled directly,

but due to their interaction with the common optical mode, there arises an indirect

coupling between them and as a result, the system comes back to the resolved-sideband

regime. Due to the presence of the quantum well, the cavity noise spectrum is modified

and one can obtain asymmetric cooling and heating rates. Therefore the requirement
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of the resolved-sideband condition for cooling is relaxed significantly. We observed that

the cooling rate could be enhanced by tuning the cavity-field detuning. We also studied

the time evolution of the average phonon number in the mechanical resonator using the

quantum master equation approach. It was observed that with time, the average phonon

number in the mechanical resonator tend towards the ground-state.

In chapter 4, we studied the photon antibunching effect in a weakly driven three-mode

optomechanical system, where two nonlinear optical modes and one mechanical mode

interact via a three-mode mixing. In addition to the resonant pathways, new two-photon

excitation paths in the higher-frequency optical mode are created due to this coupling.

One can harness these two-photon excitation processes to obtain the desired photon

blockade characteristics in the system via destructive quantum interference mechanism.

We studied the photon statistics in terms of second-order correlation function, and we

derived the optimal parameters required for strong photon blockade by solving the

non-Hermitian Schrödinger equation describing the damping in the system. Also, we

performed numerical calculations by solving the master equation, which show complete

agreement with the analytical calculations. In conventional photon blockade mechanism,

strong antibunching is obtained only in the strong-coupling regime. Here we observed

that even when the Kerr-nonlinearity in the optical modes is weak, under the optimal

conditions fulfilling the criteria for quantum interference mechanism, strong photon

antibunching is possible in the system. In the next part of the chapter, we explored

another system that can give rise to photon blockade in the weak-coupling regime.

We considered a weakly driven optomechanical cavity containing a degenerate optical

parametric amplifier, which gives rise additional two-photon excitation paths in the

cavity mode. Using analytical calculations, we found that optimal antibunching can be

obtained in the system by tuning the parametric amplifier pump gain and phase. We

observed a red-blue detuning asymmetry in the photon blockade characteristics for the

pump phase. The numerical calculations were found to be consistent with the analytical

results.

In chapter 5, we explored the occurrence of phonon blockade in a weakly nonlinear

mechanical resonator in an optomechanical cavity, coupled to another weakly nonlinear

mechanical resonator via Coulomb interaction. We analyzed the situations where in one

case, only one of the mechanical resonators is driven, and in the other case, both the

mechanical resonators are driven. Phonon blockade characteristics are studied in terms

of the second-order correlation function. Firstly, we studied phonon blockade in absence of
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the optomechanical interaction. Under a single drive, optimum values of the mechanical

drive detuning and Kerr-nonlinearity were determined for strong phonon antibunching.

However, the phonon blockade effect was found to be very fragile towards environmental

thermal phonon number. In the case of double drive, the optimum values are obtained in

terms of the amplitude and the phase of the second mechanical drive, which allows more

controllability of phonon blockade. Also, the phonon blockade effect could be sustained

upto higher number of thermal phonons in comparison to the earlier case, and we also

discussed the blockade characteristics in presence of the optomechanical interaction. We

observed that when the cavity field follows the resonator dynamics adiabatically, phonon

blockade can be studied in terms of the photon correlations of the cavity mode.

With new theoretical studies and experiments coming up, the area of cavity op-

tomechanics has been proven to be a promising platform where quantum mechanics

in mesoscopic scale might be utilized in device-based applications. For example, cavity

cooling has possibilities in suppressing thermalization effects in spintronic devices by

cooling mechanical modes in semiconductor nanomembranes [15, 155]. One particular

interesting aspect of optomechanical systems is its coupling via the mechanical motion

to other quantum systems, which are not compatible otherwise [15, 230, 231]. There is

possibility of exploring antibunching phenomena in various hybrid quantum systems

with particular emphasis on solid-state platform, owing to the tremendous potential in

quantum communication related applications. Therefore, combining the developments in

the field of cavity optomechanics to the parallel developments in analogous areas like

circuit-QED systems, cold atoms etc., one may explore newer possibilities in transduction

and quantum information processing as a whole.
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