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Abstract
Shortcut to adiabatic passage methods, developed to circumvent the shortcomings
of the usual adiabatic passage methods in quantum optics, now ﬁnds immense applications in diverse areas of physics. It ﬁnds its applications in quantum information
science, Bose-Einstein condensates, Ultra-cold atoms, non-Hermitian systems and
even in waveguide optics and biological systems. In this thesis, we have applied
the so-called transitionless quantum driving (TQD) and Lewis-Reisenfeld Invariant
(LRI) shortcut methods to a variety of classical and quantum systems to enhance
the eﬃciency and fastness of certain processes related to the system. We have proposed a variety of schemes and protocols in this regard. For example, we show how
it is possible to prepare an entangled state in extremely short time without losing
robustness and eﬃciency; how to achieve high ﬁdelity power switching in a waveguide coupler at an arbitrarily short length, attainment of fast soliton compression
in a nonlinear waveguide, wireless power transfer between two coils and so on.
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Chapter 1

Introduction
From the early days of quantum mechanics, the mechanism of transferring population from one state to another remains at the heart of the theory. In the early
twentieth century, studies were mainly conﬁned to the excitation owing to incoherent
radiation. Einstein was the ﬁrst who described incoherent excitation [1] of a two-state
atom via the rate equations [2] (diﬀerential equation for excitation probabilities with
A and B coeﬃcients). The probability of population of a two-state system to be
found in the excited state is given by
�
1�
P = 1 − exp − B
2

�

t
−∞

I(t� )dt�

��

Here I(t) is the intensity of the incident radiation. From this we can very easily
see that at most 50% of the total population can be transferred from the ground
state to the excited state. This engineering is used in several applications, such as
the optical pumping, the stimulated emission pumping (SEP) etc, but due to the low
selectivity of the process, transfer eﬃciency so obtained was only about 10%.
With the introduction of LASER, scientiﬁc community was able to produce an
intense, nearly-monochromatic coherent electromagnetic ﬁeld which proved to be
very useful for probing and controlling quantum systems. A surge of theoretical
rectiﬁcation of many previously known quantum eﬀects in the ﬁeld of quantum
methodology took place subsequently. The application of coherent radiation to a
quantum system showed signiﬁcantly diﬀerent results compared to those predicted
by Einstein’s rate equations. Various new methods based on the interaction of coherent radiation with diﬀerent types of quantum systems emerged. One famous
method for transferring population between quantum states using resonant excitation is the so-called Rabi oscillation. To describe this method, one generally starts
1
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with time dependent Schrödinger equation with an appropriate exact Hamiltonian.
By ﬁnding the coeﬃcients of the corresponding states of the total wave function we
can measure the probability of ﬁnding the system in a particular state. In case of
two state atomic systems, when the coherent radiation is resonant, the population
oscillates between the excited and the ground state. The probability for being in
), where Ω is known as the Rabi frequency.
the excited state is given by Pe = sin2 ( Ωt
2
Ωt is known as the pulse area. If the radiation varies in amplitude with time, then
�t
the pulse area becomes A = −∞ Ω(t� )dt� . Clearly, when the pulse area has the value
of (2n + 1)π i.e, odd multiple of π (the so-called π pulse) we shall have complete
population transfer. However in real situations, atoms roam around randomly with
high velocity and thus experience Doppler shift. So maintaining resonant condition
in real environment is tough. Moreover for an ensemble of atoms, the velocity dependent interactions and ﬂuctuations of the radiation intensity should be taken into
account. On averaging, the excitation probability gives 12 . Also, in practical cases
maintaining a precise value of the pulse area is challenging.
To overcome such diﬃculties and to achieve near perfect ﬁdelity in manipulating state populations, which can be facilitated by robust experimental parameters,
the idea of exploiting adiabatic evolution came into picture. Quantum adiabatic
processes emerged as one of the most robust and eﬀective methods for driving a
system in a controlled way. In an adiabatic process, the external perturbation of
the system varies so slowly that the system has time to adapt to the changes in the
perturbation. As a result the system remains in it’s initial eigenstate for a given
time dependent Hamiltonian, and the transition probability becomes zero between
the instantaneous eigenstates. In the ﬁeld of light-matter interaction, this method
is known as the adiabatic passage. In two-level and three-level atomic systems,
various adiabatic passage methods like rapid adiabatic passage (RAP), Stark shift
chirped rapid adiabatic process (SCRAP), stimulated Raman passage (STIRAP) [3–6]
etc. have been studied extensively. In other ﬁelds of contemporary physics such as
solid state physics [7] and waveguide optics [8] , these methods also has been successfully implemented. The adiabatic passage method requires strong interaction (large
Rabi frequency) and smooth pulse shape in general. Most importantly, as the system follows adiabatic evolution, it requires large interaction time. Thus, the system
undergoing adiabatic passage is vulnerable against decoherences as it has more time
to interact with the environment, which results into decrease in the eﬃciency of the
process. Therefore the disadvantage of this method is that, even being very robust,
it is constrained to be very slow. For the techniques like NMR, Cavity QED etc,
2
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where robustness is of primary concern, adiabatic passage is quite successful. But
when it involves issues like designing quantum gates, quantum computations etc,
where speed is a matter of importance, this method is not that useful.
In search for a robust as well as a fast method, the scientiﬁc community came up
with few new ideas. Shortcut to adiabaticity (STA) is one of them. A whole bunch of
diﬀerent techniques for STA have been proposed in the last ten years. One such STA
technique is the so-called counter diabatic algorithm (CDA) proposed by Demirplak
et al. in 2003 [9,10] . A similar technique named transitionless quantum driving (TQD)
presented in a diﬀerent way by M. V. Berry in 2009 [11] . Both the techniques proposes similar procedure of adding additional interaction to the initial Hamiltonian
to nullify the eﬀect of non-adiabatic terms to drive the system exactly along the
adiabatic path. These ideas were ﬁrst exploited by Chen et al. in 2010 in two and
three level atomic systems and they termed it as the shortcut to adiabatic passage
(SHAPE) method [12] . They showed that, it is possible to drive an atomic system
beyond the adiabatic limit and which is also fast compared to the resonant excitation using an additional interaction. Huge surge of studies in this regard followed
afterward. STA in Quantum state transfer [13–15] , in Bose-Einstein condensates [16] ,
ultra-cold gases [17] , non-hermitian systems [18–20] , fast ion trapping [21,22] and experimentally realizable STA in many body systems using counter diabatic driving [23] ,
quantum Ising model [24] etc. are few examples. Signiﬁcant developments of STA are
made by J. G. Muga and co-workers with diﬀerent new ideas. One such idea is the
so-called multiple Schrödinger pictures [25] where they have shown that using multiple unitary transformation it is possible to represent interaction picture dynamical
equations by diﬀerent physical processes which is useful to produce better realizable
STA. In a subsequent study, they came up with the idea of superadiabatic iteration
using a nonconvergent sequence of nested interaction pictures to produce shortcut
to adiabaticity [26] . L. Giannelli et al., studied superadiabatic iteration to analyze
population transfers in three level quantum systems [27] .
Another widely used and robust method for STA is the Lewis-Riesenfeld invariant (LRI) based shortcut method [28,29] . In this method one uses a Hamiltonian that
possesses symmetry (SU2 to be speciﬁc). A dynamical invariant can be found for
such Hamiltonians (The Lewis-Riesenfeld invariant) which generally does not commute with the Hamiltonian itself. One can inverse engineer the parameters of the
Hamiltonian by imposing the necessary conditions to make the invariant commute
with the Hamiltonian at the boundaries so that the desired initial and ﬁnal states
are preserved. In principle, that can deliver an inﬁnitely fast evolution as it neither
3
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has to follow the adiabatic path nor to obey the adiabatic condition. In several
studies this method has been exploited rigorously. To cite a few: preparing various entangled states [30–32] , manipulating two and three level quantum systems [33,34] ,
power transfer in optical waveguides [35,36] and so on. Many groups have contributed
to inverse engineering based STA techniques signiﬁcantly. In particular, the works
done by the group of A. del Campo is noteworthy. To cite a few examples: They,
for the ﬁrst time showed the existence of classical shortcuts for scale-invariant dynamical process [37] . A. del Campo and M. G. Boshier introduced L-R invariants to
engineer STA in nonharmonic traps [38] . Again, A. del Campo introduced the concept of fast frictionless dynamics in BEC [39] and ultracold gases [40] which is proved
to be useful in the context of quantum thermodynamics [41] .
As far as experimental realization is concerned, various experiments have been
carried out in the recent past. For example, J. Zhang et al. [42] implemented CDA
method, for fast passage, on the electron spin of a single nitrogen vacancy center
in diamond. In another experiment based on TQD, a Bose-Einstein condensate of
Rubidium atoms loaded into an optical lattice shows high ﬁdelity of 0.98, using
time-dependent frequency diﬀerences between the two counter propagating beams
that generates the optical lattice [43,44] . Superadiabatic transitionless driving is implemented to speed up STIRAP in a solid state lambda system by B. B. Zhou et
al. [45] . Diﬀerent STA techniques are experimentally realized in a trapped ion system
where S. An. et al. achieved precise and ﬂexible control of quantum evolution over a
single 171Yb+ ion using a pair of Raman beams [46] . S. Deng et al. realized the inverse
engineering based STA in strongly coupled systems composed of three dimensional
unitary Fermi gas to prepare a stationary ﬁnal state for the non-adiabatic compression and expansion [47] . Also in a similar system, using local counterdiabatic driving,
quantum friction is suppressed in the ﬁnite time thermodynamics, of a strongly
coupled quantum ﬂuid [48] .
Another STA technique, worth mentioning is the so-called fast-forward approach,
pioneered by Masuda and Nakamura, for fast time evolution of a wave function using
a driving potential [49] . Later it was exploited to speed up the adiabatic dynamics [50] .
In subsequent studies, fast forward approach has been applied to achieve STA in
diﬀerent physical systems such as charged particle in electromagnetic ﬁeld [51] , STIRAP [52] , entangled states [53] etc. Although various variants of STA methods are
available, in this thesis by STA methods we will refer to the TQD and the LRI
based techniques only.
4
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The topics and aim of research
In this thesis, we report our studies with regard to application of the STA methods
in various diverse systems, brieﬂy discussed below.
(a)Entangled state Preparation: Entanglement is one of the fundamental concepts in the ﬁeld of quantum information and quantum computation in modern
physics. The search for tools to prepare diﬀerent entangled states such as Bell
states, Greenberger-Horne-Zeilinger (GHZ) states [54] , W states [55] , bosonic NOON
states [56] , squeezed spin states [57] etc. using diﬀerent arrangements and processes
like spontaneous parametric down conversion [58] , using ﬁber couplers and quantum
dots or using diﬀerent cavity arrangements [59–61] has gathered momentum in last
few decades. Numerous attempts have been made in this regard. M. Barbieri et al.
produced two-photon polarization mixed states using a high brilliance source [62] . A.
Ling et al. prepared Bell states with controlled white noise [63] . Generation of entangled states has also been attempted theoretically, using quantum Markov processes
and Hilbert space engineering [64,65] . Various other studies as well are performed to
prepare diﬀerent entangled states [66,67] . Despite all these proposed methods, adiabatic following proved to be one of the most robust methods for entangled state
generation. R. G. Unnayan et al. in 2001 proposed a method to prepare entangled
states in a pair of two-state systems based upon adiabatic passage using time dependent external magnetic ﬁeld [68] . L-B Chen et al. produced n-cavity mode W state in
a coupled cavity system using adiabatic passage [69] . Similarly J. Song et al. created
N atom W states between two distant cavities [70] and Y. Liang et al. studied it
using quantum Zeno dynamics along with the adiabatic passage [71] . C. Marr et al.
proposed a method to prepare entangled state using dissipation assisted adiabatic
passage [72] . Not only the adiabatic methods but STA methods are also studied in
order to prepare various types of entangled states such as GHZ states [30,73] , photonic
NOON states [74] , atoms inside cavities [75–78] and various others. Motivated by these
works, in this thesis, we propose a method to prepare entangled state in a coupled
pair of spin 1/2 particles using both STA techniques. We show that it is possible to
prepare an entangled state in extremely short time without losing robustness and
eﬃciency.
(b)Waveguide couplers: Recently, based on the analogies between quantum mechanics and wave optics, many techniques have been proposed to manipulate light
in various waveguide structures. Two and three level atomic systems has one to one
correspondence in parameters with the waveguide coupler systems. It is possible to
5
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visualize typical quantum phenomena like Rabi oscillations [79,80] , adiabatic passage
in the waveguide coupler systems. Moreover, the ability to replicate laser-matter
interactions (Rabi frequency, detuning etc.) by simple geometric bending or twisting of the guiding photonic structures makes it easier for implementation. Several
works regarding application of quantum phenomena in waveguide structures has
been carried out in past. Few examples are as follows: S. Longhi et al., A Salandrino et al. and G. Della Valle et al. demonstrated adiabatic light transfer in coupled
waveguide arrays [81–84] , S. Kazazis et al. studied eﬀects of nonlinearity in directional
couplers [85] . A. M. Kenis et al., T. A. Ramadan et al. and X. Sun et al. proposed
robust designs to realize adiabatic passage in coupler systems [86–88] . F. Dreisow et
al. proposed transfer of light via continuum in coupled waveguide systems [89] . Not
only the adiabatic methods but also the STA methods has been studied in coupler
structures. S-Y Tseng and co-workers studied diﬀerent STA techniques in various
waveguide settings such as counterdiabatic mode-evolution based coupled-waveguide
devices [90] , asymmetric direction couplers [91] , short-length and robust polarization
rotators in periodically poled Lithium niobate [92] , Robust coupled-waveguide devices using shortcuts to adiabaticity [93] . G. Della Valle et al. extended the optical
STA to full-wave problems for the Helmholtz equation in a inﬁnite dimensional system [94] . In a similar context, we study waveguide directional couplers by exploiting
the framework of STA methods with a conﬁguration-dependent complex-hyperbolicsecant scheme. Our approach shows much superiority in terms of robustness and
ﬁdelity in power switching compared to the adiabatic approach.
(c)Soliton compression: Solitons are self-reinforcing non-linear localized waves
that propagate without spreading and have particle-like properties [95] and observed
in various systems [96–98] . In optics, temporal bright solitons are of particular interest
owing to its various possible applications in optical communication. Recently, temporal soliton pulse compression studies are getting tremendous boost after a couple
of experimental studies. For example, Gerome et al. and D. G. Ouzounov et al. reported soliton compression in a tapered hollow-core photonic band gap ﬁber [99,100] .
Colman et al. demonstrated pulse compression based on high-order solitons in photonic crystal waveguides [101] . Blanco-Redondo et al., experimentally demonstrated
soliton-eﬀect pulse compression of picosecond pulses in silicon [102] . Countless theoretical and numerical studies regarding soliton compression such as ultrashort soliton
generation [103] , soliton compression of femtosecond pulses in quadratic media [104] ,
higher order soliton pulse compression [105] , high energy few-cycle pulses by soliton
compression [106] and many others are also performed. One of the soliton compression
6
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methods that has been widely used is the so-called adiabatic soliton compression.
For example, M. L. Quiroga-Texieiro et al. demonstrated soliton compression via
adiabatic ampliﬁcation [107] . Not only theories but experiments are also performed
in various platforms. Chernikov et al. studied the adiabatic compression of picosecond and subpicosecond soliton pulses in optical ﬁber [108] , Abdullaev et al. showed
adiabatic soliton matter wave compression in BEC in the presence of a parabolic
conﬁning potential [109] . Inverse engineering based STA techniques can also be applied in such systems [110] . In this context, we propose a novel technique, based on
inverse engineering method, to achieve fast compression of temporal solitons in a
nonlinear waveguide. We demonstrate that soliton compression could be achieved,
in principle, at an arbitrarily small distance by inverse engineering the pulse width
and the nonlinearity of the medium.
(d)Wireless power transfer: Not only in quantum and optical systems, the
method of adiabatic methods can be extensively studied in various other branches
of science. Wireless power transfer (WPT) is one possible application [111] . Modern
day WPT techniques mainly use mutual induction between coils and rely on two
fundamental principles which are the so-called near-ﬁeld non-radiative magnetoinductive eﬀects and the resonant coupling between both the emitter and the receiver
coils [112] . After the pioneering work of A. Kurs et al. on WPT via strongly coupled
magnetic resonances [113] , there has been a surge of studies in WPT. B. C. Cannon
and coworkers’ study to realize WPT for multiple small receivers [114] , T. Samurai
et al.’s work on WPT for electric vehicles [115] , A. P. Sample et al.’s analysis of
magnetically coupled resonators [116] and several others [117,118] are few examples and
are of extreme importance. However in all these studies, it is extremely important to
maintain the resonance between the emitter and the receiver [119] . Otherwise it may
result in decrease in the eﬃciency. To solve this A. A. Rangelov et al. came up with
a new idea to implement adiabatic passage in two and three coupled oﬀ-resonant
coils to achieve WPT [120–122] . Here we present a robust and eﬃcient method for
WPT using TQD, in two LC circuits, coupled inductively and oﬀ-resonant to each
other.

Outline of the thesis
In the following, we present a more elaborate plan of the thesis by including a
description of the various problems that have been addressed in the form of diﬀerent
chapters of the thesis. There are a total of seven chapters. Chapter 1 has already
7

TH-1765_126121029

Chapter 1. Introduction

provided adequate introduction to our thesis and contains the recent developments
of diﬀerent STA techniques.

Chapter 2: This chapter gives a theoretical framework of two major STA methods in great detail. Starting from the adiabatic theorem, we discussed adiabatic
conditions for two-level quantum system. TQD and LRI based shortcut methods
are discussed in the context of two level quantum systems also.

Chapter 3: In this chapter, motivated by the fact that a great deal of study is
performed to prepare entangled states in diﬀerent systems using adiabatic methods,
we study the preparation of an entangled state using STA methods. A system composed of a pair of spin 1/2 particles, coupled by their intrinsic exchange interaction,
is considered. We have applied both the STA methods to prepare a Bell state from
an unentangled state with the application of a time dependent external magnetic
ﬁeld. It is shown that the Bell state can be prepared almost instantaneously using TQD and LR invariant based method, whereas the adiabatic evolution requires
larger time width which is subjected to decay or decoherences. For invariant based
approach we designed the control ﬁelds using polynomial ansatz. A ﬁdelity almost
equal to unity can be achieved and maintained using those methods.

Chapter 4: Waveguide directional couplers provide signiﬁcant similarities with
two or three level quantum systems. In this chapter we have studied directional
couplers made of two and three evanescently coupled adjacent waveguides. We assume that the propagation constants are diﬀerent for each waveguide and varies
along the propagation distance. Spatial separation between two adjacent waveguides also varies with increasing distance. When the coupler length is large, they
generally show complete power transfer from one waveguide to another (adiabatic
coupler). Although, it is diﬃcult to achieve complete power transfer in short distances. However it is possible to inverse engineer the power transfer for desirable
distances using the above stated STA methods. For waveguide coupler we used an
Allen-Eberly like mismatch in propagation constants and coupling proﬁle. It can be
seen that power can be transferred in arbitrarily short coupler length either using
the additional coupling designed from TQD or by reverse engineering the mismatch
in propagation constants and the coupling using the LR invariant method. In both
cases, the eﬃciency of the coupler can be enhanced signiﬁcantly.
8
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Chapter 5: This chapter focuses on a passive nonlinear Schrödinger system
with constant GVD parameter and distributed nonlinear parameter. We consider a
passive waveguide with varying nonlinearity and study the compression of temporal
solitary waves with an engineered nonlinearity. We propose a novel method based
on the STA techniques to achieve fast compression of solitary waves. Starting with
a bright solitary wave solution for the nonlinear Schrödinger equation (NLSE), we
performed variational analysis to ﬁnd the variational equations for the parameters
related to the solitary wave such as width, chirp, velocity, center position etc. It
is shown that for a particular switching strength of the chosen nonlinear function,
the width of the soliton can be compressed upto a minimum point. In general, that
takes place adiabatically with respect to the propagation distance. To achieve such
compression in shorter distances, we inverse engineered the nonlinearity function
with a predeﬁned initial and ﬁnal width of the soliton. We numerically solved the
NLSE with the inverse engineered nonlinerity. We ﬁnd that soliton compression can
be achieved in shorter distances, with smooth inverse engineered nonlinear proﬁle,
which could possibly be exploited for various short distance communication related
applications of temporal solitons.
Chapter 6: In this chapter we provide an eﬃcient method to obtain wireless
power transfer (WPT) using the TQD method. We chose a typical WPT system
which consists of two lossy coils, namely the source and the drain with diﬀerent
resonant frequencies, and are coupled inductively. Our study shows that using periodic adiabatic frequency sweep it is possible to achieve power transfer between the
two coils. However, this requires slow sweeping rate to achieve the power transfer,
resulting in loss of power from the source coil itself. Using TQD method one can
determine the rate of frequency sweeping required to deliver the power from the
source coil to the drain coil as soon as possible. The eﬀect of intrinsic decay can
be reduced signiﬁcantly with the application of the TQD protocol. The coupling
eﬃciency is shown to be increasing with the decreasing time window and increasing
coupling to decay ratio. We have also performed distance dependent studies which
demonstrates that distance insensitive WPT could be achieved.
Chapter 7: Here we provide the conclusions of the thesis. In this chapter we
conclude with a highlight of the results obtained in the thesis. We also provide a
future plan based on the work that we present in the thesis.

9
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Chapter 2

Shortcut to adiabaticity: A brief
review
Shortcut to adiabaticity (STA) methods are a set of techniques that reproduce the
same ﬁnal population or the same ﬁnal state as done via the adiabatic processes but
in a much shorter and ﬁnite time [123] . Despite the advantages of controlling a system
to follow an adiabatic evolution, there are several drawbacks that we have already
discussed in the previous chapter. Contrary to the adiabatic processes, these STA
methods, in principle, with the help of additional interaction or sometimes by designing a new Hamiltonian using proper boundary conditions, can drive the system
inﬁnitely fast. The robustness and near perfect ﬁdelity nature of the adiabatic processes are preserved in these STA techniques. As these methods provides arbitrarily
fast dynamics, they are less vulnerable to the decoherences, decays and eﬀects of
interaction with the environment. In this chapter we elaborate on two STA methods
that are exploited in this thesis. Starting with a brief description of the adiabatic
theorem in the next section and its application in two level quantum system, we
gradually develop the TQD and the L-R invariant based shortcut methods in the
subsequent sections.

2.1

The adiabatic theorem

The term adiabatic has been widely used in two diﬀerent branches of physics. In
thermodynamics, an adiabatic process is the one which occurs without transfer of
heat between the system and the environment. But we will discuss the adiabatic
processes in the context of quantum mechanics. In quantum mechanics the adiabatic
processes are governed by the adiabatic theorem which is ﬁrst stated by Born and
11
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Fock [124] and later by various others [125,126] . It states that if the Hamiltonian of a
particular quantum system changes gradually from some initial form Hi to some
ﬁnal form Hf and if the system is initially in the nth eigenstate of Hi , then after the
evolution it will be carried into the nth eigenstate of Hf provided the eigenspectrum
remains non-degenerate throughout the transition from Hi to Hf .
Let us consider a time dependent Hamiltonian H(t) with it’s instantaneous eigenstates |φn (t)�, forming a complete orthonormal set. Thus,
H(t) |φn (t)� = En (t) |φn (t)�

(2.1)

En (t) is the energy of the nth eigenstate. The total wave function can be written as
|Φ(t)� =

�
n

cn (t)eiθn (t) |φn (t)� ,

(2.2)

where θn (t) is the dynamical phase factor when the eigen energies are time dependent
and is given by,
�
1 t
En (t� )dt�
(2.3)
θn (t) = −
� 0
The time dependent Schrödinger equation for such quantum systems reads as:
i�

∂ |Φ(t)�
= H(t) |Φ(t)�
∂t

(2.4)

Upon substituting Eq. (2.2) into Eq. (2.4) and taking inner product with �φm (t)|,
one ﬁnds a set of coupled diﬀerential equation for the coeﬃcients, given by
ċm (t) = −

�

cn (t)�φm (t)|φ̇n (t)�ei(θn (t)−θm (t))

(2.5)

n

In obtaining Eq. (2.5), the orthonormality condition, i.e. �φm (t)|φn (t)� = δmn , is
taken into account. Again diﬀerentiating Eq. (2.4) and taking inner product with
φm (t) one gets,
�φm (t)| Ḣ(t) |φn (t)�
�φm (t)|φ̇n (t)� =
.
(2.6)
En (t) − Em (t)
Thus, from Eq. (2.5) and Eq. (2.6) we obtain
ċm (t) = −cm (t)�φm (t)|φ̇m (t)� −

�
n

cn (t)

�φm (t)| Ḣ(t) |φn (t)� − i � t [En (t� )−Em (t� )]dt�
e � 0
En (t) − Em (t)
(2.7)
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Up to this point the results are exact. Clearly the second term characterizes the
interaction between individual eigenstates which arises due to the external ﬁeld
present in the Hamiltonian. Therefore, here we invoke the adiabatic approximation by choosing the external ﬁeld to be slowly varying which, can be expressed
mathematically as
∂H(t)
→0
(2.8)
∂t
Hence we neglect the second term in Eq. (2.7) which makes the equation decoupled
and the solution looks like:
cm (t) = cm (0)eiγm (t) ,

(2.9)

where γm (t) is known as the so-called geometric phase and of the form,
γm (t) = i

�

t
0

�φm (t� )|φ̇m (t� )�dt�

(2.10)

Thus if a system was in the state φm at t = 0, then cm (0) = 1 and cn (0) = 0 for all
m �= n, then from Eq. (2.2) we can write
iθm (t) iγm (t)
e
|φm (t)�
|Φad
m (t)� = e

(2.11)

Hence, apart from the couple of phase factors which does not aﬀect the instantaneous
probability at all, the system remains in the initial eigenstate. However, adiabatic
approximation [Eq. (2.8)] has to be valid, which indeed refers to the slow variation
of the external parameters.
The adiabatic condition: To understand the adiabatic approximation properly
let us go back to Eq. (2.5). Consider that the system is undergoing adiabatic evolution in a state n = k �= m, i.e., |ck (t)|2 ≈ 1 and |cm (t)|2 � 1. under such assumption
Eq. (2.5) reads as
(2.12)
ċm (t) = −�φm (t)|φ̇k (t)�ei(θk (t)−θm (t))
As Ḣ is very small, cm (t), E(t) and φ(t) also vary slowly. Hence the solution for
cm (t) becomes,
�

t

i

dτ �φm (τ )|φ̇k (τ )�e− � (Ek (τ )−Em (τ )τ )
0
�
�
�φm (t)|φ̇k (t)�
− �i (Ek (t)−Em (t))t
e
≈ −i�
−1
(Ek (t) − Em (t))

cm (t) = −
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Now if,
�
�
�
�
��φm (t)|φ̇k (t)�� � (Ek (t) − Em (t)) ,
�
�
�

(2.14)

then cm (t) ≈ 0. Eq. (2.14) is called the adiabatic condition. It can also be written
as
2
�
�
� �φm (t)| Ḣ(t) |φn (t)� � � (Ek (t) − Em (t))
(2.15)
�
Eq. (2.14) and Eq. (2.15) are known as adiabatic conditions in general. The application of adiabatic approximation is discussed in the following section.

2.2

Adiabatic passage: A demonstration of adiabatic
theorem

There exists many physical processes where the adiabatic theorem can be applied
fruitfully. We are going to elaborate it in the context of a two level quantum system.
A discrete two level quantum system is one of the fundamental and exactly solvable
systems in quantum physics. Consider a two state system with the bare states |1�
and |2� having energies E1 and E2 with energy diﬀerence �ω0 . A general state can
�
be written as ψ(t) = j=1,2 cj (t)e−iEj t/� |j�, where cj (t) is the probability coeﬃcient
�
of the j th state and, constrained by the relation j=1,2 |cj (t)|2 = 1. The Schrödinger
equation for such a system is given by:
i�

d
C(t) = H(t)C(t);
dt

�

�

(2.16)

c2 (t = ∞) = 0

(2.17)

C(t) =

c1 (t)
,
c2 (t)

where c1 (t) and c2 (t) satisﬁes the initial condition
c1 (t = −∞) = 1,

The Hamiltonian, under rotating wave approximation and in the interaction picture
(or equivalently in the rotating frame of reference) is given by
�
H(t) =
2

�

0
Ω(t)
Ω(t) 2Δ(t)
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�

(2.18)

2.2 Adiabatic passage: A demonstration of adiabatic theorem

Δ = (E2 − E1 )/� is the detuning parameter. Diagonal elements of the Hamiltonian
represents energies of the diabatic states. Basically, by application of the ﬁeld the
lower level E1 gets shifted by the energy of the ﬁeld �ω(t) and the system is shifted
to the interaction region [127] . New energy levels 0 and Δ represents the bare levels
E1 and E2 respectively. Ω(t) represents the coupling between the two states due to
the external ﬁeld. Ω(t) can be diﬀerent for diﬀerent systems (e.g. Rabi frequency for
atomic systems). Ω(t) can be taken to be real without loss of generality. Eigenvalues
(energies) of the Hamiltonian in Eq.(2.27) are given by:
ε± (t) =

�Δ(t) � �
±
Ω(t)2 + Δ(t)2
2
2

(2.19)

The instantaneous eigenstates of Eq.(2.18) are

|Φ+ (t)� = sin Θ(t) |1� − cos Θ(t) |2�

(2.20a)

|Φ− (t)� = cos Θ(t) |1� + sin Θ(t) |2�

(2.20b)

These states are also known as the adiabatic states or dressed states. Θ(t) is the
angle of mixing which satisﬁes,
tan 2Θ(t) =

Ω(t)
Δ(t)

(2.21)

To achieve population transfer in this system, diﬀerent approaches can be taken.
One can apply a resonant ﬁeld (Δ = 0) with a ﬁxed pulse area so that population
can oscillate between those two states (Rabi oscillation). Also, one can follow the
frequency sweep (Δ has to be time dependent) approach, where one initially starts
with a oﬀ-resonant ﬁeld and sweep the detuning Δ(t) from a large negative value to
some large positive value. The key point is to vary the frequency or the detuning very
slowly, so that the Hamiltonian becomes slowly varying function of time. Suppose
at t → −∞ our system was in the dressed state |Φ+ �, then using Eq. (2.20a) and
Eq. (2.21), we ﬁnd that
|Φ+ (t → −∞)� = |1� ,

|Φ+ (t → ∞)� = |2�

At the starting of the frequency sweep, Δ(t) < 0 and the adiabatic state |Φ+ (t)�
corresponds to the diabatic state |1�. After sweep, Δ(t) > 0 and it corresponds to
the state |2�. At t = 0 the adiabatic states shows an avoided crossing. Moreover
the sweep is suﬃciently slow such that the system remains in the adiabatic state it
15
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started. This eventually leads to complete population transfer from the state |1� to
the state |2�. However one might think how slow is the slow enough to have such an
adiabatic population transfer. To answer that, we once again invoke the adiabatic
condition in Eq. (2.14) which reads in this case as:

which gives,

�
�
��Φ− (t)|Φ̇+ (t)�� � (ε+ (t) − ε− (t))
�
�
�
�
�3
�Δ̇Ω − Ω̇Δ� � Δ2 + Ω2 2

(2.22)

(2.23)

If we consider the external interaction to be near resonant so that Δ is minimum,
the second term in the L.H.S. of Eq. (2.23) can be neglected. Hence the criterion
for adiabatic evolution reduces to:
� �
�Δ̇� � Ω2

(2.24)

Thus it is evident that the rate of change of frequency should be very small compared
to the strength of the external ﬁeld. If we choose Δ(t) and Ω(t) according to the
Landau-Zener model [128–130] :

and

Δ(t) = β 2 t

(2.25a)

Ω(t) = Ω0

(2.25b)

then the Landau-Zener formula provides the transition probability between the adiabatic states. It is given by:
�

�
πΩ20
p = exp −
.
2|Δ̇|

(2.26)

As the frequency sweep becomes slow i.e., Δ̇ → 0, the transition probability p
becomes almost equals to zero. Hence the system remains in its initial adiabatic
state, which is |Φ+ (t)� in this case and the population gets transferred from |1� to
|2� in the process.

2.3

Shortcut to adiabaticity

The concept of shortcut methods for adiabatic processes have been originated from
the drawbacks of adiabatic theorem itself. In general, if a time dependent pertur16

TH-1765_126121029

2.3 Shortcut to adiabaticity

bation is added to a system, there exists a certain transition probability so that
the system gets transferred from the initial adiabatic state to some other adiabatic
state. One can apply the relevant adiabatic conditions to make the system follow
the initial adiabatic state through the course of the entire time evolution which
takes place inﬁnitely slowly (adiabatically). In this section we discuss the possibility of fast evolution of the system where one does not need to follow the adiabatic
theorem. However there exists a number of methods to drive the system beyond
adiabatic limit. These methods are known as shortcut to adiabaticity methods. In
this section we will be discussing the possibility of fast evolution of the system using
two such STA methods namely, the transitionless quantum driving (TQD) and the
Lewis-Riesenfeld invariant (LRI) based engineering.

2.3.1

Transitionless quantum driving

Transitionless Quantum Driving or TQD is proposed by M. V. Berry [11] and alternatively by Demirplak et al. [9,10] , ﬁrst indicated that it is possible to inverse engineer
the system Hamiltonian from a set of predeﬁned eigenstates, to drive it exactly. As
Berry puts it: “ Nevertheless, in what can be regarded as a ‘reverse engineering’ perspective, it is easy to ﬁnd Hamiltonians H(t), associated with any chosen H0 (t), that
drive the instantaneous eigenstates of H0 (t) exactly ” [11] . According to this method,
the transition probability between the instantaneous eigestates can be made zero,
to make the time evolution exact. To appreciate it, let us consider the Hamiltonian
H(t) =

�
n

|φn (t)� En (t) �φn (t)|

(2.27)

The instantaneous eigenstates of this Hamiltonian are the adiabatic states, which
are given by:
(2.28)
|Φn (t)� = eiξn (t) |φn (t)� ,
This is same as Eq. (2.11), where ξn (t) = θn (t) + γn (t) is the adiabatic phase. To
inverse engineer the system , the adiabatic states needs to satisfy the Schrödinger
equation:
∂ |Φn (t)�
i�
(2.29)
= H � (t) |Φn (t)�
∂t
17
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Here H � (t) is the inverse engineered Hamiltonian. To ﬁnd H � (t), ﬁrst a timedependent unitary operator of the following form must be deﬁned,
U (t) =

�
n

eiξn (t) |φn (t)� �φn (0)|

(2.30)

It must be noted that, any time-dependent unitary operator is a solution of the
Schrödinger equation
∂U (t)
= H � (t)U (t)
(2.31)
i�
∂t
which leads to
∂U (t) †
U (t)
(2.32)
H � (t) = i�
∂t
Now using Eq. (2.30) and Eq. (2.32) one can ﬁnd the required inverse engineered
Hamiltonian as follows:
�
H � (t) =
|φn (t)� En (t) �φn (t)|
n

+ i�

��
n

|∂t φn (t)� �φn (t)| − �φn (t)| ∂t φn (t)� |φn (t)� �φn (t)|

= H(t) + H1 (t)

�

(2.33)

H1 (t) is the additional interaction required to nullify the eﬀect of the non-adiabatic
contributions. This can be alternatively written as:
H1 (t) = i�

� |φm (t)� �φm (t)| ∂t H(t) |φn (t)� �φn (t)|
En (t) − Em (t)
m�=n

(2.34)

The new engineered Hamiltonian H � (t) drives the adiabatic states along the adiabatic path but without generating any transition probability between them. Therefore, the adiabatic states behave like dynamical stationary eigenstates or moving
eigenstates of H � (t). To implement such a Hamiltonian we ﬁrst need to specify a set
of well speciﬁed eigenstates with known energies. In fact, as in this case, we have
freedom to choose En (t). We could have a inﬁnite set of Hamiltonians that serve
our cause. One simple choice is En (t) = 0 which left us with, from Eq. (2.33),
H1 (t) = i�

�
n

|∂t φn (t)� �φn (t)|

(2.35)

This is completely oﬀ-diagonal in nature in the adiabatic basis and therefore represents a coupling among the adiabatic states. For instance, if we calculate H1 (t) for
18
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eigenstates in Eq. (2.20a) and Eq. (2.20b), we obtain [9] :
�

0
Θ̇(t)
H1 (t) = i
−Θ̇(t)
0

�

(2.36)

Moreover, at the start and at the end of the evolution, H1 (t) should remain zero in
order to keep |φn (t)� an eigenstate of H � (t) for all time.

2.3.2

Lewis-Riesenfeld invariant based approach

Another well established and famous method for achieving shortcut for adiabatic
processes is the Lewis-Riesenfeld invariant based inverse engineering [28] . For a system, that is governed by a symmetric, Hermitian, time dependent Hamiltonian H(t),
it is always possible to ﬁnd a Hermitian dynamical invariant I(t) satisfying
i�

∂I(t)
− [I(t), H(t)] = 0
∂t

(2.37)

This invariant is generally known as the Lewis-Riesenfeld invariant. It’s expectation
values with respect to the instantaneous eigenstates {|φn (t)�} do not depend on
time. |φn (t)� or any other arbitray solution of the Schrödinger equation can be
expressed in terms of the orthonormal eigenstates of I(t), are given by:
|ψn (t)� = e−iαn (t) |φn (t)�

(2.38)

αn (t) is known as the Lewis-Riesenfeld phase, which is given by:
1
αn (t) =
�

�

t
0

dt� �ψn (t� )| i�

∂
− H(t� ) |ψn (t� )� .
∂t�

(2.39)

The eigenvalue equation for I(t) can be written as,
I(t) |ψn (t)� = λn |ψn (t)�

(2.40)

Since I(t) is the Hermitian dynamical invariant, the eigenvalues λn are real constants
and in general I(t) can be written as
I(t) =

�
n

|ψn (t)� λn �ψn (t)|
19
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Now to inverse engineer the time-dependent Hamiltonian, similar to the TQD method,
we construct a time-dependent unitary operator, but this time using the eigenstates
of I(t) and the Lewis-Riesenfeld phase, as follows:
U (t) =

�
n

|ψn (t)� eiαn (t) �ψn (0)|

(2.42)

Now putting it into the Schrödinger equation, the inversed engineered Hamiltonian
can be easily constructed, using Eq. (2.31) as given below:
HI (t) = −�

�
n

|ψn (t)� α̇n (t) �ψn (t)| + i�

��
n

|∂t ψn (t)� �ψn (t)|

(2.43)

In general, for a particular invariant, there can be many possible Hamiltonians
based on the choices of αn (t). In fact, as a consequence of the existence of αn (t), the
eigenstates of H(t) and I(t) do not coincide. So to drive the system from an initial
Hamiltonian H(0) to a ﬁnal H(tf ), in such a way that the populations in the initial
and the ﬁnal instantaneous bases are the same, we need to impose [H(0), I(0)] = 0 =
[H(tf ), I(tf )], so that both H(t) and I(t) share the same eigenstates at least at the
boundaries. In physical applications, the Hamiltonians H(0) and H(tf ) are given,
and we set the initial and the ﬁnal conﬁgurations of the external parameters. Then
we deﬁne I(t) and its eigenvectors accordingly, so that the commutation relations
are obeyed at the boundary and, ﬁnally, HI (t) is designed via Eq. (2.43). As far as
the exact evolution of the adiabatic states is concerned, it does not matter as one
gets the desired ﬁnal state at the end of the evolution.

2.4

Chapter summary

To summarize, in this chapter we discussed the adiabatic theorem and the relevance
of the adiabatic condition. The realization of the adiabatic theorem in the context of
a two level system, which manifests that if the time evolution is suﬃciently slow, one
can have complete population transfer between two bare states. STA methods enable
us speeding the process inﬁnitely, in principle. In the TQD method, we construct
an additional interaction term to make the transition probability zero between the
adiabatic states in order to drive the system along a particular adiabatic state. On
the other hand, in the invariant based approach, we construct the L-R invariant and
a new set of Hamiltonians, using the eigenstates of the L-R invariant. Discussion
for realization of inverse engineering using the invariant method is also provided.
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Chapter 3

Preparation of entangled states using
shortcut to adiabaticity
Entanglement is a key concept in modern quantum physics. In recent past, few works
showed that adiabatic following can be implemented successfully for the preparation
of entangled states. In this context, the work by R. G. Unnayan et al. [68] is of
tremendous signiﬁcance, in which they described the adiabatic evolution from an
un-entangled state to an entangled state. They considered a combination of a pair of
two-state systems, consists of two spin 12 particles coupled by their intrinsic exchange
interaction and an external time dependent magnetic ﬁeld. Such a system, when the
magnetic ﬁeld is switched oﬀ, can be represented in terms of conventional singlet
and triplet states, among which two are basically the entangled Bell states for a
bipartite system. With the magnetic ﬁeld being switched on, these four states get
coupled to each other. Choosing these four states as basis, one can readily study
the adiabatic evolution of this system. However the issue of long preparation time,
inherent with the adiabatic passage method, still remains. In this chapter 1 , our
goal is to overcome this issue. It is worthwhile to mention that A. del Campo
et al. ﬁrst studied the TQD based STA for N interacting spins [24] which led to the
preparation of various entangled states in various subsequent studies. Here we study
the possibilities for the preparation of entangled states in a coupled spin pair system
by using the shortcut techniques.

1

The results presented in this chapter have been published in a paper, K. Paul and A. K.
Sarma, “ High-ﬁdelity entangled Bell states via shortcuts to adiabaticity ” , Phys. Rev. A 94,
052303 (2016).
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3.1

The system

Let us consider two spin 12 particles, say A and B, are coupled via exchange interaction along z direction. A time dependent magnetic ﬁeld B(t) = {Bx (t), By (t), Bz (t)}
is applied externally. The Hamiltonian for such a system is given by [68,131] :
H(t) = 4ξ ŜAz ⊗ ŜBz + µB(t).(ŜA + ŜB )

(3.1)

= H0 + H � (t)

Here ξ denotes the exchange interaction parameter and µ is the gyromagnetic ratio.
ŜA and ŜB are the respective spin operators. H0 is time independent and represents
exchange interaction between these spins. Orthonormal eigenstates of H0 are as
follows:
|ψ↑↑ � = |↑�A |↑�B
1
+
� = √ (|↑�A |↓�B + |↓�A |↑�B )
|ψ↓↑
2

(3.2a)
(3.2b)

|ψ↓↓ � = |↓�A |↓�B
1
−
|ψ↓↑
� = √ (|↑�A |↓�B − |↓�A |↑�B ),
2

(3.2c)
(3.2d)

where |↑� and |↓� stands for spin-up and spin-down states respectively. |↑�A |↑�B
denotes the tensor (or direct) product, |↑�A ⊗ |↑�B , between these two states. One
+
� and
can readily recognize these as the triplet and the singlet states, in which, |ψ↓↑
−
� are also famously known as the Bell states.
|ψ↓↑

3.2

Adiabatic method

Upon choosing those states as the basis and with the magnetic ﬁeld being taken into
account, the interaction Hamiltonian could be written as (� = 1),


ξ − B z (t)

√1 (B x (t)
2

+ iB y (t))

0

0




0


√1 (B x (t) − iB y (t))
ξ
+
B
(t)
0
z

2
0
0
−ξ
(3.3)
−
Here we have taken B(t) = µB(t). From Eq. (3.3), it is evident that the |ψ↓↑ � state
remains uncoupled even after the application of the magnetic ﬁeld. The other three
1
 √ (B x (t) − iB y (t))
2
H(t) = 

0

0

−ξ
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√1 (B x (t)
2

+ iB y (t))

3.2 Adiabatic method

states are coupled to each other by the transverse components of the magnetic ﬁeld.
−
� while studying the system dynamics and the eﬀective
Hence one can neglect |ψ↓↑
Hamiltonian can be written as,


ξ − B z (t)

√1 (B x (t)
2

0

√1 (B x (t)
2

1
H(t) = 
 √2 (B x (t) − iB y (t))

+ iB y (t))

−ξ

− iB y (t))

0
√1 (B x (t)
2




+ iB y (t))


(3.4)

ξ + B z (t)

Since the magnetic ﬁeld is time dependent and it contributes to both the diagonal
and the oﬀ-diagonal terms of the interaction Hamiltonian, its choice is crucial. For
our calculations we have chosen the magnetic ﬁeld components as follows:
B x (t) = Ω(t) cos(ωt)

(3.5a)

B y (t) = Ω(t) sin(ωt)

(3.5b)

B z (t) = α2 t

(3.5c)

Here α is a parameter having the dimension of frequency. Also let us apply a
basis transformation in order to ﬁnd the interaction Hamiltonian using the following
transformation:
  i(ω−ξ)t
 
0
0
a↑↑
e
c↑↑
 +
 + 
−iξt
0  a↓↑ 
e
c↓↑  =  0
−i(ω+ξ)t
c↓↓
a↓↓
0
0
e


(3.6)

Here c↑↑ , c+
↓↑ and c↓↓ are the probability amplitudes of old basis (Eq. (3.1)) while
+
a↑↑ , a↓↑ and a↓↓ represents the new basis. One notable thing is that probability in
both the basis remains same. In this new basis the Hamiltonian can be written as:


0
ω − B z (t) √12 Ω(t)
 1

√ Ω(t)
√1 Ω(t)) 
(3.7)
HI (t) = 
−2ξ
 2

2
1
√ Ω(t)) −ω + B z (t)
0
2
The diagonal elements in Eq. (3.7) are generally known as the diabatic energies.
They represent the original base states (Eq. (3.1)) in the interaction picture (therefore can be called diabatic states). They cross each other to produce the so-called
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Energy

Ψ↑↑
Ψ

↓↓

+

Ψ↓↑
t

t

23

13

t

12

Time
+
Figure 3.1: Energy diagram of triplet system involving all three states |ψ↑↑ �, |ψ↓↑
� and
|ψ↓↓ �. Adiabatic energies are shown in solid lines and the diabatic energies are shown in
dashed lines. Clearly |ψ↓↓ � does not interact with the other two diabatic states for our
choice of Ω(t).

level crossings at diﬀerent times,
t12 = (ω + 2ξ)/α2

(3.8a)

t13 = ω/α2

(3.8b)

t23 = (ω − 2ξ)/α2

(3.8c)

However, in the context of adiabatic dynamics, the level crossing is avoided by
choosing the external ﬁeld (Ω(t)) centered around the time where the crossing occurs.
We choose Ω(t) to be centered at t12 where the ﬁrst two energies cross each other.
To achieve the transition between the ﬁrst two states it can be taken as,
Ω(t) = Ω0 exp[−(t − t12 )2 /T 2 ]

(3.9)

Since Ω(t) is centered at t12 , it eﬀectively remains zero at other crossings. However,
one needs to choose the width, T , of the pulse Ω(t) appropriately, since for a large
T , Ω(t) might interfere with the other two crossings. As a result the interaction
is restricted only between the ﬁrst two diabatic states [68] . Fig. (3.1) shows that at
times t23 and t13 , the adiabatic energies follow the diabatic one and crosses each
other2 . But at t12 we have avoided crossing while adiabatic states interchanges the
2

Actually the dashed lines and the corresponding solid lines coinside with each other except at
t12 . They are given a little oﬀ-set for better understanding.
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(b)

1

Population

Ψ +↑↓
0.5

t
0
-20

23

-10

t

t

13

0

10

20

Time in the units of

Population

(c)

Ψ

12

↑↑

30

ξ

40

-1

1

Ψ

↑↑

0.5

Ψ+

↑↓

0
-20

t 23
-10

t
0

t

13

12

10

Time in the units of

20

30

ξ

40

-1

+
Figure 3.2: (a) Final population of the entangled state |ψ↓↑
� against Ω0 and α with
−1
the parameters chosen as ω = ξ, T = 20ξ , (b) Evolution of population when adiabatic
condition is satisﬁed with ω = ξ, α = 0.45ξ, T = 10ξ −1 and Q = 0.1 (c) Evolution of
poplulation when adiabatic condition is not satisﬁed with ω = ξ, α = 0.45ξ, T = 10ξ −1
and

Q = 2.0
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initial diabatic states. Therefore we can further simplify our system by eliminating
the contribution of |ψ↓↓ � from HI (t). Hence Eq. (3.7) can be rewritten as,
HI (t) =

�

Δ(t)
2
√1 Ω(t)
2

√1 Ω(t)
2
− Δ(t)
2

�

(3.10)

Here
Δ(t) = ω + 2ξ − α2 t

(3.11)

The adiabatic condition near t12 is given by: Q � 1, where Q(t12 ) = α2 /2Ω20 . In
+
� while
Fig. (3.2a), we numerically plotted the population of the entangled state |ψ↓↑
varying α and Ω0 . It clearly shows that for small Ω0 and larger α, population of
+
� does not reach to maximum. Also a critical value of α = αc ∼ 0.25ξ is required
|ψ↓↑
for population transfer as, for α being less than αc does not allow Δ(t) to reach the
+
� is shown in
crossing. For Q = 0.1, the evolution of population from |ψ↑↑ � to |ψ↓↑
Fig. (3.2b), where population increases adiabatically from 0 to 1 in the entangled
state. However, when the adiabatic condition is not satisﬁed, for Q = 2 interchange
of population does not occur at all. It should be noted that, in Fig. (3.2b) and 3.2c)
we have chosen T = 10ξ −1 which is in accordance with the previous study made by
Unanyan et al., which shows that for such a choice, the level crossings at t13 and t23
remains unaﬀected [68] .

3.3

Transitionless quantum driving

To apply TQD for this system we must specify the instantaneous eigenstates of the
Hamiltonian in Eq. (3.10). The instantaneous (or adiabatic) eigenvectors of HI (t)
are given by
+ T
�]
(3.12)
[|φ+ (t)� , |φ− (t)�]T = U (θ(t))† [|ψ↑↑ � , |ψ↓↑
U (θ(t)) represents a 2D axis rotation where θ(t) is the angle of mixing and can be
expressed as
√
(3.13)
θ(t) = tan−1 [− 2Ω(t)/Δ(t)]
These states also satisfy the Schrödinger equation and the interaction Hamiltonian
can be expressed in the |φ± (t)� basis (adiabatic basis) by using a time dependent
unitary transformation,
Ha (t) = U † HI (t)U − iU † U̇
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3.3 Transitionless quantum driving

Ha (t) is generally known as the adiabatic Hamiltonian. According to Berry’s algorithm of transitionless quantum driving, it is always possible to construct a driving
Hamiltonian, which cancels out the non-adiabatic part from the adiabatic Hamiltonian. Addition of a driving term in Ha (t) drives the system exactly along the adiabatic path even when adiabatic limit is crossed. The driving Hamiltonian, H1 (t)
is constructed from the instantaneous eigenstates which is Hermitian and purely
oﬀ-diagonal in nature, can be written in adiabatic basis as [11] ,
H1 (t) = i

�
m

[|∂t φm (t)� �φm (t)| − �φm (t)|∂t φm (t)� |φm (t)� �φm (t)|]

(3.15)

H1 (t) can be realized by introducing another extra ﬁeld to the system which can be
of diﬀerent form in diﬀerent systems. With the application of H1 (t), the adiabatic
evolution will be followed in inﬁnitely short time even with smaller ﬁeld amplitude
Ω0 and rapid Δ(t) variation. Using Eq. (3.12) and Eq. (3.15), we calculate the
driving Hamiltonian in the diabatic basis as follows [9] :
H1 (t) =

�

0
iΩa (t)
0
−iΩa (t)

�

(3.16)

Here Ωa = θ̇/2 represents the additional driving interaction. This can solely be
evaluated from the mixing angle itself, which indeed makes the peak value of Ωa (t)
+ T
�] basis, to perform
comparable with Ω0 . The total Hamiltonian, in [|ψ↑↑ � , |ψ↓↑
TQD will be Hf (t) = HI (t) + H1 (t). Addition of H1 (t) includes an additional
√
phase, ζ(t) = 2tan−1 (−θ̇(t)/ 2Ω(t)). To simplify things further, another unitary
transformation can be introduced. This leads to:
�
�
Δf (t) Ωf (t)
,
(3.17)
Hf (t) =
Ωf (t) −Δf (t)
where,
Δf (t) = [Δ(t) − ζ̇(t)/2]/2

and

Ωf =

�
Ω2 + Ω2a

(3.18)

This ﬁnal transformation can be realized through a simple axis rotation to the
diabatic states:
+

+
|ψ ↓↑ � = e−iζ(t)/2 |ψ↓↑
�

|ψ ↑↑ � = e+iζ(t)/2 |ψ↑↑ � ,
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(b)

1
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0.5

t
0
-0.2

23

-0.1

t
0

t 12

13
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Ψ ↑↑

0.2

Time in the units of
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+
Figure 3.3: (a) Final population of the entangled state |ψ↓↑
� against Ω0 and α using
Transitionless driving algorithm with the parameters chosen as ω = ξ, T = 20ξ −1 , (b)
Evolution of population when adiabatic condition is not satisﬁed with Q = 50 which
requires less time to transfer the population to the entangled state.

However, that does not aﬀect the intrinsic properties of the system. In Fig. (3.3a) we
show the ﬁnal population of the entangled state when the dynamics is governed by
Hf (t), which demonstrates that even for very small values of Ω0 , the ﬁnal population
+
� tends to unity. The interaction time has been scaled down to 1% compared to
of |ψ↓↑
that required in the adiabatic case. This causes violation of the adiabatic condition
as Q value goes up to as high as 50. However, the population still gets transferred
along the adiabatic path as shown in Fig. (3.3b).
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3.4

Lewis-Riesenfeld Invariant based approach

The basic formalism for the TQD method is to remove the non-adiabatic contribution from the adiabatic Hamiltonian. But in case of LRI based approach, to
speed up the population transfer, a dynamical Invariant is being used which satisﬁes the general invariant equation, dI(t)/dt = 0. The interaction Hamiltonian can
be expressed as a linear combination of the Pauli matrices:
Ω(t)
Δ(t)
σz
HI (t) = √ σx +
2
2

(3.20)

Therefore HI (t) possesses SU (2) symmetry (as Pauli matrices satisfy the Lie algebra) and hence a Hermitian dynamical invariant can be constructed. We write this
invariant in the following way [13,28,29] :
I(t) =

κ0
(sin γ cos βσx − sin γ sin βσy + cos γσz )
2

(3.21)

Here κ0 is an arbitrary constant, which has the dimension of frequency. The eigenstates of I(t) with eigenvalues λ = ±1, are as follows:
γ(t) iβ
γ(t)
+
)e |ψ↑↑ � + sin(
) |ψ↓↑
�
2
2
γ(t)
γ(t) −iβ +
) |ψ↑↑ � + cos(
)e |ψ↓↑ �
|n− (t)� = sin(
2
2
|n+ (t)� = cos(

(3.22a)
(3.22b)

The parameters γ and β are both time dependent and they characterize I(t) . Upon
substituting I(t) in the invariant equation, we derive the following conditions that
are required for I(t) to be dynamical invariant:
γ̇(t) =
(ΔLR (t) + β̇(t)) sin γ(t) =

√
√

2ΩLR sin β(t)

(3.23a)

2ΩLR (t) cos γ(t) cos β(t)

(3.23b)

In invariant based approach we generally construct the ﬁelds ΩLR (t) and ΔLR (t)
from γ(t) and β(t). Eq. (3.23) predicts the nature of dependence of ΩLR (t) and
ΔLR (t) on γ(t) and β(t). Another notable thing is that adiabatic states in Eq. (3.12)
are related to |n± (t)� (Eq. (3.22)) via the Lewis-Riesenfeld phase η± (t) by the relation,
(3.24)
|φ± (t)� = eiη± (t) |n± (t)�
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Figure 3.4: (a) Polynomials β(t) (dashed red) and γ(t) (solid blue)
from the
�4 derived
j and β(t) =
g
t
boundary conditions by using polynomial approach with γ(t) =
j=0 j
�5
j , (b) Forms of the designed external ﬁeld Ω
b
t
(t)
(solid
blue)
and ΔLR (t) (dashed
LR
j=0 j
red).

Thus these two sets of eigenstates do not coincide or in other words HI (t) does not
commute with I(t). To inverse engineer this system we design I(t) through the
parameters γ(t) and β(t) with speciﬁc boundary conditions so that it commutes
with HI (t) at least at the start and at the end of the evolution i.e.,
[HI (ti ), I(ti )] = [HI (tf ), I(tf )] = 0

(3.25)

In this way both HI (t) and I(t) share same eigenstates at the boundaries. To achieve
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such a scenario, the following conditions should be satisﬁed:

√

�
2ΩLR (t) cos γ(t)�t=ti ,t

f

�
ΩLR (t) sin γ(t) sin β(t)�t=ti ,t = 0
f
�
±iβ(t) �
− ΔLR (t) sin γ(t)e
] t=ti ,t = 0
f

(3.26a)
(3.26b)

We set our boundary conditions by assuming |n± (t)� as our instantaneous eigenstate
along which the evolution will take place. As we are driving our system from |ψ↑↑ �
+
� (with or without a phase factor), Eq. (3.22a) leads us to
to the target state |ψ↓↑
the following conditions:
γ(ti ) = 0, γ(tf ) = π
To satisfy Eq. (3.26) following conditions are also needed:
ΩLR (ti ) = 0, ΩLR (tf ) = 0
These choices are quite in agreement with our choice of the external ﬁeld for adiabatic
evolution. ΩLR (t) also depends on γ̇(t) and to complete the boundary conditions
for γ(t),using Eq. (3.23a), we can write
γ̇(ti ) = 0, γ̇(tf ) = 0
On the other hand, the choice of β(t) is also important for both ΩLR (t) and
ΔLR (t). However its choice does not aﬀect the ﬁnal population of the states, but
in order to keep ΩLR (t) ﬁnite and minimum we restrict ourselves to the following
choices:
π
π
β(tf ) = ,
β(ti ) = ,
2
2
−π
π
β̇(ti ) =
,
β̇(tf ) =
tf
tf
The form of β̇(t) is decisive in case of designing ΔLR (t). For the adiabatic case we
chose it to be linear. Similarly, here we took the initial and the ﬁnal boundary values
of β̇(t) in such a way that it tends to show a linear nature near t12 . To interpolate
γ(t) and β(t) through the intermediate temporal points, we follow the polynomial
�
ansatz. Two polynomials γ(t) = 4j=0 gj tj and β(t) = Σ5j=0 bj tj are subjected to
the above stated boundary conditions. In order to keep ΩLR (t) centered at t12 we
choose the following additional conditions:
β(t12 ) =

π
, β̈(t12 ) = 0, γ̈(t12 ) = 0
2
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Figure 3.5: Evolution of population for H(t) and I(t) using the functions β(t), γ(t),
ΩLR (t) and ΔLR (t). H(t) follows an adiabatic-like path (dashed red and solid blue) while
I(t) does not (dotted purple and dot-dashed green).

With such choices ΔLR (t) could be made cross through the diabatic crossing to
replicate the adiabatic system. Fig. (3.4a) shows the nature of time dependent
functions γ(t) and β(t), which are determined by using the boundary conditions.
In Fig. (3.4b) we depict the functions ΔLR (t) and ΩLR (t) that are derived using
Eq. (3.23). To determine the evolution of population, as shown in Fig. (3.5), we
put ΔLR (t) and ΩLR (t) in the interaction Hamiltonian and also γ(t) and β(t) into
the Invariant to solve the Schrödinger equation numerically. The dynamics of the
Hamiltonian follows adiabatic path while the invariant does not, however the end
results are same for both the cases.
Both the methods discussed above shows high ﬁdelity in terms of population
switching. Here we deﬁne ﬁdelity as
+
|φ± (tf )�|2
F = |�ψ↓↑

(3.27)

In Fig. (3.6) we have shown ﬁdelities with respect to the variation in total transition
time. Under the adiabatic regime ﬁdelity shows a slow growth, which imply larger
time required for population transfer. However in case of other two methods ﬁdelity
is close to unity regardless of the total transition time that is again well beyond the
adiabatic condition. The TQD approach shows a value up to F = 0.999, while in
case of the LRI based approach ﬁdelity goes even more close to unity.
As far as practical implementation is concerned, one must note that, although
here we have presented the shortcut methods in a simple system of two spin 12
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Figure 3.6: Fidelity F in terms of total transition time for three diﬀerent approaches,
adiabatic (dash-dotted blue), TQD approach (solid purple) and LRI based approach
(dashed red).

particles, this study could further be extended to any two qubit systems. It is
worthwhile to mention that, it is possible to obtain many special cases of the Hamiltonian [Eq.(3.1)], as pointed out in Ref. [132,133] , considered in this work. Hence, the
proposed protocols could be realized in a variety of realistic systems, such as: a
coherently coupled two-component Bose-Einstein condensate (BEC), two-level iontrap systems, cavity QED systems, quantum dots and superconducting qubits. As
a speciﬁc example, one may consider a two-component sodium-BEC system with
hyperﬁne states |F = 1, M = ±1� of the sodium as the two internal states while
the external coupling ﬁeld B(t) could be provided by a chirped radio-frequency
pulse [134] . The advantage of using such a system is that the decoherence induced
noise in such systems are insigniﬁcant [75,135] . In fact, in a recent experiment, using
a two-level quantum system comprising BEC, it is shown that shortcut methods
are extremely robust against decoherence [44] . Finally, we note that, in principle, a
generalised scheme for entanglement formation with any arbitrary number of spins
may also be possible.

3.5

Chapter summary

To summurise, we have applied a set of eﬀective and highly ﬁdel STA methods in a
system of two spin 12 particles coupled by an exchange interaction and an external
magnetic ﬁeld. The system is converted to a two level system by choosing the
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pulse shape of the transverse magnetic ﬁeld properly. Adiabatic evolution is used to
produce a ﬁnal entangled state by removing the level crossings between the diabatic
states. However it takes a large amount of time and a suﬃciently strong external
ﬁeld to achieve perfect population transfer to the entangled state. Introduction of
transitionless quantum driving in this system overcomes these issues. Also, this
method is robust against strong variation of B z (t). Moreover, the design of the
additional pulse entirely depends on the adiabatic parameters itself. On the other
hand, in the invariant based approach we have freedom to design ΩLR (t) and ΔLR (t)
only within a set of relevant boundary conditions for which we chose a polynomial
ansatz.
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Chapter 4

Eﬃcient and fast optical power
transfer in waveguide couplers using
shortcut methods
Other than quantum mechanics, there exists a number of branches of physics where
quantum methodologies are applicable. Waveguide directional coupler in integrated
optics is one very good example. Adiabatic following is applied in such devices
to study the eigenmode evolution of optical power through the waveguides. In
general, the function of a waveguide coupler is to split coherently an optical ﬁeld
incident on one of the input ports and direct the two parts to the output ports. As
the output is directed in two diﬀerent directions, couplers are also referred to as
directional couplers [136] . Adiabatic following is applied in such devices to study the
eigenmode evolution of optical power through the waveguides [83] . For a suﬃciently
long coupler, where adiabaticity is satisﬁed, the system follows its initial eigenmode,
causing power transfer from one waveguide to the other. Mode-evolution-based
studies of directional couplers show robust optical power switching between two,
three, or even among an array of waveguides [81,82,84] . On the ﬂip side, large device
length causes higher transmission loss and makes designing practical devices diﬃcult.
However, there are signiﬁcant opportunities to make couplers more eﬃcient and
small in dimension using STA [12,137] . Several new studies in this regard have been
reported recently [36,90,93,138,139] .
In this chapter1 , we have studied two directional couplers made of two and
three evanescently coupled waveguides respectively. We have applied TQD and L-R
1

Part of the results presented in this chapter have been published in a paper, K. Paul and A.
K. Sarma, “Shortcut to adiabatic passage in a waveguide coupler with a complex-hyperbolic-secant
scheme, ” , Phys. Rev. A 91, 053406 (2015).
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𝑳

𝒛

Figure 4.1: Schematic for adiabatic directional coupler with allen-Eberly coupling
scheme. β1 and β2 are propagation constants for waveguide one and two respectively.
Coupler length is L. Maximum of the coupling occurs at L/2.

invariant aproach to achieve power switching between the waveguides in relatively
small propagation distances.

4.1

Two waveguide coupler

We consider a directional coupler of length L consisting of two lossless waveguides.
These waveguides are considered to be single moded and weakly guiding with β1
and β2 as propagation constants of the waveguides respectively, which characterizes
independent propagation modes inside the waveguides. The schematic of the system
is shown in Fig. (4.1). Since we have chosen the waveguides in close proximity,
coupled mode theory [140] can be used to estimate the power propagation in the
coupler. In fact, it comes out that the prediction of the coupled mode theory very
much resembles the Schrödinger equation for two level atomic system [8] .

4.1.1

Coupled mode theory

Let us consider n1 (x, y) and n2 (x, y) be the refractive indices in the transverse plane,
of waveguide 1 and 2 respectively. If ψj is the transverse mode ﬁeld of the jth
36
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waveguide, then the wave equation for individual waveguides can be written as:

2

�
�
∇2t ψj + k02 n2j (x, y) − βj2 ψj = 0;

j = 1, 2

(4.1)

2

∂
∂
where ∇2t = ∂x
2 + ∂y 2 . βj is the propagation constant of waveguide j in the absence
of the other waveguide. Now, let Ψ(x, y, z) be the total ﬁeld of the entire directional
coupler structure with weak interaction between the waveguides. Then we can write
the wave equation as given below:

∇2t Ψ +

∂ 2Ψ
+ k02 n2 (x, y)Ψ = 0
∂z 2

(4.2)

Here n(x, y) represents the refractive index variation of the coupler. Ψ can be
mathematically written as the superposition of the ﬁelds ψ1 and ψ2 ,
Ψ(x, y, z) = B1 (z)ψ1 (x, y)e−iβ1 z + B2 (z)ψ2 (x, y)e−iβ2 z

(4.3)

B1 (z) and B2 (z) are the amplitudes of the ﬁelds in waveguide 1 and 2 respectively.
These amplitudes are z dependent because of the coupling between the waveguides.
For a large separation between the waveguides B1 and B2 would be z independent.
From Eq. (4.2) and Eq. (4.3) we obtain a set of coupled equations, considering B1 (z)
and B2 (z) to be slowly varying functions of z, as follows:
dB1 (z)
= κ11 B1 (z) + κ12 e2iΔz B2 (z)
dz
dB2 (z)
= κ21 e2iΔz B1 (z) + κ22 B2 (z)
i
dz
i

(4.4)
(4.5)

Here Δ = (β1 − β2 )/2 is the mismatch parameter and κjk is given by
κjk

k2
= 0
2βj

� �∞

ψ ∗ δn2 ψk dxdy
� −∞
�∞ j ∗ k
,
ψ ψ dxdy
−∞ j j

(4.6)

where δn2k = n2 (x, y) − n2k (x, y). κ11 and κ22 represents the corrections to the
propagation constants β1 and β2 respectively and are generally neglected. κ12 and
κ21 represents the coupling between the two waveguides. Eq. (4.4) and Eq. (4.5) can
be written in a simpler form using the following transformation:
a1 (z) = B1 (z)e−iΔz ,

a2 (z) = B2 (z)eiΔz
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Substituting Eq. (4.7) into Eq. (4.4) and Eq. (4.5) we ﬁnally obtain:
da1 (z)
= Δa1 (z) + κa2 (z)
dz
da2 (z)
= κa1 (z) − Δa2 (z)
i
dz

(4.8)

i

(4.9)

Here we have asumed κ12 � κ21 = κ. The above equation are the so-called coupled
mode equations for a two waveguide coupler.

4.1.2

Adiabaticity in two waveguide coupler

It is easy to recognize from Eq. (4.8 and 4.9) that in the diabatic basis {aj }, there
exists an operator similar to the Hamiltonian in quantum physics which can be
written as
�
�
Δ κ
H=
(4.10)
κ −Δ
To study the adiabatic evolution, ﬁrst we need to diagonalize Eq. (4.10). This
Hamiltonian can be diagonalized using unitary transformation to a new basis {Aj }
which is basically the adiabatic basis, given by
�

A1
A2

�

� �
a1
= U0−1
a2

(4.11)

where U0 is two dimensional unitary matrix, and can be taken as
U0 =

�

cos(θ/2) −sin(θ/2)
sin(θ/2) cos(θ/2)

�

Here θ is the angle of mixing and is deﬁned as tan(θ) =
Hamiltonian will be:
H � (z) = U0−1 H(z)U0 − iU0−1 U̇0

(4.12)
κ(z)
.
Δ(z)

The transformed
(4.13)

where overdot represents derivative with respect to z. The second term is regarded
as non adiabatic correction owing to the fact that the ﬁrst term is diagonal itself
and can drive the system adiabatically alone. The adiabatic criterion can be written
as:
√
(4.14)
θ̇/2 � Δ2 + κ2
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When Eq. (4.14) is satisﬁed, non-adiabatic corrections generally goes to zero. For
adiabatic evolution we have followed a coupling-mismatch scheme that is very similar
to the famous Allen-Eberly scheme [12,141] by choosing:
L
)/L],
2
L
κ(z) = κ0 sech[2π(z − )/L],
2

Δ(z) = Δ0 tanh[2π(z −

(4.15)
(4.16)

The width of the pulse κ(z) changes accordingly with the coupler length L and also
the mismatch coeﬃcient varies from −Δ0 to Δ0 . With both Δ and κ being z dependent, the coupler design can not be simple parallel waveguide structure. Rather,
the distance between the waveguides will vary along z as depicted in Fig. (4.1).
Since Δ(z) = (β1 − β2 )/2, the propagation constants become functions of z itself,
which results in tapered structure of the waveguides. Moreover, the variation of
Δ(z) should be slow enough to accomplish adiabatic evolution. Also for the choices
in Eq. (4.15) and Eq. (4.16), the adiabatic condition itself is reduced to κ0 L � π
and hence it demands the coupler length to be large.

4.1.3

TQD in two waveguide coupler

Under the circumstances when the adiabatic criterion can not be fulﬁlled, complete
power switching does not occur due to the eﬀect of the non-adiabatic terms in the
Hamiltonian. To overcome this, we derive a driving Hamiltonian. One Hamiltonian,
�
relevant to our system is simply given by: Ha = i j |∂z Aj � �Aj |, which when
transformed back to the basis {aj }, eventually comes out to be
Ha =

�

0 −iθ̇/2
iθ̇/2
0

�

(4.17)

This additional Hamiltonian should be added back to our original Hamiltonian in
order to undo the eﬀects of the non-adiabatic terms, which leads to
Hef f =

�

Δ(z)
κ(z) − iκa (z)
−Δ(z)
κ(z) + iκa (z)

�

(4.18)

This induces an additional coupling, κa = θ̇/2 but with some phase diﬀerence with
the original. Also κa should be comparable with κ because the dynamics with H
does not need to follow the adiabatic condition. However, we can describe it as a
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combination of an eﬀective coupling and a phase term:
Hef f =

�

Δ(z)
κef f (z)e−iφ
κef f (z)eiφ
−Δ(z)

�

(4.19)

�
where κef f = κ2 + κ2a . Using the following transformation one can eliminate the
phase dependence,
�
�
e−iφ/2
0
(4.20)
U1 =
0
eiφ/2
which again provides a new set of basis {A�j }, and the resulting Hamiltonian becomes:
Hef f =

�

Δef f (z) κef f (z)
κef f (z) −Δef f (z)

�

(4.21)

with Δef f = Δ(z) − φ̇/2. It is useful to note that {A�j } is related with the adiabatic
basis {Aj } by two transformations U0 and U1 via parameters θ and φ. To keep these
bases consistent in terms of the initial and the ﬁnal states, certain conditions need to
be imposed. θ and φ has to be adjusted in such a way that {Aj } and {A�j } becomes
equivalent at the boundary, which leads to the boundary condition θ̇(0) = θ̇(L) = 0.

4.1.4

Invariant based STA in two waveguide coupler

The Hamiltonian (Eq. (4.10) can be written in the following form:
H(z) = κ(z)σx + Δ(z)σz

(4.22)

Here σx , σy and σz are the well-known Pauli matrices for spin 1/2 particles. These
operators satisfy Lie algebra: [σi , σj ] = 2�ijk σk . The Hamiltonian satisﬁes SU(2)
symmetry and hence there exist an invariant which would satisfy the usual invariant
equation: dI(z)/dz = 0. According to Lewis-Riesenfeld theory [28] , this invariant can
be written as follows:
�
�
cos γ(z)
sin γ(z)e−iβ(z)
Ω
(4.23)
I(z) =
2 sin γ(z)eiβ(z) eiφ
− cos γ(z)
Here Ω is an arbitrary constant which has the dimension of κ(z). γ(z) and β(z) are
the parameters which characterizes I(z) and satisﬁes the following conditions:
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Figure 4.2: Spatial evolution of fractional beam power with respect to z for (a) adiabatic
case with L = 100mm, (b) STA using TQD where L = 1mm,

�

�

γ̇(z) = 2κ(z) sin β(z)

2Δ(z) + β̇(z) sin γ(z) = 2κ(z) cos γ(z) cos β(z)

(4.24a)
(4.24b)

It is important to note that I(z) and H(z) does not commute normally. To make
I(z) and H(z) commute at the boundaries so that the eigenstates exactly match at
the ends of the coupler, we impose [H(0), I(0)] = 0 and [H(L), I(L)] = 0. With
straightforward calculations we obtain the following constraints:
�
κ(z) sin γ(z) sin β(z)�z=0,L = 0
��
�
κ(z) cos γ(z) − Δ(z) sin γ(z)e±iβ(z) �z=0,L = 0
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These constraints help us to determine the required boundary conditions for β(z),
γ(z) and κ(z). We ﬁnd that, the boundary conditions can be satisﬁed only if κ(0) =
κ(L) = 0 and sin γ(0) = sin γ(L) = 0. β(z) helps us to conﬁgure κ(z) and Δ(z). It
is to be noted that β cannot be chosen to be zero as κ(z) is ﬁnite. We chose β(z)
such that κ(z) keeps its amplitude minimal. With the above considerations, we set
the boundary conditions as follows:
γ(0) = π;

γ(L) = 0

(4.26a)

γ̇(0) = 0;

γ̇(L) = 0

(4.26b)

π
2
3π
β̇(L) = −
2L

π
β(0) = − ;
2
3π
;
β̇(0) =
2L

β(L) = −

(4.26c)
(4.26d)

Using the above boundary conditions, one can easily construct the parameters γ
and β, and thereby all the other necessary parameters to study the evolution of
optical power within the waveguides.

4.1.5

Results and discussion

In order to study the power evolution in the coupler via the TQD method we numerically solved the master equation for the density matrix
ρ̇ = −i[H, ρ]

(4.27)

for the Hamiltonians in Eq. (4.10) and Eq. (4.21). On the other hand, for the
invariant method we solved the same equation using an inverse engineered Hamiltonian. ρ is the density matrix with matrix elements ρij = ai a∗j . Diagonal elements
ρii = |ai (z)|2 represent the power in the ith waveguide, while the oﬀ-diagonal elements refer to the coherence between the waveguides.
For the adiabatic coupler, forms of κ and Δ are taken as deﬁned in Eq. (4.16) and
Eq. (4.15). The TQD approach has been achieved by taking κa = θ̇(z) into account.
In Fig. (4.2). we showed the spatial evolution of power, deﬁned by Pi (z)/P1 (0).
In our simulation, the input power in the ﬁrst waveguide is taken to be unity, i.e.,
P1 (0) = 1, while the input power in the second waveguide is kept empty. Other
parameters are chosen as Δ0 = κ0 = 1mm−1 . Fig. (4.2a) depicts the power evolution
of the adiabatic coupler where we have chosen large coupler length L = 100mm
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Figure 4.3: Spatial proﬁle of coupling and mismatch. (a) Δef f (z) (dashed) and κe f f (z)
(z) (solid) determined from transitionless driving method. Contour plots for output power
with varying κ0 and device length L. (b) for adiabatic coupler and (c) for STA coupler.
STA coupler shows high ﬁdelity over adiabatic coupler.
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Figure 4.4: Fractional power output ρ22 vs propagation distance for Δ0 = κ0 = 1 (a)
for L = 4mm, (b) for L = 10mm.

which, indeed, satisﬁes the adiabatic condition. In passing, it is worthwhile to
mention that the lengths chosen are not universal numbers and must depend on the
waveguide parameters. Our choice of the lengths arose form practical consideration.
However, the results and conclusion drawn are equally valid for other choice of
lengths as well. It clearly shows complete power transfer. On the other hand,
Fig. (4.2b) shows that for TQD, with κa taken into account, the power transfer
can be achieved for inﬁnitely short coupler length. However in real situations, it is
diﬃcult to design κa appropriately. Thus for TQD we conﬁned our study with a
particular choice of κa , given by:
κa = κ0 exp(−(z −
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Figure 4.5: Coupling eﬃciency for adiabatic and STA coupler with varying device length.
parameters are same as in Fig. (4.4)

where z0 is the width of the Gaussian. z0 is well adjusted with the varying coupler
length so that the boundary conditions for θ has been satisﬁed, that is κa → 0 at the
boundary. Fig. (4.3a) depicts the spatial variation of mismatches and the coupling
for TQD based STA coupler. The geometry of the coupler depends on the mutual
coupling between the waveguides and the mismatch coeﬃcient. Thus enhancement
in those parameters indeed leads to the reshaping of the coupler. Stronger coupling
refers to larger separation distances between the waveguides towards the ends the
coupler, which indicates signiﬁcant decrements in device length. On the other hand,
the taper of the waveguides is controlled by the mismatch coeﬃcient. As Δ goes
higher, β1 and β2 tends to change more rapidly throughout the length L. As far as
adiabaticity is concerned, larger κ(z) is preferable for power transfer as it requires
to satisfy the condition κ0 L � π. However that does not contribute in shortening
of the coupler length. Whereas in STA couplers, signiﬁcant amount of coupling
length can be reduced with little enhanced coupling.These facts can readily be seen
in Fig. (4.3b) and Fig. (4.3c), where we have plotted the ﬁnal power output as a
function of the device length and the coupling amplitude. With a particular choice
of Δ0 = 1mm−1 , contours reveal that for large variation of κ0 , the TQD approach
shows much superiority in terms of robustness and ﬁdelity in power switching. For
any given value of κ0 , the minimum distance required to transfer power between
waveguides with adiabatic coupler is at least greater than twice that of the STA
couplers. In Fig. (4.4) we have shown the power evolution of the coupler. Parameters taken for this evolution are Δ0 = κ0 = 1mm−1 . For smaller propagation
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Figure 4.6: (a) Proﬁle of β(z) (dashed) and γ(z) (solid), determined through polynomial
ansatz with the coeﬃcients determined using the boundary conditions, (b) Spatial proﬁle of
coupling and mismatch, Δ(z) (dashed) and κ(z) (solid) determined through L-R Invariant
based method.

distance, say z < 4mm or so, the fractional power output at the second waveguide, using adiabatic dynamics, never reaches unity. It only shows high transfer
probability for larger propagation distances, say z > 10mm or so. However one
can achieve nearly 100% power transfer to the second waveguide using the TQD
approach. The coupling eﬃciency calculation also supports our previous results.
Fig. (4.5) illustrates the eﬃciency of both the adiabatic and the TQD based STA
coupler with respect to device length. It is quite clear from the plot that the STA
coupler achieves 100% eﬃciency with much shorter distance compared to that of the
adiabatic coupler.
For invariant based STA coupler, we followed the polynomial ansatz to interpo46
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Figure 4.7: Spatial evolution of fractional beam power with respect to z for L-R invariant
based approach, (a) using the designed Hamiltonian and (b) using the invariant.

�
late β(z) and γ(z) at the intermediate points. We choose them as: γ(z) = 3i=0 gj z j
�
and β(z) = 3i=0 bj z j , where gj s and bj s are determined using the boundary conditions in Eq. (4.26) which are have the following values:
g0 = π;
3π
g2 = − 2 ;
L

g1 = 0
2π
g3 = 3
L

π
b0 = − ;
2
3π
b2 = − 2 ;
2L
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(4.29b)

3π
2L

(4.29c)

b3 = 0

(4.29d)

b1 =
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Fig. (4.6a) shows the spatial proﬁle of γ(z) and β(z). The mismatch parameter Δ(z)
and the coupling coeﬃcient κ(z) can be determined through the invariant method
using following equations,
γ̇(z)
2 sin β(z)
1
1
Δ(z) = γ̇(z) cot γ(z) cot β(z) − β̇(z)
2
2
κ(z) =

(4.30a)
(4.30b)

Δ(z) and κ(z) are shown in Fig. (4.6b). Fig. (4.6) shows that the strength of the
couplings determined from the L-R invariant method is almost the same as we have
determined using the TQD (Fig. (4.3a)) technique. However, the mismatch is much
larger in the case of the invariant method compared to the TQD technique. In
Fig. (4.7a), for the spatial power evolution using L-R invariant, κ(z) and Δ(z) are
taken according to Eq. (4.24) and used in the original adiabatic Hamiltonian. It
exactly shows the adiabatic nature of the evolution but requires very small coupler
length for complete the power transfer. In Fig. (4.7b), we have used the L-R invariant
instead of the actual Hamiltonian, which precisely matches with Fig. (4.7a) at the
boundaries but does not follow the same adiabatic path.
With regard to the practical implementation of the scheme, one may design or
fabricate a Silica (SiO2 )-based ﬁber coupler [136] using the proposed scheme. The
eﬀective coupling coeﬃcient (κef f or the designed κ, for the invariant approach ) is
the most critical parameter in realizing the proposed waveguide. It could be manipulated with judicious choice of the core radius, the center-to-center separation
between the waveguides, and the refractive index diﬀerence between the two waveguides. One may choose the parameter z0 to obtain the eﬀective κef f theoretically.
And then, applying the appropriate mathematical relation between κef f and the
coupler parameters, derivable using the coupled mode theory, one can decide upon
the other coupler parameters [142] .

4.2

Three waveguide coupler

The phenomenon of Stimulated Raman Adiabatic Passage (STIRAP) is also a well
established method for population transfer among the atomic states. When two long
lived energy states are connected via pump and Stokes pulses to a metastable state
counter intuitively, population gets transferred between those log lived states leaving the metastable state empty. This idea of STIRAP has been studied rigorously
48
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Figure 4.8: Schematic for three waveguide directional coupler with counter intuitive
coupling scheme.

in the context of waveguide structures in recent past theoretically, and experiments
are also performed to support it [81,84] . To realize such systems one can take three
waveguides as shown schematically in Fig. (4.8). The central waveguide is straight
and the waveguides on the left and the right are curved so that the separation among
them varies along z. This makes the coupling strengths κL and κR , z dependent.
The minimum distance d between the curved and the straight waveguide are displaced by a distance w to make the counter-intuitive coupling plausible, as shown
in Fig. (4.8). To mimic the two photon resonance condition in case of STIRAP, the
curved waveguides are chosen identical in nature with same propagation constant
βc whereas the straight one is diﬀerent with slightly diﬀerent propagation constant
βs . The Hamiltonian for this system, as calculated from the coupled mode theory,
can be written as:

0
0
κL (z)


H = κL (z)
Δ
κR (z)
0
0
κR (z)


(4.31)

where Δ is the mismatch between the straight and the curved waveguides which
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Figure 4.9: (a) Contour plots for output power with varying κ0 and device length
L = 100mm for adiabatic coupler, (b) fractional beam power output vs. propagation
distance for Δ0 = κ0 = 1, adiabatic coupler takes long propagation distance to complete
power switch.

is given by Δ = βs − βc . The couplings κR (z) and κL (z) are chosen in the following
way:

κL (z) = κ0 sech[2π(z − z1 )/L],

(4.32)

κR (z) = κ0 sech[2π(z − (z1 + w))/L],

(4.33)

When power is launched through one of the curved waveguides, say the one on
the left, the power switches to the other waveguide on the right, while power inside
the central waveguide remains zero. In Fig. (4.9a) we have plotted the ﬁnal power
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Figure 4.10: (a) fractional beam power output vs. propagation distance for Δ0 =
κ0 = 1, three waveguide STA coupler shows complete power switching regardless of the
propagation distance. (b) Coupling eﬃciency for adiabatic and STA coupler with varying
device length.

output (as deﬁned in the previous section) of the right waveguide as a function of
the device length and the coupling amplitude. It clearly shows that for adiabatic
counter-intuitive approach, one requires large coupling strength and large device
length. It is also evident from Fig. (4.9b), where complete power transfer occurs
only when the propagation distance is large (close to 100mm). For smaller distances
it barely reaches to unity.
To achieve shortcut, we followed the TQD approach which leads us to the short51

TH-1765_126121029

Chapter 4. Eﬃcient and fast optical power transfer in waveguide couplers using shortcut
methods

cut Hamiltonian [12]




0
0 iκa (z)


H1 =  0
0
0 
0
−iκa (z) 0

(4.34)

Here κa is the additional coupling required to overcome the adiabatic criterion and
can be written as
κ̇L (z)κR (z) − κ̇L (z)κR (z)
(4.35)
κa (z) =
κ2L + κ2R
One noticeable point is that H1 exhibits coupling between the left and the right
waveguides, which is not possible in a planer structure. Hence it requires a three
dimensional structure where the central waveguide can be taken in a diﬀerent plane
from the curved waveguides. The power evolution in Fig. (4.10a) shows that, for
such conﬁguration power switching can be achieved with very short propagation distances, which eventually leads to the minimization of coupler length. Fig. (4.10b)
shows the coupling eﬃciency with varying device lengths and the output power remains close to unity regardless of the length of the coupler, whereas for the adiabatic
approach the eﬃciency reaches to unity only for large lengths.

4.3

Chapter summary

We have proposed a novel method for highly eﬃcient power transfer in a directional
coupler based on STA techniques. The variation in the propagation constants β1 (z)
and β2 (z) (and thereby Δ(z)) for the two waveguide coupler could be achieved by
varying the cross-sectional area of the waveguides along the direction of propagation.
On the other hand, the coupling parameter κ(z) can be adjusted by controlling the
adjacent distance between the waveguides. The coupler is studied in the adiabatic
regime followed by the application of the TQD and the L-R invariant techniques. It
turns out that by using shortcuts, one can reduce the length of the coupler signiﬁcantly, keeping the power transfer eﬃciency nearly 100%. This study may open new
possibilities of exploiting the STA methods and Allen-Eberly schemes for various
applications in integrated optics, speciﬁcally within the context of photonic circuits.
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Chapter 5

Nonlinear compression of temporal
solitons in an optical waveguide via
inverse engineering
Solitary waves are localized waves that propagate without any temporal evolution
in shape or size when viewed in the reference frame, moving with the group velocity
of the wave [143] . The envelope of a solitary wave has one global peak and decays far
away from the peak. On the other hand soliton is a nonlinear solitary wave with
the additional property that the wave retains it’s permanent structure, even after
interacting with another soliton. In physics the terms soliton and solitary waves are
generally used in the same spirit. In this work, we also take solitary wave and soliton
to have the same meaning. Solitons are universal in nature and observed in various
platforms ranging from plasmas and ﬂuids to chemical, biological, solid-state, optical
and magnetic systems [95–97,144,145] . In this chapter we focus on temporal bright
solitons. Temporal bright solitons are formed due to precise balance of the linear
group velocity dispersion (GVD) and the positive self-phase modulation (SPM). Here
we consider a passive nonlinear Schrödinger system with constant GVD parameter
and distributed nonlinear parameter. The system consists of a passive waveguide
with varying nonlinearity and we study the compression of temporal bright solitons
in it.1
We propose a novel method based on the STA techniques to achieve fast compression of solitary waves. Although, in the context of soliton compression, adiabatic
methods have been explored earlier in various contexts [107,109,146] , very few attempts
1

Part of the results presented in this chapter have been published in a paper, K. Paul and
A. K. Sarma, “Nonlinear compression of temporal solitons in an optical waveguide via inverse
engineering” , Europhys. Lett 121, 64001 (2018).
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have been made to achieve soliton compression using STA methods. In this regard,
one particular study worth mentioning is that of Jing Li et al., where they proposed
a method to achieve controlled compression of soliton matter waves in harmonic
traps by tunable interaction using STA [110] . In the context of ﬁber optics, various
studies, both theoretically and experimentally, demonstrated the adiabatic soliton
compression in optical ﬁbers. The primary disadvantage of such schemes is that one
needs a very long ﬁber. In this work, for the ﬁrst time to the best our knowledge, we
propose a scheme to obtain temporal soliton compression in a nonlinear waveguide
at an arbitrarily small length using the shortcut to adiabatic passage technique.
The scheme proposed in this work is a combination of the Lagrangian variational
approach with STA, ﬁrst introduced by Jing Li et al. [110] in the context of soliton
matter waves. It is worthwhile to note that the soliton compression was ﬁrst elaborated theoretically, using the variational approximation, by Anderson et al. [147] . In
this work, authors suggested a scheme to compress soliton by engineering the dispersion but keeping the nonlinear coeﬃcient constant. Incidentally, this theoretical
prediction was realized experimentally by K. Bertilsson et al. [148] .

5.1

The model and theory

The general nonlinear wave equation governing pulse propagation in an inhomogeneous passive nonlinear waveguide can be written as [149] :
i

∂ψ β2 (z) ∂ 2 ψ
+
+ γ̃(z)|ψ|2 ψ = 0,
∂z
2 ∂t2

(5.1)

where, ψ is the beam envelope, β2 the group velocity dispersion (GVD) parameter.
γ̃ is the distance dependent nonlinear parameter, with γ̃(z) = γ̃(0)f (z), where f (z)
is dimensionless, whereas γ̃(0) has the dimension of m−1 W −1 . Eq. (5.1) could be
written in dimensionless form as follows:
i

∂u 1 ∂ 2 u
+
+ γ|u|2 u = 0,
∂ξ 2 ∂η 2

(5.2)

where u(ξ, η) is the normalized amplitude and
u=

�
P0 N ψ,

η = t/T0 ,

ξ = z/LD

(5.3)

in which ξ and η are the normalized propagation distance and time respectively, P0
is the peak power of the incident pulse and T0 is the initial pulse width. Also LD =
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�
T02 /|β2 | is the dispersion length and N = γ̃(0)P0 LD is the so called soliton order.
In this work, we assume that β2 is a constant and independent of the propagation
distance, while we term γ[= f (ξ)] as the dimensionless distance dependent nonlinear
parameter. It is worth mentioning that, Eq.(5.1) is valid for input pulse as short
as T0 = 5ps . For T0 < 5ps, it is necessary to include higher order nonlinear
and dispersive eﬀects such as third-order dispersion, self-steepening and intrapulse
Raman scattering eﬀects [145] . Eq. (5.2) has the following well-known (scaling) bright
solitary wave solution, given by [150] :
�
�
�
η�
exp iβ(ξ)η �2 + i�(ξ)η � + iφ(ξ)
u(ξ, η) = A(ξ) sech
α(ξ)
�

(5.4)

where η � = η − ζ(ξ). Here A(ξ), α(ξ), β(ξ), �(ξ), ζ(ξ) and φ(ξ) represent the
amplitude, width, chirp, velocity, center position and phase respectively. These are
�∞
all real functions. It is easy to get that, −∞ |u|2 dη = 2αA2 = 2N ,where N is the
�
normalization parameters, such that, A = N/α.

5.1.1

Variational analysis

In this section we apply the variational method, to study the dynamics of soliton
width [151–153] . The Lagrangian density [154] corresponding to Eq. (5.2) is:
�
�
1 ∂u ∗ ∂u∗
u −
u −
L =
2 ∂ξ
∂ξ

� �2
1 �� ∂u ��
1
+ γ(ξ)|u|4
�
�
2 ∂η
2

(5.5)

�∞
Now, inserting Eq. (5.4) into Eq. (5.5), we can ﬁnd the Lagrangian, L = −∞ L dη.
= 0 , where q represents one of the paramUsing the Euler-Lagrange formulas, δL
δq
eters α(ξ), β(ξ), �(ξ) and ζ(ξ), we obtain the following set of coupled diﬀerential
equations:
dα
dξ
dβ
dξ
d�
dξ
dζ
dξ

= 2αβ
=

(5.6a)

4
2γN
2
−
2β
−
+ f0
π 2 α4
π 2 α3

=0

(5.6c)

=�

(5.6d)
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It should be noted that δL
= 0 , implying that φ does not play any role in the
δφ
variational dynamics and hence we put φ = 0 in the rest of the work. Above set of
equations could be simpliﬁed to the following equations involving only the two main
parameters, α and ζ:
4γN
8
−
π 2 α3 π 2 α2
ζ̈ = 0

α̈ =

(5.7)
(5.8)

where dot refers to derivative with respect to ξ. It is obvious from the above equation
that the width of the solitary wave, α, is dependent of the Kerr parameter γ. The
realistic solution of Eq. (5.8) is simply ζ(ξ) = 0. Thus, we will focus on Eq. (5.7)
only for inverse engineering.

5.2

Compression via adiabatic process

Our objective is to achieve fast and perfect solitary wave compression, by judicious
designing of the nonlinear Kerr parameter γ, from initial state u(0, η) to the ﬁnal
state u(ξf , η). The expression for u(0, η) and u(ξf , η) are given as follows:
u(0, η) =

�

�
�
�
�
η
α̇(0) 2
N
sech
exp i
η
α(0)
α(0)
2α(0)

(5.9a)

u(ξf , η) =

�

�
�
�
�
η
α̇(ξf ) 2
N
sech
exp i
η
α(ξf )
α(ξf )
2α(ξf )

(5.9b)

It may be useful to note that Eq. (5.7) is analogous to a classical particle moving
with kinetic energy 12 α̇2 , and potential energy of the following form:
V (ξ) =

4
π 2 α2

−

4γN
π2α

(5.10)

This enables us to get the adiabatic reference for soliton compression. ∂V /∂α = 0
gives the minimum point of potential, i.e.,
αm (ξ) =
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γ(ξ)N
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Figure 5.1: Comparison of the compression of Soliton width α(ξ) as a function of ξ with
γ0 = 2. Adiabatic compression (solid blue) is achieved for λ = 1, δ = 1, ξf = 50. Non
adiabatic compression (dash-dotted brown) is shown for λ = 1, δ = 10, ξf = 5. αm (ξ)
using Eq. (5.11) (dotted black) follows adiabatic path exactly.

Eq. (5.11) yields the minimum perturbed potential of an eﬀective particle, also giving
us the adiabatic reference when Kerr nonlinearity γ(ξ) is given. The soliton width
will be minimum at the minima of this potential. The minimum attainable soliton
width, αm (ξ), explicitly depends on the non-linearity function γ(ξ), and it gives
us the estimation of compression that can be achieved by adiabatic compression.
Hence αm (ξ) provides the adiabatic reference for soliton compression. In this work,
we choose the following switching function γ(ξ) as given below:
�
�
ξf ��
γ(ξ) = γ0 + λ 1 + tanh δ(ξ − )
2

(5.12)

Here λ and δ are the control parameters and ξf is the ﬁnal distance. γ0 is the
nonlinear parameter without the control. To understand the adiabatic reference
one needs to solve Eq. (5.7) numerically and compare it with αm (ξ) . It is found
that α(ξ), the solution of Eq. (5.7) coincides with the minimum value of αm (ξ)
adiabatically.
Fig. (5.1) demonstrates the evolution of temporal soliton width as a function
of distance for both adiabatic and non-adiabatic cases. Here we compare the exact
result obtained by solving Eq. (5.7) with the adiabatic reference, given by Eq. (5.11).
We observe that the exact result nearly matches the adiabatic result; the pulse gets
compressed from its initial value α = 0.5 to α = 0.25 after propagating a distance,
ξ = 50, for the chosen parameters. On the other hand, while propagating a distance
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Figure 5.2: Controlling Soliton width using reverse engineering, (a) α(ξ) analytical
(dash-dotted blue) and reverse engineered (solid brown) and (b) Non-linearity parameter
γ(ξ) as chosen in Eq. (5.12) (dash-dotted blue) and reverse engineered (solid brown) with
the parameters λ = 1, δ = 10, ξf = 5 and γ0 = 2.

on the order of ξ = 5 , the adiabatic reference is no longer followed and one cannot
obtain eﬀective pulse compression at such shorter distance. The compression of
soliton width requires large propagation distance and low switching rate ( small δ).
It is quite diﬃcult to achieve the same amount of compression in smaller propagation
distances in such set up. However one can use inverse engineering approach in order
to create desired compression within small ξf value. It should be noted that the
amount of compression could be controlled by controlling λ. Higher compression
(α(ξf ) < 0.25) can be achieved for larger λ values.
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To inverse engineer this system, we choose a set of predeﬁned initial and ﬁnal state
of α(ξ) which coincides with αm (ξ) and design it using polynomial ansatz [155–157]
given by
5
�
α(ξ) =
aj ξ j
(5.13)
j=0

However this needs the application of appropriate boundary conditions. To ﬁx the
initial and the ﬁnal value of the width we set:
α(0) = αm (0),

α(ξf ) = αm (ξf )

(5.14)

Another set of boundary conditions is required to satisfy the continuity of α(ξ),
which are given by:
α̇(0) = α̇m (0),

α̇(ξf ) = α̇m (ξf )

(5.15)

α̈(0) = α̈m (0),

α̈(ξf ) = α̈m (ξf )

(5.16)

aj ’s can be found using the boundary conditions stated in Eq. (5.14), (5.15) and
(5.16). These boundary conditions preserves the widths at the beginning and at the
end of the waveguide, and enables us to perform adiabatic like fast compression.
The nonlinearity parameter γ(ξ) can also be reverse engineered via Eq. (5.7) and
thereby reverse engineered α(ξ). Note that this should also match with the initial
and the ﬁnal value of γ(ξ) regardless of the propagation distance.
Fig. (5.2) depicts the reverse engineered soliton pulse width and the corresponding nonlinear proﬁle as a function of distance. It could be observed From Fig. (5.2a)
that the soliton pulse width does not follow the adiabatic reference, however, the initial and the ﬁnal width do coincide. This clearly implies that we can obtain soliton
pulse compression by using reverse engineering. Fig. (5.2b) show how to engineer,
with respect to the original nonlinearity given by Eq. (5.12), the nonlinear proﬁle
of the waveguide with distance in order to achieve eﬃcient soliton compression at
a very short distance. In fact one can obtain soliton compression by this technique
at an arbitrarily small distance, in principle. It is worthwhile to note that once
the desired proﬁle for α(ξ) is chosen, then γ(ξ) could be determined (or rather inverse engineered) using Eq. (5.7). However to choose the desired proﬁle for α(ξ),
we need the non-linear switching function. To estimate the amount of compression
using Eq. (5.12), one requires to deﬁne γ(ξ) using the parameter λ, δ and γ0 . These
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Figure 5.3: Comparison of reverse engineered nonlinear proﬁle γ(ξ) with diﬀerent ξf
with λ = 1 and ξf × δ = 50.

parameters determine how much compression can be achieved for a particular set
up. Moreover, for the designing of α(ξ), appropriate boundary conditions are required which are given by Eq. (5.14)-(5.16) and the switching function is needed to
determine those conditions. It can also be seen from Fig. (5.2b) that the inverse
engineered proﬁle of nonlinearity is smoother compared to that given in Eq. (5.12).
It shows less switching rate which may be easier to design for practical purposes.
It should be noted that, theoretically and in principle, one could compress a
soliton pulse at an arbitrarily small length. However, it may not be realistic as
elucidated in Fig. (5.3), which depicts the nonlinear proﬁles for various lengths of
the ﬁber. It is easy to observe that as one decreases the length of the ﬁber, the
corresponding reverse-engineered nonlinear proﬁle may no longer remains smooth
enough for practical implementation. Also, it may be noted that in order to compress
a soliton over a very small distance one needs to increase the optical power of the
input pulse. This is because, the dispersion length is inversely proportional to the
input peak power of the fundamental soliton; for a fundamental soliton N=1. In
passing,this issue is reminiscent of the STA protocol proposed in Ref. [158] where
having adiabatic transformation between two equilibrium states in an arbitrarily
short time span implies a growth of the transient energies and thus limiting the
attainment of arbitrarily small ﬁnal time duration. As an estimate, we may take
ξf = 1 or zf = LD as the limiting value. If one takes the ﬁber length zf < LD ,
the peak value of γ(ξ) becomes arbitrarily large and the proﬁle shows oscillatory
behaviour. In order to illustrate the STA compression in Fig. (5.4a) we plot the
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Figure 5.4: (a) Soliton intensity at the input (dotted blue) and the output (solid red)
end. (b) Contour plot for spatio-temporal evolution of soliton intensity.

initial and the ﬁnal soliton pulse proﬁle. On the other hand, Fig. (5.4b) depicts
the contour plot for spatio-temporal evolution of soliton intensity. It can be seen
that soliton propagation through the STA engineered waveguide is fairly stable.
Finally, to have an idea about the utility of the proposed scheme, let us consider
a silica optical ﬁber with β2 = −20ps2 /km [145] . Some quick calculations based on
the results as illustrated above, we ﬁnd that the temporal soliton pulse could be
compressed from its initial pulse width say, 10 ps to a ﬁnal pulse width 5 ps, within
a length of just 5 km only. This may be considered as a signiﬁcant improvement
over the scheme proposed by Anderson et al. [147] and, experimentally veriﬁed by
by K. Bertilsson et al. [148] , where adiabatic soliton compression was achieved by
61

TH-1765_126121029

Chapter 5. Nonlinear compression of temporal solitons in an optical waveguide via inverse
engineering

engineering the dispersion but keeping nonlinear coeﬃcient constant. K. Bertilsson
et al. used a 40 km long ﬁber to compress a soliton with initial pulse width of 11
ps by a factor of 2.4. One can achieve much higher compression if the nonlinearity
proﬁle is designed with a larger λ value. Again, if the scheme is applied to some other
waveguides, made of materials other than pure silica, where the GVD parameter,
β2 , is quite high, the scheme may be quite successful. For example, one may think
of using SOI-based channel waveguides where β2 = −370ps2 /km [159] which is near
18 times in magnitude than that of the so-called silica ﬁber. We anticipate that
the proposed scheme could be used for generation of ultrashort soliton pulses apart
from numerous possible pulse-compression related applications.

5.4

Chapter summary

Using inverse engineering, we proposed a novel method for temporal soliton compression in a nonlinear waveguide. Starting with a bright solitary wave solution for
nonlinear Schrödinger equation, we performed variational analysis in order to ﬁnd
the dynamics of soliton width. We ﬁnd that the minimum possible soliton width can
be achieved only adiabatically for large ﬁber length. However by inverse engineering
of the nonlinearity, based on STA, we demonstrate that soliton compression could
be achieved, in principle, at an arbitrarily small distance. This could possibly be
exploited for various short-distance communication related applications of temporal
soliton and may be even in nonlinear guided wave-optics devices.
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Chapter 6

Fast and eﬃcient wireless power
transfer via transitionless quantum
driving
In modern age, various wireless technologies play crucial role in our day-to-day
life. Since the early days of electromagnetics, signiﬁcant progress has been made
in transferring information via wireless communication. In contrast, wireless power
transfer1 (WPT) gained little progress in the last century. However, recent tide in
the use of electronic appliances and requirement for short and mid-range wireless energy exchange has helped WPT getting tremendous attention, and studies on WPT
systems has gained momentum in the past few years [160,161] . In a recent landmark
paper [113] , Soljačić’s group experimentally demonstrated non-radiative power transfer over a reasonable distance, using self-resonant coils in the strong coupling regime.
Since then, studies on WPT experienced a huge leap in number of studies. Various
arrangements and diﬀerent techniques such as, magnetically coupled resonators [116] ,
planar resonators [162] , spiral rasonators [163] , capacitor loaded loop structures [164,165]
and even for bio-medical implants [166–168] , are studied in this regard. In all these
studies it is extremely important to maintain the resonance in between the coils
that are used for WPT. Otherwise it may result in decrease in the eﬃciency [119] .
Few studies has been put forward to solve this issue [120–122] . WPT is also dependent
on the coupling distance between the coils and it has been shown in few articles
that, in the strong coupling regime, it is possible to enhance eﬃciency for larger
distances [113,117,169] .
1

The results presented in this chapter have been published in a paper, K. Paul and A. K. Sarma,
“ Fast and eﬃcient wireless power transfer via transitionless quantum driving ” , Sci. Rep. 8, 4135
(2018).
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In this chapter, we study WPT in a system of two inductively coupled coils,
having diﬀerent resonant frequencies, by exploiting the adiabatic and the TQD techniques. It turns out that, while the TQD based method is much more eﬃcient than
the adiabatic one, it requires faster frequency sweep between the two coils. Using
coupled mode theory [170] , we ﬁnd out the governing equations (which are similar
to the Schrödinger equation for two level system) and devise power transfer mechanism which is impervious to the coupling strength and distance between the coils
and intrinsic losses present in the system.

6.1

Coupled mode theory

Let us consider a loss-less LC circuit, with current I(t) ﬂowing in it and voltage,
v(t), across L and C. The equations describing the voltage and the current can be
written in terms of the following coupled diﬀerential equations:
dI(t)
,
dt
dv(t)
I(t) = −C
dt
v(t) = L

(6.1a)
(6.1b)

Above equations could be rewritten, as a second order diﬀerential equation for voltage, as follows:
d2 v(t)
+ ω02 v(t) = 0,
(6.2)
dt2
where ω02 = 1/LC. The coupled equations in Eq. (6.1) can be expressed by two
uncoupled equations for mode amplitudes a+ (t) and a− (t):

where

da± (t)
= ±iω0 a± (t),
dt
�
�
C
L
(v(t) ± i
I(t))
a± (t) =
2
C

(6.3)
(6.4)

The solutions for the current and the voltage from Eq. (6.1) and Eq. (6.2), when
subjected to proper boundary conditions, are given by:

and

v(t) = |V | cos(ω0 t),
�
C
|V | sin(ω0 t)
I(t) =
L
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(6.5)
(6.6)

6.1

(a)

Coupled mode theory

Drain

Source

Power

Load
d

(b)

ΓS
CS t

ΓD

𝜅 𝑡

LS t

LD t

CD t

d

Figure 6.1: (a) Typical wireless power transfer system consists of two coils separated
by a distance d, (b) Schematic of the coils. Two lossy LC circuits, Source and Drain with
losses Γs and Γd respectively, coupled to each other by inductive coupling. The resonant
frequencies are ωs and ωd and also ωs �= ωd .

Here |V | is the peak voltage. Using above solutions, the total energy of the system
could be obtained as: |a± |2 = C2 |V |2 = W , where a+ being the positive frequency
component of the mode amplitudes, while a− is its negative counterpart. In the rest
of the analysis,we will consider the positive frequency component only and will drop
the ‘+’ subscript for simplicity. Taking loss in the system into account, the equation
is written in the following modiﬁed form:
da(t)
= iω0 a(t) − Γa(t),
dt

(6.7)

where Γ is the decay rate due to the dissipation from the coils. In our study we
consider two such coils, namely the Source and the Drain (Fig. (6.1)), which are
coupled by mutual inductance between them. These two coils are oﬀ-resonant to
each other having diﬀerent resonant frequencies ωS and ωD . The coupling between
�
the coils is given by κ(t) = M (t) ωs ωd /Ls Ld , where M (t) is the mutual inductance
between these two coils. The mode amplitudes are as (t) and ad (t) respectively and
are coupled to each other. Total energy of the system is |as (t)|2 + |ad (t)|2 . This
system can be expressed using the following set of coupled equations:
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das (t)
= (iωs − Γs )as (t) + iκad (t)
dt
dad (t)
= (iωd − Γd − Γw )ad (t) + iκas (t)
dt

(6.8a)
(6.8b)

Here Γs and Γd are the intrinsic loss rates of the source and the drain respectively.
Γw is the work extracted from the drain coil.

6.2

Energy transfer protocols

In order to design the energy transfer protocols, we discuss two methods here: the
adiabatic passage and the transitionless quantum driving. From the coupled mode
theory, discussed above, we can characterise the system by deﬁning the Hamiltonian
in [as (t) ad (t)]T basis, as follows:
H(t) =

�

−ωs − iΓs
−κ(t)
−κ(t)
−ωd − iΓd − iΓw

�

(6.9)

As the circuits,chosen here, are not resonant to each other, we consider the system
in a rotating frame of reference, where the interaction Hamiltonian in the diabatic
basis is as follows:
�
�
Δ(t)
−
iΓ
−κ(t)
s
2
(6.10)
H(t) =
− iΓd − iΓw
−κ(t)
− Δ(t)
2
The diabatic basis are given by, bs,d (t) = as,d exp[−i(ωs + ωd )t/2].In this new basis,
one has to consider only the frequency diﬀerence between the coils, given by, Δ(t) =
ωd (t) − ωs (t).

6.2.1

Adiabatic following

To study the adiabatic following, ﬁrst let us consider that the intrinsic losses are
zero. Therefore, the instantaneous eigenvectors of Eq. (6.10) can be written as,
Θ(t)
Θ(t)
)bs (t) − sin(
)bd (t)
2
2

(6.11a)

Θ(t)
Θ(t)
)bs (t) + cos(
)bd (t)
2
2

(6.11b)

B+ (t) = cos(

B− (t) = sin(
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Here Θ(t) is the angle of mixing, given by Θ(t) = 12 tan−1 (2κ/Δ). B± (t) are
also known as adiabatic states. For adiabatic evolution, one needs to vary the
Hamiltonian inﬁnitely slowly or adiabatically so that the system always follows a
particular state B+ or B− during a complete cycle of the time evolution. To achieve
this, the evolution ought to follow the adiabatic condition, which is obtained by
comparing the non-adiabatic correction terms to the instantaneous eigen-energies.
It is expressed as follows:
|�∂t B± (t)|B∓ (t)�| �

�
(4κ(t)2 + Δ(t)2 )

(6.12)

The fulﬁlment of this condition makes the transition probability between B+ (t) and
B− (t) zero. Moreover, if we assume that the system is initially in the state B+ (t)
and the power is in the source coil at t = 0, which refers to Θ(0) = 0 , then, by
rotating Θ clockwise to π , one could arrive at the ﬁnal state, bd (t). Thus the power
ends up in the drain coil. This rotation could be achieved by sweeping Δ(t) from
a large negative value to a large positive value. For our system, we chose κ(t) and
Δ(t) according to the well known Landau-Zener (LZ) scheme [130,171] , given by:
Δ(t) = δ + β(t − t0 )

κ(t) = κ0 ;

(6.13)

where δ is some arbitrary oﬀset between the frequencies of the two coils and β
determines the slope in Δ(t), which eventually controls the speed of the process.
Under such choices, large t0 is needed to satisfy the adiabatic condition and it,
eﬀectively, determines the width of the evolution cycle. In passing, we note that,
in general, the LZ model shows less adiabaticity. However,in adiabaticity based
techniques,usually, one should have good control on the temporal dependence of the
Hamiltonian. This amounts to controlling the complex time dependent proﬁles of Δ
and κ. LZ-model, as could be seen in Eq. (6.13), provides simpler proﬁles for both
Δ and κ compared to other models, e.g. the so-called Allen-Eberly scheme [141] .
When the loss rates are non-zero in both the source and the drain coil, the system
could be considered as dissipative. These dissipations can be modelled mathematically via the dissipation matrix:
Γ=

�

0
Γs
0 Γd + Γ w

�

(6.14)

It should be noted that, for adiabatic evolution, the intrinsic loss rates Γs and Γd
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should be less than the coupling strength κ0 , otherwise the evolution would not be
possible and the power would be lost from the coil itself.

6.2.2

Shortcut to adiabaticity

For shortcut, we ﬁrst transform our Hamiltonian in Eq. (6.10), in the adiabatic
basis, using Eq. (6.11), where the basis states are related as:
[B+ (t), B− (t)]T = U (Θ(t))† [bs (t), bd (t)]T

(6.15)

The non-adiabatic correction terms are generally negligible under adiabatic approximation. The Landau-Zener formula for the total transition probability between
adiabatic states in our case is, p = exp[−2πκ20 /β]. One can obtain p � 0 when
Eq. (6.12) is satisﬁed, which can be written simply as β � 8κ20 . However if one
wants to drive the evolution faster, non-adiabatic corrections becomes stronger and
p no longer remains zero. To avoid such a scenario, the adiabatic Hamiltonian needs
to be diagonalized exactly. To serve this cause, we add the additional interaction to
the adiabatic Hamiltonian as proposed by Berry. [11] To ﬁnd the additional interaction, we use the following equation:
H1 (t) = i

��

n=±

|∂t Bn (t)� �Bn (t)| − �Bn (t)| ∂t Bn (t)� |Bn (t)� �Bn (t)|

�

(6.16)

The second term in Eq. (6.16) vanishes owing to the orthogonality of B± (t). The
ﬁrst term can be written in the adiabatic basis as follows:
�

0
κa (t)
H1 (t) = i
0
−κa (t)

�

(6.17)

The total Hamiltonian, required for the transitionless driving, is given by
H6.ef f (t) =
where

�

(Δ − φ̇)/2
�
κ2 (t) + κ2a (t)

φ̇(t) =

(6.19)

2Δ(t)Δ̇2 (t)
Δ2 (t) + 4κ2 (t) + Δ̇2 (t)

(6.20)
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(6.18)

|Δ̇(t)κ(t) − κ̇(t)Δ(t)|
Δ2 (t) + 4κ2 (t)

κa (t) =
and

�
�
κ2 (t) + κ2a (t)
,
−(Δ − φ̇/2)
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Figure 6.2: Evolution of energy from the Source coil (solid red) to the Drain coil (dashdotted blue) with Γs = Γd = 4 × 103 s−1 , δ = 2 × 105 s−1 . (a) Adiabatic evolution for the
time window 2t0 where κ0 = 4×104 s−1 , β = 3×109 s−2 and t0 = 10−4 s, followed by energy
evolution using TQD with weaker coupling strenght κ0 = 4 × 102 s−1 and decreasing time
windows (b) β = 3 × 109 s−2 and t0 = 10−4 s, (c) β = 3 × 1010 s−2 and t0 = 10−5 s, (d)
β = 3 × 1011 s−2 and t0 = 10−6 s,

�
Here (Δ − φ̇)/2 is the eﬀective frequency oﬀset and κ2 (t) + κ2a (t) = κef f is the
modiﬁed coupling between the two coils. φ characterizes another unitary rotation
given by
�� �
� � �
e−iφ/2
bs
0
b�s
=
(6.21)
�
iφ/2
bd
bd
0
e
With all these unitary transformations, one needs to keep track of all the bases used
in the process and keep them consistent. The mixing angle Θ should be adjusted
properly via the boundary conditions, given by Θ(0) = 0, Θ(T ) = π and κa (0) =
κa (T ) = 0.
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6.3

Results and discussion

To envisage the transfer of energy from the source to the drain ,with the eﬀects of
intrinsic losses taken into account, we followed the standard density matrix approach
and therefore solved the master equation, given by
1
dρ
= −i[H, ρ] − {Γ, ρ}
dt
2

(6.22)

Here ρ(t) is the density matrix and Γ represents the dissipation matrix as described
in Eq. (6.14). The diagonal elements of ρ(t) are ρss = |bs |2 and ρdd = |bd |2 which
represents the energy of the source and the drain coil respectively. For adiabatic
evolution we chose the interaction Hamiltonian in Eq. (6.10) and for TQD, H(t) is
taken from Eq. (6.18).
In Fig. (6.2), we present the results showing the evolution of fractional energies,
|bs,d (t)|2 /|bs (0)|2 , in presence of intrinsic losses, using both the adiabatic and the
TQD algorithm. Even when the adiabatic condition is being satisﬁed, as shown in
Fig. (6.2a) , as a result of adiabatic evolution, the fractional energy attains the value,
on the order of 0.25 or so, at the end of the given time window. The requirement of
large time, i.e. t0 = 10−4 s, so that the adiabaticity condition is maintained, results
in energy dissipation due to the intrinsic losses. However, when TQD is applied,
fractional energy of the drain coil almost attains nearly the same value for the
same period of time (Fig. (6.2b)). But when the adiabatic condition is violated i.e.
β ≥ 8κ20 , enhancement of energy in the drain coil could be observed in Fig. (6.2c).
The aﬀects of intrinsic losses are almost eliminated as the time period becomes
shorter and shorter(Fig. (6.2d)). It is worthwhile to note the eﬀect of β on the power
transfer mechanism. Physically, β determines the slope of Δ and thereby it controls
the time period required to complete a single power transfer cycle. In the adiabatic
regime, β is relatively small and hence the required period Tadiabatic is larger and
because of that, power is dissipated from the source coil during the process. When
β is large, the frequency sweep becomes faster and ωs (t) becomes steeper (here ωd
is taken as constant) as shown in Fig. (6.3) which results in squeezing of the period.
Thus the power is transferred to the drain in short time with minimum loss from the
source. Also it is obvious that one needs to repeat the cycle over and over again to
transfer power for practical purposes. It may be noted that wireless power transfer
is generally studied in the steady-state limit of continuous-wave excitation [172] . In
our study, we have analysed power transfer in the setting where the source coil is
prepared in a state with all the energy and the drain coil with none. In a way, it
70

TH-1765_126121029

6.3

Results and discussion

Figure 6.3: Schematic representation of Frequency sweep of ωs (t) (or Δ(t) when ωd =
constant). The sweep is linear with slope β according to L-Z model. For adiabatic evolution |β| = βadiabatic is small (solid red) and |β| = βT QD is high for the TQD method.
Time period required for adiabatic case is large accordingly i.e. TT QD < TAdiabatic .

is a kind of pulsed excitation. However, it could be extended to the case of near
continuous excitation by fast repetition of the cycle.
The work eﬃciency of our system is deﬁned as the ratio between the useful
�T
extracted power from the drain, Pwork = Γw 0 |bd (t)|2 dt to the total time averaged
power Ptotal in the system over a particular time period T , given by
η=

Γs

�T
0

Γw

�T
0

|bd (t)|2 dt

|bs (t)|2 dt + (Γd + Γw )

�T
0

|bd (t)|2 dt

(6.23)

We studied eﬃciency of the system against the variation of the initial frequency
diﬀerence between the coils for diﬀerent values of κ0 /Γs,d . The eﬃciency strongly
depends on the coupling strength κ0 for both the adiabatic and the TQD approach
and it increases with increasing κ0 as depicted in Fig. (6.4a) . Although this is not
that surprising, but in the beyond adiabatic regime (for shorter periods), eﬃciency
for adiabatic method decreases rapidly. However eﬃciency remains intact for TQD
algorithm which can be seen from Fig. 6.4b.
The coupling between the coils for WPT systems are generally very sensitive to
the distance, d , between the coils and it decays very rapidly with larger coupling
distances [113,119] . In Fig. 6.5(a) and 6.5(b) we depict the dependence of coupling
strength κ(d) and eﬃciency η(d) respectively on the distance d between the coils.
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Figure 6.4: Comparison of eﬃciency (η) as a function of δ between adiabatic (dasheddotted) and tqd based methods (solid) for diﬀerent κ0 /Γs,d values: κ0 /Γs,d = 10 (red),
κ0 /Γs,d = 50 (purple), κ0 /Γs,d =100 (green) where Γw = 104 s−1 . Time windows (T ) for
the evolution are as follows: (a) T = 200µs, (b)T = 20µs (c) T = 2µs.
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Figure 6.5: Dependence on the distance d of the (a) coupling κ(d) between the source and
the drain coil (dash-dotted blue), additional coupling κa (d) (dotted brown) and eﬀective
coupling κef f (d) for TQD (solid red), (b) eﬃciency η(d) for adiabatic method (dash-dotted
blue) and for TQD (solid brown) .

From Fig. (6.5b) it is clear that, even in the adiabatic regime, the eﬃciency for
the adiabatic case decreases with increasing d. η tends to zero for d = 2m or so
as the strength of κ goes down. But in the case of TQD, η maintains a steady
value for large d and that certainly gets enhanced with larger β values. The reason
behind such behavior could be understood from the formalism of inverse engineering.
We can observe from Fig. (6.5a) that as κ decreases with distance, we require an
additional coupling κa which increases with distance so that the eﬀective coupling
κef f constitutes a reasonable strength for sustained power transfer over a certain
range of distance. We have also studied the eﬃciency of our scheme against the
variations in κ0 and the intrinsic losses (Γs = Γd ). From the contour plots in
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Fig. (6.6), we observe that η is nearly unity for lower losses and higher κ0 in the
adiabatic regime. As we move from Fig. (6.6a) to Fig. (6.6c), adiabaticity gradually
breaks down and eﬃciency also decreases gradually. Finally it goes to zero when
t0 = 10−6 s for any reasonable amount of losses. On the other hand, using TQD, we
ﬁnd that the achievable eﬃciency is highly robust against variations in κ0 and Γs,d
unlike its adiabatic counterpart. Also the eﬃciency is found to get enhanced with
decreasing time window. However, it may be appropriate and relevant to discuss
brieﬂy about the energy cost involved in the implementation of the proposed scheme.
The energy of the coupling required for adiabatic power transfer will be on the order
of the diﬀerence of the resonance frequencies of the source and the drain coils, i.e.,
Δ = ωd − ωs . In order to estimate the required energy to implement TQD, we need
to calculate the Energy cost of the process deﬁned as [173–176] :
1
Σ(τ ) =
τ

�

τ
0

||H||2 dt

(6.24)

√
Here ||H|| is the Hilbert-Schmidt norm, given by T r H † H. It is important to
note that the quantiﬁcation of the time-energy cost in Eq. (6.24) is ﬁrst pioneered
by Demirplak and Rice [176] . This was further used by A. del Campo and his coworkers [24,177] and others [178,179] . We calculated the ratio of the energy cost for
adiabatic and additional interaction, ΣT QD /ΣAd for the coupling strength parameter
used in this work. As shown in Fig. (6.7), it is clear that the energy cost for
implementing TQD is less compared to the adiabatic case up to the region of a few
microseconds and it increases exponentially as the time window is reduced further.
Although in principle, we can transfer the power in inﬁnitely short time, but it is
the energy cost that restrict the process up to a time limit for its feasibility. In this
case, there is a clear trade-oﬀ between the energy cost and the transfer time [180] .
Therefore, with the coupling parameter values chosen in Fig. (6.2), it is possible,
using the proposed TQD-based scheme,to achieve fast power transfer up to a few
microseconds for a reasonable energy cost. We ﬁnd that, with the chosen parameter
regime, one could negate the eﬀect of losses and thereby preserving the robustness
and the eﬃciency of the scheme.
Finally, we would like to make a few comments on the practical implementation
of the proposed scheme. The scheme rely on the frequency sweeping of both the
source and the drain coils. As the resonance frequency of each coil is given by:
2
= 1/Ls,d Cs,d , clearly, one needs to have time dependence either in the inducωs,d
tance or in the capacitance or both. Variable capacitor is one possibility in this
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Figure 6.6: Contour plots for eﬃciency with respect to the variations in κ (×104 s−1 )
and intrinsic losses Γs = Γd (×103 s−1 ) and Γw = 104 s−1 . (a), (b), (c) for adiabatic case
and (d), (e), (f) for TQD method with t0 = 10−4 s in (a) and (d), t0 = 10−5 s in (b) and
(e) and t0 = 10−6 s in (c) and (f).
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Figure 6.7: Ratio of energy cost for TQD and adiabatic power transfer with respect to
decreasing time window, κ0 = 4 × 102 s−1 (solid red) and κ0 = 4 × 104 s−1 (dash-dotted
blue).

regard. In a few recent studies, such capacitors have been used for tuning the coils
to the exact resonance [165,181] . One important study is [182] , where authors have used
’digital capacitance tuning’ in order to optimize the wireless power transfer. These
tunable capacitors could certainly be used to achieve frequency sweeping. On the
other hand, inductance depends mainly on the orientation and the geometry of the
coils. So to obtain a time varying inductance one needs to change the orientation
periodically by rotating or oscillating one of the coils. However in that case, the
coupling will also be time dependent, for which a similar study could be carried
out easily. Apart from frequency sweeping, we need to use a third agency as well
in order to facilitate eﬃcient WPT between the coils, which is akin to engineer the
additional Hamiltonian in mathematical sense, as proposed in our scheme. In fact
there already exists a couple of such methods to tune the operating frequency for
diﬀerent coil separations [172] . One method of immense signiﬁcance is to use magnetic ﬁeld to couple the resonators [113] . The additional Hamiltonian in our scheme
could be engineered to take into the eﬀect of such magnetic ﬁeld coupling. Another
recent ﬁndings show that it is possible to exploit a parity-time-symmetric circuit,
incorporating a nonlinear gain saturation element, to induce robust wireless power
transfer between the coils [183] . In a yet another method, a third coil is utilised to
mediate eﬃcient wireless power transfer between the coils [184] . Hence, we anticipate
that the proposed TQD based scheme could be implemented practically.
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6.4

Chapter summary

We have explored a wireless power transfer (WPT) system in the light of adiabatic
method and transitionless quantum driving method. Our ﬁndings could be summarized as follows. The adiabatic evolution of power is a useful way to transfer
power between two coils. Unlike resonant WPT systems, it uses two oﬀ-resonant
coils and frequency sweeping is used for power transfer. However, it has to fulﬁl the
adiabatic condition which makes the time required to transfer power in each cycle
longer, resulting in dissipation of power from the source coil and hence eﬃciency decreases. On the other hand, the TQD algorithm enables us to enhance the eﬃciency
of power transfer. The algorithm suggest that, it is possible to decrease the transfer
time and increase the eﬃciency by invoking an additional interaction between the
coils.The amount of power dissipated from the source also gets decreased. The WPT
method using TQD shows more robustness compared to the adiabatic one against
the variations in the parameters like the coupling strength, intrinsic losses and the
coupling distance.
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Chapter 7

Conclusion
Shortcut to adiabaticity methods, which were proposed as alternative processes to
the so-called quantum adiabatic processes (QAP) in order to circumvent the shortcomings associated with it, are now well-eastablished methods in quantum physics.
Interestingly, application of STA methods are no longer limited to quantum physics
only. Drawing inspiration from the isomorphism between the quantum physics systems and various classical physics systems, STA methods are now widely applied
in various branches of physics and engineering. This thesis shows that the STA
techniques are applicable not only in the quantum systems but also in systems that
are not quantum mechanical in nature, such as the waveguides and LC circuits. We
ﬁnd that numerous useful insights could be gained via the implementation of STA
techniques in such systems.
After providing a brief introduction to the STA techniques with appropriate
literature survey, in chapter 2, we give a detailed account of the two STA methods,
namely the transitionless quantum driving and the Lewis-Riesenfeld invariant based
methods used in this thesis. In Chapter 3, a quantum mechanical system is studied.
We proposed a novel method to prepare the Bell state from an unentangled state,
in a system of a coupled pair of spin 1/2 particles, using STA methods. Our study
shows that adiabatic evolution ccould be useful to produce a ﬁnal entangled state
starting from a pure diabatic state. However, introduction of STA methods in this
system reduces the requirement for long transition time and the high strength of
the ﬁeld amplitude considerably. The robustness and the ﬁdelity have also been
enhanced with the application of STA.
Next two chapters are dedicated for the study of application of STA techniques
in waveguide based systems. In chapter 4, we have described power transfer in
waveguide couplers using STA methods and the coupled mode theory for waveg79
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Chapter 7. Conclusion

uides. We have shown that with judicious choice of the coupling coeﬃcient and the
mismatch proﬁle, it is possible to construct a coupler, which is considerably small in
size compared to the so-called adiabatic couplers. With recent development of fabrication techniques, separation between the waveguides and proﬁle of taper could be
controlled accurately and hence designing κ and Δ, as predicted by these theories,
should be achievable. Chapter 5 shows the application of the inverse engineering to
achieve soliton compression in optical ﬁbers with distributed nonlinearity and constant GVD parameter. Using variational analysis, we showed that maximum soliton
compression can be achieved only for large ﬁber length. However, if the nonlinearity
is designed using inverse engineering with proper boundary conditions, it is possible
to compress the soliton in considerably small ﬁber lengths.
In the last chapter, we studied TQD in a completely diﬀerent system. This
chapter presents a study of wireless power transfer in a pair of oﬀ-resonant coupled
LC circuits. Our study shows, with decreasing time window, using TQD, one can
eliminate the eﬀect of intrinsic losses and thereby enhance the eﬃciency signiﬁcantly.
We also present the distance dependent study where it is shown that with the
application of the additional ﬁeld, it is possible to transfer power over comparatively
large distances.

Future aspects
As a topic of research, the STA techniques are thriving in recent years. There are
signiﬁcant opportunities for exploring STA techniques in various branches of physics.
Various topics in the context of quantum information theory such as quantum gates,
entanglement, ion and atom traps, atom-cavity interaction, various topics in modern
quantum optics like optomechanics, optoelectronics, superconducting circuits are
few examples where signiﬁcant improvement can be done using STA methods. State
engineering using STA, till now, are studied only for atomic systems. Engineering
of molecular states would be a bright prospect in this regard. STA methods could
certainly be used to study ultra-cold atomic and moleculer systems. It may even
ﬁnd application in the so-called ultracold chemistry and in biology.
In this thesis, for the ﬁrst time, STA methods are applied for soliton compression
in optical ﬁber and in wireless power transfer. There are possibilities for several
advancement in these systems. For example, one can apply the TQD technique in
coupled LC circuits, using a mediator coil, to study EIT or STIRAP like phenomena,
in the context of WPT. For soliton compression, the group velocity dispersion can
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also be inverse engineered using STA protocols in order to achieve better control
over compression.
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[101] P. Colman, C. Husko, S. Combrié, I. Sagnes, C. W. Wong, and A. De Rossi, Temporal
solitons and pulse compression in photonic crystal waveguides, Nature Photonics 4,
862 (2010).
[102] A. Blanco-Redondo, C. Husko, D. Eades, Y. Zhang, J. Li, T. Krauss, and B. Eggle-

88

TH-1765_126121029

BIBLIOGRAPHY
ton, Observation of soliton compression in silicon photonic crystals, Nature communications 5, 3160 (2014).
[103] P. K. A. Wai and W. hua Cao, Ultrashort soliton generation through higher-order
soliton compression in a nonlinear optical loop mirror constructed from dispersiondecreasing ﬁber, J. Opt. Soc. Am. B 20, 1346 (2003).
[104] S. Ashihara, J. Nishina, T. Shimura, and K. Kuroda, Soliton compression of femtosecond pulses in quadratic media, J. Opt. Soc. Am. B 19, 2505 (2002).
[105] M. D. Pelusi and H.-F. Liu, Higher order soliton pulse compression in dispersiondecreasing optical ﬁbers, IEEE Journal of Quantum Electronics 33, 1430 (1997).
[106] J. Moses and F. W. Wise, Soliton compression in quadratic media: high-energy
few-cycle pulses with a frequency-doubling crystal, Opt. Lett. 31, 1881 (2006).
[107] M. L. Quiroga-Teixeiro, D. Anderson, A. Berntson, and M. Lisak, Compression of
optical solitons by conversion of nonlinear modes, J. Opt. Soc. Am. B 12, 1110
(1995).
[108] S. V. Chernikov, E. M. Dianov, D. J. Richardson, and D. N. Payne, Soliton pulse
compression in dispersion-decreasing ﬁber, Opt. Lett. 18, 476 (1993).
[109] F. K. Abdullaev and M. Salerno, Adiabatic compression of soliton matter waves,
Journal of Physics B: Atomic, Molecular and Optical Physics 36, 2851 (2003).
[110] J. Li, K. Sun, and X. Chen, Shortcut to adiabatic control of soliton matter waves by
tunable interaction, Sci. Rep. 6, 38258 (2016).
[111] J. Agbinya, Wireless Power Transfer, River Publishers Series in Communications,
River Publishers, 2015.
[112] S. Y. R. Hui, W. Zhong, and C. K. Lee, A Critical Review of Recent Progress in
Mid-Range Wireless Power Transfer, IEEE Transactions on Power Electronics 29,
4500 (2014).
[113] A. Kurs, A. Karalis, R. Moﬀatt, J. D. Joannopoulos, P. Fisher, and M. Soljačić,
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